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1.

A SPLITTING OF THE VIRTUAL CLASS FOR
GENUS ONE STABLE MAPS

TOM COATES AND CRISTINA MANOLACHE

ABSTRACT. Moduli spaces of stable maps to a smooth projective variety typ-
ically have several components. We express the virtual class of the moduli
space of genus one stable maps to a smooth projective variety as a sum of
virtual classes of the components. The key ingredient is a generalised functo-
riality result for virtual classes. We show that the natural maps from ‘ghost’
components of the genus one moduli space to moduli spaces of genus zero
stable maps satisfy the strong push forward property. As a consequence,
we give a cycle-level formula which relates standard and reduced genus one
Gromov-Witten invariants of a smooth projective Calabi—Yau theefold.
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1. INTRODUCTION

Let X be a smooth projective variety in P’. Let M, ,(X, d) be the moduli
space of stable maps to X with genus g and homology class d € Hy(X; Z) [14].
Then Mg,,,(X, d) has virtual dimension

vdim=n+(1-g)(dimX - 3)+(TX)-d

and a virtual class [Mg,n(X, d)]Vit e Avdim(Mg,n(X, d)): see [3,17,18]. Gromov—
Witten (GW) invariants of X are intersection numbers against this virtual
class. They are related to counts of curves in X of genus g and class d.

For g > 0, GW invariants also encode some contributions from degenerate
lower genus stable maps. These contributions are fairly well understood for
genus one GW invariants of threefolds. In genus one, Zinger and Li-Zinger
prove a formula which expresses GW invariants in terms of reduced invari-
ants (which are closely related to BPS numbers) and degenerate contributions.
From now on, we restrict ourselves to the genus-one case.

The degenerate contributions reflect the structure of the moduli space of
stable maps, which has many components, some of which contribute to GW
invariants. For example, the moduli space of stable maps M(P) = My ,(P’, d)
has a main component M(P)°, whose generic point is a map from a smooth
genus one curve, and several other components

M(P)!' = My g0y (P",0) Xpr Mo140,(P7, d1) Xpr ... Xpr Mo140,(P7, dy) [ T,

Here A denotes the combinatorial data (k; ng, . .., n;d4, . . ., d;) and T is the
(finite) automorphism group of this data. With this notation we have M (P) =
M(P)° U U,c; M(P)* for an appropriate index set /.

The first step in the analysis is the definition of reduced invariants [27,130].
The idea is to construct a blow-up M (P) of the moduli space of stable maps,
which induces a blow up of M(X). Consider

M(X) = M(P) Xy M(X) = M(X)" U U M(X)*.
el
On M(X) it is possible to define a virtual class [27,130]. Reduced GW invari-
ants are intersection numbers against this virtual class.
Following [5,11], we will refer to M(P)! and M(X)*, A € I, as ‘ghost com-

ponents’. In this paper, we define virtual classes on the ghost components
M(X)* and prove:
Theorem 1.1. We have the following equality in A.(M(X)):
M [FTCOPS = (0O + 3 [F XA
A€l

There is a natural projection from the boundary component M (X)* to the
space

P(X)' = Mo110,(P", d1) Xpr ... Xpr Mo140,(P",dp) [ T,
which forgets the collapsed genus-1 component. P(X)* carries a natural virtual
class [P(X)']"", and we prove:
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Theorem 1.2. Let X be a smooth projective threefold. Then, the morphisms
L MX)N(X) - P(X)!
satisfy the strong virtual push-forward property.

Theorems[I.Iland[1.2]together give a cycle-level proof of the Zinger/ Li-Zinger
formula [20}/29130].

Theorem 1.3. Let X be a Calabi—Yau threefold. Then, the reduced invariants and
GW invariants of X are related by the formula

GWH, = GWi +— GW{ s .
Theorem [1.3]is a particular case of [30] Wthh holds for X any compact sym-
plectic manifold of dimension 2 and 3 and of [29] which holds for X any
compact symplectic manifold of any dimension. A similar statement appears
in [19)20]. Algebraically it has been proved by Chang and Li [5], for X the quin-
tic threefold, using a slightly different definition for reduced Gromov—Witten
invariants to Zinger [30]. See below for a detailed discussion.The algebraic
method uses the moduli space of maps with fields [4]. Note that unlike [5,/20]
we do not require X to be a complete intersection.

Outline of the proof. The key ingredient in our splitting of the virtual class
is a functoriality property for virtual classes. This generalises the func-
toriality result of Kim—Kresch—Pantev [13}21]. Their setting is the following.
Suppose that we are given

e DM-type morphisms of stacks i: ¥ — G and j: G — H;

e a compatible triple (EF/G’ E;é/H, E(\;/H) of perfect dual obstruction

theories, that is, perfect dual obstruction theories E. e E; e Eé "

which sit in a commutative diagram

+1

i"Eg/n Ep/u Epjg —
N N
i"Lg/u Ly Lpjg —

where the rows are distinguished triangles. Let us write
Cpic = b /hO(E), ric»  Crm = "R (E, r) S = "R (E, ¢/
for the vector bundle stacks determined by the obstruction theories.
These data determine
(1) a morphism F X P! — Def; H; and
(2) a perfect dual obstruction theory Ep,p1/pet, i3

where Def; H is the deformation to the normal cone [8,[15]. In turn, these
determine a family of cone stacks [3], and an embedding of this family into a
vector bundle stack. On the general fiber, this is

Cria — Cp/m
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and the special fibre
Cpty = Crie ®1"Coyn.

satisfies

The latter equality holds in the Chow group of the double deformation space
Defyp1 Defg H. It follows that

Z-Y[G]virt — [F]virt‘

We would like to apply this with ' = M(X), G = M(P), and H equal to the
Picard stack ‘Pic, and then argue that, since M (P) has components, this gives
a splitting of the virtual class:

(MO = M@+ ) M@
el

The problem with this is that £y (x),a(p) is not perfect, and so in particular i :
does not make sense. Also, we do not have a perfect dual obstruction theory
E 1 (x)xP? /Defyy pic- HOwever, inspired by cosection localisation [12], we will
resolve these problems by blowing up.

The first step is to replace M(X), M(P), and ‘Bic by the Vakil-Zinger blow-
ups M(X), M(P), and Pic. The dual obstruction theory Ejcx) i) 1s still not
perfect but it is now a union of vector bundles, which have different ranks on
the different components M(X)*, 1 € 0U . Focus now on a ghost component
M(X)*. The restriction to M(X)* of E 11(P)/¥ is too large to sit in a compatible
triple (of restrictions)

g

Vv \2
ey £ 2 ) :

X)/Fie CMP)/Fic
so we would like to construct a reduced version of Ejp) g5 on M(X)*. To
do this, we take further blow-ups BI(M(P)) of M(P) and BI(M (X)) of M(X).

After restricting to the ghost component BI(M(X))* of BI(M(X)), there is a
compatible triple

\% \Y% \Y%
(EBMM(X))/BI(M(P»’ E iy ssie Eﬂ,red)

of dual obstruction theories, where E/\l/re 4 is @ complex defined on BI(M(X))*

which plays the role of a reduced dual obstruction theory. The complex E/\{’r

is perfect, and allows us to define virtual classes on the ghost components!.
It also solves the second problem mentioned above, at least on the ghost
components: E/\{’re 4 induces a perfect dual obstruction theory

2) E g1i100) 0 De 10 55 Bt 300

IThere is a small lie here. In the main text we define the virtual classes of ghost components

after passing to the further blow-up Def}?l(i[(uﬂ’)) Pic. But we could have used E/\{’red instead.
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\

. . . 7 0 .
It remains to consider the main component B/(M(X))”. In this case EBl(M(P))/*B'ic

has the correct rank, but it fails to sit in a distinguished triangle
\% \% \%
(EBI(M(X))/BI(M(P))’ EBI(M(X))/EBR’ EBI(M(P))/‘lfiC)

and the induced obstruction theory
(3) EBI(M(X))XPI/DefBZ(M(p)) %}C|BI(M(X))O

fails to be perfect along a divisor ¢ in the special fiber BI(M(X))x {0}. These
are essentially the same problem. We resolve it by blowing up the deformation
space Def g 1p) Pic along &, obtaining a new space Def}i‘l(M(P)) Pic, and then
truncating the pullback of the obstruction theory (3). By construction this
truncation is perfect; it has the same general fiber as before, but a different
special fiber.

Write Z(X)° for the blow-up of BI(M(X))" x P! and Z(X)* for the blow-up
of BI(M(X))" x P1. At this point we have vector bundle stacks

)
built from the obstruction theory (3) and
Sf)/l - Z A

built from the obstruction theory (2). These vector bundle stacks contain
families of cones, with general fibres

C? supported on BI(M(X))" and

ljl(M(X))/‘mc _ A
BIGH X)) e supported on BI(M(X))".

