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ABSTRACT

Layered structures have appeared in many systems such as biological tissues,
micro-electronic devices, thin films, fins, reactor walls, thermoelectric power conver-
sion, thermal coating, metal oxide semiconductors, and thermal processing of DNA
origami nanostructures. Analyzing heat transfer in layered structures is of crucial
importance for the design and operation of devices and the optimization of thermal
processing of materials. There are many numerical methods dealing with the layered
structures or interface problems. The existing numerical methods such as the im-
mersed interface method and the matched interface boundary method, if using three-
grid points across the interface, usually provide only a second-order truncation error,
which reduces the accuracy of the overall numerical solution even if the higher-order
compact finite difference method is employed at other points. Obtaining a higher-
order accurate numerical scheme using three-grid points across the interface so that
the overall numerical scheme is stable and convergent with higher-order accuracy is
mathematically challenging.

The objective of this dissertation is to develop a higher-order accurate finite
difference method using three-grid points across the interface. To this end, we first
consider three mathematical models, the steady-state heat conduction model, the
unsteady-state heat conduction model and the nanoscale heat conduction model. The

well-posedness of these three models are proved. After that, compact higher-order
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finite difference schemes for solving these three models are developed, respectively. In
particular, for the interior points, the well-known padé scheme (three-point fourth-
order compact finite difference scheme) is applied. On the boundary and interface,
by preserving the first-order derivative, u,, fourth-order finite difference schemes for
the interface conditions, third-order or fourth-order finite difference schemes for the
Neumann boundary conditions and the Robin boundary conditions, are developed,
respectively. As such, the overall schemes are at least third-order accurate. The sta-
bility and convergence of the scheme for the steady-state case with Dirichlet boundary
are proven. Finally, four different examples are given to test the obtained numerical
schemes. Results showed that the convergence rate is close to 4.0, which coincides
with the theoretical analysis. Further research will focus on the analysis of the stabil-
ity and convergence of the schemes for the unsteady-state heat conduction case and
the nanoscale heat conduction case, and the extension of our schemes to multidimen-

sional cases.
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CHAPTER 1

INTRODUCTION

1.1 General Overview

Layered structures have appeared in many engineering systems such as biolog-
ical tissues, micro-electronic devices, thin films, reactor walls, thermoelectric power
conversion, thermal coating, metal oxide semiconductors and thermal processing of
DNA origami nano structures [1-8]. In particular, the multi-layered metal thin-films,
for example, gold-coated metal mirrors, are often used in high-power infrared-laser
systems to avoid damage at the front surface of a single layer film caused by the
high-power laser energy [7]. Furthermore, to achieve high thermoelectric efficiency,
a low thermal conductivity is required. Low thermal conductivity is often realized
by nano-structuring with the introduction of a high density of materials [4]. All
semiconductor devices possess metal contacts; hence, the study of heat conduction
through metal-semiconductor interfaces is a technological problem [8]. Thus, analysis
of heat conduction in layered structures is of crucial importance for the design and
operation of devices and the optimization of thermal processing of materials.

There are many models and numerical methods in the literature dealing with
thermal analysis in layered structures. The governing equations include steady-

state heat conduction, unsteady-state heat conduction, where the equations vary



from elliptic partial differential equations, parabolic partial differential equations,
Boltzmann transport equations to dual-phase-lagging equations, etc. The numeri-
cal methods include finite difference method, finite element method, finite volume
method, Monte Carlo method, mesh-free method, etc. Moreover, the numerical
methods that deal with the interface include Peskin’s immersed boundary method
[9-14], the immersed interface method [15-25], the ghost fluid method [26-28], the
matched interface and boundary method [29-34], finite element method [35-44] and
some body-fitting approaches [45, 46]. For time-dependent problems, summation-
by-parts operators with simultaneous approximation terms is another good choice
besides the above methods [47-50].

Although there are many numerical methods such as the aforementioned im-
mersed interface method and the matched interface boundary method, the existing
numerical method using three-grid points across the interface usually provides only
a second-order truncation error, which reduces the accuracy of the overall numerical
solution even if the higher-order compact finite difference method is employed at other
points. It is desirable to have a higher-order numerical scheme using three points
across the interface because fourth-order three-points in space compact numerical
scheme has been obtained for the interior points [51]. As such, the overall scheme
will provide a much more accurate solution. At the same time, the solution system is
a tridiagonal linear system, which can be easily solved using the well-known Thomas
algorithm. Using as small a number of grid points as possible to obtain a reasonable
accurate solution is particularly interesting in micro/nano scale heat conduction

because of the very small dimension. However, obtaining a higher-order accurate



numerical scheme using three-grid points across the interface so that the overall
numerical scheme is unconditionally stable and convergent with higher-order accuracy

is mathematically challenging.

1.2 Research Objectives

The objective of this dissertation is to develop a higher-order accurate finite
difference method using three-grid points across the interface. By coupling with a
three-point fourth-order compact finite difference scheme at the interior points, we
aim to obtain a stable and convergent numerical scheme and achieve a higher-order
accurate solution. To this end, this dissertation research will focus on the development
of a higher-order accurate finite difference method for the thermal analysis in steady-
state, unsteady-state and micro/nano scale based on the one-dimensional double-
layered elliptic, parabolic and dual-phase-lagging equations with different kinds of
interface conditions and boundary conditions in order to avoid the complex geometry.

The organization of the rest of the dissertation is given as follows. In Chapter
2, the literature that leads to the current work is reviewed. In Chapter 3, the models
for thermal analysis in one dimensional steady-state, unsteady-state and micro/nano
scale (only nanoscale will be used for the rest of the dissertation) of heat conduction in
double-layered structures are considered, in which the elliptic equation, the traditional
heat conduction equation, and the dual-phase-lagging equation are given. The well-
posedness of these three models are analyzed. In Chapter 4, we give the idea of the
gradient preserved method, and then apply it to developing the numerical schemes for

the steady-state heat conduction model with the Dirichlet boundary. The solvability,



stability, and convergence of the numerical scheme are analyzed theoretically. In
Chapter 5, by using the gradient preserved method and three-points compact finite
difference method, we propose higher-order accurate finite difference schemes for
obtaining the approximate solutions for the steady-state heat conduction model (with
Neumann and Robin boundaries), the unsteady-state heat conduction model and the
nanoscale heat conduction model. In Chapter 6, we test these new numerical methods
by four examples for accuracy and applicability. In Chapter 7, summary of the current

work is given and future work is discussed.



CHAPTER 2

LITERATURE REVIEW AND PREVIOUS WORK

This chapter will review the heat conduction equations, existing numerical
methods dealing with interface, and compact finite difference method, which are

related to this dissertation.

2.1 Heat Conduction Equations
Based on Fourier’s law, the heat flux and the temperature gradient in solid

structure satisfy

q(7t) = —kVu (r,t), (2.1)

where ¢ is the heat flux, u (7,t) is the temperature, k is the conductivity, 7 is the
space vector, t is the time, and V is the gradient operator. Coupling with the energy
equation

pCuy (1, t) = =V - q (7, t) + f (7, 1), (2.2)

where p is the density, C' is the specific heat, and f (x,t) is the heat source term, one

may obtain

pCuy (7)) = kV2u (7,t) + f (7, 1), (2.3)



which is often called the unsteady-state heat conduction equation. If the temperature
is time-independent, i.e. wu; (7,t) = 0, it is called the steady-state, and the equation

can be reduced to

—kV2u(F) = f (7). (2.4)

which is called an elliptic equation. In particular, for the one-dimensional case, the

unsteady-state equation can be written as
pCuy (,t) = kg, (v,t) + f (2,1), (2.5)
and the steady-state equation (elliptic equation) is
—ktae (z) = f (2). (2.6)

In general, if £ is dependent on z, the unsteady-state and steady-state equations can

be written as

Oty (1) = % (e (2)uy (2, 8)) + f (2,1) 2.7)
and
d
0 (k(2)up () = f(v), (2.8)

respectively. The boundary condition could be the Dirichlet boundary condition

uloo = g (z,t), (2.9)

where 0f2 is the boundary, g (z,t) is a given function, or the Neumann boundary

condition

ou
%bﬂ =g(z,1), (2.10)



where 77 is the outward normal vector on the boundary, or the Robin boundary

condition

15}
Ozg—g‘aQ—FﬁubQ :g(:c,t), (2.11)

where «,  are constants.
In 1997, Tzou introduced the phase-lag concept to allow for the heat flux
and the temperature gradient to occur at different instants of time in nanoscale heat

transfer [53]. This can be represented as
q(Mt+71,) = —kVu (', t+ ), (2.12)

where 7,, 70 are the delay times for the heat flux and the temperature gradient,
respectively. In the heat diffusion model at the nanoscale, 7, = 70 = 0, which implies
an infinite speed of heat propagation (zero delay time between heat input at one
location and its detection at other locations). On the other hand, in the thermal
wave theory of heat conduction, 70 = 0, a first-order Taylor series expansion of the

above equation with respect to ¢, gives the classical thermal wave model
q(rt) + 1,0 (7, 1) = —kVu (1, t), (2.13)

as originally proposed by Cattaneo and Vernotle [54, 55]. This wave equation relaxes
the assumption of infinite speed of heat propagation. The heat flux delay time (or
phonon mean free time) is related to the wave speed w, by expression 7, = -%, where
7 is the thermal diffusivity. It is clear that when the wave speed is infinite, the wave

equation reduces to the classical heat diffusion equation. In order to obtain a solution



for ¢ and u, we combine the energy equation (2.2) and obtain

k
p—CUt (’T_", t) = Vzu (’T_", t)

we )+ (FED+7fe (). (@214

Oy
k

For the dual-lag model, the case 7, < 7 implies that the flux (or heat flow) causes a
temperature gradient to occur across the medium. On the other hand, when 7, > 77,
the temperature gradient (which occurs first) induces the flux or heat flow. A first-

order Taylor series approximation of Eq. (2.12) leads to the expression

0 (Vu (r,1))

q(7yt) + 74q (T 1) = —k | Vu (7, t) + 71 5

(2.15)

As discussed by Tzou, the lags or delayed responses can be caused by the following
factors: (1) A lag is caused by the time it takes for heat to be transferred from
the heated electrons to the phonons, which is usually of the order of a picosecond.
(2) For dielectric films, insulators, and semiconductors, the dominant mechanism of
heat transport is phonon collisions and scattering. In this case, the lag is caused by
the phonon mean free time. (3) Heat transport at low temperatures can be delayed
because of a reduced collision rate among molecules. (4) Porous media can cause a
delay in response caused by the time it takes for heat flow to circulate around the air
pockets in the medium. As such, it is seen that the lags may belong to the intrinsic
or to the structural properties of the materials. Combining with the energy equation,

we eliminate ¢ and obtain the dual-phase-lagging equation as

C
?Ut(’f_’: t)+%utt(ﬁ t) = V2U(’l?, t)‘l"TT

O(Vu(r, t)

S+ T E O A, (216)

| =

_l_

The dual-phase-lagging equation as a new modified constitutive equation re-

placing the Fourier law to simulate the heat transfer in some special cases such as



nanoscales, ultrafast laser-pulsed processes, living tissues, and carbon nanotubes has
been widely used. A recent review article [1], published by Ghazanfarian and his
collaborators in 2015, indicates that more than three-hundred articles on the thermal
lagging behavior in heat and mass transfer have been published and all or part of

which are involved with the phase-lagging models.

2.2 Interface Problems

There are lots of research papers in the literature that address interface prob-
lems. In this dissertation, we only discuss a few commonly used finite difference
methods for interface problems.

Peskin proposed an immersed boundary method (IBM) to simulate the blood
flows in heart, where the interface problem comes from the singular source at the
time-varying boundary [11-13]. One of the important ideas in the IBM is the use of
a discrete delta function to distribute a singular source to nearby grid points. For
example, the Peskin original discrete cosine delta function is

= (T4cos (32)), |z| < 2,

0 (x) = (2.17)
0, |z| > 2e.

Consider the following interface problem
Upe =0 (x — ), x=2x7€(0,1); uw(0)=u(l)=0, (2.18)

where x; is the location of the interface. It can be seen that the finite difference
method

(uj—l — QUJ' + Uj+1) /h2 = (Sh (LL’ - SL’[) (219)
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with &, given by Eq. (2.17) is only first-order accurate. However, due to the sim-
plicity, efficiency and robustness of the IBM, it has been applied in many engineering
computations [56-58]. In addition, higher-order version of the IBM has been gradually
proposed by Peskin and his coworkers [9, 10]. In particular, Tornberg and Engquist
developed a globally fourth-order scheme for problems with singular sources at the
interface by using some sophisticated discrete delta functions with a narrow support
[59].

In 1994, LeVeque and Li proposed the immersed interface method (IIM) for
solving elliptic equations with interface problems [18]. The idea of IIM is to use
Taylor series expansion on the grid points near the interface, and then by matching
the interface conditions, to determine the weights of these points. The method in
determining the finite difference coefficients is to minimize the local truncation error.
By defining polynomials up to the second order at each side of the interface, the
IIM is a second-order accurate method, although its local truncation error at points
around the interface is only first-order. The original IIM has been improved in many
ways, such as the discrete maximum principle [19], a multi-grid method [15] and a
fast algorithm if the problem comes with piecewise constant coefficient [21]. The
coupling of the IIM with the level set approach to handle moving interfaces has also
been proposed [16, 17]. The IIM has been successfully applied to many important
problems [10, 60-62]. More details on reviewing the IIM can be found in the book
written by Li and Ito [63].

In 1999, Osher and his coworkers proposed the ghost fluid method (GFM) [26].

In GFM, the interface jump conditions are captured implicitly by extending values
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across the interface into a ghost fluid based on the level set method. Although the
GFM is typically first-order accurate, it is widely used due to its simplicity when
dealing with complex interface.

In 2006, the matched interface and boundary (MIB) method was originally
developed for simulating electromagnetic wave scatting and propagation [31, 64]. For
elliptic interface problems, the MIB can be treated as a generalization of the IBM, the
I[IM and the GFM. In the MIB technique, the solution on each side of the interface
is smoothly extended to the other side of the interface by using fictitious values. To
get those fictitious values, first, the extrapolation of fictitious values are numerically
realized by enforcing given boundary conditions. Secondly, the number of fictitious
values is determined by the order of the central finite difference scheme. However, as
pointed out in [33], the MIB can be fitted in an interpolation formulation without
relating to any fictitious node value. The purpose of using fictitious values is to make
the MIB presentation clear.

In 2010, Pan and his collaborators developed an interpolation matched inter-
face and boundary (IMIB) method with second-order accuracy based on the original
MIB method [65]. Since the IMIB is the generalization of MIB, GFM and IIM, and
one of the most important idea of this dissertation comes from the IMIB method, we
give more details on this method by using a one-dimensional elliptic interface problem

as

@ (B () u(z))

da?

=f(x), 0<x<l, (2.20)
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with a Dirichlet boundary condition:
u(0)=0, u(l)=0, (2.21)

and conditions across the interface I:
ur+ — u- =0, (2.22)
Br+ (uz) v — Br- ()~ =0, (2.23)
where the function f (x) might be discontinuous at the interface, the superscript —

or + denotes the limiting value of a function at different sides of the interface.

First, we design an equal-distant mesh and denote grid size to be h = 1/M,
where M is a positive integer, as shown in Figure 2.1. Grid points in the mesh are

denoted as z; = jh, 0 < j < M, where the interface is located at grid point z; =

mh + 0h. F,,, F,,,1 are two fictitious values at locations x,, and x,,,1, respectively.

0 F.  Interface F.1 1

l
{ * h * 6h (IT=9)h h )
%o Xn-1 Xno X Xt X2 XM

Figure 2.1: One-dimensional mesh for IMIB.

We now give the derivations on the IMIB method. Using Taylor series expan-
sion, we can obtain the approximations of the values u and its first-order derivative

u, on the left-hand and right-hand side of the interface as

6 0 0
Uj- = <—§ —+ 5) Uppp—1 + (1 — 92) Uy, + <§ + 5) Fm+17 (224)

6 2 o 0
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and
1 1
(ux)I* = <_§ + 9) Um—1 — 29um + (5 + 9) Fm+1> (226)

3 1
(ux)ﬁ = <—§ + 9) Fm + (2 - 29) Um+1 + <—§ + 9) Um+2, (227)

respectively. Then, we can discretize u,, at grid points z,, and x,,,1, as

<Fm+1_um _ Fm_um71>
h h
. 2.98
- f (2.25)
(um+2_um+1 _ um+1_Fm>
h h
- S (2.29)

Combining Eqgs. (2.22)-(2.29) together, we obtain a system of 8 equations with 10
unknowns {ur—, ur+, (uz) -, (Uz) 4 5 Finy Fint1s Um—1, Ui, U1, Ums2 ). After deleting
-, ur+, (Uz);- 5 ()4, F and Fi,qq, we obtain the following scheme
(2= 6% ey — (5—20 — 0%) wp + (2 — 0)* s — (1 — 0)* U
=(3—20)a+ (2—30+6%) bh+ (1+ 20 — 26°) h* [, (2.30)
— Py — (14 0%) wy — (2440 — 0%) wpgr + (1 + 20 — 0) wpsr
=—(1+20)a+ (04 6) bh+ (1+20 — 26%) h? fr 1. (2.31)

Eq. (2.30) and Eq. (2.31) can be rewritten as

U1 — 2Upy + Uy 1+ 20 — 262 1—260+6° a b(1-10)
= m n — . (2.32
% 5 fm + 5 fm1 T om = (2.32)
Umgo — 2Uppiy + U, 07 2 —6? a bl

Given that f,11 = fin + (fr+ — fi-) + O (h), the above schemes can be changed to

Upy1 — 2Upy + Uy 1 a b(1—0) 1-—20+0
% =fmtogt g+ 5 (fre = fr-),  (2.34)
U, - 2um + U, a b 92
= 12 = :fm+1_ﬁ+ﬁ_§(fl+ —fi-). (2.35)
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As pointed in [65], Egs. (2.30)-(2.31) are the same as the second-order MIB [32], Egs.
(2.32)-(2.33) are equivalent to the IIM [18] and interpolation formulation of MIB [33].
Also, if fi+ — fi- =0, Egs. (2.34)-(2.35) are just the same as the GFM [27].

All the above methods have been extended to treat time-dependent equations
with interface problems. Another good choice in dealing with the time-dependent
interface problems is the summation-by-parts operators with simultaneous approxi-
mation terms [50, 66]. The method can facilitate the derivation of higher-order spatial
discretization that are provably time stable based on the energy method. For example,
the interface procedures for the heat equation have been considered by Giles [67], by
Roe et al. [68] and by Henshaw and Chand [69].

In 2014, Sun and Dai provided a fourth-order accuracy in space scheme for
solving heat conduction in a double-layered film with the Neumann boundary condi-
tion [70]. Dai et. al also developed a fourth-order compact finite-difference scheme
for solving the 1-D Pennes’ bioheat transfer equation in a triple-layered skin structure
[71]. For heat conduction in nanoscale, Dai and his collaborators proposed several
schemes based on different mathematical models [72-76], but all of them are only
second-order accuracy in spatial dimension.

