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REDUCED INVARIANTS FROM CUSPIDAL MAPS

L.BATTISTELLA, F.CAROCCI, CMANOLACHE

ABsSTRACT. We consider genus 1 enumerative invariants arising from the
Smyth—Viscardi moduli space of stable maps from curves with nodes and
cusps. We prove that these invariants are equal to the reduced genus 1 in-
variants of the quintic threefold, providing a modular interpretation of the

latter.
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1. INTRODUCTION

While genus 0 Gromov—Witten theory is understood fairly well, the higher
genus theory is still unknown in general and its enumerative meaning is affected
by more degenerate contributions. Reduced Gromov—Witten invariants [Zin09a),
[VZ08], [VZ07], [LZ07], [LZ09], [Zin08], [Zin09b] solve two problems at the same
time: they give computations of genus 1 Gromov—Witten invariants and they have
a better enumerative meaning. The only unpleasant aspect of reduced invariants
is that their modular interpretation is complicated. In this paper we propose a
way to fix this issue by working with a different moduli space.

1.1. Reduced invariants. We briefly recall the algebro-geometric definition of
reduced Gromov-Witten invariants and the relation between reduced and stan-
dard Gromov—Witten invariants.

The locus of maps from smooth elliptic curves to P" is irreducible; we call its
closure the main component of My ,,(P",d). In [VZ08] R. Vakil and A. Zinger con-

main

struct a desingularisation My ,,(P", d) of the main component of M ,,(P", d)
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via an iterated blow-up construction. Let

¢

|

Ml,n (Pr ’ d) main

~

]P)T‘

be the universal curve over ./len(]P”',d)main and let [ € N. Then the sheaf
T [*Opr (1) is a vector bundle. Given X; a hypersurface of degree [ in P", re-
duced genus 1 invariants of X; (see [VZ08|, [HL10]) are defined as

Ctop('ﬁ*f*(ﬁpr (D)) N [MVI,H(PTv d)main]_

Standard and reduced invariants of the quintic threefold X5 C P* are related
by the Li-Zinger formula [LZ07]:

1
(1) Ni(X5,d) = N4 X5, d) + 5 No(X5, d).

1.2. Cuspidal Gromov—Witten invariants. Based on D.I. Smyth’s work on
the birational geometry of M, [Smylla, Smyl1b], M. Viscardi [Vis12] has in-
troduced a series of alternate compactifications of the moduli space of maps from
smooth elliptic curves. The first instance of these alternate compactifications is

ﬂ(ll,)l(X , B), where elliptic tails are made unstable and cuspidal singularities are
allowed in the source curve. These spaces carry perfect obstruction theories and
lead to invariants; we call them cuspidal Gromov-Witten invariants. We conjec-
ture the following analogue of the Li—Zinger formula for cuspidal invariants.

Conjecture 1. Let X be a smooth projective threefold, v; € A*(X). Reduced
inwvariants with insertions ; are equal to cuspidal invariants with insertions ;.

The main result of this paper is that Conjecture 1 holds for the quintic three-
fold. More precisely, we have the following.

Main Theorem. Let X5 C P* be a generic smooth quintic threefold. Then:
N{ed(XE)v d) = Nfusp(XEH d)v
where:

N{ed<X5, d) — deg (Ctop<77(*f~*(ﬁp4 (5))) N {le(IPA, d)mainD

and

NP (X5, d) = deg[ M\ (X5, d)]*™.
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1.3. The proof of the main Theorem. The moduli space M1 (P", d) has many
boundary components. From the proof of the Li-Zinger formula we see that the
genus 0 contribution to the right hand side of (1) comes from the boundary com-
ponent with a single rational tail. This suggests that discarding this component
would provide a more direct approach to reduced invariants for the quintic three-

fold. This is exactly what the Smyth—Viscardi space Mﬁ”(w, d) does.
Here is a rough sketch of the proof of our result. We first show:

Theorem. There exists a well-defined 1-stabilisation morphism at the level of
weighted-stable curves:
t,st t,st
My, = My (1)
replacing elliptic tails of weight 0 with cusps.

We then consider the following cartesian diagram:

Zy, —— AV (X5,d)

| o |

Myt ——— MV(1).

We prove that Zy, is a substack of M;j(X5,d) that has no component with
contracted elliptic tails. The diagram above endows Zx, with a virtual class
which, by Costello’s virtual push-forward formula [Cos06], has the same enumer-

ative content as [ﬂgl)(Xg), d)]vr.

In order to compare the degree of [Zx.]""" with the reduced Gromov-Witten
invariants we follow in Chang and Li’s footsteps. We first introduce the moduli
space of 1-stable maps with p-fields; this has the advantage of having a simpler
geometry and admits a cosection-localised virtual class [KL13| with the same

degree as [ﬂf)(}g, d)]V* [CL12]. We then construct
wt, 7(1)
f)ﬁl tst Xm\{vt,st(l) Ml (P4, d)p,

and perform a desingularisation of it via the study of local equations [HL10]. In
the end we analyse a splitting of the intrinsic normal cone [CL15]. All these steps
deliver the theorem.

1.4. Smoothability. On our way there, we review Vakil’s characterisation of
maps lying in the boundary of My (P",d)™*" [VZ07] and we give a new proof
using Hu-Li’s equations [HL10|. Using Smyth’s work on genus 1 singularities
[Smy13, Appendix A] we also rephrase smoothability as follows:

Theorem. A map [f] € M1(P",d) contracting the minimal genus 1 subcurve is
smoothable if and only if it factors through o map from a genus 1 singularity that
does not contract any component.
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1.5. Relation to other works. Reduced genus 1 invariants are the output of a
long and impressive project. In a series of papers they were defined and compared
to Gromov—Witten invariants via symplectic methods [Zin09a|, [LZ07], [LZ09],
[Zin08]. These works rely on earlier work of Zinger [Zin09c|, [Zin07]. The al-
gebraic definition requires a blow-up construction of the moduli space of stable
maps [VZ08|, [VZ07]. A modular interpretation of the blow-up of the moduli
space of stable maps and explicit local equations are given in [HL10|. More re-
cently, reduced invariants have been compared to Gromov-Witten invariants with
algebraic-geometric methods [CL15|. The algebraic proof relies on the construc-
tion of maps with fields [CL12] and on a more general virtual class [KL13|.

Reduced invariants have been computed in [Zin09b] via localisation. This com-
putation led to a computation of genus 1 Gromov—Witten invariants [Zin09b].

Reduced Gromov—Witten invariants are also related to the Gopakumar—Vafa
[GV98al, [GVI8b] invariants, and they coincide with Gopakumar—Vafa invariants
for Fano targets. Indeed the Gopakumar—Vafa invariants are by definition related
to Gromov-Witten invariants by a recursive formula which takes into account
degenerate lower genus and lower degree boundary contributions. These contri-
butions were computed by R. Pandharipande in [Pan99]. We do not have reduced
invariants for higher genus, but if we had a way of integrating on the the main
component of the moduli space of stable maps, we could view the Gopakumar—
Vafa formula for Fano three-folds as a higher genus analogue of the Li-Zinger
formula.

The idea of using cuspidal maps to define invariants with better enumerative
meaning appeared before. Indeed P. Bousseau in [Boul4] uses them to show that:
for an integral projective curve with only planar singularities the genus 1 BPS
number of the curve can be interpreted in terms of cuspidal maps. The result is
very much in the spirit of [FGvS99|, where a similar statement is proved for the
genus 0 case.

Recently, D. Ranganathan, K. Santos-Parker, and J. Wise |[RSPW19| have
given a modular interpretation of the main component of the moduli space of
genus 1 stable maps via centrally aligned log structures and a certain factorisation
property. We emphasgise that the moduli spaces defined by Smyth—Viscardi which
we use in this paper are larger and we expect the induced invariants to be different
from the reduced invariants for higher dimensional targets. In this sense, the
modular interpretation in [RSPW19] is the correct one in all dimensions. We hope,
however, that the simple form of the maps in the Smyth—Viscardi compactification
may contribute to a better understanding of the subject.

We view Theorem 1.2 as an analogue of the Li—Zinger formula for cuspidal
invariants. Our approach is an adaptation of [CL15]. It would be interesting
to see if there is a localisation calculation for cuspidal invariants in the spirit of
[Zin09b).

1.6. Outline of the paper. In §2 we review some classical results about the
irreducible components of M (P",d) and local equations for this moduli stack in
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a smooth ambient space. We recall Smyth’s m-elliptic singularities and Viscardi’s
alternate compactifications of the space of maps. We discuss two different proofs
of Vakil’s characterisation of smoothable maps to projective space: one is based
on Hu-Li’s local equations; the other one on a factorisation property through
genus 1 singularities.

In §3 we adapt Chang-Li’s work on p-fields to our case: we introduce the moduli

space Mﬁ”(l@‘l, d)? of 1-stable maps with p-fields, we endow it with a cosection-
localised 0-dimensional virtual class supported on a proper substack (depending
on a homogeneous polynomial w). We show that its degree coincides with the
genus 1 cuspidal invariants of the quintic threefold X5 = V(w) up to a sign.

In §4 we argue in two different ways that there is a morphism of Artin stacks

mwt,st - mwt,st(1>

1,n 1n
extending the identity on smooth elliptic curves and replacing elliptic tails of
weight 0 by cusps. We then use it to define:
t,5t 1) . t,8t (D) ma

Z = m?ﬁns Xm\{v’i;st(l) M17n(P ,d), Zp — ,‘Jﬁ‘ﬁns Xm‘ﬁtﬁﬁ(l) Ml,n(P ,d)p.
We show that Z is a closed substack of Mj(P* d). Unfortunately we are not
able to compare ZP directly with My (P4, d)P.

In §5 and §6 we study local equations and a desingularisation of ZP. With
these in place, we adjust Chang-Li’s splitting of the intrinsic normal cone to our
case. This analysis allows us to prove the main theorem.

1.7. Notations and conventions.

e We work over an algebraically closed field k of characteristic 0.

e We fix a homogeneous polynomial w € k|[xg, ..., z4]5 of degree 5 such that X5 =
V(w) C P* is a generic smooth quintic threefold. We usually drop the subscript
and write X for Xs.

We fix a positive integer d determining all the homology classes 8 = d[{] € A1 (P*),
line bundle weights, etc.

M = im‘ﬁft denotes the moduli stack of prestable curves with a weight assign-
ment subject to a stability condition, see §4. The universal curve is 7w: € — 9.
L= ‘Bicmtdeg:d’St denotes the Picard stack of m: € — 9% with universal line

1n

bundle .Z of total degree d, subject to the stability condition:
wlos @ 292 is m-ample.

IV denotes the moduli space of nodal curves with a relative Cartier divisor
satisfying a stability condition, see §2.

M := M (X, B) denotes Kontsevich’s moduli space of n-pointed genus 1 stable
maps to X in the homology class 3; we always denote by (m, f): €y — M x X
the universal curve and stable map.

Similarly we denote by Mt := 9M"=45Y(1) the stack of weighted-stable, at worst

1n

cuspidal curves (see §4), with universal curve 7: € — 9.
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Let ‘ﬁ denote the Picard stack of 7: € — ﬁ, with universal line bundle .Z of
total degree d and satisfying the usual stability condition.

Let M{V(1) be the moduli stack parametrising at worst cuspidal curves with a
relative Cartier divisor subject to the usual stability condition.

M = Mgl)(X, B) is the Smyth-Viscardi’s moduli space of 1l-stable maps; we
always denote by (7, f ): ‘J?M — M x X the universal curve and stable map.

We usually work with unmarked curves, for we are interested in the Gromov-
Witten theory of a Calabi-Yau threefold, so n = 0.

We always denote the spectrum of a discrete valuation ring (DVR) by A, with
closed point 0 and generic point 7.