The class of special fibre supported on the main component can be written as

Croir + [correction class
[ BI(M(X))O/Cgl(M(P))M] [ ]

in 4,(9°) and the class of the special fibre supported on the ghost components
can be written as

[Crigmcx /Cgump)m] + [correction class]

: bl 0 b o
in 4.(9"). Here CBl(M([P’))‘B'ic and CBI(M([P’))*B'ic denote the components of Cp; 47(py)gic
supported on the main component and on the ghost component respectively.
We show that when we sum over A in {0} U I, the correction classes cancel.
This is done in the proof of Theorem

The classes

[CBZ(M(X))O/CO ] € A*(Sﬁo) and [CBZ(M(X))/l/C’l ] € A*(g/l)

BI(M (P))¥ic BI(M (P))¥ic
define virtual classes that satisfy:

[BL(M (X))]'™ = [BL(M(X))’T™ + Z [BL(M (X)) ]"™
Ael
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Pushing this splitting forward to #(X) proves Theorem 1. The final step is to
show that the splitting behaves well with respect to push forward. This is the
content of section §91

Theorem[L1lis a particular case of a functoriality property for virtual classes
in the presence of a 3-term obstruction theory. We expect that a more general
functoriality statement would solve many related questions. For example, this
would apply to derive an analogue of Theorem in higher genus. We will
address these topics in future work.

Relation to other works. Reduced genus 1 invariants are the output of a
long and impressive project. Reduced invariants were defined, using symplec-
tic methods, and compared to Gromov—Witten invariants by Zinger [28-30,32].
Li-Zinger showed [19,20] that reduced Gromov—Witten invariants are the in-
tegral of the top Chern class of a sheaf over the main component of M (P); this
is an analog, for reduced genus 1 invariants, of the quantum Lefschetz hyper-
plane property [19,20]. In view of [30] this also gives a proof of Theorem [L.3
The algebraic definition requires a blow-up construction for the moduli space
of stable maps to projective space due to Vakil and Zinger [20,127]. Explicit
local equations for this blow-up are given in [11,132]. A modular interpre-
tation of reduced invariants via log maps has been given by Ranganathan,
Santos-Parker and Wise [25]. More recently, reduced invariants for the quintic
threefold have been compared to Gromov-Witten invariants using algebro-
geometric methods by Chang and Li [5]. As we do, Chang-Li define reduced
invariants as the integral against the top Chern class class of a sheaf but, as
discussed above, this gives the same reduced invariants as [30]. The algebraic
comparison relies on the construction of maps with fields due to Chang and
Li [4], and on Kiem-Li’s cosection localised virtual class [12]. A new proof of
this comparison for complete intersections in projective spaces appears in [16].
Zinger has computed reduced invariants of projective hypersurfaces via local-
isation [31]. See [33] for a survey from the symplectic perspective.

Reduced Gromov—Witten invariants are also related to Gopakumar—Vafa
invariants [9,10], and they coincide with Gopakumar—Vafa invariants for Fano
targets [24]. Indeed the Gopakumar—Vafa invariants are by definition related
to Gromov—Witten invariants by a recursive formula which takes into account
degenerate lower genus and lower degree boundary contributions. These con-
tributions were computed by Pandharipande in [24]. Recently, reduced invari-
ants have been related to invariants from maps with cusps [1].
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2. NOTATION

The following is a table of the most frequently used notations in the paper.

X a smooth projective variety

N the normal bundle Ny pr of X in P”

My, or M the moduli space of prestable genus-one curves with
n marked points

M the Vakil-Zinger blow-up of My ,

Pic the relative Picard stack over iy, parametrizing line
bundles of degree S

Pic the relative Picard stack over Eﬁh,n

g, exceptional divisors on Pic

M(P) the moduli space of genus one stable maps to P”

C(P) the universal curve over M(P)

f : C(P) —» P the universal stable map

L the universal line bundle on C(P)

M(P)* a ghost component of M(P)

My(P) the moduli space of genus zero maps to P”

My(X) the moduli space of genus zero maps to X

M(X) the moduli space of genus 1 stable maps to X

M(X) the product M(X) Xgn M

M(X)° the main component of M(X)

M(X)* a ghost component of M (X)

A4 a divisor on a family of curves which is given by a section

of the family which meets every genus one subcurve

o a section of O(4)

V a smooth space over ‘Pic in which we embed M (P)
v a smooth space over Pic in which we embed M (P)
N° the main component of 7, ev* N

N4 the component of 7, ev* N supported on M(P)*
BI(V) a further blow up of V

BI(M(P)) the fibre product M (P) x; BI(V)
BI(M(X)) the fibre product M(X) x; BI(V)

Cr/c the normal cone (stack) of a DM type morphism F — G
of algebraic stacks
EL e an obstruction theory for a DM type morphism F — G

of algebraic stacks
Defr G the deformation space of G to Cr/¢

TABLE 1. Frequently used notation
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3. REDUCED GROMOV—WITTEN INVARIANTS

In this section we define the genus-one reduced Gromov-Witten invariants
of a smooth projective variety X, following Vakil-Zinger [26,127]. This is an
algebro-geometric version of the symplectic story developed in [30]. We begin
by explaining how to embed the moduli space M (P) of genus-one stable maps
to projective space into a smooth stack, giving a construction due to Ciocan-
Fontanine—Kim [6]. We then introduce the Vakil-Zinger blow-up of the moduli
space M(P), and use it to define the reduced invariants of X.

3.1. Embeddings of 4 ,(P’, B) after Ciocan-Fontanine-Kim. We will now
describe an embedding of M (P) into a smooth stack V, following [6]. Let 9ty ,,
denote the stack of prestable genus-one curves with » marked points, and let
Pic — My, denote the relative Picard stack of line bundles of degree §. It is
well known that 9ty , is a smooth Artin stack of dimension z. The stack Pic
is smooth over My , of relative dimension zero, by [23, Remark 2.5]; thus Pic
is also smooth of dimension n. Let 7: € — PBic be the universal curve and
¢ — € be the tautological line bundle. Let Bic* denote the open substack of
Bic obtained by imposing the stability condition

W (P 4+ +P) @ 3 s n-relatively ample

where By, ...,B, are the divisors in € defined by the marked points. Slightly
abusing notation, we will denote by 7: € — Bic™ the universal curve, and by
£ — € the tautological line bundle.

We now construct a smooth Deligne—-Mumford stack V' into which M(P)
will embed. The stack M ([P) parametrizes, up to isomorphism, tuples

(Cs p1seees pu; Ly o, - - ., uy)
where
(i) € is a nodal curve of arithmetic genus one;
(ii) p1,...,pn are distinct marked smooth points on C;
(iif) L is a line bundle on C of degree § - H;
(iv) wuo, ..., u, are global sections of L;
such that we(pr + -+ pn) ® L3 is ample and that the base locus of u, ..., u,
is empty. Let m: C(P) — M(P) denote the universal family. Choose a 7-
relatively very ample effective Cartier divisor on the universal family € — *Pic.
Let A — € denote the corresponding line bundle and o: € — U denote the
corresponding section. The map M(P) — ‘Pic that classifies L induces a map
C(P) — €, and we pull back A along this map. This gives a line bundle
A — C(P) which is very ample on each fiber of C(PP) — M(P); we have that
R7.(L ® A) vanishes on M (P).
Consider now the total space X of the bundle 7.(¢ ® ‘ZI)@(HD over Pic™.
This is an Artin stack which parametrizes, up to isomorphism, tuples

(C; p1, - pu; Ly 00, - . ., 01)

where
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(i) C is a nodal curve of arithmetic genus one;

(ii) p1,...,pn are distinct marked smooth points on C;
(iii) L is a line bundle on C of degree g - H; )
(iv) vo,...,v, are global sections of L ® 4, where 4 := U|¢.

Let V be the open substack of X obtained by insisting that the sections vy, . . ., v,
have only finitely many basepoints, and let @: ¥V — Pic® denote the projec-
tion. The stack V is of Deligne-Mumford type. It carries a perfect obstruction
theory relative to @ given by the dual to R*7.(€ ® A)®"*; thus V is smooth.

To embed M(P) into V, consider the sheaf € on € determined by the exact
sequence

0—=¢—00A—C—0
where the labelled map is multiplication by the section o~. The vector bundle
N = w'x, G0+

over V' comes equipped with a tautological section induced by the morphism
L®A — €. Let Z be the zero locus of this tautological section. On Z,
the sections v; of L ® 4 are all divisible by our chosen section ¢ of 4; let
u; € H°(C, L) denote the result of dividing v; by this chosen section. Then
we have that M (P) is the open substack of Z obtained by imposing the stable
map non-degeneracy condition: that o, ..., #, have no basepoints.

If my: M(P) — V is the embedding just constructed then the complex dual
to [m) Ty — m;N] gives a perfect obstruction theory for M(P) relative to @.
This coincides with the usual perfect obstruction theory relative to @, which
is given by the complex dual to Rz, ev* 0(1)®"*V) where

c(P) =~ pr
MP)

is the universal family.

3.2. The Vakil-Zinger desingularization of 4 ,(P’, 3). We now review the
construction, due to Vakil-Zinger [27] and Hu-Li [11], of a partial desingular-
ization M(P) of M(P). We give a variant of their construction, which sits in a
Cartesian diagram

M(P) —— M(P)

) a L

Pic — Pic

where the map Pic — Pic blows up the locus in Bic where the line bundle
has degree zero on the genus-one component. More precisely, let A; denote
the closure in Pic of the locus where the line bundle has degree zero on the
genus-one component Cg, and Cr meets £ rational components. We blow up
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Pic along Aj, Ag,. .., in that order, obtaining Pic as the final blow-up. Diagram
(4) shows that ¥ carries a perfect obstruction theory. By construction Pic is
smooth of dimension n and therefore we can define a virtual class

[71(P)]"™ = 7 [Fic].
Moreover s is proper, and so by Costello’s push—forward theorem [7]
5, [M([P)]virt — [M([P)]Virt.

