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Abstract

This paper introduces a version of the interdependent value model of Milgrom and Weber
(1982), where the signals are given by an index gathering signal shifters observed by the
econometrician and private ones specific to each bidders. The model primitives are shown
to be nonparametrically identified from first-price auction bids under a testable mild rank
condition. Identification holds for all possible signal values. This allows to consider a wide
range of counterfactuals where this is important, as expected revenue in second-price auction.

An estimation procedure is briefly discussed.
JEL: C57, Cl4
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1 Introduction

Most nonparametric identification results or empirical studies for first-price auctions con-
sider the private value case. See for instance the review papers of Athey and Haile (2007)
or Hendricks and Porter (2007). This is probably due to the non identification result of
Laffont and Vuong (1996), which states that bids generated by interdependent values are
also rationalized by private values. This negative result has not prevented empirical work
for the interdependent case. In particular, Hendricks, Porter and Wilson (1994) consider an
asymmetric common value model for drainage tracts, where an informed bidder bids for a
neighbor tract and competes with non neighbor buyers. Hendricks, Pinkse and Porter (2003)
have used ex post values observed after the auction to test rational bidding in a common
value framework. They consider an application to wild cat leases, where bidders can com-
mission seismic studies to evaluate the quantity of petrol or gas in the tracts. Shneyerov
(2006) has shown that the seller expected revenue in a first or second price auction can still
be identified. His results are applied to municipal bonds, which values are determined after
the auction, when sold to some final investors. Paarsch (1992), Haile, Hong and Shum (2003)
and Compiani, Haile and Sant’Anna (2018) propose to test whether bids are generated by
a common or a private value model. Hong and Shum (2002) restore identification using
a parametric common value model. Aradillas-Lépez, Gandhi and Quint (2013) use a set
identification approach in the more restrictive framework of correlated private values.
These papers fall in the interdependent value framework, where each bidder has a possibly
unknown value V; and observes a univariate private signal X;, © = 1,...,n. The parameters

of interest are the joint signal distribution and the valuation or value functions
O, (Xy,..., X)) =E[V;|Xy,..., X,] (1.1)

which are sufficient to compute most counterfactuals. In the private value case, the valu-
ation only depends upon the bidder’s signal. By contrast, in the interdependent case, the
value of a given bidder can depend upon the signals of other bidders, creating so a net-

work of interactions which is difficult to identify from first-price auction bids without further



restrictions.

In the symmetric case, Laffont and Vuong (1996) show that the bids only identify

Xi=x, max X;=ux
1<j#i<n

V,(z,2) =E [v,-

In particular, the “pseudo” private values V; = V; (X;, X;) generate equilibrium bids which
are observationally equivalent to the initial ones. As the private values V; are independent
and identically distributed (i.i.d) when the signals X;’s are, it would be tempting to ex-
pect that revenue equivalence results valid under the symmetric independent private value
paradigm extends to symmetric interdependent values. This is however misusing the ob-
servational equivalence results of Laffont and Vuong (1996) by ignoring bidder valuation
dependence. In particular, it is known that ascending auctions, during which bidders can
learn about their opponent’s signals, generates a higher expected seller revenue than first-
price auction. The optimal reserve price computed from the distribution of the pseudo
private values V; is also unlikely to be identical with the one taking into account bidder’s
interdependence. As the valuation functions are typically positively correlated, so will be the
bidder’s participation decisions, suggesting the seller faces a higher risk of non participation
under interdependent value than for independent private ones. Recovering the function ®;(-)
in (L)) and the signal distribution is therefore important from an auction design perspective.

Functional restrictions have been used to restore identification within a symmetric frame-
work. Hong and Shum (2002) have shown that a Gaussian Wilson model is identified. Li,
Perrigne and Vuong (2000) consider an extension of the Wilson model where V; = V' for all
i, the signals satisfy X; = Ve;. They assume that, for some unknown parameter (6, 6),
Vi (x,z) = 0o for identification and estimation purposes. Février (2008) relaxes the latter
assumption and shows identification when the conditional support of X; given the common
value depends upon V. He (2015) considers ®;(z1,...,z,) = & for all 7.

Alternatively, observable asymmetries generated by bidder specific variables can be used
to obtain identification with such restrictions on ®;(-) or V;(-). Somaini (2018) considers a
valuation exclusion restriction, under which bidder 7 valuation only depends upon a bidder

specific shifter Z;, which is observed by all bidders and the econometrician. This is sufficient
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to obtain identification for additive valuation function. The present paper explores another
route, focusing on the signal, which is now supposed to be partly observable by all bidders
and the econometrician. More specifically, all the signals X, appearing in (LI can be
decomposed into a D dimensional common knowledge “signal shifter” Z; and a private
vector component 7;;(A;), where A; is normalized to have a uniform distribution. These
two components are combined using a linear index structure, X; = Zj’%j(Aj)H In the latter
expression, 7;;(-) is a common knowledge slope function which may depend upon the identity
of the considered bidder. If so, ;;(-) incorporates a specific bidder ¢ fixed effect, or can be
viewed as bidder ¢ belief about the slope ~;;(-) of bidder j.

The common knowledge variable Z can indicate better information or a higher valueH
For instance, Somaini (2018) considers the bidder distance to the place where works of
the auctioned contract has to be performed, which inverse can be both an indicator of
increasing information or lower cost. Bidder capacity constraints can also affect the value
of an auctioned contract. Length of common tract borders can be used as a measure of
information strength in the application of Hendricks et al. (1994.) The cost paid by bidders to
acquire information on a gas or oil contents on an auctioned lease, as described in Hendricks,
Pinske and Porter (2003), can also be used if common knowledge. Bidder reputation and
experience, measured for instance by time spent in activities related with the auctioned good
can again indicate a better information or a higher ability to process it for resale.

The variations of the continuous Z,’s are used to identify the function ®;(-) in (LI)) and
the slope functions ~;; (-), 7 = 1,...,n, from the bids observed in a first-price auction. The

joint distribution of the private signals is also identified assuming that a low signal does

! The index structure is general enough to include sieve approximation of a signal function zij (25, 4;),
provided Z; = [b1(z;),...,bp(z;)] for a sieve {by(-)}52, and D growing with the sample size. Such extension

is however out of the scope of the present paper.
ZVariation of the common knowledge slope functions 7;;(-) across i can also indicate a stronger bidder

due to an unobserved variable which stay constant across the sample, or a fixed effect. For instance, each
bidder collection of 7;;(+), = 1,...,n may take the two distinct values L,(~) <75,(-),j=1,...,n indicating

a weak or a strong bidder.



not prevent bidding and that bids increase with signal. Hence this interdependent value
model is fully identified and can be used for most usual counterfactual exercises. As our
nonparametric identification result uses local variation at given small value of the Z;’s, the
model is overidentified and can therefore be tested.

Athey and Haile (2002) have similarly considered good covariate variations for ascending
auctions with dependent private values. The nonparametric identification result stated in
Athey and Haile (2002, Theorem 5) relies on order statistic properties that are not relevant
here. The harder parameters to identify are the slope functions 7;; (-). In the two bidder
case, identification is obtained by differentiating with respect to the signal A; and to the
covariate Z;. This gives a system of differential equations with a unique solution, identifying
so the slope functions. Similar identification procedure, based on uniqueness of the solution
of a differential equation, can be traced back to Elbers and Ridder (1982) in the context of
duration models, see also Abbring and van der Berg (2003). The case where three bidders or
more attend the auction is more involved but proceeds similarly: differentiating with respect
to the signal and covariate gives an integro-differential system, but it is shown that it also
identifies the slope functions.

The rest of the paper is organized as follows. The next section introduces our interdepen-
dent value models and three illustrative examples. Section 3 presents our main nonparametric
identification results. Section 4 discusses a possible two stage estimation procedure. Section

5 concludes the paper and proofs are grouped in Section 6.

2 Model, examples and assumptions

A single and indivisible object is sold to a known number n > 2 of buyers using a first-price
auction. There is no reserve price and the seller accepts all nonnegative bids. The observa-
tions consist on the bidder identities, bids B; and the signal shifters Z;, j = 1,...,n where n
is the total number of buyers. The next Section describes the model and bidding strategies,

and gives our key identification assumptions. The framework focuses on a particular bidder,



say bidder ¢, which valuation function, or value, is a parameter of interest together with the

joint signal distribution introduced below.

