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STRUCTURAL THEOREMS FOR QUASIASYMPTOTICS OF
ULTRADISTRIBUTIONS

LENNY NEYT AND JASSON VINDAS

ABSTRACT. We provide complete structural theorems for the so-called quasiasymp-
totic behavior of non-quasianalytic ultradistributions. As an application of these
results, we obtain descriptions of quasiasymptotic properties of regularizations at the
origin of ultradistributions and discuss connections with Gelfand-Shilov type spaces.

1. INTRODUCTION

Several asymptotic notions play a fundamental role in the theory of generalized
functions. The subject has been studied by several authors and applications have been
elaborated in areas such as mathematical physics, Tauberian theorems for integral
transforms, number theory, and differential equations. See the monographs [6, 12], 13
20)] for an overview of results and the articles [B], [14, 23] for recent contributions.

The purpose of this article is to present a detailed structural study of the so-called
quasiasymptotics of ultradistributions. The concept of quasiasymptotic behavior for
Schwartz distributions was introduced by Zav’yalov in [21I] and further developed by
him, Drozhzhinov, and Vladimirov in connection with their powerful multidimensional
Tauberian theory for Laplace transforms [20]. A key aspect in the understanding of this
concept is its description via so-called structural theorems and complete results in that
direction were achieved in [I7,[19] (cf. [9,13]). In [11] Pilipovi¢ and Stankovi¢ naturally
extended the definition of quasiasymptotic behavior to the context of one-dimensional
ultradistributions and studied its basic properties. We shall obtain here complete
structural theorems for quasiasymptotics of non-quasianalytic ultradistributions that
generalize their distributional counterparts. Our main goal is thus to characterize those
ultradistributions having quasiasymptotic behavior as infinite sums of derivatives of
functions satisfying classical pointwise asymptotic relations.

The paper is organized as follows. In Section2lwe explain some notions and tools that
will play a role in our arguments. Section B studies the quasiasymptotic behavior at
infinity. A key idea we apply here will be to connect the quasiasymptotic behavior with
the so-called S-asymptotic behavior [13], for which structural theorems are available,
via an exponential change of variables. The nature of the problem under consideration
requires to split our treatment in two cases, depending on whether the degree of the
quasiasymptotic behavior is a negative integer or not. We obtain in Section [4]structural
theorems for the quasiasymptotic behavior at the origin. Our technique there is based
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on a reduction to the results from Section [3] by means of a change of variables and
then regularization. Our method also yields asymptotic properties of regularizations
at the origin of ultradistributions having prescribed asymptotic properties, generalizing
results for distributions from [I§]. It is also worth mentioning that our approach here
differs from the one employed in the literature to deal with Schwartz distributions,
and in fact can be used to produce new proofs for the classical structural theorems
for the quasiasymptotic behavior of distributions. We conclude the article by studying
extensions of quasiasymptotics to new ultradistributions spaces of Gelfand-Shilov type
that we shall introduce in Section [0l

2. PRELIMINARIES

Throughout this article we fix a weight sequence of positive numbers {M,},en and
assume it satisfies (M.1), (M.2), and (M.3); the meaning of all these conditions is
very well explained in [I0]. Let © C R. As customary [10], £*(2) and D*(2) stand,
respectively, for the spaces of all ultradifferentiable functions and compactly supported
ultradifferentiable functions of class * on {2, where we employ * as the common notation
for (M,) and {M,}. For statements needing a separate treatment we will always talk
first about the Beurling case, followed by the corresponding assertion for the Roumieu
case in parenthesis. When 2 = R, we simply write D* = D*(R) and &* = £* (R).
The strong duals D¥(£2) and £*(Q)) are the spaces of ultradistributions and compactly
supported ultradistributions, respectively, on €.

The main subject of study of this article is the quasiasymptotic behavior of ul-
tradistributions, which is defined via asymptotic comparison with regularly varying
functions. A real-valued measurable function L is called slowly varying at infinity [1]
if L is positive for large arguments and L(az) ~ L(z) as x — oo, for any a > 0. We
are only interested in the terminal behavior of L, so [I] we may always assume L to be
defined, positive, and locally bounded (or even continuous) on [0, 00). Finally, we say
that a function L on (0,00) is slowly varying at the origin if L(z) := L(z™!) is slowly
varying at infinity.

In accordance to [11l [13], we define the quasiasymptotic behavior of an ultradistri-
bution at infinity or at the origin as follows.

Definition 2.1. Let L be a slowly varying function at infinity (at the origin, resp.).
We say that f € D* has quasiasymptotic behavior at infinity (at the origin) in D* with
respect to \*L(\), a € R, if for some g € D* and every ¢ € D*,

1) i (50 0)) = o) o)) (v im )

A—00

If (2.1 holds, we also say that f has quasiasymptotics of order « at infinity (at the
origin) with respect to L and write in short: f(Ax) ~ A*L(A)g(x) in D¥ as A\ — oo
(resp., A — 07).

If f(Ax) ~ AX*L(N)g(z) in D as A — oo (as A — 07), it can easily be shown [0, [13]
that this forces g to be a homogeneous ultradistribution of degree . An adaptation
of the proof of [6, Theorem 2.6.1] shows that all homogeneous ultradistributions are
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exactly the homogeneous distributions, which we denote exactly as in [6]. We mention
that we will employ the notation H(z) = 29 for the Heaviside function. In addition, we
shall make use of the special (non homogeneous!) distributions Pf(H (£)x=*%), k € Z,,
where Pf stands for Hadamard finite part regularization [6].

