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Summary

In this thesis, we develop analysis and study models on the cone of positive discrete Radon
measures K(R?). This is a rather new but natural approach to model interacting particle
systems on a continuous state space. The thesis is structured as follows:

Section 1 gives a historic overview over the subject of interacting particle systems.
Furthermore, some external motivations for the consideration of the cone are given.

Part 2 establishes the preliminaries needed to develop analysis on the cone. Here,
we introduce the cone and draw the connection to homogeneous configuration spaces.
Heuristically, this connection can be explained by Plato’s theory of forms. Furthermore,
we also give a rigorous mathematical description. Topological and measurable strucures
on the cone are introduced. Also, we discuss harmonic analysis and the relevant notions
of Markov evolution in this chapter.

In Chapter 3, we discuss geometry on the cone K(R?). We introduce the notions
of a gradient and Laplacian. Furthermore, we compare these notions to the so-called
Plato space introduced in Section 2. A short part of this chapter is devoted to the so-
called Umbral calculus, which is concerned with the analysis of polynomials. Also, we
introduce a new notion of geometry on the cone. Namely, the so-called difference calculus,
which considers discrete differences instead of infinitesimal objects. We also discuss some
commutation relations, a connection to Umbral calculus as well as the notion of a discrete
Laplacian.

Chapter 4 is concerned with the study of concrete particle systems on the cone K(R?).
We consider the following three models:

e Glauber Dynamics
e Continuous Contact Model
e Bolker-Dieckmann-Law-Pacala Model

All three models belong to the class of so-called birth-and-death models. Here, stationary
particles appear and disappear according to some rates depending on the model. This
variety illustrates different challenges present for each model, which have to be solved
using different techniques. We show the existence of the different dynamics as well as
some additional properties typical for each model.
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1 Introduction

1.1 General Setting

During the last century, interacting particle systems have become an integral part of ma-
thematical modelling. When describing systems of large quantities of particles or agents,
one needs to take into account the interactions between these agents. The applications ran-
ge from physics and biology to economics and social systems. On the level of individually
interacting entities, the description is called microscopic. Depending on the context, the
number of particles falls in the range of 10* (large biological systems) to 10%*(molecules).
Due to this large size, it is practically impossible to track the motion and development
of each single agent in the system. Furthermore, for a more realistic approach, spatial
models had to be considered, i.e. models that take into account positions of the entities
of the system. Therefore, mathematical methods from functional analysis and probability
theory had to be developed to describe such processes.

The first models taking into account the spatial structure of a system were developed
by Preston [49] in 1975, where he used Markov semigroup methods to describe spatial
models. The considered space was a bounded region of R? or a finite set, and a finite
number of particles was considered. Other works were focussed on a discrete state space
to open up more possibilities regarding other aspects of the system, see [44] and the
references therein.

Later, systems on an unbounded state space (e.g. R?) were considered. For the develop-
ment of the necessary analysis and geometry, see [2,4]. Furthermore, to have a non-trivial
density on the space, an infinite number of particles had to be considered. During the last
years, these systems have been extended by considering multi-component systems [22,23],
interaction with a random environment [7,34, 35| or spatially dependent rates [20,40].

When choosing a model, one needs to take into account different features which are
relevant for the behaviour and properties of the system:

e Discrete vs. continuous: The considered state space can be chosen as a discrete set,
e.g. Z¢ or some other connected graph, or continuous, such as R? or more generally,
a Riemannian manifold X. While discrete models are easier to analyse (e.g. [44])
and yield more results, a continuous state space models a physical system more
realistically.

e Bounded region vs. unbounded region/state space: A bounded region makes more
sense from a modelling point of view. On the other hand, one needs to take into
account the interaction of particles with the boundary. A way to circumvent this is
by considering an unbounded region and restricting the system after analysing the
model. The kind of region also determines whether a finite or an infinite amount of
particles should be considered.

Another advantage of an unbounded region with an infinite number of particles is
that phase transitions may be observed since invariant measures may not be uniquely
determined. For examples, see [12] and the references therein.

e Birth-and-Death models vs. diffusion vs. jump-type processes: Different mechanisms
yield different behaviours of the system. This choice of course depends on the desi-
red phenomenon which is to be modelled. For instance, the description of hopping
particles on configuration spaces was analysed in [5].



There are some additional options which were already mentioned above. For our situa-
tion, we choose a specific version of a continuous particle system with unbounded state
space R?. Futhermore, the considered models are only of birth-and-death type. Instead of
considering a homogeneous configuration space, the particle system comes from the cone
of positive discrete Radon measures. One specific property of this object is that particles
in the space R? are assigned a positive number, or “mark”, which represents a property of
the particle such as weight. Some general analytic and geometric considerations for models
on the cone of Radon measures have been carried out in [27,28,38|. This thesis takes the
results from these works to expand on them, especially in the direction of specific models.

Note that this approach differs from the so-called marked configuration spaces consi-
dered in [1,39]. On the other hand, there is a direct relation to the extended configuration
space I'(R% x R?) which is explored in later chapters. While the analysis and dynamics
on the cone are of special interest and the modelling possibilities of the cone are useful
in applications, one may also give some motivations for this object without referring to
these analytical properties or configuration spaces in general. The next section explains
three motivations from theoretical biology, probability theory and representation theory.

1.2 Motivation for the Cone

The mathematical object of interest for us is the cone of positive discrete Radon measures,
defined by

K(RY) := {77 = 50, € M(RY)

(2

s; € (0,00),x; € Rd}

where by convention, the zero measure 0 € K(R?) is included. This thesis is concerned with
covering analytic properties of the cone. On the other hand, there are three approaches
which justify the use of this object without even considering its analytical properties. For
one, there is the aspect of modelling biological systems. Second, the cone appears naturally
when considering certain generalised stochastic processes. Third, the cone is given as the
space where Gamma measures are localised, which emerge from representation theory for
current groups. These three motivations will be explained in this chapter.

1.2.1 Applications to Biological Models

There is an external non-mathematical motivation to study particle systems realised as
elements of the cone. Namely, Vladimir Vernadsky (1998) wrote the following:

e “Organisms [...] are always separated from the surrounding inert matter by a clear
and firm boundary.” [58, p. 56]

e “Living matter [...] is spread over the entire surface of the Earth in a manner ana-
logous to a gas [...].”[58, p. 59

e “In the course of time, living matter clothes the whole terrestrial globe with a
continuous envelope [...].” [58, p. 60]

This can be interpreted in the sense that system of living matter should possess two
properties: For one, the system should have a discrete nature. Furthermore, there is living
matter everywhere in the system. In mathematical terms, this means that the support of
this system should be dense in the underlying position space. Lastly, to be realistic, the



system should have finite local mass due to the physical limitations of our world. The
mathematical realisation of these properties is given by the cone.

1.2.2 Probability Theory

The second motivation comes from the theory of generalised stochastic processes, i.e.
processes on the space D'(R?) of generalised functions. By [54, Thm. 3.3.24], infinitely
divisible processes on D'(R?) are actually concentrated on the subspace K(R?). Note that
this result holds independently of the topological and analytical considerations done in
later chapters. For a subclass of measures, the so-called Gamma measures, we will also
show a direct proof of this statement.

1.2.3 Representation Theory for Current Groups

Measures supported on K(R?) naturally appear in the study of representations for cur-
rent groups. Namely, when studying so-called commutative models of representations of
(SL(Q,R))Rd. When considering representations with respect to the unipotent subgroup
of (SL(2,R))®’, we arrive at spectral measures which are defined on the space D'(R?)
and supported on K(R?). Furthermore, these measures show some invariance properties.
These considerations were first done by Gelfand, Graev and Vershik [24]. Later, Tsilevich,
Vershik and Yor [57] used this as a starting point to further analyse so-called Gamma
processes.

As seen here, these measures supported on the cone K(R?) appear naturally without
any a priori restiction of the spaces or aspects of modelling.

1.2.4 Analytical Motivation

There is another mathematical explanation why it makes sense to consider K(R?). If we
take the class of Gamma-Poisson-measures on the extended configuration space I'(R% x
R?), we see that these measures assign full mass to the subset of configurations with finite
local mass, or Plato configurations. These configurations can be identified with objects in
the cone, i.e. there exists a one-to-one correspondence between the so-called Plato space
II(R% x RY) and the cone K(R?). Later, we give an explicit proof of this statement.

1.3 Description of Results/Outline of Thesis

We give a short outline of the thesis to guide the reader to the main results.

1.3.1 Connection to Configuration Spaces

There exists a natural connection of the cone K(R?) to the so-called extended configuration
space ['(R* x R?). Namely, there exists a bijection R: Ip(R* x R?) — K(R?), where
Lpe(R% x R?) is the space of pinpointing configurations with finite local mass, also called
Plato space II(R? x R?) below. Our considerations will heavily rely on this bijection,
since the theory on I'(Y)) for general Y is well-established. On the other hand, the use of
K(R?) generates some new phenomena explored in this work. In Section 2, we introduce
all necessary background related to configuration spaces I'(Y'), specifically the Plato space
II(R% x R?) and establish the aforementioned connection to the cone K(R?).



1.3.2 Topological and Measure-Theoretical Considerations

To analyse the dynamics on the cone K(R?), we first need to establish the topological
and measurable structures on this object in Chapters 2.6 and 2.7. We use the aforemen-
tioned connection to configuration spaces to define a topology on K(R?). Furthermore,
we analyse the generated Borel-o-algebra. In Chapter 2.8, we define classes of probability
measures on K(R?). Namely, on ['(R% x R?), Poisson measures assign full mass to the
space IT(R% x R%). We recall this fact including the proof in Theorem 2.24. Therefore, we
define probability measures on K(R%) as image measures of such measures. Furthermore,
we construct Gibbs measures on K(R?) using the well-known DLR approach, see also [29].

1.3.3 Harmonic Analysis and Markov Evolution

In Sections 2.9 and 2.10, we adapt the well-known theory of harmonic analysis on configu-
ration spaces to the case of K(R?). More precisely, we define the set of finitely supported
Radon measures Kq(R?), which is connected to K(R?) via the so-called K-transform.
Furthermore, we discuss the connections between measures on K(R%) and its correlation
functions, which is needed for the analysis of the dynamics. In Chapter 2.11, we use this
connection to define various equivalent evolution equations describing these dynamics.

1.3.4 Calculus

Chapter 3 is concerned with the establishment of various analytic structures on K(RR?).
In Chapters 3.1 and 3.2, we consider the differential calculus established in [29]. Here,
continuous derivatives, an integration by parts formula and a continuous Laplacian are
introduced with respect to some underlying Lie group, i.e. the group of currents. Fur-
thermore, the results are compared to the case of II(R% x R?) and we show a direct
correspondence between the formulae on II(R% x RY) and K(R?) in Chapter 3.3.

Next, we take a short look at the umbral calculus on K(R?), i.e. the calculus of po-
lynomials on this space. We concentrate our considerations to the special sequence of
so-called fake falling factorials. This sequence has a nice connection to the aforementio-
ned K-transform, which we will state here. These considerations can be found in Chapter
3.4.

As a third part of the calculus (Chapter 3.5), we make use of the discrete structure of
the elements in K(R?) to examine difference calculus on K(R?). Here, instead of looking
at infinitesimal differences, we consider discrete differences. We define birth and death
gradients as well as a related integration by parts formula. Furthermore, we consider the
corresponding discrete Laplacian, which yields a jump-type Markov operator in this case.

1.3.5 Dynamics and Considered Models

For the last part of this work, we analyse three different birth-and-death models on the
cone.

Glauber Dynamics (Chapter 4.1): This model can be obtained by considering a
discrete Dirichlet form on K(R?) with respect to a Gibbs measure. In this model, particles
disappear with constant rate, while they appear according to some pair potential in rela-
tion to all particles in a neighbourhood specified by the potential. Usually, the Glauber
dynamics are used to describe a homogeneous gas with a given potential.



We show the existence of the dynamics for this model and calculate the corresponding
operators for statistical dynamics and obtain the hierarchical structure of the correlation
functions.

Continuous Contact Model (Chapter 4.2): The generator of this model is con-
structed explicitly by considering the desired heuristics: Particles disappear according to
the death rate which may depend on the mark of a particle. On the other hand, each
existing particle may spawn a new particle according to a given birth rate which may also
depend on the mark. The spawning procedure is independent of all other particles. This
model can be used to describe infection spreading, plant growth and similar processes.

We establish the existence of the dynamics using the hierarchical system of correlation
functions. Furthermore, we establish a priori estimates for each order of correlation as
well as estimates which are uniform in the order of correlation. Also, we show that the
contact model admits clustering. Lastly, we show the existence of invariant measures of
the contact model under some conditions.

Bolker-Dieckmann-Law-Pacala Model (Chapter 4.3): This model can be seen
as a modified contact model by adding a competition term: The mortality rate is increased
if particles are clustered together. This way, the clustering experienced by the contact
model can be prevented.

The density-dependent mortality also has a technical advantage. Namely, we are able
to use perturbation methods to show the existence of the dynamics. Furthermore, we
calculate the evolution equation for the statistical dynamics and comment on the non-
clustering behaviour of the system.
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2 Preliminaries

This section will include basic concepts for self-containedness as well as some fundamental
concepts from configuration spaces I'(Y), the cone K(R?) and the connection between the-
se two. Furthermore, we recall the topological and measurable structures on configuration
spaces and establish similar structures on the cone K(R?). We also introduce measures
on these spaces as well as harmonic analysis and explain how the evolution of dynamics
can be described using various types of evolution equations.

2.1 The Cone of Positive Discrete Radon Measures

We start the preliminary chapter by the introduction of the cone of positive discrete Radon
measures. Furthermore, the notion of the support of a measure and relations between
elements in K(R?) are defined. Recall that by Vernadsky’s theory of living matter, a
system should be dense everywhere, discrete and have finite local mass.

One more property which we want from our system is that its elements are indistin-
guishable in the sense that the system given by (s;, ;)icr and (sz:), Tx@))icr behave the
same, where I is some countable index set and 7 an arbitrary permutation of I. One
possibility is to realise our system as sums of point masses d,,, where y is either the mark
and position, or just the position of a particle, depending on the setup. This automatically
yields a discrete particle system. To obtain the other two properties, it is useful to let y
represent the position of a particle, while the mark is considered as a weight of the point
mass. These properties become clear when we consider a certain class of measures, name-
ly, Gamma measures. The properties are then proven in Proposition 2.30 and Theorem
2.24, respectively.

Definition 2.1. 1. The cone of nonnegative discrete Radon measures is defined as
follows:

K(R?) := {n = si0s, € M(R?)

s; € (0,00),2; € Rd}

By convention, the zero measure nn = 0 is included in K(R?).
2. We denote the support of n € K(RY) by

T(n) == {z e R | 0 < n({z}) = s.(n)}.
If n is fized, we write s, 1= s,(n).

8. Forn,& € K(RY) we write £ Cn if 7(§) C 7(n) and s5,(§) = s.(n) for all x € 7(€).
If additionally |7(§)] < oo, we write £ € 0.

4. For a function f € C.(R?), denote the pairing with an element n € K(R?Y) by

(fon) =) saf(@).

zeT(n)

While K(R?) can be viewed as a subset of the space of positive Radon measures
M(IR?), it is not advisable to consider it as a subset topologically. This method works for
the space I'(Y) introduced below, as will be explained later. For K(R?), it does not yield
satisfactory topological results. Instead, we keep Plato’s theory in mind and see K(R?)
as the real-world projection of another space, called the Plato space II(R% x RY). It is
introduced in Chapter 2.5.



2.2 The Group (R%,")

The set R? plays a special role for the analysis on the cone. Since we want to consider
harmonic analysis on R’ , we need to establish integration theory with respect to the Haar
measure, i.e. we need to consider the group structure on R?.

Set R* := (0,00) and consider the Abelian group (R?,-). There is a natural bijection
between (R, +) and (R, -) given by the exponential function z — e®. The measure which
is invariant under the group operation (also known as the Haar measure) is given by

1
h(ds) = —ds
s

where ds denotes the Lebesgue measure on R*.
Using the bijection mentioned above, we may introduce a metric on (R%,-). Consider
the Euclidean metric on (R, +), i.e.

d([E,y) - |J]—y|, T,y € R.

For any u,v € R, there exist z,y € R such that u = €®,v = €. Then we may define the
corresponding metric on R the following way:

u
p(u,v) = d(, ) = |z = y| = |logu — logv]| = |log |

For transformations considered later, it is interesting to consider the unitary characters
of (R%, "), i.e. group homomorphisms to the unit sphere S C C*. These characters are
given by mappings of the form

f)\(U) — ei)\logu

where A € R. Therefore, the dual group to (R?,-) in the Pontrjagin sense is again (R, +).
Analogously to the Fourier transform on (R, +), we may use the above considerations
to introduce a transform on functions on (R, -).

Definition 2.2. Let f: R} — R € L*(R*,h). The Fourier transform of f is defined as

Far S = [ flu)em s nds)

+

Remark 2.3. Note the similarity to the Mellin transform on R : It is defined as

M(a) = 8 f(s)s*tds = 8 f(s)s*h(ds).

+

alogs

If we write s* = e , we obtain the following form:

My(@)= | f(s)e™ 5 h(ds)

R}

Setting o = —i\, we see that

My(=iX) = Fry f(A).

10



There is a direct connection to the Fourier transform on R: Let f: R — R such that
its Fourier transform exists. Then f olog: R} — R and

Fafl o) = [ s e = [ plogs)e L = [Fag(f olox)]

On the other hand, we can calculate the inverse Fourier transform on R* the same way:
For a function g: R — R,

— 1 OO ipx 1 OO iz log z dz —
[F&'9] (z) = %/ ergp)dp =g | e gllogz) = Fillgolog)| (x)

*
+
—0oQ

In other words, this implies for a function ¢: R} — R,

[]-"ugiﬂ] (s) = % /OOO 6islogz¢)(z>%

z

provided, the expression exists. We denote F := Fry © Fra for functions from R x R4
to R, where Fa denotes the Fourier transform on RY.

Lemma 2.4. The following relations hold:
. - _ p,—izlogs .
e [0 ()] )= (o)
Fra[a(- = 2)] (p) = e (Fiaa) (p)
Proof. Use variable substitution in the integral terms. ]

The following estimate will be useful in later calculations.

Lemma 2.5. Let ¢: R% xR — R, ¢p € LR x R h(dz) ® dp). Then

1 o0
-1
P70 00) < oy [ e lanhia)
Proof. Direct calculation using the above definition. O]

The following Lemma is also needed to close our arguments.

Lemma 2.6. Let Q: R} — R be an even function in the sense that
Q(s) =Q(s™") Vs e R
Then its Fourier transform ‘FRiQ 18 real-valued, provided, it exists.

Proof. We use Euler’s identity to rewrite the integral:

(Fes Q)(2) = /0 " cos(z1og $)Q(s)h(ds) + i /O " sin(= log 5)Q(s)h(ds)

We need to show that the second expression equals zero. We use the variable transform
S > % and see that

/OOO sin(zlog s)Q(s)h(ds) = — /ODO sin(—z log S)Q(S)%ds
- - /OOO sin(z log t)@Q G) t% = - /Ooo sin(z log ¢)Q(t)h(dt)

which proves the claim. O
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The same statement holds for the function a on R%. For applications in later chapters,
the relation of the Fourier transform to the convolution is useful. To this end, we define
the convolution on R analogously to the case of R.

Definition 2.7. Let f,g € L*(R*, h). The convolution on R? is defined as
u
(fx9)w) = | F@)g (%) h(dv)
RY

The expected result also holds on R :
Proposition 2.8. The following relation holds for two functions f,g: R — R:

Fre(fxg)=Fre [ TFreg

2.3 Plato’s theory

As stated in the introduction, the cone K(R?) is a suitable object to describe particle
systems in the real world. On the other hand, the question arises how to define and
interpret mathematical structures on the space K(R?). As a motivation, we give a short
overview of Plato’s theory of forms.

In the theory, Plato stated that observations in the real world are mere projections of
higher forms or ideas. One way to picture this is the so-called cave allegory, which was
recited by Ross (1951) as follows: “A company of men is imprisoned in an underground
cave, with their heads fixed so that they can look only at the back wall of the cave. Behind
them across the cave runs a wall behind which men pass, carrying all manner of vessels
and statues which overtop the wall. Behind these again is a fire. The prisoners can only
see the shadows [...] of the things carried behind the wall, and must take these to be the
only realities” [52, P. 69].

Applied to our setting, the space K(R?) is interpreted as the shadows projected onto
the cave wall. On the other hand, the space II(R* x R%) which will be introduced below
is the space of forms or ideas, represented by the objects carried in front of the fire.
While the space K(R?) is taken to be our reality, we use the space II(R* x R?) to define
mathematical operations. The spaces are connected via the bijection R: II(R% x R?) —
K(R?) introduced below. In accordance with the cave allegory, R is also called reflection

mapping.

2.4 Configuration Spaces

As we will see in the next chapter, the Plato space II(R% x R?) is a very specific subset
of the so-called configuration space I'(R*. x R?), which will fulfill the assumptions stated
heuristically in Chapter 2.1.

In general, the space of locally finite configurations I'(Y") is the space of all subsets of
Y which are finite in any compact set A C Y. The following definition makes this notion
more precise.

Definition 2.9. Let Y be a locally compact Hausdorff space. The space of locally finite
configurations over Y is defined as

FY)={yCY:|yNA| <oo VA CY compact}

where | - | denotes the number of elements of a set.

12



From a physical perspective, Y is considered as phase space of an interacting particle
system. A configuration v € I'(Y') represents a set of indistinguishable agents (e.g. partic-
les, plants) which may interact with each other. In our considerations, we always consider
Y = R% x R% More generally, R? could be replaced by some more general locally comapct
space X. In this chapter, we recall some properties of I'(Y") which will form the basis for
the Plato space II(R? x R%).

2.4.1 Topology and Measurable Structure of I'(Y)

There exists a natural embedding of I'(Y") into the space of Radon measures M(Y) on Y,
namely
T(Y)3 7y Y 6, €M(Y)
yey
where 0, denotes the Dirac measure at point y € Y. Note that we use the notion of ~
as a subset of Y and as a measure on Y interchangably. We equip I'(Y) with the vague
topology induced by M(Y'), i.e. the coarsest topology such that the following mappings
are continuous for all f € C.(Y'), where C.(Y) denotes the space of continuous functions
with compact support:
TY)sym (f)=> fy)
yEY

In fact, I'(Y) equipped with this topology is a Polish space. A more detailed analysis of
the topological properties of I'(Y") can be found in [32].

The construction of a topology enables us to consider the Borel-o-algebra B(I'(Y)).
It should be noted that this g-algebra coincides with the o-algebra generated by the
following mappings:

Npo:T(Y) = No,v = Na(y) = |y N A|, AeB.(Y)

where B.(Y') denotes all precompact Borel subsets of Y, see e.g. [30].
We give another construction of the measurable space (I'(Y'), B(I'(Y)) which will be
useful for other considerations. For A € B.(Y), we define the space of configurations

supported in A.
FA)={yel(Y):ynA=~}.

Furthermore, for n € N, consider the set of n-point-configurations supported in A:
POA) = {y € T(A): Bl =k, TO(A) = {0}

Since v € I'(Y) is locally finite, the elements of I'(A) are finite and we have the disjoint
decomposition

T(A) = JT™(@). (1)
n=0
We can represent '™ (A) via symmetrization of the underlying space:
A"/S, ~TM(A) (2)

where

A" = {(z1,...,2,) € A" | x; # x5 Vi # j}
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the off-diagonals and S,, the symmetric group of n elements. Denote the bijection (2) by
sym,,. This way, F(”)(A) can be equipped with the topology induced via A™. Furthermore,
['(A) is equipped with the topology of disjoint unions. Hence, we can define the Borel-o-
algebra B(I'(A)) given by this topology.

For two sets Ay, Ay € B(Y), Ay C Ay, define the projection mapping

PAyAy ¢ F(AI) — F(AQ)u’Y =y N A2

where we set pa, := py.a,. It was shown in e.g. [53] that (I'(Y"), B(I'(Y)) is the projective
limit of the spaces (I'(A), B(I'(A)) for A € B.(Y). This especially implies that the map-
pings pa are B(I'(Y))-B(I'(A))-measurable. The construction of B(I'(Y')) via projections
will play an important role in the construction of measures on I'(Y').

2.4.2 The Space of Finite Configurations

For mathematical purposes, it is important to also consider the space I'o(Y) of finite
configurations, i.e.
Lo(Y) :={y € I'(Y): |7] < oo}

where |- | denotes the number of elements of a set. While the definition implies that I'o(Y")
is a subset of ['(Y), the interpretation is a different one: I'4(Y’) serves as a mathematical
counterpart to the physical space I'(Y'). Also, the spaces I'(Y) and I'g(Y") are topologically
different: While I'(Y") is seen as a subspace of M(Y") with the inherited topology, we use
a different approach for I'g(Y') which will be explained in this chapter. The approach is
similar to the one used in Chapter 2.4.1, but yields different results. We set

T{(A) :=T™(A)

where A is an arbitrary Borel subset of Y. Since we only deal with finite configurations,
we may use decomposition (1) for A =Y i.e.

ro(v) = | 1)

Furthermore, we may consider the symmetrization (2) to obtain
Y"/S, ~ T ().

For '™ (Y, we choose the topology induced by the space Y. For T'y(Y'), we may use the
topology of disjoint unions. For a more detailed description of the topology used here, we
refer to [30].

Remark 2.10. The purpose of the space of finite configurations will become clearer once
we examine specific models. Since the models are introduced on the cone, we postpone this
discussion until after we have introduced the relevant spaces related to K(R?).

2.5 Relation Between K(R?) and T'(R* x R?): The Plato Space
II(R* x RY)

In this section, we want to establish the connection between the configuration space
(R x R?) and the cone K(R?). Our goal is to define a certain subspace II(R* x R?) C
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D(R% x R?) such that there exists a one-to-one-correspondence between II(R% x R?) and
K(R?) in the following form:

R:I(RY x RY) 5 K(RY), v = Y Sa) > Y 50a

(s,z)Ey (s,x)EYy

In terms of Plato’s theory, this mapping takes ideas v € II(R% x R?) and projects (or
reflects) them to real-world objects € K(R?). Obviously, R is not defined on the whole
space I'(R% x R%). Therefore, we need to construct a suitable subspace. In other terms,
the Plato space constructed below is also known as the set of pinpointing configurations
with finite local mass, denoted by T'p¢(R% x R?). We explore these two properties in more
detail below.

Define the set of pinpointing configurations I';(R% x R?) C T(R% x R?) as all confi-
gurations such that if (s1, 1), (s, x2) € v with 21 = x9, then s; = so.

Remark 2.11. The pinpointing property ensures that there are no two elements of a
system at the same position. Due to the shape of elements in K(R?), it is obvious that this
would not be possible.

Let us now take into account the second property of II(R* x R%). To this end, we
define the local mass of a configuration.

Definition 2.12. For a configuration v € I'y,(R% x R?) and A C R? compact, set the local
mass as

v(A) = /R* . sla(z) dy(s,z) = Z sIx(z) € [0, o0

(s,z)ey

This notion enables us to define the Plato space.

Definition 2.13. The Plato space II(R% x R?) C T(R*% x RY) is defined as the space of
all pinpointing configurations with finite local mass, i.e.

II(R% x RY) :=Tp(RE x RY) = {y € T, | ¥(A) < 0o for all A C R? compact}.

Remark 2.14. 1. The property of finite local mass accounts for the third property
stated in Chapter 2.1. It ensures that the system only has finite mass in any bounded
volume, which makes it physically viable.

2. The pinpointing property as well as the finiteness of local mass are sufficient to make
R: II(RY x RY) — K(R?) bijective.

3. The state space needs to be of the specific form Y = R x X for the notion of
pinpointing configurations to make sense.

To establish a viable connection via R, we need to examine its measurability. First,
let us show that the set of pinpointing configurations on each compact A € B(R? x R?)
is measurable.

Lemma 2.15 ([27]). Define the set of pinpointing configurations in A € B(R? x R?) as
Io(A) == {y € (A): (s1,21), (S2,22) € 7,21 = T2 = $1 = Sa}.

Then T'y(A) € B(I'(A)). In particular, this holds for A = R x R,
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Proof. We recall the proof from [27]. For the first case, consider a bounded set A €
B.(R% x RY). Set D = {(z,z): x € R} € B(R? x R?) the diagonal set of R%. Then the
complement of I',(A) admits the following representation:

To(A)° = {y € T(A): I(s1,m1), (s2,22) €71 (w1,22) € D} = | ] Aw(D) (3)

k=0
where Ax(A) C T®(A) is defined as
Ap(A) = {y e T®(A): |y] = k,I(s1,21), (52, 22) € v: (21, 22) € D}
By definition of of I'®)(A), there exists A, € B(A*) such that
Ay = sym; ! (Ay)

Since sym,, is measurable, we have A;(A) € B(I'(A)) and hence, I',(A) € B(I'(A)).
Let us now consider a general A € B(R% x R?). We can find a covering {A,,}22, of A
with A,, compact and A,, C A, for all n € N. Then

— N {v € T(A): 1, € Ty(A)} = () pih, (To(An)). (4)
Since pa a,, is B(I'(A))-B(I'(A,,))-measurable, we have T',(A) € B(I'(A)). O

We will see later that for the class of Poisson measures on I'(R* x RY), we have
m(II(R% x RY)) = 1, which gives another justification that II(R% x R?) is suitable for our
considerations. Let us introduce a pairing on K(R?) which uses the reflection mapping.

Definition 2.16. Let f € C.(R% x RY) and n € K(R?). Define the following pairing:
(fo) = (LR )= > fls2)

(s,z)eR~1n

2.6 Topological and Metric Structures on II(R% x R?)

The Plato space II(R% x R?) naturally inherits the topological structure of I'(R% x R%),
i.e. the topology is given by the vague topology induced from the space of Radon measures
M(R% x R%). For a detailed description of topological and metric characterizations, see

e.g. [32].

Remark 2.17. The space II(R% x R%) is not complete: Take for example some xy €
]R and S1 75 52 € R’.. Furthermore, consider sequences sgn),xgn),i = 1,2 with 55") =+
82 ,xl 75 a:2 ) for alln € N and

() )

— 8, x;  —» T, n— 00,1 =1,2.
Set
y = {5, a”), (587, 287)} € TI(RY x RY)
v = {(s1,20), (s2,70)} € T(R} x RY) \ TI(R’, x RY)

Let f € C.(R%. x RY). Then

(™Y = ()] = [ (s ,xl N (s, 28) = f(si,20) — f(s2,20)|
< |F, ™) = fst, o) + (557, 28) — f(s2,20))|

— 0, n — oc.