Apart from the methods mentioned above, many other approaches have been
proposed in the literature, such as the finite element method [35-44], discontinuous
Galerkin approach [77], integral equation approach [78], etc. We will not give more

details on these methods as our focus is on the finite difference method.
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2.3 Compact Finite Difference Method
From numerical analysis, we know that the derivative g, (x) at x; can be
approximated using

9o (7)) =~ 9(x:) =g (xi_l), with truncation error O (h),

h

gz () =~ J (le);hg (%-1)7 with truncation error O (h?)

and in general,

gz (x;) >~ Z a;g (xiy;), with truncation error O (h").

j=—n

Here, xj11 = x; + h, v;_1 = x; — h, and @,4; = x; + jh. This implies that to obtain a
truncation error of O (h™), one may need to use 2n+ 1 values of g (x) to approximate
gz (x;) . This becomes inconvenient when solving partial differential equations near
the boundary. To overcome this trouble, in 1992, Lele proposed a new method called
the compact finite difference method [51]. The idea is to use as few grid points as
possible to obtain as higher order of truncation error as possible. For example, if one
wants to obtain the approximation of g, (z;), the relationship between {g, (z;)} and

{g (z;)} can be written in an implicit way as

B(gz)i_g+(ge);y + (92); T @ (9m)z+1 + B (gm)z‘+2

_ 9i+3 — Gi-3 gi+2 — Gi—2 Ji+1 — Gi—1
R +0b P ta——— (2.36)

where o, 3, a, b, ¢ are constants to be determined, and (g,), , ¢; representing g, (z;),
g (x;) and so on. Using the Taylor series expansion at x; on both sides, and matching

them, one may obtain

a+b+c = 14 2a+ 25, with truncation error O (h2) ,



16

|

3!
a+2°b+3% = 2- a1 (a + 225) , with truncation error O (h4) ,

|

5!
a+2'b+3%c = 2. i (a + 246) , with truncation error O (hﬁ) ,

7!
a+25+35% = 2. al (a + 266) , with truncation error O (hs) ,

9l

a+2%h+3% = 2. § (a + 286) , with truncation error O (hlo) .

Solving the above system, we obtain the following several cases as

(1) When f =0,¢c=0,a = 2(a+2),b=3(4a—1), Eq. (2.36) gives a
fourth-order approximation for g, (x;). In particular, when o = i, b=0, Eq. (2.39)
becomes a three-point scheme. This is the most useful compact scheme since only
three grid points are involved.

(2) When 3 =0,c=0,a =3, a="%,b=14 Eq. (2.36) gives a sixth-order
approximation for g, (z;) .

(3) When 8 =5, a=135,¢c=0,b=2 a =32, Eq. (2.36) gives a cighth-order

approximation for g, (z;) .

(4) When 5 = %, c= - b=14 }—;, Eq. (2.36) gives a tenth-order
approximation for g, (z;) .

At the boundary, one may use a similar way and write the compact scheme

as, for example,

1
(92); + a(ga)y = 7 (agr + bga + cgs + dga) . (2.37)
Thus, when a = =22 p = 552 ¢ = 203 g = 22¢ Fq. (2.37) gives a third-order
truncation error of O (h3) . In particular, when o = 3, a = —%, b= %, c= %, d= —%,

Eq. (2.37) gives a fourth-order truncation error of O (h?).
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Similarly, we may write the relationship between {g,, (z;)} and {g (x;)} in an

implicit way to obtain the approximation of g, (x;) as

5 (gw90>i—2 _'_ « (.%cﬂc)i—l _'_ (ng-’E)z _'_ « (gmc)i-H _'_ 5 (gmc)i+2

i+3 — 29 + gi— it2 — 20; + gi- i1 — 29 + g
:CQ+3 9 93+b9+2 9 92+9+1 9 91

e e a 2 (2.38)

Again, using the Taylor series expansion at x; on both sides, and matching them, one
may obtain
a+b+c = 14 2a+ 25, with truncation error O (hz) ,

4
a+2%b+ 3% = 5 (a + 22ﬁ) , with truncation error O (h4) ,

a+2'b+3% = i (a + 24ﬁ) with truncation error O (h6) ,
8!
a+2°+3% = o (a + 26ﬁ) with truncation error O (hg) ,
8 8 10! 8 . . 10
a+2°b+3°c = o (a + 2 5) , with truncation error O (h ) :

Solving the above system, we obtain the following several cases.
(1) When 8=0,c=0,a=3(1—a), b= (-1+10a), Eq. (2.38) gives a

b=0, a =12

fourth-order truncation error of O (h*). In particular, choosing o = E? o

Eq. (2.38) reduces to the well-known Padé scheme. This is the most useful compact
scheme since only three grid points are involved. This dissertation research will apply
this scheme to the interior points.

(2) When f=0,c=0,a=2,a=2,b= 2, Eq. (2.38) gives a sixth-order
truncation error of O (h°).

(3) When 8 #0,c#0, a = W, b= %, c= %, Eq. (2.38)

gives another sixth-order truncation error of O (h°).
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(4) When «a = %, = 3820{29, c=0,b= %, a = %, Eq. (2.38) gives the
eighth-order truncation error of O (h®).
_ 43 _ 334 79 3 _ 1038 _ _ 1065 :
(5) When 8 = =5c, @ = 555, ¢ = 10a5, 0 = T75, @ = 1205, . (2.38) gives the

tenth-order truncation error of O (h'?).

For the boundary, one may use

1
(gmc>1 + (gmm)g = ﬁ (agl + bg2 + Cgs3 + dg4) ) (239)

and determine those constants using a similar way. For example, when a = a + 2,
b= (—2a+5),c=a+4,d=—1, Eq. (2.39) gives a second-order truncation error
of O(h?); when o = 11, a = 13, b = =27, ¢ = 15, d = —14, Eq. (2.39) gives a
third-order truncation error of O(h?).

The compact finite difference method has been widely used in many areas
based on different differential equations. For example, fourth-order accurate (in
space) schemes have been proposed for the traditional heat conduction equation
with Neumann boundary [79-82]. Although the authors used different techniques
to deal with the boundary, they all used the fourth-order Padé scheme for the interior
points. For convection-diffusion equations, fourth-order accurate schemes have also
been developed [83-87]. Moreover, compact finite difference schemes of sixth-order
accuracy for solving the parabolic type of partial differential equations have been
proposed and applied to areas of heat conduction, geodynamic simulation and so on
[88-90]. For equations related to quantum mechanics, complex values and nonlinear
terms are frequently appeared in the governing equations, such as the well-known

Schrodinger equation, the complex Ginzburg-Landau equation, etc. Compact finite



19

difference schemes have been developed for solving this type of equations [91, 92].
Furthermore, fourth-order accurate compact finite difference schemes have been ap-
plied to equations with third order mixed derivatives in space and time, such as the
dual-phase-lagging model for micro/nano heat transfer [93, 94].

In summary, we have reviewed several heat conduction equations which will be
used in our dissertation research, some existing interfacial methods and compact finite
difference method. As mentioned in Chapter 1, the existing finite difference methods
using three-grid points across the interface typically provide only a second-order
truncation error, which reduces the accuracy of the overall numerical solution, even
though the higher-order compact finite difference method is employed at other points.
Thus, obtaining a higher-order accurate numerical scheme using three-grid points
across the interface so that the overall numerical scheme is stable and convergent

with higher-order accuracy is the objective of this dissertation.



CHAPTER 3

MATHEMATICAL MODELS

In this chapter, we consider heat transfer in a double-layered solid structure as
shown in Figure 3.1. Three mathematical models which are for steady-state, unsteady-
state and nanoscale heat conduction are discussed, respectively. For simplicity, only

one-dimensional cases are studied.

Layer 1 Interface Layer 2

Figure 3.1: Double-layered solid structure.

20
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3.1 Steady State Heat Conduction Model
Under the steady-state, the temperature in the double-layered structure is
independent on time. As such, the heat conduction in the double-layered structure can
be expressed as two simple elliptic equations with interfacial condition and boundary

condition as follows:
kiug, (x) =f1(x), 0<z<l, (3.1)
kot (z) =fo (z), <z <L, (3.2)
interfacial condition at x = [:
U+ — uj- = a, (3.3)
ko (1) — ko (1), = b, (3.4)
and boundary condition of either Dirichlet boundary condition:
u(0) = 1, u(L) = ¢s, (3.5a)
or Neumann boundary condition:
uz (0) = é1, uy (L) = o, (3.5b)
or Robin boundary condition:
—aqug (0) + 7w (0) = ¢1,  aguy (L) + you (L) = ¢o. (3.5¢)

Here, u (z) is the temperature of the structure, f; (z), fo(x) are smooth functions
(They are the opposite numbers of the original source terms to avoid minus signs

below), a, b, ¢1, ¢o are real-value constants, kq, ko, a1, g, 1, 2 are positive constants
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related to thermal properties of the structure, and wr+, u;-, (uz);+, (ug),- denote
u(l+0), u(l —0), uy(l +0), uy (I —0), respectively.

We call a problem is well-posed if the problem has a unique solution that
depends continuously on the data used to define the problem. It can be seen that the
above model with the Robin boundary is well-posed. In fact, multiplying the heat
conduction equations (3.1) and (3.2) by w (z) and then integrating over [0, ] and [I, L],

respectively, we obtain

! L ! L
/ kiug udr + / kot udr = / frudz + / foudx. (3.6)
0 ! 0 !

Using the integration by parts, we further obtain

l L l L
k:l/ (ugc)2 d:)s+k2/ (ux)2 dx — kluxu|f) — kougull :/ fludx+/ foudz. (3.7)
0 ! 0 1
From the homogeneous interfacial condition, a = b = 0, and homogeneous Robin

boundary condition, ¢; = ¢ = 0, the left-hand-side (LHS) of Eq. (3.7) can be
changed to

I L

LHS =k, / (ug)” dz + kg/ (ug)? d — ky (ug),— ur— + kyug (0)u (0)
0 I
— koug (L) w (L) + ko (ug) j+ us+
I L N -
=k / (ugp)® d + ks / (ug)? dz + ki —u? (0) + ko —u? (L). (3.8)

0 l (€51 (%)
On the other hand, the right-hand-side (RHS) of Eq. (3.7) can be evaluated by
Young’s inequality, ab < -—a® 4 ¢b?, & > 0, as

! L
RHS :/ fludx—l—/ foudx
0 !

1

! l 1 (L L
< — (f1)2 dr + &, / uide + — (f2)2 dx + &9 / uw?dz, (3.9)
de1 Jo 0 des J, I
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where ¢1, €5 are positive constants. Note that by Cauchy-Schwarz’s inequality,

(fabf(ff) dﬂ?) < f f*(x da?f g% (z) dz, one may obtain

(o)~ = ([ ud)
< /0 de /0 () dr
< l/ol (ug)’dz, 0<z<lI, (3.10)
() - u@f = ([ ) v
< [ v [

< —1)/1 (w)?dr, l<z<L. (3.11)

2

Then, by (a4 b)* < 2a2 + 2b?, we have
() = [u () = u(0) +u(0)]
< 2[u(x) = (0)]* + 2u (0)
l

< 2l/ (ug)*dz +2u? (0), 0<x<I, (3.12)

< 2[u (L) —u(x))] +2u* (L)
§2(L—l)/L(uw)2d:c+2u2(L), l<xz<L. (3.13)

l

Integrating both sides of Eq. (3.12) and Eq. (3.13) over (0,[) and (I, L) , respectively,

we further obtain
! I
/ u? () dx gzﬁ/ (up)” dz + 21u? (0), 0<z <1, (3.14)
0 0

/Lzﬁ(x)dx §2(L—1)2/L(ux)2d:c+2(L—l)u2(L), <z <L (3.15)
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Thus, Eq. (3.7) becomes

L
k:1/ d:):+k:2/ ) dx+k% w? (0) + ko 202 (L)
0 [

o Qg
1 l L
<— d:);—l—&/ 2da?+—/ (f2) dl’+€2/ u’dx
451 0 l
1
<— ) dr + & [2[2 )? dx + 21u® (0 )]
451

i /l (fo)* dz + £, [2 (L—1)? /lL (ug)? dx + 2 (L — 1) u? (L)] : (3.16)
(k1 — 26, 0%) /Ol( o) dr + (ks — 25 (L /ZL (ug)”
+ (klﬂ . 2511) u? (0) + (1@2 — 25, (L ) u

Qq Qg
<k [rars i [Cra (317)
— T+ — T. )
“dey Sy ! dey Jy
Choosing £; = min {%—1, ikolljll } , €9 = min {i(kal)Q’ im'gyjl)Q} , we obtain
ky ! 2 Fo L ki »: oo u?
— L) d — dx 0) + —=u*(L
> [ e [ de s S0 0+ 2 (1)
S T TNy Y (315)
— T+ — x. )

Thus, if there are two solutions u; (z) and us (z) satisfying Egs. (3.1-3.4) and Eq.
(3.5¢), we let u (x) = uy (x) —ug (z) . Then u (x) satisfies Eq. (3.18) with f; = fo =0,
implying that u, = 0, implying the difference between u; (x) and usy (x) is a constant,
and u (0) = uw (L) = 0, indicating the constant is 0, and hence, u; (z) = ug (),
which means this solution is unique. The solution is continuously dependent on
the boundary condition and source term based on Eq. (3.18). Thus, we finish the

proof of the well-posedness of the steady-state heat conduction model with Robin
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boundary condition. It should be pointed out that Eq. (3.18) is often called the
energy estimation.
Similarly, under the Dirichlet boundary condition, an energy estimation can

be obtained as

k
-1 d—l——/ ux

12 (L-1p
< [ras O /l<f2> . (3.19)

From Eq. (3.19), we can prove that the model is well-posed under the Dirichlet
boundary condition.

For the Neumann boundary case, we first assume wu; () and us () to be
two different solutions satisfying the same initial and boundary conditions, same
interfacial conditions and same source terms. Letting u (z) = uy (x) — ug (z), then
u (x) satisfies Egs. (3.1)-(3.4) and Eq. (3.5b) in homogeneous case. Multiplying
homogenous Egs. (3.1) and (3.2) by u (z) and then integrating over [0,!] and [l, L],

respectively, we obtain

! L
/ kiugudr + / kougudr = 0. (3.20)
0 !

Using the integration by parts at the homogenous boundary and interfacial condition,

Eq. (3.20) becomes

L
k1 / d:L’ + kg/ dx — kluxu\o kougulF
0 !

L
:k‘l/ dl’+k2/
0 l

—0. (3.21)
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Thus, u, = 0 on [0, L], and hence u () is a constant. This indicates that the solution

is unique within a constant difference. To show the solution depending on the source

term and boundary condition, we multiply Eqgs. (3.1)-(3.2) by u,., and integrate over

[0,{] and [l, L], respectively. This gives

! L
k1 / (ux:(;)2 dx + ko / (ux:(;)2 dx
0 !

l L
l

2k2

1
>~ (.fl) d!L’—l— .f2 d!L’—l——/ uxx d!L’—l——/ uxx X,
21{:1

implying that

! L 1 L
l{:l/ (um)2 dx + kg/ (um) dr < —/ f1 ) dr + — 2 (f2)2 dx
0 ! 2

Using a similar argument as in Eqs. (3.14)-(3.15), we further obtain

l L
k1 / (up)® dz + ky / (ug)” dx
0 I

(3.22)

(3.23)

l L
<2k 12 / (Ugg)® da + 2Ky (L — 1)° / (Ug)? d + 2k11u2(0) + 2ky (L — 1) u> (L)
0

l

l L
<c {kl / (Ugg)? dz + ko / (Uge)? da + k1> (0) + kgug(L)]
0 l

<c [i/l(f) al:z—l—i L(f)zdx+ku2(0)+k uz(L)}
=% S, U ks 2 11Uy, 2y ;

(3.24)

where ¢ = max {20%, 2 (L — 0?20, 2(L — [)} . Thus, the following theorem can be

obtained.

Theorem 3.1. Assume that f(x) is continuously differentiable.

steady-state heat conduction model, Eqs. (3.1)-(3.5), is well-posed.

Then the
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3.2 Unsteady State Heat Conduction Model
For the unsteady-state case, the temperature u (z,t) is dependent on time. As
such, the heat conduction in the double-layered structure can be expressed as two
simple parabolic equations with initial condition, interfacial condition and boundary

condition as follows:
p1Cruy (,t) = kg (z,t) + f1 (z,t), 0<ax<l, 0<t<T, (3.25)
p2Couy (x,t) = kotiyy (z,t) + fo (z,t), |<x <L, 0<t<T, (3.26)
initial condition:
u(z,0) =Y (z), 0<z<l, u(z,0)=1(z), [ <z<L, (3.27)
interfacial condition at x = I:
ur+ (t) —ur- (t) =a(t), 0<t <T, (3.28)
ko (ug) e (8) — k1 (ug),- () =b(t), 0<t<T, (3.29)
and boundary condition of either Dirichlet boundary condition:
w(0,t) =1 (t), u(Ll,t)=¢2(t), 0<t<T, (3.30a)
Neumann boundary condition:
ug (0,8) = 1 (t), uy (Lyt) =¢o(t), 0<t<T, (3.30b)
or Robin boundary condition:
—1u, (0, ) +71u(0,t) =d1(t), aouy(L,t)+yu(L,t)=¢o(t), 0<t<T. (3.30c)

Here, kq, ko are conductivities, py, ps are densities, Cy, Cy are specific heats, f; (x,t),

fo (z,t) are source terms, ¥y (), o (), a(t), b(t), ¢1(t), ¢o (t) are given functions,
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a1, g, 71,72 are positive constants, and wup+ (t), ur- (t), (ug),+ (), (uz),- (t) denote
u(l40,t), u(l —0,t), uy(l 4+ 0,t), u, (I — 0,), respectively.

Similar to the steady-state case, we can obtain the following theorem.

Theorem 3.2 Assume that fi(x,t), fo(x,t), U1 (x), ¥ (x), a(t), b(t),
o1 (t), ¢o (t) are continuously differentiable. Then the above heat conduction model is
well-posed.

Proof. Assume wuy (x,t), us (x,t) satisfy Eqs. (3.25)-(3.26) with the same
interfacial and boundary conditions, but different source terms, f; (x,t), f (x,t) for
uy (z,), fi (z,t), fo(z,t) for us (z,t), and different initial conditions, 1 (z), ¥, ()
for uy (,t), ¥y (@), by (2) for ug (,t). Letting u (z,t) = uy (z,t)—us (2,1), fi (z,1) =
fila,t) = fi(w 1), fala,t) = fo(z,t) = falw,t), ¥ (2) = i () = i (@), o (2) =
Uy (2) — 1y (), we obtain u (z,t) satisfying Eqs. (3.25)-(3.27) with homogeneous
interfacial and boundary conditions.

We now multiply Eqs. (3.25)-(3.26) by u (x,t), integrate them over (0,/) and
(I, L), respectively, and then use the integration by parts at homogenous interfacial

and boundary conditions. This gives
l L l L
plCl/ uudx —|—ng2/ wpudx + k1/ (ux)2 dx + k‘g/ (ugc)2 dx
0 ! 0 !
<ki (ug);- (t)u,_ (t) = krug (0,8) w(0,t) + ko, (L, 1) u (L, 1)

I L
— ko (Usc)I+ @) u,, (t) + pC / frudz + /)202/ frudx
0 I

k k !
< DM (0,t) — 292 2 (L,t) + 0L / u?dx
71 V2 2 0

L l L
+—p2202/ uzd:)s+p1201/ (fl)zdx+—p2202/ (f2)? dz, (3.31)
[ 0 l
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(Here, we use the Robin boundary as an example), implying that

! L I
a4 {plc'l/ u?dx —|—ng2/ u2dz] + le/ (ug)? dx
dt 0 I 0

L 2k
+ 2%y / (1g)? d + L2
l

2k
u”(0,t) + 2

L,t
Al 2 ( )

l L l L
§,0101 / u2dz + pQCQ / u2d113' + ,0101 / (f1)2 dx + ngg / (f2)2 dzr. (332)
0 l 0 l

Introducing F (t) = p;Cy fol u?dx + paCsy flL u?dr, Eq. (3.32) can be rewritten as

dE (t)
dt

l L
§E(t)+p16’1/0 (f1)2dx+p26’2/l (fo)? da. (3.33)

By Gronwall’s inequality, we obtain an energy estimation as

B(t) < {E (0) + /O t <p101 /0 (R drt e /l (R dx) df} (330
Thus, uq (x,t) and wus (z,t) satisfy the same initial condition and the same source
term, which means the left hand side of Eq. (3.34) will be 0, we can obtain F (t) = 0,
indicating © = 0, and hence, the solution is unique. It can be seen from Eq. (3.34)
that the solution is continuously dependent on the initial condition and the source
term.

Likewise, we can derive energy estimations similar to Eq. (3.34) for Dirichlet
and Neumann boundaries. Hence, the model is well-posed for all the three types of

boundaries.