Subcurves are always connected. The minimal arithmetic genus 1 subcurve is
called the core or the circuit.
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Prof. A. Zinger for corrections of the manuscript. L.B. and F.C. would like to
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Scheme. C.M. is supported by an EPSRC funded Royal Society Dorothy Hodgkin
Fellowship. This work was supported by the Engineering and Physical Sciences
Research Council grant EP/L015234/1: the EPSRC Centre for Doctoral Training
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2. My(P",d) - COMPONENTS, EQUATIONS AND ALTERNATE
COMPACTIFICATIONS

2.1. Local equations and components. We start by recalling a description
of the global geometry of M1(P",d). Besides the main component, which was
defined in the Introduction, for every positive integer k and partition A F d into
k positive parts, there is an irreducible boundary component Dy (P",d) defined to
be the closure of the locus where:

(i) the source curve is obtained by gluing a smooth elliptic curve E with k
rational tails R; = P!,
(ii) the map contracts the elliptic curve E to a point,
(iii) the map has degree \; on the rational tail R;.

Indeed Dy (PP",d) is the image of the gluing morphism from the fiber product:

k
<Ml,k X HMOJ(PT? /\i)> X pryk P

i=1

We will denote by DF the union of all the Dy(P",d) where X\ has k parts.
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Proposition 2.1. (1) These are all the irreducible components of My (P",d):

My (P, d) = My (P",d)™™ U|_| Dx(P", d).
A

(2) A map [f] lies in the boundary of the main component if and only if:

e cither f is non-constant on at least one irreducible component of the core,

e or if f contracts the core, write C = E g |_|,]f:1 R;, where E is the
maximal contracted genus 1 subcurve, then {df(T,,R;)}¥_, are linearly
dependent in Typ)P".

In this case we say that [f] is smoothable.

This is due to R. Vakil and A. Zinger, see [Vak00, Lemma 5.9|][VZ07|. We shall
later discuss a proof of this fact based on local equations for the moduli space.

We now review Hu-Li’s procedure for finding local equations of M1 (P",d) in a
smooth ambient space [HL10]. They will be useful when describing the structure
of the intrinsic normal cone and its splitting.

Recall that a map C' — P" is given by a line bundle L on C together with
r+1 sections in H°(C, L) that generate the line bundle. Tt is therefore natural to
embed M (PP",d) as an open inside m,.Z® ! on the universal Picard stack B.

Hu and Li actually work over a local chart of S)ﬁﬁ“", parametrising families
of nodal curves with a relative Cartier divisor satisfying a stability condition,
namely that w,; ® Oy (2D) is a m-ample line bundle, where D is the universal

Cartier divisor. We can construct MY as the open inside

C(mel) = SpegB Sym®*(R! 7,2 @ wy)

(see |[CL12| and Section 3 below), where the section of .# is not 0 on any ir-
reducible component of the curve. Alternatively this is the moduli functor of
a prestable curve with a line bundle and a section up to scalar, which can be
thought of as the hom-stack Homgy, (%, [A'/Gy,]); then we should pick the con-
nected component where the line bundle has total degree d, and the open substack
obtained by requiring weighted stability and the section not to vanish on any ir-
reducible component of the curve. The morphism 93?‘1117‘{ — B is obtained by
declaring .i”zmclnz := Ox(D).

Let [f: C — P"] be a point of M1 (P", d): we may fix homogeneous coordinates
on P’ in such a way that D := f~'{zg = 0} is a simple divisor supported on the
smooth locus of C, i.e. a d-uple of distinct smooth points; this property will then
hold in a neighbourhood of [f]. This gives a morphism from an étale chart U
of M1(P",d) to an étale chart V of M. We may assume that V is contained
in the locus where the divisor consists of d distinct smooth points; notice that
such locus is smooth over 9. A map to P" shall now be thought of as a curve-
divisor pair (C, D) together with r sections of Oc(D); the map can be written as
[1:ug:...:u.], where 1 denotes the given section of O¢c — Oc(D).
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Furthermore, étale locally on M (P",d), we may pick extra sections A and B
of the universal curve ¢ — M (P", d) such that:
(1) they pass through the core;
(2) they are distinct smooth points disjoint from the support of D.

Now 7,04 (D + A) is a vector bundle on V and 7,04 (D) is carved inside it by
the vanishing of the restriction map 7Oy (D + A) = 7. O»(D + A)| 4.

Proposition 2.2. (1) There is a locally closed embedding of an étale chart of
M (P, d) inside the vector bundle V := Spec,,(m. 0% (D + A)Er).

Mi(P"d) «— U —— V

Ve

M Y
€

Notice that V' is smooth since V is.
(2) Assume furthermore that V is affine; on V we then have:

7xO0y(D+ A) 2 7m,045(D+ A — B) @ m0Og(D + .A)|3
and restricting to A is zero on the second factor.
(3) Call p: 104 (D + A —B) = 104 (D + A)4 the map induced on the first
factor by restricting to A. Locally on V, m.0g(D + A — B) can be written as a
sum of line bundles: let D = 2?21 0;, then

= Ddp;: @le T Oy (0; + A — B) = m.04p (D + A)‘A.

After choosing a trivialisation for each of the line bundles above, p;: Oy — Oy
is given by multiplication by
H CQ7

q€[A,84]

where (; is the smoothing coordinate on My corresponding to the node q, and
[A,d;] denotes the set of nodes separating A (the core) from the point ¢;.

We may now choose coordinates (wf)izldr on the fiber of V. — V compat-

ible with the basis given in Proposition 2.2 .(3) such that i is an open inside
{Flz...:F"zo} C V, where:

d

F=>" [ ¢/|w

i=1 \q€[A,d]

We refer the reader to [HL10, Lemma 4.10, Proposition 4.13] for the details; we are

going to review the key ideas in §5, where we find local equations for ﬂﬁl) (P, d).
We include here a proof of Proposition 2.1 .(2) based on Hu-Li’s equations.



REDUCED INVARIANTS FROM CUSPIDAL MAPS 9

Proof. Let us start with the easiest degenerate situation: a contracted elliptic
curve attached to a P! of degree d at a single node gq. Equations for the moduli
space of maps around such a point look like:
d .
Cqug =0, for 7=1,...,r
i=1
Our point corresponds to a smoothable map if and only if the equations admit
a solution with ¢, # 0, that is Zle w] = 0 for every j. Taking a coordinate z
on P! centred at the node ¢, the i-th basis vector corresponds to a polynomial
vanishing at ¢ and at d;, VI # 7. This can be written as:

(z—0p)
ei(z) = ZH 5
l#1
where we have chosen a convenient normalisation. So the restriction to the ratio-

nal tail of the map corresponding to the point of coordinates (wi )i;l 7 can be

written as:
d d
1) whei(z) ... 0> wie(2)].
=1 =1

Differentiating with respect to z we see that the image of the tangent vector at ¢
is given in affine coordinates around f(FE) by:

d d
S wl S ).
=1 =1

Hence smoothability is equivalent to the image of the tangent vector being zero.

More generally we may assume that the dual graph is terminally weighted
[HL10, §3.1]. Assume there are k rational tails of positive weight Ry, h =1,... k.
Denote by D(h) the set of indices ¢ such that J; belongs to the Ry, and by E(h)
the set of nodes separating the core from Rj. The equations will then take the
following form:

k
ST « dowl|=0j=1,..r

h=1 \q€E(h) ieD(h)

which can be assembled in matrix form as follows:

W.¢:= wa . H G| =0

i€D(h) in \e€B®) /

We see that smoothability is equivalent to the linear dependence of the rows of
the above matrix W. On the other hand we can choose a suitable coordinate zj,
around the node ¢ on Ry and write the map as:

1 :p}l(zh) seoopp(zR)]s
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where:
p](zh) = Z wjeh(zh> and eh(zh) = zp H M
h 4 i1 7 | _51
i1€D(h) leD(h)\{i}
The elliptic curve is contracted to the point [1:0:...: 0] and the tangent vector

to Ry, at gp, is mapped to the h-th row of W (in affine coordinates around f(F)).
Again we see that the map is smoothable if and only if the image of the tangent
vectors to the rational tails at the nodes are linearly dependent in Tyg)P". [

2.2. Smyth-Viscardi’s compactifications. The moduli spaces of m-stable maps
give alternate compactifications of M (X, ), parametrising maps from smooth
elliptic curves.

Definition 2.3. Let C be a connected, reduced, projective curve of arithmetic
genus 1 over k, and let p1, ..., p, € C be smooth, distinct points. A map f: C —
X is said to be m-stable if the following conditions hold:

(1) C has only nodes and elliptic I-fold points, [ < m, as singularities.
(2) For any subcurve E C C of arithmetic genus 1 on which f is constant,

’{Eﬂm}u{i:pieE} > m.
(3) f has no non-trivial infinitesimal automorphisms.
Recall that a k-rational p € C is called an elliptic m-fold point if:
kllz,y]l/(y* —=2°)  m=1
klfz,yl]/(z(z - y?)) m=2
[

Ocp =
T Kl )/ (ay(@ —y)) m =3
k[[z1,...,xm-1]]/Im m >4
where I, = (xpz; — xpxj 2 i,5,h € {1,...,m —1}) and ¢, j, h are distinct.

Viscardi’s main result [Vis12, Theorem 3.6] is the following:

Theorem 2.4. The moduli functor of m-stable maps ﬂﬁf’i} (X, B) is represented
by a proper Deligne-Mumford stack of finite type over k.

Remark 2.5. The Behrend-Fantechi obstruction theory R® 7, f*T 'x for spaces
of morphisms endows MYZ) (X, B) with a perfect obstruction theory relative to

My n(m). The base is an irreducible Artin stack for every m and even a smooth

stack for m < 4. We thus have a virtual class ([BF97], [LT98]) on ﬂﬁ’f}}(){, B)
and m-stable invariants can be defined in the usual way.

The irreducible components of Viscardi’s moduli space ﬂﬁ";? (P, d) are also
well understood [Vis12, Thm. 5.9]; indeed they have a similar description to the
ones of Kontsevich’s space. The main advantage of the m-stable compactification
is that the number of components drops as m increases.
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In particular the space ﬂgl)(P”, d) we will consider in the next sections has
not got the boundary component D*.

2.3. An alternative characterisation of smoothability via genus 1 sin-
gularities. Inspired by Viscardi’s alternate compactification, we give another
description of smoothable maps in genus 1.

Proposition 2.6. Let [f: C — P"] be a stable map from a genus 1 curve C =
Eplg I, Ri, where E is the mazimal genus 1 subcurve contracted by f, and the
R; are rational tails on which f has positive degree.

Then f is smoothable if and only if it factors through a curve with a genus

1 singularity f: C SN P", such that ¢ contracts Exc(f) := {D C C :
f*Opr(1)|p ~ Op} and is an isomorphism outside it.

Lemma 2.7. [Smyl3, Appendix A| The Cohen-Macaulay genus 1 singularities
with m branches are obtained by gluing a genus 0 singularity with k branches
together with a (m — k)-elliptic fold. Notice that k may be 0 (i.e. a point) or 1
(i.e. a smooth rational curve).

Lemma 2.8. Every genus 1 singularity is smoothable.

Proof. We explicitly construct a (semi)stable model with a contraction to the
given singularity. Assume we start with a (k,m — k)-singularity C. Pick any
m-pointed elliptic curve (E,qi,...,q») and glue E along the markings with m
copies of P! at their respective points 0; call the rational tails Rq,..., Rpy. It
is useful to consider the resulting curve C' as a point of Mlgm with markings
on the rational tails given by 1 and co. We now choose a smoothing éa of C
over a DVR scheme A, such that the total space €A has an A;-singularity at the
nodes qy, ..., qr and is regular everywhere else; furthermore extend the markings
to get a horizontal Cartier divisor ¥. Resolving the singularities we obtain a
fibered surface 7% : €5¥ — A such that in the central fiber the strict transforms
ﬁl, el ﬁk are at distance 1 from the core E, while the other rational tails are
adjacent to it. Call Fy, ..., Fi the exceptional divisors of the resolution. As in
[Smylla, Lemma 2.12] we may contract F, which is obviously balanced, by means
of the line bundle:
LA = wﬂ-ss<E + E),

which results in €A with an m-elliptic singularity in the central fiber, k of whose
branches are the images of F1,..., Fy and are thus unmarked. We may finally
perform a second contraction by using the line bundle % := 0z (X); let Ga
denote the resulting family of curves, with singularity ¢. Notice that % satisfies
cohomology and base-change, hence we may simply check on the central fiber
both its relative semi-ampleness and the behaviour of its sections. The sections
will be constant along F', ..., F}, so the linear relation among their derivatives
at the Smyth’s singularity will only imply the linear dependence of the tangent
vectors of §k+1, el }Afm at ¢; on the other hand sections of .% along Ry,..., Ry
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are completely i:r/l\dependent, and thus they embed these P'. We deduce that the
central fiber of €A has a (k, m — k)-singularity. O

Proof of Proposition 2.6. The argument that if f is smoothable then it has to
factor through a genus 1 singularity was essentially given by Vakil in [Vak00,
Lemma 5.9]. We review it here in some detail.