Therefore, v™ — ~, n — oo in T(R% x R?) and TI(R%. x R?) is not complete.
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2.7 Topology on the Cone K(R?).

From a naive point of view, it seems to make sense to consider the embedding K(R?) C
M(R?) of the cone into the space of Radon measures, equipped with the vague topology.
Unfortunately, this topology has no relation to the vague topology introduced above on
II(R% x RY). In the spirit of Plato’s theory of ideas, the connection between II(R* x R)
and K(R?) is essential. Therefore, we consider the final topology on K(R¢) induced by the
reflection mapping R, i.e. the finest topology such that the mapping

R:T(RY xRY) 5 KRY), v = Y dmy > D Sabs

(sa,z)€Y zeT(y)
is continuous. Here, we set for v € II(R* x RY),
7(y):={r €R?|Is e R: (s,2) €7}

the support of 7. The usage of this topology has the obvious side effect that R becomes
a homeomorphism, which is helpful in and of itself in other regards. Some comments on
the final topology can be found in Appendix A.

2.8 Measures on [[(R* x R?) and K(R?)

The following chapter is devoted to the construction of a class of probability measures
on ITI(R% x R?), namely, Poisson measures. The construction is done on the larger space
D(R% x RY). For the class of Poisson measures, we show that they assign full mass to the
Plato space II(R% x R?).

To obtain measures on K(R?), we use the pushforward of measures on II(R% x R?) un-
der the mapping R. A certain subclass of specific interest is the class of Gamma measures
which will be introduced below. One technical step will be to show the compatibility of
measurable structures on II(R% x R?) and K(R?). Finally, we construct Gibbs measures
on K(RY) as perturbations of Gamma measures.

The general construction of Poisson measures can also be found in e.g. [4]. For the
construction of Gibbs measures, see [3] for homogeneous configuration spaces and [29] for
the case considered here.

2.8.1 Construction of Poisson Measures on II(R% x R?)

In this section, we explicitly construct the class of Poisson measures on II(R% x R%).
This is done by constructing measures on I'(R% x R?) and restricting these measures to
the subspace TI(R* x R%). We also define a specific subclass, known as Gamma-Poisson
measures. Furthermore, we show that this class assigns full mass to the Plato space, i.e.
m(II(RL x RY)) = 1.

The general approach is to explicitly define a finite measure on I'(A) for any bounded
volume A € B,(R% x R?), which is then normalised to obtain a probability measure on
['(A). Next, we use the consistency property of this family to show the existence of a
probability measure on I'(R* x R?). This approach is well-known in literature, see e.g.
[4].

Let v be a Radon measure on the space R and o a nonatomic Radon measure on R?
(e.g. the Lebesgue measure). Recall that by decomposition (1), we have

mm:GﬂWm:GMww
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Since (v ® 0)®" defines a measure on A™, we see that sy = (v ®0)®" osym, " defines a
measure on I'™(A). We then proceed to define a finite measure on T'(A) as follows:

where we set 3¢, = dgg1. The measure defined this way is called the Lebesgue-Poisson

measure with intensity v ® o. It is easy to see that the full mass of )\’,}’U is equal to e?®7(),
Hence, we obtain a probablity measure on I'(A) by setting

™ =e

v,0

A vBo(A) \A
v,0*

This measure is also known as the Poisson measure on I'(A). If the intensity measures v, o
are fixed, we may omit them in the notation. It can be shown that the family {7}, Bo(R4)
is consistent, i.e. for Ay C Ay, A; € B.(R9),

Ay A -1
T =T OPAA

By Kolmogorov’s theorem for projective limits (see e.g. [48]), we obtain the existence of
a probability measure for I'(R% x R?), which is the projective limit we constructed in
Chapter 2.4.

Definition 2.18. The measure given by the projective limit of the family {WQU} A€B.(RY)
is called the Poisson measure on T'(R% x RY) with intensity measure v @ o. It is denoted

by
T=Ty,=Tyo = Tuvo-

)

Remark 2.19. There exists an alternative definition of the Poisson measure given via
its Laplace transform: m,g. s the unique measure such that the following holds for all
functions ¢ € C.(R% x RY):

/ e PN e (dy) = exp / e?5) _ 1(v @ o)(ds, dx) (5)
F(Ri xR®) R xRd
see e.g. [4].

There exists another characterization of the Poisson measure which is useful for the
construction of measures on K(R?), since it yields a similar identity there. Denote by
M (R% x R?) the set of all nonnegative Radon measures on R* x R<.

Proposition 2.20 (Mecke identity, [46, Satz 3.1]). Let u be a probability measure on
M (R x RY) such that its local first moments exist, i.e.

/ (Ip,v)p(dy) = / / Ldyp(dy) < oo for all A € B.(R7. x RY).
M4 (R xR9) My (R% xRY) J A

Then p is the Poisson measure with intensity v @ o if and only if the following equation
holds for all nonnegative measurable functions F': RY X R? x M (R x R?) — R,.:

/ / F(s,2,7)1(ds, d2)myen(dy) =
M (R% xR4) JRY xRY

-[ ] Fls,2,5 + Soa) oo () (v © ) (ds, d)
* xRd J M (RY xR9)
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Remark 2.21. 1. From now on, we assume that the first moment of v exists, i.e.

/ svlds) < o (6)

2. We sometimes denote the intensity measure on R x R by s(ds,dz) = v(ds) ®
o(dx).
The next definition gives a special subclass of Poisson measures, which will be exami-
ned in more detail.

Definition 2.22. Consider the intensity measure on R*. given by the following expression:
1
vp(ds) = 0—e*ds
s

where 0 > 0 is a fived shape parameter. Obviously, vy fufills assumption (6). The corre-
sponding Poisson measure is called the Gamma-Poisson measure, denoted by my. As above,
we denote the projection to T'(A), A € B.(R% x R?) by

o -1
TAQ = To O Py

Before we turn our attention to the specific properties of Gamma-Poisson measures, let
us show a useful statement that holds for the general class of Poisson measures. Namely,
a Poisson measure assign full mass to the set II(R* x R?). An explicit proof was given in
e.g. [27]. We include the proof for completeness. We start by showing this property for
the set of pinpointing configurations I'y(R% x R%).

Theorem 2.23 ([27]). Let 7, be a Poisson measure such that v fulfills (6). Then we have
T, (Tp (R x RY)) = 1.

Proof. As in the proof of Lemma 2.15, denote by D = {(x,z): * € R} € B(R*) the
diagonal set in R*. Note that (¢ ® o)(D) = 0. Again, let {A,}>°, be a covering of
R* x R? with A,, compact and A, C A,4q for all n € N. Furthermore, assume that
Ap = Apgre X Ay ga for each n. Using representation (4), we obtain

(T (R? x RY)) (U Py (T, C)) <Y m (paTp(00)) -

neN
Since for any compact A, we have

m, (px(Tp(A)%)) = e A, (T (A)°),
it is enough to show that for any A € B.(R% x RY) with above assumptions, we have
A (Tp(A)) = 0.

Using decomposition (3) and the product structure of A, we see

A ({y € TW(A) | 3(s1,21), (82,22) € 71 (71, 22) € D})

Mg

A (Tp(A)%)

S
I
—

,}(u © o) ({(ss,2)}ey C A | Fi # j: (w,;) € DY)

< Z 2(5) et 2] (o0 D)) vits)

k=2

8uM8
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Next, let us show that y(A) < oo for m,-almost all v € T(R% x R?), which implies
T, (IR x RY)) = 1.

Theorem 2.24 ([27]). For m, as above, T, (IL(R*. x RY)) = 1.

Proof. For any A € B.(R?), we have

/ (M) (dy) = / (s ® L (2),7)m, (d)
(R’ xR9)

I'(R* xR9)

_ /R d / SLalavlds)olds) = o(4) / su(ds) < oo

R4
which implies our claim. Note that it is essential that (s — s) € L'(R%, dv). O

Considering the above result, we may consider m, as a probability measure on the
space (II(R*% x RY), B(II)), where B(IT) = B(II(R?% x R?)) is the trace-o-algebra, i.e.

B(II(R; x RY)) := {ANII(R;, x R?) | A€ BI'(R;, x RY))}.

2.8.2 Probability Measures on K(R%)

We are now ready to consider two important classes of probability measures on K(R?).
First, we introduce the class of Gamma measures, denoted by Gy, which are the image
of the Gamma-Poisson measures on II(R? x R?) under the mapping R. Next, we con-
sider Gibbs measures on K(R?), which are given through perturbations of said Gamma
measures.

In the previous chapter, we established the relation between K(R?) and II(R% x R?).
Therefore, it makes sense to further investigate the relation given via the mapping R. For
instance, we may show the relation between the o-algebras B(II(R%. x R?)) and B(K(R?)).

Theorem 2.25. The image o-algebra of B(ILI(R*. x RY)) under R and B(K(R?)) coincide,
i.e.

BK(RY) = {R(ANTIR: x RY) | A € BT(R;, x R)))}

Proof. The proof is a direct consequence of the topological considerations found in Ap-
pendix A. m

Since we established the connection between II(R* x R?) and K(R?), let us come to
the definition of Gamma measures on K(R?).

Definition 2.26. Let my be a Gamma-Poisson measure on the space II(R% x R?). Then
the Gamma measure on K(R?) is defined as the image measure of my, i.e. for any bounded
and measurable function F: K(R?) — R,

/ F(n)Go(dn) = / F(Ry)m(dr)
K(R4)

II(R* xR9)

we denote the Gamma measure by G = G, = Gy.
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Remark 2.27. 1. For a class of cylindrical functions, we get the following explicit
formula: Let g € C°(RYN) for some N € N and 1, ..., on € C®(R?). Then

/]K(Rd)g ({(o1,m), -, {pnsm)) Go(dn)

:/ 9 ((d® 1,7, ., (1d ® o, 7)) ma(dy),
II(R% xR9)

where id ® (s, z) = sp(x).

2. Similar to the case of II(R? x R?), there is an alternative characterization of Gy via
its Laplace transform: For any ¢ € C.(R?),

/ e M Gy (dn) = exp / @ — 1(v ® 0)(ds, dx)
K(R4) R* xRd

this is easily seen by using Remark 2.19 and the definition of the Gamma measure.

Also, the Gamma measures admit a Mecke-type characterization similar to Proposition
2.20.

Proposition 2.28 ([29]). Let u be a probability measure on M, (R?) which has finite first
local moments, i.e. for any A € B.(RY), we have

[ pmten) < oo 7

Then = Gy if and only if for any measurable function F': R x M, (RY) — R, we have

/M+ " /Rd F(a,n)n(dx)u(dn) = /M+ " /Rd/ sF(z,n+ s0,)ve(ds)o(dz)p(dn).  (8)

Proof. “=": As a first step, let us consider functions of the form

F(z,n) = f(x)g ({p1,m),-..,(en,m)), (9)

Where 01, 0on € C(RY) and g € C.(RY). We then rewrite the left-hand-side
8) recalling that pu = Gy:

/ / (2, myn(da)u(dn) =
M (R4) JRd

/Rd Rdf g({er,m), - -, (o, m))n(dz)Gy(dn)
:/K(Rd)<f M g({p1,n), ..., {on,1n))Ge(dn)

:/R* v (id® f,7)9({id®¢1,7),..., (d®@py,7))mo(dy)

/Rd / /H(]R* xR4)

X g((id @ 01,7 + s2))s - - - (1d @ ©n, 7 + Os,2)) )T (dy)vp(ds)o(dx)
/ / / SE@)9({(01s 71+ 562), ., (ons 1 + 562))Goldy)va(ds)o (dr)
Rd Rd

_ /K . /R d / 1 SF (2,1 + 50, )ve(ds)o(dz)Go(dn)
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By the monotone class theorem and approximation arguments, this identity can be
extended to all nonnegative measurable functions.

: For the other direction, we show that the Laplace transform of vy with (8) coincides

with (5). To this end, let ¢ € C.(R?) with ¢ > 0 and set

L(t) := /M - exp (—t{p,n)) p(dn).

Note the following two properties of this function:

L is strictly positive: By Jensen’s inequality, we see using (7) that

/M+(Rd) exp(—t(p,n))u(dn) > exp (—t/M+(Rd)<so,n>u(dn))
2o (<t [ ellantswpouiin)

>0

Differentiability of L: L is continuous on [0, 00) and continuously differentiable
n (0,00). Since p is a probability measure and exp(—t{yp, -)) is bounded, this
assertion follows by Lebesgue’s Theorem.

If we differentiate L(t), we obtain

Gho=-[ +Rd)(¢,n>exp( tp. ()

® _ / / /M | S Pt 58l ()

/Rd / el /M - exp(—t{p, n)) u(dn)ve(ds)o(dz)

Therefore, L satisfies the initial value problem

FLt) =—C[)L(t)
L(0) =1

O(t) = /R d / e=t59@ y, (ds)o(d).

The ODE (10) has the following unique solution:

L(t) = L(0) exp (— /0 tC(u)du) — exp (— /R ) / * e—tw(%@(ds)a(dx))

Setting ¢ = 1, we see that L(1) is exactly the Laplace transform of Gy. This holds
for all p € C.(R?) with ¢ > 0, and therefore, 1 = Gy.

where

]
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Remark 2.29. Since it is needed in the construction of Gibbs measures, we want to
mention the independence property of Gamma measures: For a collection of disjoint sets
Ai, ..., Ay € B.(RY), the random variables n(A1),...,n(Ay) are independent. In other

words,
| | i (N(A;)) Go(dn) = | | ))Ga(dn 11
/ K(R?) ;- ’ / Rd) )Go () 1

for any ¢; € L°(RY), i=1,...,N.

Typical configurations under Gy have the interesting property of having dense support
().
Proposition 2.30. For any compact set A € B.(RY) with o(A) > 0, we have

Go({n e K(RY): |7(n) N Al =n}) =0 Vn € Ny

Proof. For the proof, recall that the Poisson measure my on II(R* x R?) with intensity
measure sy = Uy ® o has the following representation:

mo(y € RS x BY: [y n &) = n}) = Z0 oot (12)

for any compact set A € B.(R* x R%). Now, set A = R* x A. We have the following
relation between Gy and my:

Go({n € K(RY): |7(na)| = n}) = / o i (1))

= / L{jyal=n} (7)mo(dy)
II(R% xR9)

= WG(\{’Y e II(RY. x RY): [yNA| = n}:)

=A

We have the following decomposition of A:

A= Ny e MR xRY: [yn Al =n}

Jo€Nj>jo
where we set .
Aj=Ax {—,,j} € B.(R* x RY).
J
Applying (12), we obtain
To(A) = m (U ({y e IRY xRY: [y N Ay| = n}>

JoEN j=>jo

= lim my <ﬂ{7EH(R* x RY): |70A|—n}>

Jomre J=Jjo
< lim 7o ({7 € (R} x RY): [y N Ay| = n})
_]0—)00

= lim Me—m(l\j) =0

jo—oo  ml

Note that the property vy(R% ) = oo is crucial to obtain the density of 7(n). O
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2.8.3 Gibbs Measures on K(R?)

Gibbs measures play an important role in the analysis of a given particle system. They
indicate invariant states and show the existence of phase transitions within the system.
For some basic notions related to Gibbs measures, see e.g. the works [25,26].

Since we are working with particle systems on an infinite volume, there are some techni-
cal steps needed in the construction of Gibbs measures. This chapter provides an overview
of the construction of Gibbs measures as perturbations of Gamma measures on the cone.
Furthermore, some technical differences to the classical construction on II(R% x R?) are
discussed. The main source of this chapter is [29]. For a more detailed discussion of Gibbs
measures on configuration spaces and the cone, see [10,11]. The general construction will
follow the approach of Dobrushin, Lanford and Ruelle, see e.g. [26].

For the construction of Gibbs measures, we need to consider a class of admissible pair
potentials. Consider a pair potential

#: R x RY = R
which is assumed to be measurable, symmetric and bounded. Set the following:

167 lloo == sup (max{—¢(z,y),0}) <0

z,ycRd

9]l := sup |@(z,y)| < oo
z,ycRd

We impose the following conditions on the potential ¢:

Finite range condition (FR): There exists R > 0 such that

¢(z,y) =0if [r —y[ > R

Repulsion condition (RC): There exists 6 > 0 such that

inf gé(x y) > 2m5||gz5 |

lz—y|<é

where m? > 0 is an explicitly given constant. Heuristically, (RC) means that the

repulsion of two particles close to each other is stronger than the global attraction.
Under these conditions, we can define the relative Hamiltonian of the system.

Definition 2.31. Fiz n,& € K(RY) and A € B.(R?). Then the relative energy or Hamil-
tonian is given by

HA(n|§)://¢:ry (dz)n(dy) —I—Q/C/gb:vz (dx)&(dz)

= O(x,y)Susy + 2 Z (x,2)8:8.

T yE‘r(n)ﬂA zeT(n)NA
ZET({)QAL

The element ¢ may bee seen as the boundary conditions for the localised particle
system n N A.

24



Remark 2.32. The reasoning why the conditions (FR) and (RC) yield a suitable poten-
tial is quite technical and involves a partition of R in appropriate cubes related to the
interaction of ¢. This partition is then used to show finiteness and boundedness from below
of Hxn. A detailed anaylsis is given in [29].

The construction starts locally as a perturbation of Gamma measures. Therefore, we
need to localise the notion of Gamma measures. Furthermore, we need to normalise the
constructed measure using the corresponding partition function. After constructing a local
specification, we may extend the underlying set to obtain a Gibbs measure on the whole
space.

Definition 2.33. Let A € B.(RY). For a fived Gamma measure Gy, define the correspon-
ding local Gamma measure on A as

Gap = Gpopa'
where pa: K(R?) — K(A) is defined via

n= Z S40, —> Z S04

zeT(n) zeT(n)NA

For £ € K(R?), define the partition function as

Za(€) = / o EP ] 9]Gsoldn)

The partition function will serve as the normalising constant for our local Gibbs mea-
sure. Furthermore, note that the definition depends on the choice of Gamma measure. It
can be shown that under the assumptions (FR) and (RC), the partition function serves
the right purpose:

Lemma 2.34 ([29, Lemma 3.3]). Under assumptions (FR) and (RC), for any A € B.(R?)
and £ € K(RY), we have
0< ZA(f) < o0

where Za(€) < 1, if additionally ¢ > 0.

Given the partition function, we can now proceed to define the local Gibbs measures.
Definition 2.35. For any A € B.(RY), define the local Gibbs measure with boundary
condition ¢ € K(R?) as

paldn | §) = e G o(dn)

1
Za(§)
Remark 2.36. e Note that Lemma 2.34 is needed to make sense of this definition.

o For fized A € B.(RY) and & € K(R?), the measure pa(dn | €) is a probability measure
on K(A).

For the construction of the desired Gibbs measure, we need to “lift” the family of
measures jia to the space K(R?). This is done in the following definition.
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Definition 2.37. Define the local specification 11 = {ma} acp.(rd) as a family of stochastic
kernels

7a: BK(R?Y) x K(R?) — [0, 1]
Ta(B [ €) == pa(Bag | §)

where
Bag:={n€K(A)|n+&a € B}

By using the structure of Hx and Property (11), we see that the family II is consistent:

/( B maldn | =ma(B1 9, A& e B®Y, Aca
K(RE

Heuristically, if we let A “grow” to the whole space R? the boundary condition di-
sappears and we obtain the Dobrushin-Lanford-Ruelle (DLR) equation as definition for
Gibbs measures.

Definition 2.38. A probability measure p on K(R?) is called a Gibbs measure with pair
potential ¢ if it satisfies the DLR equilibrium equation

[ 7B [ ntn) = ()

for all A € B.(RY) and B € B(K(R?)). The set of all Gibbs measures with respect to a
given potential ¢ is denoted by G(9).

The rest of this subchapter is devoted to the outline of the proof of existence of such
Gibbs measures given in [29]. In fact, it can even be shown that there exists a special
subclass of G(¢), known as tempered Gibbs measures. It is defined as follows:

Consider the following space

Ka(R?) == {n € K(R?) | Ma(n) < oo},

where )
2
)= (3 0]
kezd
and @y is the cube centered at k € Z? with edge length §/ Vd > 0, where § was given by
(RC).
Definition 2.39. Define the set of all tempered discrete Radon measures by

K'(R?) = [ Ka(R%).

a>0

Then the set of all tempered Gibbs measures are all Gibbs measures concentrated on
KY(RY), i.e.
G'(¢) == G(¢) N P(K'(R?))

where P(K!(R?)) denotes the set of probability measures over K'(R?).
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Remark 2.40. 1. The idea of the existence proof relies on finding an appropriate to-
pology in which we can find a sequence {ma (- | §)}nen from the local specification
I1 which converges to a probability measure on K'(R?). Secondly, the DLR equation
needs to be verified.

2. Note that classic approaches like the one Ruelle used are not applicable here due to
the structure of our underlying space. Of course, the existence of Gibbs measures
on KY(R?) can be translated to the existence on T'(Y) via the mapping R. But the
techniques used for T'(Y') rely on, for example, a uniform integrability condition
which is not given here (see e.g. [3]): For I'(Y'), our potential translates to

or(s, z,t,y) = tsd(z,y),

for which we have

ess sup / le™s1@Y) _ 1 |yy(dt) @ o(dy) =
(5,2)ERY xRd J R JRE

The following identity is useful for calculations regarding Gibbs measures. It first
appeared in [25] and [47]. The version used in this work can be found in [29].

Proposition 2.41 (Georgii-Nguyen-Zessin identity, GNZ). Let F': R? x K(R?) — R,
measurable and p € G(¢). Then

/K(Rd) /Rd F(z,n)n(dz)u(dn)

(13)
/ @) / Bl sbe)em 00 sup(ds)o(dr)u(dn)

where for n = (sy,Y)yeri € K(RY)
d ((37 x)ﬂ 77) =25 Z Sy¢<x> y)
yer(n)

Proof. As before, we consider functions of the form (9). For short, we just write F(x,n) =
f(z)g(n). Assume that supp f C suppp; C A for all i and some A € B.(R?). Since the
Gibbs measures are defined via Gamma measures and the DLR equations, it makes sense
to make use of that in the proof. Therefore, for u Gibbs measure,

/K(]Rd) /RdF (@, m)n(dx)p(dn)

(f;na)g(na)p(dE)

/ (f. na)g(na)ma(dn | €)u(de)
Rd) JK(R)

%

:/ )/K(A (f,na)g )ZAI(OeH("AgAC)QA,a(dnA)M(df)

= o o s oy Tt - o8
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% e—H(nA+S5z|fAC)sy9(ds)a(dx)ga,e(dn)ﬂ(dg)

//*/Rd)/K(A an+85)Z

_<1>((s x)ina+éac) gA@(dﬁA) (dé’)syg(d3>0'<d$)

/ / /Rd)/ Rd) F(z,n+ sd;)e” Daa(n | Eu(dE)svy(ds)o(dx)
- / / / K(R4) F(x,n + s0,)e” "0 u(d€ ) sy (ds)o (d)

/ - // (2. + s8)e” ™ suy(ds)o (da)u(d)

The claim for general F' follows again by a monotone class argument and approximation.
O

2.9 Harmonic Analysis on [I(R* x RY)

Due to the infinite-dimensional nonlinear structure of the considered spaces, the dynamics
modeled on II(RY x R?) are rather difficult to analyse directly. Instead, we intend to
rewrite equations on II(R% x R?) to the space of finite configurations IIo(R% x R?) C
II(R% x R?). This can be done using the so-called K-transform, which will be introduced
in this chapter. Furthermore, we show relations between functions on II(R* x R?) and
o (R x R?). The approach used here is well-known in the theory of statistical physics.
In the homogeneous situation, the theory can be found in [30]. We start with the space
ITH (R x RY).

2.9.1 The K-Transform

As noted above, we want to introduce our auxiliary space which is related to the Plato
space via the K-transform.

Definition 2.42. The Plato space of finite configurations ILo(R* x R?) is defined as
Mo(R} x RY) = {y € (R, x RY | |3] < o0}

where | - | denotes the number of elements in a set. Its topology is induced by the set
Do(R% x RY), see Chapter 2.4.2.

Remark 2.43. While IIH(R%. x R?) C II(R% x RY) as a set, it fulfills a different role
than TI(R% x RY). TI(R% x R?) is the space which stands for the ideas or forms of the
“real” physical system, while the set Io(R% x R%) is seen as a mathematical construct
besides TI(R%. x R%). Furthermore, the topological properties are entirely different, which
will become clear in this chapter.

For technical purposes, we may introduce subspaces of IIo(R% x R?) which are used
to decompose the space.

Definition 2.44. 1. Forn € Ny, the set of n-point configurations is defined as
H((Jn)(R’:L x RY) = {y € (R} x RY): |y| =n}

28



2. For a set A C Ry x R?, the set of all configurations supported in A is defined as
IIo(A) := {y € IH(R%. x RY): v C A}

3. A Borel set A C I(R% x R?) is called bounded if there exists A C R% x R? compact
and N € N such that

N
AclJmrw)
n=0

Denote the system of all such sets by By(Ilo(R% x RY)).
Note that we have the following decompositions:

(R x RY) = |_|H R xRY = | Mo®)

A€B.(R% xR)

where the first union is disjoint and B.(R% x R?) denotes all Borel subsets of R% x R¢
with compact closure.

The next step is to introduce the K-transform between IIp(R* x R?) and II(R% x R?).
To this end, we need to define classes of functions on which this transform is well-defined.
Furthermore, for the extension of the K-transform to a wider class of functions, we intro-
duce a specific class of measures.

Definition 2.45. 1. A function G: IIj(R% x R?) = R is said to be bounded with local
support if there exist C > 0 and A € B.(R*. x R?) such that the following estimate
holds for all n € Ko(R%):

IG(V)| < Clya)(7) (14)

note that this implies that G(v) = 0 if y N A # 0. We denote by Bis(IIo(R7% x R?))
all functions G: o(R%. x R?) — R which are bounded with local support.

2. A function G: IIo(R% x R?) — R is called bounded with bounded support if there
exists A € B.(R% x RY), N € N and C > 0 such that

|G < Cliga) (1) Li<vy () (15)
i.e. G(v) = 0 whenever |y] > N or yNA°¢ # (). Denote the space of all such functions
by Bus(Ilo(R% x RY)). Obviously, we have Bps(Ilo(R% x RY)) C By (Ilh(R% x R9)).
3. A measure p on IIo(R% x R?) is called locally finite if for any A € B.(R% x R?) and

for any m € Ny, the value of p(Hgm) (A)) is finite. Equivalently, p(A) is finite for all
bounded measurable sets A C IIo(R*. x R?). The space of all locally finite measures
on Ip(R% x RY) is denoted by My (Ilp(R% x RY)).

We now have enough preparation to explicitly define the K-transform and show im-
portant properties.

Definition 2.46 ([30]). Let G € By (IIo(R% x RY)). The K-transform of G is the function
KG: II(R% x RY) — R defined by

(KnG)(7) = (KG)(7) =) G(€)

EEy

where the inclusion & € v means that the sum is taken over all finite subsets of v. The
dependence on 11 is omitted if no confusion can arise. Note that by the definition of
Bis(Ilh(R%. x RY)), the K -transform is well-defined on such functions.
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Let us recall some results which can be taken directly from the theory of homogeneous
configuration spaces.

Proposition 2.47 ([30]). 1. The K-transform maps functions from Bys(IIo(R% x R?))
to cylinder functions FLO(II(R% x R?)), i.e. for G € Bi(Il(R*% x RY)), there exists
A € B.(R%. x R?) such that

(KG)(y) = (KG)(vNA)
for all v € TI(R%. x RY).

2. The K-transform maps Bps(ILy(R% x RY)) to polynomially bounded functions, i.e.
for G € Bus(Ij(R7: x R?)), there exist A € B.(R%. x RY),N € N and C > 0 such
that

[KG|(7) < C(1+ [ynADY., v e II(RY x RY).

3. The mapping K : B(Ilh(R*. x RY)) — FL(II(R? x R?)) is invertible with

K'F(7) =) (-)MF(E), v € To(RY, x RY).

ECy

4. K s linear and positivity preserving.
5. If G € B(Ih(R%. x RY)) and continuous, then KG is also continuous.

Let us consider an example from statistical mechanics. Namely, the so-called coherent
states.

Example 1 ([30]). For a function f € C.(R% x R?), define the coherent state or Lebesgue-
Poisson exponent as

ex(f): Mo(RY x RY) = R, vy ex(f,7) == [] f(s.2).
(

$,L)EY
Then ex(f) € Bis(Iy(R% x R%)). Its K-transform is given by
(Kex(f))(v) = H (1+ f(s,2)), v € I(R: x RY).
(s,x)€y

Let us finish this part by introducing the x-convolution, which is related to the K-
transform as the standard convolution on R? to the Fourier transform.

Definition 2.48. Let F,G € By (Ilo(R* x R?)). Define the x-convolution as

FeG))i= Y FEUGIGEUL), 7€ TR, xR
(€1,62,63)€PS(7)

where 735’(7) denotes all partitions of v into three parts, where the parts may be empty.

As stated before, the following relation holds:
Proposition 2.49 ([30]). Let F,G € Bis(Ilo(R%. x R?)) be given. Then

K(F+xG)=KF-KG.
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2.9.2 Correlation Measures on IIj(R% x R?)

To consider dynamics, it is essential to work on Banach spaces such as L'-type spaces. To
this end, we need to introduce suitable classes of measures. Furthermore, these measures
correspond to probability measures on II(R* x R?), which are used to model the dynamics
of our system. Also, the class of considered measures enables us to extend the K-transform
to the aforementioned L'-spaces. The method is based on [30,43].

To extend the K-transform, we introduce an integration kernel based on this mapping.
Definition 2.50. Define the following pre-kernel based on the K-transform by
K: By(Tp(R*% x R%)) x TI(R% x RY) — [0, 00) (16)

(A7) = K(4,7) == (K14)(7)

Let us prove that K is in fact a pre-kernel. The property K(,v) = 0 for any v €
ITH(R% x R?) is clear. For o-additivity, let A; € By(Il(R% x R?)), i € N disjoint such
that the countable union is again in By(IIo(R% x RY)). Then there exist N € N and
A € B.(R% x R?) such that

o) N
U A; C U H(()k) (A)
=1 k=0

This means for v € II(R* x RY),

i=1 fey =1 fey i=1 i=1 fe&vy i=1
IvI<N [€I<N
which shows the claim. Furthermore, K can in fact be extended:

Lemma 2.51. The pre-kernel K has a unique extension to a kernel on B(IIo(R% x R%)) x
(R x RY).