Remark 2.2. Naturally [13], the quasiasymptotic behavior may be defined in other
spaces of generalized functions F' by asking (2.1]) to hold for any ¢ € F, whenever the
dialation operators act continuously on the test function space.

3. THE STRUCTURE OF QUASIASYMPTOTICS AT INFINITY

This section is devoted to studying the quasiasymptotic behavior at infinity. Our
main results are Theorem and Theorem [B.6] where we provide a full description
of the structure of quasiasymptotics at infinity. Some auxiliary lemmas used in their
proofs are shown in Subsection Bl Throughout this section L stands for a slowly
varying function at infinity.

3.1. Some lemmas. We start with the ensuing useful estimates for the weight se-
quence M, which we shall often exploit throughout the article. Hereafter S(n, k)
stand for the Stirling numbers of the second kind (see e.g. [§]).

Lemma 3.1. For any ¢ > 0 there is Cy > 0 (independent of p) such that

| pk
(3.1) Z ﬂ < Cg—ﬁp
p
and
= A (2£)P
. — <
(3.2) ZSk+1p+1)Mk C, i,

Proof. Clearly, it is enough to show (B.]) just for sufficiently large p. Using [10, Lemma
4.1, p. b5], there is py such that for any p > py we have p/m, := pM,_1/M, < (2¢)!
Hence, it follows that for p in this range

VA p' - = (pH1)-.. kLR p!
}: _ }: < P
<€ . my _2M€

— Mpy1 ...

For ([B.2)), in view of [15, Theorem 3], we have S(k+1, p+1) < 251 (p+1)~P < 2k+1E1 /p
for k > p. The rest follows by application of (3.1]). O

In [I7], the structure of distributional quasiasymptotics at infinity was found by
noting that certain primitives preserve the asymptotic behavior, being of a higher
degree, and using the fact that eventually the primitives are continuous functions. As
the latter part does not hold in general for ultradistributions, a more careful analysis
is needed, although we may carry over some of the distributional results. In fact, one
may retread the proofs from [I7, Section 2] (see also [13, Section 2.10]) to obtain,

Lemma 3.2. Let f € D¥. Suppose f has quasiasymptotics with respect to A*L(\).
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(i) If a ¢ Z_: for any n € N and any n-primitive F,, of f there ezists a polynomial
P of degree at most n — 1 such that F,, + P has quasiasymptotics with respect to
ATL(N) in D,

(i) If « = —k, k € Z,: there is some (k — 1)-primitive F' of f such that F has
quasiasymptotics with respect to N\"L(\) in D*.

The previous lemma roughly speaking shows that in order to find the structure of
quasiasymptotics for arbitrary degree, it suffices to discover the structure for degrees
> —1, where extra care is needed for the case —1. It should also be noticed that the
converse statements for () and (ii) from Lemma B2 trivially hold true.

The next lemma, a direct consequence of well-known moment asymptotic expansion
[6], [16], states that the quasiasymptotic behavior of degree > —1 is a local property at
infinity, which in some arguments enables us to remove the origin from the support of
the ultradistribution in our analysis.

Lemma 3.3. Suppose that fi, fo € D* and that for some a > 0, f1 and fo coincide
on R\ [—a,a]. Suppose that fi(Ax) ~ X*L(X)g(z) in D¥ as A — oo, where a > —1.
Then, also fa(Ax) ~ A*L(\)g(x) in D*.

3.2. Structural theorem for oo ¢ Z_. We study in this subsection quasiasymptotics
of degree v ¢ Z_. Part of our analysis reduces the general case to that when a > —1,
i.e., the case when the quasiasymptotic behavior is local. Consequently, we may re-
strict our discussion to those ultradistributions whose support lie in the complement
of some zero neighborhood. As both the negative and positive half-line can be treated
symmetrically, it is natural to start the analysis with ultradistributions that are sup-
ported on the positive half-line. In the next crucial lemma we further normalize the
situation by assuming that our ultradistribution is supported in (e, 00).

Lemma 3.4. Let a € R and let f € D* be such that supp f C (e,00) and f has
quasiasymptotic behavior at infinity with respect to A*L(\) in D*(0,00). Then, there

are continuous functions f,, such that supp f,, C (e,00), f=>_, ,Slm), the limits

fm ()

1 LA S

T—00 ,j(,’a+mL(,j(,’)
exist, and furthermore, for some £ >0 (any ¢ > 0) there is a C = Cy > 0 such that,
Em
|fm(2)] < C’M—xo‘+mL(5L’), meN, z>0.

Proof. Suppose f(Ax) ~ AX*L(\)g(z) in D¥(0,00) as A — oco. Since composition with
a real analytic function induces continuous mappings between spaces of ultradifferen-
tiable functions (see e.g. [7, Prop. 8.4.1, p. 281]), we obtain that the composition f(e”)
is an element of D*. Also, ¢ € D* if and only if ¥ (x) = p(e”) with ¢ € D*(0, 00).