Pick a smoothing F': €A — P" of f = Fy. After base-change we may assume
that A is the spectrum of a complete DVR. The line bundle .Z := F*Opr(1) is
trivial on every irreducible component of the central fiber contracted by f. Since
every connected component of Exc(.¢) ={D C C : Z|p ~ Op} has arithmetic
genus 0 or 1, we may use the argument in [Smylla, Lemma 2.12] to show that
Z is ma-semi-ample. We thus get a contraction ¢: G — % A and notice that F

factors through ¢ by the construction of €A = Proj <@n>0 A *g®n> Being
a smoothing of a reduced curve, @ is normal, thus ¢ factors through the nor-
malisation v: ng — €A, which is a finite map by [Liu02, §8.2]. It is now clear
that %A — A is a flat family of genus 1 curves with reduced fibers, and the map
F o v has positive degree on all the components of Cg).

Viceversa let us suppose that we have a factorisation:

c— 1 _,p

NS

such that ¢ contracts Exc(f) and is an isomorphism everywhere else. We shall
below make the point that f is smoothable as soon as it is not constant on the
core (compare also with [RSPW19, Theorem 4.5.1]), so in this case we have no
use for ¢. Otherwise ¢ contracts at least the core, and C has a genus 1 singularity
at a certain point q. We first show that:

Claim 1. Under these assumptions, we can produce smoothings Ga of C' and ‘gA
of C' with a contraction map ¢a extending the given ¢.

A statement of this kind is in general far from true, see Remark 2.9 below. The
proof of this claim follows the lines of the two-step contraction described in the
proof of Lemma 2.8. It will be useful to treat C' as a stable curve marked with
F7HQ) for a generic quadric Q C P".

Proof. Assume that C has a (k, m — k)-singularity at g; denote by E := ¢~1(q) C
C, which is the maximal genus 1 unmarked (i.e. contracted by f) connected
subcurve of C. By assumption the components of C adjacent to E are marked
(i.e. not contracted by f), and they can be partitioned into Ry, ..., R mapping
to the genus 0 part of the (k, m — k)-singularity, and Ry1, ..., R, parametrising
the branches of the (m — k)-elliptic fold. Let I; denote the distance of R; from
the core Z, which can be determined from the marked dual graph. Let | =
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max{lg+1,.-.,m} and L = max{ly,...,l}. Consider a smoothing €a of C with
an A;_;, singularity at R; N E for i = k+1,...,m, and an Ar_;, 4 -singularity
at R;NE fori=1,...,k Extend the markings f~!(Q) to a horizontal Cartier
divisor ¥. Let € be the semistable model with regular total space; notice that
in the central fiber the strict transforms of Rgy1,..., Ry, are at distance ! from
the core, while all other marked components are further apart. Let EP2! be the
maximal unmarked balanced subcurve inside €§®, including all the components
at distance less than [ from Z. We may now use Smyth’s line bundle:

L =wggn | D (+1-URZ)F | @ Opp(),
FgEbal

to perform the contraction of EP® obtaining a family €A — A whose central
fiber has an me-elliptic fold point. Notice that the contraction is otherwise an
isomorphism, due to the stability condition. As in Lemma 2.8 we may then

perform a second contraction by using the line bundle %5 := ﬁ?A (X); we denote

by %?A the resulting family of curves. It may be seen that the central fiber %Ao is

isomorphic to C, and so is the resulting contraction up to an automorphism of
C. O

Let .2 be an extension of L := f*Opr(1) on %, which exists because deforming
line bundles on curves is unobstructed. In order to extend f to F: ‘gA — P all
we have to show is that the r 4+ 1 sections S, ..., 5,41 representing the map f
extend to sections of .Z. Thus it is enough to verify that H'(C,L) = 0 [Wan12].
Once this is done we are going to obtain the smoothing of the original map by

precomposing with the contraction F': Ga A %?A o
Since all the curves we are considering are Cohen-Maculay, they have a dual-
ising sheaf wg such that for any line bundle L:

HY(C,L) = (H(C,L @ wp))".
It is known [Ser00, TV, § 3] that ws can be described as the subsheaf of v.ws ®

K(C) (where v: C — C is the normalisation) satisfying: for every open U C Ca
rational 1-form w € v, (wg ® K(C)) (U) is a section of wg(U) if and only if:

> Res(r*(flw) =0 Ve O5(U)

qev=1(0)

From this description it is patent that the pullback of ws to the normalisation
restricts to a line bundle of degree —1 or 0 on every branch, according to it being
one of the k or m — k components. Hence it can be seen from the normalisation
exact sequence and Serre duality that H 1(6,E) = 0 as soon as L has positive
degree on one of the branches. 0
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Remark 2.9. In general it is not possible to find compatible smoothings as
above: pick any genus 2 curve with a rational tail and map it to the ramphoid
cusp, a planar singularity with local equation 2 — 2% = 0. Then a compatible
smoothing can be found only if the rational tail is attached to a Weierstrass point
of the genus 2 curve, as can be seen by computing the semi-stable model of the
ramphoid cusp. This example was kindly suggested to us by Prof. D.I. Smyth.

Remark 2.10. A way around the construction of a compatible smoothing, would
be to appeal to [Smy13, Lemma 2.9] and prove that the smoothability of f only
depends on its restriction to the k rational tails, namely it is independent of the
k-pointed elliptic curve that f contracts.

3. THE MODULI SPACE OF 1-STABLE MAPS WITH p-FIELDS

We adapt Chang-Li’s theory of p-fields to cuspidal maps. This is a word-by-
word repetition of the arguments in [CL12] once noticed that they carry over to
families of at worst cuspidal curves. We provide the non-expert reader with a
résumé of some of the key ideas contained in [CL12]|; this section can otherwise
be skipped.

3.1. Moduli of sections.

Definition 3.1. Let B be an algebraic stack and let m: € — B be a flat proper
morphism of finite presentation, which is representable by algebraic spaces, and
whose geometric fibers are reduced l.ci. curves. Let 2 be an algebraic stack,
representable, quasi-projective, and smooth over . The cone of sections of %
over % is a B-stack & defined by:

S(S — B) = {sections of Zs — €s};

The groupoid & is an algebraic stack representable and quasi-projective over
B [CL15, Proposition 2.3].

To fix the notation let us draw the following diagram:
1
Cge — ¢
N
S ——B

where ¢ denotes the universal section. Let us see some examples of the above
construction we will be interested in.
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Direct image cones. When 2 = Vb(Z) for a line bundle .Z on ¢, the algebraic
stack & — B representing sections of .Z can be constructed as:

C(m.Z) == Spec, Sym®*(R! 7,2 @ wy).

This is essentially because R! 7,2V ® w, commutes with pullbacks, and it has
the desired modular interpretation by Serre duality.

Moduli of stable maps and 1-stable maps. Recall that P denotes the universal
Picard stack. Let X C P" be a projective variety and let Zx be defined by the
following cartesian diagram over @y:

ngXX%m

o

2o+ 0 L5 pr o gy,

Then My(X, /) is the open substack of the moduli space Gx of sections of
Zx — @y defined by the stability condition. This is the point of view we have
already taken for X = P" in Proposition 2.2 to describe the local equations of
the moduli space of maps.

Analogously the moduli space of 1-stable maps Mﬁ”(x, B) can be thought of
as an open inside the moduli space of sections of

Py = (Vb(.,{ﬂgrﬂ) \ 0) Xpr X
over Cgf\ﬁ

Moduli of 1-stable maps with p-fields. In this section we denote by M the moduli
space of 1-stable maps Mil)(P‘l, d) and by Pg = /&@_5 ® Wi -
The moduli space of p-fields is defined as the cone of sections of the line bundle

—

Py over Gy
Definition 3.2. The moduli space of 1-stable maps with p-fields:
MUY @ ap = Clag (Pg)
parametrises 1-stable maps:
G5 15, pt

[

S
with a p-field ¢ € HY(Gs, f50pi(—5) @ wsy).
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We use the abbreviation P := ./\/l(l)( d)?. Employing the above description
of the moduli space of 1-stable maps, P can also be thought of as an open in the
moduli space of sections of the vector bundle Vb( /%5 @ 3@3).

3.2. Obstruction theories. With the above, the morphism & — B admits a
relative dual perfect obstruction theory:

¢G/B: TG/B — E@/B :=R* W67*6*Tg>/cg
For the proof see [CL12, Proposition 2.5] and notice that it relies on general
properties of obstruction theories and the cotangent complex, and the fact that
% — ¥ is smooth, but never on the specification that € — B is a family of nodal
curves.
Let us review the examples above:
e for the direct image cone of a line bundle .Z the dual obstruction theory
is Ec( )/B—R.ﬂ'*g
e the moduli space M = ./\/l ( d) has a dual obstruction theory relative
to B given by EM/m R* 51, *(@0 )
e in the case of 1-stable maps with p-fields P = mgl)(P‘l, d)P, we get
. — R~ (P P
EP/‘B =R WP’*( 5 © P5).
We review the compatibility of various obstruction theories for the moduli spaces
mentioned above.

Lemma 3.3. ‘i} is a smooth Artin stack of dimension 0. Furthermore there is a
compatible triple of dual perfect obstruction theories:

[1]

P T yml— 1 » Tiyg TSi/5m ‘
- - o .. ¥ (1]
R* 7y . (05) — R* 7y *(@331\7[) — Rag (f5Tpe) —

implying that EM/% R* 7 AM *(@0 i) gives the standard Behrend-Fantechi vir-

tual class on M.

Proof. The first statement follows from deformation theory: the projection p: 2]3 —
M is unobstructed of relative dimension 0 and 9 is a smooth Artin stack of di-
mension 0, since both nodal and cuspidal smgularltles are I.C.l., so obstructions
to their deformatlons are contained in Ext2 e Q5,05) =

The fact that TM/{)J? — EM/ =R*7 (fA Tpa)isa perfect obstruction theory
when ¢ — M is a family of Gorensteln curves is proved in [BF97, Proposition
6.3].

The lower row in the above diagram is induced by the Euler sequence of P*.
The middle column comes from identifying the space of stable maps as an open
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substack of the cone of sections (see above) of Vb(Q}0 ) over B. The existence
of such a commutative diagram is [CL12, Lemma 2.8]. The final claim follows
from functoriality of virtual pullbacks [Man12]. O

Lemma 3.4. There is a compatible triple of dual perfect obstruction theories
(R 75, (P5), R 75 (L2 @ P5),R* 75 (Z27))
for the triangle:

NS

B

Notice that the virtual rank of E5 & := R* frﬁ*(iﬂA o Ps 5) is 0, hence it
endows the moduli space of 1-stable maps with p-fields with a cycle class of di-
mension 0. However P is not proper. In the next section we describe Chang-Li’s
cosection (depending on the choice of w € k[xo, ..., x4]5) of the obstruction bun-

dle, and show that the corresponding localised cycle is supported on the proper

subtack ﬂ(ll)(X, d), where X = V(w) is the quintic threefold, that is the degen-
eracy locus of the cosection.

3.3. Cosection localisation and virtual pullback. Recall Kiem-Li’s machin-
ery of cosection localised virtual classes [KL13, Theorem 1.1]:

Theorem (Localisation by cosection). Let Y — S be a morphism of DM type
between algebraic stacks, with Y Deligne-Mumford and S smooth, endowed with a
perfect obstruction theory. Suppose the obstruction sheaf Oby admits a surjective
homomorphism o : Oby, — Ou over an open U CY.

Let 1: Y (o) =Y \U <= Y, then (Y,0) has a localised virtual cycle:

Yo € ALY (o).

loc

This cycle enjoys the usual properties of the virtual cycles; it relates to the usual
virtual cycle [YV' via [V = 1, [V € A,Y.

loc

We now review a slight generalisation of this, that combines it with Manolache’s
virtual pullback construction [Manl2]; this can also be found in [CL12, § 5].