Proof. Since B,(Ilo(R% x R?)) is a ring, we only need to show o-finiteness of K(-,7) to
obtain a unique extension to B(IIo(R% x R%)). But for A € B,(IlH(R* x R?)), the sum

v) = Z 14(8)

ey

is finite. Therefore, by Carathéodory’s theorem, K can be extended uniquely to a kernel
on B(IIH(R% x RY)) x II(R?% x RY). O

We may also extend Relation (16) to more general functions.

Proposition 2.52. Let G: IIH(R} x R?) — R be a measurable function with G > 0 or
G € Bi(Ilh(R% x RY)). Then

/ ey CLOKIE2) = 32616 = (G,

§EY

Proof. Note that G may be approximated by a sequence of simple functions, i.e.

V) = ala(v)

where a;, € R, A € B,(Ilo(R%. x RY)), v € IH(R% x R?). The identity can then be obtained
by monotone limits. For more details, see [30,43]. O
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We may now use the kernel K to construct measures on IIo(R% x R?) corresponding
to probability measures on II(R% x R?).

Definition 2.53. Let p be a probability measure on (IL(R% x RY), B(II(R? x R?))). The
corresponding correlation measure is defined on (Ilh(R% x RY), B(IlH(R%. x RY))) by the
relation

pu(A) = /H I KA, v)u(d).

The class of locally finite measures on ITo(R% x R?) introduced above forms an inte-
resting class of measures in applications. Therefore, it is of interest to characterize locally
finite correlation measures via its underlying probability measure on II(R% x R?). Name-
ly, the class of probability measures with finite local moments. We define this class of
probability measures and state the relation to locally finite measures.

Proposition 2.54. Let p be a probability measure on (II(R% x RY), BIL(R%: x RY))).
Then the corresponding correlation measure p, is locally finite if and only if the following
holds: For any A € B.(R% x R?) and N € N,

/ (AN () < oo, (17)
II(R% xR)

Definition 2.55. A measure p with property (17) is said to have finite local moments of
all order. The space of all such measures is denoted by M{ (I[(R% x RY)).

Proof of Proposition 2.54. The proof works analogously to the case of classical configu-

ration spaces, see [30]. It is repeated for convenience in our case.
“<”: Let A € By(Ih(R% x R?)). Then there exist A € B.(R% x R?) and N € N such
that

N
Ac o).
k=0
Then

pu(A) = KC(A, v)p(dry)

K(R<)

S @ =3 [ (70 )y
= Jnrs xre) mE®s xrd) \ K

k=0

(18)

where we used that

’C(H(()k)(/\)ﬁ) = Z ﬂng’“(/\)(g) - Z ﬂng“(m(f) B (|72A|>

ey Eey
[v|=Fk

The last expression of (18) consists of a finite linear combination of powers of |y N A| and
is therefore finite by assumption.

“=7: Let N € N and A € B.(R% x R?). The expression |y N A| can be written as a
linear combination of binomial coefficients (WQA') for k < n and therefore, by a calculation
similar to (18), we obtain the result. O
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For the class Mj, (II(R*% x R%)), we may now extend the K-transform to L'-spaces
related to these measures.

Proposition 2.56 ([30]). Let u € M} (IR x RY)) be given. For all functions G €
Bis(Ih (R x RY)), we have G € L*(Ilo(R% x RY), p,). Furthermore, if G > 0 or G €
Bys(Ily(R%. x R%)), then

/ G(7)pu(d) = / (KG)(7)u(dn) (19)
o (R* xR)

II(R* xR9)

Proof. The proof works directly as in [30]. Since u(II(R% x R?)) = 1, the restriction from
D(R% x RY) to II(R% x R?) makes no difference for the identity. O

Remark 2.57. For a measure p € Mj (II(R% x R?)), we may define the correlation
measure without using the kernel IC directly via

pld) = [ o KLACDA), A € BIIRS xB)

This is due to Proposition 2.54, since K14 € L'(p) for A € By(IIy(R% x RY)).

Definition 2.58. The remark above enables us to explicitly define the dual operator of
K, ie.
K" M, (IR, x RY)) = Mig(TI(RY, x RY))
p— K= py

To finally extend the K-transform, we need one more continuity result of this mapping.

Lemma 2.59 ([30]). Let {Gy}nen C Bus(Io(R% x RY)) be a sequence converging in
LYII(R% x RY), p,,) for some measure p € Mi (II(R% x RY)). Then {KGp}nen con-
verges in L*(IL(R%. x RY), p).

Proof. Calculation using the triangle inequality |KG| < K|G]. O

We may now prove the extension result for the K-transform on L!-spaces.

Theorem 2.60 ([30]). Let p € M} (II(R% x RY)). For any G € L*(Ilh(R% x R?), p,,),
define
KG(y) =) G(&)
EEy
where the series converges absolutely p-almost surely. Furthermore, we have the following

estimate:
IKGLr < IK[IGH L1y = |Gl L1(o)

which implies that KG € L*(u). Also, identity (19) holds for all G € L*(p,,).

Proof. The statement for non-negative functions follows from calculations using the pre-
vious lemma as well as Fatou’s lemma. The extension to general functions is done by
decomposing the function into a positive and negative part. O]

One important identity related to the K-transform concerns the cominatorial convolu-
tion given by Definition 2.48. The identity given by Proposition 2.49 can also be extended
under some conditions.
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Proposition 2.61 ([30]). Let F,G € Bi(IIo(R% x R?)) and let p € Mj, (II(R% x RY)).
Assume one of the following conditions:

1. F;G>0
2. |F|x|G| € L'(p,) (and consequentially K(F xG) € L'(u))
3. F,G e L'(p,).

Then the following identity holds p-almost surely:
K(FxG)=KF - KG.

Proof. Direct consequence of Theorem 2.60. n

2.9.3 Correlation Functions on II)(R* x R?)

For a certain subclass of measures of M} (II(R*% x R?)), we may show existence of a
density function for the correlation measure p,. This density is known as the correlation
function of p. Since the representation of dynamics is easier in terms of correlation functi-
ons, it is useful in applications to find out when these fucntions exist. In this chapter, we
want to discuss necessary conditions. Namely, the property of local absolute continuity of
a measure with respect to the Poisson measure introduced in Chapter 2.8.1.

Definition 2.62. We call a measure p € M} (II(R% x RY)) locally absolutely continuous
with respect to the Poisson measure 7 if the measure ™ is absolutely continuous with
respect to ™ for all A € B.(R% x RY), where pr = popyt as in Chapter 2.8.1.

This property can be transferred to the corresponding correlation measure. Further-
more, it implies the existence of a density function:

Proposition 2.63 ([30]). For a measure p € Mi, (IL(R% x RY)) which is locally abso-
lutely continuous with respect to m, the correlation measure p, is absolutely continuous
with respect to the Lebesgue-Poisson measure A introduced in Chapter 2.8.1. The density
function has the following representation for any vy € H(A):

dp du®
k =t = ——(yu T (d
0 == [ Gauamta
Definition 2.64. The function k,: Io(R% x R%) — R defined by the previous proposition
18 called the correlation function correspondm? to . Furthermore, we have the decomposi-
tion k,, ~ {kff) o o, where for any n € N, k&n : (R x RN)™ — R is a symmetric function
with

l{ifln) (51, L1, ..

) = {ku<{<w1>7---,<smxn>}>, if {(s1.21). -, (mo )} = 1

0, otherwise

The functions k,g") are called n-point correlation functions.

We want to mention a relation which will be helpful when introducing the notion of
a correlation function on the cone K(R?). Namely, the so-called Bogoliubov functional,
which can be set in relation with the correlation function of a measure. A more detailed
discussion can be found in [31].
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Definition 2.65. Let u € My, (TI(R% x R?)). The Bogoliubov functional L)} correspon-
ding to u is defined as

Ly (¢) :Z/ IT @+ (s 2)u(dy)
M(RY xRY) (e
for any measurable function p: R% x R* — R, provided, the right-hand side exists for |p|.

We only provide a heuristic version of the following proposition, since it only serves
as a motivation for the correct shape of the correlation functions on K(R9) later.

Proposition 2.66 ([31]). Under some assumptions, the Bogoliubov functional is the ge-
nerating functional of the correlation function. In other words, for any ¢: R} x RT — R
such that LE(QO) 15 well-defined, we have

=1
LH = - 5 T ns Tp )X
(®) HEO o \/iXRdn(p(Sl z1) 0(Sns Tn)

X kM (sy, ..., xn)v(dsy)o(dry) . .. v(ds,)o(dx,,)

"

2.10 Harmonic Analysis on K(R?)

Now that we have established the framework of harmonic analysis on the underlying Plato
space IT(R% x R%), we want to transfer these notions to the physical space of the cone
K(R?). Let us start by introducing analogous notions of the auxiliary spaces introduced
above as well as classes of functions on these spaces needed for the analysis.

Definition 2.67. 1. The set of Radon measures with finite support is defined as

Ko(R?) := {n € K(R"): |7(n)] < oo}

2. Forn € Ny, the set of n-point measures is defined as
Kg”(R) = {1 € Ko(R"): |r()] =n}, n €N

and K(()O) (RY) = {0} the set consisting of the zero measure.

3. For a compact set A C R, the set of all measures supported in A is defined as

Ko(A) := {n € Ko(R?): 7(n) C A}
4. A set A C Ko(RY) is called bounded if there exists a compact set A C R? and N € N
such that
N
Ac KM ®).

n=0

Denote the collection of all bounded subsets of Ko(R?) by By(Ko(R?)).

35



5. A bounded set A C Ko(R?) is said to have compact marks if additionally, there exists
a compact set I C R such that

AN{neKo(RY | Tz e1(n): s, ¢ 1} =0

Denote the collection of all such sets by Bem(Ko(R%)).
Note that we have

Ko (R?) = |i| K (RY)

KoRY) = | Ko(n)
AEB:(RY)

where the first union is disjoint.

Remark 2.68. Even though the spaces II(R% x R?) and K(R?) appear simultaneously,
the notions introduced above pose a small difference: For Ko(A), we do not assume that the

set of marks is concentrated in a compact set. Therefore, a second notion of boundedness
is introduced via Ben (Ko (RY)).

Let us relate the subspaces of II(R% x R?) and K(R?) via the reflection mapping R
introduced in Chapter 2.5.

Proposition 2.69. The following relations hold:
1. RI(R®: x RY) = Ko(RY)
2. RISV (R x RY) = KV (RY) for any n € N.
3. RIL(R% x A) =Ko(A) for any set A C R%.
4. For any A € By(Ilo(R%. x R?)), we have RA € Bew(Ko(R?)) and vice versa.

Proof. Let us prove the first statement. The other statements follow analogously.

“C”: Let v € IIp(R% x R?), then there exists a representation v = Y | (s, ;). This
yields Ry = Y77 | s:0,, € Ko(RY).

“>7: Let n € Ko(R?). Again, we have n = Y7 s;0,,. By setting v = > | 85, .2,), We
obtain v € IIy(R% x R?) and Ry = 7. O

We continue by introducing the analogue of function spaces on Ko(R?). There are some
function spaces which are specifically using the mark structure of Kq(R?). This enables us
to consider L!-spaces corresponding to measures with mark weights such as in Definition
2.22.

Definition 2.70. 1. A function G: Ko(R?) — R is said to be bounded with local sup-
port if there exist C > 0 and A € B.(R?) such that the following estimate holds for
all ne Ko(Rd)

G| < Clgumy() ] se (20)

xeT(n)

note that this implies that G(n) = 0 if 7(n) N A¢ # (). We denote by By (Ko(R?)) all
functions G: Ko(R?) — R which are bounded with local support.
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2. A function G: Ko(R?) — R is called bounded with bounded support if there exists
A € B.(R?), N € N and C > 0 such that

|G| < Clgya)y (M) Lgrmy<ny (),

i.e. G(n) = 0 whenever |T(n)| > N or 7(n) N A® # 0. Denote the space of all such
functions by Bps(Ko(RY)).

3. Let us also define a modified version of Bys(Ko(R%)) which takes into account the
effect of the marks as above. We define the space Bus(Ko(RY)) as all functions
G: Ko(R?) — R which satisfy the bound

G| < Clligyy) (M) Vgprimeny(m) ] e

zeT(n)

for some A € B.(R?),N € N and C > 0. Obviously, we have Bps(Ko(R%)) C
Bis(Ko(R?)).

4. Define the space of bounded functions with compact mark support as all functions
G € Bps(Ko(RY)) such that there exists a compact set I C R* such that

G| < Cllgom Lprayi<ny [ 1a(sa) (21)

zeT(n)

where A, C' and N are as above. One class of compact sets of special interest will be
I =a,b] with 0 < a < b < oo. Denote the space of bounded functions with compact
marks by Bem(Ko(RY)).

5. A measure p on Ko(RY) is called locally finite if for any A € B.(R?) and for any
m € Ny, the value of p(Kém) (A)) is finite. Equivalently, p(A) is finite for all bounded
measurable sets A C Ko(R%). The space of all locally finite measures on Ko(R?) is
denoted by Mus(Ko(R%)).

6. A measure p on Ko(R?) is called mark-locally finite if p(A) < oo for all A €
Bew (Ko (R%)). Obviously, a locally finite measure p is also mark-locally finite.

Let us now relate the function spaces on IIp(R* x R?) and on Ky(R?). We use the
reflection mapping R to map functions F(IIo(R% x R?)) on IIH(R% x RY) to functions
F(Ko(R%)) on Ko(R?) the following way:

Definition 2.71. Define the pushforward of functions on II(R% x R?) to K¢(R?) as
follows:
R: F(IL(R} x RY)) — F(Ko(RY))
F—RF:=FoR™!
analogously, we may define the inverse mapping R™": F(Ko(R%)) — F(IlH(R: x R?)).

The main difference between function spaces on IIo(R* x R?) and on Ko(R?) is that the
definitions on ITy(R% x R?) a priori require compactness of mark support, while functions
on Ko(R?) need to be bounded in the mark variables as in Definition 2.70 above. The
next Proposition shows that one needs to be careful when comparing locally supported
functions on Ip(R* x R?) and Ko(R?).
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Proposition 2.72. For the above spaces, the following relations hold:
1. RBis(Ip(RY x R%)) ¢ Bis(Ko(R%)) and Bis(Ip(R%. x R%)) 2 R B (Ko(R?)).
2. RBps(Ilo(RY. x R?)) = Bem (Ko (R?)).

Proof. 1. Let G € Bi(Il(R% x R?)) such that for some 0 < a < 1, we have [a,b] x A’ C
A, where A is as in Definition 2.45 and A’ C R? compact. We require the estimate

Clya)(R™) < Chllggan(n) H Sz

z€T(n)

for some C,C7 > 0. But since a < s, < 1 is possible and the number of points in
n is arbitrary, the right-hand side can be arbitrarily small. On the other hand, let
G € Bis(Ko(R%)). To show R™'G € By (IlH(R*. x R?)), we require

Cliya)(R7) H sz < Crlmya)(R)

zeT(RY)

for some C,C; > 0 and A, A’ as in the definitions above. Since there is no compact-
ness requirement on the marks in Bjs(Kg(R?)), the left-hand side can be arbitrarily
large.

2. Let G € Bus(Ilp(R%. x R?)). Then there exist A € B.(R% x R?) compact, N € N
and C' > 0 such that (15) holds. Since A is compact, there exist 0 < a < b such that
A C [a,b] x A’ for some A’ € B.(R?). Then

G(R™'n) < Clpyy(R™'n) Lr-1y<n} (R ')
< Cliy(apxay (R0 Lr-15<ny (R™'n)

= ClgoayMLgrapinvy () [ Tiawi(s2)

z€T(n)

which shows the first inclusion. On the other hand, let G € By (Ko(R?)). Then
there exist A’ € B.(R?), I € B.(R*%), N € N and C > 0 such that (21) holds. Also,
I x N € B.(R% x R?) and since

Lo(a) () H 1;(ss) = :H-H()(IXA’)(R_ITI>,
z€T(n)

the claim follows.
O]

Analogously to the case of IIo(R% x R?), we may define the K-transform. The defi-
nition is exactly the same. The differing function spaces offer different estimates on the
transformed function, though.

Definition 2.73. Let G € B (Ko(R?)). The K -transform of G is defined as the function
KG: K(R?) — R of the form

(KxG)(n) = (KG)(n) := Y G(€)

§En

where the inclusion & @ n is meant in the sense of Definition 2.1. Again, the dependence
on K is dropped if it is clear from context.
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Lemma 2.74. For any G € By (Ky(R?)), the K-transform is well-defined and the follo-
wing estimate holds:

(K&l <o [ Q+s)

zeT(n)NA

where C' and A are as in Definition 2.70.

Proof. We have

<> 1Gmi<c > J] s.=C ][] (1+sa)

£€n EeKo(A) zeT(§) zeT(n)NA
T(§)Cr(n)

where the product in the last expression is finite if and only if the sum

>

zeT(mNA

is finite. Since the latter is true by definition of n € K(R?), the claim follows. ]

The following example is the Ko(R?)-analogue of coherent states. Furthermore, it
relates these states to the coherent states on ITp(R* x R?).

Example 2. For a function ¢ € C.(R%), we define the coherent state as the function
e () : Ko(RT) — R by
= I se=

zeT(n)

since ¢ 1s bounded, ex (o) fulfills bound (20). We can calculate its K-transform:

(Kex(@)(m) = ] 1+ su0(2))

z€T(n)

For the right-hand-side to be well-defined, the series erT
Since ¢ is compactly supported, this is given in our case.

For f,(s,x) := sp(x), consider the Lebesque-Poisson exponent ex(f,) from Ezample
1, we see that

szp(x) needs to be convergent.

ex(p. RY) = ex(fo.7), 7 € Ho(RY, x RY)
We can relate the K-transform on IIH(R% x R?) and on Ko(R?) in the following way:

Proposition 2.75. For G € Bj(Ko(R?) N RBi(Ilh(R% x RY)) and n € K(RY), the
following holds:
(KxG)(n) = (Ku(R™'G))(R™'n)

Below, we will show that B, (Ky(R%)) is dense in various L!-spaces. Furthermore,
we know that By, (Ko(R?)) C Bi(Ko(R%)) N RBi(Ip(R% x R?)) by Proposition 2.72.
Therefore, the above relation holds on a nontrivial set of functions in L!(Ky, p) for some
class of measures p appearing below.
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Proof of Proposition 2.75. Let n = .., 8i0,, where I C N. Then

(KxG)(n Z > G(Zs% ) Z > G(R

n=0 {i1,...,in }CI =1 n=0 {i1,...,in, }CI

= Z Z (R_IG) <Z 6($ik75ik)>

n=0 {iy...in}CI

5% wole [

n=0 {’il ..... Zn}CI

= (En(R™'G)(R™'n)

Z 5 (i, ’sik)] >

i=1

[]

For the calculations later in this work, we also need some identities regarding the K-
transform. The following Lemma simplifies the combinatorial calculations related to the
K-transform.

Lemma 2.76. Let G,Gy, Gy € Bi(Ko(R?)).
1. The K-transform has the following properties:
KG(n = 5,0,) = KG(n) = —=(KG(- + $:02))(n — 540z)
KG(n+ s20:) = KG(n) = (KG(- + s204))(n)
2. The K-transform and the x-convolution have the following relation:

K(Gl *Gg) = KG1 KG2

Proof. These can be shown by direct calculations using combinatorial arguments. A simi-
lar proof for the case I'(Y') can be found in [30]. O

For calculations on the space of finite measures, we need the following identity, also
known as Minlos Lemma. The proof is identical to the case of I'(Y').

Lemma 2.77 ([36]). Let \,, be the Lebesque-Poisson measure on Ko(RY) associated with
some intensity measure x = v Q 0.

1. Let G: Ko(RY) — R, H: (Ko(R%))? — R. Then
[ ] G+ enEendands)
]KO(Rd) ]KO Rd
H
/K o GO H(En — ()

&Cn

2. Let H: Ko(R?) x RY x R — R. Then

/ o 2 HO s A ()

¢ zeT(n)
= / / H(n+ sdz,s,x)%(ds, dx)\,.(dn)
Ko(R4) J R xR
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provided, at least one side of the equation exists.

Our goal now is to extend the K-transform to the whole space L!(p) for (mark-)locally
finite measures p on Ko(RY).

The rest of this chapter is devoted to density statements of the spaces introduced
above. Especially when considering semigroup theory and dynamics in general, for tech-

nical reasons, it is essential to consider dense subspaces of L!-type spaces. Especially
Bem(Ko(R9)) will be of interest.

Lemma 2.78. For any locally finite measure p, the space Bys(Ko(R?)) is dense in L'(p).

Proof. Let G € L'(Ky(R%), p) for some measure p on Ko(R?). Let us first approximate
unbounded functions with bounded support. Define

Gn(n) = [G(M) ko) (M gryi<ny (W] A7
Gl(n) = [G() Lico(B) (1) Lijr ()<} (0)]

where B,, C R? is the ball with radius n centered at 0. Then G,, € Bys(Ko(R?)) and
IGal) = Gl = | 1Galo) = Gllmlota)
Ko(R%)
= [ It ot
Ko(R%)
< [ 16Ny (ol
Ko(R4)

since G € LY(Ky(RY), p), the last term converges to 0 for n — oco. Next, define
Gr(n) = G(n) kg (s, (1)
Recall that we have the disjoint decomposition of Ky(R?) into n-point-configurations, i.e.

Ko(R%) = f] K™ (RY), K™ (RY) = {n € Ko(RY): |7(n)| = m}

m=0

Using this decomposition, we get

AN OIS NN AURYCATINED

- Z/K G2 ()] p(dn) < Z /K(R)Rd m)p(dn)

(") (R
m=nt1"Ko" (RY) m=n+1

and since G € L'(Ky(R?)), the series is absolutely convergent. Therefore, the last ex-
pression converges to 0 for n — oo. For the last step, note that the increasing sequence
{Ko(B,)}>, approximates Ko(R?) and therefore

IG: =Gl = [ 1Glstdn ~ [ (Glp(an)
Ko(R) Ko(Bn)
which converges to 0 as n — oo by the argument above. O]
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A similar result can be obtained for Ebs(Ko(Rd)) with a modified measure:
Corollary 2.79. Define the density function
1
Sy
€r(n)
Then the space Bus(Ko(R?)) is dense in L*(Ko(R9), fp).
Proof. Let G € L'(fp). Then by definition, we have
1
Gl = [ 16 T] -plan) < o0
Ko (R4) zer(n) Sz

This implies that G- f € L*(p). Since Bys(Ko(R?)) is dense in L!(p), there exists a sequence
{G,}%°, C Bys(Ko(R?)) such that

||Gn - G- f”Ll(p) — 0, n — 00.

on the other hand, the sequence {én}j’f’:l is in Bus(Ko(R%)), where G, := T":
Gu(n) = o) < ClgonyM) grmyieny () T s

z€T(n)

Furthermore, it converges to G in L'(fp):
16 =Gl = [ | =i
Ko(R
:/ |G — Gfldp = ||Gr, = Gfl|L1(p) = 0 n — o0.
Ko (R%)

which completes the proof. O]

One typical example of a locally finite measure on Ko (R?) is derived from the Lebesgue-
Poisson measure on [Io(R% x R?). Since we are only working on Ko(R?) in later chapters,
we use the same notation for the measures on IIH(R% x R?) and Ko(R?). If we need to
distinguish between those two, we will remark this accordingly.

Example 3. Let v be a finite measure on R and o a non-atomic measure on R? (e.g.
the Lebesque measure). Define the measure A = \,g, aS

[ Fan =
0)+;$ /( . (Zsl ) (dsy) ... v(dsy)o(dzy) ... o (da)

Where F: Ko(R?) — R such that the above expression exists and 0 denotes the zero
measure. Then X is locally finite.
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Proof. Let A € B.(RY) and m € Ny. For m = 0, the statement is clear. Let m > 1. Then

m 1 .
A\ (Ké )(A)> = — /(R* . ﬂKg’”)(A) (Zl 3i5u> v(dsy)...v(dsy)o(dzy) ... .o(dx,,)
+ i=
1 / -
— Ta(zy)v(dsy) ... v(dsy)o(dry) ... o(dx,,
o1 e T B I1d51) vl (dn) o)
_ v(RE )Mo (A)™ -

m)!

]

Example 4. One specific example is the measure based on vy(ds) from Definition 2.22.
We fix 0 > 0 and omit the dependence for convenience. Then \,g, can be rewritten as

Mowo(dn) = f(n)Aswo(dn),

where f is the density function from Corollary 2.79 and v(ds) = Oe~*ds. Since U is a finite
measure on R*, we see by Example 3 that N\pgy is locally finite. Therefore, Bys(Ko(R?))

is dense in L'(Apgo) and Bus(Ko(R?)) is dense in L' (Avgo).

As stated above, it also makes sense to state the density of Bey(Kg(R%)) in the L!-
spaces.

Proposition 2.80. Let p € My (Ko(R?)). The space Bewm(Ko(R?)) is dense in L'(p) as
well as L*(fp), where f is the density function from Corollary 2.79.

Proof. By Lemma 2.78 and Corollary 2.79, it suffices to show that functions in the spaces
Bps(Ko(R?)) and Bys(Kg(R?)) can be approximated by functions in By, (Ko(R?)), where
the convergence is taken with respect to L'(p) and L'(fp) respectively. Consider G €
Bps(Ko(R?)). Define the sequence {G,,}2, by

Gn(”) = G(’I]) ’ H 1[%,71](8:6)7 ne K0<Rd)
z€T(n)
Then
G| < Cligyy (M Lgrayieny | [ L1 ) (52)

zeT(n)

where C, A and N are given as in Definition 2.70. This shows that G, € Ben(Kg(RY)).
Let us show that G can be approximated by such functions:

GGl = [ 1Gala) =~ Gl



Since G € L'(p), by Lebesgue’s theorem, it suffices to show G, — G pointwisely. Fix
n € Ko(RY). Since 7(n) is finite, there exists ng € N such that s, € [+,n] Vo € 7(n) for
all n > ng. Therefore,
H ]l[%’n](sm) =1Vn>ng
z€T(n)

which means that G,(n) = G(n) for all n > ng, i.e. G, — G pointwisely. By above
arguments, this implies G,, — G in L!, which completes the proof.

The proof that Be,(Ko(R?)) is dense in L'(fp) follows the same scheme. Note that
the estimate for G,, as above for G € B,s(Ko(R?)) reads

|Gn(m)| < Clig(a) (M) Ljrm)<ny H Selli1 ) (se)

zeT(n)
< CnV o) rmrent [ Tiza(se)
zeT(n)
which also implies G,, € Bem(Ko(R9)). O

Similar to the case of IIo(R% x R?), we now want to consider the extension of the
K-transform to L!-type spaces.
2.10.1 Correlation Measures on K,(R%)

In this section, we introduce the correlation measures related to a probability measure
1 on (K(R?), B(K(R?))), similarly to IIo(R% x R?). We then extend the K-transform to
L*-type spaces. Note that due to the structure of the spaces K(RY) and Ko(R%), we need
to pay attention to the properties of measures with respect to its marks. We proceed as
before:

Definition 2.81. Define the pre-kernel derived from the K-transform by
K: By(Ko(R%)) x K(RY) — [0, 00)
(A, n) = K(A,n) = (K14)(n)

In a similar fashion to Definition 2.50, we can show that /C is a pre-kernel. Furthermore,
the same extension result holds:

Lemma 2.82. The pre-kernel K can be uniquely extended to a kernel on B(Ky(R?)) x
K(R?).

Proof. Similar to the proof of Lemma 2.51 O
The following proposition relates the K-transform to the kernel defined above.

Proposition 2.83. Let G: Ko(R?) — R be a measurable function with G > 0 or G €
Bi(Ko(RY)). Then

/K(Rd) K(de,m) =3 G() = (KG)(n)

§EN

Proof. Similar to the proof of Proposition 2.52 m
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Now that K is defined as a kernel on (K(R%), B(K(R?))), we may use it to construct
measures on Ko(R?).

Definition 2.84. Let u be a probability measure on the space (K(RY), B(K(R?))). The
corresponding correlation measure is defined as a measure on (Ko(R?), B(Ko(R%))) by the
relation
pu(A) = K(A,m)pu(dn)
K(R)

As we have seen before, it may be of interest to know if a correlation measure p,, is
locally finite. One should note though, that the measures on Ko(R?) used in applications
will not be locally finite as defined above, cf. Example 4. Such measures are mark-locally
finite, though. Since this measure was constructed using a locally finite measure, it still
makes sense to examine the class of locally finite measures. The connection to properties
of p is stated in the next proposition.

Proposition 2.85. Let u be a probability measure on (K(RY), B(K(R?))). Then the cor-
responding correlation measure p, is locally finite if and only if the following holds: For

any A € B,(R%) and N € N,

| i nafuan < o
K(R4)

A measure p with the above property is said to have finite local moments of all order. The
space of all such measures is denoted by ML (K(R?)).

Remark 2.86. It should be stressed again that typical measures from applications do
not fulfill the above property: As seen in Proposition 2.30, we have |T(n) N A| = oo for
any compact set A € B.(R?) due to the fact that A does not take into account the mark
variable. From a constructive standpoint, it is still crucial to consider these measures.

Proof of Proposition 2.85. The proof works analogously to the one of Proposition 2.54.
O

We want to turn our attention to measures on Ky(R?) which are not locally finite, but
at least mark-locally finite. These measures are the analogue of locally finite measures on
o(R?. x R%). More precisely, we want to examine a certain type of measures mentioned
already: For a measure p on Ko(R?), set

pldn) == f(n)p(dn)
where f: Ko(R?) — (0,00) is the density function defined as
1
foy =11 —

S
z€T(n) r

Lemma 2.87. Let p be a locally finite measure. Then p is mark-locally finite.

Proof. Let A € Ben(Ko(R%)). Then A € B,(Ko(R?)). Furthermore, there exists a > 0 such
that for all n € A, we have s, > a for all x € 7(n). Then

A= [ Lt = [ L aetan)

Ko (R4)

1 1
<[ wammex (1, —N) p(dn) = max (1, —N) p(A) < o0
K()(]Rd) a a
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2.10.2 Correlation Functions on Ky(R?)

