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ABSTRACT 

Energy exchange between electrons and phonons in metal provides the best 

example in describing non-equilibrium heating during the ultrafast transient. In times 

comparable to the thermalization and relaxation time of electrons and phonons, which are 

in the range of a few to several tens of picoseconds, heat continuously flows from hot 

electrons to cold phonons through mutual collisions. Consequently, electron temperature 

continuously decreases whereas phonon temperature continuously increases until thermal 

equilibrium is reached. Tien developed the well-known parabolic two-step model for 

describing the non-equilibrium heating in the electron-phonon system in 1992, and Tzou 

developed the parabolic model for the non-equilibrium heating in an TV-carrier system in 

one-dimensional (ID) Cartesian coordinates in 2009. 

In the early 1990s, it was discovered that biological tissue, along with a number of 

other common materials, exhibits a relatively long thermal relaxation (or lag) time before 

equilibrium heating. Because a biological cell may contain proteins, water, and dissolved 

minerals, the non-equilibrium heating may also exist in the biological cell when exposed 

to ultrafast heating. 

This dissertation considers the generalized micro heat transfer models in an N-

carrier system with the Neumann boundary condition in ID and three-dimensional (3D) 

spherical coordinates, which can be applied to describe the non-equilibrium in biological 

cells. The generalized models in ID and 3D spherical coordinates are shown to be well-

posed. 
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An improved unconditionally stable Crank-Nicholson (CN) scheme is presented 

for solving the generalized model in ID spherical coordinates, where a second-order 

accurate finite difference scheme for the Neumann boundary condition is developed so 

that the overall truncation error of the ID improved CN scheme is second-order. Two 

improved unconditionally stable CN schemes are then presented for solving the 

generalized model in 3D spherical coordinates. In particular, two second-order accurate 

finite difference schemes for the Neumann boundary condition are developed so that 

overall truncation errors of 3D improved CN schemes are second-order with respect to 

the spatial variable r. The stability of the ID improved CN scheme and two 3D improved 

CN schemes is proved. 

The convergence rates of the solution of the ID improved CN scheme are 

calculated by a numerical example. Results show that the convergence rates of the ID 

improved CN scheme are about 2 with respect to both spatial and temporal variables 

respectively, while the convergence rates of the CN scheme with the convectional 

scheme for the Neumann boundary condition are about 1 and about 2 with respect to the 

spatial and temporal variables, respectively. 

The convergence rates of the numerical solution of two 3D improved CN schemes 

are calculated by two examples. Results show that the convergence rate of both 3D 

improved CN schemes are about 2 with respect to the spatial variable r, while the 

convergence rate of the 3D CN scheme is about 1 with respect to the spatial variable r. 
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CHAPTER ONE 

INTRODUCTION 

Chapter One provides the introduction to this dissertation. There are three sections 

in Chapter One: general overview, research objectives and organization of the 

dissertation. 

1.1 General Overview 

Energy exchange in metal between the electron and the phonon during the 

ultrafast transient laser pulse is in non-equilibrium heating. In the range of a few to 

several tens of picoseconds, heat continuously flows from hot electrons to cold phonons 

through mutual collisions. When the phonon temperature continuously increases, the 

electron temperature continuously decreases until thermal equilibrium is reached. Tien 

developed the well-known parabolic two-step model for describing the non-equilibrium 

heating in the electron-phonon system in 1992 [1], [2]. 

Most multi-carrier systems in nature are in thermal non-equilibrium. For instance, 

non-equilibrium heating may exist in porous media that already involve a more 

complicated system than the Two-carrier system. Also, the phase change in wicked heat 

pipes may involve non-equilibrium heating and energy dissipation among the solid wick, 

liquid, and vapor phases. 

The iV-carrier system is the latest progress in micro heat transfer modeling in the 

past years. The first paper of an TV-carrier system was published in 2009, and described a 

1 
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parabolic model in an TV-carrier system in Cartesian coordinates [3]. Dai et al. developed 

a fourth-order finite difference scheme for the parabolic model in Cartesian coordinates 

[4], and a stable finite difference scheme for thermal analysis in an TV-carrier system [5]. 

Dai et al. also developed a hyperbolic model in an TV-carrier system in Cartesian 

coordinates [6], and a compact LOD scheme for solving a model in TV-carrier system with 

the Neumann boundary condition [7]. 

In the early 1990s, it was discovered that biological tissue, along with a number of 

other common materials, exhibits a relatively long thermal relaxation (or lag) time before 

equilibrium heating [8]. Because a biological cell may contain proteins, water, and 

dissolved minerals, the non-equilibrium heating may also exist in the biological cell when 

exposed to ultrafast heating. 

1.2 Research Objectives 

The objective of this dissertation is to extend the parabolic two-step model in an 

TV-carrier system in ID Cartesian coordinates to the generalized TV-carrier system model 

in ID and 3D spherical coordinates. Also, the project will develop numerical schemes to 

solve the parabolic model in an TV-carrier system in ID and 3D spherical coordinates. 

In detail, research objectives of this dissertation include 

1) To develop the parabolic model in an TV-carrier system in ID and 3D spherical 

coordinates; 

2) To prove the well-posedness of the parabolic model in ID and 3D spherical 

coordinates; 

3) To develop improved CN schemes for solving the parabolic model in ID and 

3D spherical coordinates; 
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4) To prove the stability of improved CN schemes; 

5) To provide numerical examples to illustrate the availability of the models and 

the schemes in ID and 3D spherical coordinates. 

1.3 Organization of the Dissertation 

Chapter One provides an introduction for this dissertation with a general overview, 

research objectives and organization of the dissertation. 

Chapter Two examines the background and previous work for this dissertation. 

Macro heat transfer will also be discussed in the chapter, as is the two-step model in a 

7Vo-carrier system for micro heat transfer in parabolic format. Also reviewed is the latest 

progress of the model in an JV-carrier system of recent years. 

Chapter Three develops the parabolic model in an jV-carrier system in ID and 3D 

spherical coordinates. The initial condition and the boundary condition for the model will 

also be discussed. Also, the well-posedness of the model will be proved in Chapter Three. 

Chapter Four develops improved CN schemes for solving the model. The ID 

improved CN scheme for solving the model in ID and 3D spherical coordinates is 

developed. The stability of the ID improved CN scheme will also be proved in the 

chapter, and a general algorithm as the solver for the linear system from the scheme. Also, 

two 3D improved CN schemes for solving the model in 3D spherical coordinates will be 

provided. The stability of the two second-order schemes will be proved in Chapter Four. 

Also, a general algorithm as the solver for the linear system from the two schemes is 

provided. 

Chapter Five provides numerical examples for the model and the scheme 

developed in Chapter Three and in Chapter Four. /2-norm errors and convergence rates 
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will be provided in Chapter Five. Also, numerical solutions and exact solutions will be 

plotted in Chapter Five. 

Chapter Six contains a conclusion of this dissertation. Also, future research is 

discussed in Chapter Six. 



CHAPTER TWO 

B A C K G R O U N D AND PREVIOUS W O R K 

Chapter Two provides background and reviews the research done previous to this 

dissertation. The background section includes a short review of macro heat transfer and 

micro heat transfer. Also reviewed is the latest progress of the model in an iV-carrier 

system. 

2.1 Macro Heat Transfer 

Heat transfer is the process of energy transition from carriers with high 

temperature to carriers with low temperature [9], [10]. There are three modes of heat 

transfer: conduction, convection and radiation. 

This dissertation will only consider heat conduction. Macro heat conduction 

describes macroscopic behavior of conduction of thermal energy. Macro heat conduction 

can be modeled by the macro heat conduction equation. The macro heat conduction 

equation can be derived from Fourier's law in differential form and the first law of 

thermodynamics (conservation of energy) [9], [10] 

C^L = kV2T + Q, (2.1) 
ot 

where T is the temperature, C is the volumetric heat capacity, k is thermal conductivity, Q 

is the heat source and V2 is the Laplace operator. In different coordinates, Laplace 

5 



operator V2 can be expressed in different forms. In Cartesian coordinates (x, y, z), Laplace 

operator can be expressed as 

~ dx2+ dy2 + dz2 

In spherical coordinates (r, 6, (j>), by substituting the transformation 

x = rs in^cos#, >> = rsin^sm6>, z = rcos</>, 

(2.2) 

(2.3) 

into Eq. (2.2), the Laplace operator from Cartesian coordinates to spherical coordinates 

can be transformed to 

V T = — 
1 d 

r dr 

dT_ 

dr + -
1 

r2sin^ d(/> 

. 2dT 
sin© — + -

\ d2T 

r2sm2<f>d02 (2.4a) 

One can introduce// = cos^ , and Eq. (2.4a) can be transformed to an alternative form 

VT--L! 
r dr 

dT_ 

dr + 
d2T 1 8 

+ —T-r2(\-n2)d02 r2 dju 
dT 

(^% (2.4b) 

2.2 Micro Heat Transfer 

Micro he?t transfer modeling is the study of the physical mechanism and 

mathematical modeling of heat transfer in micro scale. Reviews of micro heat transfer 

modeling can be seen in [11]-[16]. 

Micro heat transfer requires collisions among energy carriers. Micro heat transfer 

by two carriers (7Vo-carrier system), such as phonon-electron interaction in metal, has 

been well studied for many years. At the micro scale, the process of heat transfer is 

determined by phonon-electron interaction in metallic films and by phonon scattering in 

dielectric films, conductors and semiconductors [17]. The general properties of micro 

heat conduction in phonon-electron system can be found in [1]. A well studied 
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engineering example of the Two-carrier system is the micro heat transfer induced by 

ultrashort-pulsed lasers during the ultrafast transient [18]-[54]. 

2.2.1 Parabolic Model in a Two-carrier 
System in Cartesian Coordinates 

The early version of the two-step model was developed by Kaganov et al. in 1957 

[55] and by Anisimov et al. in 1974 [26]. Qiu and Tien developed the parabolic two-step 

model in 1992 [1], [2]. In the two-step model, the first step is the heating of electron gas, 

which can be expressed as 

Ce^f = keV
2T-G{Te-T,) + Q, (2.5a) 

at 

and the second step is the heating of metal lattice, which can be expressed as 

C l ^ = G(T-Tl), (2.5b) 

where T is the temperature, Ce is the volumetric heat capacity for electron, C/ is the 

volumetric heat capacity for lattice, G is the phonon-electron coupling factor and ke is the 

thermal conductivity of electron gas. 

In the non-equilibrium heating in the electron-phonon system, which is different 

from macro heat transfer, the intensity of heat flow is proportional to the temperature 

difference between the electron and the phonon. To mathematically describe this 

phenomenon, a coupling factor G is defined, which is a thermophysical property of 

carriers in micro heat transfer. 

There are applications of the two-step model in Cartesian coordinates, Eq. (2.5), 

to engineering problems. Wang et al. applied a two-dimensional parabolic two-step 

model to study micro heat transfer in a two-dimensional single-layered thin film exposed 

to ultrashort-pulsed laser in [14], [56]-[59]. Zhang et al. applied a 3D parabolic two-step 
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model to study micro heat transfer in a two-dimensional single-layered thin film exposed 

to ultrashort-pulsed laser in [16], [60], [61]. 

2.2.2 Parabolic Model in a TWo-carrier 
System in Spherical Coordinates 

A parabolic two-step model in a Two-carrier system in 3D spherical coordinates 

(r,0,</>) is developed in [11], [12], [62], [63] 

dT he d 
dt r2 dr 

2dT 
r — 

dr 

ke d 
r2sin^ d(/> 

sinffl — 

+-^-^-G&-T>} + Q> (2-6a) 

r sin <p oOe 

C l ^ = G{Te-Tl), (2.6b) 

ot 

where T is the temperature, Ce is the volumetric heat capacity for electron, C/ is the 

volumetric heat capacity for metal lattice, G is the coupling factor between phonon and 

electron and a positive constant, and ke is the thermal conductivity of electron gas. 

The parabolic two-step model in 3D spherical coordinates, Eq. (2.6), is applied to 

study a microsphere subjected to an ultrafast laser pulse [12], [63]. A parabolic two-step 

model in 3D spherical coordinates is developed in [11], [62] to study heat transfer in a 

microsphere exposed to ultrashort-pulsed lasers. 

2.3 Previous Work 

The TV-carrier system is one of the latest developments of micro heat transfer 

modeling [3]-[7]. A brief review of current papers of the model in an JV-carrier system is 

also discussed. 
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The following assumptions to the JV-carrier system studied are: 1) there is perfect 

thermal contact among different energy carriers; 2) the coupling factor Gmmi is only 

decided by the physical properties of the carrier; 3) heat convection and radiation is not 

considered; 4) and all TV-carrier systems are stationary [3]-[7]. 

2.3.1 Parabolic Model in an TV-carrier 
System in Cartesian Coordinates 

Tzou developed a parabolic model for a generalized /V-carrier system [3] 

dTx(x,t) 
C. 

dt 

= kl^
I^-fJG4Ti(x,t)-Tm(x,t)'] + QXx,t), (2.7a) 

ox 

dTm(x,t) 
Cn 

dt 

k/T:{",t)
+fjGm,m[TmXx,t)-Tm(x,t)] 

OX m=\ 

X Gmm{Tm(x,t)-Tm(x,t)\ + Qm(x,t), (2.7b) 
ml -m+\ 

dTN(x,t) 
CN~ 

dt 

= h/TN^,t) + fJGmN[Tn{x,t)-TN{^)yQNW)^ (2.7c) 
ox m=1 

where Tm(m = l,---,N) are the temperature of carriers, Cm(w = l, ••-,#) are heat 

capacities and constants, &ra(m = l, •••,Ar) are conductivities and constants, Gmm, are 

coupling factors between m-carrier and mrcarrier and positive constants, and 

Qm{m = !,-••, TV) are heat sources. In Eq. (2.7), a positive sign denotes energy gain of the 
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system, and negative sign denotes energy loss from the system. Energy exchange among 

carriers in Eq. (2.7) can be seen in Figure 2.1 [3]. 

G12(Ti- T2) 

GmN(Tm- TN) 

G2m(T2- Tm) 

Figure 2.1 Energy exchanges in an TV-carrier system. 

If parabolic two-step models for the Two-carrier system and the ./V-carrier system 

are solved by finite difference schemes, the order of accuracy of the finite difference 

scheme depends on the quality of discretization of Laplace operator Eqs. (2.2) and (2.4). 

The fourth-order finite difference scheme for Laplace operator in Cartesian coordinates is 

developed in [4]: 

^ • L ^ - U ^ E f r - a - f ^ - y ^ . * 8a) 

7[(r.).],-i[fr.).L-[(rVr')']-

(2.8b) 

(2.8c) 
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where Tm (m = 1, • • •, JV) are the temperature of carriers. 

In [4], the authors apply the fourth-order scheme for Laplace operator to the 

parabolic model in an JV-carrier system in Cartesian coordinates. The stability of the 

fourth-order scheme in matrix form is proved by discrete energy method. A numerical 

example of a 77zree-carrier system in ID Cartesian coordinates shows the match between 

numerical solution and exact solution with second-order accuracy. 

2.3.2 Hyperbolic Model in an TV-carrier 
System in Cartesian Coordinates 

Dai et al. develops a hyperbolic model for micro heat transfer of a generalized N-

carrier system in [6] 

drix,t) _ * r /- \ /- M /- x 
C, ^— L = -V-ql-^Gi*lTi(x,t)-T.(x,t)j + Ql(x,t), (2.9a) 

ot 
(2.9b) 

C, 
dTm(x,t) 

dt 
= -V-qm+YjGm''» Tm{x,t)-Tm(x,t) 

N 

+ X Gmm\Tm{x,t)-Tm{x,t)\ + Qm(x,t), (2.9c) 

ot 
(2.9e) 

dT„(x,t) _ * r / - x / - n /- N 
CN ^ — L = -^-qN-2^GmN[Tn,(x,t)-TN(x,t)\ + QN(x,t), (2.9f) 

ot 
(2-9g) 
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where Tm(m = 1,---,N) are temperatures, Cm{jn = 1,---,7V) are heat capacities and 

constants, &m(w = l,---,.Af) are conductivities and constants, Gmm, are coupling factors 

between w-carrier and mj and positive constants, Qm(m = \,--,N) are heat sources, qm 

are the heat fluxes associated with carriers respectively, and Tm are the relaxation time 

(the mean free time) for carriers. 