3.3 Nanoscale Heat Conduction Model
For the heat conduction in the nanoscale double-layered structure, traditional
methods are the two-temperature model coupled within the acoustic mismatch model

or the diffuse mismatch model [95, 96|, and the non-equilibrium molecular dynamical
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model [4]. Here, we employ a recently developed model within the dual-phase-lagging
framework for layered structures as follows [76]:
0 Cy (ut (x,t) 4+, ( )utt (x,t) )
—k (um(x £) + 7N gy (2, 1) ) Y fi(at), O<z<l, 0<t<T, (3.35)
02C5 (ut (x,t) + 7'(2)utt (x,t)

=k, (um (x,t) + Téz)umt (x,t)) + folz,t), l<x<L, 0<t<T, (3.36)

subject to the initial and temperature-jump (Robin) boundary conditions as

w(@,0) =y (2), w(z,0)=¢ (x), 0<z<L, (3.37)
w(@,0) =y (x), u (2,0) =y (z), <z <L, (3.38)
— oty (0,8) +u(0,8) = ¢y (1), 0<t < T, (3.39)
sty (L) +u (L, t) = ¢ (t), 0<t < T, (3.40)

and the interfacial condition at z = [ as
ur+ (t) —up+ (1) =0, 0<t<T, (3.41)

o () (0 + 78 () s () = ()= () + 747 (1), - (1))
=0, 0<t<T. (3.42)
Here, ki, ko are conductivities, pi, p;, are densities, C; Cy are specific heats, Tq(l)
and Tq(z), Tf(pl) and 7‘}2) stand for heat flux ¢ and temperature gradient Vu phase lags,

respectively, u (x,t) is the temperature, f (z,t), f2(z,t) are source terms, ¢y (x) ,

Yo (), w1 (), @2 (x), a(t), b(t), ¢1(t), ¢ (t) are given functions, oy, o are positive
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constants, and wy+ (t), ur- (t), (ug)p+ (1), (uz);— (8), (Uat);+ (1), (uge);- (t) denote
u(l+0,t), u(l — 0,t), upy(I +0,t), up(I —0,%), ug(l + 0,t), uy(l — 0,t), respectively.
Under the homogeneous interfacial and boundary conditions, Sun et al. [76]

used a similar argument as aforementioned and obtained an energy estimation as

E(t) < E(0)+ % /Ot [pllcl /Ol (f1)* dz + p2102 /lL (f2)” dz] dr, (3.43)

where E (t) = plCqu(l) fol ufdm+p26’27'q(2) flL u?dz+k, fol u2dr—+ky flL u2dr+ %u2 (0,1)

z—zuz (L,t). Thus, if uy (x,t) and usy (x, t) satisfy the above nanoscale heat conduction
model, then u(z,t) = uy (x,t) — ug (x,t) satisfies Eq. (3.43) with F (0) = 0 and
fi = fo = 0. Hence, E(t) = 0, and u (z,t) = 0. This implies that the solution is
unique and is further continuously dependent on the initial condition and the source
term. Thus, we obtain the following theorem.

Theorem 3.3. Assume that fi(z,t), fa(x,t), U (z), e (), 01 (), w2 (),
a(t), b(t), ¢1(t), @2 (t) are continuously differentiable. Then the nanoscale heat
conduction model 1s well-posed.

In summary, we have proposed the steady-state heat conduction model, unsteady-
state heat conduction model, and nanoscale heat conduction model for thermal anal-
ysis in double-layered solid structures in this chapter. In general, obtaining the
analytical solutions for these three models are tedious if not impossible, particularly
for the nanoscale heat conduction model. In this dissertation, we will seek their nu-
merical solutions, and aim at the development of higher-order accurate compact finite

difference schemes for solving the above three heat conduction models, respectively.



CHAPTER 4

NUMERICAL METHODS: PART I — GRADIENT
PRESERVED METHOD

In this chapter, a generalization of the compact finite difference method and
a new idea called the gradient preserved method will be proposed. In particular, we
will use the steady-state heat conduction model with Dirichlet boundary to illustrate

these two methods.

4.1 Generalization of Compact Finite Difference Method
As we can see in the previous literature review, the accuracy of the compact
finite difference method is relatively lower at boundary as compared with that at
interior points. This is because we can only use one side of the points to approximate
the derivative at boundary points. However, lower accuracy at boundary will reduce
the globe accuracy even if the higher-order compact finite difference method is used
for interior points. Our generalization of compact finite difference method is proposed

here to solve this troublesome.

0 I L
L, -
. . . .
I hl hll II2 II2 I
o X1 %2 Xm-r"m X Xme1 Xme2 Mz Xm-1 *m

Figure 4.1: One-dimensional mesh for a double-layered solid structure.
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We first design a one-dimensional mesh and denote grid sizes to be hy = [/m,
ho = (L —1) /(M — m), respectively, where m, M (m < M) are positive integers, as
shown in Figure 4.1. Grid points in the mesh are denoted as z; = jhy, 0 < 7 < my
xj =14+ (j—m)hy, m+1 < j < M, where the interface is located at grid point
xr = (m+ 1) hy = [. Based on the mesh, we have the following theorem.

Theorem 4.1 Assume that g (z) € C®[0,1]. Then

16g (z1) — g (z2) =159 (zo) + 14h1g, (x0) + 6h%gm (x0)

5

4 2h
+ ghi{’gms (930) - 1—51%5 (ifo) + 0O (h?) ) (4-13)

169 (xM—1> ) (xM—2) :159 (xM> - 14h2gm (xM> + 6h§gmm (xM>

5

4 2h
- ghggms (xpr) + 1—529905 (a) + O (hg) ) (4.1b)

5 1
g (x1> ) (SL’(]) :hlgm (xO) + Eh’%gmc (SL’(]) + Eh%gmm (x1>

3 5

h h
+ 1_§g:c3 ($0) - K}Og:cs (xO) + O (h?) (See [82a 84])7 (42&)

5
g (zM—l) —4g (xM) - - h2gx (xM) + Ehgg:c:c (zM) + hgg:c:c (zM—l)

h3 h5

12

35
329 (x1> ) (1’2) :319 (x0> + BOhlgm (SL’(]) + Eh%gmm (x0>

8 1
+ _h%gm (Il) - _h%gm (I2)

3 3
hS
+ 2higas (w0) + 1592 (z0) + O (h]), (4.3a)
35
329 (war—1) — 9 (xn—2) =31g (xar) — 30hog, (war) + ghggm ()

8 5 1,

+ §h2g:c:c (xpr—1) — gth:c:c (xpr—2)
3 hs 7

- 2h2gm3 (xM) + ——Gus (xM) +0 (hQ) . (43b)

15
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Proof. Denote D7 g (x) as the jth order derivative of g (x) . The Taylor series expansion

at location z( gives

h? h3 h{
g (x1> =9 (x0> + h’lgm (xO) + jgmm (xO) + glgac?’ (LL’ ) 249904 ( )
5 h6
+ ﬁgﬁ (xo) + 77109506 (x(J) +
i{) 4 5 6

(D04 s Bipr e B B Y e g(x0), (4.4)
! 9 6 24 120 720 0F A

4h2 8h3 16h4

—19xx (l’o) + 719:03 (LU()) + 2419964 (xO)

g (z2) =g (z0) + 2h1g. (20) + 5

3213 (x)+64h6
120 9=° W10/ T o

4h3
:<DO+ 2h1D1+71

9u6 (x0) + ...

sgl s, 1601 0 3200 o 640E g

D*+ 4.
24 120~ 720 +> (@0). (4:5)

Multiplying Eq. (4.4) by —16, then adding it to Eq. (4.5), we obtain

8hY s 1647 5 48K

6 120 720

12
—16g(x1)+g(x2):—<15D0+14h1D1+?th2 DS+, )(xo) (4.6)

Thus, Eq. (4.1a) holds. By the Taylor series expansion at location x,;, we have

(z27-1)= D= hy D'+ h—%DQ th?’ h4D _ b —2 D%+ h—gD6+ (rar), (4.7

I\EM-1)= 22Ty 6 247 1200 "0 Tl R
4 2 3 1 4 2 5 4 6

g(l’M—z): <D0—2h2D + h2D2 822D3 6ZQD4 31 %2 D5 67 };2 D6 ) (xM) (4.8)

Multiplying Eq. (4.7) by —16, then adding it to Eq. (4.8), we obtain

— 169 (zp-1) + g (Trr-2)

12h2 8h3 16h3 488
— (15D°— 14hy D'+ —2D?>— —2D3 2Do— 2 DS 4.9
( 2 6~ " 120 7op D Jo ) (49)

Thus, Eq. (4.1b) holds. The Taylor series expansion at location xq also gives

h}ges (1) =h3 [ D°+ hy D'+ h%D2+ h?D3+ h%D4+ i —L D%+ ... | D?*g (o)
2 6 24 120
_(hep2 g pipe 4 Mipry Mps Mg Mg g(z0). (4.10)
! ! 2 6 24 120
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Multiplying Eq. (4.4) by —12, then adding it to Eq. (4.10), we obtain

—12g (x1) + h2gyn (71)

h3 h§
= — (12D0 + 12k D* + 503 D* + B D? — 1—;)1)5 - 4—(1)1)6 + ) g(zo).  (4.11)
Rearranging the terms in Eq. (4.11) yields
— 129 (1) + 129 (o)
h3 h$
— (12h1D1 +5hiD? + hiD? — 1—%175 — 4—(1)1)6 + ) g (20) — h3gue (71) . (4.12)

Dividing Eq. (4.12) by —12, Eq. (4.2a) comes. The Taylor series expansion at

location x,; also gives

2 2 0 1 h’g 2 h% 3 h% 4 h’g 5 2

212 313 h% 4 h'g 5 h'g 6 h'g 7

Multiplying Eq. (4.7) by —12, then adding it to Eq. (4.13), we obtain

— 129 (xar-1) + B Gow (201-1)
h3

hG
= — (12D° — 12hy D' + 5h3D* — k3D + 1—5D5 - 4—81)6 + ) g(za).  (4.14)

Dividing Eq. (4.14) by —12 and rearranging the terms, Eq. (4.2b) comes.
Changing x1 to 9, xp—1 t0 T2, hy to 2hq, hy to 2hy, Eqs. (4.2a)-(4.2b)

become

20

g (z2) = g (w0) = <2th1 12h§D2: s

12

32h° . 64h8
3713, 115 116
WD D 480D)g(:c0)

4
higes (22) + O (hZ) ) (4.15a)

T3
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and
20 8 32h3 . 64hS
B - — (=2 D} 2D2 3D3 2D5 2D6
9(@n-2) = 9(wm) ( ho D ha D™= ha D= P =g P Jo (wmr)
4
+ —h3gu0 (Tar—2) + O (h3) . (4.15b)

12

Multiplying Eq. (4.2a) and Eq. (4.2b) by —32 and then adding them to Eq. (4.15a)

and Eq. (4.15b), respectively, we obtain

35

3
8 1
- ghfgm(l"l)ﬂt gh%gm(zg)
hS
— 2higus (10) = T50u0 (20)+0 (hT),  (4.16a)
35
—32(xp-1)+ g(zar—9)+ 31g(xnr) =30hog. (xar) — §h2gm(1’M)
8. 5 1,
- §h2gmm(xM—1) + ghggmm(xM—2>
3 hS .
+ 21390 () = 72 0w0 (v3) +O () . (4.16b)

Thus, Egs. (4.3a)-(4.3b) hold.

From Eqs. (4.1a), (4.2a) and (4.3a), we can see the absolute values of the

. . . L B nd
leading terms in g,s (7o) of truncation errors for approximating g, (zo) are 15z, 155,

5

g—lo, respectively. Same results can be obtained for g, (z5/). Further, one may see

that Eqs. (4.1a), (4.2a) and (4.3a) are some special cases of the expression:

(99090)0 ta (gm)1 + (gm)z = ago + bg1 +cga +§ (gw)o +¢ (9m3>0 ) (4-17)

where «, 3, a, b, ¢, £, ( are constants to be determined. Similarly, Eqs. (4.1b), (4.2b),

(4.3b) are some special cases of another expression:

(9ax) p + (Gaz) 1+ B (Ga) g = agns +0gnr1+cgnr—2+E€ (9e) yy+C (ges) - (4.18)
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Eqgs. (4.17)-(4.18) can be considered as couple of generalizations of the compact finite
difference method, Eq. (2.38), at boundary.

Since the interfacial condition can be treated as an inside-boundary condition,
we have some similar formulas as listed in Eqgs. (4.1)-(4.3), which are included in the
following theorem.

Theorem 4.2 Assume that g (z) € C®[0,1]. Then

169 () = g (tm-1) =15g (21-) — 14h1g, (1) + 68T ge, (21-)

4 . 2h3 6
_ §h1gx3 (x7-) + 5 98 (z1-)+ O (K), (4.19a)

169 (xm+1> -9 (xm+2> :159 (xIJr) + 14h2gac (SL’[+) + 6h’§gmm (xIJr)

4 4 2h3 6
+ §h2gx3 (I[Jr) - 1—59x5 (I[Jr) + @) (h'2) y (419b)
5 1
g (xm> —4g (xI*> = hlgm (x1*> + Eh%gmm (xI*) + Eh%gmm (xm)
1 3 hi’ 6
- Ehlg:c3 (I’I*) - ﬁgﬁ‘ (zM) + O (hl) ) (420&)
5)
g (Im+1) — g ($1+) :h2gx (Ilf[+) + Ehggxx (Ilf[+) + Ehggxx (xm—i-l)
1 3 h'g 6
+ Ehzgma (:L'[+) — mgms (:L'[+) + O (hz) , (4.20b)

35
329 (xm> -9 (xm—1> :319 (x1*> - BOhlgm (xlf) + Eh%gmc (SL’I?)

8 1
+ _h%gww (xm) - _h%gmm (xm—l)

3 3
hﬁ
= 2higss (1) + a0 (21-) + O (), (4.21a)

35
329 (Tmy1) — 9 (Xmao) =31g (x1+) + 30hag, (x7+) + ?hggm (x+)

8 1
+ ghggzx (xm+1) - ghgg:c:c ($m+2)
3 hs 7
+ 205,58 (27+) + == gas (21+) + O () - (4.21b)

15
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Again, Eqgs. (4.19a), (4.20a) and (4.21a) can be seen to be some special cases of the

following expression

(gm)l, +a (gm>m + B (gm)m—l = agr- + bgm + €gm-1+§ (gw>17 +¢ (g:v?’)[* , (4.22)

and Egs. (4.19b), (4.20b), (4.21b) are some special cases of the expression

(gm)ﬁ +o (gm)m+1 +8 (g:c:c)m+2 = agr+ +bgmi1+CGmy2+§ (gx)1+ +¢ (g:c3)[+ . (4'23)

Thus, Egs. (4.22)-(4.23) can be considered as couple of generalizations of the compact
finite difference method, Eq. (2.38), at interface.

It should be pointed out that the first-order and third-order derivatives are
included in our generalized version of compact finite difference method, which will be

used in the next section.

4.2 Gradient Preserved Method

We consider the steady-state heat conduction model proposed in Section 3.1:
kg, (x) =f1 (), 0<z <, (4.24)
kotug, () =f2(x), | <z <L, (4.25)
with the interfacial condition at x = {:
U+ — up- = a, (4.26)
ko (ug)pr — k1 (ug) - = b, (4.27)

and the Dirichlet boundary condition:

u(0) =¢1, u(L)= oo (4.28)
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We now develop a fourth-order compact finite difference scheme using three-points in
space. We use the one-dimensional mesh as shown in Figure 4.1 and denote u; as the
approximation of u (z;) , and so on for others.

For the interior points, z; < z; < 2,1 and 2,42 < x; < 2p-1, the fourth-

order Padé scheme gives

k?l(Uj_l—QUj+Uj+1) 1 .
o = )10 )+ ()] 1< <m—1, (4.30)
koluj—1—2uj+uj) 1

= -1 [(fg)j_lﬂo (fz)j+(fg)j+1] , m+2<j<M-—1. (4.31)
2

At the boundary points, xg and x,;, we simply set
Uy = ¢1, Upr = ¢2. (432)

To derive a scheme at interface, x = x;, we first obtain two tridiagonal
equations around the interface x;, in which one contains w,,_1, u,, and .1, the

other contains u,,, Uy,+1 and Uy, o.

From Eqs. (4.24)-(4.25), we have u,, (x;-) = fl(xlf), Ugs (x-) = U0a(er-)

kl kl
and Uy, (7+) = f2(,:+), Ugs (x7+) = % Substituting them into Eq. (4.21a)

and Eq. (4.21b) yields

U (Ty—1) — 32u (Ty,) + 31u (- ) — 30hyu, (z-)
2 3
= — Bh—ki‘ll (35f1 (1’17) + 8f1 (ZL’m) — fl (ZL’m_l)) + Qk—fil (fl)x (ZL’[*) + @) (h?) s (433)
U (Typa) — 320 (Tyq1) + 31u (xr+) + 30hou, (2r+)

2 3
=— 3h_]; (35fa (w1+) + 8f2 (Tmy1) — fo (Tmy2)) + 2k—h; (fo), (wre) + O (h3) . (4.34)



We then employ the fourth-order Padé scheme at points z,, and x,,,1 as

]{71 (um_1 — 2um + UIf) . 1

2 = () +10 (A1), + (f1)y-] + O (),

1

ko (Umy2 — 2Um41 + ur+ )
e =t 0] ) 10 (e + ()] + O (1)

After dropping the truncation errors in Eqs. (4.33)-(4.36) and coupling wit
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(4.35)
(4.36)

h the

interfacial condition Eqs. (4.26)-(4.27), the following six equations are obtained.

U+ — uj- = a,
ko () — ko (), = b,

Um—1 — 32U, + 31lur- — 300 (uy),- = c1,
U2 — 32Um1 + 3lupr + 30h (ug) 1+ = 2,
Upp—1 — 22U + U- = C3,

U2 — 2Upmyr + Ut = C4,

where ¢; = —% [35 (f1)- +8(f1) — (f1) oy — 61 ((fl)x)r} )

Co = _%[35 (f2)1+ +8 (f2)m+1 o (fz)er? +6hy ((f2)x)ﬁ]’

(4.37)
(4.38)
(4.39)
(4.40)
(4.41)

(4.42)

C3 = % (1) gy + 10 (F1), + (F1),-]s ca = % [(f2) iy + 10 (f2) g + (f2) 4] -

Subtracting Eq. (4.41) from Eq. (4.42) and using Eq. (4.37), we obtain
Ut — 2Uma1 + 2Upy — Upy—1 = C4 — C3 — Q.
Multiplying Eq. (4.41) by 31 and subtracting Eq. (4.39), we have
30Up,—1 — 30Uy, + 30Ry (uy),- = 3lcg — c1.
Similarly, multiplying Eq. (4.42) by 31 and subtracting Eq. (4.40) gives

3042 — 30Up+1 — 30hg (ug) ;4 = 3ley — co.

