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ABSTRACT

The buckling and critical speed saw stability theories for predicting the flatness of a
circular saw are discussed. Laboratory experiments were performed for evaluation of the
stability concepts. The experiments include accurate measurement of the saw-disc natural
frequencies or frequency spectrum and the measurement and inclusion of thermal effects

in saw-disc stability analysis.
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INTRODUCTION

There are many approaches to the prob-
lem of designing thin saw blades to cut
straight. The fastest, often the easiest, and
sometimes the only available method in
optimal design relies upon genius of in-
sight and invention. Here, the engineer
tries a new saw design or production
process specification to see what happens.
The principal advantage of this technique
is its speed. He quickly learns if some pro-
cedure does or does not work, and applica-
tion of results is immediate because his at-
tention is focused on the specific problem
of his interest. However, the depth of un-
derstanding of the physical process accom-
panying this design procedure is necessarily
shallow. From the try-and-see approach one
gains little general perspective on the prob-
lem from which he can explain broader ob-
servations, predict what would happen with
proposed design changes, etc. On the other
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hand if one is able to develop a somewhat
general theoretical model of a physical sys-
tem such as a circular saw, which includes
“all” significant effects governing its be-
havior, then one can relate the design
parameters to the system performance.
The general-view approach does not
eliminate try-and-see studies, but it guides
one’s thinking to designs that are more
likely to be satisfactory and away from
many fundamentally poor ones. In circu-
lar saws, for example, there are an infinite
number of possible designs if one considers
variations in thickness, clamping radius,
rotation speed, slots, holes, etc. Variation
in saw material properties alone makes
design evaluation difficult. Also each saw
design must be evaluated in the appropriate
operational environment; a saw that is
optimal in the intended environment of
operation may be unsatisfactory in the en-
vironment of evaluation.  Accordingly,
specification of the optimal design implies
a clear understanding of the operational
environment. It is probably impossible to
optimally design a saw and the process en-
vironment by trial-and-error techniques.
The present and probably continuing
trend in industry is toward more efficient
and more precise machining, requiring
nearly optimal saw design and optimal
process control. It is the opinion of the
writers that the optimal saw design and
operation question must be approached
from the basis of a sound stability theory

SUMMER 1973, V. 5(2)



CIRCULAR-SAW STABILITY THEORY

that incorporates all major influences on the
saw vibrational response. The present re-
search on the foundations of the stability
theory, outlined in this paper, was guided
by this viewpoint. The focus of our most
recent research efforts has been to test the
theoretical stability analysis and to mea-
sure the temperature distribution.

This paper is directed toward both the
theoretical concept of instability in circu-
lar saws and the experiments focused on
evaluation of these concepts. The experi-
ments include accurate measurement of the
disc natural frequencies or frequency
spectrum, and the measurement and inclu-
sion of thermal effects on disc stability.

TYPES OF INSTABILITY

When a saw no longer is flat, conditions
unacceptable for operation result. Herein,
an unstable saw is defined to be one whose
equilibrium geometry is no longer flat
(within a tolerance), and an unstable en-
vironment is defined to be any set of design
and operating conditions that results in a
nonflat saw. The condition of impending
instability is of principal concern, as this
marks the transition from a stable (flat) to
an unstable (nonflat) saw. All stability re-
search to date has in effect been focused
on identification of impending instability
conditions.

Two characteristic types of instability
have been observed in saws, and others are
possible but have not been identificd. The
first is termed “buckling instability.” Here
the saw’s peripheral edge assumes a wavy
or harmonic shape with amplitudes of one
or more saw-thicknesses. For instance, in a
saw having one complete wave around the
periphery, there is one saw-diameter that is
coincident with the diameter in the original
stable  (or flat) saw. This would be
termed a I-nodal-diameter buckling mode.
Typically, a 16-inch-diameter saw can be
expected to buckle in a mode of either 2-,
3-, 4-, 5-, or 6-nodal diameters, with 3, 4,
or 5 being the most conmmonly observed in
our work. Specific design and operating
conditions explicitly define the particular
mode. If a saw buckles in the 4-nodal

161

diameter mode, then the edge assumes four
complete waves that are fixed on the saw
disc. As the buckled saw passes through
the workpiece, the waves in the saw edge
cut an oscillating path, which is recognized
as a rather high frequency “snaking saw.”
Typically, the saw interacts with the work-
piece, the saw temperature increases, which
enhances or maintains the instability, and
workpiece dimensional accuracy is lost. The
amplitude of the buckled saw displacement
may be small (say %-1 plate thickness) de-
pending upon postbuckling effects such as
workpiece-saw interaction. In many re-
spects small amplitude buckling is a more
serious problem, as it is more difficult to
observe but still renders the product un-
acceptable. One can think of buckling as a
“terminal” instability, which is a rather ad-
vanced form of instability and probably
not the one that occurs first.