Well-posedness of the hyperbolic model is proved. An improved CN scheme is 

developed, and the stability is proved in the paper. A numerical example of Three-carrier 

system in ID Cartesian coordinates shows the match between numerical solution and 

exact solution with second-order accuracy. 

2.4 Conclusion 

Chapter Two discussed the background and previous work for this dissertation. 

Parabolic models and hyperbolic models for micro heat transfer models are reviewed. 

This dissertation will consider the parabolic model in an JV-carrier system in ID and 3D 

spherical coordinates, and develop an improved scheme to solve the model. The model 

can then be applied to study the heat transfer in biological cells. 



CHAPTER THREE 

MATHEMATICAL MODEL 

The parabolic models in an TV-carrier system in ID and 3D spherical coordinates 

are developed in Chapter Three. The initial condition and the boundary condition of the 

two models are discussed. Also, the well-posedness of the two models is proved in 

Chapter Three. 

3.1 Governing Equations 

3.1.1 ID Case 

Basing on the micro heat transfer in an JV-carrier system Eq. (2.7) in [3], we 

develop a parabolic model in ID spherical coordinates as follows: 

C 
dTi(r,t) jfc, d ( 2 dTi(r,t) 

dt r2 dr dr 
Y,G^[T(r,t)-Tm{r,t)\ + Qx{r,t), (3.1a) 

C, 
dTm(r,t) km df 2dTm{r,t) 

dt r2 dr dr 

m-i 

+ YJGm,m[Tm,(r,t)-Tm(r,t)] 

X G„,[r»^0-Mr>0]+G«(r'0' (3-lb) 

dTN{r,t) _ kN d { 2dTN{r,t) 

dt r dr[ dr 

/v - i 

+Y,G^[Tn,(r,t)-TN(r,t)] + QN(r,t), (3-lc) 

13 
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where Tm are temperatures, Cm are heat capacities and constants, km are conductivities 

and constants, Gmm, is the coupling factor between m-carrier and /w/-carrier and positive 

constants, and Qm are heat sources. 

To further increase accuracy, the initial condition is set as the exact solution of the 

model when 

Tm{r,0) = r(r), m = \,-N. (3.2) 

Also, it is assumed that there is no heat loss in a very short time period, so the 

boundary condition for Tm at r = L is considered as 

I }=0, m = l,-N, (3.3) 

or 

where L is the right boundary of the radial distance r. 

3.1.2 3D Case 

Following the International Organization for Standards, the three coordinates 
{r,9,<f) for 3D spherical coordinates are defined as follows: for a point in 3D spherical 

coordinates, the radial distance r, ranging 0 < r < 1, is the distance between the point and 

the origin, the zenith angle 9, ranging 0 < 9 < 2n, is the angle between the point and the 

positive z-axis, and the azimuth angle <f> ranging 0 < </> < n, is the angle between the 

point and the positive x-axis. 

In order to analyze the micro non-equilibrium heating in 3D spherical coordinates, 

similar to Eq. (3.1), parabolic model in an TV-carrier system is developed as: 

C, 
dTi(r,9,£i,t)_kl d( 2dT,(r,9,M,t) 

dt r1 dr r 
dr 
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+ -
ki d2T(r,0,V,t) kL_d_((l_ 2.dTi(r,e,fi,t) 

Hl-ju2) d02 +r2dju{{ M> dpi 

^ n, 

Pi 

-Y,G*[Ti{r>0>f'>t)-Tl.(r,0,M>tj] + Q1(r,0,ti,t), (3.4a) 

8Tm(r,0,M,t) _ km d ( 2 dTm(r,0,ju,t)) < km d2Tm(r,0,M,t) 

dt r2 dr dr r2(\-M2) dO2 

+ -r2 dju 
(i-^)ar-(r'g>;<'/)l+g^.[^(r>g^>r)-r,(r,g,/i>0] 

dju 

^G„[LM,A^)-r,M,/' , ')] + e,(^,/'.')- (3 -4b) 

CN 
dT*(r,0,ft,t) _kN d( 2dTN(r,0,/u,t) 

dt r2 dr dr 

^ kN d2TN(r,0,M,t) ; kN d (, 2,dTN(r,0,fi,t) 

r2(\-M2) 802 r2 dju{^ M> dju 

y y - i 

+YJGmN[Tm(r,0,fi,t)-TN(r,0,fi,t)] + QN(r,0,/d,t), (3.4c) 

where 0<r <L,O<0<2TT and ju = cos^ with 0<<j> <n , Tm are temperatures, Cm are 

heat capacities and constants, km are conductivities and constants, G™», is the coupling 

factor between w-carrier and wy-carrier and positive constants, and Qm are heat sources. 

To further increase accuracy, the initial condition is set as the exact solution of the 

model when t = 0 

Tm(r,0,M,O) = T°(r,0,fi),m = l,-N. (3.5) 

It is assumed that there is no heat loss in a very short time period, so the boundary 

condition for Tm at r = Z is considered as: 
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dTm(L,0,fi,t) 
i '- = Q,m = \,---N, (3.6a) 

dr 

where L is the right boundary of the radial distance r. Also, it is assumed that: 

Tm(r,0,/i,t) = Tm(r,0 + 2n,fi,t), (3.6b) 

Tm(r,0,-l,t) = Tm(r,0Xt) = 0. (3.6c) 

3.2 Well-posedness 

3.2.1 ID Case 

Section 3.2.1 proves the well-posedness of the parabolic model in an TV-carrier 

system in ID spherical coordinates Eq. (3.1). Proof is offered that there is a solution for 

the parabolic model in an TV-carrier system in ID spherical coordinates. The solution is 

uniquely decided by the initial condition Eq. (3.2), and the solution depends on the initial 

condition continuously [64]. 

In order to simplify the proof of the well-posedness of the parabolic model in an 

TV-carrier system in ID spherical coordinates, it is assume d that coefficients Cm are 

positive constants, coefficients km
 a r e positive constants and the solution Tm of the 

parabolic model in an TV-carrier system in ID spherical coordinates continuously depends 

on the initial condition. 

Theorem 1. The parabolic model in an JV-carrier system in ID spherical coordinates Eq. 

(3.1) is well-posed with respect to the initial condition Eq. (3.2) and heat source terms. 

Proof. To analyze the well-posedness of the generalized micro heat transfer model in ID 

spherical coordinates for non-equilibrium heating in an TV-carrier system in ID spherical 

coordinates, multiplying Eq. (3.1a) byr2Ti(r,t), Eq. (3.1b) by r2Tm(r,t) and Eq. (3.1c) 
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by r2TN(}",t), summing together over m = 2,---,N-l, rearranging the equation, this 

gives: 

^ dTm(r,t) 2 / x v - 5 

ar dr 
3rm(^0 

dr 
Tm(r,t) 

YJGnim[Tm{r,t)-TmXr,t)yTm{r,t) + Y,Q»,{r>tYTm{r,t)dr. (3.7) 
m,mt =1 
m<m. 

Integrating both sides of Eq. (3.7) over the interval 1 < r < L results in 

f^ dTm{r,t) 2 \ ^ 

J £ C * Qt rTm{r,t)dr = j J > 
d_ 

{tf dr 

dTm{r,t) 

dr 
Tm{r,t)dr 

L N L N 

-J YJ Gmm[Tm(r,t)-Tm{r,t)YTm(r,tYr + y^Qm(r,t)r2Tm{r,t)dr. (3.8) 

The term on the left-hand-side (LHS) of Eq. (3.8) can be written as: 

ltc,^^T.(r,tyclr^U\c.Ti(r,,y dr (3.9) 

-4=g--*Lf dS) 
dn dn J 

and the boundary condition Eq. (3.3), the first term of right-hand-side (RHS) of Eq. (3.9) 

can be simplified to 

i N 

dr 

dTm{r,t) 

dr 
Tm{r,t)dr 

-JI kf 
dTm{r,t) 

dr 
dr + ^kj ^r^-Tm{r,t)\ 

dr 

= -k, 
\fr2(dTm(r,t) 

dr 1 1 / , 

0 " > = 1 

dr. (3.10) 
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Substituting Eqs. (3.9) and (3.10) into Eq. (3.8), multiplying the result by 2 leads to 

— I 
n m=\ I n m=l I Or 

dr 

L N 

+2\YJGmm,[Tm(r,t)-TmXr,t)'}2Tm(r,t) = 2\YJQm(r,t)r2Tm{r,t)dr. (3.11) 
m,mL=l 
m<m. 

0 m =l 

After the non-negative term in LHS of Eq. (3.11) is dropped, the result is 

dt\ 
\^CmTl{rjydr}<2JYJQm(r,tyTm{r,t)dr. (3.12) 

Using Cauchy-Schwartz's inequality (lab < SQ +~b2 for s > 0) results in 
£ 

2jSfi.^0^-(^0^*^JZC-ri(r,0r2^ + j|;-J-fi:(r,f)r^. (3.13) 
=1 Cw Q m=\ v^ m 

Linking Eq. (3.12) and Eq. (3.13) provides a result of 

' L N 

lYjCnTlirjYdr 

Letting 

L N L N 

<)fjCmTl{r,tydr + \fJjrQ
2
m(r,tydr. 

0 m = l * - ' m 0 m = ' 

F(t) = )i,Cj:(r,tydr 

(3.14) 

(3.15a) 

and 

0«=fZ-^e:M^> 
m = l (~- ff 

(3.15b) 

and substituting Eqs. (3.15a) and (3.15b) into Eq. (3.14) leads to 
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dt w w 
(3.16) 

Integrating Eq. (3.16) with respect tot results in 

'rdF(t) r . , r , , 
J — ^ - d t < j F ( s ) d s + jd>(s)ds, (3.17) 

that is, 

F(t)-F(0)<JF(s)ds + j<S>(s)ds. (3.18) 

Using GronwalPs lemma [64] (If Q(^)>0 and y/(t)>0 are continuous function 

such that Q(t)<Zl+Z2\iy(^s)Q(s)ds holds for all t in J7„?„], where Z/ and Z? are 

( • 
positive constants, then Q(/)<Z,exp Z2 \y/ (s) ds holds for all t in [/„?„]) provides 

for any time t on 0 < t < t0, 

F(t)<jl-F(s)ds+ F(0) + jo(s)ds <e' F(0) + jo(s)ds (3.19) 

Finally, substituting Eqs. (3.15a) and (3.15b) back into Eq. (3.19) results in an 

energy estimate for the TV-carrier system in ID spherical coordinates as follows: 

}Y,CmTl(r,t)r2dr 

<, it.C.Tl^Oydr + fj^Qlirjydr 
0 m =l 0 0 m = 1 ^ " " 

(3.20) 

where 0 < t < t0, that is, the solution of the parabolic model in an iV-carrier system in ID 

spherical coordinates, Eq. (3.1), is unique and is continuously dependent on the initial 
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condition and heat source terms, implying that the parabolic model in an ./V-carrier system 

in ID spherical coordinates is well-posed. • 

3.2.2 3D Case 

This section will prove the well-posedness of the parabolic model in an iV-carrier 

system in 3D spherical coordinates Eq. (3.4). Before proving that the parabolic model in 

an TV-carrier system in 3D spherical coordinates is well-posed, the coefficients Cm are 

positive constants, the coefficients km are positive constants and the solutions 

Tm(r,0,ju,t) of the parabolic model in an A -̂carrier system in 3D spherical coordinates 

continuously depend on the initial condition are assumed. 

Theorem 2. The parabolic model in an iV-carrier system in 3D spherical coordinates Eq. 

(3.4) is well-posed with respect to the initial condition Eq (3.5) and heat source terms. 

Proof. To analyze the well-posedness of the parabolic model in an iV-carrier system in 

3D spherical coordinates, multiplying Eq. (3.4a) by r2Ti(r,0,juj) > Eq. (3.4b) by 

r2Tm(r,0,/j,t) and Eq. (3.4c) by r2J,
A,(r,6',//,^) , then summing together over 

m = 2, • • •, TV - 1 and rearranging the equation, this gives: 

LC™ 4 : Lr2Tm(r,0,{i,t) = 2^Tm(r,0,ju,t)km — r2 ^ - '-
T£ St t ^ dry dr ) 

L r , 1 d2Tm(r,0,ju,t) JU d((. 2,dTm(r,0,ju,t)) 
+ / k T r —; -Tm(r,0,U,t)+y k — (l-ju ) Tn\r,0,u,t\ 

iam(l-ju2) 802 *-\>>f*>) ^-d/J[\ H> djU y * K > > t * > ) 
N 

+ X Gmm, \_Tm(r,0,ju,t)-Tm, (r,0,ft,t)YTm(r,0,fi,t) 
m,m,=l 
m<m, 

+YdQm(r£>M>t)r2Tm{r,e,n,t). (3.21) 
m=\ 
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Integrating both s'des of Eq. (3.21) over all governing equations in \<r<L, \<6<2n 

and -l<ju<\, this gives: 

fiftc^-M'*0 
dt 

r2Tm(r,8,ju,t) drd6d/d 

f V ' f V , d_(„2dTm(r,0,fi,t)^ 
dr 3r 

Tm(r,0,/u,t) drdOd/J, 

t km d2Tm{r,6,M,t) 
J , J o J c ^ ( l - ^ 2 ) ^ 

Tm {r,0,/4,i) drdOdfi 

\ In L N „ /" 

+W2> 
_5_ 

( l - /^2) 
dTm(r,0,fi,t)' 

dju 
Tm (r,0, ju, t) drdOd/u 

1 2x L /f 

+ J J 7 Z G^[Tm(r,9>fi,t)-Tmi(r,0,M,t)'y2Tm{r,0,M,t)clrdedti 
- 1 0 0 m,m,=l 

1 2 i i JV 

+ J J JZ2.(^#>MS)r2Tm(r,0,ju,t)drdOdju . 
- 1 0 0 ra=1 

The term on the LHS of Eq. (3.22) can be written as: 

\)\tJcJT^e^t\m{r,0,^ydrdOd^ 

(3.22) 

8_ 

dt 
)J}£c.£MMrW, (3.23) 

By Green's Theorem (^(Afg-fAg)dA=U^Lg-^lfdS ) and the boundary 

condition Eq. (3.6), the first term of RHS of Eq. (3.23) can be simplified as: 

1 I I I jy 

JJJS*. 
- 1 0 0 m = l 

<3r 

^ arm(r,0,p,t)' 
dr 

Tm(r,0,/u,t)drd0djU 
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\ 2lt L ft 'dTm(r,0,fi,t) 

- 1 0 0 m =l dr 
drdOdju. (3.24a) 

Similarly, the second and third terms on the RHS of Eq. (3.23) can be simplied as follows: 

V km d2Tm{r,8,iu,t) 

UlXlT-(\-jU2) 802 -Tm (r, 0, /Li,t)drd0dju 

I in L \r 

=-JJJS 
- 1 0 0 ™=1 (^ M ) 

dTm(r,0,n,t) 

80 
drd0dju (3.24b) 

and 

mi* 5// 
(l-//')a7T-(r'g'//,r)V.(r,g>/i,0dh/g^ 

a// ) 

l lit L N 

- 1 0 0 m =l 

dTm{r,0,y,t) 

dju 
drd0dju (3.24c) 

Substituting Eqs. (3.23) and (3.24) into Eq. (3.22), multiplying both sides by 2 and 

rearranging, this gives: 

^\\]\i,CX(r,0,ju,tydrd0dM 
- 1 0 0 m=> 

\ 1 2ir L /j 

+2WI kr 
dTm{r,0,ju,t) 

dr 
drd0dju 

+2m<r-
- 1 0 0 ">=• V 

* • ) 

dT„{r,e,M,t)' 

80 
drd9d/j, 

I 2 l i jy 

- 1 0 0 ™=1 

1 2 i l ff 

dTm(r,0,M,t)' 

dju 
drd0dju 

+2l\\ 2 Gmm\Tm{r,0,^t)-Tm{r,0,/u,t)^r2drd0d]u 
- 1 0 0 m,m,=l 

m<ml 

1 IK L fj 

^•\\\Y,Qj2Tm(r,0,lu,t)drd8dM. (3.25) 

After the non-negative term in LHS of Eq. (3.25) is dropped, 
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— / 1 lit L ft 

3,1 [llYfXirf^tydrdOdp \<2\\]YuQj1Tm{r,e,M,t)drdedvQ26) 
Ol V-i o o m=1 J -HO m=l 

is obtained. Using Cauchy-Schwartz's inequality (lab < EQ +—b2 for e > 0) results in 
e 

2! \ I E QrT1 Tm (r,0, //, t) drdOdv 

\ 2x L N \ In L ft 

^\\\YJCmTl{r,e,ju,t)r1drdedM + ̂ ^Yj~Q2
m{r,9,^t)r2drdedfi. (3.27) 

- 1 0 0 m = 1 - 1 0 0 »1=1 *-"» 

Substituting Eq. (3.26) into Eq. (3.27) leads to 

^\\]\iiCmTl(r,O,pttydrd0dp 
ot \:, -0 -0 m=t 

1 2K L 
r- 1 

<j\\^CmTl{r,O,M,tydrd0dM + jjJY—Ql(r>0>V,tydrd6>dju. (3.28) 
- 1 0 0 m = 1 - 1 0 0 m =l *-"" 

Denoting 

F(t) = \\\YJCj2
m{r,e,M,t)r2drd0dM (3.29a) 

- 1 0 0 ™=1 

and 

1 In L jy -J 

O(t) = jjJYj—Q2
m(r,0,Ju,tydrd0dju, (3.29b) 

substituting Eqs. (3.28) and (3.29) into Eq. (3.27), and integrating both sides with respect 

tot provides: 

F(t)- F(0)< J" F(s)ds+ \o(s)ds. (3.30) 
0 0 

Using Gronwall's lemma [64], results in for any time t in [0,t0] leads to 
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( i i 

F(t)<jlxF(s)ds+ F(0) + jo(s)ds <e' F(0) + jo(s)ds 
o L o J L o 

Finally, substituting Eqs. (3.29a) and (3.29b) back into Eq. (3.31) results in 

J \ J J Cm Tl (r, 9, ju, t) r2drd0dju 

(3.31) 

- 1 0 0 m=l 

\ In L TV U 1 1« L jf 

\ \ JY^CmTl{r,9,M,0ydrdOdju + ^ j ^ — Q2
m(r,0,ju,t)r2drd0dM 

m=\ \~- m 

that is, the solution to the parabolic model in an JV-carrier system in 3D spherical 

coordinates is unique and is continuously dependent on the initial condition and heat 

sources, implying that the parabolic model in an JV-carrier system in 3D spherical 

coordinates is well-posed. • 



CHAPTER FOUR 

NUMERICAL METHOD 

Improved CN schemes for solving the model in ID and 3D spherical coordinates 

are developed in Chapter Four. The stability of improved CN schemes is proved in this 

chapter. Also provided are general algorithms as the solver for the linear system from the 

improved schemes. 