For the correlation measures on Ko(R?), we now want to analyse the question of existence
of a density function. From the point of view of applications, the considered correlation
measures are usually mark-locally finite, but not locally finite. Therefore, we concentrate
our efforts on this class of measures. We analyse such measures by pulling them back to
the Plato space IT(R%. x R?) and using the results from the previous chapters. To compare
measures on K(R?) and II(R* x R?), we need the notion of mark-local absolute continuity.

Definition 2.88. Let p1 be a probability measure on (K(R?), B(K(R?))).

1. Let A C R% x RY. Forn € K(R?) of the formn =

with marks as
pA(n) = Z Sxéx

) S0z, define the projection

TET

zeT(n)
(sz,x)EA
The projection measure is defined as
/LA ‘= uo pxl.

2. The measure s called mark-locally absolutely continuous with respect to the gamma
measure Gy if for any A C RY x R? compact, the measure ™ is absolutely continuous
with respect to G

Proposition 2.89. A correlation measure p, on Ko(R?) corresponding to a probability
measure 1 on K(R?) is mark-locally finite if and only if the measure Pug_r o0 Ho(RG x R%)
18 locally finite.

Proof. Let p, be the correlation measure of a measure y on K(R?). Then for a set A €
ch<K0)7

pu(A) = K(A,n)p(dn) = / (Kx1a)(n)p(dn)

K(R<) K(R4)

= / [Kn(R7'14)] (R™'n)p(dn) =/ [Knlg-14] (R™)p(dn)
K(R%) K(R?)

— / (Knlgr-14)(7)pr-1(dy)
II(R? xRY)
= Pug-1 (RilA)

where pugr-1 is the pullback measure of p under R. Reversing the calculations yields the
converse result. O

The following Lemma is needed to compare measures on K(R?) and II(R? x R?):

Lemma 2.90. Let i as a probability measure on K(R?) be mark-locally absolutely conti-
nuous with respect to Gg. Then pig—1 on (R X R?) is locally absolutely continuous with
respect to my.

Proof. Consider A € B.(R% x R?) and let A € II(A) with 7)) (A) = 0. Then
0 =7 (A) = G (RA)
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since p” is absolutely continuous with respect to G5, this implies
0= 1M (RA) = -1 (4)
which implies the claim. O
These two statements together yield the following:

Proposition 2.91. Let ju be a probability measure on K(R?) which is mark-locally absolu-
tely continuous with respect to Gy and its associated correlation measure p,, is mark-locally
finite. Then pr-1 € M (IL(R% x RY)) and it is locally absolutely continuous with respect
to mp. Furthermore, p, ., is absolutely continuous with respect to Ag and its correlation
function exists.

Proof. The statement follows with Proposition 2.89, Lemma 2.90 and Proposition 2.63.
[

Altogether, we obtain the desired result:

Theorem 2.92. Assume the conditions of Proposition 2.91. Then the correlation function
of u exists, i.e. a function k,: Ko(R?) — R such that k,, is the density function of p, with
respect to A r.

Proof. By the above proposition, we obtain the existence of a correlation function for
P on IIo(R% x RY) with respect to Ag. The claim follows by transferring this function
via the reflection mapping R. O

There are some more considerations related to correlation functions useful in app-
lications, which should be mentioned here. Namely, the so-called hierarchical structure
associated with a function k: Ko(RY) — R. This way, we may replace a function on
Ko(R?) by a sequence of functions on (R* x R%)™. This is useful in applications, since
we may replace an evolution equation on an infinite-dimensional space by a sequence of
equations on finite-dimensional spaces. A similar notion was introduced in Definition 2.64.

Definition 2.93. Let k: Ko(RY) — R. The hierarchical structure corresponding to k is
defined as the sequence of symmetric functions {k™M}2, k) (R% x RY)™ = R by

Sp, L ) = {k(z?l Si(gﬂ&i)? ifﬁ = Z?:l Si(sxi € K(()n) (Rd)

0, otherwise

If associated with a correlation function k,, the function kﬂn) 15 called the n-point corre-
lation function of p. We also write

k(”)(sl, R RES k:(")(sl, TlyeeySn, Tn)
for convenience.

There is a related definition which may also be seen as correlation function on the
space Ko(R?). Namely, we use the relation to the Bogoliubov functional on K(R?). It is
defined the following way:
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Definition 2.94. For a function 1 € C.(R?), define the Bogoliubov functional associated
with a probability measure u on K(R?) as

/ H (1 + su9(2))u(dn).

Using Proposition 2.66, we see that for a function ¢ € C.(R?), we obtain

Z n! / ’ Rd)n s s (@) - () X

X k;/g”)(sl, o xp)v(dsy) . ov(dsy)o(dzy) ... o(dxy,)
=3 [ ) vt x

X [/ CRER snk:/a")(sl, oo xp)v(dsy) . .ov(dsy) | o(dxy) ... o(dxy,)
(Ry)"™

Therefore, we may define the following notion of a correlation function:

Definition 2.95. The n-point correlation function on Ko(R?) with respect to positions is
defined as

kfln)(:vl, ey Ty) = /(R* . S, snkL”)(sl, o xp)v(dsy) .. v(dsy).

where k™ is the n-point correlation function introduced in Definition 2.93.

Remark 2.96. Since the function k™ can be obtained via integration of k™, we proceed
by only analysing the latter.

2.11 Markov Evolution

It is well-known that there is a link between functional analysis and probability relating
semigroups and stochastic processes. We want to briefly explain this connection, since it
forms the foundation for the construction of our dynamics. Namely, we consider jump-type
operators on the space of functions on K(R%) to define our models.

As seen in [15, Chapter 4.2], we may explicitly construct a Markov process given a
bounded operator of the type

=K / fy Yu(z, dy) (22)

where £ > 0 is an intensity parameter and pu: E x B(E) a transition function, where E
is a Banach space. The operator A is defined on the space B(FE) of bounded functions on
E and corresponds to a Markov process with exp(k)-distributed jump times. The jumps
occur from z to y with distribution p(z, dy). An explicit construction of this process can
be found in the aforementioned work. Instead of analysing the stochastic process, one may
also analyse the evolution equation

0
aut( ) = Auy(z)

ug (7 )|t:0 = uo(7).
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We take this idea and apply it to our setting.

In Chapter 4, we will define operators of the shape (22) as starting point. Note that
in our case, the whole particle system n € K(R?) “jumps” to n + sd, or n — s,0,, corre-
sponding to birth or death of a particle. Due to the complex structure of the underlying
particle system, a direct analysis of this operator is usually not possible. Below, we des-

cribe alternative ways to describe and analyse the dynamical systems on II(R? x R?) and
K(R?).

2.11.1 Markov Evolution on II(R? x R%)

As seen in the previous chapter, there exists a correspondence between classes of functions
on IIH(R% x R?) and II(R* x R?). The analysis of physical systems on II(R% x RY) or
K(R?) poses various problems: For one, the number of particles is infinite. Furthermore,
the underlying space is infinite-dimensional which restricts the number of available tools.

On the other hand, the K-transform gives us a possibility to analyse the dynamics
by transforming evolution equations on II(R% x R?) to equations on ITo(R% x R?). This
chapter describes the equations which can be used to describe the dynamics in this way.
The scheme described here was also used in the homogeneous case in [30].

From a physical perspective, we start with the evolution of measures, or states. The
system of infinitely many particles is too complex to describe it pathwisely, i.e. “track”
the motion of each particle. Instead, a statistical approach is more suitable. The evolution
is governed by the so-called Fokker-Planck equation, also known as forward Kolmogorov
equation:

0
a(Fa Mt) = <F’ L*Mt>

Htjt=0 = Mo

where 1 is a probability measure on II(R? x R?), L* a linear operator on the class of
probability measures, and F' from a suitable class of test functions.

From a modelling perspective, the dynamics are usually defined via the so-called back-
ward Kolmogorov equation

0
aFt(’Y) = LE(y), v € II(R} x Rd)'

Fyi—o = Fy

where L is the pre-dual operator to L*. This way, the evolution can be described ex-
plicitly via the Markov-type operator L. The functions F': II(R% x R?) — R are called
observables. They represent physical quantities of a dynamical system, such as energy.
The duality mentioned above is given by

Fay= [ FOm),

where p is a probability measure on II(R? x R%). Typically, we use the Poisson measure
here. We will see how to describe the dynamics explicitly via the operator L in later
chapters.

As stated before, the analysis of the infinite-dimensional system above poses some
difficulties. Instead, we use the K-transform to define new operators on functions on

49



(R x Rd). As we saw in Chapter 2.9.3, under some conditions, the correlation measure
Py, admits a correlation function ky. The evolution of this function is described by the
so-called quasi-Fokker-Planck equation
9, *
akt(’Y) = L%ky(7), 7 € MH(R*. x RY)
k’t\t:O =k

(23)

Here, the operator L” is given as the dual K-transform of L*, i.e. L® = K*L*K* '
One related question is of course if the evolution k; is again the correlation function of a
measure f; on I[(R*% x RY).

The fourth way to describe the dynamics of our system is via the quasi-Kolmogorov
equation. We consider the pre-dual operator of L® with respect to the duality

(k= [ GOkN@) (24)

where A is a locally finite measure on IIo(RY X R%). We usually consider the Lebesgue-
Poisson measure here. The operator is denoted by L and can be explicitly calculated as
L = K7'LK. It is also referred to as the symbol of L. The equation has the following
form:

9 .
th(v) = LG(v), v € Hy(R7 x RY)

Gii=o = Go

2.11.2 Markov Evolution on K(R¢)

The description of evolutions can also be done on the spaces K(R?) and Ky(R?). Similarly,
the physical description of a particle system is given by the Fokker-Planck equation

0
a(Fa /’Lt> - <F7 L*/'Lt>

Htjt=0 = Ho

where 1 is a probability measure on K(R¢) and F from a suitable class of test functions.
Again, from a modelling perspective, the (backward) Kolmogorov equation is appropriate:

%EWFJEMLUGK@%

Fyi—o = Fo

where L is a Markov (pre-)generator. The functions F': K(RY) — R are called observables.
They represent physical quantities of a dynamical system, such as energy. The duality is
similarly given by

(RMZAWfWMWﬂ

Also, we have corresponding equations on the spaces of Radon measures with finite sup-

port Ko(R%), also named quasi-Kolmogorov equation and quasi-Fokker-Planck equation:

0 N

EGt(n) = LG(n), n € Ko(R?)
Gt\tzo = Go
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and

0
ak‘t(n) = L%k(n), n € Ko(RY)

Eji—o = ko

(25)

As before, the operator L = K~'LK is called the symbol of L. Equation (25) of course
only makes sense if the evolution of measures on Ky(R?) admits a density function as
explained in Chapter 2.10. The duality used for functions on Ky(R?) is given by

Gk = [ Gl (26)

where A is a mark-locally finite measure on Ky(R?), usually the image measure of the
Lebesgue-Poisson measure under R. The approach used for the analysis of the models
in Chapter 4 is as follows: We set up the specific generator on functions on K(R¢). This
way, we explicitly see the heuristic dynamics of the system. Next, we calculate the corre-
sponding operator L on quasi-observables using the K-transform and some combinatorial
arguments. Since the calculations are quite similar for all models, we do not carry out
the calculations for all models. If appropriate, we use L to prove the existence of the
dynamics.

The next step is to calculate the operator L* of the statistical dynamics. As stated in
Chapter 2.10, the correlation functions has a direct relation to the underlying probability
measure . Therefore, also the evolution of correlation functions may have this connection
to the evolution of states. If appropriate, we take the evolution of correlation functions to
show specific properties of the model. At this point, the representation of the correlation
functions via the hierarchical structure is very useful, since it lets us see dependencies
within the particle system.

After considering the evolution of (25), one important question is the existence of a
probability measure on K(R?) such that the solution k; is the correlation function of the
measure u. This question can be answered using a classical result by Lenard, [43].

Theorem 2.97 (Cf. [30,43]). Assume that the function k: Ko(R?) — R and its associated
sequence {kM}>  satisfy the following conditions:

1. Normalisation: k© = 1

2. Lenard positivity: For any G: Ko(RY) — R with KG > 0, we have

| Gk = o
Ko(R¢)
3. Moment growth: For any bounded set A C R% X R and § > 0, the following holds:

n=0

where the moments are defined as
mb = (n!)™! / K™ (sy,. .. zn)v(dsy) .. v(dsy)o(dxy) ... o(dxy,)
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Then there exists a unique measure pu on (K(R?), B(K(R?))) such that k is the correlation
function associated with p.

Remark 2.98. The theorem in [30] was originally formulated on the space T'(Y). Nevert-
heless, the way it is stated above, it also works for K(R?) by transferring it to I(R% x R?).
This is due to the fact that the existence of a correlation function as above suffices to have
a measure on T'(R*% x RY) which assigns full mass to the Plato space II(R% x RY).

52



3 Calculus on the Spaces II(R* x R?) and K(R?)

The spaces II(R% x RY) and K(R?) open up different possibilities to define calculus of
functions on these spaces. For one, these spaces have a continuous structure by the nature
of the underlying space R?. This gives rise to the classical notion of differential calcu-
lus. The space II(R* x R?) naturally inherits the differential structure from the superset
(R x R?). Since the restriction conserves full mass with respect to typical measures, the
process is straightforward and is explained in the first part of this chapter. In the general
case of I'(X) for some Riemannian manifold X, the theory was already established in [4].
We may take the notions of e.g. the Laplacian and apply it to our case directly.

The cone K(R?) gives rise to a slightly altered differential structure. Due to the asym-
metry in marks, we need to introduce a specific group of flows when transitioning from
(R x R?) to K(R?). In the end, we will show that these construction describe the same
phenomenon, though, at least for some special cases. This way, we may also define objects
such as the Laplacian on K(R?), see e.g. [28] or [38]. One should note, though, that there
are some technical steps to be considered, since the underlying measure p on K(R?) is
not quasi-invariant with respect to the group action generating the differential calculus.

On the other hand, the discrete nature of elements v € II(R% x R?) and € K(R?)
give rise to a different kind of calculus, namely, difference calculus. This way, we may
combine the continuous structure of the state space R? with the discrete structure of
elements in II(R% x R?) and K(R?). The associated discrete Laplacian is introduced and
analysed.

A short part of this chapter is also devoted to the so-called umbral calculus. This theory
is concerned with the analysis of certain types of polynomials and acts as a generalisation
of the theory of combinatorics related to the binomial coefficient and gives a nice relation
to the combinatorial structure of difference calculus and the K-transform. For a general
introduction to umbral calculus, see e.g. [51]. For a more detailed view on the infinite-
dimensional case, see [21] and the references therein.

3.1 Differential Calculus on II(R* x R?)

To properly introduce dynamics on the space II(R* x R?), we should analyse the diffe-
rential structure of the space. The theory has been established on I'(R* x R?) in works
such as [2,4]. See [3] for the case where Gibbs measures are considered as underlying
measures on the space. Since typical probability measures on I'(R% x R?) assign full mass
to II(R% x RY), the theory remains unchanged when considering II(R* x R?) instead of
(R x R?). The goal of this chapter is to introduce typical notions of differential geo-
metry on II(R% x R?). We define a gradient and show an integration by parts formula as
well as a Laplace operator on IT(R% x R?). Note that the theory can be easily extended
to a more general Riemannian manifold instead of RY.

From now on, assume that the intensity measure s¢ of the Poisson measure 7, on
II(R: x RY), B(II(R% x R?)) admits a density function with respect to the Lebesgue mea-
sure.

3.1.1 The Group of Diffeomorphisms

The differential geometry on configuration spaces may be defined as a lifting of the dif-
ferential geometry on the underlying manifold, in our case, R%. To define directional
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derivatives, we consider the group Diff.(R% x R?) of all diffeomorphisms on Y which are
equal to the identity outside of a compact set, where the group operation is the usual
composition. We now want to lift this group to II(R% x R%).

Definition 3.1. Let ¢ € Diff.(R%. x RY). Define a function on II(R% x R?) as
p: (R x RY) — TI(RY, x RY), o(7) = {p(s,2) | (5,2) €7}

The choice of Diff ((R%. x R%) implies that there are only finitely many points of v which
are changed by the mapping p.

Let us recall some results from [4]. The properties are especially essential for our case,
since it implies that the diffeomorphisms preserve the mass of the space II(R* x R%).

Proposition 3.2 ([4], Proposition 2.1, 2.2). Let ¢ € Diff (R% x R?) and =, the Poisson
measure with intensity measure ». Then the following holds:

1. Set o*,, :=m, 0@ '. Then

*
O Ty = Tpr s

2. The measure m, is quasi-invariant with respect to Diff .(R% x R?) and we have

(e’ m,.) B
e = [] pils.x)exp ( /R iXRd(l - p¢(8,m))%(ds,dx)>

(s,x)ey

where p7; depends on the measure » and the transformation ¢ and is given explicitly.

3.1.2 The Gradient on II(R* x R?)

We may now introduce the notion of derivatives of functions on II(R% x R?). To this
end, we consider the connection between the group Diff (R% x R?) and its corresponding
Lie algebra. Set V.(R% x R?) to be the set of all C*®-vector fields vp: II(R% x RY) —
II(R% x R?) such that there exists a compact set K C R*% x R? such that vy(s,z) = 0 if
(s,z) ¢ K. In other words, we consider smooth vector fields with compact support. For a
fixed v € V.(R% x R?), we may consider the associated flow, i.e. the subgroup {¢}}er of
Diff .(R% x R?) such that the following equation is solved for any (s,z) € R% x R%:

d
Si(s,w) = vlgi(5,0), t € R

908(87 1:) = (87 I)
This enables us to define a directional derivative for functions on II(R% x R?).

Definition 3.3. Let F: II(R% x RY) — R and vy € V.(R% x RY). Define the directional
deriwative along vy as

(VEF)() = P (1))ico

provided it exists.

For a special class of functions, we may give a more explicit representation of the
derivative.
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Definition 3.4. Let D = C(R% x R%) be the space of all infinitely differentiable func-
tions ¢: Y — R with compact support and C°(RN), N € N all infinitely differentiable
bounded functions g: R™ — R. The space FC°(D,II(R*. x RY)) is defined as the space of
all functions F: II(R% x RY) — R which are of the form

F(y) =g({1,7),-- -, {en: 7))
where g € C°(RY) and p; € D, i =1,...,N. The pairing of ¢ € D and y € II(R% x R?)
s given by
() =D els).
(s,x)ey

Remark 3.5. A function F € FC°(D, IR x RY)) belongs to the class of so-called
cylinder functions, i.e. it only depends on elements of v in some compact set A C R% x R,

Proposition 3.6 ([4]). Let F € FC*(D,II(RY. x RY)). Then the directional derivative
s given by

(VEF)O) = 3059 (o1 - (0w, 1) (Va3 7)

where ¥V, denotes the directional derivative along vy on RY x R%

To introduce the gradient, we also need to define the appropriate tangent space. This
allows us to use Riesz’ representation theorem to obtain the existence of the gradient.

Definition 3.7. We define the tangent space T,(IL(R* x RY)) at a configuration v €
I(R% x R?) as

T, (I(R% x RY) = LA(R% x RY — T(R% x RY), dv)

i.e. the space of vector fields V: R% x R — T(R% x R?) which are square-summable with
respect to y. The corresponding scalar product is given by

<V717 V:y2>T,Y(H(R1 xRd)) = / <V'yl(87 J]), V'y2(87 x)>T<5yz)(Ri XRd)/y(dsa dl‘)

* d
R+XR

=) (V(s.2), Vi(s,z)

(s,z)€y

The scalar product on Tis ) (R% X RY) is just the Euclidean scalar product. Furthermore,
the space T, (II(R%. x RY)) equipped with (-, )1, (1(r:, xra)) @5 @ Hilbert space. We see that
v € Ve(R% x RY) can be seen as a vector field vy € T, (II(R%. x R)) which is constant in
v € II(RY x RY).

The introduction of a tangent space enables us to also define the gradient.

Definition 3.8. Let F': II(R% x R?) — R. We define the gradient of F as the mapping
VIE: TR, x RY - T, (IR, x RY), 7 (VIF)(7)
such that for any vn € V(R x RY), the following holds:
(Ve F)(7) = (VI F, on) 2, (e, s -
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Similar to Proposition 3.6, we have an explicit representation of the gradient for smooth
cylinder functions:

Proposition 3.9. Let F € FC°(D,I(R: x R?)). Then for any v € (R} x R?Y) and
(s,z) € R% x RY, we have

(VHF ’Ya S, {L‘ Z ajg P1,7 7 ceey <<:DN’ ’7>>V90<S7 JZ) (27)

where V is the gradient on RY X R?.

3.1.3 Integration by Parts Formula on II(R’ x R%)

After the definition of the gradient on II(R% x R?), we want to state the corresponding
integration by parts formula. In other words, we calculate the adjoint (V1)* of the gradient
VL. Here, we only consider the case where the probability measure on II(R% x R?) is

Poissonian as defined in Chapter 2.8.1. We denote by div(®® the divergence operator in
(s,z) € R% x R

Theorem 3.10 ([4], Theorem 3.1). Let F,G € FC®*(D,II(R% x RY)) and a vector field
v € V(R x RY). Then, the following holds:

/ (VILE) (1) Gy (dy) = — / F()(VIG) (7)muld)
TI(R% xR4) TI(R} xR4)
[ FOOQBE ()

where Bl* plays the role of a logarithmic derivative of the classical integration by parts
formula and is given by the following expression:

By<(7) = (877 = Y (8 (s.2),0(s,2)) + div?*? v(s, z)

(s,z)€y

where

Vp(z)
p(x)
and p 1s the density function of » with respect to the Lebesgue measure.

B*(s,x) == (28)

Remark 3.11. 1. As also seen in Proposition 3.6, the shape of the logarithmic deri-
vative hints at the fact that the differential geometry on II(R% x R%) can be seen as
a lifting of the geometry of the underlying space Y . For a more detailed explanation,

see [4].

2. The operator V' can be extended to a domain D(EL ), where D(EX ) will be specified
i the next chapter.
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3.1.4 The Continuous Laplacian on II(R? x R?)

One more important object from differential calculus is the Laplace operator, especially
when considering stochastic processes. The Laplacian will be defined using the theory of
Dirichlet forms. To this end, we define the following pre-Dirichlet form associated with
the gradient introduced before.

Definition 3.12. Let F,G € FC*(D,II(R% x RY)). Define the bilinear form
ELEG) = [ (TF), TG0 s eyl
TI(R? xRY)
5713% is also called the intrinsic pre-Dirichlet form corresponding to m,, on II(RY x R%).

We proceed to define a differential operator which will turn out to be the “Laplacian”
associated with the bilinear form introduced above.

Definition 3.13. Let F' € F*(D,II(R%. x RY)) of the form

F(’y) = g((@l,’}/); R <90N7/7>)
with all objects as defined before. Define an operator (Hy. , FC°(D,II(R% x RY))) as

(HILF)() ==Y 0i059({p1,7) - (on: 7)) Y (Vei(s, ), Vo (s, x))

ij=1 (s,z)€Y
N

=D 09((01,7)s - (en1) Y Apy(s, )
Jj=1 (s,x)E'y

=D 0i9(pn ) low M) D (Vs ), B(5, )

(s,x)ey
where 3 was defined in (28) and A is the Laplacian on R? x R%

As similar calculations will be done later for the difference calculus on K(R?), we only
state the results and omit the calculations here. We refer to [4] for further details.

Theorem 3.14 ([4], Theorem 4.1, Corollary 4.1). The operator H is associated with
the Dirichlet form EY . More precisely, for any F,G € FC*(D,II(R% x RY)), we have

EN(F,G) = (HY F, Q) 12(n,)-

Moreover, the form (EX, FC*(D,I(RY x RY))) is closable on L*(mr,,). Its closure, which
is denoted by (EX , D(EY)), is associated with the positive definite, self-adjoint Friedrichs’
extension (HY , D(HY)) of the operator (Hy. , FC°(D,II(R% x R%))).

We may also extend the gradient introduced before.

Proposition 3.15 ([4], Corollary 4.2). The operator V' can be extended to the domain
D(&EX). Moreover, let F: II(R% x R?) — R of the form

F(y) = g({e1,7), -, {en: 7))

where this time, g € C3°(RY) and ¢; € H{ (R x RY, 5) from the Sobolev space of order
1. Then F € D(EL) and (27) also holds for F (almost everywhere).

o7



3.2 Differential Calculus on K(R?)

We now proceed to introduce differential structures on K(R9). Note that one needs to
account for the asymmetry arising through the difference between the weights and the
positions of particles. This gives rise to the definition of an extrinsic and intrinsic gra-
dient. The goal is to combine these two to obtain a gradient for functions on K(R?).
Unfortunately, the asymmetric structure of the underlying space prevents certain inva-
riance properties usually given on other spaces. More precisely, we usually want to consider
an infinite measure on the marks from R?, i.e.

/ v(ds) = oc. (29)
L

Therefore, it is not possible to obtain a unitary representation of the Lie group correspon-
ding to the gradient. It is still possible to define a Laplace operator. Note the comparison
with the space II(R% x R?), where the mark variable is treated the same as all position
variables.

Due to the special structure of K(R?), we need to construct the gradients for the marks
and position separately. The gradients corresponding to the marks are called extrinsic
gradients, since these operate on the external structure of a fixed element n € K(R?).
The gradients with respect to the positions are called intrinsic, since these are related to
the underlying spatial and differential structure of the state space R?. After constructing
these gradients separately, we may combine them to obtain a joint gradient for functions
on K(R%). To this end, we define a semidirect product of groups corresponding to the
different types of gradients.

The construction of the extrinsic and intrinsic gradient follows the same scheme as the
construction of the gradient on II(R x R?). In general, this chapter follows the conside-
rations given in [27] and [38].

3.2.1 Extrinsic Gradient

Let us start by considering the extrinsic gradient. To this end, consider the group of so-
called currents. It is defined as the set of all continuous functions §: RY — R* which are
equal to one outside a compact set. The group operation is given by pointwise multipli-
cation of two such functions. Denote this group by C.(R% — R*). It acts on the space of
Radon measures M(R?) in the following way: If we take 6 € C,.(R* — R* ) and a measure
n € M(R?), the modified measure 61 is defined as

On(dz) = 0(x)n(dz).
) S0z € K(R?), this means

O(x)n = Z 0(x)s,0,.

zeT(n)

in particular, for n = erT(n

We can now use this action of C.(R? — R* ) on M(R?) to define the extrinsic derivative.

Definition 3.16. Let h € C,(RY) and consider the corresponding one-parameter subgroup
of Co(R? — R%) given by (e")ier. For a function F: M(R?) — R, an eztrinsic derivative
i direction h is defined the following way:

(VR F)(n) = S F(e" )0, n € M(R).
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provided, the deriwative exists. The corresponding extrinsic tangent space is given by
ext 12 d

which becomes a Hilbert space with the standard L*-scalar product. The extrinsic gradient
of F at the point n is defined as V'F: K(RY) — T (M) wia the following relation:

(VI F)) = (T )0, Brgoon = [ (V< F)a)h(o)n(da) Vh € C.(R),

R4

3.2.2 Intrinsic Gradient

Let us continue with the notion of an intrinsic gradient. Again, we define a group which
acts on the space M(R?). Let Diff.(R?) denote the group of diffeomorphisms with compact
support. In this case, the notion of compact support means that a diffeomorphism v €
Diff .(R%) is equal to the identity outside of a compact set. The group operation is the
usual composition of mappings. Furthermore, the action of Diff .(R?) on the space M(R?) is
given as follows: For an element ¢ € Diff.(R?) and n € M(R?), and a Borel set A € B(R?),
we set

(W n)(A) = n(¢~'A),
i.e. ©*n is the pushforward measure of  under . In the special case where n € K(Rd)’ n =
Y ver(y) Sz0z, We obtain

VA = Y sbe (0THA) = Y sy (D),

zeT(n) zeT(n)

since the total mass is conserved and 1 is a diffeomorphism, we see that 1*n € K(R?).

Similar to the differential geometry on II(R* x R?), we consider the set V,(R?) of all
compactly supported vector fields on R?. Each v € V,(R?) can be associated with a one-
parameter subgroup of diffeomorphisms {t? };cr C Diff.(R?) as the solution to the family
of differential equations

d
aiﬂt(fﬂ) = v(Yy(2))
Yo(z)

for x € R% We call {1"};cr the flow associated with v.
The directional derivative can again be defined in the sense of Lie derivatives.

X

Definition 3.17. Let v € V. (R?) and {¢?}ier C Diff(R?) the associated flow. For a
function F: K(R?) — R, the intrinsic derivative along v is defined by

. d
(VS E)(n) = — F (7 0) =0

provided, it exists. The corresponding intrinsic tangent space is set as
int dyy . 72(md d
T (K(RY)) := L*(RT = T(R),n)
with the scalar product

(Vo) Vi) rme(wray) = > sV (@), V(@) 1, ey

z€T(n)
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where the scalar product on T,(R?) is again just the Euclidean scalar product.
We define the intrinsic gradient of such a function I as the mapping V™ F : K(R?) —
TP (K(R?)) which satisfies the following equation for all v € V,(RY):

(VS F) () = (V™ F) (1), 0) g ey

3.2.3 The Group & on K(R?)

We want to define the group acting on K(R?) as the analogue of Diff.(R* x RY) on
II(R% x R?). To this end, we combine the actions used in the extrinsic and intrinsic
gradient above. The joint action of g = (0,¢) € C.(R* — R*%) x Diff (R?) on an element
M= 2 wer(y 520z € K(R?) is given by

zeT(n)

where 1*n denotes the pushforward measure.
For two elements g; = (61,1) and gy = (09, 19), the composition acts as

(92091) (1) = g2g1n = g2 | Y h(@)s:Byse | = Y ha(@)ha (U (2))s200m00 ()

zeT(n) z€eT(n)
Therefore, the product on the group & is given by
92091 = (02 - 0109y 7¢20¢1)

Group-theoretically speaking, the group & equipped with this product becomes the semi-
direct product of the aforementioned groups:

® = C.(R? — R*) x Diff (R

Later, we will compare the actions of the groups on II(R% x R?) and K(R?).

3.2.4 Joint Gradient

The extrinsic and intrinsic gradient can be merged together to obtain a joint gradient
for functions on K(R?). After introducing the joint gradient, we proceed by explicitly
calculating the action for a class of cylinder functions.

Definition 3.18. Let h € C.(R?) and v € V,(R?). The directional derivative of a function
F: K(R?Y) — R is given as the sum of the extrinsic and intrinsic derivative, i.e.

