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ABSTRACT

An important ingredient of time-dependent reliability analysis of civil structures is to
choose a proper model for the applied loads. The stochastic process theory has been widely
used in existing studies to perform structural time-dependent reliability analysis. However,
the use of many types of power spectral density function leads to an inefficient calculation
of structural reliability. This paper proposes an analytical method for structural reliability
assessment, where a new power spectral density function is developed to enable the relia-
bility analysis to be conducted with a simple and efficient formula. A non-Gaussian load
process, if present, is first converted into an “equivalent” Gaussian process to improve the
assessment accuracy. Illustrative examples are presented to demonstrate the applicability of
the proposed method. Results show that a greater autocorrelation in the load process leads
to a smaller failure probability. The structural reliability may be significantly overestimated
if one simply treats the non-Gaussian load process as a Gaussian one. Moreover, the impact
of modeling the load process as a continuous process or a discrete one on structural reliability

is also investigated.
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INTRODUCTION

Civil structures and infrastructures are subjected to both environmental attacks (e.g.,
Chloride-induced corrosion to RC structures) and severe load effects (e.g., over-weighted
traffic loads to bridges) during their service life. Such factors may essentially impair the
structural service reliability. A probability-based approach should be used to evaluate the
serviceability level and remaining life of an engineered structure (Mori and Ellingwood 1993;
Enright and Frangopol 1998; Akiyama and Frangopol 2014; Wang et al. 2017). The basic
concept of structural reliability assessment is to examine whether the load effect (S) exceeds
the structural resistance (load-bearing capacity, R). Both R and S are practically uncertain
due to the randomness arising from structural geometry, material strength, load volume, and
others. Mathematically, the structural failure probability, P, is estimated by P = Pr(R—8 <
0), where Pr denotes the probability of the event in the bracket. For the reliability assessment
of a structure within a specific reference period (e.g., during its lifetime), however, both the
resistance and the external loads may vary with time and thus cannot be simply represented
by a single random variable. Under this context, let R(t) and S(t) denote the resistance and
load effect at time ¢, respectively. The time-dependent reliability within a service period of

0,77, L(T), is given by

L(T) =Pr{R(t) > S(t),Vt € [0,T]} = /OT /Z(t)>0 fzw(2(t))d[z(t)]dt (1)

where Z(t) = R(t) — S(t) is the limit state function at time ¢, and f;() is the probability
density function (PDF) of Z(t), which also varies with ¢. By definition, the time-dependent
failure probability, P(T), is the complementary of I.(T'), i.e., P(T) = 1 — IL(T'). Note that
Eq. (1) indeed involves a multi-fold integral, as well as the potential association between

different folds, and thus is often difficult or even impossible to solve directly. Specifically,
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in terms of the external loads, both the non-stationarity and the temporal autocorrelation
should be considered in a reasonable manner. As such, some simplifications have been
introduced to achieve a practical yet sufficiently accurate solution to the reliability problem
(Mori and Ellingwood 1993; Melchers 1999; Li et al. 2005; Li et al. 2015; Wang et al. 2016;
Wang and Zhang 2018). One of the existing methods to model the external loads is to
employ a discrete stochastic process (e.g., a Poisson process) to represent the occurrence of
significant loads that may impair structural safety directly. A remarkable work was done by
Mori and Ellingwood (1993), who considered a stationary Poisson process for the loads, and

proposed a closed-form solution for structural time-dependent reliability,

L(T) = exp {)\ /0 " Fulre - (0]t — /\T} 2)

where 7 is the initial resistance, A is the mean occurrence rate of the Poisson process (i.e.,
on average A event(s) occurs within a unit time), Fs is the cumulative density function
(CDF) of each load effect, and g¢(t) is the deterioration function of resistance (i.e., the
ratio of resistance at time ¢ to the initial resistance). Li et al. (2015) further proposed a
generalized form of Eq. (2), where the non-stationarity in the load stochastic process was
also considered. Moreover, note that the autocorrelation in the load process also arises
due to common physical-based causes (e.g., Ellingwood and Lee 2016). Conceptually, the
correlation between two load effects at two different time points is expected to decrease as
the time separation increases. A frequently-used model takes the form of (e.g., Li et al.
2016b)

p(7) = exp(—k - A7) = exp(—k|m — 1) (3)

where p(7) is the linear correlation coefficient between two loads with a time separation (or a
spatial distance) of A7, k is the scale factor accounting for the correlation changing rate, 7
and 79 are the two occurring times of loads. Eq. (3) is, however, only valid for a continuous

process as a discrete load process is unavoidably associated with intermittence. Wang and
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Zhang (2018) proposed a model to describe the autocorrelation in a discrete process, and
investigated the impact of load temporal correlation on structural time-dependent reliability.
Ellingwood and Lee (2016) studied the autocorrelation in the hurricane wind process, where
an auto-regressive model was used to measure the autocorrelation in the wind loads.