These key observations allow us to make a change of variables in order to apply
the structural theorem for S-asymptotics [I3, Theorem 1.10, p. 46]. In fact, we set
u(z) = f(e?), w(z) = g(e*) and c(h) = e*"L(e"). (Notice that w has actually
the form w(xz) = Be* for some B > 0.) A quick computation shows that that u
has the S-asymptotic behavior u(x + h) ~ c(h)w(z) in D¥ as h — oo. The quoted
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structure theorem yields the existence of an ultradifferential operator P(D) of class *

and continuous functions u; and uy with supports on (1, 00) such that u = P(D)uj+us

on (0, 00) and limy_, u;(x 4+ h)/c(h) exist uniformly for z on compacts of (0, c0).
Take any ¢ € D*(0,00) and put 1(z) = e"¢(e”), then the substitution y = e* yields

(), o)) = <f<y>, %@ — (u(), ¥(x)) = (P(D)ur(a), o)) + (ua(e), (a))

Let us consider both terms of the sum individually. The latter is simply

(us(a), () = / " sl (w)de = / " ua(log y)o(y)dy.

Setting fo(y) = us(logy), we get (us(),¥(x)) = (fo(y), 0(y)}, and the existence
of lim, o y~*f2(y)/L(y). For the first term, we will need to explicitly calculate the

derivatives of 1. Using the Faa di Bruno formula [8, Eq. (2.2)],

n Lk n
0w = ()40 () = & X Sl + Lm o+ et ),
k=0 m=0

where we have applied [3] Theorem 5.3.B]. Then,

[ m@e s = 3 800+ 1me+ 1) [ unogu)e™ )"y

m=0

If P(D)=75",_,a,D", then by (3.2) from Lemma 3], we may consider the following

constants,
o0

Cm = (—1)" Z(—l)"anS(n +1,m+1),
and it follows that ¢,, < Cp™/M,, for some g > 0 (for any p > 0) and some C), = C' >
0. Collecting everything together, we obtain

[e.e]

(P(DYus (), () = 3 (= 1) / " s (log )™ (y)y™dy.

m=0

So if we define f1,,(y) := ui(logy)y™, m € N, we get

(P(DYuy(w), v(@)) = D e (S ) 0(0) )

m=0

and the limits lim, . y=* ™ f1.,(y)/L(y) exist. This completes the proof of the lemma.
U

We are ready to discuss the general case.

Theorem 3.5. Suppose o ¢ 7 and let k € N be the smallest non-negative integer such
that —(k + 1) < a. Then, an ultradistribution f € D* has quasiasymptotic behavior

(3.3) fAz) ~ X*L(AN)(c_a® +cpxf)  in DY as X — o0
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if and only if there exist continuous functions f,, on R, m >k, such that

(34) F=>fm,
m=k
the limits
(3.5) lim _Jmle) =ct, m >k,

v~ 7 ]2]* L([z])

ezist, and for some £ > 0 (any £ > 0) there is a C' = Cy > 0 such that

gm a+m
(36) fn(@)] € Cx— (U 2™ ™ L(al), 2 €R,
for all m > k. Furthermore, in this case we have
= L T(a+m+1)
_ +
(3.7) cy = mE:k Cm—F(a I

Proof. In view of Lemma [B.2)(i), we may assume that a > —1 so that k& = 0.

Suppose then first that f has quasiasymptotic behavior (B.3). We write f = f_+ f.+
f+, where f. € £ coincides with f on an open interval containing [—e, e] and supp f_ C
(=00, —e) and supp f+ C (e,00). Then, by Lemma each fi has quasiasymptotic
behavior with respect to A*L(A) in D*(—o0,0) and D*(0,00), respectively. Using
Lemma [3.4] we find continuous functions ffm, m € N with supports in (—oo, —e) and
(e, 00), respectively, such that the identities fr = ( ffm)(m) hold, the limits

fim(2)
= _ (_1\ym 13 ,1M
= U e )

exist, and the bounds |f1im(:z)| < ¢ x|“t™ L(|x|) /M, are satisfied for some ¢ > 0
(any ¢ > 0) and some C' = C} > 0. Applying Komatsu’s first structural theorer]
for ultradistributions [10, Theorem 8.1 and Theorem 8.7] one can also find continuous
functions g,,, whose supports lie in some (arbitrarily chosen) neighborhood of supp f.,
such that f. =Y >, g in D¥ and SUD,er |gm(2)| < C"0™ /M, for some ¢ > 0 (for
every £ > 0) and C" = Cy > 0. The functions f,, = gm + f1,, + fffm satisfy all sought
requirements. We verify the relation ([B.7]) below.

Conversely, assume that f satisfies all of the conditions above. Take any ¢ € D*
and suppose that for some R > 1 we have supp¢ C [—R, R]. Pick v > 0 such that
a — v > —1. Using Potter’s estimate [I, Theorem 1.5.4], we may assume that

(3.8) < C,max{z™ 7,27}

IThe first structural theorem even holds true in the quasianalytic case under mild conditions, see
[4, Proposition 4.1 and Proposition 4.7].
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holds for all , A > 0. Since ¢ € D*, for any h > 0 (for some h > 0) there exists a Cy,
such that for all m € N and 2 € R we have |¢™(z)| < Cy,h™M,,. Due to ([B.6), we
now have for any m € N and A > 1

L[ ARICIEY i
NS ML) am

o (7 16 w) 2RV
=, (/ i 7l )(x"dg”)

1 C
C Rm—i—a-i—’y-i—l 8
(Am+1+aL(>\) Ty * a—y+m+1

and, as 2hf may be chosen freely, this is absolutely summable over m € N. It follows
by applying the Lebesgue dominated convergence theorem twice that

: f(Ax) 1 & m [ fn(x) oM (2/N)
}EEO<ML( A )> Algﬁloxg(_l) Ly @

=c_ /0 |z|*¢(z)dx + ¢4 /000 x%¢(x)dx,

—00

< 20,Clyp (200)™

) C(2h(R)™,

with ¢_ and ¢y given by (B.7).