(4.43)

(4.44)

(4.45)
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Multiplying Eq. (4.44) and Eq. (4.45) by kihy and kohy, respectively, and adding
them together, we obtain
30k1hotty,—1 — 30k1hotty, + 30kah Uy io
— 30kohi U1 — 30hyha (ko (ug) v — K (ug) ;-]
=31kahycy + 31k1hacs — kahyco — kyhocy. (4.46)
Then applying Eq. (4.38) to Eq. (4.46) yields
30k1hottyy—1 — 30Kk hotty, + 30kahy o — 30kahy Upia

:31]{32}1,104 + 31]€1h203 — ]ﬁ?gthQ — ]{ZthCl + BOhthb (447)
Multiplying Eq. (4.43) by 30kshq, then subtracting Eq. (4.47), we obtain

30 [(—k2h1) g1 + (2kahy + k1he) Wy, — (kahy + k1ho) 1]

= (—k‘ghl) Cyq — (30k52h1 + 31]{31}12) cs + k’gthQ + k‘lhgcl — 30h1h2l) — 30k2h1a. (448)

Dividing by —15 (k1he + 2kohy) gives

k’lhg k1h2
T2 Ny —2u, (1= —2 V] =, (44
[( + et 2k2h1) Upp—1 Uy, + < it 2k2h1) u +1} Cs (4.49)

where Cy = m[k‘ghlc4 + (30/{?2h1 + 31/{?1h2) C3 — k‘gthQ — k’lhgcl + 30h1hgb

+ 30kahqal. Similarly, multiplying Eq. (4.43) by 30k1hs, and adding it to Eq. (4.48),

then dividing by 15 (2k1hs + kohq), we obtain

o ol
|:< 2k1h2 + k‘ghl) Um Um-+1 + < + lehg + kfzhl) Um+2:| Ce, ( 50)

where Ceg — 15( 30k’1h2 + 31/{?2h1) Cq + k‘thCg — k‘gthQ — k’lhgcl + 30h1hgb

1
2k1ha+kah1) [(

- 30]{?1;12@] .
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If Egs. (4.19a)-(4.19b) are used at the interface, we can obtain similar equa-

tions to Eqgs. (4.49)-(4.50) as

k’lhg k1h2
1+ — 2 V1 —2Uupm+ (1 - ———= V| = o, 4.51
[( +k1h2+2k2h1)u 1 Uy, + ( k1h2+2k2h1)u +1} Cr ( )

k’ghl k2hl
1——2 V- 2u, T+ ——21 V| = s, 4.52
|:< 2/{?1h2 + k‘ghl) “ Um1 + < i 2]’{51h2 + k2hl) ! +2:| ® ( )

where Cr = [k’ghl@ﬁ— (14]{32}11 + 15]{?1}12)03—]{32}1102— k‘l thl—l— 14h1hgb+ 14]{32}11&]

7(k h2+2k2 h1

Cg — [(14]{31h2—|— 15]€2h1) C4—|—]€1h203 - k2h102 — ]{ZthCl + 14h1h2b— 14k1h2a] .

Here, ¢ = —a [18 (f1),- — 4h1 ((f1),), ], c2 = — a2 [18 (fo) o + 4ha ((f2),) 11 )-

If Egs. (4.20a)-(4.20b) are used at the interface, we have similar equations to

Eqgs. (4.49)-(4.50) as

k’lhg klh2
1+—— = Nupg —2um+ [1———= ) upiq| = o, 4.53
[( +k1h2+2k2h1)u 1 U +< k1h2+2k‘2h1)u +1} (&) ( )

]fghl k2h1
1——21 ), —2u, 1+ —21 ) upial| = o, 4.54
[( 2k1h2+k‘2h1) U Um41 + < + 2k1h2+k2h1) U +2} C10 ( )

[(l{ighl + ]{Zlhg) C3 — ]ﬁ?gthQ — k1h201 + hlhgb + thla],

_ 2
where ¢y = ST

]ﬁ?th + kzhl) Cy — ]{Zgthg ]ﬁ?thCl + hlhgb — k1h2a] . Here,

Cw:m[(

o1 =— o L5 () -+ ()P (F),),- ], 2=~ 1%2[ (fo) e+ (f2) s Hh2 ((f2),) 1-

Eqgs. (4.30)-(4.31), Eq. (4.32) and Eqs. (4.49)-(4.50) (or Egs. (4.51)-(4.52), or
Eqgs. (4.53)-(4.54)) together form a higher-order accurate finite difference scheme for
the heat conduction model in steady-state with Dirichlet boundary. We can rewrite
the scheme in matrix form as

Api = dp, (4.55)

— T
where U = [Uh U2y -evy Um—2, Um—1, Umy Um+1, Um4-25 Um43,---, UM—27UM—1] )



1 —2 1
2(k1ho+kahi) ) 2kahy
2koh1+k1ho 2koh1+k1ho
2k1ho ) 2(k1ho+kahi)
2k1ho+kah1 2k1ho+koh1

1 —2

and dp =

12k1 [(fl) + 10 (f1); + (f1)o] — uo

12k1 [(fl) + 10 (fl)z + (f1)3]
12k1 [(fl) + 10 (fl)g + (f1)4]

A 1) + 10 (f1) s + ()]

s (or ¢7 or ¢g)
Cg (OI‘ Cg Or CIO)
12k2 [(fz)m+1 + 10 (f2) 00 + (f2)m+3}

12k2 [(f2)m+2 + 10 (f2) g + (f2)pya]

12k2 [(f2)M 4+1O(f2)M 3+(f2)M 2}

12k2 [(f2)M 5+ 10 (f2>M 2+(f2)M 1}

i 12k2 [(fQ)M 2+1O(f2)M 1+(f2) } — Um |
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Note that Ap is a tridiagonal matrix, so one can use the Thomas algorithm to
obtain the solution easily. Once the values of w,,_1, U, Uy,e1 and u,,,o are obtained,
the values of u;—, us+, (u;),- and (u,),. can be easily obtained by using Eqs. (4.37)-
(4.42).

It should be pointed out that the third-order derivatives at interface, (u,s),-
and (uys);+, have been changed to some known values in the derivation to obtain Egs.
(4.33)-(4.34) and the first-order derivatives at interface, (u;),- and (uy),+, have been
deleted in the derivation to obtain Eqs (4.49)-(4.50).

Furthermore, (u,),- and (u,),+ have not been discretized in our derivations for
the scheme at interface. We name this idea the gradient preserved method (GPM). As
will be seen in next chapter, this idea can also be used for the Neumann boundary and
Robin boundary, where (u,), and (u,),, exist. The GPM can avoid the troublesome
arising from wu, while it is at the interface or on the boundary.

4.3 Analysis of the Scheme for Steady State Heat Conduction Model
with Dirichlet Boundary

In this section, we will give the theoretical analysis for solvability, stability and
convergence of the proposed compact finite difference scheme for the steady-state heat
conduction model with the Dirichlet boundary.

It can be seen that the coefficient matrix Ap is tridiagonal and satisfy condi-
tions: (1) |ai| > |e1| > 0, (2) |a;j| > |bj]+]c;|,2 <j < M—=2,(3) |ap—1]| > |em—1| > 0.

Based on the lemma on page 528 of Atkinson’s book [97], the inverse matrix A} exists,
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which implies that the solution is unique, and the solution can be obtained using the

Thomas algorithm.

To analyze the stability and convergence, we rewrite the scheme as follow:

—uj_ 1+ 2u; —ujyy = hlg;, j=1,..,m—1, (4.56)
m[—(kghﬁ-klh2)um_1+(/€2h1+/€1h2)um—|—/{:2h1um—k2h1um+1]

(h% + h3) Gms (4.57)
m[—klhgum+k:1h2um+1+(k1h2+k2h1)um+1—(k:1h2+k:2h1)um+2]

(A% + h3) g1, (4.58)
—uj_ g+ 2u; —ujy = h3g;, j=m+2,..,M—1, (4.59)

where ug, uy = 0, ¢ is a function of f; or fs.

Multiplying Eqs. (4.56)-(4.59) by m-u; (j=1,...,m—1),

1
and s Wi

1
» Toahy s TRy Ymetl

(j=m+2,...,M — 1), respectively, and summing them together gives

L G s~ ]

1

T

kihg + kohy) kohy =

]{Zghl + ]{Zlhg) Ugyy—1 Uy, + (l{ighl + ]{Zlhg) ufn

—H{:ghlufn - k2h1umum+1}

1

T

kihs + kohy) k1ha

[—klhgumumH + ]ﬁhguzn_H + (lﬁhg + kzhl) ufnﬂ

— (k1ho + kahi) W1 U go]

1

+@ [~ 1ty + Ul g + (Ungr — Umsa) o+ (Unrms — upr—1)? + uy_q)

m M—-1
1 2 1 2
= ]{;2}1,1 ]; hlngj + —k1h2 Z hQQjUj, (460)

j=m+1
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The above equation can be simplified to

i 2 ko+1 2 1= ?
0
w2 () i Ot (B ) i 3 ()
j=1 j=m+2
h2g.u; higiu;, 4.61
kzhl Z W ks h ]Zm;rl I o
where k;o = Z—;’ 6:(:”]_%: %’] = ]_, ceey m—]_, (qum+%: 2(u7;::;2um 6 u U«JJré2 uJ-a

m—1 2 2
j=m+2, .., M —1. Denoting |ul> = h; 3 <5muj_%> + (hq1 + he) <5xum+%)

j=1
M—1 2

+hy Y, (5 Ujyl ) , we obtain the left-hand-side (LHS) of Eq. (4.61) as
j=m+2

1 ko+1 1
LHS > L
mm{k2 kiko + ks’ k1}| ¥

=c ul?, (4.62)

1 _kotl 1
where 1 = mm{,@, e kl} Denoting ||ul]®> = hy Z u +h2] %ﬂu and using

the Young’s inequality, ab < ea? + 162, we obtain the right-hand-side (RHS) of Eq.

(4.61) as
M—1
RHS <— hlzgjuj—l— 1h2 Z gjl;
j=m+1
<-— h12‘9yuy|+ h2 Z |95u51
Jj=m+1
11 - —
<max{k k} hlzgj?- hlzu + | ho Z 9] ho Z u?
2 M j=1 j=m+1 \ j=m+1
<ehlzu + €hs Z u + hlzgﬂt hz Z 9]
j=m+1 Jj=m+1

<ea (el + ¢ lol?)

1
<€ (E\U\f + 1 Hg||2) , (4.63)
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where g5 = max{ kl s } Here, the fact, |[u|* < |u|}, has been used. Combining Eqs.

(4.62)-(4.63) together yields
2 o 1 2
e1 |ul] <es 6|U|1+4_€||9||

€1 2 1 2
(52 ) juft <7 llgl

2
ufy <=~ Il

=23 |9 (4.64)

2e2
Here, we have used ¢ = 2% and g3 = .
2

From the above priori estimate, we now prove the stability and convergence
of the scheme.

Theorem 4.3. Assume that { (»1)} and {u§-2)} are the numerical solutions
obtained based on scheme Eqs. (4.30)-(4.32), and Eqs. (4.49)-(4.50) (or Eqgs. (4.51)-
(4.52), or Eqs. (4.53)-(4.54)) with the same boundary and interfacial conditions but

different values of fl(l) (z), 2(1)( ), f1(2) (x), 2(2)( ). Let u = u® — oM, f(2) =

O @) = fO @), fola) = £2 () — £ (2). Then it holds

|U|f§6<h12(f1) Y <f2>§), (4.65)

j=m+1

where ¢ is a constant, implying that the scheme is stable. It should be pointed out
that the above estimate is a discrete analogue of Eq. (3.19) in Chapter 3.
Theorem 4.4. Assume that u(x;) and u; are the exact solution of model
(4.24)-(4.28) and numerical solution of scheme Eqs. (4.30)-(4.32), and Eqgs.

(4-49)-(4.50) (or Eqs. (4.51)-(4.52), or Eqs. (4.53)-(4.54)). Let € = u(x;) — u;.
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Then it holds

lel, < c(hy+h3), (4.66)

where ¢ 1s a constant.

Proof. It can be seen that € (x;) satisfies

—€j1+26 — € = MRy, j=1,..,m—1, (4.67)
m[— (kohy + kiho)em—1 + (kohy + kiho)em + kahi&m— kahi€mi]

= (hi + 13) R, (4.68)
m [—k1ho€m+ kiho€ny1+ (k1he + kahy) €1 — (k1he + kohy)€m o]

= (AT + h3) Rins1, (4.69)
—€¢1+2 - =h3R;, j=m+2,.,M-1, (4.70)

where R; is O (h}) when 1 < j < m, O(h3) when m+ 1 < j < M — 1. From the

priori estimate, we obtain

m—1 M-1
le]? < ¢ <h1 S (R)i+he > (R2)§> <ec(ht+nd)’. (4.71)
j=1 j=m+1
4.4 Conclusion
In this chapter, we have proposed three higher-order compact finite differ-
ence schemes for solving the steady-state heat conduction model with the Dirichlet
boundary in one dimensional double-layered solid structures. In particular, by using
the GPM, we have proposed a kind of new third-order and fourth-order compact
schemes at the interface. The overall scheme is a tridiagonal linear system, which can

be efficiently solved using the Thomas algorithm. Furthermore, we have obtained a
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priori estimate for the compact finite difference scheme, which is the discrete analogue
of the energy estimate of the steady-state heat conduction model. Based on this priori
estimate, the compact scheme is analyzed to be unconditionally stable and convergent
with O (h{ + h3). In next chapter, we will give the schemes for steady-state heat
conduction model with Neumann boundary and Robin boundary, and the schemes
for unsteady-state heat conduction model and nanoscale heat conduction model. As
will be seen, we will keep using the generalized compact finite difference method on

boundary and at interface, and using the idea of GPM to derive those schemes.



CHAPTER 5

NUMERICAL METHODS: PART II — SCHEMES FOR
THE DOUBLE-LAYERED HEAT CONDUCTION
MODELS

In this chapter, using the compact finite difference method and the gradient
preserved method, a kind of higher-order compact finite difference schemes for afore-
mentioned three mathematical models will be proposed. In particular, we will develop

fourth-order compact schemes at the interface using only three-points in space.

5.1 Schemes for Steady State Heat Conduction Model
To develop higher-order accurate finite difference schemes for solving the ellip-
tic problem in Egs. (3.1)-(3.5), we first design a one-dimensional mesh and denote
grid sizes to be hy = 1/m, hy = (L — 1) /(M —m), respectively, where m, M (m < M)
are positive integers, as shown in Figure 5.1. Grid points in the mesh are denoted as
xj=7jh1,0<j<myz;=14+(j—m)hy, m+1<j<Mand Q= {x;]0<j< M},

where the interface is located at grid point x; = (m + 1) hy = L.

0 I L
L -
LJ Ld Ld LJ
I hl hll II2 Il2I
o X1 % Xm-rm % Xmer Xme2 VR VE RS

Figure 5.1: One-dimensional mesh for steady-state heat conduction model.

20
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Denote u; as the approximation of w(x;), and so on for others. We now
develop a fourth-order compact finite difference scheme using three-points in space.
We only consider the Neumann boundary and the Robin boundary here as the scheme
for the Dirichlet boundary has been given in previous chapter.

For the interior points, z; < z; < @y,—1 and Zy,49 < x; < 2p-1, the fourth-

order Padé scheme gives

ki(wj—1—2u+u;4y) 1 ,
1Uj—1 h%y thn! -5 [(fl)j_l—i—l() (fl)j+(fl)j+1] , 1<i<m—1, (5.1)
kg(Uj_1—2Uj+Uj+1) 1

h% =5 |2), 10 (), ()] s m2SjSM -1 (52)

For Neumann boundary condition, u, (0) = ¢, Eq. (4.3a) yields

3lu(xg) —32u(zy) +u(zs)
30h,

Uy (T0) =—

ha
— %[35um(x0)+8um(x1)—um(ﬁfz)]

h? 5
M e + O (). (5.3

From Eq. (3.1), we have wu,.(x¢) = fll(;i“), Uz (1) = ]%ﬁl), Uz (1) = fl(]f) and

(f1

Ugs () = ). Substituting them into Eq. (5.3) gives

31u(wg) —32u(xy)+ u (1)
30h,

o B2S1(z0) + 8fi(x1) — fi(x2)]

Uy (T0) =—

hy
90k,

h
15k,

(f1), (0) + O (). (5.4)

With wu, (0) = ¢, after dropping the truncation error in Eqgs. (5.4), we obtain

2

3
g+ 32—y = 30ty + - 35 (R + 5 (1), — ()] + 32 () (59
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On the other hand, when j =1, Eq. (5.1) gives

up — 2uy + uz = 1% [(fl) + 10 (f1), + (f1)y]- (5.6)

Adding Eq. (5.5) and Eq. (5.6) together leads to a fourth-order scheme as

— 30ug + 30u4
h? 2h3
- oL 141 () + 2 (R~ 3+ AL (R (57
Similarly, from Eq. (3.2), we have u,, (x)) = %QM) Ugy (Tpg—1) = %"gl),
_ folzm—2) (f2)z(xar) : :
Uy (Trr—2) = 5772 and u,s (xar) = =25~ By using Eq. (4.3b), we obtain

31u (2ar) — 32u (Tar—1) + u (Tar_2)
30h,

Uy (Tpr) =

©B5f2 (2ar)+8f2 (wpr—1) — folwrr—2) —

), (2ar)+0 (h3).

90]{:2 15]{:

Dropping the truncation error in Eq. (5.8) and using u, (za) = ¢o gives

- 31UM + 32UM_1 — UM —2
h3 2h3

—— 30haghn+ 3—]{;2 B5 (f2) a8 (f2) ar—1— (f2) pr—o] — ((fa) ) ar- (5.9)

On the other hand, from Eq. (5.2), when j = M — 1, we have
2

Upr—2 — 2upr—1 +up = 121{:

[(fZ) -2 + 10 (f2)M_1 (f2)M} . (5-10)

Adding Eq. (5.9) and Eq. (5.10) together gives a fourth-order scheme as

3OUM_1 — 3OUM

h2 2h3

= — 30hoo + 12k, [ 3 (fQ)M—z + 42 (f2)M—1 + 141 (f2>M] - ((f2)x)M - (5.11)

For Robin boundary condition, Eq. (3.5¢), one may simply replace ¢; and

¢9 in Eq. (5.7) and Eq. (5.11) with d)l%zi“o and ¢’2+22“M, respectively. This gives a
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fourth-order scheme as

30 (1 + hl%) o + 30u;
aq
h? 2h3
== 30m 2+ oL (141 (A1) + 421y = 3 () + 2 (1)), (5.12)
30u_1 — 30 (1 + %) -
2
2 3
= 30m 2 (), 92 () 1L ()]~ S () (513)
2 2 2

At the interface, we already had the scheme, which is either the fourth-order
scheme, Eqs. (4.49)-(4.50) or the third-order scheme, Eqs. (4.51)-(4.52) or Egs.
(4.53)-(4.54).

Thus, Egs. (5.1)-(5.2), Egs. (5.7) and (5.11), and Eqgs. (4.49)-(4.50) together
form a higher-order accurate finite difference scheme for the heat conduction model
in steady-state with Dirichlet boundary. The scheme can be rewritten in matrix form
as

Ani = dy, (5.14)

S T
where u = [U(), UL, Uy ovvy Um—2, Um—1, Umy Um+1, Um4-25 Um3,--+, Up—2, UM —1, UM] )



and JN =

1
1 —2 1
2(k1ho+k2h1) _9 2kahy
2kohi+k1ho 2koh1+k1ho
2k1ho 9 2(k1ho+kahi)
2k1ho+kohy 2k1ho+kah1
1 —2 1

o4

30011 + ok (141 (f1)y + 42 (f1), — 3 (1)) + 22 ((f1),),

12k1 [(fl) + 10 (f1>1 + (f1)2]
12k1 [(fl) + 10 (f1)2 + (fl)g]

() +10(Fi) s + (fi)]
Cs
C6

i [(F)gs + 10 (F2) sy + (F2)s)

12k2 [(f2)m+2 + 10 (f2) s + (f2)pa]

12k2 [(f2)M 3+10 (f2)M 2+(f2)M 1}

12k2 [(fz)M 2 +10(f2) -y + (f2) ]

i —30}12@52 + 12—22 [_3 (f2)M_2 +42 (f2)M_1 + 141 (f2) } - %2 ((fZ) )
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where c5, ¢g are given in Eqs. (4.49)-(4.50). By Gauss elimination, we can obtain the
determinant of Ay, which is zero. Hence, Ay is singular. This is a kind of tricky and

has to be careful when computing. To solve the numerical solution uniquely, we fix
ug = 0. (5.15)

Same as the Dirichlet boundary case, the values of u;-, us+, (ug),- and (u,),;; can
be obtained by using Eqs. (4.37)-(4.42).