4.1 Finite Difference Schemes 

4.1.1 ID Improved CN Scheme 

To develop a finite difference scheme, (rm)" is denoted as the numerical 

approximation of (Tm)(iAr), where Ar and At are the r - directional spatial and temporal 

mesh sizes, respectively, and r=iAr, 0<i<I + l, that [l + l)Ar = L . Also, to briefly 

describe the ID improved CN scheme, the following difference operators are defined: 

PMT.)"] = r2, fr-^fr-)' -/ , fr-E-fr-X. , ( 4 . l a ) 
l ' ,+2 Ar '"2 A r 

(rm);+1+(r,); 
w. M;]= I J 'V • (4- lb> 

The generalized micro heat transfer model, Eq. (3.1), can be solved using the 

well-known second-order accurate and unconditionally stable CN scheme as follows: 

25 
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C, 
(r.r-fr,);,*, 

A/ '̂ N: 
-SG,^^):]-^^):]}^,):^ (4.2a) 

^ ( r L W ^ ^ , ^ 
Â  

(a]}+lGm,k[(rj;]-^[(r„): 

IS 

2> -FF Mike.);4. (4.2b) 

c>):^(r"):=^K(r»);] 

J V - 1 

+ I c k (rj; K w; +(e„)l (4.2c) 

To develop a numerical scheme, one usually adds a ID fictitious boundary condition at 

the spherical center, r - 0, 

dTm(0,t) 

dr 
0, m = l, — N. 

The boundary condition Eq. (3.3) and the ID fictitious boundary condition can be 

discretized by the conventional first-order method as [65] 

\Tm)0 \Tm)} 

v-» m)i+\ ~ U m)i • 

(4.3a) 

(4.3b) 

However, the above numerical scheme provides only first-order accuracy with 

respect to the spatial variable r, which can be seen in the numerical example in Chapter 

Five. 
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The reason why the problem happens is probably the conventional method Eq. 

(4.3) is a first-order approximation of the Neumann boundary condition Eq. (3.3), 

although the CN scheme Eq. (4.2) has second-order accuracy. Furthermore, the 

discretization for the boundary condition Eq. (4.3) needs an additional point for the 

boundary. Thus, as one of contributions of this dissertation, the conventional method Eq. 

(4.3) is improved to second-order accuracy. This method shows advantages especially 

when L is in micro scale. 

A I D second-order scheme for the boundary condition, Eq. (3.3) and ID fictitious 

boundary condition, is obtained by firstly designing a mesh, where the distance between 

the spherical center r = 0 and the actual left boundary rj is set as /?, Ar and the distance 

between the spherical boundary r = L and the actual right boundary ri is set as /?2Ar, as 

shown in Figure 4.1. 

fill* 
< • 

ri 

Ar 
H H 

fi2*r 
-4 • 

r2 n-i n 

Figure 4.1 Mesh and locations of grid points of the ID improved CN scheme in spherical 
coordinates. 

The finite difference approximation of 
dr 

dTm{r,t) 
dr 

at the left boundary n 

is obtained as follows: 
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•dTm{r,t)\ 
dr\ dr 

A 

Ar2
 2 
rj\Tm\r2,t)-Tm\ri,t)\-—^ , (4.4) 

2 Ar or 

Ar 
where a,b,fix are constants to be determined and r± = r\ + — • Expressing each term of 

LHS and RHS of Eq. (4.4) into Taylor series at r/ shows: 

LHS = brl
2(Tm)n{rl,t) + 2br1(Tm)r{rl,t) 

and 

""s-Zl HT.lW'h^XW'h^XM 

Ar {Tm)M>t)-PMTXM+^{TXM + 0(Ar2) 

Ar 
2 2 

ar,-r, (UM + a rl+r?0, (U,M 

+ -
Ar 

-r2-r2B 
3 ! lPl ,2A2 (Tml(ri,t) + 0{Ar2) 

Matching LHS and RHS above, the following equations are obtained: 

Ar 
ar\~r2 

v 2 y 
= 2Z?n, 

—r\ + r2\Px -bn , 
2 2 

^rl-r2j32 = 0. 
J 2 

(4.5a) 

(4.5b) 

(4.5c) 
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Dividing Eq. (4.5a) by Eq. (4.5b) and then replacing arl by Sr,2/?,2 from Eq. (4.5c) 

shows a quadratic equation with respect to /?i as: 

(4.6) 

V5+1 
Solving the above equations with respect to /?, with /?, > 0 results in fix = —, and 

hence 

a r\P, 
2 

r3 2 3 

(4.7) 

Thus, after dropping the truncation error 0(Ar2), a second-order finite difference 

approximation at r{ is obtained: 

d_ 

dr 

dTm{r,t) 

dr 
A 

hAr2 r- L^'"''2 \Tmh. 
1 2dTm(n-0fir,t) 

bAr dr 
(4.8) 

Symmetrically, the finite difference approximation of 
dr 

dTm(r,tj 

dr 
is expressed at 

the right boundary n as follows: 

dr 

dT„(r,t)) _ 1 2dTm(r, + 0£r,t) a 

dr } Ar dr 
J i 

Ar5 r2
iA[Tm{r:,t)-Tm(n-j)\,(4.9) 

Ar 
where a,b,P2

 a r e constants to be determined and ri-l = ri • By expressing each 

term of LHS and RHS of Eq. (4.9) in Taylor series, and then matching both sides, the 

following equations are obtained: 

1 ( ^ 
1 2 * 2 

ri ~ar , 
v ij 

Ar 
•2b ri, (4.10a) 
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1 n , tt 2 , * 2 
r,p2 +—r

jJ =br,, 
•^ 2 

(4.10b) 

r ? / ? 2 - 4 r \ = 0 . (4.10c) 

Dividing Eq. (4.10a) by Eq. (4.10b) and then replacing ar2, by 3r//?2
2 from Eq. (4.10c) 

results in a quadratic equation with respect to fi'2 as: 

(3r /+3Ar)y92
2+2A/?2-r /=0, (4.11) 

If the number of grid points / is given, then the grid size and the coordinates of the grid 

points can be determined as follows: 

L 
Ar = 

/ + /?,+£ 
- , r = ( / - l + /?1)Ar, / = !,•••,/. (4.12) 

Substituting Eq. (4.12) into Eq. (4.11) and then solving above equations respecting to /?2 

with /32 > 0 results in 

3(A + /) 
(4.13a) 

and 

a_ 

b' 

r)fi2 

2 

2 2 3 

(4.13b) 

>V 

Thus, after dropping the truncation error 0(A^2) , a second-order finite difference 

approximation at 77 is obtained: 

3r 

f dTjj%t)) J _ adTm(r, + 0£r,t) q 2 r , *„ , y 1 
(4.14) 

Using the boundary condition, Eq. (3.3), Eqs. (4.9) and (4.14) can be simplified to 
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dr 

,dTm(r,t)' 

dr ^ h\r2 ri-[\Tm'2 \-Tm>\ 

d_ 

dr 

dTm(r,tj 
dr J, 

a 2 
\1 m)j \1 m)j_x 

(4.15a) 

(4.15b) 

It should be pointed out that the boundary condition, Eq. (3.3), is directly substituted into 

Eqs. (4.9) and (4.14) without discretization. Applying Eq. (4.15a) to Eq. (4.2a) results in 

the ID improved CN scheme at n : 

C, 
(r,);+-(r,)" *, a 

At r2 bAr 
^{^[(r-);]} 

-±G^W{{TI}-W{{T^{Q): (4.16a) 

C. 
(rm), -{T„\ _km a 

At r\ bAr r^W{{T^tGM(Tm)"]-w{{TX_ 

-ZG,k[wi-4w;k)^ (4.16b) 

C(TK):-(T*);=k«_^yWt uTml 
At r2 bAr 

* -K (a ] -4w: ] )« (4.16c) 

By keeping Eq. (4.2b) unchanged, and applying Eq. (4.15b) to Eq. (4.2c), the ID 

improved CN scheme at n is obtained: 

c,(ri)\"(ri): = -4-^r;,v^r(r,);" 
At r2 b Ar '-2 Lv ". 

-tG,.{^[(r,);]-^[(r.);]}+(ar> (4.17a) 



32 

C, 
{Tm)1 \Tm)l _ km a 

At ~ r) b'Ar 2 
^^^[(aJ+SG^kRr);]-^^); 

tGJw{{Tm)n]-w[{Tm)%{Qm)] (4.17b) 

{TN), \TN), _ kN a 2 yrwlfrr V* 

At r, h Ar '-, Lv " 

+SG-K(^ ] - ^ [W;1 + W (4.17c) 

Hence, the ID improved CN scheme is obtained: Eq. (4.2) for interior points rt 

(i = 2,---,I-l) and Eq. (4.16) for grid point ri and Eq. (4.17) for grid point n for a 

second-order discretization of the parabolic model in an iV-carrier system in ID spherical 

coordinates. The truncation error of the ID improved CN scheme is (At2 + Ar2) at all 

grid points 
f \ 

V "+2J 
,i = l, — I-

4.1.2 3D First Improved CN Scheme 

A finite difference schemes is developed by denoting (Tm)" as the numerical 

approximation of (Tm)(iAr,jA0,kAjU,nAt), where Ar,A0,Aju and At are the r,0,ju-

directional spatial and temporal mesh sizes, respectively, and r=iAr, 0 = jA0 , 

jut=kAft, 0<i<I + l, 0<j<J + l, 0<k<K, so that (l + \)Ar = L, JA0 = 2TT and 

KAju = 2. In order to briefly describe the 3D first improved CN scheme, following finite 

difference operators are defined: 

''[W*. 2 
•r i 

\Tm/Mjk \T>»)ijk 2 v "*///* \T**)i-ijk 

Ar2 r r 
/ — 

2 
Ar2 

(4.18a) 
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{(Tm)"lJk 

"[\Am)ijk 

f \ 

V 2 J 

(T.)'-(T.)1 ijk+l V-1 mhjk 

(Atf 
\Tm)m \^m)m-\ 

w 

vATm):]k=
{-m):*~{Tm)i- •yk 

Ar 

ATm)*" A0 

v ^ = ( r m ) ; ~ ( r m ) ; I ilk \M mfijk-\ 

A/J, 

Also, the time average of mesh function (Tm)"k is defined as: 

W, ;[fr-);; -i (TX+(T-). 

(4.18b) 

/,Jk v
 2

 / # ' ' , (4.18c) 

(4.18d) 

(4.18e) 

(4.18f) 

The parabolic model in an JV-carrier system in 3D spherical coordinates Eq. (3.4) 

can be solved using the 3D CN scheme as follows: 

(T^)Z ~{T)"ijk £, 
Cx-

)"+1-(TY 
fijk y x)ijk _ KI 

At r =^w[(< +• 

- 2 ( ] - ^ 2 ) 
{*[&&_ 

+ 7^[(^J-]>>^^ (4.19a) 

C. 
{Tm)"yk~^T-)"jk_kn 

At =7^h[(r-r4+^jj'.^[(r.t 

+ 7^h[(r-):J}+SG-^[(r-):]-^N; 
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S^k[(r-);]-w:[(7;);]}+(fij^, (4.19b) 

CN 
\TN)ijk \TN)ijk _ kN 

At 

+ ^PAWi 

7p^NJ+^^p4^N;i 

w;}+EGM^[(rra);]-^[(r,);]}+fc)7- (4-19c> 

The initial condition is set to be (Tm)ik = (T°) . To develop a numerical scheme, 

one usually adds a 3D fictitious boundary condition at center, r = 0: 

dTm(O,0,ju,t) 

8r 
= 0, m = \,---N. 

The boundary condition Eq. (3.6) and the 3D fictitious boundary condition can be 

discretized by the first-order method as: 

(rX = (rX=o, 

(4.20a) 

(4.20b) 

for any time level n, where m-l,---,N. For clarity (Tm)"_ is the approximation of 

Tm(rt,-A6,juk,nAt) . Eqs. (3.6a) and the 3D fictitious boundary condition may be 

discretized using the conventional first-order method as [65] 

(Tm)"0Jk = (TmXjk, m = l,-,N 

(Tm)lJt = {Tm)"ljk, m = \,-,N. 

(4.20c) 

(4.20d) 

However, the above numerical scheme provides only a first-order accurate solution with 

respect to the spatial variable r, which can be seen in Chapter Five. Thus, Chapter Four, 

we improve the finite difference scheme at the boundary, Eqs. (3.6a) and 3D fictitious 
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boundary condition, so that both the unconditional stability of schemes and the accurate 

numerical solutions can be achieved. This is important because the length L could be in 

microscale, and a higher-order accurate and unconditionally stable scheme will provide a 

more accurate solution in a small grid size. 

Based on the work in Section 4.1.1 of Chapter Four, the 3D first improved CN 

scheme for the parabolic model Eq. (3.4) at r\ and rj is developed. At r\, the 3D first 

improved CN scheme can be developed as follows: 

c. At r,2bAr *m(T.y» + • 

12(l-tf)' fclX 

4 M ^ r X j - i ^ 4 ( ^ < 4 - 2 1 a ) 

At T\ 
2bAr 

IT )"+1-(T )" k^r^ , r -,> k < r 

u* 

+-=-p w 
„2 ^ ' m=l 

(a,]-»#.); 

-ZG-.kNJ-^R^llHe.);; (4.21b) 

CV~ 
W-w;_^1 

A/ r,2bAr v-W'l^l^rH^'U 
J V - l 

+ ^.{»-.[(?-»);J}+SG-^N;,]-^[(r»);JHfi»);>. (4.21c) 

Similarly, the 3D first improved CN scheme at rj is developed as follows 

c- Â  r,b Ar ^M(T,)l -\jk ^PM[(T,T„ ijk 
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A^{(T):ti-t^{(T):^{(T^^Q)?- («2a) 

v^ m 
(r-C-Cr-r,. _*•*''•'• 

A/ -?&Ar 

7^[(^)I u* +-fP,\w, (Tjm]} 

+ - •^{^[ ( J - . ^ I+EG, .^^ , ) ; ] -^ .^ . ) ; ]} 

- ± G, {̂  [(r.rj - ̂  [(r, );]}+(fi.)7 , (4.22b) 

(T Y+1-(T )" kna r] , 

At 

^r„\w, 

rtb tsr (r-M+^'.h[(r .) ;]} 

(r»);]}+i:G.»^[(r.);]-»:[(r»);]}+(e„^. (4.220 

Hence, the 3D first improved CN scheme consists of Eq. (4.19) for interior grid point rt 

where i = 2,---,I-l, and Eq. (4.21) for the left boundary rj and Eq. (4.22) for the right 

boundary rj. It can be seen that the truncation error for the scheme with respect to r has 

the order of Ar at all grid points r^OpMn* 
27 

4.1.3 3D Second Improved CN Scheme 

It is noted that that the above improved finite difference scheme consists of the 

3D fictitious boundary condition. If the fictitious condition is noted, the value of (Tm) 
n-\ 

Ojk 

at the center is needed to determine in Eq. (4.19) when / = 1. To this end, the mesh in 

Figure 4.1 is first modified as shown in Figure 4.2. 
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Figure 4.2 Mesh and locations of grid points of the 3D second improved CN scheme in 
spherical coordinates. 