3.3. Structural Theorem for negative integral degrees. We now address the case
of quasiasymptotics of degree o € Z_. The next structural theorem is the second main
result of this section.

Theorem 3.6. Let k € Z, and f € D*. Then, f has the quasiasymptotic behavior

L(A _ _ s
(3.9) f(A\z) ~ )(\k)(vé(k D(z)+ Bz in D" as A\ = o0
if and only if there exist continuous functions f,, on R, m >k — 1, such that
(3.10) F=> 1w,
m=k—1
the limits
fm( ) _ *x
(3.11) xl_l)filoo R L{[a]) =c., m>k—1,
and
(3.12) wll_g)lo Il / fr1(t)dt = ¢4
exist, and for some £ > 0 (any £ > 0) there is C = Cy > 0 such that
o _
(3.13) fm(2)] < Co= (L4 2" FL(l2l),  weR,

m
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for all m > k. Furthermore, we must have
(3.14) y=ci,+ > (ch—c,) and B= (-1 (k-1 = (1) (k—1)le,_,.

Proof. In view of Lemma B.2((ii) we may assume that k& = 1.

Necessity. We start showing the necessity of the conditions if f has the quasiasymp-
totic behavior ([9). Take a compactly supported ultradistribution f. that coincides
with f on [—e,e] and consider f = f — f., so that supp(f — f.) N [—e, e] = 0. We set
g(x) = z(f(z) — fo(z)), which has quasiasymptotic behavior g(Az) ~ SL(A) in D* as
A — 00. Splitting g as the sum of two distributions supported on (—oo, —e) and (e, 00)
respectively, we can apply Lemma [3.4] to obtain its structure as g = > ~_, gﬁnm), where
each of the functions has support in (—oo, —e) U (e, 00), satisfies the corresponding
bounds implied by the lemma, and is such that the limits lim, 1. ™™g, (z)/L(|z|)
exist. Define, for any j € N, the following continuous functions

fi(z) =

27 &

ml gy (z)x™™, x # 0,

m=j

J!

and f](O) = 0. Let us verify they satisfy the requirements that the f; should satisfy.
First of all, for some ¢ > 0 (any ¢ > 0) and C' = Cy > 0,

- J=1 |gm VA
] = g \)Zm—mw'\xv e,

J

by B from Lemma Bl This not only shows that each f; is well-defined and contin-
uous on R, but also provides the bounds (3.13)) for them. From dominated convergence
we infer the existence of

. fi(x) ml g (x mlg (x)
] _Jg\t)
m—l>rj?oo xi— 1L(‘x| :v—>:|:oo j' Z xmL ‘x| j' Zx—d:oo xmL |x‘)

Take an arbitrary ¢ € D* and let p € D* be another correspondmg test function that
coincides with ¢ on R\ (—e, €), while its support does not contain the origin. We then
have

(1) & —19m(T) /7
=SS (e 0y ) =S (79, 6())

=0 m=j §=0
Applying the first structural theorem to f. as in the proof of Theorem 3.3 we obtain
compactly supported continuous functions g, such that f,, = f., + g satisfy (BI0),

B.10), and (BI3). The necessity of (B12) follows from ([3.I5) below. That (B.I4) must

necessarily hold will also be shown below in the proof of the converse.

Sufficiency. Conversely, assume that (3.10) holds with f,, fulfilling (3.11]), ([3.12)
and (BI3) (recall we work with the reduction & = 1). We assume without loss of
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generality that L(z) is everywhere continuous and vanishes for z < 1. We consider

g=> >, fr(nm_l). It follows from Theorem [B.5] that g has quasiasymptotic behavior of
degree 0 with respect to L()), and differentiation then yields

f(\z) — fo(Az) = g’ (Az) ~ (v — cé)@c?(z) in D as A — oo,

with « precisely given as in ([B.I4]). It thus remains to determine the quasiasymptotic
properties of fo. Write F(z) = [J fo(t)dt. Since fy(£z) ~ +cyL(z)/z, x — oo, one
readily shows that
L [ L
F(A\x)H(£z) = F(£M\)H(+x) + ¢ —
A
= F(£N)H(£2) + cg LN H(£z) log |z| + 0 (L()\)), X — oo,
uniformly for x on compact intervals, and in particular the relation holds in D*. Dif-
ferentiating
F(\z) = F(=\)H(—z) + F(\)H(z) + L(\) (ch(—x) + ca’H(x)) log |z| + o (L(X)),

we conclude that

dt +o(L(\))

ot TN B0 (e (H0)) e (HE)) ()
whence the result follows. O

3.4. Extension from R \ {0} to R. The methods employed in the previous two
subsections also allow us to study the following question. Suppose that the restriction
of f € DY to R\ {0} is known to have quasiasymptotic behavior in D*¥ (R \ {0}),
what can we say about the quasiasymptotic properties of f? In view of symmetry
considerations, it is clear that it suffices to restrict our attention to ultradistributions
supported on [0, co).