Let Y — S be as in the hypotheses of the theorem, or more generally such that
there is a triple of compatible obstruction theories for a triangle Y — S — T with
T smooth. Assume for simplicity that the obstruction theory Ey /g is a vector
bundle £ admitting a cosection:

EZS 0y

surjective on an open U C Y; denote by Y (o) the complement Y \ U. Recall the
following notation from [KL13|:

G =Ker (Ely = Oy|y),  E(0)=Ely) UG.
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Kiem and Li define a localised Gysin map:

Dot Ax(BE(0)) = ALY (0)),

S&Joc:

which we explain in what follows. Let [B] € Z.(E(0)) be a cycle represented
by a closed integral substack. If B C E \y(g) then they use the standard Gysin

morphism:
|

Soloc Bl 1= S!E\Y(a) [B] € Au(Y (0)).

Suppose instead that B is not contained in Ely (). Then we may choose a variety

with a regularising morphism Y £ Y such that:

e v is proper and v(Y) N U # 0;
e the pullback along v of the cosection v*o =: ¢ extends to a surjective
morphism

V'E % 05(D) =0

for a Cartier divisor D C XZ B _
e there is a closed integral B C G = Ker(d) such that ,[B] = k[B] for
some k € N.

We denote by v(c): D — Y (o) the restriction of v to the divisor, and by 7: G —
E(o) the restriction of the natural map v*E — E. The localised Gysin pullback
is then defined as:

ShaaclBl 1= 0(0). (D] $41B)) € A.(Y (o).

In [KL13, § 2] they prove that: such (Y, v, B) always exist; the cycle sé}lOC[B] is
independent of the above choices; the construction preserves rational equivalences

and thus defines the desired morphism on Chow groups.

Remark 3.5. If we consider [Y] as a cycle in E(o), thought of as the zero section
of E, notice that a natural choice for Y is Bly () Y.

Kiem and Li then proceed to extend the cosection-localised Gysin pullback to
vector bundle stacks h'/h°(E) (this is relatively easy in the presence of a global
resolution, which is the case in the situation at hand); they show that the intrinsic
normal cone €y /g is contained in the closed substack h'/h%(E)(c), at least when
the cosection of the relative obstruction bundle lifts to a cosection of the absolute
obstruction bundle [KL13, Corollary 4.5].

Definition 3.6. Consider a cartesian diagram of stacks:

vy

bo |

[ Ay
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with p as above. Assume furthermore that we have a cosection
Oby/s — ﬁy

that lifts to a cosection of the absolute obstruction sheaf Oby. Then we can
define a localised virtual pullback operation:

(Ve ot A(S) = A (V)
where Ey/ /o = (¢')*Ey/g, o' = (¢')*(0) and Y'(0') =Y (o) xy Y.

Replace S’ by a primitive cycle in it, i.e. assume that S’ is irreducible and
reduced. Recall that pulling back Ey/g along ¢’ endows p’ with a relative perfect
obstruction theory. Furthermore we can pullback the cosection:

ObY’/S’ = (,O*Oby/s U—) ﬁy/.
The degeneracy locus of ¢’ is Y/(0”), which in turn implies that:
R /R (Byrys) () = ()R /RO (Ey;s) ().
By |[KL13, Corollary 4.5] and from the cartesian diagram above,
Cyrsr € (') Cyys € Byrygi(a’)
thus we can define the localised virtual pullback of [S’] to be:
(p,)I!EY;/S/,O'/ [S,} = SL/,loc{Q:Y’/S’]‘

3.4. A cosection for p-fields. We are going to construct the cosection paral-
leling [CL12, §§3.2-3.4]. There is a morphism of vector bundles on P induced by
iterated tensoring of line bundles:

hi: VD(ZE® & Pg) = Vblwag).  hi(x,p) = pw(x0,. .., x4)

By differentiating it and pulling it back along the universal evaluation

/Vb )\ {0} & Vb(Z)

g g
P pt
we obtain a cosection of the relative obstruction sheaf
01: Oby g =R ( %5 ® P5) = Rlip (wi) ~ Op

(2) 1
01w (&, D) = pW (1) + 9 Z Ayw(u);
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The degeneracy locus of this cosection is ﬂgl) (X, d): by Serre duality if w(u) #
0 then we can find a p such that the cosection does not vanish; similarly we
can do if 1/12?20 Oiw(u) # 0. But w(u) = 0 and d;w(u) = 0 never happen
simultaneously by smoothness of X, so it has to be w(u) =1 = 0.

Moreover Chang and Li prove that o lifts to a cosection of the absolute ob-
struction bundle Obs — O5; it has the same degeneracy locus because Obz o
Obs is surjective. This is a sufficient condition for the relative intrinsic normal
cone to be contained in the closed substack of the obstruction bundle determined

by the cosection, see § 4.4.
We may thus endow ﬂﬁ”(]}”, d)? with a localised virtual cycle:

~

vir ! ——(1
[P]loc = 0:71,100{67/5/@] S AO (Mg )(Xv d)) .

We want to show that it gives the same numerical invariants as the cuspidal
Gromov-Witten theory of X, up to a sign:

Theorem 3.7.

deg[ My (P4, )it = (—1)* deg[M; (X, @)™
3.5. From p-fields to the quintic threefold. This is achieved in two steps: we

first compare the invariants of ﬂgl) (P*, d)P with the ones coming from ﬂﬁ” (Nx/ps,d)?,
where Ny /pa is the normal bundle of the quintic in Pt

Second we compare the latter invariants with deg[mgl)(){, d)|vi.

Deformation to the normal cone. This is attained in [CL12, §§4-5| by a family
version of the p-fields construction applied to the deformation to the normal cone
of X C P%; let us denote the latter by V' — A}, so that Vizo = P* and Vp = N ps.

Lemma 3.8. The deformation to the normal cone V is cut inside Vb(Opa(5)) x
Al with basis coordinates [xo : ... : x4] and fiber coordinate y by the equation
w(z) —ty = 0. If C(V) denotes the affine cone over V, then its tangent bundle
is determined by the following exact sequences:

(3) 0= Tow)ar = Oty © Ocv) =———— Ocq) = 0
>, Ow (@)@ —tg—yt
(@) 0= Tow) = 08, @ Oy ® Ocy = Ocq) = 0

This allows a description of the moduli space of maps to V as the cone of

sections of a certain smooth object 2 over %@XN:
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¥ 174
¢ O
Vb($§5) \ {0} Vb($§5) ——— Vb(Opa(5)) x Al

Cgmwm (gasmtl
l M) "pxa
MUV, (d,0)) P x Al

Similarly V=M 1)( V,(d,0))? can be defined as the cone of sections of 2 :=
' @Vb(ﬁ ). The general theory explained above provides an obstruction theory

for V — P x A} [CL12, Proposition 4.2]:
Lemma 3.9. A dual perfect obstruction theory is given by:

O gixart T gixar = Bpjguar = RO AR50 © )

where f5;: ‘6% — V' is the universal map and F€ is the vector bundle on 'V defined

by the exact sequence, see (3):

> Oiw(X)Xi—ty
=

0 — S — pria (Ops(1)®° & Opa(5)) pris Opa(5) — 0.

The restriction of ¢9/§3><A1 to a fiber
1

- P t#£0
Vi=3 =0
M (NX/]P’47 d)f t=0

gives the standard obstruction theory of ﬁt — ‘i}

We would like to conclude that the restriction of the virtual cycle to the fibers
is the standard virtual cycle on the fiber. The techniques of functoriality in inter-
section theory teach us that we should look for a triple of compatible obstruction
theories for the triangle:

The cone of sections interpretation prov1des us with an obstruction theory relative
to V — B given by:

/ _ o * /\A
Ef; o = R*#p(f50 @ 7)
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where ¢ is determined by the following exact sequence on V, see (4):

> Oiw(x)% —ty—yt

0 — S — pris (Ops(1)®° @ Opa (5) @ Opa) pris Opa(5) — 0

Of course hO(IE;7 /(53) ~ T ot but the previous lemma and the difference between
# and ¢ hint at the fact that the obstruction sheaf h! (E%}
R! sy

find their standard obstruction theory. A confirmation of this fact is given by

/‘3) contains one factor
.0z = 05 too many, so that restricting E;A) & to the fibers we would not

5

observing that IE;A) 3 equips V with a 0-dimensional cycle, while we are looking

for a 1-dimensional cycle such that restricting to any fiber, i.e. applying ¢}, we
get [Vt]wr € Ao(Vt)

This issue is solved in [CL12, §§4.5-6] by lifting the standard obstruction theory
Qb;j 3 to a different, specifically tailored one:

Yot Tom = Bog
where the latter two-term complex fits into an exact triangle:

v (1]
a7 By g
Furthermore ¢; ey is compatible with the standard obstruction theory for the

fibers:

R'#s O

V,* %[_2] - ET/

Lemma 3.10. For everyt € All{ we have a commutative diagram:

9.0, 71 — Ep g — Ep 50y,

T I |

Tgl Tgl Tgl |A
Ve/V Ve/T V/BVe

For the proof see [CL15, § 4.6]. Notice that the lower row is not a distinguished
triangle, yet Chang and Li prove in [CL12, A.4] that this weaker (truncated)
notion of compatibility is enough to prove functoriality.

Since we are working with cosection localised cycles, we need a family version
of the cosection. This is induced by differentiating the following vector bundle
morphism on P x A}:

Vb2 & 22 © Py) {prapra), Vb(ZE & ) 5 Vh(wsy)
The cosection takes then the following form:
Obg gy © R (L2 @ 28 @ 75) — R s
1| (upo) (T5 9, D) = Yy + vp
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It is showed in [CL12, §4.7| that & lifts to a cosection &: Oby; — 05 and that
the degeneracy locus of & is

MU (x,d) x AL
Recall that the sections (u,v) are required to satisfy w(u) —tv = 0. So 71
coincides up to a non-zero scalar with the above defined cosection o7 for P when
t # 0. It is proved in [KL13, Theorem 5.2| that, given compatible perfect obstruc-
tion theories, the construction of a cosection localised virtual cycle is compatible
with Gysin pullbacks, so that by [CL12, Proposition 4.9]:

~ ~

{37vir vir ! 1{3vir (1 vir A
oV = [PIyT € A(Q),  hIVIET = (MY (W e, I3 € Ao(Q)
where we have denoted by O = Mgl)(X, d).

Functoriality of cosection-localised pullback. We prove that deg[ﬂgl) (Nx/p4, d)p]gior
coincides up to a sign with deg[ﬂgl)(X, d)]V'. In the rest of the section we use

the following notation: N = ﬂgl)(NX/Pz;, d)P, and ©0: N = Q.
First, Chang and Li prove that there is a perfect obstruction theory

R®A . (P54
E/\A//é =R TF/\/,*(XJV @‘@N)

compatible with Eﬁ/@ and ﬁ*Eé so that E/\A[/@ inherits a cosection of, with

/P
degeneracy locus D(o() = Q. So they have a localised virtual pullback:

O gloct Ax(Q) = Ad(D(op) = Q)

which they then prove to satisfy functoriality using the techniques of [KKPO03],
S0:
A1 A1vi 7(1) vi
UI'EAA//@,IOC[Q] T = My (Nxyps, d)PIG

~

/@,loc o1 AO(Q)7 we juSt
[C]) for a closed point ¢. This is done in [CL12,

Theorem 5.7] and the same considerations work in our case.

Hopefully we have managed to convince the reader that the subtle intersection
theory perpetuated in [CL12| does not rely at all on the hypothesis that the
families of curves we are working with are nodal, but l.c.i. curves are well-behaved
enough so that all the proofs carry over to the situation of our interest.

To conclude it is enough to compute the degree of @[!EA
7

|
need to compute deg(vEmé’loC

4. THE WEIGHTED 1-STABILISATION MORPHISM

Before stating the main result of this section we recall the following:

Definition 4.1. imgvﬁjdﬁt denotes the stack of weighted-stable curves of genus
’ wt=d,st
1n

1 with n markings and total weight d: geometric points of I represent
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connected, reduced, nodal, projective curves of arithmetic genus 1 with n distinct
smooth markings and an integer-valued function wt on the dual graph.