The second type of instability is termed
“critical speed instability.” Here, the mo-
tion of the cutting force around the saw’s
periphery excites the saw into a standing-
wave resonance. In this case the wave or
nodal diameter mode is fixed in space (not
on the saw) and the saw rotates through
it. In effect, the saw loses stiffness in one
of its lateral modes and any lateral force
thus causes relatively large lateral saw dis-
placements, which results in instability.
Often, just prior to the formation of the
standing wave, a backward traveling wave
can be observed that gives the saw edge a
relatively low frequency oscillation. This
signals the approach of the standing wave
instability and gives rise to the low fre-
quency “snaking” commonly observed. The
critical speed instability condition is
reached before the buckling instability con-
dition. In other words, conditions inducing
critical speed instability are the same as
those causing buckling. However, the criti-
cal speed instability always appears to be
induced before buckling, so recent studies
have therefore focused upon identifying
critical speeds (Nieh and Mote 1972; Mote
1970a, 1971, 1972; Mote and Nieh 1971;
Dugdale 1966). Both types of instability
are controlled by saw geometry, clamping
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or edge conditions, rotation speed, tension
or intitial stresses, and thermal effects.
Numerical techniques have been recently
developed for prediction of both impending
instability conditions when the aforemen-
tioned effects are included ( Nieh and Mote
1972; Mote 1970a, 1972: Mote and Nich
1971).

In measuring critical speed conditions,
there are two quantities of principal in-
terest: (1) the rotation speed at which the
standing wave forms, and (2) the mode or
number of waves (nodal diameters) as-
sociated with the standing wave shape. In
order to measure both quantities a carbon
brush-light panel svstem was developed
( Dugdale 1966; Mote 1971; Mote and Nieh
1971). At instability the deformed disc
contacts the brushes, closes the individual
simple circuits, and a light corresponding
to each brush contact is illuminated. The
mode is identified in the stationary light
panel array, and simultaneously the rota-
tion speed is measured with a digital coun-
ter.

It appears unlikely that any saw can
operate ctfectively above its critical speed.
Variation in the environment alters the
critical speed, and in fact the critical speed
varies continuously during a  production
process. The primary source of variability
results from thermal effects, which have
an influence probably far greater than is
generally  imagined. When the critical
speed is reduced to the operating speed of
the saw, instability occurs immediately. As
long as the critical speed remains above
the operating speed. stable saw operation
is possible. Once instability occurs there
is little chance for self-correction. For
process control, instability must be pre-
dicted and prevented prior to its occurrence
rather than by trying to impose postinsta-
bility corrections.

Tensioning can be viewed as a process
that tfavorably alters conditions under
which a critical speed or buckling insta-
bility occurs. Any phenomenon that induces
stresses in the saw alters the critical speed.
The normal tensioning procedure shifts the
critical speed upward (Mote and Nieh
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1971). Upward shifts in critical speed are
desirable for two reasons. First, they in-
crease the separation between the operating
and critical speed, which reduces the likeli-
hood of instability due to process-induced
critical speed variations. Second, they al-
low saw design modifications that have a
tendency to reduce the critical speed but
are economically more desirable—e.g.. re-
ducing saw thickness and kerf.

The skilled saw-fiber often tests “proper”
tension by placing a straight edge across
the saw blade diameter to measure the
saw’s dishing or buckling. Here, one nay
ask what that has to do with the critical
speed. The connection is indirect but clear.
The saw buckling measured by the filer
is the result of the initial or tension stress
state. The filer obtains a qualitative mea-
sure of the initial stress state which, in turn,
shifts the critical speed. Tt is understandable
that the technique of tensioning can shift
the critical speed either up or down, de-
pending upon the initial stress state re-
sulting from the procedure.