Following the idea in [65], multiplying both sides of Eq. (3.4a) byr2 , and then 

integrating both sides over Q<r<s,Q<9<2n, and - 1 < / / < 1 with respect to r,9,fj. 

results in: 

r2fr ,dT.(r,e,n,t) 
\\\cr V \ ' drdOdn 

dt 

'-"'- " ^ M ^ W 1 2n s 

-ill 3r V dr J 

{{ fy dju J 

\ 27C £ ft 

- 1 0 0 m=2 

1 2x 6 

+ f J f Qx {r, 6, //, t) drdOdju. (4.23) 

Replacing — , \TAr,6,jn,t)-Tm{r,6,/u,t)\ and QAr,0,ju,t) with those 

dt 

values at the spherical center r = 0, calculating integrals in Eq. (4.23) and using boundary 

condition Eq. (3.6b) leads to 
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df 

_ 1 0 U A J ™=2 J 

Here, denote (r„)o = 71(0,0,juj),m = l,-• -,N , and (Q\ =Ql(O,0,fi,t) . Deriving the 

Ar 
equation and setting £• = — results in the 3D second improved CN scheme at spherical 

center r = 0: 

C, 
Wr-Wo" 3*. 

Ar 27rAr 
A«„2;f>{4(r,):j} 

y=0 i= l 

SG.krMi-^RaiUte): (4.24a) 

Using a similar process for Eq. (3.4b) and (3.4c) leads to 

\lm)0 ~[Tm)0 
C. 

At 

oKm 

2nAr A^2Iv^[(r,);J+2G.,k \(T.x ]-K[(T.):_ 
7=0 k=\ 

J G^ k [(rj; - ^ w:l}+(e.p. (4.24b) 

Cw 
(^r-Cr*); 

Ar 

3A:AT 

2Mr 
A^xgv f̂w;,; 

7=0 *=1 

+^o-{»;[(r.):]-i»;[(r.);]}+(0.X (4.24c) 
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Hence, the 3D second improved CN scheme consists of Eq. (4.19) for interior grid point 

rt where / = 2, • • •, / - 1 , and Eq. (4.24) for the left boundary n and Eq. (4.22) for the right 

boundary rj. Again, it can be seen that the truncation error for the scheme with respect to 

r has an order of Ar at all grid points r,,0j,Mk,t 
2 J 

4.2 Stability 

4.2.1 Stability of ID Improved CN Scheme 

Proving the stability of the ID improved CN scheme requires firstly building two 

lemmas, Lemma 1 and Lemma 2. The stability is proved basing on the two lemmas. The 

key to prove the stability of the ID improved CN scheme is to consider the left boundary 

rj, interior points rt (i = 2, •••,/-1) and the right boundary rj separately. 

Lemma 1. For any mesh function (TM)" , 

[(T,r+(r.)i] {(T.r -(T-.)I] - | ( r . r T -[(r-);!} • <«5) 
where 1 < m < N. 

Lemma 2. For any mesh function (Tm)" > 

Ar^pr [(T.X] • (T „)," + r\y,(Tm)\ \Tm)\- r^y-ir^ • (T.)] 

Proof. 

-tot'jyw] 
m=2 2 

LHS = ArfiU [(T.y„-(T.fi-t, [(r.);-(r.^i(r.); 
/=2 L 2 2 J 

(4.26) 
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+r 3 V-r(Tj2 • (r„)" - r) jV~r(Tm)" • (T.)] 
2 2 

1 l-\ 

=1 2 

+r 3 vr-(rmX' • (r-)" - r2
iLv-r(Tm)" • {TJ, 

=S <iV;(rm); • (rm);_: - x r ;_,v;(rm); • (rj;=-AT £ r ;_• [ v,-(r.); 
=2 2 =1 2 2 2 ' 

Theorem 3. The ID improved CN scheme, Eqs. (4.2), (4.16) and (4.17), is 

unconditionally stable with respect to the initial condition (Tm)i = (^C) and source terms. 

Proof. By multiplying Eq. (4.2a) by r
2ArW, [(r,),"] , Eq. (4.2b) by r)t*W, [(T.%] , 

\<m<N, Eq. (4.2c) by r2ArJV^TN)" , Eq. (4.6a) by r2Ar-Wt\ (r,)"J, Eq. (4.6b) by 

ri 
:Ar ̂ [( r .r; , Eq. (4.6c) by rfa-W, 

a 
(T„X\, Eq. (4.7a) by r *Ar ̂  [ ( T ^ I Eq 

J a L J 

(4.7b) by r / A r ^ 
a 

(r - )" , Eq. (4.7c) by r)br—Wt (TN)] , adding them together over 
J a L J 

1 < m < N, and using Lemma 1 and Lemma 2, this gives: 

•Ic/r;([(r.);*']I-[(7-.):]Vi;r.
,([(r.):*,]1-[(7-.);] 2 A r ^ ., ,b 

At 

4r?{[(rm);+]2-[(rj;]1}=-Arx^E^-i{v^[(^):]} 
=1 i=2 2 ' 

-ATS G^rfk[(r.);]-»;[(r,);] + 2 > ? t a - ^ M 

^/k[(r.);]-»:[(7;);|}+2ArX{^K[(r.);](e.);4 
6* V i- -J / m=\ U 



41 

4 . 6 * +5>x [ f r - ) ; ] ( a r + ^ [(r.);](ap>. (4.27) 
j=2 £ / 

Dropping negative terms in RHS of Eq. (4.27) provides the result: 

2 A r ^ , fb 
At *—* Zc.M[(T.r] -[(T.X] +!<• UT.r] -[(r.r 

^,b 

+I>x [ w ] ( a r + 4 ^ [(r.ijej?} • (4.28) 
Using Cauchy-Schwartz's inequality leads to 

2(e.p • [(T.)T + (r.);] s c [ ( r . r *fr.);T+-Mfe-P 
v-' m -

<2C„ ;(^r]2
+[(rm):]2}+^-[(ej; 

c. 
(4.29) 

Substituting Eq. (4.29) into Eq. (4.28), and multiplying both sides by At results in 

N
 rb 2A,XcA|(a+ 1] - [ ( < | +Sr? [(r-r] -[(rj; 

J<-'|(r.r]' -[(r-rj}) ̂  ̂ A/J cif r?{[(r.r J+|>-£ 

+t4(r-rH(r-r]}'+4!{[(r.r>[(r-);|> 
a 

^ 1 6 + ^ S T T - I 2 (e.) 
m=l Cm ^ 

/ - l 

1=2 
fe.r +^r?(fij; (4.30) 

Denoting 

F(„)=2A,Xc.{^{(r.)J+i;r{(r,);]'4r((r.);]'}, («ia) 
m=l t '=2 C? J 
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Hn) = ^t^-\^\{Qm) 
~TxCm\a 

• i-i 

1=2 
(e.r +-^ fej; 

J a L 

(4.31b) 

and substituting Eq. (4.31a) and Eq. (4.31b) into Eq. (4.30), this gives: 

F(n + l) 

0 + A/) , . At . . 

( l -A/ ) V ; ( l -A/ ) V ; 

< 
(l + A/) 

( l -A/ ) 

(l + A/) A/ _, .* 

(1-A/) V y ( l -A/) V ; + - r®(«) 
(1-A/) 

fu . A.^^ 
< <M0 wn^O+M F(0) + -

(l-Ar)J v ' (l-A/) 
1 + o w + , (1+AQ" 

(1-A/) (1-A/) 
max(I)(«1) 
0<n,<« 

< 
^(1+A/)V 

i?(0) + maxO(«1) 
OS/^£n 

(4.32) 

Using the inequalities (!+£")" ̂  e"£ for s > 0 and ( l - f ) < e2£ for 0 < £ < — results in 

(l+A/)"+1 < e("+1)A/ and (l-A/) ' < e
2At. Multiplying the two inequalities together results in 

K+1/ \-("+l) 
(l+A/)"+'(l-A/) 

< ("+0^ . 2(«+l)A( _ 3(«+l)A/ (4.33) 

Substituting Eq. (4.33) into Eq. (4.32) leads to 

F(n+l)<eW\ F(0) + max®(n,))<e
3" F(0) + max<%) , 

that is, for any 0 < {n +1) A/ < t0, the scheme is unconditionally stable with respect to the 

initial condition and heat source terms. 
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4.2.2 Stability of 3D First 

Improved CN Scheme 

Proving the stability of the 3D first improved CN scheme requires building 

Lemma 3. Next, the stability will be proved basing on Lemma 1 and Lemma 3. 

Lemma 3. For any mesh function (rm)" with satisfying the boundary condition, Eq. 

(3.6) has 

Ar £ Pr [ ( T - . ) ; ] • ( r j ; + r\ V *?.)'„ • (Tm)"XJk ~r) J?iTm)"m • (T.)'m 

= -^iraJy<T.)'m (4.34a) 

A^p,[(rm);]-(r,);=-A^[v^);J, (4.34b) 
j=0 j=l 

^Z^[(rffl);]-(^);=-A^Z l-»U V-XTX 
ij 

(4.34c) 

for any \<i<I. 

Proof. The LHS of Eq. (4.34a) can be changed to 

1 ^^lk:iNi.-w;]-:i[w;-wiJ -w; 

+#j vKr.);, • (r.);, - r ;_,v<rm); • ( r j ; 

! S <i v*r.); • (r-L, - Z M vKr-); • (r.); 
(=3 2 1=2 2 

MVKT'-L • frX - ' J-i^-)"* • fr-)» 

= E r]MTm)n
l]k • (T .)'_,, - X #vi vKr.); • (r-); 

1=2 2 1=2 2 
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= -»±r'J?<T.Y.] 

Proof of Eq. (4.34b) and Eq. (4.34c) is similar to Eq. (4.26a). Now the stability of the 3D 

first improved CN scheme can be proved. 

Theorem 4. The 3D first improved CN scheme, Eqs. (4.19), (4.21) and (4.22), is 

unconditionally stable with respect to the initial condition {Tm)jk = (T°) and source 

terms. 

Proof. Multiplying Eq. (4.19a) by rjArA0AjuAtW, [ ( r , ) J , Eq. (4.19b) by 

r'ArAOAjuAtW, [ ( r„)"J , Eq. (4.19c) by r
2ArA0A^iAtW, [(TN)"J for interior points 

i = 2, — ,I-\; multiplying Eq. (4.21a) by rl-ArAOAnAtwUr,)] 1 , Eq. (4.21b) by 
a 

1 \_\* ' 'U* . 

^ArA6AM&Wt[(Tm)\jk , Eq. (4.21c) by r?-ArA0A//A^| ( 7 ^ 
• | _ v "i\jk_ 

for the left 

b' 
boundary; multiplying Eq. (4.22a) by r)—ArAOAjuAtwUr^ Eq. (4.22b) by 

rj-.ArAOA^AtW^T^l] , Eq. (4.22c) by r
2ArA0AjuAtW, [ ( r*)"J , adding all 

equations together over \<m<N,\<i<I,\<j<J-\,\<k<K-\ , and applying 

Lemma 3 and Lemma 4, this gives: 

N J-\ K-\ 

2 m=\ j-0 k=l u V / ; = 2 V 

Ti 

a ) i ; _ A / , _ i ._-> i *• 

# / y-i K-\ 

m=l i=2 j=0 A=l 2 
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b' 

AT y-i £ 

m=l y=0 k=l V 2 / " 

4M<r.);]}'4{v4(r.);f> 
AT J - l AT-1 

+AM*Â , £ C-.il^nHfr.):,]-^?',);,]} 

+S--?{»;[(r.r.]-»;[(rO;l+7rf{w[(r.);]-»;[(r,r.; 

A/ y - i A--1 

W=l y=0 £=1 

+X>^ [(r.);](e.),7+4w [(7-.);](e.);?} • (4.35) 
j=2 <2 

Since 
O-tf) 

>0, l - / / 2 , >0 and G*™, ^ 0 , dropping non-negative terms in LHS of 
V *X 

Eq. (4.35) leads to 

N J-\ K-\ 

IAM^ZCZS!^ f(r.);;] -[(T.i, 
m=l 7=0 4=1 

f l 

+Zf>-):;'] -[(r-);] }r?+7{[(rj;] -[&.);]}.» 

A/ 7-1 K - l 

< 
m = l i=0 *=1 « 

+5>x [(r-r.](e.)^+^r« [(r.);](ej;?>. (4.36) 

Applying Cauchy-Schwartz's inequality provides the result of 
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(£?.)? • [(TX + (r.);J < ~j(Qjf\ + c. {[(rjr-J+[(r.);J}. (4.37) 

Substituting Eq. (4.37) into Eq. (4.36) leads to 

AT 7-1 K-\ L 

m=l 7=0 i = l " V 
ri 

^{[(r.Cj-NJ'^+^tfr-ffT-^]'}^ 

m=l Z C m y=0 k=\ I " 
fe-X? +Sr?(fi.)^ \b 2 

+ —7/*/ 
a 

\z£m)]jk 

N J-l K-\ 

m=l 7 =o A=I 

+|-{[(r0;]^,[(r.)I.J}4n-f(r.);;J+,[(r.);J}}. (4.38) 

Denoting 

F(n). ArAOA^t c.H.T„)\JVf + £ [ ( r . ) J r ? + % r . ) ; j 4 ( « 9 a ) 
m=l L ^ '=2 # J 

and 

*(»)-^2J2.2Je V ^ 4 H > , 2 

^ L > m m=l 7=0 *=1 fl 
(G.) \jk +tA(Q.ti + 

b ri 
(Gj 4* 

},(4.39b) 

and substituting Eq. (4.39a) and Eq. (4.39b) into Eq. (4.38), this gives: 

F(n + l) 

(l + At) , x At , . 

( l -A/) v ' (1-A/) 

< 
(l + A/) 

( l -A/) 

(l + A/) , x A/ / x V ' F(n-\)+ O(n-l) 
(I-AO (1-A/) 

+ - r®(«) 
(1-A/) 
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fhA-AA^ 
< (1+A0 ^ . ( 1 + A 0 

x F(0) + ) , 1 +(!+*) '+ (I+AQ" 
(1-A/) (1-A/) 

maxO(«,) 

< 
vMOy 

i7(0) + maxO(«1) (4.40) 

Using the inequalities (l+£")" < e"E for £• > 0 and (is) < e2£ for 0 < s < — results in 

(1+A?)"+' < e
("+1)Ar and (l-A*)"' < e

2Al • Multiplying the two inequalities together leads to 

(l+A/)"+1(l-A;)"("+1) < e
{n+l)A' • e2(n+1)A' = e3("+1)4 (4.41) 

Substituting Eq. (4.41) into Eq. (4.40) results in 

F{n+\)<enM F(0) + m a x O ( « 1 ) W " [ F(0) + maxO(n,) 

that is, for any 0 < (n +1) At < ta, the scheme is unconditionally stable with respect to the 

initial condition and source terms. • 

4.2.3 Stability of 3D Second 
Improved CN Scheme 

Proving the stability of the 3D second improved CN scheme requires building 

Lemma 4. The stability will be proved basing on Lemma 1 and Lemma 4. 