Remark 3.1. The morphism Pic — Pic is the analog for the Picard stack of the
Vakil-Zinger weighted blow up "' — M"!, where we use notation as in [11].
Indeed Pic is the base change of MYt — M"! along the forgetful morphism
Pic — MW,

The space M(P) has a main component denoted by M(P)°, where the
generic map has smooth domain, and other components M(P)Y, A € I; Hu-
Li refer to the M(P)', 1 € I, as ‘ghost components’. Generic stable maps
in a ghost component M (P)! have a well-defined number of rational compo-
nents that meet the elliptic component Cg, and so M(P)* sits over A for
some unique £; we refer to this number £ of rational components as £(1). Let
V=V Xic ‘B~ic. Then V is smooth and we have a Cartesian diagram

MP)—=7V

MP) 2=V

such that
[ (P)]™ = m)[7].

Proposition 3.2. The stack M(P)" is smooth.

Proof. See |27, Theorem 1.1]; it also follows from [11, Theorem 2.18] or the
description in [25]. m]

Let X < P’ be a smooth projective variety, and let M(X) = My, (X, B).
Let

M(X) = M(P) Xy p) M(X), MX)’ = M(P)° xyp) M(X)
and
MX)' = M(P)' Xy p) M(X), Ael.

Let N denote the normal bundle Ny p-, and let j: M(X) — M(P) denote the
morphism induced by the embedding of X in P’.

Proposition 3.3. The total space of the sheaf m. ev* N on M(X) has components
N*, A € I U{0}, where N is the total space of a vector bundle over M(X)*. The
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rank of the vector bundle N* is

B -degX 1=0
B -deg X + codim X otherwise.

Proof. See [11, Theorem 2.10] and [27, Theorem 1.2]. Let Cp — Cp be the
contraction of elliptic tails of the universal curve restricted to M(P)° and let
7x : Cx — M(X)" be the projection and ¢v : Cx — X the evaluation. By
cohomology and base change we have that (7x).év*N is a vector bundle. The
morphism Cp — Cp induces a morphism

(Tx):€V'N — . ev' Nlyxyp-

This morphism is injective in all fibres and thus (7x).€v*N is a component of
the total space of the sheaf 7, ev* N. Let 7, : C* — M(X)"' be the universal
curve. On M(X)' we have that cohomology commutes with base change, so
in order to show that 7. f*N is a vector bundle, we show that H°(C, f*N) is
constant for all (C, f) € M(X)*. This follows from the fact that M ,(P’, d) is
convex. Arguing much as in [11, Theorem 2.18], we see that the restriction of
n.ev* N to M(X)"' is a component of 7, ev* N. m|

Definition 3.4. Set [M(X)°]V't = j1!v0 [M(P)°]. Let y; € A%(X) be such that
SP ki = vdim My ,(X, B) = vdim M(X)°. Reduced GW invariants of X are
intersection numbers of the form

n

GWIT o, 7a) = [T - | [ evi e

i=1
Remark 3.5. Later in the paper we will consider the substack M*(P) of | ,c; M(P)*
defined by insisting that the collapsed elliptic component maps to X. More
precisely, we have that M(P)* ~ My Xp M()’n1+1(|]]))><[]]>‘ CXp 11710,,,”1([[3’). Fix one
of the nodes, say the one corresponding to the last marked point of Mo’n1+1(|p).
Let ¢ : M(P)' — My ,+1(P) be the projection, and set

@) = g7 (e,],X). @) = | * @y,
Ael

Note that M(X)" is contained in M¥(P)!. The vector bundles N* — M(X)*

extend to vector bundles on #7% (P)*, which we also denote by N*, and Propo-
sition [3.3] holds over M%(P) = | J, M*(P)* too. The proof is the same.

Remark 3.6. Let F denote the kernel of the surjective morphism of vector
bundles Ox(1)®"*) — N on X. Then R*x.f*F is a perfect dual obstruction
theory for M(X) relative to Pic, and therefore defines a virtual class [M(X)]"".
This virtual class is in fact intrinsic to X, i.e. independent of the choice of em-
bedding X < P’. In Definition[3.4labove we defined a virtual class [47(X)°]""t
on the main component of #M(X). In rest of this paper we will define virtual
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classes [M(X)']""* on the ghost components M(X)*, A € I, in such a way that

[M(X)]Virt _ [M(X)O]Virt + Z [M(X)/l]virt .
A€l

4. A FURTHER BLOW-UP

It will be convenient to work with blow-ups BI(M(P)) of M(P) and BI(V)
of ¥ with the property that the cone Criiey)i7) 1s @ line bundle. In this
section we introduce these blow-ups.

Construction 4.1. Let 4 be a very ample line bundle as in Section B.1] let
V' denote the total space of ﬂ'*L(A~), and let V =V XPic Pic. We have an
embedding M(P) — V. Recall that the main component of M(P) is denoted
by M(P)°, and that the remaining components M(P)! are indexed by A € 1.
We fix an order for A € I. We blow up ¥ along M (P)° and then along M(P)*,
one component at a time in the given order, denoting the resulting blow up by
pi: BI(V) — V. Note that BI(V) is smooth. Let BI(M(P)) be the exceptional
divisor in BI(V). Then there is a Cartesian diagram

BI(M(P)) — BI(V)

Ppl lﬁv

M(P) %4
and BI(M(P)) has components BI(M(P))*, 1 € {0} U .
Notation 4.2. Let BI(M (X)) denote the fiber product M(X) Xp1(p) BI(M(P)),
and let px : BI(M(X)) — M(X) be the morphism induced by pp. Recall

the definition of M* () from Remark We denote by BI(M*(P)) the fibre
product MX(P) ) BI(M(P)).

Proposition 4.3.

(®) o)

b . o * N B(r+
EBI(M(P))/‘B'ic T [TBZ(V)/‘Bic - pPﬂ*L(A)u ]

is a perfect dual obstruction theory for BL(M(P)) relative to Bic.

(i)

. * 1 1 * * 1 * * 1

E ooy we = i wic = 1’0)(7T*L(1‘1)|§(Pr ‘opyn fIN(A) — pin. fAN )| 4]
is a perfect dual obstruction theory for BI(M (X)) relative to Vic.

Proof- The vector bundle ﬂ'*L(A~)|j§(7+1) is a dual obstruction theory for the

embedding M(P) — V and therefore the vector bundle [)E;ﬁ*L(A~)|§(H1) is a
perfect dual obstruction theory for BI(M(P)) — BI(V). The composition

+ * e+l
Tgyrypic = PoTly g — 14;[,],7r*L(A)|A.(“r )

gives a complex [T ) /q5ic = p;,ﬂ*L(A')|§(T+1)]‘ This proves (i).
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The complex in (ii) is supported in [0, 2], but the surjectivity of the map
ﬂ*L(/f)@(Hl) - ﬂ*f*N(/D|A' implies that it is in fact supported in [0, 1]. Now
argue as in (i). O

Proposition [£.3] defines virtual classes on BI(M(P)) and BI(M(X)).
Lemma 4.4. We have that
(pp)[BUM(P)]'™ = [M(P)]"™

and
(pX)* [Bl(M(X))]Vlrt — [M(X)]virt‘

Proof. Pull-backs commute with push-forwards. m|

Lemma 4.5. We have

(pp)[BUMP))]'™ = [M(P)°] + (pp). ; O!@B,MPW-“[Céz(M(p))/qs'ic]

where € gy 51 (py)jyiic 15 the vector bundle stack hl/hO(Ez.al(M(P))/as'ic)'

Proof. Since

[BL(M(P)]™ = 0

€ g0t () e (€t ey il

we need to show that

! 0 A7 0
() (pp)*o%z(m[p))/qm [CBZ(M([P’))/%W(] = [M(P)"].

Since CEI(M(P))/‘M is the only component of € 47(p)) 5. supported on BI(M(P))°

we have that
! 0 _ v, 0

M (P)/¥ie

for some K € Q. Lemma [4.4] gives
(pp)- [Bl(M([p))]virt = [M([p)]virt

and therefore K = 1. m]

5. A VIRTUAL CLASS OF THE CORRECT DIMENSION

Let A € I. The virtual class [BI(M(IP’))] , when restricted to BI(M(P))*
and pulled back using N*, will have dimension different from the virtual di-

mension of BI(M(X)). In this section we define a new virtual class [Bl (M (IP))] ;rt

on BI(M(P)), which restricts and pulls back to something of the correct di-
mension. We will use this class (in §8 below) to define virtual classes on each
of the components BI(M(X))*.

virt
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5.1. Reduced restricted obstruction theories on BI/(MX(P))*.
Lemma 5.1. (i) On M*(P)*, we have a surjective morphism

Ejyygiclitx oy = B f N jzx .-

(ii) On BL(MX (P))*, we have a surjective morphism
Epiwysiclsiarx ey = pxh G f*N)lpiix -
Proof: We have that Eyp) g = [T 95 — ﬂ*L(ff)@(Hl)]. From the direct sum
of r + 1 copies of the exact sequence
0— n.L — n.LA) > ﬂ*L(A~)|A~ — R'7.L >0

we get surjective morphisms
(6) . L(A)| j.’(”” - R'm, LD o Rlg, f*N
on MX(P). Thus we get a morphism of two term complexes

1 *
Ty sl irx @y = Eneyvliaxep] = [0 > R f"N]

supported in [0, 1]. This shows the existence of the morphism in (i); surjectiv-
ity follows from the surjectivity of (6).