STABILITY ANALYSIS

Stability theories used to predict impend-
ing " instability utilize disc natural fre-
quencies or disc-frequency spectrum as
their basis. (For a detailed discussion of
these theories see Dugdale 1966; Mote
1970a, 1971, 1972; Mote and Nieh 1971,
Nieh and Mote 1972.) In brief, buckling
instability occurs when one disc natural tre-
quency is driven to zero by a change in the
disc effective stiffness; o, — 0. A critical
speed occurs when the backward traveling
wave component of one of the natural fre-
quencies becomes stationary in space;
wy — No—> 0 where o, =nth natural fre-
quency, n is number of nodal diameters of
that mode, and « is the rotation speed.
Shifts in critical speed or buckling condi-
tions are caused by variations in the fre-
quency spectrum. Measurement or com-
putation of the spectrum permits accurate
estimation of the degree of stability or the
proximity of instability. Figure 1 data
give spectral shifts from peripheral heating
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of the dise; note in Figs, 1 and 2 the in-
creased complexity of the spectrum caused
by rotation, as viewed by the stationary ob-
server. The peaks of these curves indicate
the resonant frequencies as seen by the
stationary observer. These frequencies can
be compared with theoretical computations
based upon the finite element model of
Fig. 3 (Mote 1970a, 1972). Models of this
type are particularly suitable for the com-
plex geometries of saws because the ele-
ment configuration is highly flexible. It
should be noted that the technique has
important application to the saw thermal
analysis, as well as to membrane stress and
vibration problems. The experimental res-
onant frequencies, as in Fig. 1, the theoreti-
cal resonant frequencies from a model such
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. 2. Frequency response  spectrum of a
stationary uniform  disc  without thermal excita-
tion o = O rev’sce b= 8.0 inches, a = 4.0 inches,
t = 0.040 inch.
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as shown in Fig. 3, and the critical speed
experiments from the light panel system
are compared for one example in Fig. 4.
For a rotation speed greater than zcro the
stationary observer sees two resonmant fre-
quencies for each node n greater than zero.
The higher frequency corresponds to the
resonance of the forward traveling wave
(the wave propagating in the direction of
disc rotation), and the lower frequency cor-
responds to the backward traveling wave
resonance. Note that there is only one
resonance for a stationary disc or for an
observer rotating with the disc. Relative
to the disc, the forward and backward
waves travel in opposite directions at the
same speed; their speed relative to the
ground or stationary observer is shifted by
the disc rotation. The comparison of
theoretical curves and experimental points
is excellent; in particular, the critical speed
of the uniform disc predicted by theory and
confirmed by the data points is 59.2 rev/sec
in the 4-nodal diameter mode. The light
panel test determined the critical speed to
be 60.8 rev/sec.

The numerical flexibility of the theoreti-
cal methods employed is demonstrated in
Fig. 4, where four l-inch slots are numeri-
cally cut into the disc periphery (Fig. 3).
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The result shows that cutting such slots
into a cold disc reduces the critical speed
8% from 59.2 rev/sec to 55.3 rev/sec. If
the slots are extended to 2 inches, the criti-
cal speed is reduced 20% to 44.7 rev/sec.
Under steady-state bearing heating condi-
tions, the critical speed for the disc with
four-1 inch slots increased from 55.3 rev/sec
to 60 rev/sec—both as measured and com-
puted.

The disc resonant frequencies, which are
on the ordinate at zero rotation in Fig, 4,
are not constants. Accordingly, the critical
speed is shifting continuously during opera-
tion, and at times variations due to thermal
effects can be very large. The rotation
speed for satistactory operation is probably
always below the critical speed at any time,
and therefore conditions that tend to shift
the critical speed down towards the operat-
ing rotation speed are destabilizing effects.

AND I.. T. NIEH

The principal culprit is increased peripheral
heating. When the critical speed ap-
proaches the operating speed, instability
results. Conditions that tend to shift the
critical speed upwards away from the
operating speed are stabilizing influences—
e.g., tensioning (Mote and Nieh 1971),
bearing heating, or increased saw blade
thickness. The critical speed concept pro-
vides a fundamental criterion for assessing
the influence of combinations of process
variations on the saw stability, emphasizes
the need for a numerical facility to in-
corporate the significant process variables,
and is useful as a basis for optimal saw
design and on-line process control.

DATA ACQUISITION

The technique used to obtain the disc
frequency spectrum experimentally (as in
Figs. 1 and 2) is a hybrid experimental-
numerical method (Nieh and Mote 1972).
First, a few seconds of transverse displace-
ment data are measured with a noncontact-
ing, eddy-current-type transducer. The
transducer has a linear range of + (.035
inch, a sensitivity of 10 mils/volt, and a fre-
quency range 0-4 kHz. The deflection
signal was filtered through a 4-840 Hz
window with an attenuation of 30 db/
octave. The data was then recorded on an
FM instrumentation recorder at 30 inches/
sec with signal/noise ratio of 44 db and a
frequency range 0-5 kHz (+ 0.5 db). The
analog displacement data was then con-
verted to 12 bit digital words at a rate of
2000 words/sec and stored on CDC com-
patible tapes. All data reduction operations
were performed on the digitized form.