Lemma 4. For any mesh function (rm)" , 

J-\ K-\ [ l-\ 

IS-
y=0 k=l (, 1=2 

1-1 1 

I J-\ K _ , 

(4.42a) 
;=2 y=0 *=1 2 

^ft[(r . r . ] - ( r . ) ; -^l : [vi(r . ) ; ' 
y=0 j=\ 

,i = l,-I (4.42b) 
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A T - l K \-s 
27 
^w; ,/ = ! , • • • / . (4.42c) 

Proof. 

J-\ K-\ I 

iHS-ZZ^Ski[(r-C-(r-):]-'i[(r.);-(r.L>l]-(r-t 
y=0 4=1 (=1 I. 2 

+'-ivKr-);/l • (Tmy0Jk - r^yiT^i • (Tmym} 
2 2 

J-\ K-\ I I-\ 

Z Z <Z <i v<r.); • (Tm)iJk - Z S.MT -); • ( r j ; 
y=0 4=1 /=2 2 =1 2 

+r 1 v K r X • (Tm)"0Jk - r]_, v < r . ) ; • ( r - ) ^ 

j - i * - i f / 

=Z Z Z <ivK^); • (r.L, - Z <iv^M); • (rj;! 
y=o *=i L '=i 2 

/ J - l K-l 

= -Ar 2 

r. i 
/— 

/=1 j=Q 4=1 2 

7Kr,);]2 

Proof of Eq. (4.42b) and Eq. (4.42c) is similar to Eq. (4.42a). The stability of the 3D 

second improved CN scheme is proved. 

Theorem 5. The 3D second improved CN scheme, Eqs. (4.19), (4.22) and (4.24), is 

unconditionally stable with respect to the initial condition (Tm)jk = (^L°). a nd source 

terms. 

Proof. Multiplying Eq. (4.19a) by rfArAOAjuAtW, \iTx)"iJk , Eq. (4.19b) by 

r^ArAOA/uAtW, \(Tm)"J , Eq. (4.19c) by r)Ar AOA^AtWt UTN)], for interior points 

/ = !,••-,7-1 ; multiplying Eq. (4.24a) by -^-r\ArAtWt[(T\)"jk] , Eq. (4.24b) by 
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^rl&rAtWt[(Tm)"jk], Eq. (4.24c) by ^r\ArAtW, [(T»yiJt] for the left boundary; 

b' 
multiplying Eq. (4.22a) by r)—ArAeAjuAtwUr)"^ , Eq. (4.22b) by 

r2AArA0AMAtW,[(Tmym] , Eq. (4.22c) by r)ArAOA^iAtWt[(7\)J for the right 

boundary, adding together over \<m<N , 0<i<I, 0 < j < J - 1 , \<k<K-\ and 

applying Lemma 1 and Lemma 4, this gives: 

^Miiff{[(r.)rT-N:l 
m=\ j=0 k=\ 

+A^|{[(r.).;;,]I-[(r.);;]}?+A^^|(r.);;]'-[(r.);]'},;) 

+ArAeAMA,fjk£fifir>, \vW\(T.)l 
m=\ /=1 j=0 k=\ ' 2 !* 

+4rA«v«4/|;t.^g7rU{g{v« [(r.)I,f +£{vtf [(rj; |} 

^Aa^^t.g£fi-/,t,'){g{v^,[(r.)r4'+7{v^[(r.);]}'} 
m=l j = 0 *=1 V 2 7 7=1 " 

J V 7-1 K - l 
r2^T 

m,m,=l y=0 *=1 J 2 ^ 

(r.):]-^[(r,):]J 

* • 

+A^|]r^,[(r.);]-»',[(r,);]}+A^^,;{4(r.);]-»f,[(r,);]}} 

" ' " L J t l ,2T 

m=\ j=0 k=\ •> 2 J ,=1 ijk 

+Afl^JrK[(r.rJ(CL)^}. (4.43) 
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Since 
O-^2) 

>0, 
V 2 / 

> 0 and Gmm, >0 , the positive terms in LHS of Eq. (4.43) 

can be dropped, and this gives: 

^Ec.li;<f{[(r.):J-[(r.): 
Z m=l j=0 k=\ •> \ 

+A^||(r.);;]'-[(2'.);]]^+A^i;{[(r.);;]2-[(r.);]]r3 

N J-\ K-\ 

(4.44) 

sArArXZIff r^ (r.): (e.r+A^X'iX (r.);](e») 
m=l 7=0 >t=l -> 2 -1 ,=1 L -1 //* 

+A^4^[(r.);](a)7>. 

Using Cauchy-Schwartz's inequality results in 

(e.)^-[(r.C+(r.);]sii-[(eJ^J+c.{[(r.);J+[(r.);]'}. (4.45) 

Substituting Eq. (4.45) into Eq. (4.44) leads to 

m=\ y=0 i= l 

T\ 

+A^||(r.);]!-[(r.);]^+A«^{[(r.);;]'-[(r.);]'},» 

AT 1 J-\ K-l I ^ _ 

V ^ - w / O 

/ - l 

+ A0A//YV; 
4—(• V i i m / j y i te.): 

i 
f -

2 

" ^ - ^ 2;r 

> 0 *=1 J 

+^£c-S^<f'llN"T+[(r-KTI+A«^S'?{[(r.)w],+[(r.r.; 

+Am r̂?{[(r„);;]"+[(r.);J}} (4.46) 

Denoting 
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F(n)=ArA,Xc.|;|;{frI[(r.):],
+|;r{(r.);],

+^,;[(r.);]"}(4.47a) 
a 

and 

1 &$\,2n *(n) = Ar*Z-±rZZ& fe-): 
n=\ 2 C m=l ZL^ m 7=0 k=l 

+A%Yr 
;=1 

(G-): V* (G-): 
« • * 

} , (4.47b) 

and substituting Eq. (4.47) into Eq. (4.46), this gives: 

F(n + \) 

(\ + At) , . At . x 

(l-Af) V ' (1-A/) V ' 

^(1 + AO 
(I-AO 

(l + Af) , . At / x 

(1-A/) v ' (1-A/) V ' 
+ -, r®(«) 

(I-At) 

< 
'(1+A^p . , (l + At) 

F(0) + ) £ v ' (1-A?) (l-Ar) (1-A?) 
max(l)(«1) 

< 
vMOy 

F(0) + maxO(«1) (4.48) 

Using the inequalities (l+^)" ̂  e"£ for £ > 0 and ( l - f ) < e2£ for 0 < s < — results in 

(l+Ar)"+1 < e(n+i)A' and (l-Af)"' < e
2A/. Multiplying the two inequalities together leads to 

-(«+•) 
(l+At) (l-Atf"+1> < e

(n+])A' • e2(n+i)A' = e(n+^ • (4.49) 

After substituting Eq. (4.49) into Eq. (4.48), 

F(«+l)<e
3"A ' fF(0) + maxO(«1)> |<e3 '{F(0) + maxO(«1) 

0<«,<« 
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is obtained, that is, for any 0<(n + i)At <t0, the scheme is unconditionally stable with 

respect to the initial condition and heat source terms. • 

4.3 General Algorithms 

4.3.1 ID Case 

In Section 4.3.1, an algorithm for the ID improved CN scheme with temperature 

Ti, Tm and TN is developed for the purpose of coding. A Gauss-Seidel method is used to 

solve the linear system from the ID improved CN scheme. In detail, the algorithm work 

through following steps: 

Step 1. Set the initial value for (r , )" , (rm)" and (r*)"by Eq. (3.2); 

Step 2. Solve (r,)"+' through Eqs. (4.2a), (4.16a) and (4.17a); 

Step 3. Substitute the value of (r,)"+' into Eqs. (4.2b), (4.16b) and (4.17b), solve (Tm)"+l 

through Eqs. (4.2b), (4.16b) and (4.17b); 

Step 5. Substitute new value of (rm)"+* into Eqs. (4.2c), (4.16c) and (4.17c), solve 

(7\)"+1 through Eqs. (4.2c), (4.16c) and (4.17c); 

Step 6. Check the convergence of Gauss-Seidel iteration, with a tolerance and a small 

number tol, if the following condition: 

max 
n+\(new) / \n+\(old)' 

T), -(r.)f <tol. 

max ( \ n+unew) / \r> »+l(oW) 
<tol, 

max (T„r -(T»y, 
n+l(oW) 

<tol 

are satisfied, stop; 
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Step 7. Update new value of (T\)"+ , (Tm)"+ and (TN)"+ to the current time step n. 

4.3.2 3D Case 

In Section 4.3.2, for the purpose of coding, an algorithm for the 3D first improved 

CN scheme and the 3D second improved CN with the temperature TV, Tm and TV is 

developed. A Gauss-Seidel method is used to solve the linear system from the two 

improved schemes. In details, the algorithm works through following steps: 

Step 1. Set the initial value for (Ti)"n, (Tm)".k and (TV^by Eq. (3.5); 

Step 2. For the 3D first improved CN scheme, solve (T\)" by Eqs. (4.19a), (4.21a) and 

(4.22a), and for the 3D second improved CN scheme, solve (Ti)"n by Eqs. (4.19a), 

(4.22a) and (4.24a); 

Step 3. For the 3D first improved CN scheme, solve (Tm)"k by substituting the value of 

{TI)"^ into Eqs. (4.19b), (4.21b) and (4.22b), and for in the 3D second improved 

CN scheme, solve (Tm)"k by substituting the value of (Ti)"ik into Eqs. (4.19b), 

(4.22b) and (4.24b); 

Step 4. For the 3D first improved CN scheme, solve (7V)"t by substituting the value of 

(Tm)"+ into Eqs. (4.20c), (4.21c) and (4.22c), and for the 3D second improved 

CN scheme, solve (TN)"^ by substituting the value of (Tm)"k into Eqs. (4.19c), 

(4.22c) and (4.24c); 

Step 6. Check the convergence of Gauss-Seidel iteration, with a tolerance and a small 

number tol, if the following condition: 



max ) n+\(new) / \n+l(o/rf) 

<tol. 

max 

max 

(r.);"""»-(r.),;;' 

n+\(new) , \n+l(old) 

<ro/. 

<tol 

are satisfied, stop; 

Step 7. Update new value to (Ti)"k , (Tm)"+
k and (r*)"* to current 



CHAPTER FIVE 

NUMERICAL EXAMPLES 

In Chapter Five, three numerical examples are provided to verify the availability 

of the parabolic models in an TV-carrier system and improved CN schemes in Chapter 

Three and in Chapter Four. 

5.1 ID Case 

The first example Eq. (5.1) is in ID spherical coordinates, which is satisfied with 

the governing equation Eq. (3.1). It is solved by the ID improved CN scheme Eqs. (4.2), 

(4.16) and (4.17) and the ID CN scheme Eqs. (4.2) and (4.3). 

5.1.1 Example Description 

This example is a Three-caxrier system with three variables Tj, T2 and T3. The 

governing equation for this example is: 

dTi 2 d( 28T^ 
dt rz dr dr 

n2{Tx-T2)-7r2(Ti-T,) 

+2n2e *1'cos7ir +—ne *vsin7zr, (5.1a) 
r 

dT1=2L_d_f 2dT 

dt r2 dr \ 
r'^~\ + 7r2{Ti-T2)-n2(T2-T,) + -7te'""smnr, (5.1b) 

or J r 

dTi^2 8 f2 dTi 

dt r2 dr I dr 

\ 3 
+ 7r2(T2-Ti) + n2(Ti-Ti) + -xe~*''sinnr. (5.1c) 

55 
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The boundary condition for this is Eq. (3.3), and the initial condition for this example is 

5 3 
T\ = —cosftr , Ti - cosnr and r 3 = —cos^r. The exact solution for Eq. (5.1) is: 

T\ = -e~"''vosnr, (5.2a) 

Ti = e~"''cosnr, (5.2b) 

3 
Tj^-e'^cosTrr. (5.2c) 

In the ID improved CN scheme, the grid step size Ar and the time step size At are set as 

following combination: 2xl0'3 and 2xl0"3, 10"3 and 10"3, 5xl0'4 and 5X10"4. In the ID 

CN scheme, the grid step size Ar and the time step size Â  are set as following 

combination: 2xl0"5 and 2xl0"5, 10"5 and 10"5, 5xl0"6 and 5xl0"6. Also, the upper 

boundary for time to as 1.0 is set in this example. The schemes are programed by Fortran 

77, and the source code can be found in APPENDIX. 

5.1.2 Results and Analysis 

In order to evaluate the difference between the numerical solution and the exact 

solution for each scheme, /2-norm error is defined as 

*('.*)Wf££{<r->'-<r~tf' (53) 

where (Tm)" is the numerical solution for the carrier m, and (rm
emct)" is the exact 

solution for the carrier m. 

In order to analyze the order of the scheme, the convergence rates are defined as 

log2 YfrA (5-4a) 
E(I2,At) 
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and 

log2 

£(/,Af,)" 

E(l,At2)_ 
(5.4b) 

with respect to the spatial variable r and the temporal variable t, respectively. 

The maximum /2-norm error Eq. (5.3) and comparisons of convergence rates Eq. 

(5.4) are in Table 5.1 and Table 5.2. The /2-norm errors along the time t for both schemes 

are plotted in Figure 5.1. The numerical result for the ID improved CN scheme are 

plotted in Figure 5.2, Figure 5.3 and Figure 5.4, and the numerical result for the ID CN 

scheme are plotted in Figure 5.5, Figure 5.6 and Figure 5.7. 

Table 1 will show the numerical result when At = 10"5, / = 51, 101, and 201 for 

the the ID improved CN scheme, and / = 50, 100, and 200 for the ID CN scheme, 

respectively. 

Table 5.1 Comparison of /2-norm errors and convergence rates with respect to r of the 
ID improved CN scheme and the ID CN scheme with 0 < t < 1.0, At = 10'5. 

grid 
/2-norm error for 
+i. 1 TA • A convergence 
the ID improved ° 

CN scheme 

rate 

4.02888X10"4 

1.00495 xlO"4 

2.49340x10"5 

/2-norm error for 
the ID CN 

scheme 

convergence 
rate 

1=51 
1=101 
1=201 

2.003 
2.011 

6.04009x10 
3.00986x10-
1.50240x10 

^r 

-2 
1.005 
1.002 

As shown in Table 1, the convergence rate of the ID improved CN scheme is 

about 2 with respect to the spatial variable r, while the one for the ID CN scheme is 

about 1 with respect to the spatial variable r. Furthermore, comparing the /2-norm errors 

of numerical solutions between the ID improved CN scheme and the ID CN scheme in 

Table 5.1 will show that the ID improved CN scheme is more accurate than the ID CN 

scheme. 



58 

In order to calculate the convergence rate with respect to the temporal variable t, I 

= 105 for the ID improved CN scheme, I = 105 for the ID CN scheme, and At = 2xl0"2, 

10"2, and 5xl0"3 are chosen, respectively. Table 5.2 shows that the convergence rates of 

both schemes with respect to the temporal variable t are about 2, and /2-norm errors of the 

numerical solution of both schemes are nearly same. There are as expected because the 

truncation error of the ID improved CN scheme is O(A^) with respect to the temporal 

variable t. 

Table 5.2 Comparison of/2-norm errors and convergence rates with respect to t of the ID 
the improved CN scheme and the ID CN scheme. 

At 

0.02 
0.01 

0.005 

/2-norm error for 
x1 , „ . , convergence 
the ID improved ° 

CN method 
2.95456x10"j 

7.36237xl0"4 2.005 
1.83243X10-4 2.006 

/2-norm error for 
the ID CN convergence 

, rate 
scheme 

2.95151x10'" 
7.33922xl0'4 2.008 
1.81036xl0"4 2.019 

Figure 5.1 shows /2-norm errors of the ID improved CN scheme and the ID CN 

scheme along the time t with 0 < t < 1.0. From Figure 5.1 it can be seen that, when Ar = 

10" and At = 10" , the ID improved CN scheme will produce a /2-norm error about 10" , 

so the ID CN scheme is second-order accuracy, which can also be seen in Table 5.1. 

Figure 5.1 shows that, when Ar = 10"5 and At = 10"5, the ID CN scheme will produce a I2-

norm error about 10"5, so the ID CN scheme is first-order, which can also be seen in 

Table 5.1. Also, from Figure 5.1, the ID improved CN scheme is more accurate than the 

ID CN scheme. 