2.1 Valuation function and examples

Buyers asymmetry is common knowledge and driven by individual D dimensional variables
Zj. Prior bidding, each buyers receive a private signal A;. The joint distribution of the
signals A = (Ay,..., A,) given Z = (Zy,...,Z,) is known to the buyers but not to the
analyst. The marginal distribution of each A; is normalized to be uniform over [0,1]. The

valuation function of buyer i is
Vi(A;Z) =@ [Z1vi1 (A1) .o, Zvin (An)] = @, [Z, T (A)], (2.2)

i = 1,...,n, where ®;(-) and ['; (A) = (1 (A41),...,%n (A4,)) are unknown parameters
of interestH In this specification, the index Z}v;; (A4;) can be viewed as a mized signal
combining observable and unobservable components, and replaces the signal X; from (L.T]).
The function ®; combines these signals and reveals the interactions of the other bidders with

i, in terms of value. Examples are as follows, for which T'; (-) = I"(+) is common to buyers.

e Additive valuation model. Bidder j observes a component Z}v; (A;) of the total
valuation of the auctioned good, which is weighted with a weight 7;; by bidder 7 in her

value function

j=1

in which case ®; (z1,...,2,) = Z?:l mijx;. He (2015) obtains identification in the
symmetric case V; (4; Z) = >, v (A;) /n, but asymmetric specifications can be more
relevant for applications. For instance the auctioned good can be a piece of land ex-

pected to contain some resources, as in mineral rights auctions. In this type of auction,

3This specification can easily be extended to allow for an auction specific variable Zy, ie V; (4; Z, Zy) =
D, [ Z1vi1 (A1lZ0) 5 - -y ZLvin (An|Z0)| Zo], by conditioning on Zj. Identification of this model follows from

applications, for each value of Zj, of Theorems [3] and [] below.



bidders exploit similar lots which can be adjacent or have similar characteristics to the
auctioned one, a observable information that can be recorded in Z. The signal A; is
private to bidder 7, being for instance the outcomes of her lot. A 7;; set to 0 may indi-
cate that bidders ¢ and j would use the lot for different purposes, so that information

of i is not relevant for j and vice versa.

A simplified auction with resale. Suppose each bidder is tied with a final buyer
to whom he can sell for sure the good at a price 7;Z/7; (4;) if she wins the auction.
After the auction, the winner can sell the good to the other final buyers at a price

mi; 255 (Aj). This gives the value functions
Vi(4;2) = max {m;Zjv; (4;)}
in which case ®; (21, ...,2,) = max;—y__, {m;x;}.

A non-Gaussian and asymmetric Wilson model. Suppose the value V' of the
good is not observed by the buyers, who receive instead a noisy signal which accuracy
is bidder specific and common knowledge. A possible parameter of interest is the
quantile function g (+) of V. Hence for a uniform Agy, V' = 74 (Ap), which can also be

written as

V=17 (F(v))
where v is a standard normal and F'(+) its cdf. In the standard Wilson model, the value
is normal, ie V' = v up to a scale parameter, and assuming that the distribution of
V' is unknown introduces additional complications. The signal structure resembles the

standard Wilson model, the signal of bidder ¢ with observed accuracy o; for v being
Vv =V -+ 0;&;

with independent v, £1,...,e, drawn from the standard normal distribution. Note

that the information carried by the signal v; is equivalent to the uniform signal

I/.
A, =F __r
(vl—i—af)
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It follows that the distribution of v given Ay, ...

S
73

n oy n 1402
N Zi:l o2 N Ei:l o2 F 1(Ai) 1
: - 1+ 0 = 1+XL =
Set Zz = 1+Ui2 !

= which gives 2 = (ZZ2 + i)l/z — %, so that a large Z; means a small

signal variance o?. The value function V(A; Z) = E[V |A, Z] is identical across buyers

and satisfies, for 3%(Z) =1+ Y1 | 5,

V(A Z) = V%Tr / " (ZLIEZ;(Z;(A” 4 E(Z)t) exp (—g) dt
_ v (Z 2P (A, 2(2))

which, conditionally on 3(Z), falls in the considered framework. Note that, for Z; = oo,

the variance o; vanishes so that bidder j knows the value V. Little algebra then gives
that
lim V(A;Z)=(4;), forany i=1,...,n, (2.3)

Zi——+o0
showing that the quantile function vy(-) is identified from the value function under a

large support assumption for the bidder covariate.

As detailed below, the revisited Wilson model is easier to identify than the other Exam-
ples, due to the possibility of perfect information. We now detail our main Assumptions for
the value specification. In the sequel, we shall focus on the identification of buyer ¢ valuation
function. Let Z be the set of active signals, that is the signal affecting the valuation of bidder

i, or in other words, the smallest subset of {1,...,n} such that

q>i (xl,...,xn):@ [[L’j,j EI] (24)

Assumption Z. The variable Z = (Zy,...,Z,) has support RY, x - x RY = Z.



Assumption A. The buyer signal A; is uniform over [0,1] given Z, j = 1,...,n.
The joint p.d.f c(:|Z) of A = (A1,...,A,) giwven Z is strictly positive and continuously

differentiable with respect to the signal and the covariate.

Assumption G. The slope v;; () are continuously differentiable over [0, 1] with non-
negative and nondecreasing entries, at least one being strictly increasing. In addition, one
of the following terminal and initial conditions holds: (1) ~;;(1) # 0 for all j in T or (i)
75(0) # 0 for all j in T

Assumption P. The set I is not empty. The function ®; (x1,...,x,) maps R} into
R, and is twice continuously differentiable with partial derivatives ag_;g.) > 0 over RY for

all j inT.

Assumption 7Z imposes signal shifter linear independence and rules out discrete entries
to allow differentiation. Constant entries are also ruled out as it can cause identification loss
as in Laffont and Vuong (1996). That the entries of Z can be unbounded is a simplifying
assumption that can be weakened, but allows here to identifies ®;(-) over its unbounded
definition domain. That the vector Z can go to 0 is used to identify the initial or terminal
values of the 7;;(-)’s later on.

Assumption A includes a standard normalization of the conditional signal distribution,
which are assumed to be uniform. This permits the use of the quantile approach of Gimenes
and Guerre (2019), see Lemma [I] below. Note however that the signal vector (Ai,...,A4,)
can depend upon Z.

Assumption G imposes smooth and bounded mixed signals Z;; ()H The terminal slope
condition G-(i) will be used when n = 2, while the initial one G-(ii), which implies G-(i)
when the slope entries are strictly increasing, is used for n = 3. Assumption P requests

a valuation function which is strictly increasing with respect to its argument and smooth.

4 Assumption G rules out the revisited Wilson model example, for which vj; (-) is infinite at 0 or 1. But
Assumption G is only needed to identify the unknown ~;; (), and therefore not for this example since its

7vi; () are known.
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Assumptions G and P together imply that the value function V; (A; Z) increases with each
private signal A;, as assumed in Milgrom and Weber (1982). In the sequel, we shall focus
on the identification of buyer i valuation function, or equivalently of the pair [®; (-),; ()]
up to a scaling normalization, as [®; (-/A), AI; (+)] gives the same valuation function for all
A > 0. A convenient normalization used in the proofs of the main results is

8@, (0,...,0)

o, =1 for all j in Z. (2.5)

2.2 Bidding strategies

Our identification results are based on high level bidding assumptions inspired by the
Bayesian Nash Equilibrium framework. It is assumed that bids depend upon Z and bid-
der private signals

B;=s5;(A;;2)>0, j=1,....,n, Ze€2Z.

In what follows, ¢V (-; 2) is the partial derivative ¢V (a; 2) = a%gp(a; z) with respect to the

quantile level.

Assumption S. For each Z in Z (i) the bidding strategy s;(-;Z) satisfies the best

response condition

si(a; Z) € argrglfg(E {(VZ (A;Z)—=b)1 {b > 1;?2%”Bj} |A; = a,Z] . (2.6)
(ii) The initial condition s, (0;2) = --- = s,(0;Z) holds. (iii) The terminal condition
s$1(1;2) = --- = 5,(1;Z) holds. (i) For each j =1,....n, s;(+;Z) is twice continuously

differentiable with 35-1) (+;Z) > 0 over [0,1].