The spectral analysis of the digitized data
is best computed using the Fast Fourier
Transform algorithm of Cooley and Tukey
(1965) in which the Fourier coetficients
arc smoothed with a digital filter. In the
analysis 2048 data points or words were
used, which gives a frequency band width
of 0-1024 Hz at approximately 1 Hz inter-
vals and requires 6.2 seconds of CDC 6400
computation time. The data points in Fig.
1 illustrate the results of such measurements
and computations.
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The external heat flux supplied to the
disc was generated both by the spindle
bearings and by an oxygen-acetylene torch
(Fig. 5). The radiation sensor records the
temperature in the range of 70400 F, with
an accuracy of = 1% F.S., on a spot diameter
of 0.15 inches, and with a response time of
2 seconds. With a thin spray of carbon
black pigmented paint (emissivity 0.95-
0.98) applied to the surfaces of the disc and
reference body, the radial position ac-
curacy obtained from the radiation sensor
was * (.05 inches. The sensor was driven
radially with a gear motor at a constant
(1035 in/sec rate. The time constant for
the instrument is longer than is desirable,
but at the time of its purchase other alterna-
tives were not available. In order to modu-
late the time constant error, measurements
were made both radially outward and in-
ward, and the average can be used in the
analysis. This technique can only be ap-
plied for steady-state measurements, and
the error associated with the measurement
technique is estimated to be = 1 F,

HEAT TRANSFER

Heat transfer analysis is performed for
investigation of the thermal problem itself,
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and for incorporation of thermal effects into
the stability analysis. The modified con-
duction equation governing the steady-state
temperature distribution is:

de 1 do gb?
Gt ome =0 D
S
where

h; = 2hb*/K¢: modified Biot Number
for two disc surfaces

K, = disc thermal conductivity
r=r/b

l

N

= peripheral radius

t = disc thickness

6 = relative temperature

¢ = heat flux

h = convective heat transfer coefficient

This equation has been studied exten-
sively (Sugihara and Sumiya 1935; Mote
1967), where for h; = constant exact 6 solu-
tions are determined for many cases. In
saws, however, thickness is not usually con-
stant and h;, is not constant. The factor his a
function of air velocity across the surface
and accordingly varies radially. It can be
replaced by a weighted average value that
would permit the elementary solution of
(1), but this procedure needs further evalu-
ation in the light of stability sensitivity to
temperature variations. The convective
coefficient in the laminar region is:

Ww\0. 5
hlam = C1Ky (C) =

where K, = air thermal conductivity, » =
disc angular velocity, » = air kinematic
viscosity, C; =0.35 (Kreith 1958). In the

turbulent region,

(2)

constant

0.6

0.64,40.8
By = C2Kgd (3) r (3)

where coefficient values are either C. =
0.0185 (McComas and Hartnett 1970) or
C.=10.0193, (Cobb and Saunders 1956),
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and the laminar to turbulent transition

radius is

. {250 OOOv)
Ttransition ( wb? :

Therefore, usually hy=h,(r") and (1)
must be evaluated numerically. Finite ele-
ment or finite difference representations of
(1) are satisfactory and no difficulty is
experienced because of discretization.
The external heat flux g, which here
arises from the spindle bearings and the
peripheral torch, is generally unknown and
is difficult to measure. The temperature
distribution is measured, however, and an
inverse iterative procedure can be used to
estimate the ¢ that would produce that
temperature; here that heat flux is written

A
¢ to indicate its origin. At the present time

there is no way to isolate the thermal analy-
sis from experimental measurement, but
temperature is more easily and accurately
measured than heat flux so it is a logical
choice. Therefore, we measure temperature

(4)

A
and predict q.

In the first set of experiments the disc
was rotated at constant angular velocity,
and the heat flux was generated by the
spindle bearings only. Measurement of the
temperature distribution and the disc re-
sponse for spectral analysis were recorded.
Figure 6 shows a typical radial temperature
distribution history for this type of heating.
The temperature of the disc continued to
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Fic. 6. Temperature distribution history of a

uniform disc with bearing heating starting from
room temperature. o =60 rev/sec, b =28.0
inches, a = 4.0 inches, t = 0.040 inches,
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increase for approximately 2 hr, although
the relative temperature reached a quasi-
steady state after approximately 1 hr. Be-
ause the surrounding air temperature is
not constant, it must be recorded. Radial
air temperature variations were ignored;
continuous data curves were sampled at
0.174-inch intervals (Fig. 7) and the carves
were digitally plotted using a parabolic
curve-fitting technique.