Figure 5.2 is the distribution of the temperature 7/ along the radial distance r at 

different time: (a) / = 0.1 (b) t =0.2 and (c) t = 1.0. Figure 5.3 is the change of 

temperature T2 along the radial distance r at different time (a) t = 0.1 (b) t =0.2 and (c) t = 
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1.0. Figure 5.4 is the change of the temperature Ts along the radial distance r at different 

time (a) t = 0.1 (b) t =0.2 and (c) t = 1.0. 

Figure 5.5 is the distribution of the temperature Tj along the radial distance r at 

different time: (a) t = 0.1 (b) t =0.2 and (c) t = 1.0. Figure 5.6 is the change of 

temperature T2 along the radial distance r at different time (a) t = 0.1 (b) t =0.2 and (c) t = 

1.0. Figure 5.7 is the change of the temperature T3 along the radial distance r at different 

time (a) t = 0.1 (b) t =0.2 and (c) t = 1.0. 

Figure 5.2, Figure 5.3 and Figure 5.4 show that: there is a match between the 

numerical solution and the exact solution in (a), (b) and (c). Also, from Figure 5.2, Figure 

5.3 and Figure 5.4, it is can be seen that the temperature is T; > T2 > T3 , which is 

satisfied with our hypothesis in Figure 2.1. 

Figure 5.5, Figure 5.6 and Figure 5.7 show that: in (a), (b) there is a match 

between the numerical solution and the exact solution, but in (c) the numerical solution 

and the exact solution do not match. 
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— ID CN Scheme Ar=2E-05 
- ID CN Scheme Ar=lE-05 
- ID CN Scheme Ai=5E-06 

ID Improved CN Scheme Ar=2E-03 
ID Improved CN Scheme Ar=lE-03 
ID Improved CN Scheme Ar=5E-04 

' ^nnan i nnDnDDDaDaDanDDaDDDnDnDnDDnaanDPDaaDnnnaaDDDnnnnaD 

I I I I I I I I I I I I L J I L 

0.25 0.5 

Time 

0.75 

Figure 5.1 Comparison of k-norm errors between the ID improved CN scheme and the 
ID CN scheme along the time t. 
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0.4 

0.3 

0.2 

0.1 

H~ 0 

0.5 

Time 

- ExaclSoiuli 
ir=SEJ)4 
Ar=IE-03 
ir=2E-03 

0.15 

0.05 

H" o 

-0.05 

-0.1 

-0.15 

" • W B ^ ^ -

>. 

\ 

\ 

N, 

-

t=0.2 

0 

i 1 

ir=SE-04 
4r=lE-03 
41-2E-03 

(a) 

0.5 

Time 

(b) 

- ExaclSoiuli 
Ar=5E-04 
&=lE-03 
Ar=2E-03 

(C) 

Figure 5.2 Distribution of the temperature Tj from the ID improved CN scheme along 
the radial distance r at different time (a) t = 0.1 (b) t =0.2 and (c) t = 1.0 with Ar = 2x 10"3, 

lO^andSxlO"4. 
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• 

0 

Exact Solution 
Ar=iE-04 
Ai=l&03 
Ar=2E-Q3 

0.5 

Time 

(a) 

- Exact Solution 

Ar=lE-03 
A<=2E-03 

0.5 

Time 

(b) 

(c) 

Figure 5.3 Distribution of the temperature T2 from the ID improved CN scheme along 
the radial distance r at different time (a) t = 0.1 (b) t =0.2 and (c) t = 1.0 with Ar = 2x 10"3, 

10-3and5xl(r4. 
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H" o 

0.5 

Time 

(a) 

Ar=5EJM 
ArMEJ)3 
ir=2E-03 

H 0 

-0.1 
1 0 

- Exict Solution 
ir-SE-04 
ir-lE-03 
Ar=2£-03 

Time 

(b) 

- Exact Solution 
Ar=iE-04 
Ar=lE-03 
4I-2E-03 

(C) 

Figure 5.4 Distribution of the temperature T3 from the ID improved CN scheme along 
-3 the radial distance r at different time (a) t = 0.1 (b) t =0.2 and (c) t = 1.0 with Ar = 2x 10 , 

lO^andSxlO"4. 
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-0.3 

-0.4 

F- ^ v 

\ 

^ L 

\ 

\ 

\ 

7 

: i i i i i i 

t=0.1 
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0.1 

0.05 

S-" 0 

-0.05 

-0.1 

^ V 

- \ 

- \ 

t=0.2 

.. 
o 

i 1 

ir=SE-06 
Ar=lEJ>5 

0.5 

Time 

(b) 

Exact Solution 
o Ar=5E-06 

O di=2E-05 

(C) 

Figure 5.5 Distribution of the temperature 7/ from the ID CN scheme along the radial 
distance rat different time (a)/ = 0.1 (b) t =0.2 and (c) t = 1.0 with Ar = 2x10"5,10"5and 

5xl0"6. 
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H 0 

o if-5E-06 
a Or- IE-OS 
O Ai=2E-0S 

(a) 

H 0 

Ai=SE-06 
Ai=lE-05 
di=2E-05 

Time 

(b) 

5E-05 

2.5E-05 

0 

2.5E-05 

-5E-05 

7.5E-05 

-0.0001 

i ^ / ^ N , . N. 

> y ^ V \ ^ 

~~ ^^\>, ^ v X / ^ 

" % x 

- • ' 

t-1.0 

o 

I 1 

Exact Solution 
&=5E-06 
ir-IE-05 
ir=*2E-05 

^^•DctiDODnc 

0.5 

Time 

(c) 

Figure 5.6 Distribution of the temperature T2 from the ID CN along the radial distance r 
-5 1A-5 at different time (a) t = 0.1 (b) t =0.2 and (c) t = 1.0 with Ar = 2x10°, 10° and 5x10 
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D 4r*JE-06 
4 ArME-OS 
O ii=2E-05 

Ar=5&-06 
&•= IE-OS 
Ar=2E-05 

H Oh 

0.5 

Time 

(a) 

0.5 

Time 

(b) 

-2.5E-05 

- Exact Solution 
Ar=SE-06 
jir=lE-03 

(c) 

Figure 5.7 Distribution of the temperature T3 from the ID improved CN scheme along 
,-5 the radial distance r at different time (a) t = 0.1 (b) t =0.2 and (c) t = 1.0 with Ar = 2x10 , 

10"5and5xl0"6. 
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5.2 3D First Improved CN Scheme Case 

The second example Eq. (5.5) is in 3D spherical coordinates, which is satisfied 

with the governing equation Eq. (3.4). It is solved by the 3D first improved CN scheme 

Eqs. (4.19), (4.21) and (4.22) and the 3D CN scheme Eqs. (4.19) and (4.20). 

5.2.1 Example Description 

This example is a Three-caxrier system with variable Tj, T2 and 7j. The governing 

equation for this example is: 

dTi _ 2 d 
dt r2 dr 

( 2 STO 

dr V or j 

, 2 d2T> , 2 d 
r2{\-fi2)d62 r2 dn 0-/O 

-7t2 (TI ~ T3) + 27r2
 e'"

H cos nr sin 0 (l - //2) + -ne~*H sin nr sin 0 (l - // ) 

-e "Hcosnrsm9{lfi2 - l ) (5.5a) 

gr2 = 2 a f 2 a ^ 
5? r2 dr I dr 

+ ^ ^ ^ . 4 * (,_„.) 
r 2 ( l - / / 2 ) d 0 2 r25// l 

5r2 

5// 

-^•2(r2-r3) + 7r2e"'rVcos^rsin6'(l-//2) + -^e",r!'sin^rsin<9(l-//2) 

— - e ^ cos nr sin 6 (iff - l ) , (5.5b) 

5r3 £3 8 f_2 dT ^ 

dt r2 dr V dr j 
| £3 d273 , £3 d 

r 2 ( l - / / 2 ) d # 2 r 2 5 / / OV) ar3 
5// 

3 9 
+^- 2 ( r i - r 3 ) + -^e" ; rVsin^rsin(9(l-/i2) -e '^cos^rshK?^/ / 2 - l ) . (5.5c) 

The boundary condition for this example is Eq. (4.3), and the initial condition for this 

example is 
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5 3 

Ti = — cos nr sin 6(l - ju2), r 2 = cos ;zr sin # (l - //2 \, Ti = — cos nr sin 6?(l - ju2). 

The exact solution for Eq. (5.5) is: 

Ti--e",'cos^rsmO{\-ju2), (5.6a) 

r 2 = e~ , r ' 'cos^rsin6'(l-//2), (5.6b) 

3 
T3 = -e ~'',cosnrs]n0(l-jf). (5.6c) 

In the 3D first improved CN scheme and the 3D CN scheme, the time step size At 

is set as 10"4, and the grid size is set as: 10x60x60, 20x60x60 and 40x60x60. Also, 

the upper boundary for time to is set as 0.2 in this example. The scheme is programmed 

by Fortran 77, and the source code can be found in APPENDIX. 

5.2.2 Results and Analysis 

In order to evaluate the difference between the numerical solution and the exact 

solution for each scheme, we define the /^-norm error is defined as 

where (Tm)"k is the numerical solution for the carrier m, and {Tmemc')"n is the exact 

solution from each scheme of the carrier m. 

The convergence rate is defined as 

E(lx,&t) 
log 

with respect to the spatial variable r. 

E(l2,At) 
(5.8) 



69 

The maximum /2-norm error Eq. (5.7) and comparisons of convergence rates Eq. 

(5.8) are in Table 5.3. /2-norm errors along the time t for both schemes are plotted in 

Figure 5.8. Numerical results for the two schemes are plotted from Figure 5.9 to Figure 

5.14. 

Table 5.3 shows the comparison of /2-norm errors and convergence rates between 

the 3D first improved CN scheme and the 3D CN scheme with 0 < t < 0.2, A? = 10"4. 

Table 5.3 Comparison of/2-norm errors and convergence rates between the 3D first 
improved CN scheme and the 3D CN scheme with 0 < t < 0.2, At = 10". 

grid 3D first improved CN convergence 
scheme /2-norm error rate 

9.36135X10-3 

2.58204 xlO" 
9.44232 xlO 

3D CN scheme I2-
norm error 

convergence 
rate 

T 11x60x60 
21x60x60 
41x60x60 

2.56083 xlO 

-4 
1.858 
1.452 

1.39055 xlO"1 

7.25757 xlO -2 
0.881 
0.939 

As shown in Table 5.3, the convergence rate of the 3D first improved CN scheme 

is 1.858 and 1.452 with respect to the spatial variable r, while the one for the 3D CN 

scheme is 0.881 and 0.939 with respect to the spatial variable r. The result looks lower 

than that as expected. This is probably because the grid is not finer enough. However, due 

to the limitation of the computer, it will be difficult to choose a finer gird. Further study 

may be needed. Furthermore, comparing the /2-norm errors of solutions between the 3D 

first improved CN scheme and the 3D CN scheme in Table 5.3 shows that the 3D first 

improved CN scheme is more accurate than the 3D CN scheme. 

Figure 5.8 shows the comparison of/2-norm errors between the 3D first improved 

CN scheme and the 3D CN scheme. Figure 5.8 shows that, the 3D first improved CN 

scheme will produce a /2-norm error much lower than the 3D CN scheme. 
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Figure 5.9 is the comparison of contours of the solution Tj in the cross section of 

71 
9- — at / = 0.1 obtained using (a) the 3D first improved CN scheme and (b) the 3D CN 

scheme with (c) the exact solution. Figure 5.10 is the comparison of contours of the 

solution of Ti in the cross section of 9 = 0 and 9 = n at t = 0.1 obtained using (a) the 3D 

first improved CN scheme and (b) the 3D CN scheme with (c) the exact solution. 

Figure 5.11 is the comparison of contours of the solution T2 in the cross section of 

7t 
9 - — at t = 0.1 obtained using (a) the 3D first improved CN scheme and (b) the 3D CN 

scheme with (c) the exact solution. Figure 5.12 is the comparison of contours of the 

solution of T2 in the cross section of 9 = 0 and 9 = n a t / = 0.1 obtained using (a) the 3D 

first improved CN scheme and (b) the 3D CN scheme with (c) the exact solution. 

Figure 5.13 is the comparison of contours of the solution Tj in the cross section of 

7t 
9 = — at t = 0.1 obtained using (a) the 3D first improved CN scheme and (b) the 3D CN 

scheme with (c) the exact solution. Figure 5.14 is the comparison of contours of the 

solution of T3 in the cross section of 9 = 0 and 9 = n at t = 0.1 obtained using (a) the 3D 

first improved CN scheme and (b) the 3D CN scheme with (c) the exact solution. 

Figure 5.9 to Figure 5.14 show that: there is a match between the numerical 

solution from the 3D first improved CN scheme in (a) and the exact solution in (c), but 

the numerical solution of the 3D CN scheme in (b) and the exact solution in (c) do not 

match. 

Figure 5.9 to Figure 5.14 also show that the temperature is 7/> T2> T3, which is 

satisfied with the hypothesis in Figure 2.1. 
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^^Hî -"* 

0.5 1 

H 0.41000 

H 0.35143 

F h-
0.29286 

0.23429 

0.17571 

0.11714 

1 0.05857 

• 0.00000 

H -0.05857 

S I -0.17571 

Hgj -0.23429 

H -0.29286 

H -0.35143 

H -0.41000 

(a) (b) 

(c) 

n Figure 5.9 Comparison of contours of the solution 7/ in the cross section of 6 = — at 

t = 0.1 obtained using (a) the 3D first improved CN scheme and (b) the 3D CN scheme 
with (c) the exact solution. 



73 

0.5 

- 0 

0.5 

^^m 
^ B B 4H55 

mKA 
"""'""̂ Ĥ MĤ M 
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5.3 3D Second Improved CN Scheme Case 

The third example Eq. (5.9) is in 3D spherical coordinates, which is satisfied with 

the governing equation Eq. (3.4). It is solved by the 3D second improved CN scheme Eqs. 

(4.19), (4.22) and (4.24) and the 3D CN scheme Eqs. (4.19) and (4.20). 

5.3.1 Example Description 

This example is a 77zree-carrier system with variable Tj, T2 and 7j. The governing 

equation for this example is: 

dTi _ 2 d 
dt r2 dr 

r2dTi}{ ^ 2 g2r, , 2 d 
dr J r2{\-pi2)d02 r2 dju\} 'dp O-^2) dr. -^2(r,-r3) 

+2n2e *Hcosnrs\nO(\-fi2} +—rte ^ s i n ^ r s i n ^ l - / / 2 ) 

e ^cosnrsin0(2ju2-V) 

+;rV*vsin0(l- / /2) + ^ ^ s i n 0 ( 2 / / 2 - l ) : (5.9a) 

dT2= 2 8 (r2dT2^ 
dt r2 dr 

, 2 d2T2 , 2 d 
dr ) r2{\-M2)d92 r2 dju 0-/<2) dT2 

d/j, 
•TT2(T2-TI) 

+n2e *vcos;zrsin#(l-//2) +—ne *vsin;zrsin6>(l-//2) 

- e *H cos nr sin 0 (2/J2 -l) 

+ ^ 2 e ^ s i n ^ ( l - / / 2 ) + 4 e ^ s i n ^ ( 2 / / 2 - l ) , (5.9b) 

dT1=k1d_ 

dt r2 dr 
.2dT^ 

V dr , 
, k, d2T, { ki d 

r2(l-ju2)d02 r2 dM 
v * ' d/u 
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3 9 
^-ne'^smnrsmeil-fi2) re

_)rVcos;zrsin0(2//2 - l ) 

+—£f**sin0( l - / / 2 ) + -^ e -* 1 ' s in0(2 / / 2 - l ) . (5.9c) 

The boundary condition for this is Eq. (4.3), and the initial condition for this example is: 

Ti = — (cos;zr-l)sin6>(l-/i2), 

:T2 = (COSTZT-l)s in#(l- / / 2 ) , 

3 
T3 = — (cos7zr-l)sin6>(l-//2). 

The exact solution for Eq. (5.9) is: 

r ^ - e ^ c o s ^ r - ^ s i n f l f l - / / 2 ) , (5.10a) 

r2 = e~*v(cos7zr-l)sin#(l-//2), (5.10b) 

T3 = -e'^(cos7rr-l)sm0(l-fi2). (5.10c) 

In the 3D second improved CN scheme and the 3D CN scheme, the time step size 

At is set as 10"4, and the grid size is set as: 10x60x60, 20x60x60 and 40x60x60. 

Also, we set the upper bound for time to as 0.2 in this example. The scheme is 

programmed by Fortran 77, and the source code can be found in APPENDIX. 