Egs. (5.1)-(5.2), Egs. (5.7) and (5.11), and Eqgs. (4.49)-(4.50) together form a
higher-order accurate finite difference scheme for the heat conduction model in steady

state with Robin boundary. The scheme can be rewritten in matrix form as
At = dp, (5.16)

S T
where u = [U(), UL, Uy ooy Um—2, Um—1, Umy Um+1, Um4-25 Um3,--+5 Up—2, UM —1, UM] )

301+ 30

1 -2 1

1 —2 1
2(k1ho+kahi) ) 2kohy
2koh1+k1ha 2koh1+k1ha
2ki1ho ) 2(k1ho+kohy)
2k1ho+kahy 2k1ho+kahy
1 —2 1

1 -2 1

30 —30l+122)




and JR =

_30h1% 12k [141 (fl) + 42 (f1>1 -3 (f1>2] +

12k [(fl) +10 (fl)z + (f1)3]
12k [(fl) + 10 (fl)g + (f1)4]

12k1 [(fl) _,+10 (fl)m—1 + (fl)m}
12k2 [(-f2)m+l + 10 (f2) g + (fz)m+3]

12k2 [(f2>m+2 + 10 (f2) s + (f2) ya]

12k2 [(fZ)M 2+ 10 (f2) a5 + (f2) o)

12k [(f2) g+ 10(f2) o+ (fz)M_l]

—30hs 2 + i =3 (f2)yy o + 42 (fo) o + 141 (fo)] -

25 (1))

2 ((fo)a)ur

56

Again, Ap is a tridiagonal matrix, so one can use the Thomas algorithm to obtain

the solution efficiently. Once the values of w,,_1, %y, U1 and u,,.o are obtained,

the values of ur-, us+, (u;),- and (u,),. can be easily obtained by using Eqs. (4.37)-

(4.42).

5.2 Schemes for Unsteady State Heat Conduction Model

To develop higher-order accurate finite difference schemes for solving the heat

conduction problem in Egs. (3.19)-(3.24), we first design a mesh, as shown in Figure

5.2, where grid sizes and time step are hy = [/m, hy = (L —

respectively, and m, M (m < M) and N are positive integers.

1) /(M —m), At = T/N,

Grid points in the
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mesh are denoted as z; = jhy, 0 < j < m;a; =1+ (j—m)hy, m+1 < j < M;
tn =nAt, 0 <n <N and Q) ={z;/0 <j <M}, Qar = {£,|0 < n < N}, where the

interface is located at grid point z; = (m + 1) hy = L.

A
[
tn+1
At
t
n
Y
f Oh A Ih A - >
X
Xo 1% % Xn-1Xm 1% 2 X Xnee -2 *m-12 Xm
Layer 1 Layer 2

Figure 5.2: Two-dimensional mesh for unsteady-state heat conduction model.

We now develop a higher-order accurate compact finite difference scheme using
three-points in space and two-levels in time. Higher-order, third-order or fourth-order
always mean the order of accuracy in spatial dimension in this dissertation. Denote

u} as the approximation of u (v;,1,) .
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For the interior points, x; < x; < ,,,—1, by the fourth-order Padé scheme, we

have
1
1 (U (51, ) + 10Uz (25, 1) + Use (Tj41,1)]
1
:ﬁ [U (Ij_l,t) —2u (I'j,t) +u (l’j+1, t)] +0 (hil) . (517)
1

Substituting it into Eq. (3.19) gives

p1Ch
12

k
=h—% [ (2 _1,) — 2u (2, 8) + u (2551, 1)]

[ue (-1, 1) + 10u¢ (25, 1) + wy (3541, )]

- 11—2 [fi (zjo1,t) + 101 (25, 8) + f1 (x40, 1)) + O (hT) . (5.18)

Using the Crank-Nicolson method, we obtain

1Oy [u (w1, tnyr) —u(xj_1,t,)
12 At
U (xja tn-i-l) —u ($j> tn)
At
U (211, tngr) — u (T4, 0)
At

+ 10

_|_

:2—h2 [u (xj—la tn-i—l) — 2u ($j> tn-i—l) +u ($j+1> tn—i—l)]
1

ki
+ 2—h2 [u (xj—l? tn) —2u ($j> tn) +u ($j+1> tn)]

12 [f1<£€y Lty 1 >—|—10f1<$], il >+f1<x]+1’ - )] +0 (h4—|—At2) (5.19)

Dropping the truncation error yields a fourth-order compact scheme as
PGy R\ g (100G R (G R
(12At 2h2> Gt oA TRz) T \Taar T a2 )
. p1Ch ky n 10p1Cy ky n p1Ch ky n
- (12At * 2h2) RN ( oar  w2) " T\ A Tanz )

S [ e e (] 1< sm (5.20)
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Multiplying both sides by }j—éf, and letting pu; = pi%ﬁ;, A = %, we can rewrite
1

the above equation in a simple way as
(1= ) w4 (10 + 2p0) wf ™ + (1= ) uff
= (1 + p)ufy + (10 = 2pp) uf + (1 + ) ufyy
n+% n+
() 10 () (fl)]H] 1<j<m—1. (5.21)

Similarly, for the interior points, ,,42 < x; < xp_1, a fourth-order compact scheme

can be obtained as
p2Cs ko \ i (10020 ke g (20 ke )y
(12At 2h2) Gt oA Trz) % T \aar T ang )

. p2C5 ko n 10p2C5 ko n p2C5 ko n
_(12At+2h2) +( eae 2) T\ A Tag)

1 n+s n-‘r .
s [ 10 (R + (] m2 << M- (5.22)
Again, multiplying both sides by let , then letting py = 6’*@5%;, Ay = Act, we obtain
2h3 p2C2
a simple form of Eq. (5.22) as
(1 — p2) Wi} + (10 + 2p0) uf ™ + (1 — pro) i
=1+ po) uj_y + (10 = 2p2) uf + (1 + po) uf 4
n+2 n+2 n+% .
e [(R))5F +10(£)] 7 + (R)5F]  me2<js M -1 (5.23)
At the boundary points, xg and x,;, we simply set
upgtt = (¢0)" wgt = ()" (5.24)

for Dirichlet boundary condition, Eq. (3.24a).
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For Neumann boundary condition, u, (0,t) = ¢; (t), using Eq. (4.2a) and Eq.

(4.3a), respectively, we have

u (z1,t) — u(xo,t) B hy

Uy (20, t) = » - (g (20, t) + Ugy (21,1))
hi 4
— Tyl (zo,t) + O (h}) , (5.25)
~ 3lu(wo, t) — 32u (w1, 1) + u (12,1)
s (20,1) = 30,
hy
— % [35um (Io, t) + SUMU (l’l, t) — Ugy (IQ, t)]
hi 5
— gl (zo,t) + O (h]) . (5.26)

Eq. (3.19) gives us the following equations:
Plclut (Zlfj, t) - kluxx (xja t) + .fl (zja t) ) ] - 07 1a 27 (5278“)
plcluxt (Io, t) = klux?’ (Io, t) + (fl)x (LU(), t) . (527b)

Solving g, (%o, 1), Use (T1,1), Uy (T2,t) and uys (z9,t), and substituting them into
Eq. (5.25) and Eq. (5.26), respectively, we obtain

U(l’l,t) — u(l’o,t) _ hlplCl

Uy (.CL’(), t) = hl 12]{;1 [5ut (LU(), t) + uy (Il, t)]
+ 12;1 [5f1 (w0, 1) + f1 (71,1)]
2
e (1Ot (30.0) = (), (0, )+ O (), (5:28)
1
wy (20,1) = — 31u (zo, t) — 3§%£Tl’t) +u (22,t)
~ h;glkfl 135w (20, £) + 8us (21, 1) — s (22, 1)]
+ 9311{;1 (35f1 ([L’(), t) + 8f1 (ZL’l, t) — fl (ZL’Q, t))

h2

_ ﬁlﬁ (p1Chtt (0, 1) — (f1), (w0, 1)) + O (B3) . (5.29)
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Then, the Crank-Nicolson method gives

(u2)y )y
9
gt g
2h1 2h1
hpCr [Lugt —ug  uiT —uf] ntl ntl
T N N BT [5(f1)° +(fih }
hlplcl( )nH (“w>g h2 n+3% 4 2
12k, A7 + ok, ((f1).)o 2+ O (hi+ A, (5.30)

and

(u:v)gH + (uw)g

2
_ 3l = 32u T b uptt 3lug — 32uf +up
60h, 60h,
~ hap G 354 up ™t — N SU?H —up uh ™t —ul
90k, At At At

h n n n
g [38 00 s T - (707

hipCh (“w>g+1 - (“:v)g hi

n+2
~ s A7 15k ((f1),)o 2+ O (h] +At?). (5.31)

It should be pointed out that we only discretized u,; on the time direction, but kept
the space direction without discretization. This means the GPM was used. Dropping
the truncation errors and rearranging the terms in Egs. (5.30)-(5.31) and using

ug (0,1) = ¢y (t) gives us a third-order scheme and a fourth-order scheme, respectively,

as

(5+ ) ug ™ + (1 — pua) ui™
= (5= )y + (U ) w4 20 [5(A067 o (F0FF] 4 A (70,057

— hy (1+ 1) (¢1)" + ha (1= ) (61)" (5.32)
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and
(140 + 3101 ) ug ™ + (32 — 32p0) uf ™ — (4 — ) up™
= (140 — 31p1) ug + (32 4+ 32p1) uy — (44 p1) ug
X (35 (00T 48U — (A5 240 ((1),)5
— hy (244 30p1) (1) 4 hy (24 — 30p1) (61)" (5.33)

where p; = pi%ﬁ%, A= p1A—Ct'1' When j =1, Eq. (5.21) becomes

(1= ) ug™ 4+ (10 + 2p0) uy™ + (1 — ) up ™
=1+ p) ug + (10 = 2p0) uy + (1 4 pu) ug
[T 10T+ (5] (5:34)
Multiplying Eq. (5.33) and Eq. (5.34) by (1 — p1) and (4 — pq), respectively, then
adding them together, after simplification, we obtain
(144 — 114p1 — 3047) ug™ + (72 — 661 + 30u7) ui*!
= (144 — 16841, + 3047) uf + (72 — 18u1 — 30u7) uf + 6pqul
O (144 — 141gm) (F)5 7% 4+ A (72— 420m) (£)F % + 3w (£1)5
2 (1= ) (A0 = ha (1= ) (244 30m1) (61)""
+ (1 — ) (24 + 30p) (¢1)" (5.35)
As we can see from Eq. (5.35), |144 — 114py — 30p3| > |72 — 6611 + 3043] is not true
for some values of the parameter, such as p; = 1. Hence, the third-order scheme, Eq.
(5.32), will be used for Neumann boundary condition, u, (0,t) = ¢4 (¢). Similarly, for

the other side of the Neumann boundary condition, u, (L,t) = ¢9 (t), by Eq. (4.2b),



63

we have

- 1.t
Uy (Lat) ZU(xM’t) h: (xM > )
ha

+ 1 [Dtse (Tar, 1) + gy (Tpr-1,1)]

2

_ %u (arst) + O (). (5.36)

Using the similar argument, we obtain a third-order scheme as
(1= p) /2y + (5 + o)
= (1 )y + (5 = pa) iy + o [P35 +5 (1237
— Bada ((F2),)f * o (a2 1) (62)™ — (1= ) (82)" (5.37)

ko At At

p2C2h3? 2 7 a0y

where py =

For Robin boundary condition, Eq. (3.24¢), we replace (¢1)" ", (61)", (¢2)" "

n+1

n n+1 n
and (¢2)" by i+ Tt @O 4 T, O - eyt and (20 - 2,

respectively, in Eq. (5.32) and Eq. (5.37), and obtain a third-order scheme as
{5 + o + %hl (1+ Nl)] ug ™+ (1= ) up ™
1
i n n nt3 nt3
=[Pt (L= pa) | ug + (L +p)uf + M [5 (fi)o * + (fih
1
n+% 1 n+1 1 n
+hid ((f1))o * + a_lhl (L4 pa) (01)"" — a_lhl (1= pu) (01)", (5.38)
(1 — o) iy, + {5 + fio + %hg (1+ ug)] uif?t
2
n V2 n
=(1+ po) upyy + (5 —p2+ —=h (1- Mz)) uy;
2
1 n+3 n+s n+l
o [ 5 () 2| = T ()0

bt (L ) (02 = e (1= ) (6)" (5.39)
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At grid points around interface x;, we have the similar equations to Eqs. (4.37)-

(4.42) as
wupe (8) —up- (t) = a(t), (5.40)
ko () s () = b () (1) = b (8). (5.41)
U (1, ) — 32U (T, £) + 3lup (£) — 30hy (u,),- () = 1 (£) | (5.42)
U (s ) — 320 (L1, £) + 3laigs (£) + 30ha ()5 (1) = ca (£) (5.43)
U (1, ) = 20 (T, £) + up () = c5(t), (5.44)
U (Tmszs ) — 2 (g, 1) + e (£) = 4 (£), (5.45)

it

where ¢, (1) = —52[35 (mChrug () — f1 (1)) - + 8 (01 Crug (1) = f1 (1)),
= (P Cru (8) = 1 (8) oy —6h1 (01 Chruay (1) = (f1), (8));-],
& (1) = =32 [35 (p2Coue () = fo (1)) 1 + 8 (paCotiy (1) = fo (1))
= (p2Couy () = f2 (8)) g + B2 (p2Couar (1) = (f2), (1)) 2],
es(t) == [(p1Crua ()= f1 (1)), 10001 Cruan(t) = F(£)),,+ (01 Cruu(H) — f1(£)),- ],
est) = = [(P2Cotn(t) = (1)) 5+ 10 (p2Co0s () = fo(1)) iy + (2 Cote ()= Fo(1)) 1] -

Using the Crank-Nicolson method, Eqs. (5.40)-(5.45) become

u?i‘l + u?+ o u?j_l + U?, — an-i—% (546)
2 2 7
Fo (ua)ji + ke (wo)fe b (ue) 1 + Ky (un)y- ot (5.47)
2 2 7 .
w32 (w31 (uit 4ul) 30k ((um)?fl—l—(um)?,)
2 - 2 - 2 - 2

3k, At 3k, At

35h2 Irplcl (u"j'l_u?i) "+% | 2h’% Irplc’1 ((umﬁlj_l_(ur)?*) n+%
3k11[ Al )=+ i A ((f)o);-7] (5:48)

B2 | p1Cy (ulty — ul nid | 8B [piCh (up — up, nty
_ 1| i (e~ ) —<f1>m+-21]__1{m - >_(fl)m+2}
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and
b 32 () 3 () | 30k () )
2 2 2 2
—h_% p2C2 ( m+2 um+2) —(f )"+% _8h§ p2Cs ( m+1 um+1) —(f )n+%
~ 3ky At 2ImA2 3k, At 2/mt1
35h2 |b202(u1+ _u1+) /f )TL—l-% 2}7% IVP2C2((Ux)?il—(Ux)?+) (f ) )TL+2 (5 49)
Bk | At Rl S At 2 ) A
upty g puntt g, upT g
2 2 2
;mCi " el 10h2p Cion "
=Tokyar (01 ) - 12k: o F Tatar (=)
10hT  , pr1  WipCi o, n hi ntl
~ To, m e Tk, (0 )~ gy (i (5.50)
Uiy + Up 4o B 2u?n4;11 +ul w4t
2 2 2
h%f7202 n+2 ].Oh%pQCQ n+1 n

:12]€2At (uz—:_lg - um+2) - 12]{: (f2)m+2 12]{32At (um+1 _ um+1)

10h ntl  h3paCh n n h2 nal
12k (f2)m+21 1;k2At (u]rl - u[+) - —22 (f2)]+ . (551)

Thus, we obtain a system of 6 equations with 8 unknowns at time level n + 1,

n+1 n+1 , n+l n+1 n+l  n+l n+1 n+1
{u un e s u T ut (ug) S () s } That is

m—17 “'m

upt —u Tt = ay, (5.52)

Ky (ug) " — Ky (ug) ™' = by, (5.53)

a4 ern - ul e w4 ey - (un) T = ey, (5.54)

Cor - Uy + con - Ul + cog U+ cos - (u) "5 = con, (5.55)

a1 um 4 cao - Ul 4 caz - Ul = gy, (5.56)

can U+ can s ult + cas Ul = e, (5.57)
where a, = 2a""2 — (u+ —us-), by = 20"z — (ky (tg) e — k1 (ug);-),

ci1 =12 = 3p, c12 = — (96 — 9611), c13 = — (420 +93111) , c14 = 1 (72 4+ 9041,
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Cin = (124 3p1) ul,_ — (96 4 9641) ul’, — (420 — 93p1) u?- + hy (T2 — 90py) (u,)7-
T2 () — 16M (F) = T0A (£)77F + 120k ((F1),)} 7

Co1 = 12 — 3pg, co9 = — (96 — 96pu2) , co3 = — (420 4+ 93p2) , co4 = —ha (724 90pus) ,

= (12 4 3us2) u%+2—(96 + 96412) ull 1 — (420 — 93 o) wlfe —ho (72 — 90ps) (us)7+

120 (fo)n = 16X (f2)l7F = 700 ()77 + 120ahs ((£2),)}77

cs1 =1 — 1, c30 =104 21, c33 = c31 = 1 — g,

Can = (14 ) (10 — 2y ) L+ o) wf A () L0 (f1) 5 ()7

ca1 =1 — g, cio =104 29, c43 = c41 = 1 — o,

Can = (14 p2) upp o H10 — 2p0) upy, H1 + pio) u[++)‘2(f2)m+2+10)‘2(fQ)m+1+)\2(f2)n+2

Using a similar augment as in the steady-state case, we can delete u}‘f ! uf,‘jf !

(ue)?*') (uy) in the above equations and obtain two equations as follows:

n+1 n+1 n+1l __
Cs1 * Uy q + C59 - Uy, + Cs3 - U1 =Csn, (558)

n—l—l n+1
Ce1 * + Cgo - Um+1 + Cg3 - um+2 —=Cén,» (559)

where c51 = kicoscy (013031 - C11033) — kaciycs (023041 - C21043) )

Cs2 = k1CaaCm (013032 - 012033) —kacracso (023041 —C21 043), Cs53=FkoC14C33 (022041 - 021042) )

Csn = —k1cascazcaicry, + kaciacsscyico, + [k1024013041 — kaciy (023041 - 021043)]C3n
—koC14Co1C33CH, + k‘2014033(021043 - 023041)% — €14C24C33C41 by

Ce1 = ]f1024043(012031 - 011032), Ce2 = kaC14C31 (023042 - 022043) —k1Ca4Ca2 (013031 - 011033) )

Ce3 = kaCraCay (023041 - 021043) — kicaacay (013031 - C11033) )

_ kicaacizcsic c
Con = k10243104310 — KaC1aC31C43C0, + [71 HEAEL — Ky CoaCa3 <011 + 115)} C3n

—C33

C;
+ [1@014023031 + kicaacss <011 + 48 31)] Can

C
—k1C24C33C43 <011 + 1363331) A, + C14C24C31C43by -
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We have treated u, as an unknown without discretization in the above derivation
based on the GPM.

Thus, Egs. (5.21) and (5.23), Eq. (5.24), and Egs. (5.58)-(5.59) together form
a higher-order accurate finite difference scheme for the heat conduction model in

unsteady-state case with Dirichlet boundary. The scheme can be rewritten in matrix

form as
Api™™ = dp, (5.60)
Sn+1 _ [,on+l . ntl n+l , n+l . n+l . n+l  n+l  n+tl n+l  nt+1 17T
where u —[ul SUg ey U o Uy, U ,um+1,um+2,um+37...,uM_2,uM_J ,
10+2/L1 1—,u1

I~ 104200 1=

Iy 1042401 1=y
C51 C52  Cs3

Ce1  Cp2 C63

I 104200 1—p12

I=po 1042p0  1—po

I=pg 104242
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(1) +L0=2 ey )+ ul +Q71)1 _( !
(1024 us 1+ 1)u§+(Fl)Z+ 2

(102 g+,

[N

D=

(g o H10-2ps,_ 1 +EY) 3

Csn
and dp = Cén

(It HLO—2p0)ual (Lol D)

n n n nt3
(L o, 4ot (LO=2 0ty s ptaur, D)

n n n n+3
(I H10=2pu0hut s (o, o), 2
el
(ol H10-2pulyy o HIHpulyy +HED) 2

(e 5#00-21y CH B2 — (=l
where (Fl) (fl)n+2 +10 (fl)n+2 +(f1)]+1 1< <m—1; (Fz) " (f2)n+2

,_.