The aforementioned discrete load processes, however, may fail to describe the cases where
the load effect is applied continuously to a structure (e.g., underground poles subjected to
earth pressure). Fig. 1 shows a conceptual comparison between a continuous load process
(Fig. 1(a)) and a discrete one (Fig. 1(b)). For use in structural reliability assessment, a
continuous load process could be transformed to a discrete one, where only the significant
load events (e.g., with a magnitude that exceeds a pre-defined threshold) are considered.
While this approach has been used in the literature (e.g., Mori and Ellingwood 1993; Li
et al. 2015), the error induced by such an approximation in structural reliability remains
unaddressed.

For a continuous load process which is applied uninterruptedly, the main characteristics
of the process can be captured by the statistics including the mean value, variance and au-
tocorrelation. Further, the structural time-dependent reliability analysis can be transformed
into a problem of a stochastic process crossing a predefined barrier level (e.g., the resistance)
(Grigoriu 1984; Engelund et al. 1995; Li et al. 2016b). The solution is usually referred to
as “first passage probability”. This method has been widely used in the literature to esti-
mate the reliability of civil structures and infrastructure subject to continuous loads (Hagen
and Tvedt 1991; Ferrante et al. 2005; Li et al. 2005; Pillai and Veena 2006). For exam-
ple, Li et al. (2005) developed a method for reliability analysis considering a non-stationary
Gaussian vector process. Beck and Melchers (2005) investigated the error introduced in the
calculation of the upcrossing rate in the presence of a random barrier. The load stochastic
process has been, for the most part, modeled as Gaussian in existing studies, which may
differ significantly from the realistic case since a Gaussian (normal) distribution may lead to

a non-positive value of the load effect, inconsistent with the physical-based properties. Li
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et al. (2016a) developed a closed-form solution to the “first passage probability” considering
a non-stationary lognormal distribution. The Nataf transformation method can be used to
convert a nonnormal stochastic process into a normal one (e.g., Zheng and Ellingwood 1998),
which is applicable for cases where the load process follows an arbitrary distribution (e.g.,
a Weibull or Extreme Type I distribution, as has also been widely used in existing studies
(Melchers 1999; Tang and Ang 2007)). However, existing approaches for reliability assess-
ment considering the temporal autocorrelation in the load process are complicated, with
which the application of reliability assessment in practical use may be difficult. A model of
load autocorrelation is essentially desirable to enable feasible compatibility to practical cases
and also an efficient approach of structural reliability assessment.

This paper develops a method for structural time-dependent reliability analysis, where,
in order to achieve a simple and efficient solution to the structural reliability, a new power
spectral density function of the load process is proposed, containing two parameters that
can be calibrated in an explicit form. Illustrative examples are presented to demonstrate the
applicability of the proposed method and to investigate the role of stochastic load process in
structural reliability. The difference between the reliabilities associated with a discrete load

process and a continuous one is also discussed.

STOCHASTIC PROCESS-BASED RELIABILITY ASSESSMENT

Gaussian process of loads

The time-dependent reliability based on the stochastic process theory has been well
documented in the literature (Grigoriu 1984; Engelund et al. 1995; Li et al. 2016b) and
is introduced briefly in this section. Consider the case where the load process in Eq. (1) is
Gaussian. Let

Z(t) = R(t) = S(t) = Q(t) — X(t) (4)

where Q(t) = R(t)—E[S(t)] and X (t) = S(t)—E[S(¢)], with E denoting the mean value of the

random variable in the bracket. With this, X (¢) in Eq. (4) is a stationary Gaussian process
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with a mean value of 0 and a standard deviation of ox = g, where og is the standard
deviation of S(t). Fig. 2 presents an illustration of the upcrossing rate-based reliability
problem. The positive upcrossing rate of X (¢) relative to Q(¢) at time ¢, v7 (), is estimated
by (e.g., Lutes and Sarkani 2004)

lim v (#)dt = Pr{Q(t) > X(£) (\Q(t + dt) < X (¢ +dt) |

dt—0

= Pr{Q(t+dt) - X(t)dt < X(t) < Q(t)} (5)

= Qj) (X () = Q)] frx (1), X(1)] dX ()t

where X (or Q) denotes the derivative of X (or Q). Rearranging Eq. (5) gives

vH(t) = /Q Z’) (X — Q) fyx (X)X (6)

Since X (t) is a 0-mean stationary Gaussian process, X (t) are X (t) are mutually independent,

with which one has

Fesod) = 5o =g (5 + 5 )} )