5.3.2 Results and Analysis 

The maximum /^-norrn error Eq. (5.7) and comparisons of convergence rates Eq. 

(5.8) are in Table 5.4. The /^-norrn error along the time t for both schemes are plotted in 

Figure 5.15. Numerical results for the two schemes are plotted from Figure 5.16 to Figure 

5.21. 
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Table 5.4 shows the comparison of/2-norm errors and convergence rates between 

the 3D second improved scheme and the 3D CN scheme with 0 < / < 0.2, A^ = 10"4. 

Table 5.4 Comparison of/2-norm errors and convergence rates between the 3D second 
improved CN scheme and the 3D CN scheme with 0 < t < 0.2, At = 10"4. 

grid 
3D second improved 

CN scheme 
/2-norm error 

convergence 
rate 

1.08186*1 (F" 
2.10944xl0"3 

5.49806x10"4 

3D CN scheme 
/2-norm error 

convergence 
rate 

10x60x60 
20x60x60 
40x60x60 

2.359 
1.940 

2.78749x10"' 
1.44811X10"1 

7.34437x10"2 
0.945 
0.980 

As shown in Table 5.4, the convergence rate of the 3D second improved scheme 

is about 2 with respect to the spatial variable r, while the one for the 3D CN scheme is 

about 1 with respect to the spatial variable r. Furthermore, comparing the /2-norm errors 

of solutions between the 3D second improved scheme and the 3D CN scheme in Table 

5.4 shows that the 3D second improved scheme is more accurate than the 3D CN scheme. 

Figure 5.15 shows the comparison of /2-norm errors betw een the 3D second 

improved CN scheme and the 3D CN scheme. From Figure 5.15 it can be seen that, the 

3D second improved scheme will produce a /2-norm error much lower than the 3D CN 

scheme. 

Figure 5.16 is the comparison of contours of the solution 7/ in the cross section of 

0 = — at / = 0.1 obtained using (a) the 3D second improved CN scheme and (b) the 3D 

CN scheme with (c) the exact solution. Figure 5.17 is the comparison of contours of the 

solution of Tj in the cross section of 0 = 0 and 9 = n at / = 0.1 obtained using (a) the 3D 

second improved CN scheme and (b) the 3D CN scheme with (c) the exact solution. 
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Figure 5.18 is the comparison of contours of the solution T2 in the cross section of 

9 = — at t = 0.1 obtained using (a) the 3D second improved CN scheme and (b) the 3D 

CN scheme with (c) the exact solution. Figure 5.19 is the comparison of contours of the 

solution of T2 in the cross section of 6 = 0 and 9 = n dXt = 0.1 obtained using (a) the 3D 

second improved CN scheme and (b) the 3D CN scheme with (c) the exact solution. 

Figure 5.20 is the comparison of contours of the solution T3 in the cross section of 

9 = — at t = 0.1 obtained using (a) the 3D second improved CN scheme and (b) the 3D 

CN scheme with (c) the exact solution. Figure 5.21 is the comparison of contours of the 

solution of T3 in the cross section of 9 = 0 and 9 = n at t = 0.1 obtained using (a) the 3D 

second improved CN scheme and (b) the 3D CN scheme with (c) the exact solution. 

Figure 5.16 to Figure 5.21 show that: there is a good match between the numerical 

solution from the 3D second improved CN scheme in (a) and the exact solution in (c), but 

the numerical solution of the 3D CN scheme in (b) and the exact solution in (c) do not 

match. 

From Figure 5.16 to Figure 5.21, it is can be seen that the temperature is Tj> T2> 

T3, which is satisfied with the hypothesis in Figure 2.1. 
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Figure 5.15 Comparison of/2-norm errors between the 3D second improved CN scheme 
and the 3D CN scheme. 
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(a) (b) 

(c) 

n Figure 5.16 Comparison of contours of the solution Tj in the cross section of 0 = — at 

t = 0.1 obtained using (a) the 3D second improved CN scheme and (b) the 3D CN 
scheme with (c) the exact solution. 
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Figure 5.19 Comparison of contours of the solution of T2 in the cross section of 0 = 0 
and 0 = n at t = 0.1 obtained using (a) the 3D second improved CN scheme and (b) the 

3D CN scheme with (c) the exact solution. 
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n Figure 5.20 Comparison of contours of the solution T$ in the cross section of 9 = — at 

t = 0.1 obtained using (a) the 3D second improved CN scheme and (b) the 3D CN 
scheme with (c) the exact solution. 
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Figure 5.21 Comparison of contours of the solution of T3 in the cross section of 9 = 0 
and 0 = n at t = 0.1 obtained using (a) the 3D second improved CN scheme and (b) the 

3D CN scheme with (c) the exact solution. 



CHAPTER SIX 

CONCLUSION 

This dissertation developed the parabolic models for the non-equilibrium heating 

in an iV-carrier system in ID and 3D spherical coordinates, respectively. 

For ID case, the well-posedness of the parabolic model in an JV-carrier system in 

ID spherical coordinates is proved. To solve the model, ID improved CN scheme is 

developed. Also, the stability of the ID improved CN scheme is proved. 

A numerical example for ID improved CN scheme is provided. Results shows 

that, to achieve a match between the numerical solution and the exact solution, while the 

ID CN scheme needs a grid of / = 105, the ID improved CN scheme only needs a grid of 

7=103. 

The convergence rates for the ID improved CN scheme and the ID CN scheme 

are calculated, and the results show that the convergence rate of the ID improved CN 

scheme is about 2 with respect to both spatial and temporal variables, and the 

convergence rate of the ID CN scheme is about 1 and about 2 with respect to both spatial 

and temporal variables, respectively. 

For 3D case, the well-posedness of the parabolic model in an ./V-carrier system in 

3D spherical coordinates is proved. To solve the model, two improved CN scheme are 

developed: the 3D first improved CN scheme and the 3D second improved CN scheme. 

Also, the stability of the two improved CN schemes is proved. 

89 
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A numerical example for each 3D improved CN scheme is provided respectively. 

Results shows that, with the grid of 41x60x60, both the 3D first improved CN scheme 

and the 3D second improved CN scheme provide a match between the numerical solution 

and the exact solution, but the 3D CN scheme does not. 

The convergence rates for the 3D CN scheme, the 3D first improved CN scheme 

and the 3D second improved CN scheme are calculated, and results show that the 

convergence rate of both the 3D first improved CN scheme and the 3D second improved 

CN scheme are about 2 with respect to spatial variable, and the convergence rate of 3D 

CN scheme is about 1 with respect to the spatial variable. 

Since the parabolic two-step model may lose accuracy when the laser pulse 

duration is much shorter than the electron-lattice thermal relaxation time [2], [48], the 

future research is needed to develop the hyperbolic model in an JV-carrier system in 

spherical coordinates. 



APPENDIX 

SOURCE CODE FOR NUMERICAL EXAMPLES 
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1. SOURCE CODE FOR ID 
IMPROVED CN SCHEME 

C 2-time level ID improved CN 
C Mar. 2009 

C Main Program 
DIMENSION 11 (0:1005),t2(0:1005),t3(0:1005) 
DIMENSION r(0:1005),rh(0:1005),tl_exact(0:1005) 
DIMENSION t2_exact(0:1005),t3_exact(0:1005) 
DIMENSION tlold(0:1005),tlnew(0:1005),t2old(0:1005) 
DIMENSION 

t2new(0:1005),t3old(0:1005),t3new(0:1005) 
DIMENSION dl(0:1005),d2(0:1005),d3(0:1005) 
DIMENSION fl(0:1005),f2(0:1005),f3(0:1005) 
DIMENSION a(0:1005),b(0:1005),c(0:1005),e(0:1005) 
DIMENSION errorT 1 (0:1005),errorT2(0:1005) 
DIMENSION 

errorT3(0:1005),error_max(0:1005),ffi;0:1005) 
DOUBLE PRECISION tl,t2,t3,tlold,tlnew,t2old,t2new 
DOUBLE PRECISION t3old,Gnew,dl,d2,d3,fl,£2,G 
DOUBLE PRECISION 

a,b,c,e,tl_exact,t2_exact,t3_exact 
DOUBLE PRECISION cl,c2,c3,errorTl,errorT2,errorT3 
DOUBLE PRECISION error_max,err,max_err,rrt,r,rh 
DOUBLE PRECISION dt,dr,pi,tol 
DOUBLE PRECISION tempi, temp2, temp3, temp4 
DOUBLE PRECISION thetal,theta2,aa,bb,th 

C II: number of grid 
C NN: number of time step 
C value assignment 

thetal=(sqrt(5.0)+1.0)/2.0 
dt=0.001 
11=1001 
NN=1000 
pi=3.14159265358979323846 
th=thetal+II 
theta2=(sqrt(4.0+3.0*th*(th-1.0))-1.0)/(3.0*th) 
dr=1.0/(II-1.0+thetal+theta2) 
rrt=dtf(dr*dr) 
DO i=l,II 
r(i)=thetal*dr+(i-l)*dr 
ENDDO 
DO i=l,II-l 
rh(i)=r(i)+0.5*dr 
ENDDO 

tol=1.0e-14 
cl=1.25 
c2=1.00 
e3=0.75 
aa=r(l)*r(l)*thetal 

$ /((r(l)+0.5*dr)*(r(l)+0.5*dr)*(thetal/2.0+l .0/3.0)) 
bb=r(II)*r(II)*theta2 

$ /((r(II)-0.5*dr)*(rai)-0.5*dr)*(theta2/2.0+1.0/3.0)) 
C PRINT *, aa, bb 
C initial condition 

DO i=l,II 
C time level (n-1) 

tl(i)=cl*cos(pi*r(i)) 
t2(i)=c2*cos(pi*r(i)) 
t3(i)=c3*cos(pi*r(i)) 
ENDDO 

C Begin time iteration 
n=0 

C Begin Gauss-Seidel Iteration 
1 DO i=l,II 

tlold(i)=tl(i) 
t2old(i)=t2(i) 
t3old(i)=t3(i) 
ENDDO 

C Begin Thomas Algorithm 
DO i=2,II-l 
b(i)=rrt*rh(i-l)*rh(i-l)/(r(i)*r(i)) 
a(i)=1.0+rrt*(rh(i-l)*rh(i-

l)+rh(i)*rh(i))/(r(i)*r(i))+dt*pi*pi 
c(i)=rrt*rh(i)*rh(i)/(r(i)*r(>)) 
ENDDO 
a(l)=1.0+rrt*rh(l)*rh(l)*aa/(r(l)*r(l))+dt*pi*pi 
c(l)=rrt*rh(l)*rh(l)*aa/(r(l)*r(l)) 
b(l)=0.0 
a(II)=1.0+rrt*rh(II-l)*rh(II-l)*bb/(r(II)*r(II))+dt*pi*pi 
b(II)=rrt*rh(II-l)*rh(II-l)*bb/(rai)*r(II)) 
c(H)=0.0 
e(0)=0.0 
DO i=l,II 
e(i)=c(i)/(a(i)-b(i)*e(i-l)) 
ENDDO 

C Thomas Algorithm for tl 
2 dl(l)=(1.0-rrt*rh(l)*rh(l)*aa/(r(l)*r(l))-dt*pi*pi)*tl(l) 
& +rrt*rh(l)*rh(l)*aa*tl(2)/(r(l)*r(l)) 
& +dt*pi*pi*(t2old(l>H2(l))/2.0 
& +dt*pi*pi*(t3old(l)tt3(l))/2.0 
& +2.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*pi*cos(pi*r(l)) 
& +5.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(l))/r(l) 

dl(II)=(1.0-rrt*rh(II-l)*rh(II-l)*bb/(r(II)*r(II)) 
& -dt*pi*pi)*tl(II) 
& +m*rh(n-l)*rh(II-l)*bb*tl(TI-l)/(r(II)*r(n)) 
& +dt*pi*pi*(t2old(n)+t2(II))/2.0 
& +dt*pi*pi*(t3old(n)+t3(II))/2.0 
& +2.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*pi*cos(pi*r(II)) 
& +5.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*rai))/r(II) 

D O i=2,II-l 
dl(i)=rrt*rh(i-l)*rh(i-l)*tl(i-l)/(r(i)*r(i)) 

& +(1.0-rrt*(rh(i-l)*rh(i-l)+rh(i)*rh(i))/(r(i)*r(i)) 
& -dt*pi*pi)*tl(i) 
& +rrt*rh(i)*rh(i)*tl(i+l)/(r(i)*r(i)) 
& +dt*pi*pi*(t2old(i)+t2(i))/2.0 
& +dt*pi*pi*(t3old(i)-H3(i))/2.0 
& +2.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*pi*cos(pi*r(i)) 
& +5.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(i))/r(i) 
E N D D O 

fl(0)=0.0 
D O i=l,II 
fl(i)=(dl(i)+b(i)*fl(i-l))/(a(i)-b(i)*e(i-l)) 
E N D D O 
tlnew(II+l)=0.0 
D O i=l,II 
m=II+l-i 
11 new(m)=e(m)*t 1 new(m+1 )+fl (m) 
ENDDO 

C Thomas Algorithm for C 
d2(l)=(1.0-rrt*rh(l)*rh(l)*aa/(r(l)*r(l))-dt*pi*pi)*t2(l) 

& +rrt*rh(l)*rh(l)*aa*t2(2)/(r(l)*r(l)) 
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& +dt*pi*pi*(tlnew(l)+tl(l))/2.0 
& +dt*pi*pi*(t3old(l>ft3(l))/2.0 
& +dt*exp(-pi*pi*dt*(n-K).5))*pi*pi*cos(pi*r(l)) 
& +4.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(l))/r(l) 

d2(II)=(10-rrt*rh(II-l)*rh(II-l)*bb/(r(II)*r(II)) 
& -dt*pi*pi)*t2(II) 
& +nt*rh(n-l)*rh(II-l)*bb*t2(n-l)/(r(II)*r(II)) 
& +dt*pi*pi*(tlnew(II)+tl(II))/2.0 
& +dt*pi*pi*(t3old(n)--t3(II))/2.0 
& +dt*exp(-pi*pi*dt*(n+0.5))*pi*pi*cos(pi*r(II)) 
& +4.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(n))/r(II) 

D O i=2,II-l 
d2(i)=rrt*rh(i-1 )*rh(i-l )*t2(i-1 )/(r(i)*r(i)) 

& +(1.0-rrt*(rh(i-l)*rh(i-l)+rh(i)*rh(i))/(r(i)*r(i)) 
& -dt*pi*pi)*t2(i) 
& +rrt*rh(i)*rh(i)*t2(i+l)/(r(i)*r(i)) 
& +dt*pi*pi*(tlnew(i)+tl(i))/2.0 
& +dt*pi*pi*(t3old(i)-K3(i))/2.0 
& +dt*exp(-pi*pi*dt*(n+0.5))*pi*pi*cos(pi*r(i)) 
& +4.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(i))/r(i) 
E N D D O 

f2(0)=0.0 
DOi=l,II 
£2(i)=(d2(i)+b(i)*f2(i-l))/(a(i)-b(i)*e(i-l)) 

E N D D O 
t2new(II+l)=0.0 
D O i=l,II 
m=II+l-i 
t2new(m)=e(m)*t2new(m+1 )+f2(m) 
ENDDO 

C Thomas Algorithm for 8 
d3(l)=(1.0-rrt*rh(l)*rh(l)*aa/(r(l)*r(l))-dt*pi*pi)*t3(l) 

& +nt*rh(l)*rh(l)*aa*t3(2)/(r(l)*r(l)) 
& +dt*pi*pi*(tlnew(l)+tl(l))/2.0 
& +dt*pi*pi*(t2new(l)+t2(l))/2.0 
& +3.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(l))/r(l) 

d3(H)=(1.0-rrt*rh(II-l)*rh(II-l)*bb/(r(II)*r(II)) 
& -dt*pi*pi)*t3(II) 
& +rrt*rh(n-l)*rh(II-l)*bb*t3(II-l)/(r(II)*r(II)) 
& +dt*pi*pi*(tlnew(II)+tl(II))/2.0 
& +dt*pi*pi*(t2new(II)+t2(H))/2.0 
& +3.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(II))/r(II) 

D O i=2,II-l 
d3(i)=rrt*rh(i-l)*rh(i-l)*t3(i-l)/(r(i)*r(i)) 