As in the preceding section, the focus is on identification of the valuation function of
bidder 7, so that the best response condition (2.6) in Assumption S-(i) only concerns this
specific bidder: the other bidders do not need to use a best response bidding strategy. Note
however that, apart the initial condition of S-(ii), most of Assumption S is inspired by the
Bayesian Nash Equilibrium framework where all the bidders use a best response bidding

strategy.
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Assumption S-(iv) is used in particular for the joint signal distribution, see Lemma/[l to-
condition in S-(iv) is standard in the Econometrics of auctions when assuming bids from the
Bayesian Nash Equilibrium. For affiliated signal and valuation functions V; (A; Z) increasing
with respect to each signals, Reny and Zamir (2004) have established existence, but not
uniqueness, of a Bayesian Nash equilibrium with increasing bidding strategies. In the two
bidder case, Lizzeri and Persico (2000, Appendix) have studied uniqueness, strict monotonic-
ity and smoothness of the optimal bidding strategies as in S-(iv). But these assumptions
may not hold for bids not generated by a Bayesian Nash equilibrium. Discontinuities in the
strategy s;(:|Z) should generate flat parts in the cumulative distribution function of B; or
discontinuities for its pdf. A non monotonic but differentiable s;(-|Z) can lead to a diverging
pdf, so that both are in principle testable.

The common terminal condition in Assumption S-(iii) is from Lizzeri and Persico (2000),
who established it in the two bidder case under the Bayesian Nash Equilibrium framework.
Intuitively, if a group of bidders have a common terminal bid larger than their opponents,
they can increase their profit by slightly decreasing their terminal bids and still be sure
to win the auction. Hence all the bidders should have the same s;(1; Z) as assumed in S-
(iii). This condition can be tested in principle, because if S-(iii) does not hold for a given
7, there is a dominated bidder, say i, with bid support upper bound by(Z) such that
P (B, <by(Z)|Z) =1 and P (maxi<i<, B; > bo(Z)| Z) > 0 .

The initial condition in Assumption S-(ii) does not necessarily hold in the Bayesian
Nash Equilibrium framework, especially with asymmetric bidders. It ensures that there is
no bidder who would lose the auction with probability 1 given a too low signal value. As a
consequence, the best-response characterization (2.6) of the bidding strategy implies the first
order condition (3.4 in Lemma [2] below, which is key for identification. Another important
econometric role of the initial condition S-(ii) together with the terminal one S-(iii) is to allow
for identification of the slope functions ~;;(-) over the whole quantile interval [0, 1], therefore

avoiding censoring. As Assumption S-(iii), Assumption S-(ii) is in principle testable.
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Strategy common initial condition and Bayesian Nash equilibrium. For bids
from Bayesian Nash equilibrium, additional restrictions may be needed to ensure that the
common initial condition S-(ii) holds, as discussed now. Assumption S-(ii) typically fails
when the initial valuations V;(0; Z) differ across bidders. If the V;(0; Z) are identical, say
equal to V(0; Z), it must hold for all i s;(0; Z) = V(0; Z) under Assumption S-(iv) Hence
Assumption S-(ii) holds if

V(07 Z) =, (Z£711(O)7 SRR Z;ﬁ/ln(o)) ==, (Z{an(())v R Z;Lfynn(o)) : (27)

Assuming, for the sake of simplicity, that the set Z of all bidders is {1,...,n} and the

normalization (2.H), (Z7) holds when 7v;1(0) = --- = 7;,(0) for all j and, if these slope
do not vanish, ®;(-) = --- = ®,(-). So a sufficient condition for Assumption S-(ii) is the
following;:

Condition BNE. One of the two restrictions holds:

(i). Common initial value: ®1(0,...,0) = --- = ®,(0,...,0) and v;;(0) =0 for all i,j =

1,...,n;

(ii). Common ®,(-) and initial slope: ®;(xy, ..., x,) = P(xy1,...,x,) and (7;1(0), ..., 7% (0)) =

(V1(0)7 s 7/7n(0)) fOT all 1.
°To see this, let a;(Z) = inf {a € [0,1];P (s;(A;; Z) wins and A; > «|Z) > 0} be the signal threshold

above which bidder 4 has a non trivial probability to win the auction. Under Assumption S-(iv), it must

hold that s1(aq(Z); Z) = -+ = sn(a,(Z); Z). Arguing as for (33), B6) and B4) give
sj(a;(2); Z) = @5 [Z1vj1(1(2)), - - s Zyvin(@,(Z))]

which is strictly larger than the common V' (0; Z) if one of the a;(7) is strictly larger than 0 by Assumptions
G and P. Suppose now that one of ¢, (Z) is strictly larger than 0, say a;(Z) > 0 assuming it is the unique
one for the sake of brevity. It follows that bidder i = 2 expected profit given As = « is equivalent to, when

a goes to 0

Ca! /_ {2 [Z1721(a), Z3722(0), - - -, 2,720 (0)] = @2 [Z1721 (1 (Z)) Z5¥22(0), - - - s Z,720(0)] } dor < 0
0

which is not possible as bidder 2 would achieve a non negative expected profit making a bid close to V' (0; Z)

when As goes to 0. Hence it must hold that o, (Z) = 0.
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Condition BNE-(i) allows for more asymmetry, with a set Z that can vary across bidders.
The common initial condition holds with ®;(0) = 0 in the three examples considered earlier.
By contrast, the common ®;(-) condition of BNE-(ii) is more demanding: it holds in the
Wilson model examples but requests, in the two first examples, that the weights do not
depend upon bidder identity, m;; = m;. More generally, Condition BNE-(ii) forces the set Z
of active bidders to be identical across bidders. Because the slope 7;;(-) can be very small,

this may nevertheless be flexible enough to mimic any set Z of active signals.

2.3 Rank condition

Our main identification condition is a rank condition stated in Assumption I below. Let
G, (b12) = P (B < |2)

be the c.d.f of B; given Z, B;(a|Z) = G, («|Z) be the associated conditional quantile
function and set

G;Bi(alZ) = G;[B;(a]Z) 2]

that s,(:|Z) = B;(:|2), is that G;B; (0|Z) = 0 and G;B; (1|Z) = 1 for all j. Recall that Z
is the smallest subset satisfying ®; (z1,...,2,) = ®; [z;,j € Z|. Recall Z| = (Zy, ..., Zpr)'
and let 0z, G;B; (| Z) be the gradient column vector

0G]BZ (Oé|Z) aG]BZ (Oé|Z) '

aZijBZ’ (Oé|Z) = aZlk sy aZDk

Assumption I. Let T be as in (24) and suppose T # {i}. For all j in T\ {i},
G;B; (a|Z) is twice continuously differentiable with respect to (o, Z) in [0,1] x Z. For all
(v, Z) of [0,1) x Z, the (Card(Z) — 1) x (Card(Z) — 1) matriz with typical entries

Z]/g&ZijBz (OK‘Z)
all — «a) ’

j.k € T\ {i}
s full rank.

14



Assumption I is not binding in the private value case due to the condition Z # {i}. Ob-
serve also that, for & = 0 and o = 1 respectively, 0, G;B; (a|Z) /o and 04, G;B; (o] Z) /(1 —
«) stands for the limit dy, g;b; («|Z). Note that a stronger rank condition than in Assump-
tion I is in principle testable using the whole set of bidders {1,...,n} instead of the unknown
7, as Z,07,G;B; (a|Z) can be consistently estimated.

The important role played by G;B; («|Z) is better illustrated looking at Lemma [Il below,
which shows in particular that the increasing strategy s; (-|Z) is identical to the bid quantile
function B; (+|Z). If the other bidders j use strictly increasing and continuous strategies
s; (+|Z), then

G;B,(al2) = 7 [si (a]2)]

which is an indicator of asymmetric bidding. The rank condition in Assumption I fails in
particular if G;B; (a|Z) = « for all j, which means that the buyers bid using the same
symmetric strategy s (a|Z). In such case, the variable Z plays a role similar to a charac-
teristic of the auctioned good. If the bids are drawn from a Bayesian Nash equilibrium,
the non-identification argument of Laffont and Vuong (1996) holds, showing that there is a
private information value model which is observationally equivalent to the one at hand. The
rank condition does not hold if G;B; (o|Z) = C}; («) is independent of Z, which gives that
sj(a|Z) = s; [C5;' (a) | Z] for all j #iin T.

7t

3 Main identification results

This section considers first identification of the signal distribution. Section then derives
the identification implications for the valuation function of the best response condition (2.6])
in Assumption S-(i). In particular, the revisited Wilson model is shown to be identified.
However, other valuation function models may not be identified for all signal values. As
shown in Section B.3] the mixed signal value function is identified in full generality, which
ensures that this specification can be used for counterfactuals that requests to know value

functions for all possible signals. The latter includes in particular the computation of an
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expected revenue, which involves integration over all possible signals.