2mox 0% X 0%

where oy, is the standard deviation of X (t). Substituting Eq. (7) into Eq. (6) gives

- ] el 55) Tl o8]

2mox e 0x

X

where ®( ) is the CDF of standard normal distribution. Assuming that the upcrossings of
X (t) to Q(t) are temporally independent and are rare (e.g., at most one upcrossing may occur
during a short time interval), the Poisson point process can be used to model the occurrence
of the upcrossings. Let Ny denote the number of upcrossings during time interval [0, T, and
it follows,

ol

Pr(Ny — i) — {/OT V+(t)dt}iexp {—/OT u*(t)dt} (9)
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fori =0,1,2,.... Further, the structural reliability during [0, T'] is the probability of Ny = 0,
ie.,

L(T) = [1 — P(0)] exp {_ | ' y*(t)dt} (10)

where P(0) is the failure probability at initial time. Specifically, as P(0) is typically small
enough, one has (Engelund et al. 1995; Melchers 1999)

L(T) :exp{—/OT zﬁ(t)dt} (11)

Eq. (11) presents the time-dependent reliability for a reference of T" years. The derivation of
vT(t) in Eq. (11) has been based on the assumption of a Gaussian process of loads. This may
lead to a significantly biased estimate of structural reliability in many cases where the load
effect follows a non-Gaussian distribution such as a lognormal, Weibull or Extreme Type I
distribution. A more generalized case will be discussed subsequently, where the load process
may follow an arbitrary distribution. Finally, it is noticed that the resistance deterioration
process is assumed to be deterministic in this paper; for cases where the uncertainties as-
sociated with the deterioration are non-negligible and shall be taken into account, one may
use the total probability theorem to obtain the “expectation” of the structural reliability

(Rackwitz 2001).

Arbitrary stochastic process of loads
In this section, the time-dependent reliability in the presence of an arbitrary stochastic

process of loads is discussed. First, reconsider the time-variant limit state function Z(¢) in

Eq. (4). Note that
Pr(Z(t) > 0] = Pr[R(t) — S(t) > 0] = Pr{&~" [Fy(R(1))] - Q(t) > 0} (12)

where Q(t) = &1 [Fg(t) (S(t))] With this, the term Q(t) is assigned as a standard Gaussian

process, and further an “equivalent resistance” is defined as R*(t) = &~ [Fg(t) (R(t))} In
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such a way, the time-dependent reliability analysis is transformed into solving a standard
“first passage probability” problem. That is, Eqs. (8) and (11) apply in the presence of the
“equivalent” resistance and load.

A key step herein is to find the correlation in Q(t¢) provided that the correlation in S(t)
is known. Suppose that the correlation coefficient between S; = S(¢;) and S; = S(¢;) is pij,
and the correlation coefficient between the corresponding Q, = Q(t;) and Q; = Q(t;) is p;j.
The relationship between p;; and p;; can be determined by (Liu and Der Kiureghian 1986;
Melchers 1999)

Pm:/_ /_ 010 - W(yy, yo; pi;)dyadys (13)

in which ©, ©5 and ¥ are given by

_ Fg () —E(S:)

©, ; (14a)
V(S)
Fol(® — E(S;
0, — s, (D(y2)) — E( g); (14D)
V(S;)
/ 1 y% — 2p5y1Y2 + y%
U(yr, 423 pij) = —F——=ex { e l4c
(Y1, Y2; Pij) ST 21— o) (14c)

where Fg' is the inverse of the CDF of S;, and V() denote the variance of the random variable
in the bracket. Equations. (13) and (14) are the key component of the Nataf transformation
(i.e., the transformation from S(t) to Q(t) herein) addressing the autocorrelation structure
of the Gaussian process Q(t). Eq. (13) indicates that p}; depends on the COV (coefficient
of variation) of S; and S; only if p;; is given.

It is noticed that the method of “equivalent” resistance and load is a generalized form of
the “translation process” method developed by Grigoriu (1984), where a constant barrier level
was considered. Moreover, Grigoriu (1984) also suggested that the use of a Nataf transform
method results in a negligible error in the estimate of upcrossing rate for many common
distribution types such as Weibull, Extreme Type I, lognormal and Gamma, implying the

feasibility of the Nataf transformation-based method in dealing with practical reliability
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problems with a non-Gaussian load process. Kim and Shields (2015) presented a further
development on Grigoriu’s translation processes for strongly non-Gaussian processes, where
the transformation was realized with an iteration-based simulation approach that considers
the autocorrelation function of the stochastic process. However, a simulation-based method
may limit the applicability of reliability assessment in practical use due to the relatively low

efficiency compared with a closed-form solution.