(Vi F)(0) = (VEEF) () + (V3" F) (n).
The corresponding tangent space is given by
T,(K(R?)) = T, (K(RY)) & T," (K(R?)).
The gradient can be defined directly as
vK — (vextj vint)'
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Let us now consider concrete functions. We define the following set of cylinder functions
on K(R?) where we are able to give an explicit expression for the directional derivative.

Definition 3.19. Consider the following set of functions:
FOKRY) := R [FC(D(RY. x RY), IR} x RY))]
In other words, F € FC(K(R?)) iff there exists a function G: II(R% x RY) — R,
G(7) = g({@1,7), -, {en. 7)), 9 € C°(RY), 0 € DR}, x RY)
such that F(n) = (RG)(n) = G(R™'n). We may also write
F(n) = g({(lprm)s - {{enm))); (30)

where <<90’77>> = <90>R7177>‘

Let us calculate the directional derivatives considered above for such functions.

Proposition 3.20. Let h € C.(R?),v € V.(R?) and F € FC(K(R?)). Then the directional
derivative has the following representation:

(V]Fh,u)F)(U) =
= Zaj9(<<801,77>>7- ({en,m Z [ 50 (Sz, ) (T )Sx—i-deng(Sz,l')U(lL')]
i=1 zeT(n)

Proof. Let h € C.(RY), F € FC(K(R?)). We calculate the extrinsic and intrinsic gradient
separately. Start with the calculation of

(VERYm) = 5 Lol ™), (om, " m)] -

To this end, let ¢ € C.(R% x R?). Then

o) = 3 (e @s,a) = 3 (e s, 2)

z€7(n) (sz,2)€ER™1n
(s2,z)Esupp ¢

Since ¢ has compact support, the sum is finite and we can calculate the derivative in ¢:
d d o ihw) h(x)
dt<<(p7€ 77>> Z ESD(G Sz, L Z h Sx 890( Sx,l')
zeT(n) zeT(n)
For the derivative of F', this means

E lol{lon e, o, )]

N
d
:Z (e ™)) (Gows e™m)) = ({pjo €™ n))
N
:Z {1, ™)), ..., {pn, e™n)) Z h(z)e" ) s,0,p0(eM s, x)
Jj=1 z€T(n)
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At t = 0, this means

(VEF)(n Za]g o1t {lowam)) 3 h(e)s,0p(s0. )

z€T(n)
= Zajg(«%,n)% o o, m))((Dsip - hym)).

Let us now look at the derivative in the space variable, i.e.

(VEF)n) = S [o(Ulor, 6100, o, v 0o

Let v € V.(R?) and {¢} },er C Diff(R?) the associated flow. Furthermore, let ¢ € C.(R% x
R%). Then

d d
Sl e m) = Y —else, 7 (2))
zeT(n)
d
x;)vR s v} (@) - 20 (@)
= Y V(50,07 (2)) - v(¥f (2))
zeT(n)

This implies

L glpr D) (o D)

= > 0ig(ller ), Uew, i) D [V s 0 (@))] - 0 ()

Jj=1 z€T(n)
where VB denotes the gradient on RY. At t = 0, we obtain

VKF Zajg P1, 77 §0N7 Z VR SOJ Sz, L) - ( )

zeT(n)
=Zajg<<<sol,n>>, (on.m)) z VE 0, (50,2
=1 z€T(n)

where VX' denotes the directional derivative on R? along v.
Let us combine these calculations. Let h € C.(R%) and v € V,(R?). Then

(Vo F) ) = (VR F)(0) + (Vy F) ()

N
= Za]g(<<(,0177]> ). ()ON7 Z as(p] Sgy X
j=1

zeT(n)

N
+ 3 09({{prm)), - {(onm Z NARCHEREATIEY
j=1

zeT(n)

= Z 9;9(...) Z [&gpj(sm, x)h(x)s, + VRd<pj(5$7 a:)v(a:)]

z€T(n)
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3.2.5 Integration by Parts on K(R?)

The next step is to introduce an integration by parts formula on K(R?). There are some
technical details which need to be considered, especially if we want to assume that (29)
holds. This property breaks the quasi-invariance of measures G, on K(R?) with respect
to the underlying group of motions &. To state the integration by parts formula, we need
to impose some assumptions on the measure v:

1. Assume that (29) holds, or in other words, v(R* ) = oo.

2. Assume that v has a representation

v(ds) = @ds (31)

s
where [: R% — (0,00). Note that we assume [ > 0.

3. Assume that [ fulfills the following integrability condition:

/ I(s)min{1,s ' }ds < oo (32)
L
For technical reasons, one needs to be more careful regarding measurability. Therefore,
for n € N, we introduce B,(IL[(R*. x R?)) as the smallest o-algebra on II(R% x R?) such
that the following mappings are measurable:
v [y A
where A C Y is compact and additionally, A C {%, oo) x R,
On K(R%), we may introduce the image-o-algebra
B,(K[R?) :={RA| A € B,(II(R%. x RY))}.

Note that for any function F' € FC(K(R?)), due to the compact support of the functions
i, there exists some n € N such that F is B, (K(R?))-measurable.

Under these considerations, we may now state the integration by parts result on K(R?).
Denote by div” the divergence operator in z € R?.

Theorem 3.21 ([38], Theorem 14). Assume that (29), (31) and (32) hold. Furthermore,
assume that | € C*(R%) and I € LY(R% ,ds). Let h € C.(R?) and v € V.(R?). Then for
any F,G € FC(K(R?)) such that F,G are B, (K(R?))-measurable, the following holds:

/K (Rd)(vléi,v)F)(n)G(n)Q,,(dn) = — / F(n)(V5.,G) ()G, (dn)

K(R?)
- [ F@G@E, )
K(R4)

where the logarithmic derivative is defined as follows:

B,y = B+ B
U'(s:)
Bu(n)= > s hz)+100) [ h(z)dx
l(SI) R4
zeT(n)
B (n) = Z div® v(z)
zeT(n)
se>1/n

where 1(0) := limg_,o I(s).
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3.2.6 The Continuous Laplacian on K(R?)

This section is devoted to the introduction of a Laplace operator related to the gradi-
ent introduced above. Again, we proceed using Dirichlet form theory. The corresponding
Laplace operator can be given explicitly as lifting. It can then be shown that this lifted
operator is the operator associated with the Dirichlet form.

Definition 3.22. Assume that (31) and (32) hold. For F,G € FC(K(R?)), define the

bilinear form

1
5§(F7 G) = B /K(Rd)<vKF(77)7VKG(U))T,,(K(Rd))gu(dn>

To introduce the operator which will turn out to be the Laplacian, we need to introduce
some auxiliary differential operators.

Definition 3.23. Let F € FC(K(R?)),n € K(R?) and x € 7(n). Set

(AFF)(n) := AR F( = 5,05 + 520, =
(ATTF)(1) = Au F(1) = 826, + 6,) jues

where AR is the Laplacian on R? and

(ARS ) () := 8% f"(s) + sf'(s) + szl/( )f’(s), s € RY.

These differential operators can be seen as a “lifting” of operators on R? and R?., respec-
tively.

Let us define the Laplacian and state the connection to the Dirichlet integral defined
above.

Theorem 3.24 ([38], Theorem 16). Assume (31) and (32). Furthermore, assume that
I € CY(RY). For F € FC(K(RY)), define the operator

(LERm) =5 3 [AF P + (a5 F)m)

zeT(n)

Then (LX, FO(K(R?))) is a symmetric operator on L*(K(R%),G,) and the following holds:
EN(F,G) = (L F, G) 12x(r) 6,)

Furthermore, (EX, FC(K(RY))) is closable on L*(K(R%),G,). Denote the closure of this
form by (EX, D(EX)). Also, the operator (LX, FO(K(R?))) has Friedrichs’ extension which
we denote by (LX, D(LX)). It is the operator associated with the form (EX, D(EX)).

3.3 Comparing the Differential Calculus of II(R% x R?) and K(R?)

Since the spaces II(R% x R?) and K(R?) are related via the reflection and should repre-
sent different viewpoints of the same situation, it makes sense that we should be able
to arrive at the same results comparing the differential geometry of those spaces. The
different nature of these spaces gives rise to different generalisations, but in some special
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cases, we may see that the results coincide. We start by comparing the group actions on
II(R: x RY) and K(R?), which motivates a certain explicit relation. Next, we compare
the corresponding Lie algebras to show that the relation gives rise to well-defined flows,
even though the element on II(R% x R?) related to an algebra element on K(R?) is not
in Diff.(R% x R?). Afterwards, we compare the notions of gradients and integration by
parts to show that this correspondence in fact yields the same results on both spaces.

3.3.1 Comparing Diff (R* x R?) and C.(R? — R*) x Diff .(R)

As a first step, we motivate a correspondence between Diff . (R* x R%) and &. Due to the
nature of the considered groups, we do not obtain a one-to-one-correspondence. Nevert-
heless, we may still compare the action of the groups Diff .(R% x R?) and &.
Let us start at the group & on K(R?). Let n € K(R?) and g = (6,v) € &. Then as
before,
gn =Y 0@)s:by).

zeT(n)

Taking the reverse reflection, we obtain

R = D Spws.v@)-

(s,)€R~1In

On II(R% x RY), this corresponds to the mapping

o(s,z) = (0(x)s,Y(x)).

This mapping is invertible with the inverse

Also, the inverse mapping ¢! has the form ¢~1(s,z) = (¥(x)s,¢(z)) for some ¥ €
C.(R* — R%) and ¢ € Diff (R?), namely 9¥(z) = 1/0(¢(z)) and ¢(x) = ¢»~'. This fact
can also easily be seen considering the group structure of &.

Of course, in general, we still do not have ¢ € Diff.(R% x R?), since § may not be
differentiable and s - §(x) is not compactly supported in R¥ X R¢.

3.3.2 Explicit Relation: Lie Algebras

The relation which was motivated above can also be checked on the level of corresponding
algebras. As noted before, we have the following setting:

The algebra corresponding to the group Diff.(R% x R?) on II(R* x R?) is given by
V(R x R%), which is the set of all vector fields on R% X R? with compact support. The
correspondence is given as above via the associated flow.

On K(R%), the corresponding set to the group & is given by the pair (h,v), where
h € C.(RY) and v € V.(R%). The corresponding flow is given by (e 4?), where ! is the
flow associated with v.

Let us start with an element (h,v) € C.(R?) x V.(RY). Our aim is to find a vector
field on R* x R corresponding to the pair (h,v) such that relations on II(R% x R?) and
K(R?) coincide.
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As seen in the previous chapter, for an element g = (6,1)) € &, we have a corresponding
element (s -6,) on II(R* x R?). More precisely, consider a flow {(e/"® ¢ (z))}her C &
on K(R?). Then the corresponding flow on II(R* x R?) is obtained as

9015(5? II?) = (S@t(l’), ¢;j(‘r))
The vector field corresponding to {y; }ier is given by

d

(5,20 = (s h(x), v(a)) = vn(s,2)

We want to consider this relation to show that the differential objects on II(R* x R9)
and K(R?) coincide. Note that we do not have vy € V,(R* x R?). Nevertheless, vy corr-
responds to a subgroup of Diff(R? x R?) which can be constructed in the same way as
for the associated flow before: We are searching for a flow {¢;}er C Diff(R% X R?) such
that

(s, ) = vl 2)

wo(s,z) = (s,x)

If we write ¢;(s, z) = (au(s, ), (s, z)) for some functions ay: Y — R and ¢: Y — RY,
the equation becomes

d

(s, 7) = (s, 2)h(¥i(s, 2)

d
Ed’t(‘sv :L’) = U(I/Jt(‘sv ZL’))

The second equation is independent of the first, which implies ¢y (s, x) = ¢} (x), where 1)}
is the flow associated with v. For the first equation, this means

d v
Eat(s r) = (s, 2)h(Yy ()

which can be solved using standard ODE techniques in ¢. The solution can be represented
in the form

o) =esp ([ t ot aofs,a) =ex (| t o)

which is well-defined for any (s,z) € ]R* x R% since h and 9! are continuous. Therefore,
even though the mapping (h,v) — (s - h,v) is not into Diff .(R% x R?), we have a well-
defined flow on R* x R<.

In what follows, we want to compare the notions of the derivative and integration by
parts formula in the case outlined above.

3.3.3 Comparing Derivatives on II(R} x R?) and K(R?)

For the space of cylinder functions, we have already calculated the directional derivatives
on both spaces II(R* x R?) and K(R?). Recall Propositions 3.6 and 3.20:

66



Reminder. 1. Let vy € V.(R% X RY) and F € FC°(D,I(R% x R?Y)). Then the di-
rectional derivative is given by

= Zajg(<som>,---7<sozv,7>) (Von®i,7) (33)

where V denotes the gradient on RY X R4,

2. Let h € C.(RY),v € V.(R?Y) and F € FC(K(R?)). Then the directional derivative

has the following representation:

(Vi) (1) =
= 09(({er,m)s - (lonsm)) Y [ 1 0i(50, TV ()55 + V) (50, 2)0(x)
i=1 zeT(n)

We show that in the case vyp = (s - h,v), the representations coincide. The interesting
part of (33) is the directional derivative in ;. For the special form of vy, this becomes

d
Voo = (Vi vn) = 0spi(s, 2ty ..., 2%)sh(z) + Z Oep(s, 2t .. 2t (2)
=1

= 0,pi(s,a", . a)sh(z) + (V¥p))(s,2, . at) - v(@)
where z = (z!,...,2%) € R? and v(:v) = (v!(x),...,v%(x)). In total, the directional
derivative has the form

N
=D 0i9((e1 - Lo ) Y (Dl d)sh(e) + (V¥'g))(s.2) - v(a)]
J=1 (s,;x)€y

€
Keeping in mind the definition of the pairing ((-,-)), we see that the derivatives coincide.

3.3.4 Comparing the Integration by Parts Formulae

Next, we compare the integration by parts formulae on II(R% x R?) and K(R?). Note
that this comparison assumes that v(R% ) < oo, which is not necessary for the theory on
K(R?). While the rest of the formula is similar, the interesting part here is the logarithmic
derivative. While in the general case, it is difficult to compare these parts, we may look
at a special case where these functions on II(R% x R?) and K(R?) coincide.

Reminder. The logarithmic derivatives for the integration by parts formulae are given
as follows:

1. For the case II(R% x R?):
Brr(v) = (Br,7) = / ) [(6%<y)’vﬂ(y)>Ty(ijRd) + div®®) Un(y)} v(dy)
R* xR
- Z [(ﬁ”(s,x),vn(s,a:))T(m)(Ride) + div(®®) vn(s,:c)}

(s,z)ey

with y = (s, x) and $* being the logarithmic derivative of the density function p, i.e.
p Vp
= <7,vn>, »x(dy) = p(y)dy
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2. For the case K(RY):

B0 = [ G h@ntd) +10) [ hede + IECEINE

Remark 3.25. The additional modification using the parameter n is needed since G, is
not quasi-invariant with respect to the group & if

v(R) = oo, v(ds) = @ds.

If we assume that v(R%) < oo, we find that [(0) = 0 and we can (heuristically) take
n — oo in (34). The expression for the logarithmic derivative becomes

B = Y s Z div? o
zeT(n) zeT(n

Let us consider a special case on II(R* x R?) to show that the above formulae coincide.
In our construction of Gamma measures on K(R?), we only consider the case where the
underlying intensity measure has the form

x(ds,dzx) = @dsdz.

The density function of ¢ is then given by

I(s)

p(s, x) = T

Therefore, its logarithmic derivative is

B%(s,x) = (ll/((;) - %,o,...,o)

For our choice of vy, we obtain for the logarithmic derivative on II(R% x R%),

Bir(v)= Y (ll((j))—é) sh(z) + O (sh(x —1—28va

(s, :E)E’Y

2 ls x) + div* v(z)

which coincides with the logarithmic derivative on K(R?), and therefore, the integration
by parts formulae coincide.

3.4 Umbral Calculus

The theory of umbral calculus is concerned with studying sequences of certain polynomi-
als. The objects of this theory can be seen as generalisations of the monomial sequence
pn(x) = 2. In this case, the sequence fulfills the binomial theorem

n(z+y) = sz z)pn-i(y (35)
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but there are other sequences of polynomials for which this or a similar identity holds.
In the one-dimensional case, the theory was extensively studied by e.g. Roman and Rota,
see [51] and the references therein.

On the other hand, it is also possible to define similar sequences of polynomials on
infinite-dimensional spaces such as the space of Radon measures. The most straightforward
way to define polynomials on K(IR?) is to consider polynomials on the larger space M(R?)
and simply restrict the mappings to the smaller space. However, there are some sequences
which need to be defined directly on K(R?). The theory is mentioned here because there
exist some nice applications related to infinite-dimensional combinatorics introduced via
the K-transform earlier. For a more detailed picture in the case II(R% x R?) (or rather
D(R% x RY)), see [21].

In this work, we only illustrate the theory via the example of falling factorials. In one
dimension, this sequence is defined as

n

pa(z) = (@) =[x —k+ 1) =a(z—1)- (x—n+1),

which also fulfill the binomial identity (35). For this sequence, the so-called generating
functional equals

oo tn

S pale) = (14 4)7 = exp (wlog(1 +1)).

n=0 ’

Also, note that we have the relation

where the left-hand side is the generalised binomial coefficient.

3.4.1 Umbral Calculus on II(R% x RY)

To define polynomials on the space II(R*. x R?), we embed it in the space of generalised
functions D(R? x R?), where as before, D = D(R% x R?) = C°(R% x R?). Therefore,
we proceed by defining polynomials on the space D’. For technical reasons, this step is
essential, since D is a so-called nuclear space, which is found in the Gel’fand triple

D C L*(R% xR dx) C D

For a more detailed description of the theoretical background, see [21]. We set D®* to be
the space of all symmetric functions f € D®* for k € Ny.

Definition 3.26 ([21]). A function P: D' — R is called a polynomial of degree n € N on
D' if it has the form

n

P(n) = (/™0

k=0

where f®) € DOF for k =0,...,n, f # 0 and n®° = 1. The notation {-,-) denotes the
dual pairing between D'®* and D®*. Denote the space of all polynomials on D' by P(D’).

By lifting the theory from one dimension to the infinite-dimensional case, we arrive at
the following representation. In analogy of the one-dimensional case, we write (-),, for the
sequence of falling factorials.
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Proposition 3.27 ([21]). The falling factorials on D' have the following explicit form:

(7)o =1
()1 =
Va1, x0) = (1) (Y(22) = 02y (22)) - (V(@T0) = Oy =+ = Oy (1))

where y(z) := v({z}). This sequence of polynomials is interesting for our theory, since
it encompasses the combinatorics of the K-transform introduced before.

Corollary 3.28 ([21]). Let v = > 0, 0;, € II(R% x RY) € D'(Ry x RY) and set (7) :=
%(7),1 Then, the following formula holds:

T\ _
(n> B (i Z 59“1 © © 5%1 (36)

where @ denotes the symmetric tensor product.

Remark 3.29. The relation directly links to the K-transform: For v = {x;}32, and
G: IIH(R% x RY) — R, we have

w1610 =3 (6. (7))

n=0

whenever the transform is well-defined for G, and {G™}22, is the sequence of symmetric
functions G : (R* x RY)™ — R associated with G.

In terms of umbral calculus, sequences of polynomials may be introduced via its ge-
nerating functional. For the falling factorials, it is given for ¢ € C.(R% x R?), by the
following expression:

1 n
Ey(y) =) (0" (7))

n!
n=0

There are more relations to combinatorics and point processes connected to the theory
of umbral calculus which would exceed the scope of this work which can be found in the
aforementioned paper.

3.4.2 Umbral Calculus on K(R?)

We may also introduce polynomials on the space K(IR%). For a large class of polynomials, as
above, it is possible to define polynomials on the space D’(RY) D K(R?) and restrict these
mappings to K(R?). Note, however, there are some classes of polynomials which can only
be defined on K(R?) directly. This is especially interesting in the case of falling factorials:
While we may introduce the falling factorials in the same way as on II(R? x R?), a more
interesting class is the sequence of so-called fake falling factorials, which are the image
of the falling factorials on II(R* x RY). They can be introduced explicitly using a similar
representation as Proposition 3.27.

Definition 3.30. For each n € K(RY), define the sequence of fake falling factorials as

POn) =1
PO @) =7
PO ()(x1, .- wn) = (@) (n(ws) — 8165, (22)) X

X - (N(wn) — 5100, (Tn) — -+ — Sp—104,_, (Tn))
where 1 =3 ¢ () S0z and n(x) = n({z}).
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As this definition relies explicitly on the coefficients of n € K(R?), this sequence
can not be extended to the whole space D’(RY). On the other hand, we have a similar
representation as in Corollary 3.28: For € K(R?), we have

1

n!
{ilv--win}CN

where ® represents the symmetric tensor product and 7 = >, 52,04, -
As stated above, the fake falling factorials also arise as the image of falling factorials
on II(R% x R?) under the reflection mapping.

Proposition 3.31. Let ¢: R? — R be a measurable function with compact support and
set fo(s,x) = sp(x) for (s,x) € R xR Then for n € K(RY) and all n € Ny, the

following holds:
(=", PM()) = (£, (R™n)n))
where (), denotes the falling factorials on II(R% x R?) as introduced in Proposition 3.27.

Proof. The relation follows immediately when comparing formulae (36) and (37). O

Remark 3.32. The reflection mapping R allows us to transfer other classes of polyno-
mials such as Charlier or Hermite polynomials from II(R% x RY) to K(RY) as well. As we
only focus on the applicability of polynomials to infinite-dimensional combinatorics here,
these other classes will not be discussed in this work.

We want to relate the fake falling factorials to the K-transform on K(R?), which is the
reason why this class is more relevant for us than the “real” falling factorials on K(R?).
Consider a symmetric function with compact support ™ € D®"(R?%) and set

o s sno™(z1,.. ., m,), ifn=>" 80, € Kén) (R%)
o () 1= :
0, otherwise

Then G € Bus(Ko(R?)) and the following holds:

(K56 )n) = (6, PO}
Note that this relation is valid for the specific class of functions defined above. Neverthe-
less, such functions play an important role as L'-functions considering the shape of the
intensity measure on R* introduced in Definition 2.22.
The fake falling factorials will also appear in the next chapter when we talk about
difference calculus on the cone.

3.5 Difference Calculus

We now want to take into account the discrete structure of the configurations themselves.
This enables us to define an entirely different kind of calculus, namely, difference calculus.
Here, we consider discrete differences between a function evaluated at two different points.
The discrete nature of our configurations dictates how these differences will look like.
While the differential calculus introduces above corresponds to diffusion processes on
the state spaces, the difference calculus can be intepreted as corresponding jump-type
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processes. These kind of expressions will also appear later when we consider birth-and-
death models.

As before, we first consider the situation in the Plato space II(R% x R?). Furthermore,
there are some identities related to umbral calculus which are stated in this chapter. We
also point out difficulties which arise when transferring the identities from II(R% x R?)
to K(R?). For the general case on ['(R% x R?) or II(R} x R?), we refer to [21] for a more
detailed analysis.

3.5.1 Difference Calculus on II(R* x R?)

Let us start with the case on II(R% x R?). In this case, configurations v € II(R% x R?) are
described only by the positions of their elements and marks are treated the same way. We
introduce the elementary discrete gradients as well as the derived directional derivatives.

Definition 3.33. Let F' € FC°(D,II(R%. x RY)). Introduce the following discrete gradi-
ents:

1. Let v € II(R%. x R%) and (s,z) € . The elementary death gradient is defined as
DB () = F(v = 8¢s.7) = F(7)-
The corresponding tangent space is set as T, (II(R* x R?)) = L*(R% x R?, ).

2. For a function ¢ € C,(R% x R%), we define the directional derivative as

DyF(y) = > ¥(s,2)Dg, , F (7).

(s,z)€y

3. For (s,x) € R x R?, we define the elementary birth derivative as
DIF(y) = F(y+ () — F(v)

with the corresponding tangent space T (TI(RY x RY)) = L*(R% x R%, dsx). Note
that v € TII(R?. x R%) is a set of zero Lebesgue measure and hence, the expression
above is well-defined almost everywhere.

4. For a function ¢ € C.(R% x RY), the directional (birth) derivative is defined as

DEFO) = [ lsin)DY F)lds, o)
R’_j_ xRd

We now want to give some connections of difference calculus to umbral calculus, na-
mely, the connection between the gradients defined above and the falling factorials on
(R x RY).

Proposition 3.34. Let ¢ € L*(R*. x R ds) and ¢ € C.(R% x R?). Then, the generating
functional of the falling factorials on II(RY x R?) fulfills the following relation:

DJE,(v) = (¢¥) Ey(7)

where () denotes the expected value (integral) of a function ¢.
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Proof. Since

o0

L D5 (™, () ()

+
(D} E,) o

Df |3 4t
n=0 n!
we can fix n > 1 and consider one summand: Denote y = (s, z) and y; = (s;, z;).

DE({0®", ()a))(7)
- / PO (4 8)n) = (67 (M) A(dy)

n=

:/R* PO D e e = > ()l | dy)

{y1,-Un}Cy+dy {y1,--5yn}Cy

:/R* Rdw(y)nso(y) > ely) - plea)x(dy)

{y1,--yn—1}Cv

B n/R R () (y)se(dy) - (@™, (7)n-1)

For n = 0, we get D ({(¢*°, (-)o))(7) = 0. Together, this means

o0

(D} E,)( B (Y1) = (@Y E,(7)

n:l

3.5.2 Difference Calculus on K(R?)

By treating the mark space R as a separate entity as it is done on K(R?) and not as
another variable as on II(R% x R?), we may refine the definition of the birth and death
gradients for functions on K(R?). We redefine these gradients taking into account these
marks. Furthermore, we show a discrete integration by parts formula and define a Dirichlet
form and Laplacian.

Definition 3.35. Let F' € FC(K(R?)).
1. The discrete death gradient of F' is given by
(D F)(n) := F(n — s20,) — F(n)

where x € 7(n). Corresponding to this, we define a tangent space as T, (K(R%)) :=
L*(R?, 7).

2. For a function h € C.(RY), define the directional derivative along h as
(D7F) (1), h) 1y xmay)

Dz Pmh@ntin) = 3 shia)(Dz F))

zeT(n)

(D, F)(n) :
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3. The discrete birth gradient is defined by
(D& F) () = F(n+ s0;) — F(n)
where (s,z) € R%. x R% x ¢ 7(n). Here, the corresponding tangent space is defined

as T,F(K(R?)) = L*(R% x RY, v ® o). For a function g € L*(R%. x R, v ® ), we
may define the directional derivative as

(DFF)() = (D" F)0), )1 sy = / (DL F) (s ) © o) (ds, d).

There is an adjoint-like relation between the two derivatives defined above, which can
be expressed via the following integration by parts-type equation.

Proposition 3.36 (Discrete integration by parts). For the measure v on R, assume the
moment condition (6). For any F,G € FC(K(R?)) and h € C.(R?), we have

/K (Rd)(D;F)(n)G(n)Q(dn) — /K - F(n) (D0, G) ()G (dn)
- /K - F(n)G(n)Bg,n(m)G(dn)
where (id ® h)(s, x) := sh(x) and

Bosto) = [ hin— [ e ndweo)

— Z szh(:c)—/ sh(z)v(ds)o(dz)

* d
zeT(n) R xR

Proof. Tt is enough to consider the term containing F'(n — s,0,). For this term, we obtain
by using Mecke’s formula (8)

/K(]Rd) /Rd h(x)F(n — $:0.)G(n)n(dx)G(dn) =
- / / / sh(x)F(n)  Gn+s.0,)  v(ds)o(dr)G(dn)
K(R®) JRTJRY —_———

=G(n+s202)—G(n)+G(n)

B /K(Rd Fn /R / D(; . G(n)v(ds)o(dz)G(dn)

+ / - /R d / sh{w)v(ds)o(dr)0(dn)

_ /K . F(n)(Ditn G) ()G (dn)

+/ ey E / / : o(dx)G(dn)

Now adding the remaining term, we obtain the statement of the proposition. O
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3.5.3 Discrete Laplacian

There is a Laplacian-type operator associated with the above gradients. The definition
is straightforward using the Dirichlet integral for the class of cylinder functions F,G €
FCO(K(RY)),

ER(F.G)i= [ (D F.D Gy pua Gldn)
K(R4)
As it turns out, using the discrete birth gradient yields the same bilinear form:

Lemma 3.37. Let F,G € FC(K(R?)). Then
EW(F,G) = / (D*F, D*G) s () G (dn)
(Rd)
Proof. Using Mecke’s formula (8), we obtain

EW(F Q) = / Z D; F(n)D; G(n)G(dn)

IET

/m) Z — $:0;) — F(M][G(n — s205) — G(n)]G(dn)

CEET

= /K(Rd) /R* y s[F(n) — F(n+ 50.)|[G(n) — G(n + s0,)]v(ds)o(dx)G(dn)
= /( / S(DLFYn) (D, @Y n)w(ds)odr)G(dn)

_ / (D*F, D* Gt ey G)
K(RA)

]

Proposition 3.38. The mapping (€45, FC(K(R?))) is a well-defined symmetric bilinear
form on L*(K(R%),G).

Proof. The symmetry and bilinearity are clear. We need to show that the form £ gives

the same result for elements from the same equivalence class. Therefore, consider F,G €
FC(K(R?)) with F' = 0 G-a.e. Then by Mecke’s formula (2.20), we get for any A € B.(R?),

Lo L L 1Fo e st ta@mtasiotangian = [ 1Fmiagam =0

which implies that F(n + sd,) = 0 dGdvdo-almost everywhere on K(R?) x R* x R%
Plugging this in, we see

e r.6) = [ [ [P s~ F@GO + 56 - Glnlvlds)o(dn)(dn) =0

O

The discrete Laplacian is now given by the Markov generator associated with the
above form.
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Proposition 3.39. For each F € FC(K(R?)), we set

w=F)) - |

Rd

(D F)(da) + | (Dl ) 0)(ds, o

R% xR

= 3 sllF— s~ Fol+ [ slF(+s8) = Pl 9 0)(ds,do)

* d
zeT(n) R3 xR

Then (L9, FC(K(RY))) is a symmetric operator in L*(K(R%),G). Also, it is associated
to the form introduced above, 1i.e.

EW(F,G) = (—L™F,G) 2zray ), F,G € FC(K(R?)). (38)

Furthermore, the form (€95, FC(K(R?))) is closable on L*(K(R?),G). Also, for the ope-
rator (LY, FC(K(RY))), there exists the Friedrichs’ extension. Denote these extensions
by (€9, D(EY)) and (LY, D(LY)), respectively. Then the operator (LYS, D(LY®)) is the
generator of the bilinear form (€4, D(E¥)).