3.1 Bidding strategy and signal distribution

The next lemma directly follows from the increasing strategy assumption. Lemma [}(ii)
shows that the bid quantile function is the bid strategy function, while identification of the
distribution of the signal vector A given Z follows from (i). Lemma [I}(iii) will be used for

identifying the valuation function later on.
Lemma 1 Suppose Assumptions A and S-(ii,iii,iv) hold. Then
(i). [Signal identification] For each j =1,...,n, the signals A; satisfy
Aj = G;(B;lZ).
and are therefore identified, as the conditional signal distribution.

(ii). [Signal bid function identification]| For each j =1,... n, the signal bid function
satisfies

si(o; Z) = Bj(a|Z).

(i11). [Winning probability identification] Suppose bidder i bid is s;(a; Z) while her
signal A; is equal to a. Then the probability w; (ala, Z) that bidder i wins the auction
giwen A; = « and Z is identified and is equal to

w; (ala, Z) =P | B; (a|Z) > max B,

1<j#i<n

Ai = «, Z:|

Proof of Lemma [1I} see Appendix.

3.2 A preliminary identification result for the valuation function

The next Lemma is an asymmetric version of first-order condition that determines the bid-

ding strategy in Milgrom and Weber (1982), see also Laffont and Vuong (1996), Guerre,
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Perrigne and Vuong (2000) and Haile et al. (2003) for econometric applications. A distinc-
tive feature of the quantile approach developed here comes from Lemma [I}(ii), which shows
that the bidding strategy s; (; Z) is equal to the bid quantile B; (-|Z) because s; (+; Z) is
strictly increasing and continuous by Assumption S-(iv). It follows that the best response

condition (2.6)) is equivalent to

a = arg max E [(Vi (A; Z) — B; (a|2)) 1 {B,. (a|Z) > max Bj} 4, = a, Z} (3.1)

a€c[0,1] 1<j#i<n

for all a in [0, 1] under Assumption S. Define

v, (a|a,Z):E[V,~ (A;Z)H{B,. (a|Z) > max Bj}|A,~:a,Z]. (3.2)

1<j#i<n

Observe that the expected payoff in ([B.1)) is equal to
V., (ala. Z) - B, (a]2) w (a|a 2)

and that
{Bi(a|Z)> max Bj}: U {4, <G,[Bi(al2) 2]}

~ 1<j#i<n \< Tien
Since B; (:|2) = s; (-|2), G; (-|1Z) = s;" (-|Z) and because the p.d.f ¢(-|Z) are continuously
differentiable by Assumptions S-(iv) and A respectively, so are V; (-|a, Z) and w; (-|a, Z).
The first-order condition associated with ([B]) therefore implies

% _ ~Biw2) % - B (a;Z)w; (ala, Z)=0.  (3.3)
Define -
7 oV (ala,Z)
i da
Qi (a|2) = M, Ui (a|Z) = ————*==.
8w@(g|oéyz) &uz(g\a Z)

Rearranging (B3] gives the next Lemma.

Lemma 2 Under Assumptions A and S, it holds for each Z of Z and all « in [0, 1]
Ui (a|Z) = B; (] Z) + B[ (a]2) 2 (a|2) (34)
and U; (+]-) is identified.
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As Q; (+|Z) is identified by Lemma [I}(iii), Equation (B.4)) in Lemma [2 shows that U; (-|2) is
identified. The merits and limitations of this identification result are now discussed for the

two and three bidders general case and for the revisited Wilson model.

3.2.1 Two bidders general case

It is assumed here that the bidder covariate are of dimension 1 and that V; (A; Z) is a general
valuation function. Suppose without loss of generality that + = 1. Observe that the p.d.f
of Ay given A; = a and Z is ¢(a,-|Z) as A; has a uniform distribution over [0, 1] given
Z. Recall that G2B) (a]|Z) = G2 [B; (a]Z) | Z] has a positive derivative goby (a|Z) by Lemma
[M(ii) and Assumption S-(iii). This gives for V' (a|o, Z) as in B2) and w; (a|a, Z) as in
Lemma [I}(iii)

Vi (ala, 2) = / Vil Z)1[By (a]Z) > By (t12)] ¢ (0, 1|2) dt

G2Bi(alZ)
_ / Vi (o, t: Z) ¢ (a,t|2) dt,
0

1 GoBi(a|Z)
w (ala, Z) = / I[B; (a|Z) > By (t|Z) dt] ¢ (o, t|Z) dt = / c(a,t|Z)dt
0 0
so that
oV (alo, Z
% = gob1 (a|Z) Vi (o, G2B1 (al Z) ; Z) ¢ (at, Go By (a] Z) | Z)
ow1 (ala, Z
Dl D) gy (0l2) ¢ (0, GaBy (0]2) | 2).
Hence B
OV 1(ala,Z)
da
Uy (0]2) = ot = Vi (0, G By (0l 2) 7). (3.5)
da —a

It follows from Lemma 2] that, for each Z, Vi (a1, an; Z) is nonparametrically identified
over the curve

{(a1,00) ;0 = GoBy (1| Z) , o € [0, 1]}

This is insufficient to identify V; (-) over [0, 1]* x Z nonparametrically. However identification

may hold under further restrictions of the valuation function as detailed here.
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e Bidder covariate exclusion restriction. Somaini (2018) considers the exclusion
restriction Vi (aq, an; Z) = Vi (aq, ag; Z7), which, for a given Z;, ensures identification
of the latter for any «; in [0, 1] and as in [ming, Go B (o1|Z) , maxz, G2 By (a1|Z)] by

a proper choice of Z,.

e Separability restriction. Consider the additive specification
Vi (o, o5 Z) = vy (o, ) + g (Z)

with the normalization vy (0,0) = OH As G3B; (0/Z) = 0 under Assumption S-(ii),
ve (Z) = U, (0]7) is identified and so is vy (o, G2 By (a1|Z)) = Uy (aq|Z) — Uy (0|1 2).
It then follows that the valuation function of bidder 1 is identified for any oy in [0, 1]
and ay in [ming GoB; (a1|Z) ,maxy Gy By (a1|Z)], which may differ from [0, 1]. This
restriction on sy can be removed under an additional additive assumption. Suppose

now Ul(Oél, 042) = Ull(Oél) -+ Ulg(Oég) with Ull(O) = U12(0) = 0. Then U1(|Z> identifies
U1(06|Z> = ’Uu(Oé) + V12 (GgBl (Oé‘Z)) .

As Ozuq(a|Z) = vg) (GyBy (1] 2)) 07G9 By (] Z), it follows that vg)() is identified
over [0, 1] if, for each « in [0, 1], there exists a Z such that 0,G2B; («|Z) # 0. Hence
the initial condition v15(0) = 0 yields that vio(+) is identified, and then vy;(+) is also
identified, both over the whole [0, 1].

e Signal exclusion restriction. The value function is identified in the private value
case Vi (ai,a0;7) = Vi(aq;Z). The signal exclusion restriction Vi (aq, ;7)) =

Vi (a; Z) yields, for each Z, identification for all ay between ming, cjo,1) G2 B (o1]2)

6As discussed for the mixed signal specification, the common initial strategy condition of Assumption
S-(ii) holds for Bayesian Nash equilibrium bids if all bidders have the same vg(Z). Assuming an exclusion
restriction vg;(Z) = vp;(Z;) as in Somaini (2018) is also possible, using for identification purpose values Z
satisfying vp1(Z1) = - - - von(Zy), which are identified by the participation of all bidders. It is also desirable
to assume that A and Z are independent as identifying the conditional distribution of A given Z is difficult

when S-(ii) does not hold.
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and max,, cjo1] G2B1 (a1]|Z), ie. in [0, 1] under Assumption S-(ii) and the conditions

in Lizerri and Persico (2000).

Hence identification may not hold for all signals, possibly preventing to implement some
counterfactuals such as computation of an optimal reserve price. As seen from Theorems

and [] below, this contrasts with the mixed signal value functions considered here.