Such a function assumes only nonnegative values, the sum of which on all the
vertices of the dual graph is d; wt is compatible with the specialisation maps, and
we further impose the following stability condition:

e every p, = 0 component of weight 0 has at least three special points;
e every p, = 1 component of weight 0 has at least one special point.

There is an étale, non-separated morphism sm{fjfdﬁt — My . The stability
condition is such that the forgetful map M, (P",d) — My, factors through
im{fﬁfd’“, the weight coming from the degree of the map to P".

Definition 4.2. Let E)ﬁm dSt( 1) be the stack of at worst cuspidal connected,
reduced, n-marked, prOJectlve curves of arithmetic genus 1 that are weighted-
stable with total weight d, i.e. the weight is nonnegative and such that:

e every p, = 0 component of weight 0 has at least three special points;
e every p, = 1 component of weight 0 has at least two special points.

In this definition, by special point we mean the preimage of a node or a marking
in the normalisation.

Remark 4.3. It follows from the miniversal deformation of the cusp that being
at worst cuspidal (i.e. having only nodes and cusps as singularity) is an open
condition on the base of any family of curves.

Theorem 4.4. There exists a morphism met st met % Y1) which extends
the identity on the smooth locus.

As anticipated we explain two different approaches to the proof:

(1) we first construct a substack of the product Z)JTWt st SITIWt =454(1) which
plays the role of the graph of such a HlOI‘phlSIIl and then check that the
projection onto the first factor is an isomorphism;

(2) we prove that the 1-stabilisation exists at the level of curves with a divisor
constructing the contraction directly, then argue that it descends to a
morphism between moduli spaces of weighted curves.

4.1. First approach: the graph. Recall the shorthand notation 9t = ith dist

and M = E)ITIWt 45t(1), with universal curves 7: 4 — 90 and 7 ¢ — M respec-

tively. Abusmg notation we will still write ¢ and % for their pullbacks to the
product 9 x M along the two projections.

Lemma 4.5. There is a locally closed substack X C Mormxﬁt(‘ﬁfg) represent-
ing morphisms that contract genus 1 tails of weight 0 to cusps, and are weight-
preserving isomorphisms everywhere else.
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Proof. Recall that Mor, (%, %?) is an algebraic stack; in fact the map to M x M

is representable by algebraic spaces [AOV11, Appendix C|. Let ¢: € — % denote
the universal morphism. We now proceed to construct X as a locally closed
substack in the space of morphisms.

Step 1: We first lift the problem to the level of Picard stacks in order to trans-
mute the property of being weight-preserving into the more manageable one of
preserving the line bundles. Recall the notation:

\: g«B _ mictotdeg:d,st N m’ 5\: sﬁ _ miCtOtde‘q:d’St(l) N ﬁ

1In 1In

for the Picard stacks of 7 and 7 respectively, with universal line bundles .#
and .. We can now look at the algebraic stack Mormxﬁ(%, %) with universal

Xﬁ(%,‘g). There exists a lo-
cally closed substack )’ C Mormxgﬁ(%, %) representing those morphisms that

~

preserve the line bundles. Indeed, given a smooth chart S — Mormx(ﬁ((ﬁ%),

the locus of s € S where @;5{ > %, is nothing but the locus T' where the two

sections Zs and CIJ*S.,% of P(S) — M(S) are isomorphic. In other words we
are looking at the fiber product

morphism @ and natural projection II to Mor,,

T—p

.

S ——P xm P

Being P — 9 representable by locally separated algebraic spaces [BLRI12,
Theorem 8.3.1], A is a quasi-compact locally closed immersion [Sta20, Tag
04YU], so in particular T'C S is locally closed.

Step 2: Furthermore there is a closed substack ) C ) representing surjective
morphisms that preserve the markmAgs.

Given a chart S — Mormxfﬁ(‘ﬁ, %), the locus of s € S where @ is marking-
preserving is the equaliser of the two sections:

S % Cé:g Xg...Xg Cg:g
x boo;
This defines a closed subscheme of S, since CKAS — S is separated.

As regards surjectivity, since ® is proper and the dimension of the fiber is
upper semicontinuous [Sta20, Tag 0D41], the locus in %AS where the fiber of ®
is empty is open. Its image in S is open by flatness of ‘gg — S [Sta20, Tag
01UA], and the complement of the latter is the locus we need.

~

Step 3: We may now get back to Mory, (%,%). Let &’ be the image of Y

~

under IT. This is a constructible substack of Mory, (%,%’) by Chevalley’s
theorem [LMBO0O0, Theorem 5.9.4]. Recall that to show that a constructible set
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is open (respectively closed) it is enough to check that it contains all the gener-
isations of its points (respectively all the specialisations) [Sta20, Tag 0DQNTag
0903]. Finally, under Noetherian assumptions, two points related by speciali-
sation/generisation are contained in the image of a DVR scheme [Sta20, Tag
054F].

It can be shown as above that being surjective and marking-preserving are
closed conditions. The requirement that ¢ can be covered by a line bundle-
preserving morphism can be translated into the following combinatorial condi-
tions:

(1) ¢ contracts only components of weight 0. We show that this is open. As-
sume that A is a DVR scheme with closed point 0 and generic point 7, and
we are given A — X’ such that ¢g: 6o — %o does not contract any com-
ponent of positive weight. Suppose there exists an irreducible component
D, C €, of positive weight dp which is contracted by ¢,. The contracted
locus, i.e. {c€ €a|dim.p 1 (¢(c)) > 1}, is closed by semicontinuity of
fiber dimension, hence it contains all the components D; C % to which
D,, specialises. At least one of them has positive weight, since the sum of
their weights is dp, which is a contradiction.

(2) ¢ has degree 1 on every non contracted component or, equivalently, for
every S — X’ there is an S-dense open in ng such that the restriction of
¢g to its preimage is an isomorphism. This is an open and closed condition;
we show it is open. Let A be a DVR scheme as above and assume that
¢o satisfies the property. Since ¢ is proper, we may consider

Saslal =Y 1ilCas) € As(Gn).

Applying Gysin pull-back to 0 (which is a regular closed point of the base)
[Ful98, Prop. 10.1(a)|, we see that all the n;’s are 1 for those %;’s such
that 0'[%;] # 0. On the other hand there is no irreducible component of

¢ supported on E,.
(3) ¢ is weight-preserving. This is again an open condition, as we can see
from the weighted dual graphs. Let I'(¢) be the map induced at the

level of weighted dual graphs I'(6a) — I'(6a). 1t is compatible with the
specialisation maps:

(%) —2% 1(%)

lsp J{Sp
T —~
r(%) —2% T(%)
Since the weight of a component of the generic fiber is determined by those
of the components to which it specialises

deg(v) = Y deg(w)

wesp~1(v)
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I'(¢y) has to be weight-preserving as well.

Step 4: We have imposed that, if ¢ contracts a subcurve E of the fiber, it must
have weight 0. Since the fibers of 2 only have nodes and cusps as singularities,
and the markings are required to be smooth points, we observe that E must
be unmarked and have arithmetic genus 1 by weighted stability; furthermore
‘E NnC\ E‘ < 2,i.e. E is either an elliptic tail or an elliptic bridge. There are
two possibilities left:

(1) ¢ contracts an elliptic tail to a cusp and is an isomorphism everywhere
else, or there is no elliptic tail to start with and ¢ is an isomorphism;

(2) the elliptic tail/bridge is contracted to a smooth point/node, then a non-
separating node or a cusp must appear somewhere else in the fiber of 2
in order to preserve the arithmetic genus.

We want to avoid the second scenario, so we define the open substack X € X !
as follows. Given €5 — s € X'(S), let U C € be the mazimal S-dense open
subset such that ¢S‘¢§1(U): ¢§1(U) — U is an isomorphism, and V its closed

complement in €s. Then X is the open locus [Sta20, Tag 055G| where the
fibers of 7|y-1(y): ¢~ 1 (V) — S are geometrically connected.

~

This concludes the construction of the locally closed substack X C Mory, 5 (%, €).
O

~

Lemma 4.6. The first projection pry: Mory, &(%,€) — DM restricted to X is
an tsomorphism with IN.

Proof. This result will follow from an application of Zariski’s Main Theorem for
algebraic spaces. First we claim that the projection prjjy: X — 9 is repre-
sentable by algebraic spaces: by [Sta20, Tag 04Y5] we only need to check that
it is faithful, and by [Con07, Theorem 2.2.5] it is enough to look at geometric
points. Hence we need to say that, given ¢: C — Ca K-point of X', we have
Aut(¢) C Aut(C). Recall that automorphisms of ¢ are commutative diagrams:

Q) ——

CL
y
CL

Now @ZA) is determined by v : for any p € 5, either ¢ is an isomorphism in a
neighbourhood of its preimage and thus around that point 1[1 =¢opoo ! or
#~1(p) is a genus 1 tail, so ¢ must preserve it.

Secondly pry|x is proper: this can be seen using the valuative criterion:
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n' = Spec(K') —— n = Spec(K) —= X

A" = Spec(R') —— A = Spec(R) —— M
Let m: A — A be the family of nodal curves on A; there are three cases to
consider:
(a) the central fiber contains no elliptic tail, then the same is true for %,

hence ¢, is an isomorphism. We can extend ¢,, as follows:

G ———— G,
®n

L Lo@? !
Ca —2Cs Gp = G
Another extension ¢': G = fé\A would be isomorphic to the previous one
via:
en —2 Gn
Jia L
Cn —95 G
If instead %p has got an elliptic tail, then we have two possibilities:

(b) €, has got an elliptic tail as well; that is the image of A — 91 is contained
in the boundary, so we can find a lift

wt=d,st
My x My 14
T l
A———Dapfony —— M.

Then %A is the pushout of a family of rational curves Za and a family
of genus 1 curves &a:

A%%A

o |

EAN — GA

Recall that the cuspidal curve ‘gK can be described as the pushout of the
following diagram:
2K —— Zx

[

K*>§K.
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Since the smooth section A — Za defines a Cartier divisor, it makes
sense to take its double and we can thus define €A by means of the
similar diagram:

2A —— A

o

Aiﬂﬁa

The morphism ¢a: Ga — ch extending ¢, is then defined by exploiting
the description of €A as a pushout (5), and the morphisms id: Zx — Za
and prg, : €A — A to the upper right and bottom left corners of the last
diagram respectively.

(c) If €a does smooth the elliptic tail, then ¢, is an isomorphism. We may
assume that A is the spectrum of a complete DVR with algebraically
closed residue field [LMBO00, Theorem 7.10]. Then we may pick a smooth
section for each rational component of % and extend them to sections
of €A — A by Grothendieck’s existence theorem; let us denote by ¥ the
Cartier divisor that is the sum of all such sections. Let Z be the elliptic
tail in the central fiber; then we claim that wg, /a(Z) ® Og, (28) is T
semi-ample, ample on the generic fiber, and gives the contraction of the
elliptic tail to the cusp in the central fiber. We shall not prove the claim
here, since this is the core of the second approach.

Finally observe that the map is bijective by construction and 91 is normal, hence
my: X — M is an isomorphism by Zariski’s main theorem (as in [Sta20, Tag
0821])). O

4.2. Second approach: constructing the contraction. The idea behind this
construction is essentially due to Hassett [HH09, §2| and it has recently been
reviewed and simplified in [RSPW19, §3.7|. For simplicity we will work with
unmarked curves, which is indeed the case of interest when looking at the Gromov-
Witten theory of a Calabi-Yau threefold.

We shall construct the contraction over 9" first, and then show that it de-
scends to M. The weighted stability condition is implicit in the notation.

Let € be the locus inside the universal curve spanned by elliptic tails of weight 0;

.. . .. . . t,st : :
this is a Cartier divisor in the universal curve over 97""™; we will abuse notation

and denote by &£ all its pullbacks. Moreover we denote by ®! its image in iUI‘th’St,
which is a Cartier divisor as well.