A number of important observations can
be made from Fig. 6. First, there appears
to be no such thing as a rotating disc at
constant ambient temperature under condi-
tions of rotation unless this temperature is
externally maintained. Second, there is a
long thermal transient period, but the
principal variation occurs during the first
half hour. Thirdly, the temperature varia-
tion under bearing heating alone is suffi-
cient to increase the critical speed by 12%
(Mote and Nieh 1971). Saw dynamic re-
sponse is observed to be very sensitive to
thermal effects, and crude approximations
to the temperature distribution and Jlevel
are probably unsatisfactory. As a direct
practical observation, if saws are allowed
to warm up (or even heated near the arbor)
prior to use the probability of stable opera-
tion should be considerably higher.

Theory and experiment are compared in
Fig. 8, in which C. is the coefficient of Eq.
(3). In this case the published film coeffi-
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best coefficient for all bearing heating cases ex-
amined, Ca, = best coefficient for this bearing heat-
ing case, e = mean square temperature error.

cient values C,=0.0185 (McComas and
Hartnett 1970) or C, = 0.0193 (Cobb and
Saunders 1956) are seen to be too large and
inapplicable. The probable explanation for
this deviation is that the published coeffi-
cients were obtained from experiments
with flat disc specimens. Air away from
the disc moves toward the disc parallel to
the axis of rotation, and upon reaching the
disc the air flows along a curved path par-
allel to the disc plane. In the present case,
the massive clamping collars disturh the
convective air flow in the neighborhood of

~
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Fic. 9. Temperature distribution of a uniform
dise with bearing heating. o =24 rev/sec, b =
8.0 inches, a = 4.0 inches, t = 0.040 inch, Cu =
best coefficient for all bearing heating cases ex-
amined, Cu, = best  coefficient for this bearing
heating case, € = mean squarc temperature error.
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the collars where the temperature is maxi-
mum. Because the convective air flow is
inhibited from reaching the disc surface,
one expects the convective heat transfer to
be lower than that for an unclamped disc.
Experiments conducted at 60 rev/sec, 40
rev/sec, and 24 rev/sec all exhibit the same
effect (Fig. 9). The coefficient C, = 0.004
was found to give satisfactory results in the
cases examined.

In a second set of thermal experiments,
the torch was used to hcat the disc pe-
riphery. Figure 10 gives a comparison of
the quasi-steady state temperature distribu-
tions for the two experiment sets. The un-
fortunate instrument lag is clearly illus-
trated in this figure. This problem can be
avoided with present commercially avail-
able instrumentation, but it did not seriously
impair the conduct of our program. The
principal uncertainty arises near the maxi-
mum temperature, which was not used here
(Figs. 8§ and 9). The distribution of heat
flux near the periphery results from an in-
ability to focus the torch on a spot. The
heat from the bearings is seen to be a sig-
nificant portion of the heat flux into the
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disc. Note also that this thermal problem
differs from that of the preceding para-
graph in two ways. First, the high tem-
perature region is away from the clamps
where the published film coefficient re-
search ( Cobb and Saunders 1956; McComas
and Hartnett 1970) can be expected to be
more appropriate. Second, the convective
action of the torch can only increase heat
transter and promote turbulence. The typi-
cal comparison of theory and experiment
shown in Fig. 11 indicates that published
C. values are very good here. Note that
the theoretical prediction still underesti-
mates the temperatures at small r { probably
because of the clamping plates as before)
and that it overestimates the temperature
at large r because of the increased convec-
tive heat transfer induced by the torch and,
in one case, the edge slots. The optimal
heat transfer coefficient in turbulent flow
is determined by Eq. (3) with C, = 0.0193
as suggested by Cobb and Saunders (1956).
In a recent independent study Okushima
and Sugihara (1969) experimentally deter-
mined C. to be 0.0194.

CONCLUSIONS

(i) Buckling and critical speeds are im-
portant and are the expected in-
stability mechanism for symmetrical
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circular saws. Many saw-stability ob-
servations resulting from tensioning,
thermal effects, etc., can be explained
in terms of these concepts.
(ii) The influence of geometrical discon-
tinuities, such as slots, on critical
speed or buckling can be computed
accurately. Their presence in the saw
may or may not be beneficial to
stability, depending upon the operat-
ing environment.
Critical speeds can be accurately com-
puted by finite element methods if the
temperature distribution is accurately
known.
The temperature distribution may or
may not be beneficial to stability, but
its influence may be computed.
Broadly speaking, a hot arbor is
good for stability and a hot rim is
bad for stability.
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