RELIABILITY WITH A CONTINUOUS OR A DISCRETE LOAD PROCESS

Recall that the time-dependent reliability problem has been addressed in Egs. (2) and
(11), respectively. The former considers a discrete load process where only the significant
load events that may impair the structural safety directly are incorporated, while the later
is derived based on a continuous load process. The difference between the two types of load
model is discussed in this section.

First, consider the CDF of max{X(¢)} within a time duration of A, Fx, . |a, where
X(t) = S(t) — E[S(¢)] is the normalized load process (c.f. Eq. (4)). In the presence of a
continuous Gaussian load process, with Egs. (8) and (11), let Q(t) = x and Q(t) = 0, which

corresponds to the case of a constant boundary, one has

FXmaX|A(x) = exp {_20)'( exp (—52) A} (15)

TOx 0%

Further, as A is small enough (Newland 1993)

oA x?
Praale) %1 P25 o (2 ) (16)

2mox

which yields a Rayleigh distribution. Eq. (16) suggests that the maximum load effect within
a time interval that is sufficiently short necessarily follows a Rayleigh distribution, if the

continuous load process is Gaussian. For a discrete load process, e.g., a Poisson process,
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however, the distribution of max{X (¢)} within a short time interval of A is given by
Fxpoia () = 1= AA - (1 = Fs(2)) (17)

where A is the mean occurrence rate of the Poisson process, and Fg is the CDF of load
magnitude conditional on the occurrence of one load event. Eq. (17) indicates that the CDF
of maximum load is eventually dependent on Fg, and thus may vary for different distributions
of each load event. Letting the two CDFs of maximum load in Eqs. (16) and (17) be equal

yields

Fs(z) =1 ox exp (—362) (18)

2oy 20%

Eq. (18) suggests that if a continuous Gaussian process is transformed to a discrete one,
the CDF of the load effect conditional on the occurrence of one load event simply follows a
Rayleigh distribution.

For the more generalized case of a non-Gaussian load process, X (t) can be converted into

a Gaussian process Q(t), as discussed before. With this, for a reference period of A, the

CDF of max{X(t)} is given by

Fpuialt) = Pr{ (@7 [Fs(S(1))] < <1>-1<Fs<x>>)} (19)

0<t<A

Let z* = @71 (Fg(x)), and Eq. (19) becomes

~1— Ugﬁ exp (—x;) (20)
1 USWA exp {_ [‘1)1(125(%))]2}

It should be noted that Eq. (20) is only valid when z is large enough. Eq. (20) implies

that when the load process is non-Gaussian, the maximum load effect within a time interval
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does not necessarily follow a Rayleigh distribution. The distribution type in Eq. (20) is the
original development of the present paper and is referred to as “Pseudo-Rayleigh distribution”
by the authors. Nonetheless, the distribution type of max{X(¢)} is determined if X(¢) is
continuous, which again differs from the case of a discrete load process.

Next, the difference between the reliabilities associated with a discrete load process and
a continuous one is discussed. For simplicity, the load process is assumed to be Gaussian.

With a discrete load process, the time-dependent reliability within [0, 7] is estimated by

Lo(T) = Pr | () (Qt) = X > 0)] — exp [—QUX / " exp (-%if?) dt] (21)

0<t<T Tox b'e

which takes a similar form of Eq. (11) with a different upcrossing rate v*(¢) in Eq. (8). In

fact, Eq. (8) can be rewritten as

2
n ox Q4(t)
l) = — -h 22
) = e | -5 ) (22)
where
2
h(z) = exp (-2) — V22 [1 - @ (2)] (23)
with z = 2(t) = %? Intuitively, for a constant barrier level, z = 0 since Q(t) = 0, with

which h(z) = 1, consistent with the results in Gomes and Vickery (1977).

By noting that z is typically negative as Q(t) < 0 and that h(z) is a monotonically
decreasing function of z, h(z) > h(0) = 1 for Vz < 0. For simplicity, Eq. (22) is rewritten as
vr(t) = vi (t)-h(z). According to Eq. (11), the time-dependent reliability with a continuous

load process is given by

L(T) = exp {_ /0 ! u+(t)dt} = exp {— /0 ! y;(t)h(z)dt} (24)

With the mean value theorem for integrals (e.g., Comenetz 2002), there exists a real number
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20 € [min’_ z(t), max’_ 2(¢)] such that

L(T) = exp {—h<zO> | uo+<t>dt} — [La(T)" < Ly(T) (25)

Thus, it can be concluded that the choice of a discrete load model overestimates the structural
safety or equivalently, underestimates the failure probability, if the realistic load process is
continuous. In fact, with Eq. (25), since Py(T") = 1 — Ly(T) is typically small enough for

well-designed structures, one has
P(T) = 1 = [La(T)]"™) = 1 = [1 = Pa(T)]"™ & h(z) - Pa(T) (26)

which implies that the failure probability is underestimated by a factor of ﬁ if the con-
tinuous load process is modeled as a discrete one. It is noticed, however, that the difference
between P(7') and Py(7T") may be fairly small for many practical cases where h(z) is close

to 1.0; this point will be further discussed in the following.