Theorem 3.7. Suppose that f € D* is supported in [0,00) and has quasiasymptotic
behavior f(Ax) ~ cA*L(N)x® in D¥(0,00) as A — oo.
(i) If a > =1, then f(Az) ~ cA*L(N)zS in D as X — oo.
(ii) If « < =1 and N € N is such that —(N + 1) < a < —N, then there exist
constants ag, . ..,an_1 such that

N-1 5(n) (ZZ}')
)= a, T~ ALz in DY as A — oo,
n=0
(i) If a = —k € Z_, then there is a function b satz’sfymgg for each a > 0

(3.16) b(ax) = b(z) + CE;_) 1_)!L(x) loga+ o (L(x)).,

2Such functions are called associate homogeneous of degree 0 with respect to L in [13, I7]. They
coincide with functions of the so-called De Haan class [I].
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xr — 00, and constants ag, . ..,ar_1 such that
L) ., (H(z) b()\ N d9(x L(N)
(3.17)  f(h) = =3 Pf( )+ ) + Zaj MH = )

in D* as A = oo.

Proof. The moment asymptotic expansion [10] says that we may assume that, say,
supp f C (e,00) by removing a neighborhood of the origin. So, we can apply exactly
the same argument as in the proof of Theorem (via Lemma [3.4] and Lemma [3.2(i))
to show parts (i) and (ii). For (iii), we assume without loss of generality that k£ = 1
(Lemma [3.2/(ii)) and apply the same argument as in the proof of Theorem to
conclude that f(Ax) = fo(Az) +vL(A)d(Ax) 4+ o (L(A)/N) in D¥, where the continuous
function fy has also support in (e, 00) and satisfies fo(x) ~ cL(z)/x, * — oo, in the
ordinary sense. At this point the result can be derived from [I7, Theorem 4.3] (see
also [13, Theorem 2.38, p. 155]), but we might argue directly as follows. In fact, we
proceed in the same way we arrived at (3.I5]). Set b(z f1 fo(t)dt, then, unlformly
for x in compact subsets of (0, 00),

b(Az) = b(\)H(x) + c/A ' @dt +o(L(A\)) = b(A\)H(x) + cL(N)H(z)logx + o(L(N)),

so that differentiation finally shows

foA) = @5@) + cL(AA> Pt (ng‘”>) ‘o <@> in .

4. THE STRUCTURE OF QUASIASYMPTOTICS AT THE ORIGIN

We now focus our attention on quasiasymptotic behavior at the origin. The reader
should notice that Lemma holds for quasiasymptotics at the origin as well. Fur-
thermore, it is a simple consequence of the definition that quasiasymptotics at the
origin is a local property, in the sense that two ultradistributions that coincide in a
neighborhood of the origin must have precisely the same quasiasymptotic properties.
Throughout this section L stands for a slowly varying function at the origin and we
set L(x) = L(1/z). From now on, by convention the parameters ¢ — 0% and A — oo.

We will reduce the analysis of the structure of quasiasymptotics at the origin to
that of the quasiasymptotics at infinity the via the change of variables = <> 1/x. We
therefore need to see how this substitution acts on derivatives.

Lemma 4.1. Let ¢ € C®(R\ {0}) and set ¥(x) := 27 2¢(1/x). Then for any m € N,
there exist constants cp,, . . ., Cm,m Such that

dm 1/:17
(4'1) dxm Z Cm,j xm+]+2 ’
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where we have the bounds

|
(4.2) gl < 04, 0<j<m.
J°

Proof. Applying the Faa di Bruno formula [8, Eq. (2.2)],

d¥ k o ,
O 0(1/2)) = S D1 fa) By (1,21, (1)),
=1
where By, ; are the Bell polynomials; from their generating function identity [3, (3a’),
p. 133] we infer that

, (10t

Therefore, we obtain that (41]) holds with

Cmo = (—1)"(m+1)! and ¢, ;= (—1)"”?—" Z(m —k+1) (lj{: : i)

kl(k — 1)!
NGk =)

t=0

h=j
when 0 < j < m, whence one readily obtains the bound (£.2). O

Theorem 4.2. Let o ¢ Z_ and let k € N be the smallest integers such that —(k+1) <
a. Then, f € D* has quasiasymptotic behavior

(4.3) fex) ~e®Lie)(c_a® + cpxf)  in D" ase — 0"
if and only if there exist functions f,, € L'(—=1,1), m > k, that are continuous on
[—1,1]\ {0} such that (B4) holds on (—1,1),

fm ()
e el L ()

exist, and furthermore, for some £ >0 (for any ¢ > 0) there is a C' > 0 such that

(4.4) s =

m

m >k,

m

14
(4.5) [fm(@)] < Ol L(lz)), 0 <la[ <1,

m

for all m > k. Moreover, the relation ([B.7) must hold.

Proof. The proof of sufficiency can be done analogously as in Theorem Hence we
are only left with necessity. If we can show the theorem for degree larger than —1,
then the full structure theorem will follow from Lemma B.2(i), hence we assume that
a > —1 (hence k = 0). If f has quasiasymptotic behavior with respect to e*L(e), then
f(x) := f(1/x) has quasiasymptotic behavior in D* (R \ {0}) with respect to A™*L(\).
Then by Theorem or Theorem if & € Z, and keeping in mind our observations
from Section B.4] there exist continuous f,, in R\ {0}, m > 0, that satisfy (3.4)), (B.5)
and (3.6]). Consider now for any m > 0,
fu(@) =) (1) fro(1 /)2,

k=m
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where the ¢, are as in Lemma 1l By (3:0]) and (4.2)) it follows that for some ¢ > 0
(for any ¢ > 0) and any 0 < |z| <1,