(f2)n+2 + (fg)]Jrl ,m+1 <75 < M —1. Note that Ap is a tridiagonal matrix,
one can use the Thomas algorithm to obtain the solution efficiently. Once the values
of wth, wrtl utl and wl'tl, are obtained, the values of w!, wf!) (u,)}"" and
(ux)?fl can be easily obtained by using Eqs. (5.52)-(5.57).

Egs. (5.21) and (5.23), Egs. (5.32) and (5.37), and Eqgs. (5.58)-(5.59) together
form a higher-order accurate finite difference scheme for the heat conduction model in
unsteady-state case with Neumann boundary. We can rewrite the scheme in matrix
form as

A"t = dy, (5.61)

)

Al — [l gl gt n+l 4l on+l  ntl n+1  ntl n+l]T
where 4" = [uo Uy U U T U T U U T U, U, Uy



and d, N=

Stpr 1=

Iy 104200 1=y

Iy 104241 1=y
Cs1 C52 Cs53
Ce1  Cp2 C63

I—pao 104209 1—po

G—p11) upAH1 i LF) 2 LD)"

n-+

SIS

(pa)ugHA0=2puyHI+pus+HM Fy

D=

(-0 2+ g+ FYy

nal

(b, (L 0—-2p Y, (g M FY) %
C5n
Cén,

n n n g
(1‘|—,U 2)um+ 1+(1 0_2/~j“2)um+2+(1+:u 2)um+3+(M F2 +22

il
(1 gy, o H10=2pg)uyy, st (tpoury, M F 123

n n n n+3
(gl 5 H10=2p0lulyy o H-(Ipguiyy +HM Fo)y, %
n—l—%

(1+N 2)U71\L/1 - 2+(1 0_2,112)1171\1/1 - 1+(1+/~L2)U§\L4+(M F: 2)M— 1

(Hpauy_+HO—puf H(RE) 2+ RP)"

I—po 104200 1—ps

I=pa  Stpe

69
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where (LF)"% = 505 (A)0™ + (107 + b ((£),5 7]
(L®)" = —hy [(14 1) (6)" "+ (1 — ) (o1)"]
(RFY™E = 20 [5 (£)17% + (B3 = ha (B3]
(R®)" = hy [(1+ pa) (¢2)" " — (1 — pa) (¢2)"] . Once the values of s, u', urhl
and ul, are obtained, the values of «"*', w"T (u,)}™" and (u,)}" can be easily
obtained by using Egs. (5.52)-(5.57).

Egs. (5.21) and (5.23), Eqgs. (5.38)-(5.39), and Eqs. (5.58)-(5.59) together
form a higher-order accurate finite difference scheme for the heat conduction model

in unsteady-state case with Robin boundary condition. The scheme can be rewritten

in matrix form as

Apu™™ = dp, (5.62)
n+1 _ [+l nt+l . ntl n+l  n+l o nt+l  ntl n+l  n+l  nt+117T
where ¢"t" = [uo LU Uy T T L u ) , uhy oy, uly } ;

Sttt ) 1w

1-,Uq 10"‘2“1 1_,ul

I—py 104241 1=q
Cs1 C52 C53
Ce1  Cp2 C63

T 104200 1—puz

1—,[12 10—|—2,U,2 1_M2

I—=po 5+M2+Z—22h2 (I4+2)
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22 = (12 | g gL F) 2L

(It O0—2pa )+ g+ (M )2

n—+

=

(g0 2 (g +-(M Fy

ntl
(e, H10—-2p 3l (s HMEL
Csn,

and dp = Con

n4L1
(It U020t oo (il o HM )3

ntl
(1 ol o (L0—2pa0ul s (paouly (M For

(Itpaguyy 102ty o H(Itpguly, M Fo)yy %

nal
(It 102y (gl +HM oy 2,

(il 2 b= (=B oy HRE) E+(R)" |
Again, Ap is tridiagonal; one can obtain the solution efficiently by the Thomas

algorithm. Once the values of u/;"", ut, wt and u't}, are obtained, the values of
u ) () and (u,)7 can be obtained easily by using Egs. (5.52)-(5.57).
In summary, we have developed three higher-order accurate finite difference
schemes for the unsteady-state heat conduction model with either the Dirichlet bound-
ary condition, the Neumann boundary condition or the Robin boundary condition.
The schemes are third-order for Neumann and Robin boundaries, fourth-order at the
interface. Again, it should be pointed out that on the derivations of schemes for the

Neumann boundary, the Robin boundary and at the interface, we did not discretize

the first-order derivative, u,, which means the GPM has been used.
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5.3 Schemes for Nanoscale Heat Conduction Model
To derive higher-order compact finite difference schemes for solving nanoscale
heat conduction model, Egs. (3.29)-(3.36), we first introduce a new function, v (z,t) =
ug (z,t) . As such, the nanoscale heat conduction model can be changed to
pCa(uy + 7V0y) = ky (u + T}%m) Y hi(et), 0<az<l, 0<t<T, (5.63)
p2Cs(uy + 7'(1(2)%) = ky (um + 7}2)219“) + fo(x,t), Il<x<L,0<t<T, (5.64)
subject to the initial and temperature-jump boundary conditions as
u(z,0) =1 (), v(z,0)=p(z), 0 <z <, (5.65)
u(x,0) =19 (), v(z,0) =g (), | <x <L, (5.66)
—oquy(0,t) +u(0,t) = ¢1(t), — oqug(0,t) +0(0,t) = (¢1),(t), 0<t<T, (5.67)
gty (L, t) +u(L,t) = @2 (1), aovs (L,t) v (L,t) = (d2),(t), 0<t<T, (5.68)
and the interfacial condition at x = [ as
ur- (t) = up+ (), v () =vp+ (1), 0<t < T, (5.69)
b | () (078 ) (O e [ () o (0472 (s (1), 0 EST. (5.70)
We first design a mesh, as shown in Figure 5.3, where grid sizes and time step
are hy =1/m, ho = (L —1) /(M —m), At = T/N, respectively, and m, M (m < M)
and N are positive integers. Grid points in the mesh are denoted as z; = jhy,
0<j<myaj=1014+G—mhy, m+1<j5<M;t,=nAt 0<n<N and
Q ={z;]0 <j < M}, Qar = {t,]0 <n < N}, where the interface is located at grid

pOiIlt ry = (m+ 1) hl =1.



73

A
[
tn+1
At
t
n
Y
f Oh A Ih A - >
X
Xo 1% % Xn-1Xm 1% 2 X Xnee -2 *m-12 Xm
Layer 1 Layer 2

Figure 5.3: Two-dimensional mesh for nanoscale heat conduction model.

Denote 7 and v} to be the approximations of u (z,t,) and v (z;,t,) , respec-
tively. For simplicity, we also denote u;, vj, (ut)j, (vt)j, etc. to be the values of
u(xj,t), v(x,t), u(z;,t), v (x;,t), and so on for others.

For the interior points, x; < z; < x,,_1, the fourth-order Padé scheme gives

pllgl |:<(ut)j—1+7-q(l) (’Ut)j—1> +10 ((Ut)j+7'q(1) (Ut)j) + <(ut)1'+1+7_f1(1) (Ut)j“ﬂ

k
:F |:<Uj_1 + Tj(wl)’Uj_1> -2 <Uj + T}l)@j) + <Uj+1 + 7'7(11)1)]'4_1)}
1

+1_12 |:(f1)j—1+10 (fl)j+(f1)j+1] ‘|‘O(hzll> . (571)
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Using the Crank-Nicolson method gives

PG (w4 2 0p) = 8 (g ) 4 200G (e ey
O (w7 00g) + L () — S (e )
:Qk—hl2 (“?fll + 75y nH) + Qk—m (u?_l + T}l)v?_1> - % ( 4 ) "“)
2 ( ) 2]212 ( T 7 ;Ljrrll) + 2747_}11% ( Uj+1 + 74 ]+1>
% I 10t +f"+2} +0 (b + A, (5.72)

Separating the time levels ¢, and ¢, yields

C k 10p,C
P11 (uﬂjll_l_T(l)vnH) 1 ( §L+11+ (1) n—l—l) n P1 1( ?+1+ (1)U;z+1)

12At ¢ It op? Yim1 12At
kl n 1), n plCl n n kl n n
i nt <uj+1 +TT(F)UJ+1> * 12At (i + 7 ( ) o) - 2h? ( i +7¢(p) Jrll)

n n kl n 1) n 10p101 n n
(uj_l + Tq(l)vj_l) + 53 (uj_l + T})v-_ ) + DN (uj + Tq(”vj)

1) n) nCi 1, n ky ( (1) n )
— Uy + Tp v ) + Uiy + T, 00 ) + — + 7
2 ( )+ ag Wa T ) 2p2 \ " T Ui
! n+ty n+ty n+3 4 2
By dropping the truncation error, multiplying both sides by Zf—éf, and letting p; =

6k1 At >\
p1C1 h% y N1 —

m c , then introducing two new function wy, (z,t) = u (x,t) +7sV (x,1)

wr, (z,t) = u(x,t) + Tf(pl)v (x,t), where 0 <z <, 0 <t < T, the above equation can

be expressed as
n 1 n+1 n+1 n+1
(wa) + — (le )3 1t 10( ) i + 211 (le )j+ + (wth)jil Ha (le )gj-_l
(wa )] 1 + (le )3 1 +10 (wa) 2:u1 (le) + (wth )Z’L.H + (le );L-H

n+i n+i n+i .
[ 10 ()7 ()] 1< m- (5.74)
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For v (z,t) = u; (2,t), a second-order approximation in time gives

n+1 n n+1 n
! =+ vk u- —u
/ L= L+O0 (A1), 0<j<M 5.75
implying that o/ = £ (u)™" —u}) — v}. Substituting it into Eq. (5.74) gives
2 2\ .
{(1 + 7 )A ) — (1 —l—T}l)Kt)} ut
[ 2 H 2| 5 1
+ | =7y 57 H T })AJ g+ [ | o

[ 2 2
+ {10 (1 +7Y At) + 24 (1 - T}”E)] uit!

+ —107'q

i 2 52\ .
+ <1+T‘1(1)At) — <1+T7(1)At):| Ty

2 W 2| n (1)
S R O ] AR e AR e

2
Y — 21T (I)A } u + [ 107’11(1) — 2#17'7(})] U;L

=1+ m]uj_y + [10 = 2] uf + [1 + ] uf

+ [Tq(l) + ,ulT}l)] U;L_l + [107'(](1) — 2,u17':(p1)} U + [ M) 4 ulT:(F )} (o
£ [ 100007 + (L (5.76)
Thus, we obtain a fourth-order compact finite difference scheme as
A - ug‘fll + By - u;‘“ + A - ug‘jfll
=Ag - uj_y + By-ul + Ay - ujy
+ Ay 0y Byl Ayt ()T 1< <m, (5.77)

where A; = (1 —I—Tq(l)é) — I (1 +T:§«)At) By =10 (1 —l—’Tq(l)%) + 2 <1 +7'¢(F1)At>,
dp= (147" &)+ (1= ) B =10 (14702 ) =2 (1= 7V 2),

Ay =20, By =20r, ()] =\ (075 10 (007 + ()7
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Similarly, for interior points, x,,+2 < x; < 21, a fourth-order compact finite

difference scheme can be obtained as
1 n+1 ® n+1 1 n+1
1 n D n 1 n

n+2

+A3 'U 1‘|‘Bg U +A3 U+1—|—(F2) ,m+1§]§M—1, (578)

where Ay = (14722 )~ (1472 2) . B =10 (1472 2) v 2 (14722,
A, = ( 147 )At> + 2 (1 _7_’}2)At> . By =10 (14_7(]( )E) 2y (1 _Tc(r2)m>

~ n n n n 1
Ay =277, By = 20n", (B = % [R5 +10(£)]7 + (R)11F ] o = 2288,

_ At
Ay = p2C2”

For left boundary conditions, which are
— Uy, (0, t) +u (O, t) = (bl, (579)
—oqug (0,t) +v(0,t) = (¢1), . (5.80)

by Eq. (4.2a), we have

h3 5h3 h3

g = ug + hy(ug)o + 12(um)1 + 1 L (U)o + 12(%3) (5.81)
h? 5h? h3
vy = vg + hi(v)o + 12(vm)1 +0 L (00 )0 + 12(%3) (5.82)

Multiplying Eq. (5.82) by 7'}1), then adding it to Eq. (5.81), we obtain

uy + Tf(pl)vl =ug + T}l)vo + hy [(ux)o + Tf(pl)(vx)o}

+ % [(“m)l + Tél)(””)l}
+ 51—h; [(Um)o + (1)(Uxx)0]
0 (o + 0] (5.53)
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Eq. (5.63) gives

p1Cy (), + 70 (0),) =k _(U:c:c)l + (1)(vm)1] +(f1);, (5.84a)
POy () + 7 (00),) = ka -(U:c:c)O n (1)(vm)0] + (£ (5.84b)
pCh ((Uxt)o + 7'[1(1) (Uxt)o) =k :(ums)o + T:(Fl)(vms)o} + ((fl)x)o . (5.84c¢)

Solving ()1 —I—Tf(pl)(vm)l, (um)o%—ﬁ(pl)(vm)o and (uz3)o +7‘¢(p1)(vx3)0, then substituting

them into Eq. (5.83), we obtain

Uq + 7'7(11)1)1 =Ug -+ Tj(wl)’Uo + hl |:(um)0 + T}l)(vm)o]

2

b [ (w780 00,) ~ (5]

+ % [plcl ((ut)o + 7_q(l) (“t)o) - (fl)o]
+ 1Zk1 [91C1 ((tta)y + 70 (var)y) = ((F1),),] - (5.85)

Applying the Crank-Nicolson method to Eq. (5.85) gives

poun [ (o 7)) = (ui 4 7o)
12k, At

spcu [ (u™+mPoptt) = (ug+ i)

12k, At
pnoniit [ (it + 70w = ()i + 7 (w5
12k, At

1 1
=5 [u?“ + 7'7(11)1)?4-1] + 2 [u? + T}l)vﬂ

1 1
- |: n+1 + 7T (1) n+1:| _ |:u6L +77(~1)U(7)L:|

2 2
- % [(Ux)"ﬂ + (1)(1):(;)6‘“] - % [(ux)g + Tf(pl)(vx)g]
h3 ntl  BhZ il B nil
* 12!1<: (Pl "+ o7 12k, (f)o * + 5 12k, ((f1))o *- (5.86)
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Multiplying both sides by 128.8L ‘letting A\, = -2 = SRBL g, (2,1) = u(2,t)

p1C1h3’ p1C1? K1 = p1C1h3?

+'7'q(1)'U (l'>t)> and W, (l’,t) = u(x,t) +7—7(’1)'U (l’,t), where 0 < 2 < l’ 0 S t S T’

rearranging the terms, we rewrite the above equation in a simple way as

n+1 n+1 +1

(wa )} = i ()T 45 ()™ o o ()
[ ((wg), )y ™ o ((w0r), )

= ()} + o ()} + 5 () = pn ()
i [((wq),)) = 1m (), )]
o [T 5 (05 b (£

Egs. (5.79)-(5.80) give

(™ = - (0 = ).
™ = o [ = ((00)™].
() = - (0 = (@),
(vl = o 1 = (1))

Substituting them into Eq. (5.87) yields

n+1 n+1 n+1 n+1
(we )1 — g (w7 45 (wg, )y + pa (wry)g ™

(5.87)

(5.884)
(5.88D)
(5.88¢)

(5.88d)

1 n 1 n n
+ a_lhl (14 ) (ug™ = (1)) + a—lhl <Tq(1) + MlT}D) [op ™ = ((61))""]

= (wg,)} + 1 (wr, )17+ 5 (wg,)y — i (wry)g

o (1= ) (0 = (007) + - (70 = rf?) o8 = (00,

o [0 5 (05 b (£

(5.89)
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Substituting v"+1 é (u}”rl — u;‘) —vj, 7 = 0,1, into the above equation, we obtain
2 n n n
(1 — 1) U?H + (7'(1(1) - NlTC(rl)) {E (U1+1 - ul) - Ul:|
2
b5 )+ (5 ) | (™ ) = ]
_hl (1 4 ,ul) ( n+1 (¢1)n+1)
2 n
b (o0 rf?) | 2 (7 = ) = o (00"
= (1 )+ (7 + ) o (5= )i + (570 = i) o
LR n ™) 4 A h (20— DY [ — n
+ o (1 —p) (ug — (¢1)") + o \Ta Ty [vg — ((¢1),)"]
n—l—% n—i—% n—i—%
0 [ET 5 O (A, (5.90)
After some algebraic simplifications, a third-order scheme can be obtained as
LBy -uy™ + LCy - upt!
+ LBy ol + LCs - o + (LF)"*2 + (L®)", (5.91)

where LBy = 5+ i + (57 + i) &+ 2 (1 ) + 2 (70 + ) 2,
LCi=1- /~L1+<Tq( )—MlT} )%, LB2=5—M1+<57'¢1(1)+M17}1)) =+ a_l(l Y

+ 2 (1) + rf) &, L =14+ (! ng}l)jt, 3= (10+2h ) 7",

LGy =21, (LEY™ =X [(f0) 545 (1) (1), >"+2} (L®)" =1+ (1+m)
(60" ) = (1= ) ((60)") 2 (78" ) (00),)" =2 (70 = prr ) (0"

For right boundary conditions, which are

gty (Lyt) +u (L, t) = ¢o (1), (5.92)

QU (L, t) +v (L> t) = (¢2)t (t) ) (593)



by Eq. (4.2b), we have
h3 5h3 h3

upr—1 = upnr — ho(ug)r + 12(uxx)M 1+ == D (Ugz) s — E(Ux3)M,

h3 5h3 h3
Uapr—1 = Unr — ho(vg)p + 12(Um)M 1+ == I ( o)M — 1;(%3)1\4

Multiplying Eq. (5.95) by 7'}2), then adding it to Eq. (5.94), we obtain

(2)
Upr—1 + Tp "Up—1

=un + T}%}M — ho [(ux)M + 7'}2) (vm)M]

h3 2

+ E [(uxx)l + 7-1(“ )(Uxx)M—l]
5h3 )

+ E |:(u:c:c)M + TT ('Uxx)M]
h3 9

— 2 | + 72 0]

Eq. (5.64) gives
1

(Ugz) -1 +7'1(“2)(Um)M—1 = l{:2 [/7202 ((ut)M—1 + 7'52) (Ut)M—l) - (f2)M—1} )

(ot + 782 (0ae)as = - [p2Ca ((wn)yg + 7 (1)) = (]

(ug)ar + 72 (W)t = = [paCa (tar)y + 72 (i) ng) — (F2)o)y] -

ks
Substituting them into Eq. (5.96) yields
Upr—1 + Tc(pz)UM—l

=Unr + 7':512)'UM — hg [(Ux)M + (2)(1)50)]\/[]

2

+ T (0200 (s + 73 (@) 1) = (f2)as]
+ 15;;22 [02Cs () g + 72 (1)) — (f2)ar]

_%[[,202(( Dt + 72 Wat)ar) = (F2))a] -

80

(5.94)

(5.95)

(5.96)

(5.97a)
(5.97b)

(5.97¢)

(5.98)



81

Applying the Crank-Nicolson method to Eq. (5.98) gives

n n n 2 n
p2Ch3 (ul\/}Hl + Tq( : M+11) - (uM—l + Tq( )UM—l)

12k At

n+1 (2) n+1 n (2),n
5p2C5h3 <UM +7q v >_ <UM+TQ UM)