3.2.2 Three bidder general case

The case of a larger number n of bidders is more difficult because the identified expected
value is a multiple integral of order n — 2. To see this, suppose that n = 3 and that the
valuation of interest is the one of the first bidder. The p.d.f of (As, A3) given A; = « and Z

is ¢ (a, -, +|Z) and V (ala, Z), wy (ala, Z) are now given by

Vl (a|a,Z) = /‘/1 (Oé,t2,t3; Z)H [Bl (CL|Z) Z maX{Bg (t3‘Z>,BQ (t3|Z>}] C(Oé,tg,tg‘Z) dtgdtg

G3B1(al2) G2B1(al2)
_ / / Vi (o o, ts; Z) ¢ (0, o, 15| Z) di
0 0

dt37

G3Bi(a|Z) G2Bi(alZ)
w1 (a|a,Z) :/ / C(Oé,tg,t3|Z> dtg dtg
0 0
Hence
Ows (ala, Z)

o x U, (a|Z)

a=x

G2B1(a]Z)
= g3bl (Oé|Z)/ ‘/1 (Oé,tQ,GgBl (OK‘Z) 3 Z)C(Oé,tg, GgBl (Oé|Z) |Z) dtg
0

G3Bi(a|Z)
—|—ggb1 (OZ‘Z)/ %(O&,GgBl (Oé|Z),t3;Z)C(Oé,GQBl (Oé‘Z),tg‘Z)dtg, (36)
0

Ow; (ala, Z)

G2B1(a]Z)
o — gsb1 (] 2) / ¢ (1, Gs By (a]2) |2) dts
0

a=x

G3B1(a|Z)
+ gabr (a]2) / ¢ (a, GaBy (0] Z) , 15]2) dts.
0

Lemma[2 therefore establishes nonparametric identification of an integral function of the val-

uation function over a set of signal variables (o, aa, a3) = (a1, GoBy (a1|Z) ,G3B1 (1] 2)).
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As for the two bidder case, this may not be useful for most applications without further re-
striction on the valuation function. Somaini (2018) derives some identification results under

covariate exclusion.

3.2.3 Revisited Wilson model

On the other hand, the revisited Wilson model is an example of specification that can be
easily identified from Lemma 2l Indeed (23]) and the expressions of U; («|Z) derived above
imply

lim U (a|Z) =70 (@)

Z1—+0oo

because Z; = +o0o means that bidder 1 is perfectly informed about the value of the good.

This is sufficient to recover identification of this specification.

3.3 Identification of the mixed signal valuation function

The mixed signal valuation specification (22)) can be identified using a three step procedure.
First an initial or terminal value for the slope functions ~;;(-) is identified. Second, the func-
tion ®; (-) is identified. Third, thanks to the rank condition I, the slope functions are then
determined as solving a differential, or an integro-differential, equation. Identification of the
slope functions holds over the full set [0,1]" of signals, as suitable for many counterfactual
applications. However the identification procedure implementation importantly differs de-
pending whether there are two bidders or more, especially in the first step and in the choice

of identifying an initial or a terminal value for the slope functions.

3.3.1 Two bidder case

Suppose n = 2 and let bidder 1 ®;(-) and (711(-), 712(-)) be the parameters of interest. Hence
Lemma [ and (B.5]) show that

U (a]Z2) = @1 [Ziy (@), Zyn2 [Go By (o] Z)]] (3.7)
is identified. The considered next step is the identification of a terminal value for (711(+), y12(+)).
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Step 1: identification of Z and (711(1),712(1)).  As G2B; (1|Z) = 1 for all Z by the
terminal condition of Assumption S-(ii) and Lemma [I}(ii), setting o = 1 in ([B.7) yields the
identity

Ui (112) = @1 (Z1v11 (1), Zymi2 (1))
and @1 (Ziv1 (1), Zhy12 (1)) is therefore identified. As all 7;;(1) are not 0 under Assumption
G-(ii), Assumption P ensures that j does not belong to Z if and only if

01 (Ziyu (1), Zymi2 (1))
8:17]-

0z, (U (1|12)] = 715 (1) =0 for all Z in Z.

This implies that Z = { VE M;l—x(]'_") + 0} is identified. As

gg{)aZle (12) = T%j (1)
for a smooth ®(-) satisfying Assumption P, using the normalization (Z3]) shows that ~;;(1)
is identified for all 7 in Z.

Step 2: identification of ®;(-). Consider x = (1, 23) in R%,. For k in the identified Z,
there is a Z; in RY, such that z), = Z}y1,(1), recalling that ;(1) has been identified in the
preceding step. When & does not belong to Z, choose an arbitrary Z; in R?_ . It then holds

for such choice of Z; and Z,

Dy (21, 22) = @1 (Z1711(1), Zym2(1))

so that ®;(-) is identified over R%,. Under Assumption P, continuity of ®;(-) ensures it is

identified over R?.

Step 3: identification of (v1(:),712(-)).  Suppose first the private value case Z = {1},
ie ®(xq,22) = P1(x1). Then monotonicity in Assumption P and ([B7) show that Z{v;(-) =
O U(| 21, Zy)] for any (Zy1, Zy) in Z. If T = {2}, ie bidder 1 is uninformed, 75 [GoB; (| Z)]
is similarly identified, which ensures that 7,(-) as the identified G2B;(:|Z) is one to one by

Lemma [I}(ii) under Assumption S-(iv).
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Consider now the case where Z = {1, 2}. Observe that, since g2b; (-|Z) > 0 by Assumption
S-(iv) and Lemma [}(ii),

0z, {712 [G2B1 (] Z)]} = 1y (G2 By (] 2)] 02,G B (] 2)

0,.GoB 7
— UGBy (0]2)] gty (o] 2) 2252B1(017)

g2b1 (] Z)
_ 9 {2 (G B (2| 2)]} 02,G2B1 (o] 2) (3.8)
dav gobr (a]Z) '

Differentiating U; («|Z) with respect to o and Z; then gives

0P d

O s (@) 20,712 G (012)] 2] 2 D

0P 0 GyoB A oU- A
+ %21 (11 (@) Z1, 12 (G2 By (0] Z)] Zs] Zs e Zaal 2)l} = 18(? ),
0P,
0y [y (@) Zy, 12 [Go By (a] Z)] Z2] 112 (G2 By (0] Z))]
00, 02,G2B1 (a|Z) 0 {712 [G2B1 (| Z)]} _
+ 02y (11 (@) Z1, 112 (G2 By (o] Z)] Zo) Zs 921 (@] 2) £ = 0z,U1 (a]Z)

which shows that T'; (a]|Z) = [y11 (@), 712 [GoBi (]| Z2)]]" are the solution of a 2 x 2 system
of differential equations with the terminal condition I'y (1]Z) = [1,1]. Standard unique-
ness of the solution of such differential systems would then ensure that I'y (|Z), and then
[v11(+), 712(+)], is identified. Unfortunately, this argument cannot be applied here because
the item 0z, G2 By (| Z), which appears in front of fyﬁ)() in the differential system, vanishes
when a = 1,0 due to the terminal and initial bidding strategy conditions in Assumption
S-(ii,iii) and Lemma [ which identifies strategy and bid quantile functions. This issue is

addressed in the proof of the next Theorem in the AppendiXH Theorem [3] summarizes the

identification result.

7 As noted by a Referee, taking Z, and Z; equal to 0 would give, respectively

Zimi(a) = ‘I’flm [U1(a]Z4,0),0],
Zhma(a) = @712 [0,U1((G2B1 ()0, Z2))0, Z2)]

1\11(

where &, y,-) is the inverse of zo — ®4(y,x2) and @;1‘12(~,y) is similarly defined. Hence 711(-) and

~12(+) would be identified. This may be however difficult to implement for Bayesian Nash Equilibrium bids.
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Theorem 3 Suppose Assumptions A, I, G with the terminal condition G-(i), P and Z hold
and that n = 2. Then, up to a normalization of ®;(-,-) and (y11(+), 72(+)) as (23):

(i). The set I of active signals defined in (2.4) is identified;
(ii). The function ®; (x1,x2) is identified over R ;
(i1i). The slope functions v;; () are identified for all j in T.
Proof of Theorem [3} see Appendix.

Note that identification of the slope makes use of values of Z in the vicinity of 0, plus an
arbitrary non vanishing 7, so that the slopes are overidentified. This identification procedure
also works when bidder ¢ makes dominated bids below a threshold o, (Z), which is identified
by the probability of observing such bids, as it is sufficient to solve the differential system
over [, (Z),1]. Identification of the slope would then hold over [inf; a;(Z), 1].