= ~ k! 20)k

no)] =[SV e a1 /a)em | < 3 2t O a1 ol
k=m k=m ’

(80)™

‘Kzzﬂxw+mLﬂ$Da

1 <=, (80)F
= Clz|*""L(|z|)— Y kl—— < CC
L)y 3 R £ OO
by B1) from Lemma 31l This not only shows existence and continuity in [—1, 1]\ {0},
but also shows that the f,, satisfy (£H). By (B.5) and dominated convergence, it also

follows that for these functions the limits (£4]) exist. Now take any ¢ € D* (R \ {0})
with supp ¢ C (—1,1) and set ¥(x) := ¢(1/x)x~2 Then,

(o)) = (Fla) b)) = 3 (), (069 @)

k=0

Since for any k € N, by Lemma [4.T],
0o k s
/ fk(x)w(k) (SL’)dSL’ = Z Ck,m/ fk(l/x>¢(m) ($)$m+kdx,
o o .

it follows by switching the order of summation that f = >~ ™ in D ((=1,1)\
{0}). Now as a > —1, the latter sum is an element of D, so that there is some
g € DY with suppg C {0} for which f = >~ fr(nm) + g, in D¥(—1,1). Since we
have already shown sufficiency, the sum has quasiasymptotics with respect to €*L(g),
implying that the same holds for g. If g # 0, we can find an ultradifferentiable operator
P(D) = 3>, @ D" of type * such that g = P(D)d and a,, # 0. Then, for any
¢ €D,

gex) N N~y S
(L5055 0@) = 3 (-1 o o)

n=ng

But if ¢(x) = 2™ in a neighborhood of 0, we conclude that

0 = lim : = e < 9(ew) ¢(x)>,

e—0t gm0ttt [(g)  ap gl =m0t \e*L(e)’

leading to a contradiction. Therefore, g must be identically 0 and this completes the
proof of the theorem. O

The structure for negative integral degree can be described as follows.

Theorem 4.3. Let f € DY and k € Z,. Then, f has quasiasymptotic behavior

(4.6) f(ex) ~ %(75('{_1)(1’) +Bx7%)  in DY ase — 0"
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if and only if there are continuous functions F and f,, on [—-1,1]\ {0}, m > k, such
that

(4.7) f=F® 43" pom on (—1,1),
m=k

the limits

(4.8) ¢ = lim . m >k,

= vk b L[2])

exist, for some £ >0 (for any £ > 0) there exists C = Cy > 0 such that

o
(4.9) [fn(@)] < Co= ™" L(lal), 0 <ol <1,
for all m >k, and for any a > 0 the limit
. Flar) - F(-x) . .
(4.10) mll>r(1g1+ () =c| +cyloga
exists. In this case,
(4.11) Z —¢;) and f= (=Y k-1

Proof. For the sufficiency, applying Theorem FL.2to the series > >, fr(nm_l), one deduces
flex) — F®(ex) ~ (v — ¢)0%Y(ex) in D* as e — 0. In view of [19, Theorem 5.3]
(see also [13, Theorem 2.33, p. 149]), we have F®)(ex) ~ L(¢)(c;0%* =Y (ex) + B(ex)™*)
in D" as e — 07, which yields the result.

For the necessity, we may assume that £ = 1. We now apply Theorem to
xf(x). Using the same reasoning as in the proof of Theorem [3.6] one can write f(z) =
fot+> 0, £ on (—1,1)\{0}, with continuous functions f, fi,... on [—1,1]\{0} such

that the limits (4.8]) exist including the case m = 0. Applying again Theorem [£.2]to the

series » >, (m=1) , we deduce that fy has an extension gy to R with quasiasymptotic

behavior of order —1 with respect to L(e). Let F' be a first order primitive of gg. Due
to the fact that I = fy off the origin and the quasiasymptotic behavior of F”| it is
clear that F' is integrable at the origin and that it must have the form

Flz)= —H </ folt dt+C+>+H </ folt dt+C’)

Similarly as in the proof of Theorem [3.6, we conclude that

_ lim F(z) — F(—x)
im
aso+ L(z)
must exist by comparing with the quasmsymptotics of go. Hence, for each a > 0
. F(ax) — F(—x) B . 4
:Eli{(r)l—l— L(:L') :Eli{(r)l—l— L / fO Cl + CO loga.
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Our method also yields:
Theorem 4.4. Suppose that fy € D*(0,00) has quasiasymptotic behavior
folex) ~ ce®L(e)x® in D"(0,00) ase — 07,
Then fo admits extensions to R. Let f € D* be any of such extensions with support
in [0,00). Then:
(I) If « € Z_, then there is g € D* with supp g C {0} such that

flex) — glex) ~ ce®L(e)xs  in D ase — 07,
(IT) If « = —k € Z_, then there are a function b satisfying (B.16) as = — 0 for
each a > 0 and an ultradistribution g € D* with supp g C {0} such that

flex) = c% Pt (H(I)) + @5(1‘3_1)(@ +g(ex) + o <@) in D as e — 0F.

ok ok ok

5. QUASIASYMPTOTIC BEHAVIOR IN Z’*

As an application of our structural theorems, we now discuss some other extension
results for quasiasymptotics of ultradistributions. For distributions, the connection
between tempered distributions and the quasiasymptotic behavior has been extensively
studied [13, [14] 17, 19, 22]. The following properties are well known:

1. If f € D' has quasiasymptotic behavior at infinity, then f € S" and it has the
same quasiasymptotic behavior in §'.

2. If f € S’ has quasiasymptotic behavior at the origin in D', then it has the same
quasiasymptotic behavior in &’.

Our goal is to obtain ultradistributional analogs of these results. For this, we in-
troduce new ultradistibution spaces Z’*, somewhat reminiscent of the Gelfand-Shilov
type spaces [2] and at the same time generalizing §’. They are defined as follows. For
any n € N and h > 0, Z)" denotes the Banach space of all ¢ € C* for which the
norm

(L + [zt ()]

‘= sup
H‘PHMp,n,h R meN hm M,

is finite. Then we consider the following locally convex spaces
ZWMp) — Jim zMeh o Z Mok — iy ZMeh
o %
corresponding to the Beurling and Roumieu case, where we use Z! as a common
notation for these two cases, and finally we define
Z* = @ Z.
neN

The aim of this section is to show that quasiasymptotic behavior in D™ naturally
extends to quasiasymptotic behavior in Z™. Let us first consider the case at infinity.
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Theorem 5.1. If f € D™ has quasiasymptotic behavior with respect to A*L(\), with L
slowly varying at infinity and o € R, then f € Z"™ and it has the same quasiasymptotic
behavior in Z'*.

Proof. Let k € N be the smallest natural number such that —(k + 1) < «. Then
by either Theorem or Theorem we find some ¢ > 0 (for any ¢ > 0) and a
C = Cy > 0 such that ([B4]) and ([B.6]) hold. Wet set n = [« + 1]. Employing Potter’s
estimate (B.8) (with v = A = 1), we find that for any ¢ € Z* and any m > k we have

: r , \
| @is| < 05 [+ a1 @lde < el (™),

and as hf may be chosen freely, it follows that this is absolutely summable over m > k.
Consequently, f =35>, m ez,

For the quasiasymptotic behavior of f, the case where « is not a negative integer
can be shown in a similar fashion as the sufficiency proof of Theorem For a =
—k € Z_, it is clear that we only need to treat the case k = 1, as the general case
then automatically follows by differentiating. By Theorem [3.6], there exist continuous
functions f,,,, m € N, satisfying (3.11]), (3.12), and (B.I3) such that f = fo+> -, m,
The infinite sum in the previous identity clearly has a primitive with quasiasymptotic
behavior with respect to L()\), so that its quasiasymptotic behavior may be extended

to the whole of 2™, and in turn its derivative >~ fr(nm) has quasiasymptotic behavior
with respect to A™1L(A) in Z2*. By (B1) and (B12)), f, has quasiasymptotic behavior
with respect A™'L(\) in D', hence, by [I7, Remark 3.1] (see also [13, Theorem 2.41,
p. 158]), it has the same quasiasymptotic behavior in &', hence certainly also in Z’*.
Therefore, the same also holds for f. U

Let us now turn our attention to the case at the origin. The next lemma proves that
the quasiasymptotic at the origin in Z™ is a local property.

Lemma 5.2. Let L be a slowly varying function at the origin and o € R. Suppose
f1, f2 € 2™ are such that for some a > 0, f1 and fy coincide on R\ [—a,al. Suppose
that fi(ex) ~e*L(e)g(x) in 2™ as e — 0T, then, also fa(ex) ~ e*L(e)g(x) in Z"™.

Proof. We only show the Beurling case; the Roumieu case can be shown analogously
by employing a projective description for Z{Mr} obtained similarly as in [2]. It suffices
to show that if f € Z/™») vanishes near the origin, then f(ex) ~&™ -0 for all N € N,
Let f be as described, then there exist 0 < R < 1, n € N, £,C > 0 such that

x|rtm (m)x
(flea),d)] <€ sup IO

, c Z(MP)
|z|>R,meN EmMm ¢

Taking ¢(z) = e p(x/e) with ¢ € ZMp) and arbitrary 0 < € < 1 we have for N > n

) )
e [{f(ex), ¢)| < |m|;}%£’n€N eNFm+Lgm L

N+m+1|, ,(m)
Copem )
|x|>R/e,meN mem

— 0,
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ase — 07 . O

Theorem 5.3. Suppose [ € Z™* has quasiasymptotic behavior in D™* with respect to
e*L(e), with L slowly varying at the origin and o € R, then f has the same quasi-
asymptotic behavior in Z'*.

Proof. By Lemma [5.2l we may assume that supp f C [—1, 1]. Suppose first that o ¢ Z_
and let k& € N be the smallest integer such that —(k + 1) < . From Theorem [£.2] we
find continuous functions f,, on [—1,1] \ {0}, satisfying (3.4)), (£4) and (L5). Take
any ¢ € Z"™ and decompose it as ) = ¥_ + ¥, + ¥, where suppy_ C (—o0, —1], ¥,
has compact support and supp ;. C [1,00). Then by the hypothesis

<€J;(L€2) : ¢c(x)> = ci (2, 0e(x)) + - (22, Ye(2)) .