12k, At

oG [ (i + 72 i) = () + 2 (02

12k At

:1 [un+1 +7_( )Un+1:|_|_1|:u —|—T ’U :|__|: n+1+7_ n+1:|

2 M-—1 T YM-1 2 M—-1 T “M-1 T Upm
Lin . @ ha [ o1 @ o] | h2 (2)(,, Yo
§&w+wvﬂ+5{<> + 0 @5+ 2 [+ ()

n+ 5h% n+ h3 TL—l—
’ : . 5.99

b ik (i 2 (R = 1o () (5.99)

Multiplying both sides by ;?gﬁg’ letting Ay = pféz, [y = pi%ﬁé, Wy, (2,8) = u (z,t) +
&y (x,t), and wr, (z,t) = u(x,t) + 7'}2) (x,t), where 0 < 2z < 1,0 <t < T,

rearranging the terms, we rewrite the above equation as

n n n n n+1 n
(qu)]\/—[i__ll_:u2(wT2)Aj_—11+5(wq2)1\}—1"i_/~b2(wT2)1\/;—1_h2 [((qu)x)O _:u2((wT2)gc)0+1]

=(wes ) yy 12 (W, ) 5 (We, ) 2 (W, ) jy—ho [((qu)x)g+u2 ((wn)x)g}
e [ +5 (s * = ha (R3] (5.100)

Egs. (5.92)-(5.93) give

(ua) 3 = —a% (up* = (02)"™), (5.101a)
)i = = [ = (@)™ (5.1011)
(uz)yy = —a% (uhy — (62)"), (5.101c)
()l = —— [ — ((8))"). (5.101d)
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Substituting them into Eq. (5.100) yields

n n+1
(W) iy — 2 (W, )y 5 (W) of + o (wry)

F 20 ) (i — (0" 2 (8 4 rf®) [u5 — (62"
2 2%

= (w42>§(/[_1 + 2 (wT2)nM—1 +5 (w%);t/[ — M2 (sz)nM

422 (1= ) = (02 + 22 (52— park?) ok = (00))")
+ X [(fz)ﬁf_%l 50— ha ((f2), )"“} : (5.102)

Substituting vf ™" = 2 (vt — ) — 0¥, j = M — 1, M, into Eq. (5.102) gives

n 2 n n n
(1 — ,ug) u]\/?_ll —+ < (2) _ 2 T7(“2)> |:E (u]\/?—_ll — uM—l) — UM—1:|
2 n n n
+ (5 + po) uliit + <57'q(2) + /@T}m) [At (uhf —uly) — UM:|
+a_2(1+ﬂ2)(M — (¢2) )

o 2 .
+ — o < (2) + M27-7(2)> |:At (ugzj-l . ur]\zi) . U]r\z/[ i ((¢2>t) +1:|

= (1 + po) ulyy 4 + < 2+ /~L2T} )) Ur—y (5 — p2) ufy + (57'[1(2) — ,u27':(p2)) Uy

+ 22 (1= ) (= (62)") 2 (7 = parf?) [y = (80))"
o [(Rh +5 (0 = ha ()] (5.103)

After some algebraic simplifications, we obtain a third-order scheme as

RAl . un-l—l 4 RBl n—l—l
=RA; -ufy,_ + RBs - U}y,

+ RAs - v%,_, + RBy -0 + (RF)""7 + (R®)" (5.104)
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where RA;=1—po+ <Tq(2) —,u27':(p2)> %, RBy =542+ (5771( )+,u27'}2)) Azt 4 b2 (1+,u )
+h ( @ 4 i ) 2 RA2:1+M2+(T§2>—MZT} ) 2 RBy=5- u2+(57q +u27}2>)%
220 =)+ (17 4 par?) F| RAs =277, BBy = (10+22) 77,
(B®)"=L2 [(1+ 1) (62) - (182 + 1a7f)((62), )"+ 1= (L= ) (62)"— (= par?) (02",
- ntd nd
(RE)™ 5 = ()25 ()i = ha((£2)001 ]
At the interface, by using Eqs. (4.21a)-(4.21b), we have
Um—1 — 32Um + 31U17 - 30h1 (ux)l,
hi 5
) [35 (o) - + 8 (Usa),, — (Um)m—l} + 20 (ugs) - (5.105)
Um—1 — 32U, + 31v;- — 30hy (vy),-
h? 3
=—3 35 (Vaz) = + 8 (Vo) — (Vz) ] + 203 (v33) -, (5.106)
U2 — 32Upmy1 + 3lups + 30hs (uy) -
h3 3
= 3 [35 (um)ﬁ +8 (um)m+1 - (u$$>m+2] — 2h; (uoc?’)l,+ ) (5-107)
Um+2 — 32Um+1 + 31U[+ -+ 30h2 (Um)l+
h3 5
= ? [35 (Um)ﬁ +8 (Urr)m+1 - (wa)m+2:| — 2h; (Ux3)1+ . (5-108)
Multiplying Eq. (5.106) and Eq. (5.108) by T:(Fl), 7}2), respectively, then adding them
to Eq. (5.105) and Eq. (5.107), respectively, we obtain
<um_1 + T}l)vm_1> — 32 (um + T}l)vm>
+31 (ur +7§%Iﬁ> — 300, (( -+ x)z—)
- _ h_% (1) (1)
- 3 35 (uxx)I* _I'TT ('Uxx) +8 (uxx) + T (U:c:c)m

_ ((um)m_l + 7}”(%),”_1)] +on? ((uxs)p + T}”(vmg)lf) , (5.109)
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and

(um+2 + 7}2)2}7”_;’_2) — 32 (um+1 + T}Z)UmH)

+ 31 (u1+ + 7‘:512)1)[+> + 30h; ((ux)ﬁ + 7‘}2) (vx)1+>

_ %5 135 ()i + 70 (a1 ) +8 (aw)mis + 78 (V)i )
~ (ee)msa + 7 adnre ) | = 203 () + 700, ). (5:110)

Egs. (5.63)-(5.64) give

p1Cy ((Ut)i+7‘q(1)(vt)i)=k1<(um)ﬁf}l)(vm)i)%—(fl)Z. ci=m—1,m,1", (5.111a)
p2Cs ((ut),.+7q<2>(vt),.)zk:z((um)+ (2)(vm)> Hfo);, i=m+2,m+1,I",  (5.111b)
p1C (te) - + 7 (0p)-) = Ko ((ums)r + 7 (0g3), ) +((f)e);,  (5.111c)

poCa () e + 7 () 12) = ko () o+ 787 (vas) ) + (fo)e)e - (5:111d)

Solving () 175 (Ve )y » () 73 (Va5 (1) pA7 (v ) - and (wgs) oty (vg8) 1o

then substituting them into Eq. (5.109) and Eq. (5.110), respectively, we obtain

(um_1 + T}l)vm_1> —32 (um + T}l)vm)

+ 31 (ur + T}l)vp) — 30h, ((um)p + T}l)(vm)r)

- B (), + 0 0)) - 1 (), |

= S (ot 7 00, - 0,

h_% p1Cy
3 ky

_|_

w2 |2 () 70 o) = (), ] G
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and

(Um+2 + Tc(pZ)Um+2> — 32 <Um+1 + Tc(pz)Umﬂ)

+ 31 <u1+ + 7‘}2)1)1+> + 30h, ((ux)ﬁ + 7‘}2) (vx)ﬁ)

35h2 C 1
- B0 (2% ) 02 (01— 1 (]

8h2 [ poC 1
- S 1 )y 472 (s — - P

h2 [ psC: 1
#5222 Wy + 7 (s~ - e
1

(' )
— 2h3 {p]@ (Uat) p+ + Tq( ) (Vat) 4 — oy ((f2)m>[+:| . (5.113)

Then, the Crank-Nicolson method gives

1

5 [( nt1 47 (1) :zn+11> i (u?n—l_l_T}l)vfn—l)}

— 16 [( nil g () ;H) n (u;jw}”v:;)}
31

+ 5 [(u?fl + T})v?f’l) + (u?f + T}l)v?,)]

~ 15k, [((ua?fl ) + ()i + 7 )]

3l<;11A1t (7™ + Tq(l)vfjl) — (uf- + Tél)vp)}
8 Cih3 . . §
= S [+ 7o) = (a0
Ol ¢, ) ) )
+ 31k11At1 [( m+11 +T( ) m+11) _ (um—l +7_q(1)vm_1”
20 C1 1}

R () 470 @) = ()i + 7Y (w2])]

b Bt es et - o)) e
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and .
n n 2
5 |:< m—:-12 + 7-7(’) m—:-12> + ( Uppt2 + 7_1(“) m+2>}

— 16 [( :Lntrl1+7'f(r) :Lr:i-ll) ‘|'< m+1+7'c(r) m+1>]

31
+ — [(u?fl + T}z)v;ﬁrl) + <u?+ + T}mvﬁ)]

2
150y | ()i + 2 1) + () + 72 ()] ) |
3?;{;22%,5 [(ui + 7Por) — (uly + 70
B -
. gﬁﬁ% [(unh, + 7@ty — (uly + 70, 5)]
B 212222213 ()T + 72 ()05 = () + 72 (0)1)]
0 s (s - (i om (a1 Gy

It should be pointed out that we only discretized u,, at time direction without
discretization on spatial direction, which means the GPM has been used here.

Multiplying Eq. (5.114) and Eq. (5.115) by 1221%5 and 121@%5’

respectively, we

obtain a simple form of the above two equations as

[4 (wq, )52y = (wr ) 2] = [32 (wy)y" = 32 (wr);]
— [140 (wg, )1*" + 3141y (wry) ]
(24 ()7 300 (), )
= [4 (g, )y + pu1 (wr, )] = [32 (wy, )], + 32 (wr, )]
— [140 (g, )7 = 31y (wr, )7 ]
i [24 (e ),) 7 = 300 (), )]

— 4 (35 (07 S (AT - (R = o ())]7F) . (.116)
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and

4w, — s ()] — [32 (w5 — 3200 (o )51

— [140 (wy,) 1 + 31 s (w17

— Dy 24 ((13,),) 1 + 3082 ((wr,), )}

= [4 (Waa ) sp + 2 (W) o] — [32 (way ),y + 32002 (wry )4

— [140 (wy,) T — 31p2 (wr,) ] ]

— ha [24 ((wg,),,) 1 — 30m2 ((wr,),)7:]

— 4% (35 (R)] T +8 (A — (b + 6k ((2),))77) . (17)
Substituting v "' = 2 ("' — u}) —v?, where j = m—1,m, I=, I, m+1, m+2, and

(vx)"Jrl =2z <(ux)?+1 — (ux)?> — (vg)j , where j = 7, I'*, into the above equations,

we obtain

n+1 1) _ (1) 2 n+1 n n

(4—p)upy + <4Tq HATp ) At (um—l - um—l) — Un—1
2
— (32 — 32up ) ult — <32Tél) - 32,1117'7(})) th (uptt —ulr) — vfn}
2
— (140 + 31py) uf™ — (1407‘(](1) + 31u17'¢(p1)> [— (™t —uf) — v?}
+ (24 + 301) hy (ug) 1+
+24 (70 + 307" ) by [Kt ()7 = (ua)j-) = (m)}‘}
= [4(wg ),y + o (wry )] = [32 (wg,)y, + 32 (wry);, ]

— [140 (wg, )}~ — 31y (wry) -] + I [24 ((wg,),) ;- = 30u1 ((wry),)7-]

= (35 (R0 8 G = (A = O ((F),)77). (5115)
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and
n 2 n n n
(4 - :u2) um-:-l2 + <4th(2) MQTJ(?)) |:E (um-:-l2 - um+2) - ’Um-i-2:|
n 2 2 n
— (32 = 32pm) it — (322 - 3247 {E (i = ) — vm+1]
- n+1 (2) 2 n+1 n o
(140 + 31pg) uft (1407' + 31 oty ) (uﬁ,+ uﬁ) vl
At
— (24 + 30p2) i (ug )}
— (247 + 80m? ) | 2 () — () — ()
AL I I I
= [4 (w42>2~b+2 + 2 (wT2)7T7)/’L+2j| - [32 (w42>2~b+1 + 32#2 (wTQ)ZH-J
- [140 (qu)?+ - 31M2 (sz)?Jr] - h2 [24 ((w42>x)?+ - 30/“”2 ((wT2>m)?+}
n n+i n+z n4++
— 0 (35 (£2))7% + 8 (F)id — (fa)omih + 6o ((£2),)777) (5.119)

After simplification, we obtain

MiA; - ult + MyBy -l + MOy - ulf ™ + MiDy - (uy)
=M As - up,_y + MyBy - u,, + MCy - uff— + My Dy - (uy)]-
MAs vy, + M Bs - v, + MCs - v}~ + M D5 - (v,)}-
—an (35 A (A - R o ())17F), (5.120)
and
MyAy - ultly + My By - ulit + MoCho- i + Mo Dy - (uy)!
=MyAy - upy, o+ MoBy - upy,  + MoCy - ufy + MoDy - (uy)7s

M2A3 : U:Ln_l_Q + M2B3 : U:Ln—i—l -+ MQCg . ’U?+ + M2D3 . (’Uw)?Jr

— 0 (35 (12072 + 8 (fa)is — (o)l + 6h (12,0172 (5.121)
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where My Ay = 4(147" 2) = (14740 2), My By = —32(1+47) 2) 432, (1475 2),
MlCl:_14O(1+ )At_3lﬂl(1+TT 2), My Dy =24hy (7P 2 130p by (14712,
MiAy =41+ 70 2) + (1 — 70 2), MiBy = —32(1 + 70V 2) — 320, (1 — 7 2),
M Cy= =140 (14712 4311 (1= f"Z), My Dy =24hy (1702 )30y (1-r{V ),
My Ay = 879, My By = —6479, M Cy = —28078", My Dy = 48k, 73V
MyAy = 41+ 7 2) — po(1+ 70 2), MyBy = —32(1 + 102 2) + 32us(1 + 77 ),
MyCy = —140(1+ ) B up(14+77L), MyDy = —24hy (14772 )30 pahy (14772,
MyAy = 401+ 137 2) + o (1 — 78D 2), MyBy = —32(1 + 717 &) — 32us(1 — 717 2),
MGy = =140 (14772 13105 (177 ), Mo Dy = —24ha(rV 2 180pha (1),
MyAy = 8757, MyBy = —6475" | MyCy = —2807y", MyDy = —48hyry”.

Applying the Crank-Nicolson method to interfacial conditions Eqs. (5.69)-

(5.70) yields

n+1 n+1 n n
ul —upl = ul — uly, (5.122)

ks (1 + 7}2%5) (u) it — Ky (1 + T}”A%) (ug) )™
—ky (1 - 7}1%) (ua)j- — ks (1 - T}Q)A%) () (5.123)
From Egs. (5.77)-(5.78), when j = m, m + 1, we have
Ajultt 4+ Bruptt + Ajul
=Asul_y + Boulk + Asully + Dyl _y + Davll + Dy} + + (Fy )itE L (5.124)
and

n+1 A . n+l
Alul + Blum+1 + A1Um+2

~ ~ ~ ~ ~ ~ ntl
—Aguly 4+ Boul, + Agul o + Dy} + Dy, 4 Dyl + (Fo)i2 (5.125)
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respectively. Combining Eqs. (5.120)-(5.125) together, we obtain a similar system to

Egs. (5.52)-(5.57) as follows:

n+1 n+1 __
u]+ ujf = Qn,

Ky (ug) i = Ky (ug) 7™ = by,

1

n+1 n+1 n+l __
1T Ci2 Uy +ci3- UI TR ()7 = Cin,

C11 -

n+1 n+l n+1l _
Co1 - Up'io + Cop - Uy + Cog - U T Ly (uz)7s = Con,
+ + I

n+1 n+1 n+l _

C31 1T C32 Uy, 33Ul =y,
n+1 n+1 n+1 __

Ca1 " Upylyo T Ca2 - Uiy + Ca3 - U = Cap,

where a, = u?7 — u}ﬁw K, = k‘l (1 +7-7(1)At) Ky = k’g < ‘l"]‘j(?)%) 5

bn = ]{51 <1 — Tj(—‘l)%> (ux)?, — ]{52 <1 — 771(12) At) (ux)?+ y

ci1 = My Ay, cio = M By, ci3 = MiCy, c1a = My Dy,

Cin = My As-ull, 1+ M By -ty + M Co-u) + M Dy (uy);- +M1A3'U;Lm—1

(5.126)
(5.127)
(5.128)
(5.129)
(5.130)

(5.131)

—I—MlBg *Um

+M,Cy - vi- + MiDy - (v,)7- — 4\ (fl)nJr2 +5(f)1 T b ((f1), )n+2 ;

Co1 = M2A1, Cog = MyBy, co3 = M201> Coq = My Dy,

Cop — M2A2‘U:Ln+2+MQBQ'um+1+MQCQ‘U?+ +M2D2(ux)?+ +M2A3'U%+2+M233"Um+1

+MCs - v}y + MyDy - (v) 7 — 4Xs [(ﬁ)’&iﬁ +5 (f2)nJr2 + ha ((f2), )n+2 ;

c31 = A1, 30 = By, 33 = c31 = A1>

1
C3p = Agu;‘l_l -+ Bgu;ib -+ A2u?+1 + Dl’U;LI_l -+ DQ’U;L1 -+ Dl’U?f + 4+ (Fl)fn—i—z 3

Cq1 = A1> car = Ag, c43 = ey = Ay,

Can = /12%? + B2unm+1 + Az“%w + Dl”ﬁ + D2'U777Lm+1 + Dl“?rwrz + (F)

m—+1
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Using a similar argument as in the steady-state case, we can delete u?f L

1 1. . : :
ult, (ug)i Y (ug)7i in the above equations and obtain two equations as follows:

I-
n+1 n+1 n+l _

C51 * Uy q + C59 - Uy, + Cs3 -+ U1 =Con,s (5132)
n+1 n+1 n+l _

Co1 * Uy, + Cg2 - Uy 41 + Cg3 * Upp42 =Co6n, (5133)

where c¢51 = Kjcica (013031 - 011033) — Kycacs (023041 - 021043) )

Cs2 = Kicoscy (013032 - 012033) — K3 (023041 - C21€43),

cs3 = Kyciacs3 (022041 - 021042) )

Csn = —K1cosc3304101, + Koc14C33C41Cop + [K1024013C41 — Ky (023041 - 021043)]C3n
—Ksc14c01033C4, + K2€14C33(C21€43 - 023041)% — €14C24C33C41bp;

ce1 = Kicaacy3 (012031 - 011032) )

Ce2 = Kyc1ac31 (023042 - 022043) — Kicoscyn (013031 - C11033) )

ce3 = Kaciacs (023041 - 021043) — Kicagcqy (013031 - 011033) )

_ Kica4c13c31C C13C:
Con = K1024C31043C1, — KaC14C31C43C2, + [71 aeiiil — Kycaacay (011 + igc;l)} C3n

+ | Kac14Ca3c31 + Kicaacss <Cll + Ciiz?)} Can — Kicaacg3cas <011 + Cif;f) an,
+€14C24€31C43by,.