We have that EBI(M(P))/‘B'ic = [TBI(V)/‘B'ic — p;;ﬂ'*L(AN;?(Hl)]‘ Thus EBI(M([F"))/‘B'ic
is obtained by pulling back [7} g5, — Ejp)/] along pp and composing with
T BIV)/Fie [);;T 7 /9fice Thus (i) implies the existence of the morphism in (ii).
It remains to prove surjectivity. Consider the exact sequence

0 = Tyt = by g [v = 4Q =0,
where Q is a sheaf on the exceptional divisor. Restricting to BI(M(P)) we get
0= G = Tyypyicmaney = Py s v lsiaie) = 4Qlpiie) — 0-
This gives two exact sequences
0= G = Tgypyysicl ey = H — 0

and
0> H = p5T5 sl ey = #Qlpiarwy) — 0-
We now consider the commutative diagram

0 —— G —— Ty el Bran ey H 0

| |

0 ——0——=p,Exw)7lnaie) — PpEae)vlpane) —0

l

Obs F
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Here Obs is the cokernel of Ty sic|piarey — yEnw) v s and Es

the cokernel of H — po Eyypyy|piazp))- The Snake Lemma gives F' = 0bs.
Similarly, consider the commutative diagram

0 i 15Ty pyiclpian ey —— 1 Qlpiarey —=0
0 Py Enwyy i@y — Py Eip)v |B1cat(Py) 0 0

F———— P};Rlﬂ LD | )

The Snake Lemma gives that /' — p;Rlﬂ*L‘B(”lH Bl (p)) 1S surjective. Since

F =~ 0bs we get that the morphisms

* N7 x pl 1
Py Eieyv i) > 0bs > poR 2 L% | )
are surjective. Restricting to B/(M*(P)) and composing with the right-hand
morphism in (@) proves (ii). O

) XA
Lemma 5.2. (i) Let A € I, let EBI(M(P))/‘B'ic denote the kernel of

Epiwy il s ey — pxh (e f*N)

XA
and let EBI(MX(P))/m'tc denote the kernel of

* 71 *
Egionx oy i Branx ey = pxh (o f°N)
X, . TX (D)) e (A
Then EBI(M([P’))/‘B'ic is a vector bundle stack on BI(M* (P))" that contains C

g . A XA
(ii) Let Q be a fixed node as in Remark[3.3 Denote by EBI(MX(P))/qs'ic the vector

X, * X4
bundle stack E]‘,”(M(P))/‘mc ® nm.f"Nlg and by CBI(MX(P))/m'tc the cone stack stack

XA N )
CBl(M(P))/%'tc en.f Nlg. Then we have an embedding

XA X *
oo @y ™ Epioney i ® 7./ "Nlo-

Proof. Let U be an open subset of the smooth locus in M(P)*, and write

BI(U) = pp'U, BIX(U) = BI(M*(P)) n BI(D).
1 . .
We first show the statement for CBl G®) /213'ic| Bi(U), Which is a vector bundle

stack over BI(U). This amounts to showing that the morphism
A * 71 *
CB;(M(@))/qs'iclBlX(U) — pxh (. f*N)pw)

is zero. Recall the construction of Pic discussed just below equation [ and
the definition of k(1) just above Proposition Set £ = k(A), so that the
component M(P)* sits over the locus A; in Pic.

BI(M(P))/¥ic |Buanx @)1
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Case 1: £ = 1. We want to show that the composition

Eypyv

lsixw) = Pk (N)lpx )

A * A *
ooy B @) = P Cli o) psicl B w) = P Ty pysic

is zero. For this it is enough to show that

E _ -
(7) C/l M(P)/V

1
i) x e ey = & (Nlix @)

7 /%ic

is zero. We have that

C/l
L CmEymiders
M(P)/‘Bl( ﬂ*f*L(A')@(T+1) .

After shrinking U, if necessary, and passing to an étale cover we may assume
that A = A; + A, where 4 is a section of the universal curve over Bic, and
that there exists some i in {0,1,...,7} such that u; does not vanish on the
contracted elliptic component of the curve. Without loss of generality we take
i = 0. Let W be the total space of 7, L(4)®"+V over Pic. Then the construction
in gives a composition of embeddings
U—->W -V
With this notation, C?] i is locally isomorphic to M Let us describe
ic v /¥

Cy)w on an open set; we will see in particular that U is codimension two
in W. Consider now the local charts introduced in [I1I]. Let M%*¢ be the
Artin stack of pairs (C, D) where C is a nodal elliptic curve and D c C is an
effective divisor of degree d; this was denoted in [11] by D¢. Let W’ be the
total space ®/_, . L(4) over M?*? — noting that the index i runs from 1 not 0
— and observe that ¥ is the total space of ®/_,r.L(A4) over M4**4*1 We have

embeddings

U w’ w

L

EUE‘“””[ gﬁdiv,d+1

where the square is Cartesian and the bottom horizontal map is given by 4.
The normal bundle of M47»4 jn Pdivd+1 jg isomorphic to 7,0(4)|4. The Euler
sequence on P implies that the following sequence is exact

0 — 104 = 7LD = 1 f* To(A)l4 — 0

By further shrinking U we may assume that this sequence splits on U; this
shows that 7, f*Tp(4)|4 is a dual obstruction theory for U — W"'.
Let O(¢) be the line bundle over M(P)! with fiber at a point (C, ) the

space T, QE T QR, where Q is the node of C connecting the contracted genus
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one component E of C to the rational part R. With this we have that C, 5/ is
isomorphic to O(¢). This implies that

0¢)®n.04)s0 ﬂ*L(A1)|jl(’+1>
v . L(A + Ay)®+D)
With this, (7) becomes

0(€) ® m0(A)4 ® T L(AD|; " mTp(A)|s ® m.0(4)]4 & 7 L(41)[ 5

_)
A L(A + A)®0+D 2 L(A + A7)0 +D
— 1. f*N(A4)|4.

(This sequence lives on MX(P) N U.) Using 7,0(4)|4 ~ EY, where E is the
Hodge bundle, we can rewrite (7) as
TRQEY @ EY @ 1. L(4)) j‘jf”” 7. Tplg ® EY @ EY @ 1, L(4;)| 27

Q R A
n.L(A + A7)®0+D . L(A + Ap)®r+D)
— m.f Nl QE".

(This sequence also lives on M*(P) N U.) Since Q € X we have an exact
sequence

Oﬁngx|Q®ﬂfv—>ngp|Q®[Ev—>fI§N|Q®ﬂEV—>0

where fg is the restriction of f to R. This shows that the composition in ()
is zero, as claimed. ~
Case 2: £ > 1. Let = denote the exceptional divisor of Bic — Pic which
maps to Ax. We have that
A % )
CBl(M(P))/ficlBl(U) - p[FD 0(‘—‘/€)

Arguing as in Case 1, but replacing O(¢) by O(Z;), we see that we need to
show that the composition

(8) 0Ex) = mf Tp(A)la = 7 fN(A)l4
is zero. (This sequence lives on M*(P) N U.) Choose co-ordinates

(Csp1o--spusLiug, ... ups b, .o b)

on U, where (C; p1, ..., pu; Ly uo, . . ., u,) are as in §8.1land #, . . ., # are projec-
tive co-ordinates on the normal bundle to A; in Bic. The tautological sequence
on the projectivised normal bundle starts with

k
0— 0(Z;) — EB EY ® Tg,R;
i=1

where the rational component R; meets the contracted genus one component
E at Q;. Hu-Li have shown (in the statement and proof of [11, Theorem 2.19])
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that the morphism O(E;) — 7. f*Tp(4)|4 in (8) arises from the composition
of the exact sequence above with the map

k
@ ToRi — f*TP|Qi
i=1

induced by the derivative of the section that defines X. Note that the right-
hand side here does not in fact depend on i: the restrictions of f*7p to Q;
coincide for i = 1,2,...,k, since the elliptic component E of the curve is
collapsed by f. It follows that the composition (8) is zero.

Remainder of the argument: So far we have shown that the composition

ey i@y = Eprey i@y = pxk (o f*N)
is zero on an open set B/(U). Since C* is a line bundle and BI(M* (P))*

BI(M(P))/Bic
is irreducible, this in fact shows that the composition is zero on all of BI(MX(P))*.
This proves the Lemma.
Statement (ii) is an immediate consequence of (i). |

5.2. A new virtual class on Bl(M(P)). We are now in a position to define
the new virtual class [Bl (M ([IJ’))]Vlrt on BI(M(P)).