Remark 3.40. The operator LY defined above is the K(R?)-analogue of the operator on
I'(R7 x R%) which is the generator of the so-called Surgailis process. This operator models

independent birth and death of particles on the underlying state space. It was studied in
e.g. [16,55,56].

For the proof of the proposition, recall the following result:

Theorem 3.41 ([50, Theorem X.23]). Let A be a positive symmetric operator and let
E(F,G) = (AF,G) for F,G € D(A). Then & is a closable quadratic form and its closure
& is the quadratic form of a unique self-adjoint operator A.

Proof of Proposition 3.39. Let us start by showing identity (38). For functions F,G €
FC(K(R?)), we have using Mecke’s formula,

£(F,G) = / ™ (D F) )G (0 — 546,)G(dn)

K(R) z€T(n)

-/ o 2 (DEFYG)G(d)

zeT(n)

=~ [ Lo PTG )00

- / o 2 (DzPYn)G)G(dn)
K(R4 zeT(n)

- (—LdiSF, G)B(K(Rd),g)

The symmetry of LY is now clear since £4 is symmetric. Let us check that LY actually
maps functions F' € FCO(K(R?)) to L*(K(R?),G). As it is easily seen by representation
(30), there exists a compact set A C R% x R? and a constant C' > 0 such that

(D; F)(n) < Cla(se,2), ©€7(n)
(DE o F)(m) < Cla(s,x), (s,2) € RL x R\ 7(n).
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We may also decompose our expression using the triangle inequality:

HLdiSF||L2(K(Rd)7g) S Z SmD;F +
zeT (") L2(K(RY),G)

/ s(Dzr Fv(ds)o(dx)
R* xRd .

L2(K(R?),9)

Let us consider the first term and show that it is finite: We split the expression into
diagonal and off-diagonal terms and use Mecke’s identity:

stDF -

zer() L2(K(R%),9)
2

= [ | X @enm| e

zeT(n)
2

< / JLa (50 d
S > selalsez)| Gldn)

zeT(n)

_ 02/( Z Z SuSyla(Sz, ©)1a(sy, y)G(dn)

3367' 1) yET(N—5204)

+02/( Z SH-A 81}7 dn)
K(R4)

xET (n)

= 02/ / / $189 1A (51, 1) LA (S2, x2)v(dsy)v(dss)o(dxy)o(dxe)G(dn)
K(RY) JR: xR¢ JR? xRY
+ / / §21 5 (s, 2)0(ds)o (dz) G (dn)
K(RY) JR% xR4

< 00

The expression is finite since the inner integral is bounded and G is a probability measure.
For the second expression of LY F, we may proceed in the same way as above to obtain
finiteness. Therefore, we obtain LY F € L2(K(RY), G).

The Friedrichs’ extension is obtained by showing that — L is a positive operator. Let
F € FC(K(R%)). Then by Mecke’s identity,

(L9 F, F) = / Z (D P)F) + [ DL F X F a5
/ K(R) / g — F(n+ $0,)|F(n + s05)v(ds)o(dz)
/R* o SLE 0+ 80:) = F()]E ()(ds)o (dw)G (di)
- /K(Rd) / ot (D} F)n)| vlds)o(da)G(dn) < 0

Therefore, L% is negative and — L is a positive operator. O
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Next, we establish the connection between the falling factorials and difference calculus
on K(R?). The following relations hold between the discrete gradients and the falling
factorials:

Proposition 3.42. Let ¢ be a measurable and compactly supported function. Then, the
following relations hold:

1. Let n € K(RY) and x € 7(n). Then
D (%", P () (1) = —nspp(a) (™71 PUTD( = s000)) ()
2. For h € C.(R%), we have
D (@ PO () = —n Y sph(@)sup(@) (0L POY( — 5,8,)) ()

z€T(n)
3. For (s,z) € Ry x R, z ¢ 7(n), we get
D (™", P () () = nsp(a) ("1, PUD()) (n)

4. For g € L*(R%. x RY), the following holds:

Dy (", P () () = n/ sp(x)g(s,2) (™", PV (n)) (0 @ 1)(dw, ds)

R% xR¢
= 1{fo, 9) 12y <ty (™", PU 0 (1)
Proof. 1. Using equation (37), we obtain

D, (™", P™ () (n) = | S syl el

= —ns,p(a) (" PUI( = 5,0,)) (1)
2. The second part follows directly by part 1 and the definition.

3. For the third statement, we obtain

DY (@™ PO ) = DE D0 s sielaa) - o(s,)

{i1,...,tn }CN
- Z Siy 8, P(Tiy) - o(4,)
{7,1 ..... in}CN
dj: T =T
=n Z Siy = Sip (@) (@i, )sp(2)
{il ..... in71}CN

= nsp(x) (1, PO () (1)
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4. The fourth statement follows by using part 3 as well as the definition of the birth

gradient.
O

We may apply the above result to the mapping which is defined analogously to the
generating functional on II(R* x R?).

Definition 3.43. On K(RY), define the following mapping:

M= D0 e PO = S0 (e (R 7))
n=0 n=0

where p € C.(RY) and f,(s,x) = sp(x).
Corollary 3.44. Let ¢ € L*(R% x R% d3) and ¢ € C.(R?). Then, the following holds:

D:ZEw(n) = (v, fgp>L2(R’jr de)Ew(n)

Proof. Apply statement 4 of Proposition 3.42 to each summand. O

3.5.4 Commutation Relations for Discrete Gradients on K(R?)

Especially in the theories of operator algebras and mathematical physics, the notion of a
commutator is of importance. Let us calculate the commutator for some combinations of
the discrete gradients introduced above.

Proposition 3.45. We have the following relations:

1. Let g,h € C.(RY). Then
D, ,D,]=0.

2. Let o, € L*(R% x R ds). Then

[D;_7D1—Z] =0

3. For h € C.(R?) and ¢ € L*(R% x R% ds), we have
[D];7 D+] D}tlgp
where fr(s,z) = sh(x), as above.
Proof. 1. Let g,h € C,(RY) and F € FC(K(R?)) a test function. Using the fact that
yeT(n) rE€T(N—5y0y) zeT(n) yeT(N—5y0y)

we see that
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([Dy, Dy 1F)(n) = Dy [ Y sch(@)[F(- = s,0,) - F(-)]] (n)

Z $:9(2)[F (- — 8.0.) — F(+)]

zeT(-)

(n)

= s 9@) | D sah(@)[F(n — sy0, — 5:0.) — F(n — 5,0,)]

yeT(n) TET(N—5y0y)

- Z Szh — 840,) — F(n)]]

zeT(n)

|
<
m
™
s
)
<

h(y) [ Y sag(@)[F(n = 5,8, — 5:0,) = F(n = 5,8,)]

TET(n—sy0y)

- Z 5:1:9 - 5275&?) - F(??)]]

zeT(n)

Z Syg(y) h()[F(n — Sy0y — 5405) — F(n — Sy(sy)]

Z Z 5,9(y [F(n — s,0,) — F(1)]

yeT(n) z€7(n)

- > syh()s:9(2)[F(n = 8,0, — 5202) — F(1) = 5,,)]
yET(n) xET(N—5y0y)

+ syg(y [F(n — s.0.) — F(n)]
yeT(n) xeT(n)

2. Let ¢,1 € L*(R* x R?, ds) and F € FC(K(R?)). Then

* d
Jr><]R

(DD F)(n) = D </R (s, )[F (- + s05) — F(-)]o(ds, dm)) (n)

- /R - o(t, y) < /R ) Rdw(S,x)[F(n—ktéy—kséx)—F(n+t5y)]%(ds,dac)
[ b+ ) e, d@) it dy)

- / / oty (s, 2)[F(n + 18, + $8,) — F(n +16,)
R* xR4 JR* xRa

— F(n+ 86,) + F(n)]s(ds, dx)»(dt, dy)
= [ el F 6, + 50 - s
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— F(n+to,) + F(n)]»(dt,dy)s(ds, dz)

= (D;D;F)(n)

Where the last step is done by backtracking the calculation with the variables and
functions switched.

. Let h € C.(R?) and ¢ € L?(R% x R?, ds). Then
([Dy DEVF) (n) = (D DEF)(n) — (DS Dy, F)(n)

_p- ( /R sl s - F(-)]x(ds,dm) (n)

—- D] ( Y sh(@)[F (-~ s:6:) F(')]) (n)
zeT(:)

= Z syh(y) / p(s,2)[F(n — 5,0y + 56;) — F(n — 5,0,)]5(ds, dz)

yer(n) R} xR?
~ Y sy / o5, 2) [F(n + 6,) — F(n)]se(ds, d)
yer(n) R xR
- / o(t,y) Z sph(x)[F(n + toy — 5,0,) — F(n + td,)]|»(dt, dy)
RiXRd zeT(N+tdy)

* /R Rﬂ(t’y) > seh(@)[F(n — s26.) — F(n)]s(dt, dy)

zeT(n)

— /R* g syh(y)e(s, ) [F(n — sy0, + s6,) — F'(n — s,0,)]2¢(ds, dz)

Y s+ i) — Fla)s, d)

- / seh(x)p(t, y)[F(n 4+ tdy — s40,) — F(n+ td,)|»(dt, dy)
R xR¢ zeT(n+tdy)

|/ s (0o D) F (0 = 5,8,) — F(n)e(ds, da)
RoE yer()

|
X
=
i=9
V2
Ng
=
—~~
&
5
\'CIJ
8
S~—
o
—~
S
_|_
V)
(%)
&
|
gl
D
X
—~
.
\E'IJ
Iy
3

|
%\
x
=
=%
~
>
<
N—
AS)
—~
~
<
SN—
"
—~
3
S—
|
"
—~
33
+
~
S,
<
=
AN
—~
oW
\.@F
oW
<
N—
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We see that everything except the last term cancels out. On the other hand,
Dh PV = [ shla)p(s,n) P+ 50.) — Floletas, o)
R% xR

which is equal to the last term of the above calculation.
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4 Dynamics

Now that the necessary theoretical background on K(RY) is established, it is time to
consider specific models on the cone. We consider three models which are typically of
interest:

1. Glauber dynamics
2. Generalised Contact Model
3. Bolker-Dieckmann-Law-Pacala (BDLP) Model

Since the direct analysis of the Markov-type operator on K(R?) is too difficult, we resort
to the scheme proposed in Chapter 2.11.2. This means that we take the following steps:

1. Define the Markov pre-generator L on a class of observables F': K(RY) — R.

2. Use the K-transform to define an associated operator on a class of quasi-observables
G: Ko(R?) — R via the relation L := K !LK. This operator is also called the
symbol of L.

3. Assuming that the underlying initial state admits a correlation function, we may use
the duality on Ko(R%) to construct the statistical dynamics for correlation functions.

4. Depending on the model, we may show the existence of the dynamics using quasi-
observables (L!-techniques) or correlation functions (L>-techniques).

5. The different function spaces on Kg(R?) also enable us to prove certain properties
of the models such as a priori estimates or asymptotic behaviour.

4.1 Glauber Dynamics

The first model we want to investigate are the Glauber dynamics. This model emerges from
the analysis of the underlying Gibbs measure based on a corresponding energy functional.
There have been various works on the Glauber dynamics under different circumstances,
such as consideration of finite volume in [6]. For configuration spaces, this model has been
examined in [37] and [19]. While the former is concerned with the construction of the
corresponding Gibbs measure, the latter employs semigroup theory to show the existence
of dynamics of various models. The analysis of Gibbs measures on the cone of positive
measures and preliminary work to this paper were done in [29]. We want to focus on
the first step of the process of showing the existence of a semigroup on L!-type spaces
of quasi-observables. Furthermore, we establish the hierarchical structure associated with
the Glauber dynamics.

4.1.1 Generator Corresponding to the Dirichlet Form

The generator of the Glauber dynamics is based on a Dirichlet form corresponding to an
underlying Gibbs measure. A brief overview of the construction of Gibbs measures can
be found in Chapter 2.8.3 of this work. Note that for this chapter, we restrict ourselves
to the intensity measure vy from Definition 2.22.

In the case of T'(RY), it has been shown in [37] that there exists a Hunt process with
the generator given by the Dirichlet form given below. Furthermore, this process has the
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corresponding Gibbs measure as invariant measure. These statements were shown using
semigroup techniques together with the theory of Dirichlet forms. We want to use the
same techniques to obtain similar results as in the configuration space case.

Definition 4.1. Let p € G(¢) and F,G € FC(K(R?)). Define the following form:
1
ey [ | DopmDI G
R4

1
== s.D; F(n)D; G(n)u(d
5 /(Rd) > (m) Dy G(n)p(dn)

zeT(n)

Remark 4.2. For a more general bilinear form, one may replace s, by some function
m: Ry — R, s, — m(sy).

Proposition 4.3. The operator associated to the above (Dirichlet) form has the form

(LE)() = Y s:[F(n— s:6,) — F(n)]

zeT(n)

+ / [F(n + 550,) — F(n)] e &M 51 (ds)o (de)
R? xRY

where ® is defined as in Proposition 2.41 and F € FC(K(R?)).

Proof. we show
E(F,G) = (LF, G) 2 (x(ra),dg)-

By using the Georgii-Ngyuen-Zessin identity (13), we can calculate

/]K(Rd /* R G( ) (dx)g(dn)
T2 /K(Rd> / o D PG = 5282) = Glldz)G )

1 -
B 5 /K(Rd) /ide D F(n)(G(U - S$5$>n(dx)g<dn)

1 _
- /K y / s D PGS )
13)

O] DR s G e s (ds)o(d) ()
K(RY) JR* xRd

1 _
- /K y / s D)@ )

- _% / R / F b = F ()G (n)e~ "D svy(ds)o(dw)G(dn)

- /( > sa(F(n = sa02) — F())G(1)G(dn)

zGT(r])

== / / F(n+ s405) — F(n))e”*" spy(ds)o (dw) FG(n)G(dn)
K(R4) JR* xRd

J/

-~

=:(L1F)(n)
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! / Z 52(F (0 = 5.0,) = F(n)) G(m)G (d)

J/

=3(L0F)(Tl)
The definitions of Ly and L; will be used in the next chapter, when we calculate the
symbol of L. O
4.1.2 The Symbol for the Glauber Dynamics

As mentioned above, in many cases, it is convenient to consider the symbol operator on
the space of quasi-observables. In this chapter, we consider the Markov-type operator
calculated above,

(LE)Yn) = ) so[F(n = s:0.) = F(n)]

zeT(n)

T / [P+ 562) — F(m)] @5 spp(ds)o (do)
R* xRd

and calculate the corresponding symbol on the space of functions G': Kq(R%) — R.
For convenience, we recall the following notation.

Reminder. The Lebesque-Poisson exponent is defined by

= I )

zeT(n)

for f: RZ x R* = R and n € Ko(R?) whenever the above expression is defined. Note that
we use the notation ey for a function on Ko(R?) here, as opposed to II(R% x RY).

Also, the following combinatorial identities are needed when calculating L:

Lemma 4.4. The Lebesgue-Poisson exponent has the following properties:

Kex(fim) = [ (14 f(sy,0)), n € Ko(RY)

y€eT(n)

(Gxex(£))m) =D G(&exlf +1.9ex(f,n— &)

£Cn
provided, both sides of the equations make sense.
We are now ready to give the form of the symbol on quasi-observables.

Proposition 4.5. The symbol L corresponding to L 1s given by

LY== Y s |G

zeT(n)

+ / s Z G(€ + 50, )ex(e725502@Y) &)ey (e725500@Y) _ 1 0y — E)y(ds)o(dx)
R* xR

§Cn

for G € Ben(Ko(RY)).
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Proof. We set L = Lo+ L1, where Ly and L1 are defined in the proof of Proposmon 4.3.
The same decomposition can be done for L. We begin by calculating Ly using Lemma
2.76.

(LoG) = K" | 3 5. [KG(n = 5,6,) — KG(n)]

_.’IJET('I])

= Kil Z Sz [-(KG( + Sx(sz))(n - 83261)]

_CEGT('I])
= K! Z Sy (— Z G(£+s$5m)>
-’EET(W) EEN—540z

=_—K! Z Z Sz (G(€ + 5204))

z€T(n) EEN—5404

D S ILL

§€n zeT(§)

=id

zeT(§)

Next, we calculate L; using Lemma 4.4.

(L,G) = K [KG(n + s.0,) — KG(n)] e~ 2D M sy (ds) o (dx)

* d
R+XR

=K! KG(- 4 5402)(n)e” 2D sy (ds)o(da)

Ride

= K! KG(-+ s.0,)(n) K [€7q>((s,z),-) — 1] svp(ds)o(dz)

* d
R+XR

=K! K [G( + 5,6,)(n) * (e_q)((s’x)") —1)] svp(ds)o(dz)

* d
R+XR

_ / s Z G(f + S(Sx) H (6—25831(25(&:,1/)) H (6—255y¢(x,y) _ 1) l/g(ds)d(dx)
RiXRd

&Cn yeT(§) yeT(n—=E)

Note that we used n as a placeholder for legibility. O

4.1.3 Existence of a Semigroup for the Glauber Dynamics

For the Glauber model, the existence of dynamics is shown using semigroup theory on
L'-type spaces of quasi-observables. In the following chapter, we prove the existence of
an analytic semigroup associated to the generator L.

We start by introducing the spaces on which we want to construct our semigroup.
These spaces are of L'-type and have fixed densities depending on the number of particles
and the size of the corresponding marks, which is represented by the coefficients C' and
a.
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Definition 4.6. For C > 0 and o € R, define the family of L*-type spaces
L,c:= Lt (KO(Rd)7CIT(n)I6aerT(n> SZd)\g>

with the usual L'-norm defined by the stated measure. We denote this norm by || - ||a.c-

Recall that by Proposition 2.80, the space Ben (Ko(R?)) is dense in Ly, ¢ for any C' > 0
and a € R.

The construction scheme for the semigroup is as follows: First, we prove the existence
of a semigroup for the generator Lo. Next, we give sufficient conditions on the parameters
a, C and the coefficients of I:l, namely, the potential ¢, to ensure that this part can be
seen as a suitable perturbation of the operator Lo.

Proposition 4.7. For any o, C, the operator Lo defined above with the domain

D(Lo) == { G € Lac| Y s.-G(n) € Loc

zeT(n)
generates a contraction semigroup on Ly c. Moreover, this semigroup is analytic.

The proof of the statement follows the same outline as in [19] and is as follows: The
first part of the statement will be shown using Hille-Yosida. For the second part, recall
the following variation. We denote by R((, A) := ({1 — A)~! the resolvent of A (provided
it exists).

Lemma 4.8 ([14, Ex. [1.4.12(6)]). Let (A, D(A)) be a closed, densely defined linear ope-
rator on a Banach space X . If there exist 6 > 0,7 >0 and M >1 s.t.

Y5 :={Ce€C: || >r and |arg()| < g +0} C p(A)

and M
IR(C, Al < i

for all ( € s, then A generates an analytic semigroup.

Proof of Proposition 4.7. The closedness of Ly is clear since it is a multiplication operator.

Dense domain: By Proposition 2.80, we have that By, (Ko(R?)) C L, ¢ is dense. Hence,
it is enough to show that Bep(Ko(R%)) C D(Ly). Let G € Ben(Ko(R?)). Then there exists
an interval [a,b] C R such that G(n) = 0 whenever there exists s, such that s, ¢ [a, ]
as well as N € N such that G() = 0 whenever |7(n)| > N. Hence,

EoClloc = [ |EaGn)| CFOerErer  rg(an)
Ko (R%)

= [ 3 st e ()
Ko (R9)

zeT(n)

<b / 17 () |G () Ol Eeertn 52 A (i)
Ko(Rd)

< b/ NG(n)ClT @l 2wern 5= X5 (dn)
Ko (R9)

= bN||Gllac < 0
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By above arguments, Ly is densely defined.
What is left to show is the resolvent bound. Let § € (0,%) and ¢ € ¥s UR?. Since
s, € R,

Z Se +¢| >0
zeT(n)
and hence, R(C, [:0) is well-defined for all ¢ € X5 UR? as the multiplication operator

R Ln)0(n) =~

For ¢ € C, we show
L i RC>0

R(C. L < 1 Il
||@,@H_{% e

which will complete the conditions for Hille-Yosida and Lemma 4.8. Here, M > 0 is a
constant defined below and R({ denotes the real part of ( € C.
Case R¢ > 0: Since |Zx67(n) sz + ¢ > |(],

1

IR LGOI = s
zeT(n) 7

1
1G] < EHG(U)H

Case R¢ < 0: Since |arg(¢)| < § + 6, we have

. (T
¢ = I¢] - Jsin (5 +8) | = I¢] - cos (]
where 3¢ denotes the imaginary part of (. This yields the estimate

[N

< < =M
S q 1061 % 50
we can now use this to establish the resolvent bound:
, 1 5 1 M
|R(¢, Lo)G|| < il G|l < EMHGH = EHGH
)Zm@(.) S¢ + C‘
by the above considerations, the claim follows. O

Next, we consider ﬁl as a perturbation of I:O. First, we introduce the notion of a
relative bound.

Definition 4.9 ([14], II1.2.1). Let A: D(A) C X — X be a linear operator on the Banach
space X . An operator B: D(B) C X — X is called (relatively) A-bounded if D(A) C D(B)

and if there exist constants a,b € Ry such that
|Bz|| < a|Az[| + bz (39)
for all x € D(A). The A-bound of B is

ap :=inf{a > 0: Ib € R, s.t. (39) holds}
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Theorem 4.10 ([14, I11.2.10]). Let the operator (A, D(A)) generate an analytic semigroup
(T'(2))zex;ut0p 0n a Banach space X. Then there exists a constant 8 > 0 such that (A +
B, D(A)) generates an analytic semigroup for every A-bounded operator B having A-bound

ag < 6
The following identity for the coherent states will be useful in later calculations:

Lemma 4.11. For the measure \g, the following formula holds:

/ ex(f,mAg(dn) = exp (/ f(s, :v)Ve(dS)o(dx))
Ko (R9) R* xRd

The following Lemma yields the relevant bound for the perturbation L.

Lemma 4.12 (relative bound for Ly). Let a < 1. For any C' > 0 with

(1—o)a
C S W b y)o(dy)

(40)

the following estimate holds:

~

. 1. .
121Gllac < FllLoGllac, G € D(Lo) = D(L1)

Note that the domain of the operators also depend on o and C.

Remark 4.13. [t is interesting to note the additional restriction imposed by the intro-
duction of o, which yields an upper bound on the parameter C'. Compare to the condition
giwen in [19], Example 1.

Proof. We write C(n) := CI"Mle®2Zverm v for brevity.

|
Ko (R4)

S/ E :/ Se—¢((s,x)7£)|g(§+35x)|x
Ko R* xRd
Xe,\(‘e 2ssyd(2.y) _ 1| n— 5) C(n)vy(ds)o(dx)Ag(dn)

RY) ecn
:/ / Zse (52)91G (€ 4 56,)| x
Ko(R?) JR* xRd

&Cn

LiG(m)| Cmrg(dn)

x ey (|e 2ssy@(@y) _ 1], — &) C(n)ve(ds)o(dz)Ag(dn)

Ko(R?) JKo(R?) JRY xR4

x ey (e 2@ — 1| &) C(& + &)vp(ds)o(da)Ag(dér) Ag(dEs)

AR A Bl TV E
Ko(R4) JKo(R

xGT 61

x e (|e7 2= w?lmw) — 1| &) C(& — 8.6, + &) Ag(d€r)Ag(do)
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- @106 3 [ s temn s
/IKO(Rd Z Ko(R%) ~

zeT(€1) <1

X ey (|e2esvtlen)

S/KO(Rd) (&)IC (&) Z /KO]Rd

zeT(€1)

) C(&1 — 5002 + &)C (&) Ag(d&r) Ag(dEo)

x ex (Je =) 1| &) C(&)C(s,6,) " Ag(dér) Ag(ds)

=t /K O(Rd)|G(51)]C(£1) D spe

IET(£1)
X / ex ([e72s=sv?lrw) — 1| Ce™v, &) Ag(déa) Ag(dé)
Ko (R9)

4.11 —aSy
ot [ 10@ICE) 3 et

zeT(é1)

X exp (/ |e_25“5¢(x’y) — 1| C’eo‘syg(ds)a(dx)) Ag(déy)
R* xR

<c GENIC(&) Y spe™ ™ x

Ko (R4) zer(£r)

X exp (/ 25xs¢(x,y)Ceasyg(ds)a(dx)> Ag(d&y)
R’ xR¢
2.22
- /Ko(Rd) ClE)] 2, oo

zeT(61)

X exp [(20«9 /R* Ny o(x,y)e* Vdso(dx) — Oz) ] C(&1)Ag(d&y)

( )
C 0

The last estimate holds if (%) < 1, i.e.

0> 209/ o(z,y)el* Vdso(dz) — o
RY xR

=2C0 [ ¢(z, y)a(dx)/ el sds — o
R4

*

= 2 [ s potds) -

l—«o R4

rewriting yields the claim. O

Combining this estimate with a condition on C emerging from Theorem 4.10 yields
the final existence result:

Theorem 4.14. Let C' > 2 and (40) holds. Then L generates an analytic semigroup on
the space L, .
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Proof. Condition (40) yields the relative boundedness of Ly w.r.t. Ly. The condition C' > 2
ensures that the estimate is sharp enough to guarantee the existence of the perturbed
semigroup according to Theorem 4.10. O]

4.1.4 Statistical Dynamics of the Glauber Model

For completeness, let us calculate the operator on the space of correlation functions cor-
responding to L according to the scheme proposed in Chapter 2.11.2.

Proposition 4.15. The operator L* is given by

(L2k) (n) = (L8k) (n) + (L£F) ()

iy I s )
Ko (R%)

xGT

X 6A(e—23msy¢(m,y) - 17 §>k(n + 5 - Sr(sz)/\g<d£)

Proof. We start again with LOA . Since L is a multiplication operator, we directly obtain

(LK) ) == 3 ki)

zeT(n)

To calculate Lf, we fix £ C n and look at one summand first. Additionally, we exchange
¢ and n — £ We also write

F(Q) = ex(e o) ()
g(¢) = ex(e 2welmw) — 1 ()

for short. Note that the application of Minlos Lemma in the following calculation will
change s — s, in f and g.

/K » /R* y sf(n—&€)g(&)G(n — & + s6,)k(n)ve(ds)o(dx)rg(dn)

-/ o O el (= €= suBg(OG( — Okl = sub)Aoldn)

xeT(n—¢&)

For the last steps, we need to look at the complete sum to apply the other version of
Minlos Lemma.

(LG, k) = /K . )Z S s f(n— € — 5.8.)9()G(1 — E)k(n — 5.0.)Mg(d)

£Cn zeT(n—¢)

277/ / szf(m — 8z5$)g(772)G(771)k(771 + 12— 8z5w)>\g(d772))‘g(d771)
Ko (R%)

acET(m

:/K - /K Z sof(n 02)g(m2) k(M1 + 12 — $404)Ag(dn2) Ag(dm)

:EET (m)

J

v~

=L{ k()
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4.1.5 Hierarchical Structure for the Glauber Dynamics

Rewriting the equation for the correlation function in terms of the hierarchical structure,
we arrive at the following operators:

Proposition 4.16. Forn € N, the operator L% on the hierarchy of correlation functions
of the Glauber model is given by

(LK™ (s, .., 2) =

— Z sik™ (s1,... )
i=1

+ i L'/ i S; ﬁ e 2si8j(xi,2;) H (6*2sz‘tk¢>(w¢,yk) _ 1) >
m=0 0 J (R xR)™ S j? k=1
j#i

X k,(n—i—m—l) (Sla s 7‘§i7 jjia ey Ty tla HE aym)ye(dtl)a<dyl) s V@(dtm)a(dym)

where §;, ; means that these variables are omitted.

Remark 4.17. In the special case of n = 1, this reduces to

LWEW (5 2) = —skW (s, z)

+ s Z i H<€*2stk¢>(%yk) _ 1)><

X k(m) (t17 Yiy - - 7tm7 ym)V9<dt1>o-(dyl) ce V@(dtn>g(dyn)

We see that each correlation function depends on all other functions of higher order.

4.2 Continuous Contact Model on the Cone

The next model to consider is the continuous contact model on K(R?). Heuristically, this
model is a simple birth-and-death process used to describe e.g. infection spreading, where
each agent x € 7(n),n € K(R?) represents an infected individual. Another application
is biological growth in abundance of recources: Each agent of the system may spawn a
new agent independent of all other agents of the system. On the other hand, each agent
dies independently after some random time. In the discrete case, this model has been
thoroughly examined, see e.g. the monographs [44,45] by Liggett. Lately, a version on
continuous state spaces has become established as well. A first description can be found
in [42]. Furthermore, the analysis of its correlation functions and invariant measures was
done in [36]. In the case of compact marks, the analysis of invariant states was carried
out in [41]. Other generalisations of the model include the introduction of fecundity or
establishment parameters [20] or an underlying random environment [34,35].

While the model itself is easy to describe, the analysis of it poses some rather unique
problems. Since neither birth nor death is regulated by population size, in the supercritical
case, the system may grow exponentially fast. Therefore, standard perturbation techniques
used for the Glauber dynamics are not applicable here, unless we extend the function space
considered for the dynamics. Furthermore, the analysis of this model is mostly described
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on the level of correlation fucntions as opposed to quasi-observables as it was the case for
the Glauber dynamics.

On the other hand, the model allows a nice description in terms of its hierarchical
structure, since the dependence on the order of correlation functions is only downwards.
This enables a deep analysis on the side of correlation functions.

We start the chapter by setting up the model via its Markov-type operator. Next,
we proceed as proposed in Chapter 2.11.2 to derive the corresponding operator in the
space of correlation functions. After stating the hierarchical structure of the system of
correlation functions, we may derive a priori estimates. On the one hand, we show such
kind of estimates for a fixed order n € Ny. On the other hand, we calculate uniform
bounds which also hold for the correlation function k: Ko(RY) — R.

Consider the model

(LE)(n) = Y m(so)[F(n = s26,) = F(n)]

zeT(n)

+ 2 /R o, Aws)alz = y)[Fn + s0,) = Fn)lwe(ds)o(dy)

zeT(n)

for F € FCO(K(R?)). On the example of infection spreading mentioned above, the objects
of the above expression mean the following: The agents in n € K(R?) represent infected
individuals. An individual recovers from its infection with the rate m(s), while an infected
individual s,0, may infect new agents with rate and distribution given by

q(Sz, s)a(x — y)ve(ds)o(dy).