A NEW POWER SPECTRAL DENSITY FUNCTION

In stochastic process theory based time-dependent reliability analysis, one of the crucial
ingredients is the modeling of the autocorrelation in the load process. For a stationary
process, say, X (1), the autocorrelation is only dependent on the time separation T but not the
absolute time. With this, the autocorrelation in X (¢) is defined as R(7) = E[X () X (t+71)] =
R(—7) (Newland 1993). An illustrative example is presented in Fig. 3, which shows the
dependence of autocorrelation in the hurricane load process on the time interval between
two successful hurricane events (Ellingwood and Lee 2016). The autocorrelation decreases
sharply at the early stage where 7 is relatively small, and converges to zero latter with a
fluctuation along the horizontal axis. Such an autocorrelation function also applies to many
other types of external loads which are affected by common underlying causes (Wang and
Zhang 2018).

The spectral density function of S(w), which is a Fourier transform of R(7), also provides
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a tool to describe the statistical characteristics of X (¢). Mathematically, one has

= 2/ ) cos wT)dw (27a)
_d*Rx(0
0% = Bx(0) = ——5— =2 / (27b)

Eq. (27b) implies that a spectral density function, S(w), consequently gives an estimate of
the standard deviation of X (t). However, since an improper integral is involved in Eq. (27b),
an arbitrary form of S(w) does not necessarily lead to a converged form of 0. For example,
if R(7) takes the form of R(7) = o% exp(—k7) (c.f. Eq. (3)), where ox is the standard
deviation of X (t), it follows (e.g., Zheng and Ellingwood 1998)

S(w) = 1 /OOO R(7) cos(tw)dr =

™

2
kog

w0+ ) 2%)

with which Eq. (27b) does not converge. Furthermore, even for some spectral density func-
tions that result in a converged oy, the integral operation in Eq. (27b) may be inefficient
when used in the structural reliability assessment in Eq. (11) (that is, a two-fold integral
will be involved in Eq. (11) if substituting Egs. (8) and (27b) into Eq. (11)), especially for
use in practical engineering.

In an attempt to achieve a simple and convergent form of Eq. (27b), a new power spectral

density function is developed in this section, which takes the form of

a
S(w)ZM’ —00 < w < 400 (29)
where a and b are two constants. It can be seen that Eq. (29) satisfies the basic properties
of a power spectral density function: it’s an even function of w (i.e., S(—w) = S(w)) and

positive (this is satisfied by noting that both a and b are positive values, see Eq. (35) below).

With the proposed spectral density function in Eq. (29), according to Eq. (27), it follows
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R(7) = R(1,b) = 2a - /OOO u261+b cos(wT)dw (30a)

o 1 2am
2 _ — . =
0% = R0.0) =20 | ———dw= o0

(30D)

The integral operation involved in Eq. (30a) can be solved in a closed form. To begin with,

one has

2am pi/s pl/s V3 m
R(1,b) = Topire &P (—2> . [2 exp (—2> + 4 cos <2b1/6 - 3)] (31)

Further, it is easy to find that
R(r,b) = 7° - R(1,b7%) (32)

As such, Eq. (30) provides a straightforward approach to find a and b in the density function
S(w), provided that the autocorrelation function in the load process is known. It is noticed
that while the autocorrelation function in Eq. (32) has been derived directly based on Eq. (29)
rather than from a physics-based case, Eq. (32) nevertheless is feasible to capture different
dependence scenarios of load autocorrelation on the time separation that decreases sharply at
the early stage and subsequently fluctuates along the time axis with a decreasing magnitude.
This fact is guaranteed by noting that in Eq. (32), the magnitude of R(7,b) is controlled

pl/67
2

by the term exp (— ), which is a monotonically decreasing function of 7 with a given b,

while the fluctuation of R(7,b) is posed by the term 2 exp (—bl/;T) + 4 cos (?bl/GT - g)
For illustration purpose, Fig. 4 shows the dependence of R(7) on the time separation 7 for
b = 30,60 and 90, respectively, assuming a = 1 for all the three cases. The autocorrelation
decreases sharply at the early stage where 7 is relatively small, and converges to zero soon
with a fluctuation along the horizontal axis. The overall trends in Fig. 4 coincide well with

that in Fig. 3. Moreover, it is seen that the different values of b result in different shapes of
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the autocorrelation function, indicating that the proposed spectral density function enables
freedom for different depending scenarios of R(7) on the time separation 7.
With the autocorrelation in X (¢) addressed, one can further find the correlation coefficient

in X (t), p(7), by p(1) = R(7)/0%. For instance, for a unit time separation of 7 = 1, one has