X
Definition 5.3. Let

0 s . B
¢" denote the vector bundle stack associated to £ BIT(P) /qs'icl BI(P))°

EX,/l

XA .
¢ denote the vector bundle stack associated to the complex BIGHX (P)%c

C° denote the component of Cran )i supported on Bl (M(P))°

C*4 denote the component of C? supported on BI(M X))t

BL(MX(P))/Pic
Recall that C is contained in €°, and that C* is contained in €*¥1. We define
a virtual class on BI(M(P)) by:

[BUa(P)°]™ = 0, [C°]
[BUIL(P) | = O [CF]
[BI(P)]" = [BIaI®)°]™ + " [BUAIP)'|}" € A, (BLAL(P))) .

el

Remark 5.4. In general, [Bl(M ([P’))]}}’t is not a pure-dimensional cycle.

Remark 5.5. Since the cones C° and C* are vector bundle stacks, we can write
the virtual class in terms of excess bundles:

[BII(P))]™ = ciop(Cok”) - [BIM(P))]
[BUTP)'] 5" = cuop(Cok™) - [BIIT* (P))']

where Cok’ is the cokernel of C® — &° and Cok*, 1 € I, is the cokernel of
C*1 — %1, Each Cok” is a vector bundle, 1 € {0} U 1.
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6. DEFORMATIONS OF OBSTRUCTION THEORIES AND CONE STACKS

We now give a a construction inspired by Kim-Kresch—Pantev’s proof of
functoriality for virtual classes [13].

Construction 6.1. Consider an exact triangle of complexes on an algebraic
stack which are supported in degrees [-1,0]

) L E e S e
We construct F a flat family over P! defined as follows. Take the morphism
g E°®0m(-1) - E*®F°
with g = (T - id,U - ¢). Here T and U are coordinates on P!. Define F to
be the vector bundle stack associated to the cokernel of g. The general fiber
of F is isomorphic to A1/A°(F*)" and the special fiber F is isomorphic to
RY/RO(E®) ® B /h°(G®). We call A'/h%(E®*) & h'/h°(G®) the limit of k' /RO(F*)
and we use the following notation
}ll/hO(FO)\/ ~ }ll/hO(EO)v ® }ll//lO(G.)v.
Proposition 6.2. The family F is trivial over A1 ~ P1\[0 : 1].
Proof. Consider the automorphism
l// . Ill/hO(EO)\/ ® Ill/}lO(FO)\/ N Ill/hO(EO)\/ ® Ill/}lO(FO)\/
defined by ¥(x,9) = (x,y — U - ¢(x)). The cokernel of g is isomorphic to
the cokernel of o g : AY/A%E*)Y — R1/RO(E®)Y @ A /RO(F*)Y. As o g is
(T - id,0) we see that its cokernel is the trivial family Al x F. The associated
vector bundle stack is Al x 1/A0(F*)V. O

Construction 6.3. In notation as above we have
/zl//zo(F')V s /zl//zo(E')V ® /zl//zo(G')V.
Given C a cone stack inside a vector bundle stack 4'/4°(F*)” and E°®, F*
complexes as above. By the above proposition we can consider C x Al in
Al x R1/RO(F*)Y. Let C be the closure of C x Al in F. Then C is a flat
family. We denote the fiber over [0 : 1] by C” and we call it the limit of C in
R/RYE®)Y @ k1 /hO(G*)Y, writing
C > C°.

Consider now the special case of Construction [6.3) where X — Y — Z are

DM morphisms of stacks, E® is a perfect obstruction theory for X — Y, F*

is a perfect obstruction theory for X — Z, G* is a perfect obstruction theory
for Y — Z, and C = Cx,z. We thus obtain embeddings of cones

Cxyz = K[ (F*)
and a special fiber

CO PN Ill//lO(EO)V ® Ill/}lO(G.)v.
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In the fiber of F over zero we also have an embedding

Cx/cyp = BROE") ® B /K(G)"
Kim-Kresch—Pantev proved that [Cy] = [Cx/c, /Z] in A.(F). However, in gen-
eral it is not true that the limit of Cy is Cx ¢, -

6.1. A deformation of the obstruction theory on BI(4(X)). Let us now
apply the general theory just discussed to the obstruction theory Epg; 7 (xy)/ysic-
This will construct a deformation of the cone Cpyz(xy)gsic-

Notation 6.4. Recall that on X we have a surjective morphism from 0(1)80+1)
to N. Let F denote the kernel of this morphism.

Lemma 6.5. Let N° and N*, A € I, be as in Remark[33 Let (N°)® be the complex

[0 — N supported in[0,1] and (N*)* be the complex[0 — N*| supported in [0, 1].
Then, we have morphisms of complexes on M(X)? and MX (P)*:

(10) (N%* - R°n.f*F (NY* — R°n.f*F
and morphisms of complexes on BI(M (X)) and BI(M*X (P))*:
(11) Po(N°) — BI(F)® p(NY)* — BI(F)

where BI(F)* is the complex
Touiysic = i (1 LAY @7 f*N @A) > pim.f N(A)g)
supported in [0,2].

Remark 6.6. As we will see in the proof, BI(F)* is in fact quasi-isomorphic to
a complex supported in [0, 1].

Proof- We replace Rr. f*F with the quasi-isomorphic complex
[ﬂ.*L(A')@(T+1) N ﬂ*L(A')L?(H—l) ® ﬂ'*f*N(/I) N ﬂ'*f*N(/INA']

supported in [0,2]. The morphism N° — 7, f*N(4) given by multiplication
by o induces a morphism

0

JT*L(A') &(r+1)

l

NO mL(A’)@“*” ® . f*N(4)

l

. f*N(A)|;
The arguments for N4, pﬁ;(No)‘, and pﬁ;(NA)‘ are the same. O

Lemma 6.7. Let (G°)® and (G')* be the mapping cones of the morphisms in (10),
and let BI(G®)® and BI(G*)® be the mapping cones of the morphisms in (IT). Then
(G%*, (G1)*, BI(G®)*, and BI(G")* are perfect complexes concentrated in [0, 1].
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Proof Let A € {0} U I. The mapping cone of the morphism in (I0) is the

complex

[ LA & Nt — n.L(A) 3" & n.f*N(A) - . f*N(A) 4]

supported in [0, 2]. This is quasi-isomorphic to the complex of vector bundles

7. L(A)®" & Nt > K]
supported in [0, 1], where K is the kernel of

(12) LA & n. f*N(A) > m.f*N(A)|4.

Let us write

& for the vector bundle stack 4'/A°(Rx, f*F)
BI(F) for the vector bundle stack A'/A°(BI(F)®)
®" for the vector bundle stack '/A°((G*)*) Ae{0}ul
BI(®)* for the vector bundle stack £/ (BI(G*)*) 1e{0}ulr

Dualizing the preceding discussion and applying the construction in §0l gives

deformations

Faroen > N @ 6° and Hixep ~ N @6,

Here we used the fact that, for 1 € {0}UI, the vector bundle stack A'/A°(N*)*)

is just the vector bundle N*. Similarly there are deformations
BU) 1000~ 25 N° © BUG)°
and

BUS)| gy ey~ peN* @ BUGY".

7. THE DEFORMATION SPACE AND ITS BLOW-UP

Notation 7.1. Let F and G be Artin stacks. Given a morphism F — G of
Deligne-Mumford type, Kresch [15] defines a stack M;G together with a flat
morphism M;G — P! with general fibre G and fibre over 0 € P! the normal
cone Cr/g. This is a generalisation of Fulton-MacPherson’s deformation to the
normal cone [8]. The construction is spelled out in detail in [21, Theorem 2.31];
see also [13]. Since we already have a number of spaces called ‘M’, we will

use different notation, writing Defy G for M;G.
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Remark 7.2. There is a commutative diagram

F X P! —— Defr G
\ |
where the diagonal arrow is projection to the second factor.

Let us now analyse the obstruction theory of BI/(M(X))xP! in Def BIN(P)) Pic.
Observe first that there are morphisms of complexes on M (X)? and M (P)*

(13) (GO)' — R°x, L30+D (Gﬂ)' — R°x, L80+D

This follows by considering the morphism

7z'*L(A~)®(7+1) o Nt — - ﬂ*L(A')eB(Hl)

l

K—— ~ n LAY

A

where the upper horizontal arrow is the projection; the lower horizontal arrow
is the embedding K — ﬂ*L(ff)@(Hl) ®n.f*N (4) followed by projection to
7r*L(A~)|§(H1); the vector bundle K was defined in (I12); and A € {0} U . There

are also canonical morphisms of complexes on M (X)" and M* (P)*

(14) R°n.F — R Lo+ R°7.F — R*x, LO0+D
and
(15) R*7.F — (G°) R°m.F — (G')*

Here arises from applying R*7, to the map F — L®*D and (I3) arises
from the construction of (G*)* as a cone, 1 € {0} U .
Dualising (14) and applying Construction [6.1] yields morphisms

h: (R, L)Y @ 0pi(-1) — (R* 7 L") @ (R, F)Y

over M(X)° x P! and M¥(P)! x P}, 2 € I. Dualising and applying
Construction [6.T] yields morphisms

2:(G")Y ® Op1(-1) = (G°)Y @ (R°n,F)”  over M(X)" x P!
2:(GYHY @ 0pi(-1) = (GY)Y @ (R°n.F)  over MX(P)' x P!, 1 €.