The form and properties of the rates m,q and a will be prescribed later when discussing
the properties of the model.

4.2.1 The Symbol for the Contact Model

To follow the scheme of Markov evolution, we need to calculate the corresponding operator
on the space of quasi-observables.

Proposition 4.18. The symbol L corresponding to L of the contact model has the follo-
wing form for functions G € Bem(Ko(RY)):

T Z / q(8z, 8)a(z — y)G(n — 5.0, + 86, )ve(ds)o(dy)

+ Z /R* " q(Sz, s)a(x — y)G(n + sd,)ve(ds)o(dy)

z€T(n)

Proof. Use the relation L = K'LK and calculate similarly to the Glauber model. [
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Note that if we considered the hierarchy {G™}>° ; in terms of quasi-observables, the
equation for fixed n € Ny would depend on the function of order n + 1. On the side of
correlation functions, this dependence is switched.

4.2.2 Statistical Dynamics of the Contact Model

For the contact model, perturbation methods on typical spaces fail due to a “too strong”
birth rate. Instead, it is customary to analyse the system of correlation functions. By
using duality (26), we may calculate the dual operator for the statistical dynamics.

Proposition 4.19. The operator L* is given by

(Lok)(n) = = > mlsa)k(n)

zeT(n)

> /IR xR q(s, sy)ale —y)k(n — sy0, + s0;)ve(ds)o(dz)

yeT(n)

£Y Y alsnnlala— k- 54,

yeT(n) ve€T(n—sydy)
where k: Ko(R?) — R is from a class of L>-type functions which will be specified later.

Due to the asymmetry of ¢, it is worth noting that the sum and integral in the second
line of the operator switch places.

Remark 4.20. We can rewrite the operator L* as follows:

oK) = 3 [l s)ale ) K=y + 5) = k()] () ()

yer(n)
[ X[ e sats —ylds)otdn) = 37 mis,)| ko
yer(n) yer(n)
+ ) D> alsesyalr — yk(n — 5,6,)
yeT(n) z€T(n—sydy)
= > Lyk(n)+ Y (rlsy) = m(s,)k(n)
yer(n) yer(n)
+ Z Z q(Sz, sy)a(x — y)k(n — s,0)
yeT(n) €T (n—s5y0y)
= (ME)(n) + (VE)(n) + (WE)(n)
where k(sy) = [paa(x)o(dz) - fR* s, 8, )Ve(ds) and we set for a function k: Ko(R?) — R
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k(o) = / (Rd) 0(s.5,)ali = ) (= 5,8, + 56,) = k()] o(ds)a(da), € 7(0)

(s = k(s) —m(s), s € R}
k(n) Z Lyk(n)
yeT(n)
VEm) = > r(sy)k(n)
yer(n)

Z Z q(8z, sy)a(z — y)k(n — s,0,)

yeT(n) x€T(N—5y0y)

Remark 4.21. The operators M and V' do not commute, i.e. MV # VM. Therefore,
the approach via Duhamel formula used in [36] is not directly applicable here. Hence, we
need to refine the approach by approximating the involved semigroups. As it turns out, one
wable approximation is given by Trotter’s product formula.

Proposition 4.22 ([14, Corollary I11.5.8]). Let (T'(t))i>0 and (S(t))i>o0 be strongly conti-
nuous semigroups on a Banach space X satisfying the stability condition

HONOIN

and some constants M > 1, w € R. Consider the sum A+ B on D := D(A) N D(B) of
the generators (A, D(A)) and (B, D(B)) of (T'(t))i>0 and (S(t))i>0, respectively. Assume
that D and (Ao — A — B)D are dense in X for some \g > w. Then C' := A+ B generates
a strongly continuous semigroup (U(t))i>o given by the following formula:

vt = i [r(D) s ()] e x

with uniform convergence for t in compact intervals.

< Me™ forallt >0,n €N (41)

Remark 4.23. If the existence of the semigroup generated by A + B is known a priori,
we may use formula (41) directly. Especially, for bounded operators A, B, we have

e ATB) = Jim emAem? (42)
m—0oQ

4.2.3 Hierarchical structure for the Contact Model

As mentioned above, the growth that may occur in the contact model is too strong to find
a uniform bound for the operators M and V defined on L>°(Ky(R?)). Instead, we consider
the equation componentwise to show estimates for each correlation function k™, n € N.
Later, we will extend the function space to derive some global estimates as well.
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Proposition 4.24. The operators L% are given by

AN71.(n
Lnk()(sl,xl,.. s Sy Ty) = E m(s;)k sl,xl,...,sn,xn)

n

+ Z /R* - q(s,s)a(x — ) k™ (51,21, .., Ti1, 8, T, Sit1s - 5n, Tn)Ve(ds)o(dx)

i=1
+ Z Z q(sj, si)a(z; — z)k™ D (s1, 20,0 8 Eiy o Sny )
i=1 j#i
where &; means that this variable is omitted.

In the sequel, we may omit the dependence on variables which are left fixed. We can
rewrite the above expression in the following way:

n

(LMWEM™Y(sy, .. 2,) = Z /}R* y q(s, s;)a(r — x;) [k(”)(s, x) — l{:(")(si,xi)] vg(ds)o(dx)

=1
n

q(s, si)a(z — x;)ve(ds)o m(s;) ()
Zéide< Ja(z — o)l Z

i=1
+ Z Z q(s;, 8:)a(x; — x) K™V (5, 2;)
i=1 ji

= (M, + V,)k™ + W, k=D

_|_

where M,,,V,, and W,, represent the operators in the first, second and third summand,
respectively. Furthermore, from now on we assume that r is bounded.

The representation of the correlation functions in this hierarchical fashion enables us
to consider the solution for fixed n separately.

Lemma 4.25. The operators M, and V,, are bounded on L*®((R% x R%)").
Proof. Let k™ € L®((R*. x R)"™).

n

2. /R Al sdale — i) [K (s, 2) = KO (50, 20)] vo(ds)o (d)

i=1
< llgllz: Nall e 2n[E [l
= 2anHL1HaHLlHk(")Hoo

IVk(")I<ZIT WK (s, )| < sup [r(s)|n[E™]|
s>0

| M, k™| =

]

Since M, and V,, are bounded operators, both are the generators of Cy-semigroups
on L*(R% x R%"). In fact, M, is a Markov generator and therefore, its semigroup e*M»
is contractive. Note that M, is not a self-adjoint operator, because the kernel ¢ is not
symmetric.

Lemma 4.26. The semigroup ™ is positive and conservative and therefore contractive.
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Proof. Denote by 1 € L*(R% x R?) the function which is equal to 1 everywhere. The
conservativity M,1 = 1 is clear from the definition of M,,. For positivity, we split the
operator into M, = M\ + M| where for f € L((R% x RY)™), we set

Mr(Ll)f<Sl7x17 ceey S'ruxn) = Z/ Q(S, Si)a(‘r - x’b)f( sy S, T, )V9<d8)0-(dx)
i—1 YR} xR? bl

MP f(s1,21,. .., 80, Tn) = — Z k(s:i)f(S1,21, .., Sn, Tn)
i=1

Then for f > 0, we have M,(Ll)f > 0 and therefore also etM’gl)f > 0 for any ¢ > 0. On the
other hand,
etMT(f)f _ e_t > n(si)f’

where & is a real-valued function. Therefore, this semigroup is also positive. The positivity
of e now follows from Trotter’s product formula (42).
Using these two properties, we obtain for a function 0 < f € L®(R* x R?) with

[ fllo <1,
eMnf < etMn] = 1.

By applying the supremum, we see that
le™™ £l < 1]l = 1.
O

Since the sum M, + V,, is bounded, it generates a Cy-semigroup as well. It is given by
the Trotter product formula

! MntVa) — im [G%M"G%V”]m. (43)
m—0o0

Equation (25) can now be rewritten as a hierarchical sequence of equations, n € N:

0
k" (51, ) = (M + V)R (s1, .. 2n) + (Wok @™ D) (s, .. 2
ot t (517 y L ) ( + ) t (817 y & )+( )(51, y &L ) (44)

E (st a) = kO (s, 20)

The solution to this equation is given by Duhamel’s formula:

(n) H(Mn+Vi) 7.(7)
k™ (51,21, - ..y S, ) = €l ‘)ko (1,1, -y Sny )

; (45)
n / DAV D) (g Yy
0

Remark 4.27. Compare to the formula used in [36]: The non-commutativity of the ope-
rators M, and V,, forces a slightly more complicated approach for the calculation of a
priori estimates.
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4.2.4 A Priori Estimates

The preparations of the previous chapter are now used to give estimates for the correlation
functions k™. Using Trotter’s formula (43), we may rewrite the solution (45) as

k" (s, , L) = WlLl_I)I;O <€%M"€%V"> k(()n)(sl, e T)

t m
+ / lim (e%M"e%Vn> Lok Y (sy, ... a,)dr
0

m—r0o0
We show that the Trotter approximation can be estimated independently of m.

Lemma 4.28. For any m € N and any k € L>((R%)"), we have
t t m n
H (eaM”emVn> kH < ™Rk o,

where R 1= sup,.7(s).

Proof. Let m € N and k € L®((R?)"). First, we estimate the action of the semigroup
generated by V:

ot STy (s1)

eV k| = k(s1, ... xn)| < et Zi=176| k|| oo

< X Bkl = ek o

The desired expression can be estimated in the following way:

‘ <6%Mn6%vn>mkén) < ‘ oM™ He%vn " Hk‘(’n) < etnRHk(()n)
oo oo
where we used that M,, generates a contraction semigroup. O]

Remark 4.29. The non-commutativity prevents a pointwise estimate in the marks s;,1 =
1,...,n, as can be seen in the proof above.

The following estimate follows if we apply the Lemma to the solution (45):
Lemma 4.30. We have the following estimate for the solution (45):

t
1K (1, z)lloo < €A oo + / TR W D (51, ) loedd
0
Proof. Use the previous lemma as well as the fact that the Trotter formula provides the
strong limit, which commutes with the underlying norm. O

We are now ready to state the main result of this section.

Theorem 4.31. Assume that the kernels a and q are bounded. Furthermore, assume that
the initial condition to the Cauchy problem (44) obeys the following bound for alln € N
and some C > 0:

15§ < Cn!

Then, the following a priori estimate holds:
[Elloo < @(t)"e"™(C + )"0l (a,q)"

where
a(t) = max{1l,e”"}, K(a,q) = (1+ [|allcllgllo)-
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Proof. The statement is proven by induction. For n = 1, we have by Lemma 4.30,
kD (21, 81) < €O < (C 4 t)eRa(t) K (a, q).

For the induction step, we also start with Lemma 4.30:

t
k| < DR 4 / DR Y K| dr
0

S et(nJrl)Rchrl(n_'_ 1)'

t n
+ et(n+1)R/ e TEN N lg(sy, si)a(z; — i)k (55, ) | sodr
0 i—1 j#i
< et("+1)R(C + t)n+1 (n + 1)!

b AR gl all [ el O 4 7Y K g
saw”%c+wwwn+$!
+ IR gl s llallco (n 4+ 1)l ()" K (a, ¢)"n /t(C +7)"dr
< (n+ DI!HOEC 4 )" K (a, ¢)"Ha(t) :
O

Remark 4.32. Note that the parameter R is not assumed to be nonnegative. Therefore,
if the mortality rate m dominates the birth rate k globally, we have exponential decay of
the correlation functions, which is in accordance with the homogeneous model [36]. On
the other hand, even for small “peaks” of the birth rate, we can not guarantee the decay
of the solutions. In fact, in similar situations, it was shown that these small flucuations
may already lead to a growth of population, see e.g. [35].

Let us now consider lower bounds for the contact model in a subcritical regime. As it
can be seen from Theorem 4.31, the correlation functions of the contact model decay if R
is negative. Nevertheless, even in the subcritical regime, the system will admit so-called
“clustering”. This means that local peaks in the birth rate are still visible, even if the
system as a whole is decaying. We concentrate us on the translation invariant case, i.e.
the system starts out in a Poissonian state.

Theorem 4.33. Assume that there exists a bounded set B C R% X R? such that

= (817$1)}(I;2f’x2)63q(31, sp)a(xy — x9) >0 (46)
Furthermore, assume that the mortality is bounded from above by some § > 0, i.e. m < ¢
and afv ® o](B) < 6. Consider the Poissonian initial condition k™ = C™ for some
C' > 0. Then for any n € N {(s1,21),...,(Sn,xn)} C B and t > t, := Z;:ll %, the
following holds:

K™ (51,21, ..., 50, a0) > Brelolv@olB)-0)

The next few pages will be dedicated to the proof of the theorem. First and foremost,
we need to rewrite the operator L2 in a different form. Next, we apply Trotter’s product
formula and show the estimate for the approximated semigroup. In the end, we will put
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the preliminary results together to show the above statement. We consider the following
operator:

A%k(n) = /d / Q(Sa SZ')CL(CE' - xi)klgn)(sh sy Li—158, L5 Siply - - - 7[L'n)l/(d8)0'(dl')
Re JRY

This way, we may rewrite the equation in the following way:

0

akgn)(sl, e Ty) = Z Al ™ _ Zm(si)kfn)(sl, o x) Wk (s, )
i=1 i=1

Set

A, = iA;L and 9,(s1,...,8,) = Zm(si).

i=1 i=1

Then, the above equation can be rewritten as

%kﬁ“)(sl, ) = Ank™ (51, ) = On(s1s sk (51, )
F Wk Y (sy, . )
Using Duhamel and Trotter, we may write this equation as
KM (sy, .. a,) = etk g )

t
+ / et A=)y =D (g, )dr
0

m
= nll*)néo [G%A"e_%ﬁ"} kén)(sl, Cey Ty)
. tor g, tmryg 1™ (n—1)
+/0 Til_rgo [e m e "] WLk = (s1, ..., x,)dT
Assume that the initial conditions are of the form k‘(()") = (O™ for some constant C' > 0.

Furthermore, assume that the function r(s) is bounded from below, i.e.

for some p € R. We also assume that m(s) < d. For n = 1, we use the reaction-diffusion
type equation to obtain

kgl)(sl,xl) = et(M1+V1)k(()l)(sl,x1) = C lim [e#Mleivl} 1> Ce”
m—0o0

since M; is positive and conservative. For general n > 2, we drop the first term in
Duhamel’s formula to obtain the following estimate:

¢ m
kgn)(slv e Tn) 2 / lim [e%A"e_%ﬁn] Wok® VD (sy, ... zp)dr
0

m—o0
n t m
=S [ i [ ] sl — 2R )i
) . 0 m—r0o0
i=1 j#i
(47)
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For the main calculation, we need to estimate terms of the form

uA, —uldn [

e e q(si, sj)a(z; — ;)]

Since we assume that m is bounded from above, ¥J,, is bounded from above by nd. Since
A, is a positive operator, we see that

uAn

e e [q(si, s5)ale; — xp)] > e M [q(si, 55)alas — ). (48)

Let us estimate the term on the right-hand-side.
Lemma 4.34. Under assumption (46) and n > 2, the following holds for 1 <i,j < n:
euAn(q(Si, Sj)(l(!lfi . :L.J)) > aena[u@a}(B)u

Proof. Since A, is the sum of two non-commuting operators, we need to apply Trotter’s
product formula again to obtain

U AN U AN — l
"M (q(s1, s2)a(wy — x3)) = llgglo [BTA"WA" 1} (q(s1, 82)a(z1 — 2))
where we set AJ = 5:1 Al We proceed by double induction. Denote by IH, and IH;

the induction hypotheses for the induction in n and [, respectively. For the case n = 2,
rewrite the semigroup using Cauchy’s product formula:

00 1!
uAl uwA2 u ! 1yi( A2\l—i
ettt =SS ()

Using Lemma 4.35, we obtain

This proves the inductive base. Assume that the statement of the lemma holds for some
n — 1 > 2. Note that by slight abuse of notation, we use that A"~! = A, ;. We want to
analyse the term

e A (g(si, 85)a(z — 7)) = Z u—!(AZ)l [eu%_l(Q(Sz, sj)a(r; — ;) (49)

Therefore, it suffices to consider

(A [ (alsi, sp)alws — )]
for fixed | € Ny. We claim that for any [ € Ny,
(A [ (a(siys)alwi = 27)| = aeIAE afy @ o] (Byw)  (50)
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for [ = 0, this is clear by IH,,. Assume that (50) holds for some [ — 1. Then
(A [ 5 (qlsi, 55)alws — 2,))]

= [ s sate =) (0 [ (o )ate — 2,)] ) vidshola)

2 (= [ alsnsyyaten = )] ) lds)otie)

> / aet = DIedBlu (o[, @ o] (B)u)' v (ds)o(dx)
B
= aea(”_l)[”®“](3)“(a[y ® o](B)u)

combining (49) with (50) yields

R (51,5 )a(a - 23)) 2 e IOAB S L (0l @ o] (B)u)
— qemlveol(Bu -
O
We still need to prove the statement used in the proof of Lemma 4.34.
Lemma 4.35. Assume condition (46). For all i,j € Ny, we have
(A3)"(A3)[g(s1, s2)a(z1 — 22)] > afaly ® o](B))"™ (51)

the same statement holds for the function q(sz, s1)a(xs — x7).

Proof. The statement is shown by double induction. For ¢ = j = 0, the statement follows
directly from condition (46). Let i = 0 and assume that

(A3)(q(s1, s2)a(z1 — x2) > alaly @ o](B))’

for some 7 € Ny. Then

(A3 (q(s1, s9)al(zy — x2)) = / q(s, so)a(z — x9) %

RY xRd

x [(A3) (q(s1, s2)a(zy — x2)] (s1, 21, 5, 2)v(ds)o(dx)
oz/R* . Lp2(s, x, S, x9) X
x [(A3) (q(s1, s2)a(z1 — 32)] (s1,21, 5, 2)v(ds)o(dz)

> oz/Boz(oz[V ® o](B)) v(ds)o(dr)
— ofaly © o](B)*!

v
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For the next step, fix j and assume that (51) holds for some i € Ny. Then
(A3)™H(A3) (q(s1, s2)alay — 22))
= / q(s, s1)a(x — x1) [(A3)' (A3) (q(s1, s2)alxr — x2))] (s, 2, 59, 22)v(ds)o (dx)
R* xR

v

a/}R* » Lp2(s, 2z, 51,21) [(A3) (A3) (q(s1, s2)a(z1 — 22))] (s, 2, 82, 22)v(ds)o(dx)

- CY/B [(A)'(A3) (q(s1, s2)a(x1 — 22))] (5,2, 52, 32)v(ds)o(dx)

IH

> a/Ba(a[l/ ® o](B)) ™ v(ds)o(dr) = alaly @ o](B)) it

Therefore, the statement of the lemma holds. n
Remark 4.36. In a similar fashion, one can show that
(A)"(A2)'[1] > (alv ® o](B))"™.
Now we can backtrack using Trotter’s formula to obtain the desired estimate.

Proposition 4.37. Assume that m < 0 for some § > 0. For any u > 0 and n € N,
{(s1,21),...,(Sn,xn)} C B such that (46) holds for B, we have the following estimate:

n(afv®o](B)—0)u

eu(An —Un) [

q(si, s)a(z; — ;)] > ae

Proof. Using Trotter’s formula, we have

therefore, the estimate holds if for each m € N,
[E%Ane_%ﬁn]m [Q(SZ’, Sj)a(l'i B x])] > aen(a[y@a](B)—é)u.
but this is clear by Lemma 4.34 and estimate (48). O
Proof of Theorem /4.33. For the case n = 1, we obtain
k:gl)(xl, s1) = Ceth=7)1 > Ce 0ty

This can be seen by writing the semigroup as the exponential series and using induction
for the summands similar to the proofs of the above lemmas. For general n € N, assume
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that the estimate holds for n — 1. Then by (47) and the above lemmas, we obtain

t
kt(n)(sh ey X)) > / e(t_T)(A”_ﬁ“)Wnkﬁn)(sl, ey Tp)dT
0

TH t n
S grl(n — 1)! / (-1 (@[v80](B)-b)r (t-7)(An—0n) o(si,5:)alwi — z;)dr
- DD alsios :

i=1 j#i

¢ n
> /Bn—l(n _ 1)[/ e(n—l)(a[u@a}(B)—6)T€—n(t—7)5 Z Z 6(t—T)An [Q(Si, sj)a(:zri _ $j)]d7'

tn—1 i=1 j#i

t
2 ﬁn—l(n . 1)!6—n6t / e(n—l)a[u@a](B)Tedrn(n _ 1)a€an[u®a}(B)(t—T)d7_
tn—1
t

2 Bnn!e—nétea[z/@cr](B)t/ (n . 1) e—(a[v@a](B)—é)T dr

t
> ﬂnn!en(a[w@a](B)—é)t / (n . 1)d7’

tn—1
> 6nn!en(a[u®a](3)f§)t

where the last inequality holds if the integral term is greater or equal one, i.e.

t
/ m—ldr>1lst—t,1>1t>t,

tn—1
This proves the claim. O

Later, we consider a way to prevent clustering in the system. Namely, the so-called
BDLP model has a self-regulating mechanism via competition. This model is analysed in
Chapter 4.3.

4.2.5 Uniform Estimates With Respect to the Number of Particles

In this part, we show that solutions of (25) which start from a particular class of initial
conditions will stay in this class. Namely, if the initial condition is bounded by a term
including (|7(n)[!)?, this bound will be preserved for all time. It should be noted that
this bound holds uniformly with respect to the number of particles, while the a priori
estimates in the previous chapters were done for fixed |7(n)| € N.

The result will be shown as follows: We consider the homogeneous problem on the
space of quasi-observables

2 Gulu) = (T + 7))

G1(n)j=0 = Go(n)

(52)

where M and V are the pre-duals of M and V. We show the existence of a Cj-semigroup
on an L'-space. This implies the existence of a weak*-semigroup on the corresponding
L>-type space of correlation functions. This semigroup is then perturbed by the inhomo-
geneity W. Since we construct a semigroup on this L*°-space, the global estimate holds.

We start by considering a modified solution to (52) to obtain a contraction semigroup.
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Proposition 4.38. Let Mn and f/n the pre-duals of M, and V, as above and R, the
multiplication operator with R, = nR, where R is the bound given in Lemma 4.28. Then
the family of operators {T'(t)}i>o0 defined by

T(1)G() = (W P=RIG) ()
is a Cy-contraction semigroup on the space L' := L'(Ko(R?), (|7(-)|")?d\). Its generator
1s given by A .= M +V — R with domain

D(A) ={G c L' |7(")]*G € L'}
Note that V =V and V,, = V,, as functions, therefore, we omit the tilde from now on.

Remark 4.39. [14, Lemma II.1.3.(iv)] Let us recite the following classic result from
semigroup theory which is used in the upcoming proof. Let (A, D(A)) be the generator of
a Co-semigroup (T'(t))e>0. Then

Tt —z=A / T (s)eds (53)

forx e X.

Proof of Proposition 4.38. The semigroup properties, i.e. T(0)G = G and T(t + )G =
T(t)T(s)G, are directly inherited from the semigroups on the fixed-particle spaces. Let

us show that T'(¢) is a contraction on L. First, for fixed n € Ny, the following estimate
holds for any G € L!:

||€t(]\7[n+Vn—Rn)G(n) ||L1 — o thn ||€t(Mn+Vn)G(n) ”L1 < e thn thn ||G(n) ||L1 _ ||G(n) ||L1

where we used that M, generates a contraction semigroup and V,, < nR. Therefore, the
estimate ||T(¢)G||z1 < ||G]|zr holds and (7'(t))+>0 is a contraction semigroup.

Next, we show the continuity of the semigroup at ¢ = 0. First, we show the property
for G € D(A).

TG =Gl =

[e.e]

_ Zn! et(Mn—i-Vn—Rn)G(n) _am

L1(R% xR9)

t -
=> nl|[(M, +V, — Ry) / s MtV =) G g g
0

t
gzn! M,+V,—R, /
n=0 0

<> nl|M,+V, - R,

es(]\;[nJranRn)G(n) dSH

I

< const - tz nln||G™||

n=0
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which converges to zero if G € D(A).

Next, we need to show that the continuity holds for general G € L£!'. But since
Bem(Kg) C D(A) is dense in L', there exists a sequence (G, )men C D(A) such that
|G — Gullzr — 0 if m — oco. Let € > 0. By above considerations, we can choose m € N
and ¢t > 0 such that

|G = Gunll < 5 and | T()Gn = Gull < =
Therefore, it follows that

TG = G <TG = TGl + [T )G = Gl + |G = G

<IN 16 = Gull + 5 + 2
Lg%

3 3
=&

which shows continuity for general G € L.
As a last step, we need to show that A is in fact the generator of (7'(t)):>o. Let
G € D(A) as defined above. We use identity (53) twice and obtain

HT(t)G—G

; — (M +V - R)G

El

— Z n!= et(Mn+Vn—Rn)G(n) —Gn _ t(Mn +V, - Rn)G(n)

t N 5 t
=> nl=||(M, +V, — Ry) / s MntVo=R) G qs — (M, +V,, — Ry,) / G™ds
0 0

1, -~ b
= _nlo (M + Vi = R) / WiVl G — G0 ds
0

1 - t s 5
=S |t v = [ [ G s
0o Jo

n=0
0 1 t t
< const - n!n2—//
2 ),
o0

1
< const - Z n!n2¥t2||G(")H

n=0

eTMn+Va—Rn) ) || 171

= const - tz n!n?||G™|

n=0

The series is finite if G € D(A) and therefore, the term converges to zero as t — 0.
Therefore, A with domain D(A) is the generator of the semigroup (7'(t)):>o- O

Next, we may view the pre-dual W of W as bounded perturbation of A. Recall that
for a function G € £!, the operator is defined as

o) = X [ alsesiale =9)Gly + 8, )wlds)o(dy)

zeT(n)
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provided the right-hand-side makes sense. Let us show that W is in fact a bounded
operator.

Proposition 4.40. Assume that the kernel q fulfills the following boundedness condition:

sup / q(t,s)ds =: ||q|| Lo (1) < 0.

t€[0,00) JO
Then, W is a bounded operator on the space L.
Proof. Let G € L£'. Using combinatorial arguments and Cauchy-Schwarz, we obtain

WG|z = Zm/* G) W (s, ..., xn)|v(dsy) ... o(dxy)

xRd

o0 n

n!/ Z/ lq(si, 8)a(z; — y)|x
n=0 YRIxRT ] JRIxRI

X ‘G(n+1)(317 <oy Ty S, y)|V(dS)O’(dy)V(d81> e O'(dl'n)

IN

o0

<33 [ s oate sy

=1

X |G(n+1) |dy®n+1d0_®n+1
R* xRd" !

0o n
< llallzllglzeqeny Y nt Y NG|
n=0 =1

00

= llallztllgllzeqery D (n = D = DIIG™]| s
n=1

< llallzllglzeczry Y G|
n=1

< llall2flgll e ey Gl 20
Therefore, the operator W is bounded on £!. n

By the bounded perturbation theorem (e.g. [14, Thm. II1.1.3]), the operator (A +
W,D(A)) generates a Cy-semigroup as well. Since A generates a contractive semigroup,
the perturbed semigroup obeys the following bound:

Het(AJrVV)H < etllaliplialipoory

We have shown that (A4 W, D(A)) is the generator of a Cy-semigroup on £'. Therefore,
the dual semigroup 77(t) exists with generator A* + W = (M +V — R) + W and is
weak*-continuous on the space

K {k € I (Ko(BY): — - e L%(KW))}

1
(Ir()[")?
Furthermore, the semigroup (77(¢));>0 yields the solution to the equation

9 ) = (A + W)k(r)

klt:o(n) ko(n)
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Note that the equation is understood in the weak*-sense. Recall that for the contact
model, equation (25) can be rewritten as

"+ W — R)k(n) (55)

where ko € K. Denote by k; the solution to (54). Then the solution to (55) is given by
k() = (k™) ().

For k, and 7 € Ky(R%), we have the following estimate:

k()
[T (n)[!)?

And therefore, the solution k; to (55) satisfies

(ke ()| < e (|7 ()12 [ Ko lxc = e FTOEITD (7 () [1)2 [ Ko L.

[ke(m)] = (|7 (n)!*) [< ] < (Ir I lkdllic < ()12 kol

Assuming R < 0, this gives us the following estimate on X:

Proposition 4.41. Let kg € K and R := sup,.,7(s) < 0. Then the solution to (55)
satisfies the following norm estimate for all t > 0:

kel < e 1Kol

4.2.6 Invariant Measures for the Contact Model

The hierarchical dependence of the correlation functions in the contact model enables us
to show the existence of invariant measures. One approach which may be used in the
case of compact marks uses the theorem of Krein-Rutman to rewrite equation (58) as an
eigenvalue equation, see [41]. Note that this approach relies on the fact that the integral
operator on marks is compact, which is not given in our case. Instead, we use the approach
from the homogeneous contact model [36]. In this case, we analyse the marks in the same
way as the position variables by applying harmonic analysis on R as explained in Chapter
2.2. Note that this approach imposes certain symmetry and integrability conditions on
the kernels.
In general, we want to find a measure for which the evolution stays constant, i.e.

= L*u; = 0.
8t He =

Where L* is again the dual operator to L defined for the contact model. By standard ar-
guments from harmonic analysis above, this implies that for all n € Ny, the corresponding
n-point correlation functions fulfill the following equation:

LK™ 4 ™ =0 (56)
where f) = 0 and
= kL)Y alsi, s)alr; — ;)
i=1 i
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Our goal is to express k™ via f(™ which means that we need to invert the operator
L2 ie.
L) — —(Lﬁ)*lf(").

since f is defined via k(™= this gives us a recursive description of the sequence of
correlation functions.

The following theorem is an adaption of a similar theorem from the theory of configu-
ration spaces I'(R?), see [36]. Set dh to be the Haar measure on R, i.e.

1
h(ds) = gds.

Theorem 4.42. Let d > 3 and assume the following conditions on Q) and a:

1. |la|lprray = ||Q||L1(R*+,dh) =1

2. All second moments exist, i.e.
/ zpra(z)de < oo for all1 <k,j<d
Rd
/ s2Q(s)ds < oo
R
3. Fraa € Ll(Rd), .F]Rj_Q S Ll(Rj_,dh)

Then, for any p > 0, there exists a unique measure p” € M (K(R?)) such that the cor-
responding sequence of correlation functions satisfies (56), is translation invariant in all
variables with respect to the corresponding group action and fulfills the following estimate:

n n 2
K < Cn(nl)?, (57)
Furthermore, the density of the system is k") = p.