Consider the following line bundle on the universal curve over MMV
(6) N = wr(E) @ O4(2D),

where D is the universal Cartier divisor over IM$Y. Notice that .4 is trivial on
the locus of elliptic tails, so the Proj construction applied to .4 will contract this
locus.
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Proposition 4.7. Let ¢ = Projmdiv(@n>0 TNV €™, Then % is a family of
d >
weighted 1-stable curves and ¢ is a reqular morphism:
¢ ~
(¢,D) (¢,¢(D))
mfliiv
This defines the 1-stabilisation morphism MMEY — MV (1),

We need to prove that .4 is m-semi-ample (regularity of ¢) and that m../" is
locally free (flatness of ). Both these facts are clearly true generically, but less
so on points of & and ®!. We shall check this by exploiting the next lemma,
which is a nice technical gadget taken from [RSPW19].

Lemma 4.8 (pullback with a boundary). Let m: € — S be a proper family of
curves over a smooth basis, and let A be a line bundle on € such that Rl m, A is
a line bundle supported on a Cartier divisor ® C S. Then for every DVR scheme
A with closed point 0 and generic point n, and for every morphism f: A — S
such that f(0) € © and f(n) € S\ D we have

[rmeN = WA,*fCZf/V'
Proof. The argument can be found in [RSPW19, Lemmma 3.7.2.2]. O

Now recall that in our case .4 is trivial on elliptic tails and of positive de-
gree everywhere else. The rank of R! 7,.#" can be checked on the fibers [Har77,
Theorem II1.12.11], so we see that it is 0 outside D' and 1 on it.

Lemma 4.9. The line bundle A is w-semi-ample, i.e. the natural map
T T N O — O
is surjective for n > 0.

Proof. Outside the locus of elliptic tails .4 is w-ample. We are left to check on
points belonging to an elliptic tail; thanks to the above Lemma we can reduce to
the case that C' is the central fiber of a one-parameter smoothing of the elliptic
tail. This has been dealt with by Smyth [Smylla, Lemma 2.12]. O

Lemma 4.10. 7./ is locally free on MMV,

Proof. [RSPW19, Proposition 3.7.2.1] We have to check that m,.4" has constant
rank. On smg“v \ D1 we see that R me V= 0, so w4/ satisfies Cohomology and
Base Change and its rank is determined by Riemann-Roch. Given a point x on
the boundary @', we can pick a DVR scheme A whose closed point maps to
and whose generic point maps to MY \ D!, Then we are in the hypotheses of
Lemma 4.8 and we can check the rank at x by looking at m, f*.4" over A. Now
f* A is flat over A, so m,f* A is as well, which implies torsion-free and thus
constant rank. ]
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Proof. 4.7 Let S — sm;ﬁv be a smooth atlas, then we have:

(%5, Ds) ——25— (%s,6(Ds))
\ . /

where Gg = ES(EB”ZO TN ™), ¢g is a proper and birational morphism
since .4 is mg-semi-ample and 7rg is flat since mg 4.4 is locally free. To verify
that this defines a morphism S — 9M{V(1) we have to argue that %Z:q has reduced
fibers and only nodes and cusps as singularities.

Since these properties only concern the fibers of & we can verify them after base
change to a DVR scheme A chosen as in Lemma 4.8, so that the construction com-
mutes with base-change. Furthermore we can pick f: A — S such that the total
space G is regular, so we may just apply Smyth’s Contraction Lemma [Smy11a,
Lemma 2.13].

Finally to conclude that this defines a morphism MY — IMV(1) it is enough
to verify that there is an isomorphism pr{‘gg = przcgg satisfying the cocycle
condition, where pr;: 8" =S Xopdiv S =3 S.

This follows from the fact that prf‘gs are obtained from applying the Proj
construction to primg ./ = my priA’, by flatness of S — S. Thus it is enough
to show that pri.#” = pr5.#". But .4 is the pullback of a line bundle on MY,
thus the desired isomorphism follows from the commutativity of the diagram

T
S Xgpaiv S —— S
1

-

S ——— mgiv
The cocycle condition is derived similarly. O

Proposition 4.11. The 1-stabilisation for curves with a divisor induces an ana-
logue morphism on weighted curves:

e ——— ang (1)

[ o

mxlvt,st E| m\{vt,st (1)

Proof. Etale locally on E)JZ‘INt’St we can choose smooth sections s; of the universal
curve so that the Cartier divisor D =} s; has degree compatible with the weight
function, so in particular it makes A" = w;(E) ® Ox(2D) trivial on the elliptic

tails and m-ample elsewhere. For a smooth atlas S — zm{“’“, this observation
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allows us to define a lifting S — MY, and thus a morphism £: S — MY (1)
through the construction of Proposition 4.7.

In order to show that this descends to a morphism fm‘th’St — MY (1) we need
to verify that there exists pri(§) = pr3(§) satisfying the cocycle condition, where
pr;: S'=S X gpvtost S=S.

This boils down to checking that for two different choices of a lifting Dy, Dy: S —
im‘fiv there exists a unique isomorphism

% = Projg | ()™ | = Projg | Pm(A5)™" | =%

n>0 n>0

By construction there is a birational map :

We want to show that ¢ extends to a regular morphism. Notice that (é is
normal, ¢ = 1,2. Indeed since S is smooth and the singularities of the fibers
are in codimension 1, ‘é is regular in codimension 1. Moreover since both S
(smooth) and the fibers (Cohen-Macaulay) satisfy Serre’s condition Sa, so does
the total space of % by [Mat89, Thorem 23.9]. Then, since the geometric fibers
of ¢; are either points or p, = 1 subcurves, and in either case connected, Zariski’s
connectedness theorem implies that

GixOgs = Ogp.

Moreover by construction Exc(¢1) = Exc(¢2) is the locus of elliptic tails of weight
0, so in particular ¢y contracts all fibers of ¢1. Then [Deb13, Lemma 1.15] implies
that ¢ factors through ¢1, and viceversa. This proves the regularity of ¢ and its
inverse. Notice that v is unique as it is the only extension of ¢9 o qﬁl_l. ([l

Remark 4.12. The m-stabilisation for m > 2 does not extend to a regular
morphism; the following is an example with stable curves:

Both curves on the right are 3-stable, so it is unclear how to define the 3-
stabilisation already on points.

Here is some heuristics about why the natural choices in families do not work.
Indeed suppose we try contracting the minimal genus 1 unmarked subcurve. Con-
sider a 1-parameter smoothing of the node ¢: the generic fiber is a smooth elliptic
curve with three marked P! attached. If a contraction of the core existed, we
would get a family with a Smyth’s 3-fold elliptic point degenerating to the tac-
node, but such a family cannot exist; the miniversal deformation of the tacnode
contains only cusps and nodes as singularities.



REDUCED INVARIANTS FROM CUSPIDAL MAPS 33

\

o
T

Fiqure 1. An example of different plausible 3-stabilisations.

On the other hand, try to define the 3-stabilisation by contracting the maximal
unmarked genus 1 subcurve. Choose a generic smoothing of our stable curve
in such a way that the total space ¥a is smooth. Notice that the maximal
unmarked subcurve of the central fiber is not balanced [Smy1lla, Definition 2.11],
so contracting it we would get a non-Goreinstein singularity.

The indeterminacy has been resolved by [RSPW19].

4.3. Auxiliary spaces and induced obstruction theories. In this last part
of the section we exploit the 1-stabilisation morphism to introduce some auxiliary
spaces with a virtual class that are going to be useful in comparing cuspidal with
reduced invariants of the quintic threefold. Let Z be defined by the pullback
diagram:

j-p—S{
[ o ]
i)ﬁxlzvt,st m;vt,st (1)

Objects of Z over a scheme S consist of diagrams:

c ¢ ¢
S
where f is a 1-stable map and ¢ is the weighted 1-stabilisation; arrows over idg
are commutative diagrams:

~

]P)4

f

c—2.¢ pt
lw lw fdﬂ’
o 2o L p

where ¢ and 1& are isomorphisms. Recall that ’QZJ is determined by .
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Forgetting C and keeping f o ¢: C — P*, we obtain a morphism
i Z — Mq(P*d).
Lemma 4.13. The morphism i: Z — Mi(P4,d) is a closed immersion. In

particular Z is a proper DM stack.

Proof. From the above description of arrows in Z, i is representable (i.e. faithful)
and a monomorphism (i.e. full).

We can check properness using the valuative criterion. We argue as in [RSPW19,
Theorem 4.3]. Let A be a DVR scheme with generic point 1; consider a diagram:

%, @n —I— P
%l ¢ g

~

%IT}%AA

Notice that there is an open dense substack of Z where ¢ is an isomorphism.
Indeed the generic point of either the main component or any boundary compo-
nent is already 1-stable. Thus we can assume that ¢, in the above diagram is an
isomorphism.

Observg that f is constant on the fibers of ¢a, so it factors topologically
through €a. We can conclude as in [RSPW19| or appeal to [Debl3, Lemma 1.15]

using ¢, Oy, = ﬁ(&' To see this consider the exact sequence:

0— ﬁ‘fA — ¢*ﬁ<gA — ¢*ﬁch/ﬁchA — 0
Since ¢ is an isomorphism away from the cuspidal point, the cokernel is supported
in dimension 0. However x(0.2 ) = x(¢+0g,) implies the same equality holds on
’m

the whole of A, since the Euler characteristic is constant in flat families. So
X (P @Q/@%) = length(¢. @’fﬁ/ﬁ(ﬁ) =0. O

So we may add the commutative diagram to the left:

Mi(Phd) i 2 —— 7V (e a)
| | o |
st~ t,st
' X ()

A description of the irreducible components of Z can be easily obtained from
the inclusion ¢: there is a main component Z™3" which is the closure of the locus
of maps from a smooth elliptic curve, and for every k > 2 a boundary component

DFZ, whose general point represents a contracted elliptic curve with k& many
rational tails of positive degree.

Remark 4.14. Each component of Z is isomorphic to the corresponding one
in Mi(P* d). Indeed given any stable map there is at most one factorisation
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.

FIGURE 2. A typical element of D' N D?.

through the weighted 1-stabilisation of the curve and more in details: objects
of My(P*,d)\ D' are 1-stable already; objects of D' N M;y(P*, d)™*" factor
through the cusp thanks to the smoothability criterion, which implies the node is
a ramification point of the map; and objects of D' N D* (k > 2) factor through
a map which is constant on the cusp.

On the other hand, objects of D° = D!\ (M (P*, d)™3" U | J,~, D*) do not
admit any factorisation, so Z has no corresponding component.

We introduce two more spaces: let XP and ZP be the algebraic stacks defined
by the following cartesian diagram:

zr oy VP ayp

oo ]

AP — Piey (1)

| o |

X —— sm;“’“u)
Remark 4.15. The stack AP parametrises

with a line bundle .,2/”; on ‘KAS Notice that by pulling back .,Zg via ¢g we obtain
a line bundle on %5, hence a morphism XP — Pic;. This is generically an
isomorphism, but has 1-dimensional fibers over the locus of elliptic tails, due to
the fact that Pic(C') — Pic(C') has kernel G, when C has a cusp.

Remark 4.16. Similarly the stack ZP parametrises

S

with a p-field 1 € HY(Gs, f50pi(—5) @ wsy).

Pg
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We were not able to compare 2 ZP with My (P*,d)P directly, since denoting by
7= f*Opa(1) and by £ = qb*f we only have a map R! #.Z — R'm, & on ZP
which is not an isomorphism (dually, since ¢*wz = w;(E), the p-fields on € that
we get by pulling back from % vanish on elliptic tails).

4.4. A cosection-localised class on ZP. The obstruction theory R*® 7%*(,,2/”\@5 fa

@ for the morphism ]gl)(P‘l, d)? — Picy (1) together with its cosection induce
a localised virtual clags on ZP by localised virtual pullback, see § 3.3:

i !
[Zp]gl’fa,loc = fYEzp/Xp,Oé*U[XP}'
In order to show that this gives the same invariants as the space of 1-stable

maps with p-fields, we need to prove that localised virtual pullback commutes
with proper pushforward.