Write ¢(g) for the mapping cone of g and ¢(%) for the mapping cone of /4. The
morphism (I3) induces a morphism of complexes from ¢(g) to ¢(k).
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Consider the commutative diagram

(Roﬂ.*LeD(r+1))v N (R.ﬂ'*F)V

— S L°

T ey B0/
where j is the inclusion of #(X) in M(P). Applying Construction [6.1] to the
bottom morphism yields

l:j°LS

ey ® Opr(=1) = 7L ® L;

M(P)/Fic " THMX)/PBic
over M(X) x P!, and applying the Four Lemma to the morphism

Y nl) h %/ e o
T By ® 0p(-1) —= J (B ) )" @ (RPTLE)Y —— c(h)

| |

T Ly ® 001 () =7 L) e @ Ly e — <)

of distinguished triangles gives an embedding of cones
R R(e)Y) = bR (e(R)).

Writing ¢(h)>! for the [-1, 0] truncation of the complex ¢(4), we see that there
is an embedding of cones

R (e(D)) = B[R ((c(R)*™)Y).
Lemma 7.3. The cone stack h*/h°(c(h)=~1)" over P! is isomorphic to
KRR . f*F) x Al
over P\ 0, and the fibre over 0 € P! is . f*N & T Cae)wic-

Proof- Locally, we have that ¢(%) is the complex

(B2 LIS ) @ 0pr(-1)) @ (r. f*N(A)0)”

(R*.LA® D) @ 0pi(-D)) © (R*m. LA ) @ (RmLAIFT) @ (r.f*N(A)"

~——

(R']T*L(A)@(Hl))v ® (R']T*L(A)@(r+1))v
supported in [-2, 0]. The result follows. ]

There is an entirely analogous story on the blown up moduli spaces. There
are morphisms of complexes on BI(M (X)) and BI(M* (P))*

0y\e . Ay\® .
(16) (BI(G™)) _)EBZ(M(P))/iﬁc (BI(G™)) _)EBZ(M(P))/iﬁc
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as well as

(17) BUE)" = Epy 10y e BUE)" = Ep 10y
and

(18) BI(F)* — (BI(GY))* BI(F)* — (BI(G"))*

Here (10) arises by arguing as in the proof of Lemma arises by
arguing as in the proof of Lemma [6.5} and (I8) arises from the construction
of (G*)* as a cone, A € {0} UI. Dualising and applying Construction [6.1]
yields morphisms

BUR) : (B ) @ 0m1(=1) = (B o 00 )Y @ (BUF)®)

over BI(M(X))°xP*! and BI(M*X (P))*xP?, A € I. Dualising (I8) and applying
Construction [6.1] yields morphisms

Bl(g): (BI(G")* @ Op1(-1) — (BI(G"))* & (BI(F)*)Y
over BI(M(X))? x P! and
Bl(g) : (BI(G"))*" ® Op1(-1) — (BL(G"))* @ (BI(F)")"

over BI(M*X(P))*xP!, 1 € I. The morphism (I6) induces a morphism of com-
plexes between the mapping cones ¢(BI(g)) and ¢(BI(h)). As before, applying
Construction [0.1] to the morphism of cotangent complexes

I Lpiireywic = L;Bz(M(X))/smc
yields
BID = 7 Loy e ® 901D = 7 Loy sic @ Lo
over BI(M(X)) x P1, and there is an embedding of cones
R RO(e(BL(1D)Y) = B[RO ((c(BL(R)>)Y).
Lemma 7.4. The cone stack h* /h°((c(BL(k))>71)Y) over P1 is isomorphic to
R/ RO(BI(F)®) x Al
over P\ 0, and the fibre over 0 € P! is . f*N & T C ity vic-
Proof- Locally, we have that ¢(BI(%)) is the complex

(45 2LAIFT ) © 0pa(-D) @ pi(.f N (A)L0)"

(TBVI(V)/‘lﬁc ® Opl(—l)) @PE(RVT*L(A)L?(HI))V @[JE;(R'N*L(A)lf(”D)V EB[JE;(JT*f*N(A))V

\ \
T BI(V)/%ic 7T BI(V)/%ic
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supported in [-2, 0]. The result follows. ]

7.1. A blow-up of the deformation space. The complex ¢(BI(%)) fails to be
perfect on a codimension-2 subset of Def g;y3(p)) Pic. We therefore consider
the blow-up of the deformation space along this locus, and twist the analogous
complex on the blow-up so that it becomes perfect.

Construction 7.5. Consider the blow-up of Def g;(51(py Pic along the locus
Crian (P))/*B'ic|BJ(M(P))0mBZ(M(P))A
in the fibre over 0 € P1. We denote the blown up space by
p . Def%l(M(P)) qfi( - DefBl(M(P)) SB}C
and the exceptional divisor by D. Consider the Cartesian diagram

DefBl(M(P)) Pic

(19) bz lﬁ

Z

BUM* (P)) X P! —— Def gy p) Fic

where the bottom horizontal map arises from Remark [7.2] Let Dz denote the
exceptional divisor for pz.

Let us extend the Cartesian diagram (I9) to a larger Cartesian diagram

Z(X) Z Def i1y Fic

(20) bzx) bz J{P

BI(M(X)) x P! —— BI(M*(P)) x P* — Def ;jz(p), Pic.

Lemma 7.6. Let c(h) denote the complex (p*Zc(Bl(/l))) =1 Then there are embed-
dings of cones

Cz0x)/Def, e = AR (e(BUD)Y) — B[RO (c(R)")

B e) P
where c(k) is the mapping cone of h.

Proof. Recall the definition of BI() just above Lemma Kim—-Kresch—
Pantev prove that there is an embedding of cones [13, Proposition 1]

Co0) Dty gy e > I /H(e(BLL)").
The discussion just before Lemma shows that 41/A°((c(BI(R))*™1)Y) con-
tains A1/A%(¢(BI(1))Y), and we have that ([)}c(Bl(iz)))Z_1 = ¢(h). O

Lemma 7.7. h'/h%(c(Bl(g))") contains the abelian cone stack
Ni(x)xP? Det o, Fic BT X))

associated to the normal sheaf of M(X) x P! in Def 1 (p) Pic.
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Proof- By [13| Proposition 1] we have that NM(X)XW/DefM(P) i = R RO(e(BL(D))Y).
As before, there is a morphism of distinguished triangles

Bl(g)
BI(G"Y) ® Op1(-1) Bl(G") & (BI(F))Y ——— ¢(BI(g))

N | |

T L@y ssic ® Op1(=1) — j"Lgyaey e © Loy ssic — ¢(Bl())
over BI(M(X)) x P1. The Four Lemma implies the conclusion. |

8. THE MAIN THEOREM

Let K, 1 € I, denote the vector bundle on BI(MX(P))* given by the
kernel of p,N* — prr.f*N|g,, where Q, is a node on the contracted elliptic
component E that separates £ from a rational component R of the curve.
Define:

[BUMX)T™ = Ojo;fzvo [ Caiarcor i@ opn]
[BIM (X)) ™ = 04, [Crygatcao s @ytyn]
(M (XY™ = px.[BUM (X)) T™
We are now in a position to state and prove our main result.
Theorem 8.1. There is an equality

[BI(M (X)) = [BL(M (X)) + Z [BL(M (X))']™
Ael

in A.(BI(M(X))).
This implies the promised decomposition of the virtual class on M(X).
Corollary 8.2. There is an equality

(O™ = [T + Y [T

el
in A.(M(X)).
Proof of Corollary[82 Combine Theorem [8.1] Lemma and the definition
of the virtual class on M (X)*. O

Remark 8.3. We could also define [M(X)°]'" = px.[BI(M(X))°]", by analogy
with the definition of [M(X)*]*'". Since pullback commutes with pushforward
in the Cartesian diagram

BI(M(X))" — BI(M(P))°

N I

M(X) ——— u @)
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we see that this agrees with the Vakil-Zinger definition
[M(X)°T™ = 0o [ Corxy ey -
8.1. Proof of Theorem Consider now

DD’ := Defz(X) DefBl(M(P)) BIC

By construction we have a morphism DD’ — P! x P, Restricting to zero we

get a morphism Cy(x) per gie = PL. This morphism may not be flat; it
BIG(P)

has general fiber Cpyy7(x)) 4. Restricting in the other direction we get a flat
morphism

Defz(X)O Def’ — Pl
where Def, and Z(X )y are the fibres over 0 € P! of, respectively, Def’

BI(M(P)) Pic
and Z(X) in the following diagram:

bzx)

Z(X) BI(M(X)) x P!

Def”, l i 4 Def l Ot

R Pic ef g1 (my) Pic
\ pl /

The fibre Def) is the union of Cp;(37(p)) 4. and the exceptional divisor D for p.
Commutativity of intersection with divisors gives that

[Cianxyywiicl = [Czixp /et ]

in 4,(DD’).
We now write the fibre Def], as a union of components. As BI(M(P)) is a
union of components

BI(M(P))° U U BI(M(P)*
Ael

the cone Cpy(47(py)/yiic 1s also a union of components, which are supported on
the components of BI(M(P)). We write

Crgi ey wic = CBl(M(P))/‘Blc U BI(M(P))/Vic"

This splitting is unique as Cp(z3(p)) 453 does not have components supported

at intersections of components of BI(M(P)): this is clear from the Hu-Li local
equations [11, Theorem 2.19]; cf. [2, Example 3.4]. Thus

Def;, = C?