1/6 1/6 T
p(1,b) = jlexp <—62> : l? exp (—62> + 4 cos <\g§b1/6 - 3)] (33)

Mathematically, it is easy to see that lim, o p(1,0) = 1 and lim, . p(1,0) = 0. Eq. (33) can

be simply extended to other values of 7 by noting that

o(7) = p(r.b) = R(7,b) T - R(1,b71°) (34)

0% 0%

Further, with S(w) taking the form of Eq. (29), it follows

2

2 _9 ./oowid _ e 35
7x “Jo wﬁ—i-bw 3vb (35)

It can be seen from Eq. (35) that both a and b are positive real numbers due to the fact that

2
Ox

is a positive real number. Furthermore, with Eq. (35), it is easy to see that Eq. (8) has a
simple form with only fundamental algebras involved, which is beneficial for the application of
structural reliability assessment when substituting Eq. (8) into Eq. (11). The applicability
of the proposed power density function will be demonstrated in the next section. It is
emphasized, finally, that for the case where the load process is non-Gaussian, the proposed

density function also applies, if both the resistance and load effect are converted to the

“equivalent” ones respectively, as discussed above.

NUMERICAL EXAMPLE
In this section, an illustrative example is presented to demonstrate the applicability of the
proposed power spectral density function in structural time-dependent reliability assessment,

and to investigate the role of load autocorrelation in structural safety.
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Consider a structure subjected to the joint effect of both a dead load D and a continuous
lateral load H (due to, e.g., the lateral earth pressure (Clayton et al. 2014)). Table 1 presents
the probability distribution of the resistance and loads, with a load combination as follows

(ASCE standard 7, ASCE 2002),

0.75R, = 0.9D, + 1.6, (36)

where R,, is the nominal resistance, D,, is the nominal dead load, and H,, is the nominal
lateral load. Assume that D,, = H,,.

The initial resistance and dead load are modeled as deterministic, due to the fact that
the randomness associated with the live loads contributes to the majority of the overall
uncertainties for most engineered structures (e.g., Ellingwood et al. 1982; Ellingwood and
Hwang 1985). The initial resistance has a value of 1.1 times the nominal resistance reflecting
the modeling bias. The dead load is approximated by the nominal value which coincides
well with many in-situ surveys. The live load in Table 1 in fact represents the “arbitrary
point-in-time” load having a value that would be measured if the load process were to be
sampled at some specific time instants.

A reference period of 50 years (i.e., T is up to 50 years) is considered in the following
analysis. Moreover, taking into account the operational environmental factors that are re-
sponsible for the deterioration of structural resistance (e.g., the corrosion of steel bars in RC
structures due to the ingression of Chloride in marine/coastal areas (Pang and Li 2016)), it
is assumed that the structural resistance degrades linearly by 20% over a reference period
of 50 years. The autocorrelation coefficient in the lateral load process is assumed to be 0.3
for a time separation of 1 year (i.e., R(1year) = 0.30%, where oy is the standard deviation
of H). It is emphasized that while a lognormal stochastic load process (that is, the load
process evaluated at an arbitrary time follows a lognormal distribution) is considered herein,

the method in this paper is also applicable for loads with other distribution types such as a
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Weibull or Extreme Type I distribution (Melchers 1999; Tang and Ang 2007).
Note that the lateral load H follows a lognormal distribution, and thus is transformed
into a standard normal distribution H* by Fy(H) = ®(H*), where Fy is the CDF of H.

With this, according to Eq. (13), the autocorrelation coefficient in the process H*(t) for a
In(1 + 0.3¢%;)
In(1+ c%)
As such, with Eq. (30), the two parameters a and b can be found numerically as 18.1 and 78.7

time separation of 1 year is found to be = 0.3241, where cy is the COV of H.
respectively for H*. Fig. 5 shows the autocorrelation coefficient in H* as a function of time
difference 7, where an exponential decay model is also presented for comparison. It can be
seen that with both types of correlation coefficient function, the autocorrelation in the load
process diminishes rapidly for 7 being up to three years. to have a similar shape overall.
Moreover, in Fig. 5, the autocorrelation coefficient in H(¢) assuming a Gaussian process
of H(t) is also plotted, as well as an exponential law of the autocorrelation decay in the
“assumed” normal H(¢). The difference between the time-variation scenarios of correlation
coefficient functions associated with H* and normal H is negligible.