The rest of this chapter is devoted to the proof of the theorem. Define the jump
operator with respect to marks as

or(s) = [ 0 (t) K(s)h(ds)

For n = 1, the equation has the form

AWWQ(i>ax—mmm@wmugdmgzﬂwﬁwg (58)

S1

Remark 4.43. 1. The operator Q needs to be normalised in two ways simultaneously:
First, the principal eigenvalue should be A\ = 1. On the other hand, we also need
|1Qllzr =1 to obtain equation (58).

2. We consider invariant measures with respect to the Haar measure h and not with
respect to the Lévy measure vy.

3. We show estimate (57), which implies the moment growth condition of Theorem
2.97. The rest of the existence proof follows the same scheme as in [36].
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Assume that we are looking for a solution which is translation invariant in all variables
with respect to the corresponding group operation. Then, the first correlation function is
constant:

KW (s1,21) = p > 0.

Note that if we choose to have a solution of this form, we need to assume that k = m.
Otherwise, the solution will decay or explode, depending on which coefficient is larger.
This situation is also known as the critical case. We also assume that a and () are even
in the sense that

a(z) = a(—z), Q(s) = Q(s™")

Remark 4.44. For the position kernel, evenness corresponds to the case of a homogeneous
environment, which is natural if we do not want to make additional assumptions. This
interpretation can also be used to explain the above property of QQ: The natural distance
on (R%,-) is given by

d(s, 1) = ‘mg;] — d(t, 5).

If we assume that Q) also only depends on the distance of the two marks, i.e. there exists
a function ®: R% — R such that Q := ® od: (R})*> — R, it makes sense to assume the
above symmetry.

Let us consider the case n = 2. In the translation invariant case, this means that

s

2 2 1

ot )(51,131,32,352) = v <_3 , L1 — 1’2) .
2

Then (56) becomes
@) ( 51 @) [ 5t 2 (51
Q* (axv'?) | — 21 —x3 )| +Q*2 (axv'?) | —, 21 —22 ) — 20 —, X1 — T3
s

2 52 52

= pa(z, — x2) {@ (z—;) +9 (j_j)]

51

— 2pafas — ) 2

59

Replacing z—; — t and 1 — x9 — &, the equation becomes

Q*1 (axv®)(t,€) +Q* (axv?)(t,€) — 20 (2,€) = —2pa(€)Q(?)

Remark 4.45. The convolution in s, works in the following sense:

Liv® <z—;,x1 - xz) = /R y Q (%) a(zy — z)v? (S%,x - xg) h(ds)o(dz)
X

= / Q <i> a(z) — )o@ (t, x — x2)5—2dt0(dx)
R* xR¢ Sol Sot
=Q*(ax U(Q)) (ﬁyﬁl — ZEQ)
52

If we dropped the assumption of evenness on QQ, we would need to be careful at the convo-
lution %o in S9, since () is not even in the sense that

Q(s) # Q(s™).
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Instead, we would consider the function

which means that

Rewritten, the equation looks as follows:

Q# (ax v@)(t,€) + Q x (ax v®)(1,€) = 209(t,€) = —pa(€) Q1) + Q1))
Let us return to the case where () is even. In this case, the equation simplifies to

Q# (axv®)(t,€) + Q x (ax v®)(t, ) — 20P)(¢,€) = —2pa()Q(t)

After taking the Fourier transform, the equation becomes

2Q(2 ) (p)0® (2, p) — 20 (2, p) = —2pa(p)Q(2)
Q(z)a(p) — 1| 8% (z,p) = —2pa(p)Q(2)

o0 (zp) = pd({?)@(»%) |

11— Q)a(p)]

assuming that the right hand side is well-defined.
Under the conditions of Theorem 4.42, the function ©(?(z, p) is integrable and we can

take
Ot.) = F (1(z,p)

Note that there might be problems with the integrability of k) in the original equation,
which we can to circumvent by considering the second Ursell function instead. Therefore,
the actual solution to (56) for n = 2 has the form

@(t,¢) = vt &) + p.

This consideration is only a technical step to apply the Fourier transform properly. If we

- = 2y / /]Rd Ll f)( dph(dz)

]{7(2)(517;@1’32’3;2) < pA +p2 < 02<2')2

_ p(A+p)
C := max {A, T}

we get the estimate

where



Remark 4.46. The choice of C will become clear after the general induction step.

For general n > 3, we need to solve

Lfk(”)(sl,xl,.. s Sny Tpn) = Zkz" 1) (S1,@1, -y 8y Tiy o+ oy Spy Ty ) X
5
Xza _xJ <S;) = _f(n)<817"'7xn)
JFi

Then, the following expression is a solution to (56):

k(”)(sl,xl,.--,sn,xn):/ e F) (s, 21, S, ) dE
0

Note that this is just the resolvent formula for A = 0, i.e. the inverse of the operator L2
This expression makes sense if the following two conditions are satifsied:

/OO etL*%f(”)(sl, X1,y Sn, Tp)dt < 00
0
etL’?f(”) — 0 for almost all (s1,...,2,)
Let us check the first condition by induction. We assume that
kD < 0 ((n = 1))

This yields

PO 1) < G = DY S ala )0 ()

i=1 j#i

By the Markov property of the semigroup etln , we see that the only relevant summands
of L2 are L! and L. Using this fact and the positivity of the semigroup, we obtain

/Oo [ethf(”)] (81, .., x,)dt
0
< Y((n— 1)) ZZ/ { " a — 2;)Q (?)} (si, i, 5, ;) dt

=1 j#u J
n— i J Si
=Cy H ((n=1)! ZZ/ { Mt a(z; — ;)Q (g)} (85, @3, 85, ;) dt
=1 j#i
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By the contraction property of etln on L, we obtain for the remaining integral term

/0 {et(%“'%)a(aﬁi _ x])Q (?)} (Si,xi, Sjaxj)dt
J

< / esssup |eFra(r; — 1;)Q (i) (84, x;)dt
0 s;ER% z;€RY S

J

o

:/ esssup |F'F [et%a@ —7;)Q (i)] (i, x;)dt

0 s Sj

:/ esssup |F ! [et(d(p)é(z)_l)}" (a(-i —z;)Q (—Z))} (8, 2;)dt
N Sj

:/ esssup | F [et(&(p)c?(z)—l)e—izlogSje—i(p,wj)d(p)Q(z)] (si, x;)dt
0

55,35

< e |, e [ /Rd
27$d+1 / / /Rd et _1)‘d(p)Q(Z)‘dph(dz)dt

By using Fubini’s theorem, we may exchange the integrals and use

/ T - L
0 1—a(p)Q(p)

to obtain that the above expression equals

d+1/ /Rd Il p)(C; )dph(dz)

Note that we do not need the absolute value, since the functions a and () are real and
even. By some standard assumptions on the kernels a and () as above, this expression is
finite.

Putting everything together, we obtain

/\

ta(p)Q(2)~1) g—i(zi log 55— (pi,;)) a(p )Q( )‘ (8, z;)dph(dz)dt

K™ (51,20, ..., Sp, Tn) = / etLﬁf(”)(sl, e, Xy)dE
0
< C;"l((n —1)N2nn-1)A< C’;‘(n!)2

the remainder of the proof follows the same scheme as in [36, Chapter 4.3].

4.3 Bolker-Dieckmann-Law-Pacala Model

As we have seen in Theorem 4.33, particles in the contact model admit clustering, if
there exists some area where the birth kernel is strong enough. To counter this effect, we
add competition to the contact model to suppress clustering. While semigroup techniques
do not work for the dynamics of n-point correlation functions in the contact model, the
addition of the competition mechanism enables us to use semigroup theory again to show
the existence of the dynamics this way. Heuristically, this is due to the fact that by
introducing competition, the mortality rate of the system increases with the population
size. Therefore, this mechanism is also called self-regulation. The model is known as the
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Bolker-Dieckmann-Law-Pacala model. It was first studied by the aforementioned authors
[8,9,13]. For the infinite-dimensional case on I'(X), we refer to [17,18] for more details.

From a modelling perspective, the additional term adds another natural component.
Namely, in nature, agents such as animals or plants have to compete for resources. In areas
with high population, the mortality will be higher, since more agents have to compete for
the same amount of limited resources.

As stated above, we modify the contact model by adding a competition term. The
model is given by the following operator for F € FC(K(R?)):

(LE)(n) = Y m(sp)[F(n = s,8,) = F(n)]

zeT(n)

R Z Z q (Sz,sy)a” (x —y) [F(n — s,0,) — F(n)]

zeT(n) yer(N—8z0z)

7 S [T = F 0 55) Falashoa

d
zeT(n xR

where the kernels are normalised, i.e.

/Rd a*(z)o(dr) =1, / ¢ (s)(ds) =

and kT, k= > 0 are birth and competition rates, respectively.

Remark 4.47. While the model can be considered in a general setting for a mortality
function function m: R — R, we only consider m(s) = m constant for the proof of
existence.

4.3.1 The Symbol for the BDLP Model

As usual in the scheme, we proceed by considering the operator L on the space of quasi-
observables.

Proposition 4.48. The symbol L on Bew(Ko(R%)) corresponding to L is given by

LA =— 3 mls.)Gn)

z€T(n)

Y Y g (ses)a (z—y)G(n — s,0,)

-Z’E’T yET(n Sz(sz)

Z Y q (smsya (@ —y)G(n)

z€7(n) yeT(N—8202)

W Z / T8z, 8)a™ (x — y)G(n — 820, + s0,)v(ds)o(dy)

zeT(n)

Y / L (84, 8)at (x — y)G(n + 56,)v(ds)o(dy)

zeT(n)

Proof. Combinatorial arguments similar to the calculations done for the Glauber dynamics
and contact model. O
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4.3.2 Existence of a Semigroup for the BDLP Model

As we have calculated the operator f), we may use perturbation theory to show the
existence of the dynamics as it was the case for the Glauber dynamics. By adding the
competition term, the mortality rate is “strong” enough to dominate the birth intensity,
at least for a high population. We consider the following decomposition of L:

LiG(n) =~ > m(s,)G(n)
zeT(n)

L:a KDY q (sesy)a (@ —y)Gln)

zeT(n) yer(n—sz0z)

LGm) ==k Y. Y. q (se8))a (x—y)G(n—1s,0,)
z€T(n) yeT(N—502)
LoG(n) =k > / 0" (50, 8)a" (x — y)G(n — 5405 + 50,)v(ds)o(dy)
zer(n) ¥ B RS

GO =t Y [ s - y)Gl+ s w(ds)oldy

zeT(n) iXRd
For the proof of existence, we restrict ourselves to the case where the intrinsic mortality is
constant, i.e. m(s) = m. We consider the evolution on the spaces L, ¢ as defined in Defi-
nition 4.6 with the usual L'-norm denoted by || - ||o,c. Assume the following integrability
condition on ¢* and ¢~:

There exist constants II= > 0 such that for all s, € R,

/* ¢F (54, 8)e*v(ds) < TT*. (60)

Let us now state the conditions for relative boundedness of L;,7 = 1,2,3 w.r.t. Ly. To
improve legibility, we write C/(n) = CITMle®2zexm) * for short.
Let us first state the result for the main part of the generator.

Proposition 4.49. The operator Lo = f)é + I:g generates an analytic semigroup with
D(Lo) = {G € Loc: LoG € Lap}

Proof. Hille-Yosida, using that Bep,(Ko(R?)) is dense in L, ¢, analogously to the proof of
Proposition 4.7. O

We now consider the decomposition (59) and consider each perturbation separately.
For convenience, we write A = A\g in the following proofs.

Lemma 4.50. Assume (60). Then

A ~C1I~
121 Gloc < =

IL6G o

115



Proof. We have

124G llac = /K .
/KRd) Yo D ¢ (sesya (@ —y)|G(n — s,6,)|Cn)A(dn)

z€T(N) YET(N—520z)

G ) ‘ Ol @ Eeery 5= \ ()

7 e e 32 oSN = NGO+ s ds)o )

:K—C/KO(W n)|C(n Z /R L ~(54,5)ea” (z — y)v(ds)o(dy)\(dn)

zeT(n)

<6<_omcnf ml|7(n)||G ()| C(n)A(dn)
Ko (R?)

m
k- CII™
<

‘|£%)GHa,C

Lemma 4.51. For a > 0 and (60), we have the following estimate:

I[Mtk™

|LoGllac < == LiGllac
Proof.
HIAQGH(X,C S
<K / ) / G (52, 9)a™ (x = Y)|G () — 540, + 50,)|v(ds) (dy)C(n) Aldn)
Ko (R4) ver(n) R* xR
:/ 2 / q"(s,5)at (z = )| GM)|C(n = 5,0, + 50, )v(ds)o(dw)A(dn)
Ko (R4) yer(m) Y R xRd
:’“/ GmICm) / (5, 5y)e” e at (a — y)v(ds)o (dz)A(dn)
Ko(R yer(n) *XRd
<t [ jamicm) Y mam)
Ko(R) yeT(n)
+x*
S ||L GHaC

Lemma 4.52. Assume the following pointwise estimate:
2¢ “rkTat(z)g"(s) < Cka (x)q (s) a.s.

Then, the following estimate holds:

R 1 .
| L3Gllac < §\|L3||a,c
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[ a9 = )[Gn+ 5,6 Clnwtds)r(dn) ()

YooY (s sy)at (@ —y)|GM)Cn — s,8,)A(dn)

yeT(n) TET(N—5yby) Snjar*q*
< / kG (S0, 8y)a” (x — y)|G(n)|CI e 2zertn 5= X (dn)
Ko (R?) yeT(n) ze€T(N—5y0y)
= [|L5Glac

Putting this all together, we obtain the following result:
Theorem 4.53. Assume integrability condition (60) as well as
2Tk C+IITRT) <m
2e kgt (s)at(z) < Ck q (s)a () v ® 0 — a.e.
Then the operator L generates a strongly continuous semigroup on L c.

Proof. Take the Lemmas above together with Theorem 4.10. The factor of 2 stems from
the proof of the perturbation theorem. O]

4.3.3 Statistical Dynamics of the BDLP Model

Let us close the considerations of the BDLP-model by taking into account the evoluti-
on of correlation functions. The correlation functions let us show that the competition
introduced in this model suppresses clustering of the solution.

Let us start by giving the form of the operator L on the space of correlation functions.

Proposition 4.54. The operator L* is given by

(LK) () == > mls:)k(n)

zeT(n)

o / . Z (50, 8)a~ (& — y)k(n + 56,)0(ds)o (dy)

zeT(n)

T > (sesa (z—y)k(n)

zeT(n) yeT(N—S20z)

+ KT Z /R* " q (s, sy)at (@ — y)k(n — s,0, + s, v(ds)o(dz)

y€eT(n)

KDY Y d(sesy)at(z —y)k(n — 5,6,)

yeT(n) xE€T(N—5y0y)

where the considered class of k: Ko(R?) — R is specified below.
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Proof. The proof works analogously to the calculations done before by using duality (26).
m

The fact that the evolution on quasi-observables conserves integrability of the soluti-
on can be used to show that the correlation functions obey a sub-Poissonian bound by
considering the dual semigroup, similar to [33]. It should be noted, though, that we do
not make any statements about the continuity of the dual semigroup. For the evolution
in mind, consider the following space for some C' > 0 and a € R:

Koo = {k: Ko(RY) = R | k- C7ITOlem2eer() 5 e [2(Ko(RY), Ag)} .

which is the dual to the space £, ¢ from the previous chapter with respect to duality
(26). This means the following: Denote by (U;);>o the semigroup generated by L on Lo ¢,
cf. Theorem 4.53. Then we can construct the evolution of correlation functions using the
following relation:

(G, k) = (UG, ko))

for an initial condition ky € K, . Denote Ut*ko := k;. Since the evolution on K, ¢ is
also given by a semigroup, the bound is preseved. In other words, for an initial condition
ko € Kq.c, we have

|ke(n)| < const - CITMI e 2zern 5o

Note that in comparison to Theorem 4.33, there is no factor |7(n)|! included, which in-
dicates that the BDLP model suppresses the clustering which is present in the contact
model.
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Appendix

A The Final Topology on K(R?) and the Relation to
Measurable Structures

We want to check that the final topology induced by the mapping R: II(R* x R?) —
K(R?) fulfills the statements used in this work. In what follows, there are some statements
from topology and measure theory.

First, let us show that a homeomorphism preserves the measurable structure.

Lemma A.1. Let f: X — Y be a homeomorphism on topological spaces X and Y. Then
the image-o-algebra of X under f and the Borel-c-algebra of Y coincide, i.e. By(X) =
B(Y), where

Bi(X) :={f(A) | Ae B(X)}

Proof. Let Tx and 7y be the topologies of the corresponding spaces. Since B(X) = o(7x)
and B(Y) = o(7y), it suffices to show f(7x) = 7yv. Note that we abuse the notation
slightly, as we may use the same notation for the pre-image mapping and the inverse

mapping of f.

“C”: Let B € f(7x), i.e. there exists A € Ty such that B = f(A). Since f~! is continuous,
we have B € 1y.

“D”: Let B € 1y. We want to show that there exists A € 7x such that B = f(A). Since
f is continuous, we may set A := f~!(B) € 7x. Since f is bijective, we see that

1(f~(B) = B.
]

Next, let us define the notion of the final topology, which is the topology induced by a
family of mappings. Since we only concider the reflection mapping R, we define the final
topology with respect to one mapping.

Definition A.2. Let (X, 7x) be a topological space, Y a set and f: X — Y some mapping.
A topology v on'Y is called final topology with respect to (X, 7x, f) if one of the following
equivalent properties holds:

1. 71y is the finest topology such that f is continuous.
2. A subset O CY is open if and only if f~*(O) C X is open.

3. A mapping g: Y — Z is continuous if and only if g o f is continuous, where Z
topological space.

Let us show some topological results stemming from this definition.

Lemma A.3. Let (X, 7x) be a topological space, Y a set and f: X — Y a bijection. Then
f(rx) is the final toplogy on 'Y, where

flrx) ={f(U) | U € 7x}.
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Proof. Let us first show that f: (X,7x) — (Y, f(7x)) is continuous. To this end, let
V € f(rx). Then there exists U € 7x such that f(U) = V by definition of f(7x).

Therefore, we also have
[IV)=Uerx

and f is continuous.

Next, we need to show that f(7x) is the finest topology such that f is continuous. Let
W CY with W ¢ f(rx) and assume that there exists U € 7y such that f~*(W) = U.
But since f is a bijection, we have

W= f(f1(W)) = f(U) € f(rx)
which is a contradiction. Therefore, the claim holds. O]
Furthermore, the following result is immediate by part 2 of the definition:
Lemma A.4. Let f: (X,7x) = (Y, f(7x)) be a bijection. Then f is a homeomorphism.

Proof. f is continuous by definition. We need to check that the inverse mapping f~!: ¥ —
X is continuous. To this end, let U € 7x. Since f is a bijection, we have

(F) 7 (U) = F(U) € f(rx).
In fact, this also holds directly by applying part 2 of the definition. O]

Remark A.5. In our case, these results are applied to the bijective reflection mapping
R: I(R% x RY) — K(R?). It induces the topology on K(R?) and becomes a homeomor-
phism. Furthermore, the measurable structures on II(R% x R?) and K(R?) coincide.

120



References

1]

[10]

[11]

[12]

[13]

S. Albeverio, Y. G. Kondratiev, E.W. Lytvynov, and G. F. Us. Analysis and geometry
on marked configuration spaces. arXiv Mathematics e-prints, page math/0608344,
Aug 2006.

S. Albeverio, Y. G. Kondratiev, and M. Rockner. Differential geometry of Poisson
spaces. C. R. Acad. Sci. Paris Sér. I Math., 323(10):1129-1134, 1996.

S. Albeverio, Y. G. Kondratiev, and M. Rockner. Analysis and geometry on confi-
guration spaces: the Gibbsian case. J. Funct. Anal., 157(1):242-291, 1998.

S. Albeverio, Yu. G. Kondratiev, and M. Rockner. Analysis and geometry on confi-
guration spaces. J. Funct. Anal., 154(2):444-500, 1998.

C. Berns, Y. G. Kondratiev, Y. Kozitsky, and O. Kutoviy. Kawasaki dynamics in
continuum: micro- and mesoscopic descriptions. J. Dynam. Differential Equations,
25(4):1027-1056, 2013.

L. Bertini, N. Cancrini, and F. Cesi. The spectral gap for a Glauber-type dynamics
in a continuous gas. Ann. Inst. H. Poincaré Probab. Statist., 38(1):91-108, 2002.

C. Boldrighini, Y. G. Kondratiev, R. A. Minlos, A. Pellegrinotti, and E. A. Zhizhina.
Random jumps in evolving random environment. Markov Process. Related Fields,
14(4):543-570, 2008.

B. M. Bolker and S. W. Pacala. Using moment equations to understand stochasti-
cally driven spatial pattern formation in ecological systems. Theoretical Population
Biology, 52:179-197, 1997.

B. M. Bolker and S. W. Pacala. Spatial moment equations for plant competition:
understanding spatial strategies and the advantages of short dispersal. American
Naturalist, 153:575-602, 1999.

D. Conache, A. Daletskii, Y. G. Kondratiev, and T. Pasurek. Gibbs states of con-
tinuum particle systems with unbounded spins: existence and uniqueness. J. Math.
Phys., 59(1):013507, 25, 2018.

D. Conache, Y. G. Kondratiev, and E. Lytvynov. Equilibrium diffusion on the cone
of discrete radon measures. Potential Anal., 44(1):71-90, 2016.

A. Daletskii, Y. G. Kondratiev, and Y. Kozitsky. Phase transitions in continuum
ferromagnets with unbounded spins. J. Math. Phys., 56(11):113502, 16, 2015.

U. Dieckmann and R. Law. Relaxation projections and the method of moments.
The Geometry of Ecological Interactions: Simplifying Spatial Complezity, 153:412455,
2000.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations,
volume 194 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

S. N. Ethier and T. G. Kurtz. Markov processes: Characterization and Convergence.
Wiley Series in Probability and Mathematical Statistics: Probability and Mathema-
tical Statistics. John Wiley & Sons, Inc., New York, 1986.

121



[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[29]

[30]

[31]

D. Finkelshtein. Functional evolutions for homogeneous stationary death-
immigration spatial dynamics. Methods Funct. Anal. Topology, 17(4):300-318, 2011.

D. Finkelshtein, Y. G. Kondratiev, Y. Kozitsky, and O. Kutoviy. The statistical
dynamics of a spatial logistic model and the related kinetic equation. Math. Models
Methods Appl. Sci., 25(2):343-370, 2015.

D. Finkelshtein, Y. G. Kondratiev, and O. Kutoviy. Individual based model with
competition in spatial ecology. SIAM J. Math. Anal., 41(1):297-317, 20009.

D. Finkelshtein, Y. G. Kondratiev, and O. Kutoviy. Semigroup approach to birth-
and-death stochastic dynamics in continuum. J. Funct. Anal., 262(3):1274-1308,
2012.

D. Finkelshtein, Y. G. Kondratiev, and O. Kutoviy. Establishment and fecundity in
spatial ecological models: statistical approach and kinetic equations. Infin. Dimens.
Anal. Quantum Probab. Relat. Top., 16(2):1350014, 24, 2013.

D. Finkelshtein, Y. G. Kondratiev, E. Lytvynov, and M. J. Oliveira. An infinite
dimensional umbral calculus. J. Funct. Anal., 276(12):3714-3766, 2019.

D. L. Finkelshtein, Y. G. Kondratiev, and M. J. Oliveira. Markov evolutions and
hierarchical equations in the continuum. II: Multicomponent systems. Rep. Math.
Phys., 71(1):123-148, 2013.

M. Friesen and O. Kutoviy. Evolution of states and mesoscopic scaling for two-
component birth-and-death dynamics in continuum. Methods Funct. Anal. Topology,
22(4):346-374, 2016.

I. M. Gelfand, M. I. Graev, and A. M. Vershik. Models of representations of current
groups. In Representations of Lie groups and Lie algebras (Budapest, 1971), pages
121-179. Akad. Kiad6, Budapest, 1985.

H.-O. Georgii. Canonical and grand canonical Gibbs states for continuum systems.
Comm. Math. Phys., 48(1):31-51, 1976.

H.-O. Georgii. Gibbs measures and phase transitions, volume 9 of De Gruyter Studies
in Mathematics. Walter de Gruyter & Co., Berlin, 1988.

D. Hagedorn. Stochastic analysis related to Gamma measures: Gibbs perturbations
and associated diffusions. PhD thesis, Universitét Bielefeld, 2011.

D. Hagedorn, Y. G. Kondratiev, E. Lytvynov, and A. Vershik. Laplace operators in
gamma analysis. In Stochastic and infinite dimensional analysis, Trends Math, pages
119-147. Birkh&user/Springer, [Cham], 2016.

D. Hagedorn, Y. G. Kondratiev, T. Pasurek, and M. Rockner. Gibbs states over the
cone of discrete measures. J. Funct. Anal., 264(11):2550-2583, 2013.

Y. G. Kondratiev and T. Kuna. Harmonic analysis on configuration space. I. General
theory. Infin. Dimens. Anal. Quantum Probab. Relat. Top., 5(2):201-233, 2002.

Y. G. Kondratiev, T. Kuna, and M. J. Oliveira. Holomorphic Bogoliubov functionals
for interacting particle systems in continuum. J. Funct. Anal., 238(2):375-404, 2006.

122



[32] Y. G. Kondratiev and O. Kutoviy. On the metrical properties of the configuration
space. Math. Nachr., 279(7):774-783, 2006.

[33] Y. G. Kondratiev, O. Kutoviy, and R. Minlos. On non-equilibrium stochastic dyna-
mics for interacting particle systems in continuum. J. Funct. Anal., 255(1):200-227,
2008.

[34] Y. G. Kondratiev, O. Kutoviy, and S. Molchanov. On the population dyna-
mics in the stationary random environment, October 2011. CRC 701 preprint,
https://sftb701.math.uni-bielefeld.de/preprints/stb11096.pdf. Retrieved 16 August,
2019.

[35] Y. G. Kondratiev, O. Kutoviy, and S. Molchanov. On the population dynamics in
the stationary random environment: asymptotic analysis, October 2011. CRC 701
preprint, https://stb701.math.uni-bielefeld.de/preprints/stb11097.pdf. Retrieved 16
August, 2019.

[36] Y. G. Kondratiev, O. Kutoviy, and S. Pirogov. Correlation functions and invariant

measures in continuous contact model. Infin. Dimens. Anal. Quantum Probab. Relat.
Top., 11(2):231-258, 2008.

[37] Y. G. Kondratiev and E. Lytvynov. Glauber dynamics of continuous particle systems.
Ann. Inst. H. Poincaré Probab. Statist., 41(4):685-702, 2005.

[38] Y. G. Kondratiev, E. Lytvynov, and A. Vershik. Laplace operators on the cone of
Radon measures. J. Funct. Anal., 269(9):2947-2976, 2015.

[39] Y. G. Kondratiev, E. W. Lytvynov, and G. F. Us. Analysis and geometry on R, -
marked configuration spaces. arXiv Mathematics e-prints, page math/0608347, Aug
2006.

[40] Y. G. Kondratiev, S. Molchanov, S. Pirogov, and E. Zhizhina. On ground
state of non local schrédinger operators, October 2015. CRC 701 preprint,
https://stb701.math.uni-bielefeld.de/preprints/stb15043.pdf. Retrieved 16 August,
2019.

[41] Y. G. Kondratiev, S. Pirogov, and E. Zhizhina. A quasispecies continuous contact
model in a critical regime. J. Stat. Phys., 163(2):357-373, 2016.

[42] Y. G. Kondratiev and A. Skorokhod. On contact processes in continuum. Infin.
Dimens. Anal. Quantum Probab. Relat. Top., 9(2):187-198, 2006.

[43] A. Lenard. Correlation functions and the uniqueness of the state in classical statistical
mechanics. Comm. Math. Phys., 30:35—44, 1973.

[44] T. M. Liggett. Interacting particle systems, volume 276 of Grundlehren der Ma-
thematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, New York, 1985.

[45] T. M. Liggett. Stochastic interacting systems: contact, voter and exclusion proces-
ses, volume 324 of Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences/. Springer-Verlag, Berlin, 1999.

123



[46]

[47]

[48]

[49]

[50]

J. Mecke. Stationére zufillige Mafle auf lokalkompakten Abelschen Gruppen. Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete, 9:36-58, 1967.

X.-X. Nguyen and H. Zessin. Integral and differential characterizations of the Gibbs
process. Math. Nachr., 88:105-115, 1979.

K. R. Parthasarathy. Probability measures on metric spaces. Probability and Mathe-
matical Statistics, No. 3. Academic Press, Inc., New York-London, 1967.

C. Preston. Spatial birth-and-death processes.  Bull. Inst. Internat. Statist.,
46(2):371-391, 405-408 (1975), 1975.

M. Reed and B. Simon. Methods of modern mathematical physics. II. Fourier analy-
sis, self-adjointness. Academic Press [Harcourt Brace Jovanovich, Publishers|, New
York-London, 1975.

S. Roman. The umbral calculus, volume 111 of Pure and Applied Mathematics. Aca-
demic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 1984.

W. D. Ross. Plato’s theory of ideas. Clarendon Pr., Oxford, 1951.

H. Shimomura. Poisson measures on the configuration space and unitary represen-
tations of the group of diffeomorphisms. J. Math. Kyoto Univ., 34(3):599-614, 1994.

A Skorohod. Random processes with independent increments, volume 47 of Mathe-
matics and its Applications (Soviet Series). Kluwer Academic Publishers Group,
Dordrecht, 1991. Translated from the second Russian edition by P. V. Malyshev.

D. Surgailis. On Poisson multiple stochastic integrals and associated equilibrium
Markov processes. In Theory and application of random fields (Bangalore, 1982),
volume 49 of Lect. Notes Control Inf. Sci., pages 233—-248. Springer, Berlin, 1983.

D. Surgailis. On multiple Poisson stochastic integrals and associated Markov semi-
groups. Probab. Math. Statist., 3(2):217-239, 1984.

N. Tsilevich, A. Vershik, and M. Yor. An infinite-dimensional analogue of the Le-
besgue measure and distinguished properties of the gamma process. J. Funct. Anal.,
185(1):274-296, 2001.

V. L. Vernadsky. Living Matter in the Biosphere, pages 56-60. Springer New York,
New York, NY, 1998.

124