Lemma 4.17. With the same setup and notation as in § 3.3, suppose furthermore
that ¢ is proper and ' (Y')NU # (0. For every cycle [B'] € A.(5),

0.0 Py, [B1= (P)ky, 5 © p:[B] € A(Y (0)).

Proof. Consider the following diagram:

Au(S') — Au(Cyrjs) —— AW /B0 (Byr) (")) 55 AL (Y/(0"))

! ! | ]

A(S) —— Au(€y)g) — AW /BO(Ey,5)(0)) —225 AL (Y (o))

Only the right-most square is not classical. Hence we are left with showing that
for every cycle [B'] € A.(h'/h°(Ey//5)(0”)) we have:

(7) @ (51 10c B)) = shioc (#51B]) € A.(Y(0)),

where ¢®: b1 /h(Ey1/g/)(0') = h'/h®(Ey/s)(0) is induced by the morphism of
vector bundle stacks.
If B, C hl/hO(EY//S/)‘Y/(O-/) then SOE(B/) C hl/hO(Ey/S)‘y(U), thllS the 10—

li in morphism inci ith s nd s
calised Gys orphisms coincide wit Shl/hO(EY’/S’)lY’(o’) and Shl/h“(IEy/s)ly(g)

and their commutativity with proper pushforward is well-known, see |[Kre99| (or
|Ful98, Chapter 3| if we assume the existence of global resolutions).
Assume then that B’ is a prime cycle in h'/h°(Ey//5)(0”") not contained in
h'/hO(Ey/s/)ly (o). Then recall that:
1 -
S soc B 1= /(o). (ID] - s51B]) € Au(Y'(0"),
where /: Y — Y, (/)*(0’) and B satisfy the conditions of a regularising mor-

phism, see § 3.3. Notice that if we consider the composition v: Yy LY &y
and the pull-back v*(o), the first two of those conditions are always satisfied.
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How about B — B’ — ¢E(B') =: B? Suppose first that B’ — B is generically
finite of degree h; then B — B is generically finite of degree hk, so:

P (shy 1o BY) = 10 07/ (o). (ID] - 551B))
= (o). (ID] - s51B))

= hsi 10| B

o,loc
- SL',IOC(SOIE[B/]>'
If instead B’ — B is not generically finite, then the right-hand side in formula (7)
is zero. In order to show that the same is true for the left-hand side it is enough
to appeal to [KL13, Lemma 2.7, since v=[B] = (V)£ 0 ¢%[B] = 0. O

Corollary 4.18. deg[ZP]VIr = deg[ﬂgl)(P4>d)p]Vir

loc loc

This descends from the following lemma and the fact that XP and Pic; (1) are
birational.

Lemma 4.19. The 1-stabilisation im‘th’St — m‘ft75t(1) s a proper morphism.

Proof. Use the valuative criterion: let A be a DVR scheme with generic point ;
we have to fill in the upper right part of the following diagram:

We may in fact assume that ¢, is an isomorphism, and then it is enough to take
the weighted stable model of %. O

5. LOCAL EQUATIONS AND DESINGULARISATION

5.1. Equations for ZP relative to AP. We are going to need a description of
the normal cone €zp/yp in order to perform a splitting. Since Z? is a line bundle
over the boundary of Z, it suffices to find equations for the latter.

Recall that Z can be embedded as an open inside C’(fr*.i/”\%) over XP. We are
going to find an embedding of C(ﬁ*§@5) in a smooth ambient space over AP,
that is a vector bundle obtained by suitably twisting Z.

Following [HL10], we work locally on Z: start with a point £ = [(C SNVSIER
P4 € Z and choose coordinates on P* such that f~!{xo = 0} is a simple smooth
divisor D = Z?:l d; on C'. This continues to be true on a neighbourhood U of &.

Locally, the morphism Z — X’P can be written as £ — [C' — C, O&(D)], which

admits a local lifting U — XU := MPV(1) x5 X, and in fact hits the smooth
locus of the latter.
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Remark 5.1. The projection X4 — XP is not smooth. In fact, when the line
bundle is trivial on the minimal elliptic subcurve E, sections of 0z(D) which are
constant and non-zero on E are obstructed.

Nonetheless, Hu and Li’s argument still works as we proceed to recall. Let
D+, ..., Dy denote a local extension of 41, ... 7A5d in the smooth locus of the uni-
versal curve over a neighbourhood V of [C' — C, O5(D)] in XP. Furthermore, fix

a local smooth section A of the core of € over V. Via the Abel-Jacobi map, and
up to restricting V), find another smooth section p of the core of %) such that:

A=D1 —...=Dg) = Oz (p— A),

where .Z is the universal line bundle on XP . We shall think of p as a local
coordinate on XP relative to X. We may assume that in the neighbourhood V,
p remains close to A; we can therefore find a smooth section B of the core which
is disjoint from both.

As in [HL10, Lemma 4.10| we have the following:

Lemma 5.2. C(ﬁ*,,i/’”)\;) is the kernel of the vector bundle map:
B (A) L 7Ly (A) 4
Moreover, since V is affine and .,2/”1\;(./4) is effective, the following splitting holds:
7 Zp(A) = 7. Ly(A = B) & 7 By (A)s,

and ¢ restricts to 0 on the second summand. Furthermore,
d
# (A - B) ~ 7. P Oz (Di+p—B)
i=1

and we denote by
©i: fr*ﬁ(g)\(Dz +p—B) = 1.04(A)
the composite of the inclusion of the i-th summand with .

In order to state the next lemma, we introduce more notation: around a point
[(7] e MY (1), for every node ¢ of C there is a coordinate (; whose vanishing
locus is the divisor where such a node is not smoothed. These functions can be
pulled back to V. Denote by

Cs;,A] = H Cq

where the product runs over all the nodes separating ¢; from the core.

Lemma 5.3. The line bundles 7.0 (D; +p — B) and 7.0 4(A) admit triviali-
sations such that, locally, we have the following explicit expression for ¢;:

i = (s;,A]-
Compare with [HL10, Proposition 4.13].
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Lemma 5.4. A local chart U for Z can be embedded as an open inside:
(Fy=...=F; =0) C Vb(#.%4,(A)%)

where
d .
Fj =Y (o aw]
i=1

and w{ are coordinates on the fiber of the j-th copy of Vb(fr*.,éﬁ\;(A— B)) over V.
Compare with [HL10, Theorems 2.17-19].

5.2. Hu-Li blow-up and desingularisation. We perform a modular blow-up
of MY**(1): we successively blow up Oy, k > 2, defined as the closure of the

=k.

loci where the minimal elliptic subcurve E has weight 0 and ‘C’\7E NE
Notice that aﬁer the k-th blow-up, the strict transform of @kﬂ is smooth, so
the final result im;Vt’St(l) is smooth as well.
Remark 5.5. The fiber product
MY (1) X g ) Y
recovers the Hu-Li blow-up ﬁ‘{vmt. The key observation is that ©; is already a

Cartier divisor and the inverse image of @k is precisely Og; using the universal
property of the blow-up, it can be shown that there are maps in both directions,
and they are inverse to one another.

Remark 5.6. After blowing up, the equations in 5.4 are simplified and assume
the following form: )

Cw=20
where ( is one of the newly created boundary divisors (:jk from S)JTYt’St (i.e. one
of the exceptional divisors produced by the blow-up process), and w is a suitably

defined coordinate on the fiber of Vb(fr*,,?(A)) X xp XP.
Summing up, we get:

zr —— MU@ayp

My (P4 d) «— 2 MP P4 q)
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Notice that the components of ZP are in bijection with those of ZP, however
all the boundary ones have the same dimension 5d+4, and their intersection with
main is a divisor in the latter. On the other hand, Z has one less component
with respect to My, (P*, d), see Remark 4.14.

We conclude this brief section remarking that the blow-up procedure does not
affect the invariants:

Lemma 5.7. We have the identity:
deg[ZP|V = deg[ 2P}

loc loc

Compare with [CL15, Proposition 2.5].

6. SPLITTING THE CONE AND PROOF OF THE MAIN THEOREM

We are finally able to study the cone €3 This is going to be a word-by-

Zr/XP
word repetition of the arguments in [CL15].
Lemma 6.1. The map p: ZP — XP has a relative perfect obstruction theory
Egp/’ﬁ =R* 7. (LD P). The intrinsic normal cone € 3
properties:

(1) Its restriction to the open ZPe — Zpmain \ U2 D*ZP can be described
as the zero section of hl/hOEEZp/'XE”z:p,o B

(2) Its restriction to the open ZP&4° = ZP — ZPWain ys g pank 2 subbundle
stack of hl/hO(E,Zp/?ﬁ)\Zpygstvo

Proof. Compare with [CL15, Lemma 4.3]

(1) Observe that ZP° = Z° because here H(C,L®° wg) = 0. More-
over Z° is unobstructed on its image, which is an open of )C'P because
R!#,Z = 0. So the normal cone is [ZPe /7T .,2”@5], which is the zero
section of h'/hO(E ZP/XP)’ZPO =[0@R'# L@/W*X% ®0].

(2) We know that ZPeste s a line bundle over Z8°. From the equations

5.6 we see that the latter is smooth over its image W in AP, which is
the codimension 2 locus where the core has weight 0 and the line bundle
is trivial on it. Recall that every smooth morphism A — B of relative

30 /7P has the following

dimension n factors as A %5 B x A™ 2% B. So we have
Zpesto €LYy o ABAH6 . P x ABdH6
I |
We— 3 XP

where the bottom horizontal arrow is a codimension 2 regular embedding.
Thus

€y /75| Zrasto = [q*CW /LY @ m@}
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is a rank 2 subbundle stack of hl/hO(Egp/%)lzp,gst,o.

Notice that the image of Z° in M, (P*) contains M, (P4)main o DI,

6.1. Contribution of the main component. Recall the definition of the clo-
sure of the zero section of a vector bundle stack: let B be an integral algebraic

stack and let F = [Fj 4 F1] be a complex of locally free sheaves on B. The zero
section is Op: [Fy/Fo] — h'/hO(F) = [Fy/Fy], which is in general not a closed
embedding; its closure is defined as:

6]}7 = [Cl(dFQ)/Fo]
Op is an integral stack.

Example 6.2. When h°(F) = 0, the closure of the zero section looks like B with
some further stacky structure on the vanishing locus of d. Consider for example
B =P and F = [0p 5 Opi(1)]. Then the action of e € Fy on Fy is given
by f — f + xe. Clearly cl(dFp) is the whole line bundle Fi; the Fy-action is
transitive on the fibers over {z # 0} and trivial on the {z = 0}-fiber. Hence O
is isomorphic to P\ {z = 0} with a gerbe [A!/G,] replacing the point {z = 0}.

We may now split the cone €5, /%P in the following manner: we denote by gmain
the closure of the zero section of hl/hO(Egp/}PJ)]gp,mm,
cone supported on the main component. All the rest is supported on the boundary
components, possibly on their intersection with the main one, and we are going

which is an irreducible

to pack all the components supported on DkZp together and label them ¢*
accordingly, so in the end we obtain a splitting:

__ gmain k
s, p = € + de
E>2
We are going to show that:
(1) the contribution of €™ is exactly the reduced invariants of X;
(2) the other cones €*, k > 2, are enumeratively meaningless.

In order to prove the first claim we proceed as in [CL15, §5|; let us start
by noticing that the obstruction theory E := E splits as E; & Eg where

Zv/XP
E; = R® 7. (Z%) and Eg = R® 7,(Z). When we restrict to ZP™a" we see that
h'/hP(IE1) is the closure of its own zero section; it follows that:
Q:main — 6E|§P«,main = hl/hO (El)‘gp,main D GIEQlZp,main
Then by standard intersection theory (pullback the right-hand side by 7 =
g, O Tg,):
0]‘E [szaln} = OEEQ [G]EQ‘Z”p,main]

At this point we recall the following [CL15, Lemma 5.3|:
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Lemma 6.3. Let E = [Ey — Ei| be a complex of locally free sheaves on an
integral Deligne-Mumford stack B such that h'(E) is a torsion sheaf on B and
the tmage sheaf of By — E1 is locally free. Let U C B be the complement of the
support of h'(E), and let B C h'/h°(EV[~1]) be the closure of the zero section of
the vector bundle h'/hO(EV[-1]|y) = h°(E|y)Y. Then

0'[B] = e(h°(E)V) € A.(B).
We apply this lemma to R® 7 LB = EY on Zpmain Notice that it satisfies

the hypotheses by virtue of the equations in Remark 5.6: indeed the question
may be addressed locally; looking at the resolution of EJ:

7 LE(A) = 7, LF(A)| 4
we deduce from the equation that the image of this map is F*§®5(.A)|A ®
O 5pmain (—E), where = denotes the Cartier divisor = = Zpmain (Ukz2 Dk§p>.