The spectral density function takes the form of Eq. (29), with which the autocorrelation
coefficient in H*(t) is modeled by Eq. (34). With the two parameters a and b obtained,
one can simulate a sample sequence of H*(t) and correspondingly, H(t). Since H*(t) is a

standard Gaussian process, one has (Newland 1993)

H(1) ~ || 3 cos(ist + ) (37)

Jj=1

where N is a sufficiently large integer, w; is a real random variable with a PDF of S(w) (Note
that the standard deviation of ‘H* is 1.0, and thus [ S(w)dw = 1), and 6; is a random
variable that is uniformly distributed in [0, 27]. The simulation method for w; is discussed
in Appendix I. Fig. 6 demonstrates sample sequences for H*(t) and H(t) (normalized by
H.,), respectively. Such realizations in Fig. 6 provide a straightforward impression on the

time-variation of the stochastic process with certain statistical characteristics.
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Fig. 7(a) shows the time-dependent failure probabilities for reference periods up to 50
years, assuming a mean lateral load of 0.4H,,, 0.5H,, (as in Table 1) and 0.6H,,, respectively.
A greater load magnitude leads to a higher probability of failure. For reference periods
exceeding 10 years, the logarithmic failure probability increases approximately linearly with
time, which is consistent with the observations in Li et al. (2015). For comparison purpose,
Fig. 7(b) presents the time-dependent failure probabilities assuming a Gaussian process of
loads. It can be seen from the comparison between Figs. 7(a) and (b) that the assumption of
a Gaussian load process underestimates the failure probability compared with the lognormal
load process. This observation can be explained by examining the upper tail behaviour of a
normal distribution and a lognormal distribution, as shown in Fig. 8. With the same mean
value and standard deviation, a lognormal distribution has a longer upper tail compared with
a normal distribution, and thus results in a greater probability that the random variable
exceeds a given threshold. Specifically, suppose that the structural failure probability is
represented by F'(1.0H,,), where F' is the CDF of either a lognormal or a normal distribution
in Fig. 8. For the case of 0.4H,,, the failure probability associated with a lognormal load is
0.015, which is approximately 10 times of that associated with a normal distribution. This
fact indicates that treating a non-Gaussian load process as Gaussian may result in significant
error in the estimate of structural reliability.

In order to investigate the impact of load autocorrelation on structural time-dependent
reliability, Fig. 9 presents the time-dependent failure probabilities for different cases of cor-
relation coefficients in load: case (1) p(1lyear) = 0.1, case (2) p(1lyear) = 0.3 (the same as
before) and case (3) p(1year) = 0.5. Correspondingly, the autocorrelation coefficients in
H* are 0.1107, 0.3241 and 0.5278 for a time separation of 1 year. Further, with Eq. (33),
the parameter b is found as 371.1, 78.7 and 16.4 respectively for the three cases. In Fig. 9,
the failure probability increases exponentially with 7' for reference periods exceeding 10
years, which is consistent with the observation from Fig. 7(a). Moreover, Fig. 9 suggests

that a stronger autocorrelation in loads leads to a smaller failure probability. This can be

18 May 12, 2019



352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

explained by considering an extreme case where the structural survival is represented by
S1 < rN Sy < r, where r is the resistance (a deterministic value), S; and Sy are two iden-
tically distributed loads with a CDF of F'. For the case of fully correlated S; and S,, the
failure probability is simply 1 — F'(r), which is greater than that associated with independent
Sy and Sy (i.e., 1 — F?(r)). Fig. 9 on one hand implies the importance of identifying the
load autocorrelation in an accurate estimate of structural reliability, and on the other hand
suggests that for cases where only insufficient load information is available, the assumption
of a weak autocorrelation in loads leads to a relatively conservative estimate of structural
reliability.

By noting that the load process follows a lognormal distribution, as summarized in Ta-
ble 1, the CDF of maximum load effect within a reference period of A can be found through
Eq. (20). Fig. 10 plots the CDFs of maximum load for cases of p(1 year) = 0.1,0.3 and 0.5,
respectively. A stronger load autocorrelation leads to a shorter upper tail of the CDF, and
subsequently results in a smaller exceeding probability given a predefined threshold. This
observation is consistent with the one from Fig. 9 that a greater load autocorrelation leads
to a smaller failure probability.