In the two bidder case, identification is based upon the terminal strategy condition S-
(iii), which is quite satisfactory here as it is based on a well established result of Lizzeri
and Persico (2000) when bids are drawn from a Bayesian Nash Equilibrium with valuation
functions from the mixed signal specification. It implies that the initial slope values are
unconstrained by Assumption G. Hence both conditions BNE-(i) and (ii) can be used to

ensure that the initial strategy condition S-(ii) holds with Bayesian Nash Equilibrium bids.

3.3.2 More than two bidders

We first explain why using, as in the two bidder case, the terminal value of U(:|Z) for
identification purpose becomes difficult when the number of bidders is larger. For the sake

of discussion brevity, assume n = 3, the case of a higher number of bidders being similar,

For instance, in the private value case with bidder 2 value Z}v22(As3), the bidding strategies Bi(:|Z) and
Bs(-]Z) may have degenerate limits, if any, when Z5 goes to 0, because the fact that bidder 2 value goes
to 0 is also known to bidder 1. As shown by [B17), it follows that establishing the existence of U («|Z7,0),
U1 ((G2B1(a|0, Z3))|0, Z3), or even limg, o Uy (]| Z), limz, 0 U1 ((G2B1 (| Z))|Z), may be difficult.
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and take i = 1. Let Wy (a|Z) = Wr(alaZ) be the function in ([B.6]), so that Uy («|Z) =

da
a=a

Wi (a|Z)/ (W‘ ) For a = 1, it holds under the terminal strategy condition in

Assumption S-(ii)
1
Wi (112) =gsb (1|Z)/ Oy (Z1y1 (1), Zymz (ta) , Zamis(1)) e (ta| Ay = 1, A3 = 1, Z) dty
0
1
+ g2b1 (1|Z)/ Oy (Z1y(1), Zymia(1), Zims(ts)) e (ts| Ay = 1, Ay = 1, Z) dt.
0

Hence Wi(1|Z) now depends upon the whole slope functions ~;5(-) and ~;3(+), while only
the slope terminal values were involved in the two bidder case. Using the terminal value
of Uy(:|Z) for identification purpose does not seem feasible and we use instead the common
initial strategy condition of Assumption S-(ii)

It is first shown in the proof of Theorem [ that
Ui (012) = ©: (2171 (0) - - - Zyin (0)] (3.9)

which is identified by Equation (B4) in Lemma[2l When all the 7,;(0), j in Z, differ from 0
as assumed in Assumption G-(ii), arguing as in the Step 1 of the two bidder case permits to
identify 7 and those 7;;(0). Repeating Step 2 of the two bidder case then yields that ®;(-)
is identified.

Identifying the slope functions ~;;(-) is slightly more complicated than in Step 3 of the
two bidder case. Differentiating the identified U;(a|Z) with respect to the signal shifters Z;,
j # i now gives an integro-differential system. The proof of Theorem M, which summarizes

our identification result for n > 3, establishes uniqueness of its solution.

Theorem 4 Suppose Assumptions A, I, G with the initial condition G-(ii), P and Z hold.
Then, up to a normalization of ®;(-,--- ) and (y11(-), ..., v1a(")) as (Z3):

8Letting Z goes to 0 allows to identify (limzgsbi (1/2)) fol mz2(t)e(t|A; =1, A3 =1,0)dt +
(limzyo g2b1 (11Z)) 112(1) and a similar functional of 13(-), which can be used instead of the first order
condition. We did not attempt to implement this approach, which is not straightforward, due to the fact
that the limits of g;b1(1|2), j = 2,3, when Z goes to 0 may not be well defined as discussed in footnote [l
for the limits of G;Bq(1]2).
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(i). The set I of active signals defined in (2.4) is identified;
(ii). The function ®; (v1,...,x,) is identified over R ;
(i1i). The slope functions v;; () are identified for all j in T.
Proof of Theorem [4} see Appendix.

Theorem [l also applies to the two bidder case, but relies more importantly on the initial
strategy condition in Assumption S-(ii), which is less natural than the terminal one S-(iii)
derived in Lizzeri and Persico (2000). Because identification relies on the initial value U;(0|2)
instead of U;(1|Z) used for the two bidder case, Theorem Ml makes use of the initial slope
Assumption G-(ii), which imposes that 7,;(0) must differ from 0 for all j of Z. This has
important consequences for Bayesian Nash Equilibrium bids as only the common ®;(-) and
initial slope restrictions of Condition BNE-(ii) can be used] This reduces the degrees of
bidder asymmetry permitted by the mixed signal specification, as the only possible cause of
asymmetry is now given by distinct slopes 7;;(a) for @ > 0. As many studies assume that
Q;(x1,...,2,) =21+ -+, as in Somaini (2018) and because the slopes v;;(-) can be very

small, this may nevertheless be flexible enough for many applications.

4 Estimation strategy

The identification proof is constructive and can be directly used for estimation, although

more suitable procedures can be proposed, as a procedure similar to the one introduced by

9 A conjecture that would allow to use Condition BNE-(i), which allows for more asymmetric functions
®,(-), is that under Assumption G-(i) which states that v;;(0) = 0 for all ¢, j, all the strategies s;(r;a|Z/c)

converge when « goes to 0 because the corresponding valuation functions satisfy

ZI 1 ZI n\'n
limq)i< Da(ne) - ZyYin(T a)>:<1>i (Z;7F11>(0)T1,...,Z;ﬂfi)(O)Tn).

al0 « « ¢

Setting the 7; to 1 will then allows to identify ®;(-) as the 'y-(ll )(O) do not vanish and can be identified using

K2

Z — 0 and (2.3]). Establishing this conjecture is however out of the scope of the present paper.
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Botosaru (2019) for a duration model with unobserved heterogeneity. Consider for the sake

of brevity the two bidder case. The first stage consists in an estimation of U (a]Z) based

on (B4)) in Lemma [
U, (a]Z) = B (a]Z2) + B (0| 2) Q1 (| 2)

where the quantile derivative estimator can be obtained using Gimenes and Guerre (2019).
Recall now that Uy (a|Z) = @y |11 () Z1, 712 [Ge By (| Z)] Zs] by ([B1), which could be esti-

mated using
D, [711 (@) Z1, 12 [@2§1 (04|Z)} Z2} :

The second stage of the procedure matches the above with U, (o] Z) to produce an estimator

of @1 (+), 111 (+) and 712 (+)
B ()30 ()7 ()]

— arg min /{/01 ((71 (a]2) — @ [71 (@) Z1, 7 [@21% (a|Z)} Zg])2da} iz

D,v1,72

where the minimization is performed over a sieve for v;(+), 72(:) and ®(+), or over a simpler
set of functions ®(+), such as the additive of maximum functions of the two first examples.
Up to the estimation GoB; (+|-), these estimators can be studied as in Botosaru (2019).

Practical computation of these estimators can be done in the following iterative way

~ L o 2
(I)Lk—l-l () = arg Il?{l)lll/ {/ (Ul (Oé|Z) — (I)l [;}\/ll,k (Oé) Zn%z,k [GgBl (Q|Z)] Zg]) dOé} dZ,
1 0

[/’yll,k—i-l () a/')\/127k+1 ()]

— arg min / { /0 1 (71 (@12) = B [ (0) 21,3 [ G (0] 2)] 22])2da} 7. (4.1)

Y172

Alternatively to (@II), 711+1 (-) and F124+1 (+) can be obtained by solving the differential
system in Section B.3.1] using @Lkﬂ () in place of ®; (-). The stopping criterion must take
into account that ®; (z1,x2) may depend only upon z; or z,. For instance, in the private

value case ®q (x1,29) = @y (1), the valuation function is ®; [y1; () Z1] and 12 (+) is not
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identified. If this holds, 712 (-) may not converge when k grows. This can be addressed
by dropping out of the minimization the corresponding slope when the sieve coefficients of

<Al>1,k (1, x9) shows that this function may not depend upon z; or .

5 Conclusion

The present paper considers a nonparametric interdependent value model which is shown to
be identified from first-price auction best response bids. The model is derived from Milgrom
and Weber (1982) and assumes that the bidder signal depends upon some observed bidder
characteristics, which variations are key to obtain identification. Compared to other ap-
proaches of the literature, this specification does not rely on functional restrictions difficult
to maintain or to test and delivers valuation functions that can be computed for all possi-
ble signal values. The latter allows to implement various counterfactuals, such as expected
revenue computation for alternative auction scenarii. Most of the conditions ensuring iden-
tification are testable. The considered interdependent value model is overidentified, so that
specification testing is possible.