BI(M(P))/Bic U Bl(M([FD))/‘Blc uD.
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This decomposition induces a decomposition of the cone Cy(x), /Def) aS &

union of components. Write D for the union of components of D that lie over
BI(M(X))*. Consider the fiber product

- - DA
This sits in a Cartesian diagram
Pl Pl pl
Dy x) Dy, D
iZ(X)l L
(21) Z(X) VA Def%l(M(P)) Pic

bzx) l bz ‘/ »

BI(M(X)) x P! —— BI(M*(P)) x P* — Def ;jz(p), Pic.

where the lower part is diagram (20). Note that if we replaced D* in this

diagram by another component C;Z(M(P))/qs'ic of Defj, 1 € {0} U I, then the

corresponding fiber product would just be BI(M(X))*. Thus
CZ(X)O/Def() = CBZ(M(X))O/CI(;[(M(P)) e U /gl CBZ(M(X))"/C;I(M(P)) e U E_JI CDQ( x/D

Each of these components of Cx), /Def) embeds into a vector bundle stack.
Recall that

0 0 0
Crianoy e = CpianoeBian®) X Cpyrey g Braran) = N- @€

B (®)/Fic
and

_ - A _ A XA,
Crianoy /et = Cpiarcoy /i@ X Cyyirpy i Bty = N° @ €25

BIGHT(R) /¥
here we used Lemma Furthermore

L% * A X1
Cos, 10t = Ty Py (V' @ €%,

since

Z

CD/l (X)/D/l — ZE(X) pZ(X) (CBI(M(X))XPI/DefBKM([p)) ‘B.lt) by diagram m

— l;(X) p*Z(X) (NBl(M(X))XUm/DefBl(M([p)) gB'“) by definition
= iz /’}(X)hl/ho(c(Bl(g))v) by Lemma [7.7]

and the fiber of £ /A%(c(Bl(g))¥) over BI(M(X))* x {0} is N* @ €¥1.

We now look at embeddings of families of cones in vector bundles. For
this we write Cx = Cpy7(x)) 45 @s @ union of components C% UUjer Cy such
that C} is supported on the main component BI(M(X))°, C4 is supported
on the ghost component BI/(M(X))*, and [Cx] = [C;)(] + Z/lel[C)ﬂ(] in 4.(Cy).
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Such expressions are not unique, as Cx may have components supported on
BI(M(X)) n BI(M(X))'. After making such a choice we have

(ST SIS
el
C + Cuiit (C
[ BZ(M(X))O/CI(;I(M([P’))/BM /IZEI[ BZ(M(X))A/CZ;I(M([P’))/BM Z DI(X)/DA

in 4,(DD’). Suppose that C} deforms to C; in DD’, and that C* deforms to

C! in DD’; here C° and C! can be unions of components. Then
lim lim lim

0
22) [Gi) = [Crrat0/€, 0, ) =
C + > [C
121[ BUAON C;I(M([P’))/B:c Z hm Z Dl(X)/Dl

in 4,(DD’). Denote

0
[Chm] [CBl(M(X))O/CO

BI(M (P))/Fic

by [Corr] and note that by (22) we may assume that [Corr] is supported on
the intersection of the main component with the ghost components. Note that
Corr may not be an effective cycle.

Consider the exact sequence

m.f*N(A) — n.f*N(A)| ; = R'7.f*N — 0
on BI(M(X)) x P!, and pull it back to Z to obtain an exact sequence
(23) Py ' NA) = pyr f N\ j— pyR . f*N) — 0.

Denote the kernel of the left-hand map by N’. In the following we show that
N’ is a vector bundle on BI(M(X))". Restricting to the main component, we
see that p},(R 7. f*N) is supported on the divisor Dz. Locally, the complex

(o7, f*N(A) — pomf*N(A)| 4,
is quasi-isomorphic to
(77 f"N(A) — pym.f N(A)lal
and the map factors as
P77 f "N(A) = pyr. f"N(A)|a® O(=Dz) — pym.f"N(A)|a

where the right-hand map is multiplication by Dz and the left-hand map is
surjective. Since locally N’ is the kernel of a surjective map to a line bundle,
it is a vector bundle on BI(M(X))".

The fiber of A1/h%(c(h)") over 0 € Pl is N’ & [)*ZCEO. Lemma therefore
implies that Cl(i)m < N’ & p3€". This gives a class

[Corr]¥™ := (' [Corr]

N'op;,E0
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and we get

-0, .oolCrim
] N'@py €0 | “BIIOY [yt oy i

[Corr]™ = ¢ [CO

‘D P*Z ®0 lim

_ 0 ! 3 _ .
= Ohl/hO(EBl(M<X)) i) [CX] — Oy [CBZ(M(X))O /[BZ(M([P’))O]V"‘]

by deformation invariance (for the first term) and the definition of the virtual
class on BI(M(P))° (for the second term)

_n 0 ! _ _ )
= Ohl/hO(EBl(M(X))/‘B'ir) [CX] - OP[ENO [CBZ(M(X))O/[BZ(M([P’))O]V‘"]

because N’ restricts to p"’;NO along BI(M(X))"

! ] virt

=0 J[Cy] - [BLat(x))°

B ROCE gy a1 x) e

Thus C$ contributes to [BI(M(X))]"™ the class [BI(M(X))°]""* + [Corr]"™.

Now fix 4 € I. The vector bundle stack p7, k' /h%(¢(Bl(g))Y) on Z has fiber
over 0 € P! equal to N* @p}%[((ﬁ)’l and general fiber equal to p7, R/ RO(BI(F)®).
Lemma [77] thus implies that C;! — N' @ [)}%I(G’))’l, and we have

P! P!
[Clim] = [CX]
in 4,(DD’). From (22) again we have that
_ 5 _ P!
[Corr] = Z [CBI(M @/ Cz/;z(mp))/qs‘n] Z [Clim] * Z [CDém/ Dﬂ]
Ael Ael el

and Lemma [8.4] implies that

24)  [Corr]™ =} 0 Coin /
@) 1ComT™ = ) Oy | ot 16y,

_ ! D! !
Z ON/‘ ®pBIGY! [Clim] * Z ON/‘ ®p,BIGY! [CD§<X)/D‘]
Ael Ael

The first summand on the right-hand side of (24)) is

!
(25) O ®p;,EXA [CBZ M Cng (P)/¥ic ]
where K was defined just above Theorem Here we used the fact that the
difference between C;l T (@) Tic and C;l W@ which is a vector bundle,
coincides with the difference between p*Z(Eﬂ and p*ZCEX’ﬂ; note that p*ZCEX’A and
p*Z%I((Y))’l coincide. The local model here is [2, Example 3.12(a)]. Arguing as
in the 1 = 0 case, (25) is

!
OKA [CBI(M(X))/i/[BI(MX([;D))A ]virt] .
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Furthermore, Lemmal8.5] implies that the third sum in vanishes. It follows
that {J,¢; Cy contributes to [BI(M(X))]'™ the class

Z[BI(M(X))A ]Virt _ [COrI‘]Virt.
A€l

Adding this to the contribution from C¥ proves Theorem
Lemma 8.4. We have that

[Corr]"™ = 0

= 1 oz 316y [Corr].

Proof. By definition we have

[Corr]'™™ = 0"

= Oyrepy 0 [Corr].

Since Corr embeds in N’ EB[J*ZCO and p*ZCO embeds in p*Z(EO, there is a factori-
sation

Corr — N’ @ p5C° — N’ @ p3,6°.

From the Cartesian diagram

CorrN(C° U Dy) N’ N’

| |

N'@C’°UD; —= N’ @ p;c°

Corr

we get that

[Corr ] = 0},0%, ) ([Corr]  Cop() Coko))

where Cok® was defined in Remark 5.5

We now compute 0' [Corr]. There is a Cartesian diagram
N1ep,BI(6)

Corr N(C*U Dy) N N

| | |

Corr N'® C'uD; — N* @ p3, X4

and so

0

]
A XA
Nlop, €

]

[Corr] = O;\,A 0¢iup, ([Corr] “ Crop(py Cok’l))

! !

= 03,0, Dy ([Corr] “Crop(pz Cok?) - ctop(p*ZRlﬂ*f*N(—Dz)))

! ]

= 04,0%1,p, (ICOTT] - cuop(p; Cok)).

On the intersection of the main component with the ghost components we
have that C° ~ C*. The result follows. m]
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Lemma 8.5. For any A € I we have that

! _
(pz)« (Op}zvﬂ ®p;,BI(G)" [CDZX)/ Dﬂ]) -0

Proof. Define [D},]""™ = cop(p5, Cok?) - [D2], where Cok* is as in Remark 5.5
Then by functoriality of virtual pull backs [21], we have that

!
Op*ZN"@p*Z%I((B)" [CDQ(X)/D/‘] - Op*ZN‘ [CD§<X)/[D‘]V‘Y‘]

By commutativity of pull backs with push forwards we get that

! _ ! _ -
(PZ)* (OP*ZNA [CDQ(X)/[DA]VM]) - (ON’I [CM(X)OHM(XV/([)Z)*[D/l]vm]) .
Since the virtual dimension of D* is equal to the dimension of M(P) and the
dimension of pz(D*) is strictly smaller than the dimension of #(P) it follows
that (pz).[D*]¥" = 0. This proves the Lemma. m|

9. CONTRIBUTIONS FROM GHOST COMPONENTS

We show that the splitting in §8 is compatible with push forwards.