Finally, the difference between the failure probabilities associated with a discrete load
process and a continuous one is discussed. The failure probabilities are calculated with
Egs. (21) and (26), respectively. For the three cases in Fig. 7(a), the difference between
P(T) and P4(T) is found to be negligible. For instance, for a reference period of 50 years,
if the mean value of H(t) is 0.5H,, then P(T) and P4(7T") are equal to 0.036 and 0.035,
respectively (with a difference of less than 2%). This small difference can be explained as

follows. Consider a Gaussian load process, with which the term z in Eq. (23) is rewritten as

follows,
o = oxbl/6

With the structural configuration in Table 1, for the typical cases where p(1 year) < 0.8
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(correspondingly, b > 0.73 according to Eq. (33)),

—/2-0.2/50 - (1_1 . 0.9Dn+1.6Hn

0.75 )
= —0.0874 39
0.5 0.5H,, - 0.731/6 (39)

0>z>

with which ﬁ € [0.8981, 1]. This fact implies that the difference between P(T") and Py(T)
has a maximum of approximately 10%. In fact, even for an extreme case where the resistance
degrades severely by 50% over a reference period of 50 years, the maximum difference between
the two failure probabilities is about 20%. As a result, it can be concluded that a continuous
load process can be reasonably modeled by a discrete process where only significant load

events are considered.

CONCLUSIONS

This paper has proposed a method to estimate the structural time-dependent reliability
in the presence of a new power spectral density function, which yields a simple and efficient
solution to the structural reliability. Illustrative examples are presented to demonstrate the

applicability of the proposed method. The following conclusions can be drawn from this

paper.

1. The structural time-dependent reliability analysis in the presence of a non-Gaussian
load process can be transformed into a standard “first passage probability” problem
by introducing an “equivalent” load. Provided that the autocorrelation in the load
process is known, the correlation coefficient function in the “equivalent” load process
can be uniquely determined.

2. Some types of power spectral density function of a stochastic process may result in
a non-convergent estimate of the standard deviation of the process’s derivative, and
thus cannot be used in reliability assessment directly (c.f. Eqs. (8) and (11)). The
proposed spectral density function as in Eq. (29), however, enables an analytical
estimate of the stochastic process’s characteristics, and further yields a closed-form

formula of structural time-dependent reliability.
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3. If the load process is non-Gaussian, simply assuming a Gaussian process for loads may

lead to a significantly biased estimate of structural reliability. This fact indicates the
importance of properly addressing the distribution type of the load process.

A stronger load autocorrelation leads to a smaller failure probability. For cases where
the load information is insufficient, the assumption of a weak autocorrelation in loads
results in a relatively conservative estimate of structural reliability.

The impact of choosing a continuous or a discrete load model on structural reliability
is compared. The former leads to a specific distribution type (not necessarily Rayleigh
if the load process is non-Gaussian) of maximum load effect during a time interval of
interest. The assumption of a discrete stochastic process for loads overestimates the
structural safety compared with that associated with a continuous load model. The
difference is, however, negligible for most engineering cases, and thus the two methods
of modeling load process can be used exchangeably for the purpose of structural safety

assessment.

21 May 12, 2019



415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

APPENDIX I. ON THE SAMPLING OF A RANDOM VARIABLE WITH A KNOWN
PDF

In this section, the sampling of a random variable with a known PDF is discussed. The
rejection method can be used to sample a random variable with a known PDF but follows
an irregular distribution (Ross 2014).

First, consider a random variable X with a standard deviation of oy and a PDF of

fx(z) = 5% = %, where S(z) is as in Eq. (29), and ay = 5. Clearly, one can show
X X

— 00

that [0 f(x)dz = [ %dx = 1. For further derivation, an auxiliary random variable Y
X

is introduced, which has a PDF of fy (y) = %%5. The CDF of Y is Fy(y) = [*,, %/7dz =

% (arctan (%) + g) Mathematically, it can be proven that

ag ag(b+ 1)

S(y)zy6 T3S e - fy(y) (40)

With this, the procedure of sampling a realization = for X is as follows,

e Simulate two random numbers u; and us that are uniformly distributed in [0, 1].

e Set y =+/btan (Ulﬂ' — g)

S
o Ifuy, < ao(b+1)(}r/)f
pl.

o then set x = y; otherwise return to step 1 (i.e. re-sample u; and
5 Jy\y

U,Q).

This procedure has been used in the sampling of H*(¢) and H(t) in Fig. 6.
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TABLE 1: Probabilistic models of resistance and loads

Item Mean COV Distribution
Initial resistance 1.10R,, 0 Deterministic
Dead load 1.00D,, 0O Deterministic
Lateral load 0.50H, 0.5 Lognormal
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FIG. 4: Dependence of R(7) on 7 for different values of b.
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FIG. 7: Time-dependent failure probability for periods up to 50 years.
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