As the same as before, the GPM was used again here.
Thus, Egs. (5.77)-(5.78), Eqgs. (5.91) and (5.104), and Egs. (5.132)-(5.133)

together form a higher-order accurate finite difference scheme for the heat conduction

model in nanoscale. We can rewrite the scheme in matrix form as

-

A"ttt =d, (5.134)

n+1 _ [,n+l  nt+l  n+tl n+l , n+l ,nt+l  ntl n+l  n+l  nt+1]7T
where —[uo LUy sy Ty U ,um+1,um+2,...,uM_2,uM_1,uM} ,



and d =

LB, LC;
Ay B A
Ay B A
C51 G52 Cs3
C61 Ce2 Co3
A B A

LByl +LCoyu+L Byvi-+LCyut-+ LE) " 3+ L&)"
n+1
A2 u8+B2 U?‘FAQug+A3U6L|—Bgv?+A3U§L+F1 ) 1 T2

n+1
A2 U?—I—Bg UQL—I—AQug—FAgUIL—FBgUEL—I—Agvg—I—Fl ) 2 i

[un

Al ol i+ Agul A Agult_o By Azl S

Csn

Cén
1
A .n R .n A n A .n R N A n nt3
Agtigy, 1 tBoug, o+ Asuy, st Asvy, 1 +Bavy, o+ Asvn, st ), 15

1
1 ..n D . n A .n A .n D .n A .n nts
A2um+2+B2um+3+A2um+4+A3Um+2+B3Um+3+A3Um+4+F2)m+3

Aguyy ot Boufy_oF-Asuly +Avi_ gt Byvly_o+Asvi_ P
A .n R ,n Ao | A o R ,n A on n+g
A2'U/M_2+B2'U/M_1+A2UM+A3'UM_2+B3’UM_1+A3'UM+F2 )M—21

RA®,_ +RBoyul +RA5v?,_ +RByvt +(RF)" 2+ RD)"

n+z
2
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Note that A is a tridiagonal matrix, one can use the Thomas algorithm to obtain
the solution efficiently. Once the values of us™,, u, uth and ul:t}, are obtained,
the values of u', wf!, (u,)}*" and (u,)}' can be easily obtained by using Egs.
(5.126)-(5.131). After all the values of u™*" (including u"**, w7+, (u,)} " and (u,)}1")
are obtained, we can use Eq. (5.75) to obtain the corresponding values of v"** for
preparing the next time iteration.

In summary, we have developed a higher-order finite difference scheme for the
nanoscale heat conduction model, which is the dual-phase-lagging equation. The
scheme is third-order at boundary, fourth-order at the interface. Hence, the overall

schemes are at least third-order. Again, it should be pointed out that the GPM has

been used in the derivations of the scheme.



CHAPTER 6

NUMERICAL EXAMPLES

In this chapter, we will test the accuracy and applicability of those compact
finite difference schemes obtained in Chapters 4 and 5 by four examples. In particular,
the first three examples are to verify the accuracy of the numerical solutions obtained
based on our present schemes for solving the steady-state heat conduction model,
unsteady-state heat conduction model, and nanoscale heat conduction model, respec-
tively. Numerical results will be compared with the exact solutions and numerical
solutions based on the existing methods. The fourth example is to demonstrate the
applicability of the scheme for the nanoscale heat conduction case by obtaining the
temperature rise in a double-layered nanoscale thin film, where a gold layer is on a
chromium padding layer and is irradiated by an ultrashort-pulsed laser.

Example 1. Consider a steady-state heat conduction problem in [65] as

1
Uge =2, 0< < 3 (6.1)
1
10u,, =10e", 3 <x<l, (6.2)
with interfacial condition:
P 2
Up+ — Up- = €3 ~ 3 10 (ug )+ — (ug),;— = 10e3 ~ 3 (6.3)
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and boundary condition either of Dirichlet boundary:

u(0) =0, u(l)=e, (6.4a)
Neumann boundary:
uz (0) =0, u, (1) =e, (6.4Db)
Robin boundary:
—uz (0) +u (0) =0, u, (1) +u(l) = 2e. (6.4Db)

It can be seen that the exact solution is u(z) = 22, if 0 < z < &; u(x) = €, if
+ <2 < 1. We use the three schemes Eq. (4.55), Eq. (5.14) (combining with Eq.
(5.15)), and Eq. (5.16), to solve the above problem corresponding to the three types

of boundaries, respectively.

Table 6.1: Numerical errors and convergence order for Example 1.

Present schemes
Eq. (4.55) (Dirichlet ) | Eq. (5.14) (Neumann) [ Eq. (5.16) (Robin)
M I Ewv| o Order | ||Eum|| o Order | [|Enm|| o Order
9 1.6044 x 1077 | — 2.0465 x 1076 | — 6.6332 x 10~7 | —
18 | 1.1584 x 107® | 3.79 | 1.6070 x 1077 | 3.67 | 5.1046 x 107® | 3.70
36 7.7137 x 10710 | 3.91 1.1090 x 107% | 3.86 3.4904 x 1079 | 3.87
72 4.9705 x 1071 | 3.96 7.2617 x 10719 | 3.93 2.2759 x 1071° | 3.94
144 | 3.1535 x 10712 | 3.98 4.6425 x 1071 | 3.97 1.4520 x 10~ | 3.97
Methods for Dirichlet boundary in [65]

GFM (1st-order) IIM (2nd-order) IMIB (2nd-order)
M | Ewv| o Order | ||Eum|| o Order | [|Enm|| o Order
10 | 1.07x107? — 5.71 x 1077 — 242 x 107" —

40 2.70 x 1073 0.99 3.66 x 107 1.98 1.13 x 107° 2.21
160 | 6.91 x 107* 0.98 2.30 x 107¢ 2.00 6.40 x 1077 2.07
640 | 1.73 x 1074 1.00 1.44 x 1077 2.00 3.90 x 1078 2.02
2560 | 4.32 x 107 1.00 8.99 x 107 2.00 2.42 x 107° 2.01
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In our computation, we choose hy = hy = h = ﬁ We calculate the er-
ror u; — u(x;) and obtain the maximum error |[Eyl|, = 0r<r;zl>§w|uj —u(z;)]. If

|Evn |l = O (R9), then ||En,ll,, = O ((My/M;)*h?). It can be seen that ¢ =

log(HEMQHOO/HEAﬁ ||oo)

Toa (11 /03) , which gives the convergence order. We choose M to 9, 18, 36,

72, 144, respectively. The maximum error and convergence order are obtained, which
are listed in Table 6.1. It can be seen from Table 6.1, the convergence order is around
4.0, which coincides with the theoretical analysis in Chapters 4 and 5. This example
(with Dirichlet boundary) was also calculated by three other methods in [65]. The
numerical results of these methods are also listed in Table 6.1. It can be seen that the
present schemes are much more accurate than the existing three methods, the ghost
fluid method (GFM), the immersed interface method (IIM) and the interpolation

matched interface and boundary method (IMIB) in [65].

3
Dirichlet Boundary
2.5
2 -
o
=2 15}
o
[
£
5 1r _
|_
0.5 : B
* Present scheme
@W%B@E@ —F—— Exact solution —
b g Present at interface
() Exact at interface
-0.5 ! 1 ! 1 1
[0} 0.2 1/3 0.4 0.6 0.8 1
Length

Figure 6.1: Temperature profiles along the spatial direction when M = 36 using
the present scheme for Dirichlet boundary in Example 1.
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Figure 6.2: Temperature profiles along the spatial direction when M = 36 using
the present scheme for Neumann boundary in Example 1.
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Figure 6.3: Temperature profiles along the spatial direction when M = 36 using
the present scheme for Robin boundary in Example 1.
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Figure 6.4: Temperature profiles along the spatial direction when m = 15, M = 30
using the present scheme for Robin boundary in Example 1.

Figures 6.1-6.3 show the temperature profiles along the spatial direction when
M = 36 using the present schemes for different types of boundaries, respectively.
From these figures, one may see a clear discontinuity at the interface and that there
is not significantly different between the exact solutions and numerical solutions.
1/3 2/3

Our schemes can be also used for hy # hy, where hy = =, hy = 57~ Figure

6.4 shows the temperature profiles along the spatial direction when m = 15, M = 30
using the present scheme for Robin boundary. It can be observed from this figure that
there is no significant difference between the exact solution and numerical solution.

Example 2. Consider a heat conduction problem as [70]:

U (,1) = Uy (2,8), 0< 2 < =, 0<t<T, (6.5)

N —

(e
~

<z

IN

1L0<t<T, (6.6)

| =

1
Sug (x,t) = gum (x,t),
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with initial conditions:

u(z,0) =cos(mz), 0 <z < %, (6.7)
u(z,0) = %cos(57rx) : % <z<l, (6.8)
boundary conditions either of Dirichlet boundary:
w(0,t)=e ™ u(l,t)=—e " 0<t<T, (6.9a)
Neumann boundary:
uz (0,t) =u, (1,8) =0, 0 <t <T, (6.9b)
Robin boundary:
—uy (0,8) 4w (0,8) =™ uy (1,) +u(l,t)=—e ™ 0<t<T, (6.9¢)
and the interfacial condition at z = 1 as
e () = up (£) =0, (us),s (£) % (), (t)=0,0<t<T. (6.10)

It can be seen that the exact solution is u (z,t) = e ™ ‘cos(mxz), if 0 < z < 5

w(z,t) = e ™ teos (5rx), if 1 < 2 < 1. We use the three schemes Eq. (5.60),
Eq. (5.61) and Eq. (5.62) to solve the above example corresponding to three
different boundary conditions, respectively. In our computation, we choose h; =
hy = h = ;. At = 1. We calculate the error u” —u (z;,,) and obtain the maximum

error || Ey,nl| = o Bax o u? —u (5, t,)] . If | Ear vl = O (b + (At)") , then

log(|| Bary || /|| Eary v | )
log(M1/M?2)

| Ere |l = O ((Ma/My)" h? 4 (At)”). It can be seen that g ~
if At is very small, which gives the convergence order in space. In our computation,

we choose N = 10° and M to be 10, 20, 40, 80, 160, respectively. The maximum



Table 6.2: Numerical errors and convergence order for Example 2.

Present scheme (N = < = 10°)

Eq. (5.60) (Dirichlet) | Eq. (5.61) (Neumann) | Eq. (5.62) (Robin)
M HEM,NHOO Order HEM,NHOO Order ||EM7N||oo Order
20 | 6.0497 x 107* | — 6.0101 x 107% | — 6.0102 x 10~* | —
40 | 3.8483 x 1075 | 3.9746 | 3.8486 x 107° | 3.9650 | 3.8486 x 10~ | 3.9650
80 | 2.4370 x 1076 | 3.9810 | 2.4381 x 107% | 3.9805 | 2.4380 x 107° | 3.9806
120 | 4.8285 x 1077 | 3.9925 | 4.8303 x 1077 | 3.9927 | 4.8301 x 10~" | 3.9927
160 | 1.5277 x 1077 | 4.0002 | 1.5282 x 1077 | 4.0003 | 1.5281 x 107 | 4.0004

Methods for Neumann boundary in [70] (N = & = 10°)

4th order scheme 1st-order scheme 2nd-order scheme
M HEM,NHOO Order HEM,NHOO Order ||EM7N||oo Order
20 | 4.6704 x 107* | — 7.6308 x 1072 | — 1.4597 x 1072 | —
40 | 2.8689 x 1075 | 4.0250 | 3.1961 x 1072 | 1.2555 | 3.6516 x 1072 | 1.9990
80 | 1.7764 x 1076 | 4.0135 | 1.4944 x 1072 | 1.0969 | 9.1471 x 10~* | 1.9971
120 | 3.5195 x 1077 | 3.9926 | 9.7533 x 1073 | 1.0552 | 4.0684 x 10~* | 1.9982
160 | 1.2332 x 1077 | 3.6454 | 7.2389 x 1073 | 1.0363 | 2.2893 x 10~* | 1.9988
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error and convergence order are obtained, which are listed in Table 6.2. It can be

seen from Table 6.2 that the convergence order in space is around 4.0, which coincides

with the theoretical analysis in Chapter 5. This example (with Neumann boundary)

was also calculated by three other methods in [70]. The numerical results of these

methods are also listed in Table 6.2. It can be observed that the present scheme is

much more accurate than the first-order and second-order schemes, and has the same

order accuracy as the 4th-order scheme in [70].

Figures 6.5, 6.6, and 6.7 show the temperature profiles along the spatial

direction when M = 40, N = 10° at t = 0.5, using the present schemes for different

types of boundaries, respectively. From these figures, one may see that there is no

significant difference between the exact solutions and numerical solutions.
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Figure 6.5: Temperature profiles along the spatial direction when M = 40, N = 10°
at t = 0.5, using the present scheme for Dirichlet boundary in Example 2.
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Figure 6.6: Temperature profiles along the spatial direction when M = 40, N = 10°
at t = 0.5, using the present scheme for Neumann boundary in Example 2.
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Figure 6.7: Temperature profiles along the spatial direction when M = 40, N = 10°

at t = 0.5, using the present scheme for Robin boundary in Example 2.

Example 3. Consider a dual-phase-lagging heat conduction problem as [76]:

(ug (x,t) + uy (z,1))

1 1
=33 (Ugg (2,1) 4 Uy (,1)) — 66_5 sin (gx> , O<z< 3 0<t<l1,

(ug (x,t) + uy (z,1))

1 t m

1 1
=—— (Ugs (T, 1) + dtpys (T, 1)) — 56_5 cos <§m> , 5 << 1, 0<t <1,

372

subject to the initial and temperature-jump boundary conditions as

(6.11)

(6.12)

(6.13)
(6.14)
(6.15)

(6.16)
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and the interfacial conditions at z = [ as

Ur+ (t)—u1+ (t) :O, Oété 1, (617)

1 2

352 ((ux)1+ (t) +4 (Uxt)1+ (t) — 372 ((ul‘)I* (t) + (Uxt)lf ()

=0, 0<t<l1. (6.18)

It can be seen that the exact solution is u (z,t) = ¢~ 2 sin(Zz),if 0 <z < 3 u(z,t) =

ez cos(3x), if 3 < x < 1. We use the scheme Eq. (5.134) to solve the above example.

Table 6.3: Numerical errors and convergence order in space for Example 3.

Present scheme (N = 1= = 10°) | 2nd-order scheme in [76] (N = & = 107)
M ||EM7N||oo Order HEM,NHOO Order
10 | 1.9612 x 1077 | — 2.4247e —4 | —
20 | 1.2327 x 1078 | 3.9918 6.0984e — 5 | 1.9913
40 | 7.4945 x 10719 | 4.0398 1.5268e¢ — 5 | 1.9979
80 | 4.6033 x 10~ | 4.0251 3.8187e — 6 | 1.9997

In our computation, we choose h; = hy = h = ﬁ, At = % We calculate the er-

ror uff —u (z;,t,) and obtain the maximum error || Ey x|l = max |u? — u (x;, ta)|-

=J AR, USRI =4V,

If [|Evynll, = ORI+ (At)), then |[Ewpnll, = O((Ma/M)h?+ (At)"). Tt

lo
can be seen that ¢ ~ g(HEMTC’)Q(U‘Z%Z;WLN||°°) if At is very small, which gives the

convergence order in space. We choose N = 10° and M to be 10, 20, 40, 80,
respectively. The maximum error and convergence order are obtained, which are
listed in Table 6.3. It is noted from Table 6.3 that the spatial convergence order of
the present scheme is approximately 4.0. The result coincides with the theoretical
analysis in Chapter 5. It can be seen that the present scheme is much more accurate

than the second-order scheme in [76].
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Figure 6.8: Temperature profiles along the spatial direction when M = 40, N = 10°
at t = 0.5 using the present scheme in Example 3.

Figure 6.8 shows the temperature profiles along the spatial direction when
M = 40, N = 10° at t = 0.5 using the present scheme. It can be observed from
this figure that there is not significantly different between the exact solution and
numerical solution.

Example 4. Consider a double-layered nanoscale thin film, where a gold layer
is on a chromium padding layer and is irradiated by an ultrashort-pulsed laser, as
shown in Figure 6.9. Each thickness of the gold layer and the chromium layer is 1
(nm), implying that [ =1 (nm), L = 2 (nm).

The thermal properties of gold and chromium used in the analysis are listed

in Table 6.4 [53, 72, 98]. The heat source for both layers is given as [53]:

t,0

t—2t
exp —5—2.77( v a
P

Q(x,t) =0.94J 5

2|
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Figure 6.9: A double-layered nanoscale thin film in Example 4.

where J = 13.7 (J/m?), § = 15.3 (nm ), ¢, = 100 (fs) and R = 0.93. Here, 1 (ps)=

1072(s), 1 (fs) =107'° (s), and 1 (nm) = 107° (m). The initial temperature is chosen

to be 300 (K).

Table 6.4: Properties of gold and chromium for Example 4 [53, 72, 98].

Property | ¢, (J/kg/K) | K (w/m/K) | p (kg/m®) | 7, (ps) | 7r (ps)
Gold 129 317 193000 8.5 90
Chromium | 449 94 7160 0.136 7.86

In our model, we choose fi(z,t) = Q + Tq(l) 9 oz, t) = Q + Téz)%—?. For

ot

the parameters in the boundary condition, we choose a; = ay, = a = 0.05, 0.5, 5.0,

respectively, to indicate that how fast the heat exchanges with the surroundings. A

large o means that the heat transfer is close to the insulated situation. The solutions

are obtained using scheme Eq. (5.134). Again, we take h; = hy = h for simplicity.

Figures 6.10-6.12 show the temperature profiles along the spatial direction for

three different values, a; = ap = a = 0.05, 0.5, 5, at ¢t = 0.2 (ps), 0.32 (ps), 0.5 (ps),

based on a mesh of 40 grid points with a time increment of 0.0001 (ps). At ¢t = 0.2

(ps), the temperature rises to about 311 (K); at ¢ = 0.32 (ps), the temperature at the

gold layer is almost uniform due to the very thin layer. It can be seen that the larger

the « is, the higher the temperature level is.
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Figure 6.10: Temperature profiles along the spatial direction for three different
values, a; = ap = o = 0.05, 0.5, 5, at ¢t = 0.2 (ps), based on a mesh of 40 grid points
with a time increment of 0.0001 (ps) in Example 4.
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Figure 6.11: Temperature profiles along the spatial direction for three different
values, oy = ap = o = 0.05, 0.5, 5, at 0.32 (ps), based on a mesh of 40 grid points
with a time increment of 0.0001 (ps) in Example 4.
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Figure 6.12: Temperature profiles along the spatial direction for three different
values, a; = as = a = 0.05, 0.5, 5, at 0.5 (ps), based on a mesh of 40 grid points
with a time increment of 0.0001 (ps) in Example 4.
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Figure 6.13: Normalized temperature (uua—zio) profiles along the time direction at
location xy for three different values, a; = ay = a = 0.05, 0.5, 5, based on a mesh of
40 grid points with a time increment of 0.0001 (ps) in Example 4.
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Figure 6.13 shows the normalized temperature (#ﬁ(}uo) profiles along the
time direction at location xg, i.e. the gold layer surface. This figure shows that the
temperature rises quickly to the maximum around ¢ = 0.32 (ps). After that, due to
laser heating decreases, the heat transfers through the gold layer to chromium layer.
Thus, the temperature at the gold surface is gradually falling with time increase.

In summary, numerical results have verified the accuracy and efficiency of the
present finite difference schemes with the convergence order of four in space in L.,
-norm. Moreover, the scheme for nanoscale heat conduction model is applied to the
thermal analysis for a double-layered nanoscale thin film where a gold layer is on a

chromium padding layer and is irradiated by an ultrashort-pulsed laser.



CHAPTER 7

CONCLUSIONS AND FUTURE WORK

In this dissertation research, we have developed several higher-order compact
finite difference schemes that can accurately determine the temperature distribution
in double-layered solid structures. Three mathematical models, the steady-state
heat conduction model, the unsteady-state heat conduction model and the nanoscale
heat conduction model, have been considered. We have proved the well-posedness
of these three models. In our derivations of the compact finite difference schemes,
we employ a well-known Padé fourth-order compact finite difference scheme for the
interior points, while on the boundary and interface, the derivative u, is kept without
discretization, which we call the gradient preserved method (GPM). As a result, we
obtain several fourth-order accurate three-points in space finite difference scheme
for the interface. At the same time, we obtain third-order or fourth-order schemes
for the Neumann boundary condition or the Robin boundary condition. We have
analyzed the solvability, stability and convergence order of the numerical scheme for
the steady-state heat conduction model with the Dirichlet boundary, which is proved
to be solvable, unconditionally stable and fourth-order. Four numerical examples
have been used to test the present schemes. Numerical results show that the present

schemes are applicable and provide a higher-order accurate solution. The convergence
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order based on the numerical examples is round about 4.0, which coincides with the
theoretical analysis.

Future study will focus on the analysis of the stability and convergence order of
the present schemes for the unsteady-state heat conduction model and the nanoscale
heat conduction model as well as the extension of our schemes to multidimensional

cases, and the application to multi-layer structures.
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