It suffices to show that the same limit holds for ¢+ placed instead of v.. As the two
cases are symmetrical, we only look at ¢,. It follows from (3.8]), (4.5]) and the Lebesgue
dominated convergence theorem that for any m > k,

(m) T 1/e T x
lim <f’“—(€),¢+<x>> i [ L) ( I )wmwim)u)dx

lim
e—0+

e=0+ \ e2L(e) e—0+ J;  L(e) JetmL(ex)
= c:;/ %, (z)dz.
0
Then another application of dominated convergence shows that
[ flex) _ o
61_1>Tgl+ <EQT(E)>¢+(1') =C+ <55+a ¢+(37)> :

This shows the case for a ¢ Z_. The case of negative integral degree can then be done
as in the proof of [19, Theorem 6.1]. O

Acknowledgement. We thank Andreas Debrouwere for his useful comments that led
to improvements in the results of Section

REFERENCES

[1] N. BingHAM, C. GOLDIE, AND J. TEUGELS, Regular variation, Cambridge University Press,
Cambridge, 1989.

[2] R. CARMICHAEL, A. KAMINSKI, AND S. PILIPOVIC, Boundary values and convolution in ultra-
distribution spaces, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007.

[3] L. COMTET, Advanced combinatorics. The art of finite and infinite expansions, D. Reidel Pub-
lishing Co., Dordrecht, 1974.

[4] A. DEBROUWERE AND J.VINDAS, Solution to the first Cousin problem for vector-valued quasi-
analytic functions, Ann. Mat. Pura Appl., 196 (2017), 1983-2003.

[5] Yu. N. DROZHZHINOV, Multidimensional Tauberian theorems for generalized functions, Russian
Math. Surveys, 71 (2016), 1081-1134.

[6] R. ESTRADA AND R. KANWAL, A distributional approach to asymptotics. Theory and applica-
tions, Birkhduser Boston, Boston, MA, 2002.

[7] L. HORMANDER, The analysis of linear partial differential operators. I. Distribution theory and
Fourier analysis, Springer-Verlag, Berlin,1990.



QUASIASYMPTOTICS OF ULTRADISTRIBUTIONS 17

[8] W. P. JOHNSON, The curious history of Fad di Bruno’s formula, Amer. Math. Monthly, 109
(2002), 217-234.

[9] S. LOJASIEWICZ, Sur la valeur et la limite d’une distribution en un point, Studia Math., 16
(1957), 1-36.

[10] H. KoMATSU, Ultradistributions. I. Structure theorems and a characterization, J. Fac. Sci. Univ.
Tokyo Sect. TA Math., 20 (1973), 25-105.

[11] S. Piipovi¢ AND B. STANKOVIC, Quasi-asymptotics and S-asymptotics of ultradistributions,
Bull. Acad. Serbe Sci. Arts Cl. Sci. Math. Natur., 20 (1995), 61-74.

[12] S. Piuipovi¢, B. STANKOVIC, AND A. TAKACI, Asymptotic behaviour and Stieltjes transforma-
tion of distributions, Teubner Verlagsgesellschaft, Leipzig, 1990.

[13] S. PiLipovi¢, B. STANKOVIC, AND J. VINDAS, Asymptotic behavior of generalized functions,
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2012.

[14] S. PiLipovi¢ AND J. VINDAS, Multidimensional Tauberian theorems for vector-valued distribu-
tions, Publ. Inst. Math. (Beograd), 95 (2014), 1-28.

[15] B. C. RENNIE AND A. J. DOBSON, On Stirling numbers of the second kind, J. Combinatorial
Theory, 7 (1969), 116-121.

[16] A. ScHMIDT, Asymptotic hyperfunctions, tempered hyperfunctions, and asymptotic expansions,
Int. J. Math. Math. Sci. 2005, 755-788.

[17] J. VINDAS, Structural theorems for quasiasymptotics of distributions at infinity, Publ. Inst. Math.
(Beograd), 84 (2008), 159-174.

[18] J. VINDAS, Regularizations at the origin of distributions having prescribed asymptotic properties,
Integral Transforms Spec. Funct., 22 (2011), 375-382.

[19] J. VINDAS AND S. PILIPOVIC, Structural theorems for quasiasymptotics of distributions at the
origin, Math. Nachr., 282 (2009), 1584-1599.

[20] V. S. ViLapmMiROV, YUu. N. DROZHZHINOV, AND B. 1. ZAv’yaLov, Tauberian theorems for
generalized functions, Kluwer Academic Publishers, 1988.

[21] B. I. ZAV’YALOV, Self-similar asymptotic form of electromagnetic form-factors and the behavior
of their Fourier transforms in the neighborhood of the light cone, Teoret. Mat. Fiz., 17 (1973),
178-188; English translation in: Theoret. and Math. Phys., 17 (1973), 1074-1081.

[22] B. 1. Zav’yaLov, Asymptotic properties of functions that are holomorphic in tubular cones,
Math. USSR-Sb., 64 (1989), 97-113.

[23] Y. YANG AND R. ESTRADA, Asymptotic expansion of thick distributions, Asymptot. Anal., 95
(2015), 1-19.

DEPARTMENT OF MATHEMATICS: ANALYSIS, LOGIC AND DISCRETE MATHEMATICS, GHENT UNI-
VERSITY, KRIJGSLAAN 281, 9000 GENT, BELGIUM
E-mail address: lenny.neyt@UGent.be, jasson.vindas@UGent.be



	1. Introduction
	2. Preliminaries
	3. The structure of quasiasymptotics at infinity
	3.1. Some lemmas
	3.2. Structural theorem for -.25ex-.25ex-.25ex-.25exZ-
	3.3. Structural Theorem for negative integral degrees
	3.4. Extension from R{0} to R

	4. The structure of quasiasymptotics at the origin
	5. Quasiasymptotic behavior in Z
	Acknowledgement

	References