9.1. Virtual push forwards. Consider
MX)* = My e Xx Mon+1(X, d1) Xx - Xx Mo p1(X, d) [ T
P(X)' = Myny+1(X, d1) Xx -+ Xx Mo pps1(X, dg) | T*

and
P(P)! = My 41(P,d1) Xp - - - Xp Mo, +1(P, dy) | T

Here A denotes the combinatorial data (k; ng, . .., nz; dy, . . ., d;) and T is the
(finite) automorphism group of this data. See [16] for more details. P(P)" is
smooth and we take [P(P)']"'* = [P(P)']. Define a virtual class on P(X)* by

[P = [Mo 1 (X, d)]™ Xx o Xx [Mo g1 (X, BR)]™ [ T

Recall that the ghost components are indexed by A € 1. Let J C I denote the
set of indices of ghost components consisting of maps from curves such that
the irreducible genus one component carries no marked points. Let 1 € J
denote the index of the ghost component whose generic point consists of a
collapsed genus one component with no marked points, attached to a single
n-marked, degree-d rational tail. Let My(X) denote M, ,(X,d), and let

g': M(X)' — My(X) ¢': M(X)' - P(X)*
denote the natural projections. We are interested in computing
(g ev"y - [,
The projection formula implies that

(26) (9/1)* ev’ Y [AZIZ()()/l ]Virt = ev" Y- q;l [M(X)/l]virt.
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To compute (¢*). [M(X)*]"'", we will show that ¢* satisfies the virtual push-
forward property [22] whenever A € J.

Lemma 9.1. There is a Cartesian diagram

BI(M(X))! — BUMX (P))! — BI(M(P))!

SN

MXx)! MX(P)! M(P)!

o |

My pi1(X) —— FH(MEP)) —— Moy ,1(P)

and Y (MX (P)!) =:
such that

(P) has a perfect dual obstruction theory ES,

M MY (P)/ Moa (P)

(EM() 2+1(X)/ M, 0 il (P)’ EMO n+1(X)/M0 n+1 (P), E 0, "+1(P)/MO n+l (P))
is a compatible triple of dual obstruction theories.

Proof. That the lower left and upper squares in the diagram are Cartesian fol-

lows from the definitions of M% (), BI(M (X)), BI(M*(P))!, and BI(M(P)) .

To ﬁnd a perfect dual obstruction theory for M(iYn+1([|:D)’ we note that MOX 4P =
n+1 X N My ,+1(P). This shows that

E 0n+1(P)/MOn+1(P) O - ﬂ-*f N|Q

where the complex on the right is concentrated in [0,1]. Let K; be defined by
the following exact sequence.
(27) 0— K, > n)f*N - nlf*Nl|g — 0,
where 70 : Mo +9(P) = My p11(P) is the universal curve@. Define
B0 ) = 0= Kol
By the Four Lemma, E? is an obstruction theory. The compati-

Mowr(X)/ Mg, (P)
bility of the triple

M() 241(X)/ M, +1 (P)’ EMO n+1(X)/M0 n+1 (P), E +1(P)/MO n+1([p))
is equivalent to the exactness of (27). i
Propos1t10n 9.2. EBZ(M(X))l/Bl(MX(P))l = (q ) Mo ni1(X)/ M +1([P’) and
gl [BI(M(X)' ™ = i*D - [Mo (X,
with D a divisor on MoXn+1(P)'

2Note that K1 in §8is (ql)*Ké.
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Proof- The isomorphism follows from the Cartesian diagram

(28) BIM(X))' — BI(M* (P))*

Jo
MO,n+1(X) - M(ii,+1(u:b)

Let K! be as in §8| By the above lemma it suffices to show that
L i [BUMY (P)I™ = i*D - [My i (X,

with D a divisor on M;* n+1(P). Since pull-backs commute with push forwards
we have

T BIOTY @) = il 7 BT (P
Since MX ..1(P) is smooth, we have that
FBIMY (P)]'™ = i, D - [MY,,,(P)]

for some divisor D in M¥X
0,n+1

gLk, [BUATX (P =

(P). We thus get

i1 D - (Mg, (P)] = 0D - [Mo r (X))
O

Proposition 9.3. Eg;y1x)/pim@)r = (@) Entyyx0)/ Mor () and, for A € J with
A#1:

g [BI(M(X))y'T™ = 0.
Proof. The isomorphism follows from the Cartesian diagram
BIM (X)) —= BIM*(P))' — BU(M (P))*

i

P(X)! P (MX(P)) P(P)!

By functoriality of pull backs we have that
[BUA(X))Y'T™ = iy, [BUAL (P)']™.

It thus suffices to show that §i }{I[BI(M X)) = 0. Since pull-backs com-

mute with push forwards we have
(@)t [BUM (P)' ™ = i3 7 [BUMY (P

and, since A € J, #A[BI(M* (P))*]"'' = 0 for dimensional reasons. O

]
s

Propositions [9.21 and [9.3] together prove:

Theorem 9.4. Let A € J. The morphism g* satisfies the virtual push forward
property.
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9.2. A local calculation for CY threefolds. In this section we consider X
a smooth projective Calabi—Yau threefold and we set n = 0.

Lemma 9.5. Let M(X)“° denote the complement of the locus M(X)" N M(X)*
in M(X)'. Then, M(X)“° has a virtual class and the morphism q* is proper on
M(X)te.

Proof: M(X)'° is open in M(X) and therefore it has a virtual class
[M(X)l,o]virt — [M(X)]Virt N M(X)l’o.
The second statement is clear. m]

Lemma 9.6. We have
2+ Ky - B
24

Proof. Writing &7 for the divisor on M (X) which corresponds to smoothing the
node Q, we see that

(gh-[M ()™ = [Mo(X) 0 g (M (X)> ],

Cot(x0) Gy N M(X )M = Chzione ey ® 0E1).
At each point (C, f) € M(X)* we have an exact sequence of vector bundles
0— Tclg — f"Txlg — Neyxlg — 0

where Q is the node connecting the contracted genus one component to a
rational curve. Let E be the Hodge bundle on ;. Then, 0(¢) — [ Txlp®
EY is an embedding of vector bundles and

[M(X)T = ¢o(E) - [M11(X, 0)] Xx [Mo1(X, d)]"™

where E is the cokernel of 0(&1) — f*Tx|o ® EY.
Theorem [9.4] implies that

(g1) [M(X)-"] = k [Mo(X) N gH (M (X))

for some £ € Q. We now compute £. By commutativity of Chern classes with
restrictions we have that £ = ¢y(E) - [F], for F any fibre of ¢;. If ' denotes the
generic fibre of ¢!, then ' ~ P! x M1 and E|r = Np1,x ® EY. Since

2+ Ky -
a(Elp) - 17 = 228

the result follows. a

Remark 9.7. We have seen in the proof of Lemma [0.6] that ¢* restricted to
M(X)° has a perfect dual obstruction theory. Even more, we have a map of
relative obstruction theories

EM(X)/‘lﬁt - EMO,O(X)/‘lﬁto,o'

One could hope that we have an induced morphism of cones

Corcxypwic = Ciityo(x)/¥ico?
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which would give a proof of Theorem[9.4l We do not know if such a morphism
exists, because we do not have sufficiently explicit equations for #(X) inside
M(P).

Theorem 9.8. In notation as above we have
vi 2+ Ky -
(g1). [Mo(X, )] = Q—fﬁ
and (¢1)[M(X '] = 0 for A # 1.

Proof. By Proposition [0.3] we only need to compute (¢').[M*(P)]''". (Note
that 7 = J here.) By Proposition [9.2] we have

(). LT @) = kMG )]

[Moy (X, BT

for some k£ € Q. Since the intersection of MX(P) with M(P)° has codimen-
sion 7 in MX(P) and the virtual class of A% () has codimension 2 in M ¥ (P),
there are no components of [ X (P)]virt supported on M(P)° N MX(P). This
shows that we can compute & on points in My(X)Ng' (M (X)™°) in the following
way. By possibly replacing [My(X)]""™ with a reduced cycle, we can choose a
smooth point j : pt € [MO),%([P’)]Virt and let F be the fiber of ¢! over pt. Let us
look at the following Cartesian diagram

F—— M(P)!

|

pt —— Myo(P)

By Remark [9.7] the right vertical arrow has a perfect dual obstruction theory;
this gives an induced obstruction theory on /" and hence a virtual class which
we denote by [F]"'"*. By commutativity of virtual pull-backs with virtual push-
forwards we have that p.[F]'"* = k. By the choice of the point p¢ , F is a
closed substack of M(P)°. Applying Lemma [0.6] we have that £ = 2+§i‘ B
and thus

2+KX'ﬂ

X virt _
rM*(P)]™ = o

[M(ﬁ (P)]Virt.
m}

Theorem 9.9. Let X be a projective Calabi—Yau threefold. Then the reduced in-
variants and GW invariants of X are related by the formula

1
X _ X, red X
GWL 5= GWL 5 +—12 GWj, 5 -

Proof: Combine Corollary 8.2] Theorem [9.4] and Theorem [0.8 O
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