Then fr*g ®3 is a vector bundle, being the kernel of a vector bundle map.
Lemma 6.4. If we let i be the inclusion of Z in le(IP’4,d), then:
is (Ctop (2 ZZ°) N [EP™M]) = cop(m? %) N M (B, )P

Proof. Recall that the projection (—)? — (—) is an isomorphism on main, so it

makes sense to write i,[ ZPmai0] = [ M (P4, d)P™2i0] which follows from Lemma 4.13.
On the other hand notice that on ZP™a% we have:

Tl = Fuh* L = 7. L

by projection formula and since ¢, ﬁ’%fgp main = Oz by Zariski connectedness
e © Zp,main
theorem. The result follows from the projection formula for Chern classes. U

We are left with showing that the rest of the ¢* do not contribute to the
invariants. This is essentially a dimensional computation. The arguments of
[CL15, §§6-8] may be adapted; we shall outline them for the benefit of the reader.
We introduce the notation ZP&% := | J,-, D¥Z? for the union of the boundary

components, and €8 = | J; ., ¢k,

Step I: reduction to the case of a cone inside a vector bundle. This
section deals with removing the technicalities of working with a cone stack inside
a vector bundle stack.

The key point is that E := E| 5, ... has locally free h® and h': the equations in
Remark 5.6 are automatically satisfied on the boundary, without imposing any
condition on the fiber coordinates.

When we fix a resolution by locally free sheaves E = [Fj 4 Fy], the image
sheaf d(Fp), which is the kernel of F; — h!(E), is a subbundle of Fy. Consider
the projections:

B:Fy — h'/R°(E) and B': Fy, -V :=R'#,(Z% & P);
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the second is also flat since d(Fp) is a vector bundle. The cone stack €85 can be
descended to a cone Ot C V by taking the quotient of 1€ by the free action
of d(Fp); C®" should then be thought of as the coarse moduli of €8, Recall that
we started with a cosection o1 of V' (see Eq. (2)) and pulled it back to all relevant
spaces. It follows from the commutativity of localised Gysin pullback with flat
pullback that:

Sht /o) 51 (5] = 5!17751 (&

See [CL15, Proposition 6.3].

Step II: from cosection localised to standard Gysin map. Recall that the
construction of a localised virtual class refines the standard one, namely:
Le [Y]Vir _ [Y]Vir’

loc

where v: Y (o) < Y is the degeneracy locus of the cosection. In particular, when
Y itself is a proper Deligne-Mumford stack, the degree of the localised virtual
class can be computed after pushing it forward to Y. N

Then to compute s!f/ . [C&'] we are going to compactify ZP#* extend the
cone, the vector bundle and the cosection to it, and then make use of the fact we
just recalled.

Since ZP&t 2 Vb

Fest (fr* ﬁ), we take its standard compactification:

A: Zret _p (ﬁ*ﬁ@ 0=

ngt> — Z&st,

We want to pullback the cosection:

4
O1|(u) (T, D) = pw(u) + 9P Z 0w (u)Zs;
i=0
noticing that in the compactification the p-field ¢ can go to infinity, we define

the vector bundles on ?’gSt:

Vlcpt — _*Vl(_Doo); ‘N/2Cpt — _*VYQ.
We are now able to extend the cosection and get:
o: cht = f/let D V;pt — ﬁfp,gst.

The compatibility of ¢ with &, and the fact that ZP i proper, together with
the observation at the beginning of this section, explain the following:

Proposition 6.5. Let v : Z.(V(5)) = Z.(VP) be defined by u[C] = [C]. And
i: D(o) — Z8& the inclusion. Then

!
a,loc -

Z.(V(3)) = A (Z8Y).

— | .
V*Osi}cptoL!:Z*oS
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See [CL15, Proposition 6.4| for full details.
Furthermore, from functoriality of Gysin pullbacks and the deformation to the
normal cone it follows that:

! Val | |
S'f/upt [C] = Stept © S'Vlcpt [N* Vcht C] .

Vs cnog
Step III: homogeneous cones. Chang an Li introduce the notion of homo-

geneity for substacks of V on ZP&t: write
V=ViaW with Vi =R'#.(Z%) and V5 = R' #.(2),

and v: gp’gsi% Z&t the projection. Since ZP# is the total space of a line
bundle over Z8%, it comes with a natural G,-action on the fibers of 7. Moreover,
since the highest pushforwards satisfy cohomology and base-change:

Vi =7V,

for the corresponding vector bundles V; on ggSt, so the total space of V; can be
endowed with a Gp,-action that makes the projection to ZP:8% equivariant. We
say that a closed substack of V is 0-homogeneous if it is the pullback of a closed
substack of V' along 7. In fact there are different Gy-actions on V that make the
projection to ZP# equivariant: namely, we can twist the trivial action on the
fibers by two characters of Gy, one for each V;. Then we say that a substack of
V is (I1,12)-homogeneous if it is invariant with respect to such an action. Here is
how we are going to use the homogeneity:

Lemma 6.6. Let C C V be an (I1,12)-homogeneous subcone of V; then the cone

cn(0® ;pt) is pulled back from a cone in Vo on Z&t,

Proof. Locally we may pick coordinates ¢ on the fibers of «, x1,...,z5 on the
fibers of V;**, and 1, ..., ysar5 on the fibers of V5P*, such that the ideal of C is
generated by separately homogeneous polynomials p; in t~hz; and t~"2y;. The
ideal of CN(0@V4™") is then given by (21, ..., x5, pj(0,t2y));, where p; (0,1 ~"2y)
results from setting x; = 0in p;. Notice now that C being a cone, it is invariant by
scalar multiplication on the fibers of VP!, so we may as well say that CN (0@ V™)
is cut by the ideal (x1,...,5,p;(0,7));. This makes it clear that C N (0 @ V")

is pulled back from (0 ¢ V3) on Z8. O
)_

Finally Chang and Li point out that the coarse moduli cone C®?* is (0,1
homogeneous [CL15, Proposition 6.7].

Step IV: reduction of the support of the cone. We now explain a key
technical lemma which will enable us to show that C®*% pushes forward to zero
under a suitably defined morphism. It is basically reducing the support of C8t N
0@ V5P to a manageable substack of V;P', that is the union of the zero-section
(i.e. §p’g“) and a line subbundle of V5" supported on = = Zpmain Zpest Eyen
better, using the homogeneity we can show that such a line bundle comes from
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= = Zmain Zest We give a sketch of the proof, see [CL15, Proposition 7.1] for
more details.

Lemma 6.7. There is a line subbundle F' of Vo|= such that:
OBt N 0@ V3™ C0pem UF := 2P Uy*F
2

It is enough to show this before taking the closure. First they use the fact that
there is a triple of compatible obstruction theories for the triangle:

Zp 4 Z
XP
such that their restrictions to ZP#% have locally free h° and h'. By taking h' of
the dual obstruction theories we obtain a commutative diagram:

WLL, 3l gna) — WL, plze) — RHOPLY ) ol Zee)
‘72 2 ‘71 @ ‘72 7 ‘71

The vertical arrows are injective by the definition of an obstruction theory, and
the bottom triangle is exact. Notice that 0 & Vs is precisely the kernel of pry. It
follows that, in order to understand the support of C&¢ N0 & V3, it is enough to
study that of N, where N is the coarse moduli cone of €3, /3 living in the upper
left corner of the above diagram.

This is an easier task, since we know that Zp / Z is a line bundle on Z& and
Zmain,o

an isomorphism on . Hence we can always find a local chart S — Z and

a diagram as follows:

¢t)

2P T <=5 §x Al
Z+— 8

é
503l = [I/1? =

QA}g/S]; I is generated by Ct, whose image under ¢ is ¢dt, which restricts to 0 on

where ( is a local equation for the boundary. Then 7=71L

Zpest Xz, T = {¢ = 0}. So the action is trivial, and the coarse moduli cone is

precisely Spec, .., Sym®I/I?, which is a line bundle supported on = x Z~p T and

L T Tgst P
trivial otherwise. By gluing different charts we get the line bundle F' on =.

The last part of the statement, namely that F' descends to a line bundle F
on Z is proved by homogeneity: the normal cone of Zp / Z is homogeneous with

respect to the Gp-action with character 1 on the fibers of Vy — 2P 8t but being
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a cone it is 0-homogeneous as well (see the above discussion of homogeneity), so
it is 4*F for some line bundle F' on = C Z.

Step V: the boundary pushes forward to zero. Recall that we need to show
that the degree of the following class is 0:

! s | | ——
Sf/cpt [Cgsw = SVZCP‘C o Scht [N@O(O@Vzcm)cgsw
It follows from the previous section that S~Cpt [Nee (0 @cht)cgst] can be rep-
2

resented by the sum of two cycles, one (call it Nl) supported on a line subbundle

of VCpt on é, the other one (call it Na) supported on the zero section of VCpt.

Lemma 6.8. Both N1 and Ny are 5d + 1-dimensional cycles, and for i =1,2:
deg(s; peee[Ni]) = 0.

Proof. Compare with [CL15, Lemma 8.1|. The dimension of Zest is 5d + 3, being
locally a 5(d + 1) vector bundle over a dimension —2 stack; so z’%p’g“, which is
a line bundle on the former, has dimension 5d + 4. The coarse moduli cone has
then dimension 5d 4 6, as can be argued from Lemma 6.1. V1 oPt \Zp est has rank 5,

SO (sucpt [C#st] is represented by a cycle of dimension 5d + 1. We shall exploit the

commutat1v1ty of Gysin pullback with proper pushforward
For N7 we conclude from the above facts, since deg(svcht [V1]) = deg(s’vﬂ* [N1]),
2

but 4, [N1] € Asay1(F) must be trivial, since F' has dimension 5d, being a line
bundle on = which is a divisor in Z™a™",
On the other hand Ny C VyP' admits a further splitting into Ny, C VCpt

according to the component D"fp’gﬂ on which they are supported, with u - d

in k parts. There exists a comparison morphism:

gst

Bu: DFZPE — DHZ = DF My (P, d) — W,

where W, := Hle Mo (P4, d;) X @ryr P". The map 3, is given by forgetting
the p-field, the Vakil-Zinger blow-up and the k-pointed elliptic curve contracted
by the map to P%. This has the nice property that VCpt is the pullback along
B, of a vector bundle on W,. First construct a connected curve €, by gluing
the universal curve over each factor along the given sections, producing a genus
0 non-Gorenstein (unless k = 2) singularity to which the universal maps to P*
descend by the property of pushouts:

T, —1 P

Wy
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Notice now that the sheaf V,, := 7. f*Opa(5) is a vector bundle of rank 5d + 1 on
Wy, as can be checked by Riemann-Roch and the normalisation sequence, and

{72‘";1? = (V). Finally the actual dimension of W), is 5d +4 — 2k < 5d + 1 for

k>2

by Kleiman-Bertini theorem, so 3, +[N2,,] = 0.
U

Proof. (Main Theorem) For the benefit of the reader we summarise here the key

result

s which allow us to conclude:
e p-fields give the same invariants as the quintic up to a sign, see Theorem
3.7 W "
vt ir Aq vir
deg[M; " (B, d)"lioe = (=1) deg[M; " (X, &)™

loc

e ZP and ﬂgl)(IP"l, d)? are virtually birational, see Corollary 4.18:

deg[ 2P = deg[M\" (P4, )]

loc loc*

e The desingularisation ZP — ZP does not alter the invariants, see Lemma
5.7
deg[zp]vir — deg[zp]vir

loc loc*

e The main component of ZP contributes with the reduced invariants up to
a sign, while the boundary is numerically irrelevant, see Lemmas 6.4 and
6.8:

deg[ZNP}Vir = (—1)5d deg <Ctop(ﬁ-*f*ﬁp4(5) N [Ml(IP)4, d)main]) .

loc
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