While the proposed approach assumes that the bidder private signal and information
shifter are combined using a linear index structure, we believe that the identification proce-
dure is general enough to tackle various other functional forms. The linear index may also
be viewed as a nonparametric approximation of a function combining private signals and
information shifter. Unobserved bidder heterogeneity would also deserve further research,
investigating for instance implementations of nonparametric deconvolution techniques as in
Li et al. (2000) or Krasnokutskaya (2011), the approach of Compiani et al. (2018) and Haile

and Kitamura (2018), or parametric specifications.
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Appendix: Proofs of the results

A.1 Proof of Lemma I

As Bj = s;(Aj; Z) where s; (+; Z) is strictly increasing under Assumption S-(ii) and because
Aj is a Ujp 1) random variable, it holds for all b in [s;(0; Z), s;(1; Z)]
G; (b]Z) =P (B; <b|Z) =P[s;(A;; Z) < b|Z] =P [A; < s, (b; Z)| Z]
=5, (b; 2).
Hence G; (Bj|Z) = s;'[s;(A;; Z);Z] = A; and B;(-|Z) = G;'(-|Z) = s;( Z), which

establish (i) and (ii). (iii) follows from

wl(alo, Z) =P |s;i(a; Z) > max B;

1<j#i<n

Ai = «, Z:|

and s; (; Z) = B; (+|2). O

A.2 Proof of Theorems 3 and (4

In this proof, we assume ¢ = 1 without loss of generality and remove the corresponding index
for the sake of brevity. In what follows |-| stands for the Euclidean norm of a vector or the

absolute value of a real number. C denotes a constant that may vary from line to line.

A.2.1 The two bidder case: proof of Theorem

We detail here the proof of Step 3 in Section B3Il Recall it was shown in Section 331 that

®(-) is identified over R? from

U(a|lZ) =@ [Z1m (o) , Zyya (G2 By (a] Z))]
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which is also identified, as ,(1) and 2(1). We now show that ~;(-) and ~,(-) are identified.
Differentiating U(«|Z) with respect to a gives
0P

, , d{Zv («
2 1Zin (@), Zina [ (ol ) DAL
oe ., 9{Zy72[G2B1 (o] Z)]} ~ 0U (o]2)
+ 2 (2 () 22 [GaB 0] 2)] L - s
Differentiating with respect to the entry Zs,; gives, by (B.8]),
ov ,
o (2171 (@), 2302 (G2 By (0] 2)] Zs] X 120 [G2 By (| Z)]
2
8G2B1 (a]2)
0P —oZy,  0{Zyy [GoBy (| Z)]}  OU (o] 2)
iz 7z By (|7 2d -
+ 01'2 [ 171 (Oé), 272 [GQ 1 (Oé| )H g2b1 (Oé|Z) o aZ2d
which implies, for the column Gradient vector dz,U (a|Z) = [%alf)} D
2 =1,...,
oo , /
prs [Zim (@), Zyy2 [Ga By (] Z)] Zo] X Zyy2 [G2 By (a] Z))]
0% ., / 2302,GoB1 (a|Z) 0{Z372 (G2 By (o] Z)]}
o 2 (@) Zia G (o] 2)) 222220 = = 240, (ol2)
Define now
I (0]Z) = [Zim (), Z572[G2By (o] 2)]]
and for
0P oo ., ,
oz, [ (| 2) = o, [Z1m (@), Zyy2 [G2 By (o] Z)]]
consider the 2 x 2 matrices
22 1) (a|Z 0
Dl (alz) = | 717 ,
0 oI (al2)
G 7 1 1 1 0 1 1
2012) =1 zos,emi12 o et | | Z0mGBie2)
g2b1 (| Z) g2b1(a|2) a(l—a)

so that Assumptions I and S-(iv) with Lemma [I}(ii) ensure that Gy (a|Z) has an inverse
when «a belongs to (0, 1) with

1 — g2b1 (o Z) 1 — a(l-a) 1 0
G_1 (O{‘Z) — ZéazngBl(a\Z) — ZéazszBl(a\Z) %
? 0 g2b1(2]2) 0 a(l—a) 0 92bi(al2)
Z507,G2B1(a|Z) Z507,G2B1(a|Z) a(l—a)
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Observe that D [®, '] (| Z) has an inverse for all («, Z) by Assumption P, while Assumption
I gives that G («|Z) diverges with the order 1/(1 — ) when « goes to 1. Define also the

vector

9z,U (a|Z)

¥ [®,1](a]2) =
92b1 (012) { 230,V (a]2) = 22 (1) (al2) 242 (G B1 (o] 2)]

Then the differential system above writes Gy (a|Z) D [®,T] (a|Z2)TW (a|Z) = ¥ [®,T] (o] 2),
so that I' (+|Z) must solve

I (a|2) = {G2 (a|2) D [@,1] (o] 2)} " ¥ [@,T] (o] Z) (A1)

over (0,1). As the LHS is continuous over [0, 1], so must be the RHS. Hence the differential

system (A.J]) holds over [0, 1] with a known terminal value I" (1|Z) by Assumption S-(iii).
Suppose now that a continuously differentiable I' (a]Z) = [Z71 (@) , Z72 [G2 By (a|Z)H,

also solves the differential system (A.I) with the terminal condition I' (1/Z) = I' (1]Z). Then

(AT gives

TW(a|2) ~TW(a]2) = {G,2 (a|Z)D [cp,f] (04|Z)}_1 o [cp,ﬂ (a]2)
—{G2(a|Z)D[®,T](a]2)} ' W [®,I](a|Z).  (A2)

Let || be the Euclidean norm and set, for a fixed Z, A(a) = I'(a|Z) — I'(a|Z). Note that
A(+) is continuously differentiable with A(1) = 0, so that there exists a A > 0 such that for

all o

A)] < A(1—a).

Since the partial derivatives of ®(-) are Lipshitz by Assumption P, the expression of G, ' (a|Z)
and Assumption I imply by ([AZ2), for all « in [0, 1],

C
ey <
A0 < =< A
Hence for all € > 0 small enough, ([(A2) gives
IAD(@)] < I(a<1l—¢) ¢ IA(@)|+I(1—e<a<1)A (A.3)
€
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It follows from (A3) that

‘A(l)(a)‘ §I[(oz§1—6))\€(1—0z)+]1(1—6<0z§1))\

€
and then, since A(1) =0,

/1 A“)(t)dt’ <I(a<1-¢ Ag(l o)

|Ala)] =

+I(l-e<a<)AN1l—a)

1 — 2
< H(a§1—e)A§( @)

+Il—-e<a<l)le

Substituting in (A.3) shows that

}A(l)(a)} Sﬂ(agl—e))\<€>2(1_a)2+]I(1—e<a§1))\.

An additional iteration shows that

|A(a)| SH(aSl—e)A(%) a ;!a)3+]l(1—e<a§1))\e,

IAD(@)] <T(a<1—e)A (9)3 a ;,O‘)g +I(1—e<a<1)\

€

[terating then gives, for any integer number p > 2, any € > 0 small enough and all « of [0, 1],

A ST <1-9A5 (%)p“;!a)pwu—«ag)xe

As limypa, (€)= = 0, it follows that for all o in [0,1], [A(a)] < Ae for all € > 0, which
pT € P!

implies A(-) = 0 over [0,1]. Then Assumption S and Lemma [I}(ii) imply that 7;(-) = 71(+)

and Y2(-) = 72(-). Hence the slope [y1(:),72(+)] is identified. This ends the proof of the

Theorem.

A.2.2 More than two bidders: proof of Theorem 4]

For the sake of notation, assume n = 3, the case of a larger number of bidders being similar,

and set 7 = 1.
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Identification of ®(-) and 7;(0), j in Z. Let

oV (al|a, Z)

W (al2) = =5

be the function in ([B.6), which is
GaBi(a|2)
W(alZ) = gsb (Oé|Z)/ D [Zi (@), Zyya (L), Zyys [Gs By (o] Z)]] ¢ (to|a, Z) dty
0
GsBi(a|2)
+ g2b1 (a|Z) / D [Zi (), Zyy2 [GaBy (| Z)], Zyys (ts)] ¢ (ts|a, Z) dt
0

setting ¢ (t;|o, Z) = ¢ (t;|A = a, Aj = G; By (]| Z) , Z) where (7,7) is (2,3) or (3,2). With

this notation

ow (ala, Z G2B1(alZ)
% — gsby (a]2) / ¢ (talav, Z) dt
a a=a 0
G3B1(al2)
+ gt (0l2) [ ¢ (ts]ax, Z) dts,
0
 W(al|Z)
Ui (e]2) = du(al e Z) :
da —a

This implies by the initial bid condition in Assumption S-(ii) and by S-(iv),

. W (a|Z
U (012) = tim — 2 g (700, (0) . Zi (0) . 2 (0)].
al0 8w(z|a,Z)

This identifies the set 7 of active signals and the corresponding 7; (0) through the partial
derivatives dz,U1(0]Z), Assumption G-(ii), Assumption P and using the normalization con-
dition a%cb(o, 0,0) = 1. Assumptions Z and G-(ii) ensures it is possible to find Z;, Z, and
Zsy such that (Z1v (0), Z572(0), Z5vs (0)) = (1,22, 23) for any (a1,29,23) in R3,. This
shows that Uy (0|Z) identifies ® (-) over RY by continuity.

Identification of v;(-), j in Z. Suppose all the signals are active, Z = {1, 2, 3}, the other
cases being similar. As for the two bidder case, the proof proceeds by finding an integro-

differential system which unique solution is (71 (), 72 (+), 3 (-)). Set
I'(alZ) = [11 (@), %2 [G2 By (a]2)] 73 [GsBy (| Z)]] .
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Differentiating W (| Z) with respect to a gives
d{Zim ()}
do
+ g3b1 (| Z) D3 [@, 1] (2| Z)

{2572 [G2B1 (o] Z)]}
Oa

=, [, T](al2)

D, [®,T](a|Z) + g2b1 (0| Z) D2 [@,1] (] Z)
0 {Zé% (G3By (o] 2)]}

Ja

where

0P

Er [Zim (@), Zyys (t2) , Zyys [Gs By (a] Z)]] ¢ (ta|ov, Z) dt,

G2B1(a|Z)
D, (0,1 (a]Z) = gsb: (a]2) /

G3Bi(a]Z) o )
+ g2b1 (a\Z)/ prs [Z1 (@), Zyys [GoBy (ol Z)], Zyys (ts)] ¢ (ts]a, Z) dts,
0

G3Bi(a|Z)
Dofer](@l2)= [ 5 @), ZlGabs (0|2)] Zia ()] el 2) dts

G2B1(a|Z) o ) ) )
Dye.0)(el2)= [ S 2 (@) Zha ). Zis[GaBs (0|2 el 2)

and where W, [®, '] (a]Z) is equal to

oW (a|Z) _ dgabi (a]Z)
Oa Ja

_ dgsbr (2| 2)
Oa

— 292b1 (Oé|Z) ggbl (Oé|Z) C[GgBl (Oé|Z) s GgBl (Oé|Z) |Oé, Z]

G3B1(a|2)
/0 B (Zim () Zipa [GaBy (0] 2)], Ziys (8] ¢ (tslov, Z) dit

G2B1(a|Z)
/ (2 (a) ) Zya () . Zis (G By (@l 2)]] ¢ (ta]ar, Z) dit
0

X @ [Zim (a) , Zy72[G2Bi (| 2)], Zyys [GsBy (a] Z)]]

G3B1(c|2) ) oc (ts|a, Z
— g2br (Oé|Z)/ O [Z1m (@), 272 (G2 By (| 2)], Zyys (1s)] %dtg
0

G2Bi(a]Z) 8 ¢ 7 7
g @l2) [ @12 0). 2 () Zis G (ol 2)) L2 D,
0

Differentiating W («|Z) with respect to Zs,; gives, by (3.8

1 0GyB (a|Z) 0{Z;y2 [G2B1 (| Z)]}
g2b1 (| Z) 0Z3q Oa

1 0G3B: (a]2) 9{ 2373 (GsBy (| Z)]}
gsb1 (| 2) 0Z5q Ja

D, [@, 1] (a]Z)

+D;3[®,T] (a]2) = g [®,T] (| Z)
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where

W (a|Z)

Y [0.T] (0]2) = 2

G3Bi(a]Z)
— g2b1 (] Z) Y24 (G2 By (04|Z)]/ Do, (2111 (), Zyy2 [Go By (] Z)], Zyys (ts)] ¢ (ts|a, Z) dt
0

 Ogsbi (al2)
0Z4

_ Ogsb (a]Z)
0Z4

G3B1(a|Z)
[ e (@) 2 lGaby (@l2) Zis (1) sl 2)
0

G2Bi(a|Z)
/ © [Zi71 (@) s Zyv2 (t2) . Zyy3 [Ga By (o] Z)]] ¢ (o] v, Z) i
0
0G3B; (a|2) 0GB, (a|Z)
(11 (al2) "D i al2) 2
X ©[Zim (@), Zy72 [G2Bi (| 2)], Zyys [GsBy (a] 2)]] ¢ [G2 By (] Z) , G3By (a] Z) |o]
oc (ts|la, Z)
0724
de (t2|0é, Z)
0724
Multiplying by Z,q and summing then gives, for W, [®,T] (a|Z) = S22, Zoathea [®,T] (| Z),
2302,G2B1 (0] 2) 01257 [Go By (el 2)]} |

G3Bi1(a|Z)
—mmmw)/ B [Zi (a) , 2y (GaBy (a|2)], Zs (85)] dts
0

GaB1(a]2)
— g3b1 (o] Z) / D [Z1 (@), Zyya (t2) , Zyv3 [G3 By (o] Z)]] dts.
0

D, [@,17 (a]Z)

9201 (| Z) O
]:)3 [(I), F] (a|Z) Z28£Z]§Z)G13(§TZ(?|Z> 0 {2373 [GaiiaBl (a|Z)]} _ ‘1,2 [(I), F] (Oé|Z)

A similar equation holds for Z3. Let D [®,I'] («|Z) be the 3 x 3 diagonal matrix with entries
D [®,T] (o] Z) and ¥ [®, '] (o] Z) be the 3 x 1 vector with entries ¥y [®, '] («|Z), k = 1,2, 3.
Define

1 gb (o] 2) gsbi (o] Z)
. Z40z,G2B1(al|Z) Z407,G3B1(al|Z)
Galz) = | 0 =y e (@lZ)
0 %92G2Biel?)  Z407,GsBi(al2)
L g2b1(a|Z) gsbi(a|Z) i
1 goby (0] 2) g3by (o] Z) 1 0 0
— Z’az GzBl(a‘Z) Z’az GSBl(Oé‘Z) a(l—a)
0 = iw ol % wbi@z) O
Z,07,G2B1(a|Z)  Z10z,G3B1(a|Z) a(l—a)
0 aw el 00 e

As in the two bidder case, Assumptions I and S-(iv) with Lemma [I}(ii) ensure that G («|Z2)

has an inverse when « belongs to (0,1) with G™! (a|Z) of order 1/a when « goes to 0.
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Observe as well that D [®, '] («|z) has an inverse for all a under Assumption I. G («|Z)
also has an inverse for a in (0, 1) but not if @ = 0 or @ = 1. Stacking the equations above
together shows that

G (0] Z) D [®,T] (]2) -

=T (alz) = ¥ [®,T](a]2)

for all « in [0, 1]. This also gives for all a in [0, 1]

%p (] 2) = {G (0] 2) D [®,1] (0| 2)} " ¥ [,1] (a|2)

passing at the limit in the RHS for « = 0 or 1.

As above, identification of the slope functions holds provided two continuously differen-
tiable solutions of (A.22), I' (-|Z) and T (-|Z) with T (0]Z) = I' (0|Z), must be equal. Now
it holds

1 (0]2) - LT (a]2) = {G (0l 2) D@, T] (0] 2)} ™ ¥ 2,1 (0]2)

~{G(lz)D [ (a|Z)}_1 w [2.F] (0]2)

with [D [®,1](a]Z) — D [cp,ﬂ (a\Z)) < Ca and )xp[@,r] (a|2) — @ [cp,f] (a\Z)) < Ca
for all o. Set, for a fixed Z, A(a) = I'(a|Z) — I(a|Z). Note that A(+) is continuously
differentiable with A(0) = 0, A(a) =[5 AW (¢)dt and that there exists a A > 0 such that

for all a

[A(a)] < Ao

It also holds for all «v in [0, 1]
|A(a)].

‘A(l)(a)‘ <

Hence for all € > 0 small enough, ([A.2)) gives
0 ¢
AD()| < T(a<e)A+I(e<a<1)=|A(x).
€

Arguing as in the two bidder case gives that A(-) = 0, which establishes identification of the
vj(+), j € Z. This ends the proof of the Theorem. O
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