& +(1.0-rrt*(rh(i-l)*rh(i-l)+rh(i)*rh(i))/(r(i)*r(i)) 
& -dt*pi*pi)*t3(i) 
& +rrt*rh(i)*rh(i)*t3(i+l)/(r(i)*r(i)) 
& +dt*pi*pi*(tlnew(i)+tl(i))/2.0 
& +dt*pi*pi*(t2new(i)+t2(i))/2.0 
& +3.0*dt*exp(-pi*pi*dt*(n+0.5))*pi*sin(pi*r(i))/r(i) 

E N D D O 

O(0)=0.0 
D O i=l,II 
f3(i)=(d3(i)+b(i)*f3(i-l))/(a(i)-b(i)*e(i-l)) 
E N D D O 
t3new(H+l)=0.0 
DOi=l,II 
m=II+l-i 
t3new(m)=e(m)*t3new(m+1 )+f3(m) 
E N D D O 

C calculate err 

max_err=0.0 
DO i=l,n 
err=abs(tl new(i)-t 1 old(i)) 
IF(err.GT.max_err)THEN 
max_err=err 
ENDIF 
err=abs(t2new(i)-t2old(i)) 
IF(err.GT.max_err)THEN 
max_err=err 
ENDIF 
err=abs(Gnew(i)-t3old(i)) 
IF(err.GT.max_err)THEN 
max_err=err 
ENDIF 
ENDDO 
IF(max_err.le.tol)GOTO 3 

C print *, maxerr 
DOi=l,II 
tlold(i)=tlnew(i) 
t2old(i)=t2new(i) 
t3old(i)=t3new(i) 
ENDDO 
GOTO 2 

C end Gauss-Seidel Iteration 
C Calculate exact solutions 
3 DOi=l,II 

tl_exact(i)=cl *exp(-pi*pi*dt*(n+l .0))*cos(pi*r(i)) 
t2_exact(i)=c2*exp(-pi*pi*dt*(n+1.0))*cos(pi*r(i)) 
t3_exact(i)=c3*exp(-pi*pi*dt*(n+1.0))*cos(pi*r(i)) 
ENDDO 

C Calculate err 
DOi=l,H 
errorT 1 (i)=abs(t 1 new(i)-t 1 _exact(i)) 
errorT2(i)=abs(t2new(i)-t2_exact(i)) 
errorT3(i)=abs(t3new(i)-t3_exact(i)) 
ENDDO 

tempi =0.0 
temp2=0.0 
temp3=0.0 
temp4=0.0 

error_max(n)=0.0 
DO i=l,II 

templ=temp 1+errorT 1 (i)*errorT 1 (i) 
temp2=temp2+errorT2(i)*errorT2(i) 
temp3=temp3+errorT3(i)*errorT3(i) 

ENDDO 

temp4=temp 1 +temp2+temp3 
error_max(n)=sqrt(dr*temp4/3.0) 

C Next time iteration 
n=n+l 
PRINT *,n 
IF(n.EQ.NN)GOTO 4 

DO i=l,II 
tl(i)=tlnew(i) 
t2(i)=t2new(i) 
t3(i)=t3new(i) 
ENDDO 

GOTOl 

C Output 
4 OPEN(unit=77,file='N=50ar3.dat') 

DOn=l,NN 
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WRITE(77,1000) n*dt,error_max(n) 
ENDDO 

1000 FORMAT(fl8.6,el8.10) 
END 

2. SOURCE CODE FOR 3D FIRST 
IMPROVED CN SCHEME 

C 2-time level 3D first improved CN 
C nsystem36.f 
C Oct. 2009 

DIMENSION tl(0:50,-l:l 10,0:110),t2(0:50,-l: 110,0:110) 
DIMENSION t3(0:50,-

1:110,0:110),gamma(0:50),gammah(0:50) 
DIMENSION phi(-l: 110),u(0:110),uh(0:110) 
DIMENSION tl_exact(0:50,-

1:110,0:110),t2_exact(0:50,-l: 110,0:110) 
DIMENSION t3_exact(0:50,-l: 110,0:110),tloldgs(0:50,-

1:110,0:110) 
DIMENSION tlnewgs(0:50,-l:110,0:110),t2oldgs(0:50,-

1:110,0:110) 
DIMENSION t2newgs(0:50,-1:110,0:110),t3oldgs(0:50,-

1:110,0:110) 
DIMENSION t3newgs(0:50,-l: 110,0:110),tloldj(0:50,-

1:110,0:110) 
DIMENSION tlnewj(0:50,-l: 110,0:110),t2oldj(0:50,-

1:110,0:110) 
DIMENSION t2newj(0:50,-l: 110,0:110),t3oldj(0:50,-

1:110,0:110) 
DIMENSION t3newj(0:50,-l: 110,0:110),errorTl(0:50,-

1:110,0:110) 
DIMENSION errorT2(0:50,-l: 110,0:110),errorT3(0:50,-

1:110,0:110) 
DIMENSION error_max(0:5010) 
DOUBLE PRECISION 

tl,t2,t3,Qldt,Q2dt,Q3dt,dl,d2,d3,abc,cl,c2,c3 
DOUBLE PRECISION 

tloldgs,tlnewgs,t2oldgs,t2newgs,t3oldgs,t3newgs 
DOUBLE PRECISION 

tloldj,tlnewj,t2oldj,t2newj,t3oldj,t3newj 
DOUBLE PRECISION 

tl_exact,t2_exact,t3_exact,abl,abr 
DOUBLE PRECISION 

errorT 1 ,errorT2,errorT3 ,error_max 
DOUBLE PRECISION 

error_maxj,error_maxgs,errj,errgs,eir 
DOUBLE PRECISION err_max,tr,tp,ts,gamma,gammah 
DOUBLE PRECISION phi,u,uh,thetal,theta2,th 
DOUBLE PRECISION dt,dgamma,dphi,du,pi,tolj,tolgs 
DOUBLE PRECISION 

crl,cr2,cs,cpl,cp2,templ,temp2,temp3,temp4 
DOUBLE PRECISION 

cl Idt,cl2dt,cl3dt,c21dt,c22dt,c23dt,c3 ldt,c32dt 
C value assignment 

dt=0.0001 
11=11 
JJ=60 
KK=60 
NN=1000 
pi=3.14159265358979323846 
thetal=(sqrt(5.0)+1.0)/2.0 
th=thetal+II 
theta2=(sqrt(4.0+3.0*th*(th-1.0))-1.0)/(3.0*th) 

C the first order scheme 

C thetal=1.0 
C theta2=1.0 

dgamma=l .0/(11-1,0+thetal+theta2) 
dphi=2.0*pi/JJ 
du=2.0/KK 
tr=dtf(dgamma* dgamma) 
ts=dt/(dphi*dphi) 
tp=dt/(du*du) 
tolgs=1.0D-6 
tolj=1.0D-8 
cl=1.25 
c2=1.00 
c3=0.75 

D O i=l,II 
gamma(i)=(thetal+(i-l))*dgamma 
E N D D O 
D O i=l,II-l 
gammah(i)=gamma(i)+0.5*dgamma 
E N D D O 
DOj=0,JJ-l 
phi(j)=j*dphi 
E N D D O 
D O k=0,RK 
u(k)=k*du-1.0 
E N D D O 
DOk=0,KK-l 
uh(k)=u(k)+0.5*du 
E N D D O 

abl=gamma(l)*gamma(l)*thetal 
& /(gammah(l)*gammah(l)*(thetal/2.0+1.0/3.0)) 

abr=gamma(II)*gamma(II)*theta2 
& /(gammah(II-l)*gammah(II-l)*(theta2/2.0+1.0/3.0)) 

C the first order scheme 
C abl=1.0 
C abr=1.0 
C initial condition 

D O i=l,II 
DOj=0,JJ-l 
D O k=0,KK 
tl(ij,k)=cl*cos(pi*gamma(i))*sin(phi(j))*(1.0-u(k)*u(k)) 
t2(ij,k)=c2*cos(pi*gamma(i))*sin(phi(j))*(1.0-u(k)*u(k)) 
t3(ij,k)=c3*cos(pi*gamma(i))*sin(phi(j))*(1.0-u(k)*u(k)) 
ENDDO 
ENDDO 
ENDDO 

C boundary condition 
DO i=l,II 
DOj=0,JJ-l 
tl(ij,0)=0.0 
t2(ij,0)=0.0 
t3(ij,0)=0.0 
tl(ij,KK)=0.0 
t2(ij,KK)=0.0 
t3(ij,KK)=00 
ENDDO 
ENDDO 

DO i=l,II 
DO k=0,KK 
tl(i,-l,k)=tl(i,JJ-l,k) 
t2(i,-l,k)=t2(i,JJ-l,k) 
G(i,-l,k)=t3(i,JJ-l,k) 
tl(i,JJ,k)=tl(i,0,k) 
t2(i,JJ,k)=t2(i,0,k) 
t3(i,JJ,k)=O(i,0,k) 
ENDDO 
ENDDO 
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C Begin time iteration 
n=0 

C Begin Gauss-Seidel Iteration 
1 DO i=l,II 

DOj=-l,JJ 
DOk=0,KK 
tloldgs(ij,k)=tl(ij,k) 
t2oldgs(ij,k)=t2(ij,k) 
t3oldgs(ij,k)=t3(ij,k) 
ENDDO 
ENDDO 
ENDDO 

CJacobiforTl 
C initial condition for Jacobi 

2 DOi=l,II 
DOj=-l,JJ 
DO k=0,KK 
tloldj(ij,k)=tloldgs(ij,k) 
ENDDO 
ENDDO 
ENDDO 

CRHS 
3 DOj=0,JJ-l 

DOk=l,KK-l 
clldt=dt*2.0*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(l)) 
& *sin(phi0))*(1.0-

u(k)*u(k))*gamma(l)*gamma(l)*(1.0-u(k)*u(k)) 

cl2dt=dt*5.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(l)) 

& *sin(phi0))*(1.0-u(k)*u(k))*gamma(l)*(1.0-u(k)*u(k)) 

cl3dt=dt*6.0*cl*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(l)) 

& *sin(phi0))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Qldt=clldt+cl2dt-cl3dt 

crl=gammah(l)*gammah(l)*tr*(1.0-u(k)*u(k)) 

cpl=(10-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(l)*gamma(l)*(1.0-
u(k)*u(k))+abl*crl+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(l)*gamma(l)*(1.0-u(k)*u(k)) 
dl=abl*crl*tloldj(2j,k)+abl*crl*tl(2j,k) 

& +(gamma(l)*gamma(l)*(1.0-u(k)*u(k)) 
& -abl*crl-2.0*cs-cpl-cp2 
& -dt*pi*pi*gamma(l)*garama(l)*(1.0-

u(k)*u(k)))*tl(lj,k) 
& +cs*tloldj(lj+l,k)+cs*tl(lj+l,k) 
& +cs*tloldj(lj-l,k)+cs*tl(lJ-l,k) 
& +cpl*tloldj(lj,k+l)+cpl*tl(lj,k+l) 
& +cp2*tloldj(lj,k-l)+cp2*tl(lj,k-l) 
& +dt*pi*pi*(t2oldgs(lj,k)+t2(lj,k)) 
& *gamma(l)*gamma(l)*(1.0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(lj,k)+t3(lj,k)) 
& *gamma(l)*gamma(l)*(1.0-u(k)*u(k))/2.0+Qldt 

tlnewj(lj,k)=dl/abc 
ENDDO 
ENDDO 

DO i=2,II-l 
DOj=0,JJ-l 
DOk=l,KK-l 

cl ldt=dt*2.0*pi*pi*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 

& *sin(phi(j))*(1.0-
u(k)*u(k))*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 

cl2dt=dt*5.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(i)) 

& *sin(phi(j))*(l .0-u(k)*u(k))*gamma(i)*(l 0-u(k)*u(k)) 

cl3dt=dt*6.0*cl*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 

& *sin(phiG))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Qldt=clldt+cl2dt-cl3dt 

crl=gammah(i)*gammah(i)*tr*(1.0-u(k)*u(k)) 
cr2=gammah(i-l)*gammah(i-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(10-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(10-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(i)*gamma(i)*(l .0-
u(k)*u(k))+crl+cr2+2.0*cs 

& +cpl+cp2+dt*pi*pi*gamma(i)*gamma(i)*(1.0-
u(k)*u(k)) 

dl=crl*tloldj(i+lJ,k)+crl*tl(i+lj,k) 
& +(gamma(i)*gamma(i)*(l 0-u(k)*u(k))-crl-cr2-2.0*cs-

cpl-cp2 
& -dt*pi*pi*gamma(i)*gamma(i)*(1.0-

u(k)*u(k)))*tl(ij,k) 
& +cr2*tloldj(i-lj,k)+cr2*tl(i-lj,k) 
& +cs*tl oldj(i j+1 ,k)+cs*tl (i j+1 ,k) 
& +cs*tloldj(ij-l,k)+cs*tl(ij-l,k) 
& +cpl*tloldj(ij,k+l)+cpl*tl(ij,k+l) 
& +cp2*tloldj(ij,k-l)+cp2*tl(ij,k-l) 
& +dt*pi*pi*(t2oldgs(ij,k)+t2(ij,k)) 
& *gamma(i)*gamma©*(l 0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(ij,k)+t3(ij,k)) 
& *gamma(i)*gammaCO*(l .0-u(k)*u(k))/2.(H-Qldt 

11 newj(i j Jc)=d 1/abc 
ENDDO 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 
clldt=dt*2.0*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 
&*sin(phi0))*(1.0-

u(k)*u(k))*gamma(II)*gammaai)*(1.0-u(k)*u(k)) 

cl2dt=dt*5.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(II)) 

& *sin(phi(j))*(1.0-u(k)*u(k))*gamma(II)*(1.0-u(k)*u(k)) 

cl3dt=dt*6.0*cl*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 

& *sin(phia))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Qldt=clldt+cl2dt-cl3dt 

cr2=gammah(II-l)*gammah(II-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(II)*gamma(II)*(1.0-
u(k)*u(k))+abr*cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(II)*gamma(II)*(1.0-u(k)*u(k)) 
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dl=abr*cr2*tloldj(II-lj,k)+abr*cr2*tl(II-lj,k) 
& +(gamma(H)*gamma(II)*(1.0-u(k)*u(k))-abr*cr2-

2.0*cs-cpl-cp2 
& -pi*pi*dt*gamma(H)*gamma(II)*(l .0-

u(k)*u(k)))*tlQIj,k) 
& +cs*tl oldj(E j+1 ,k)+cs*tl (II j+1 ,k) 
& +cs*tloldj(nj-l,k)+cs*tl(IIj-l,k) 
& +cpl*tloldj(IIj,k+l)+cpl*tl(IIj,k+l) 
& +cp2*tloldj(IIj,k-l)+cp2*tl(IIJ,k-l) 
& +dt*pi*pi*(t2oldgs(IIj,k)+t2(IIj,k)) 
& *gammaai)*gamma(II)*(l.0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(Hj,k)+t3(IIj,k)) 
& *gammaai)*gamma(II)*(1.0-u(k)*u(k))/2.0+Qldt 

tlnewj(IIj,k)=dl/abc 
ENDDO 
ENDDO 

C boundary condition 
DO i=l,H 
DOj=0,JJ-l 
tlnewj(ij,0)=0 
tlnewj(ij,KK)=0 
ENDDO 
ENDDO 

DOi=l,II 
DO k=0,KK 
tlnewj(i,-l,k)=tlnewj(i,JJ-l,k) 
tlnewj(i,JJJc)=tlnewj(i,0,k) 
ENDDO 
ENDDO 

C error for Jacobi 
error_maxj=0.0 
DOi=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errj=abs(tlnewj(ijJi)-tloldj(ij,k)) 
IF(errj.GT.error_maxj)THEN 
error_maxj=errj 
ENDIF 
ENDDO 
ENDDO 
ENDDO 

C update for Jacobi 
D O i=l ,11 
DOj=-l,JJ 
D O k=0,KK 
tloldj(ij,k)=tlnewj(ijJc) 
ENDDO 
ENDDO 
ENDDO 

C print *," 1 ",error_maxj 
IF(error_maxj.GT.tolj)GOTO 3 

C update from Jacobi to Gauss-Seidel 
DO i=l,n 
DOj=-l,JJ 
DO k=0,KK 
tlnewgs(ij,k)=tlnewj(ij,k) 
ENDDO 
ENDDO 
ENDDO 

C Jacobi for T2 
C initial condition for Jacobi 

D O i=l,II 
DOj=-l,JJ 

D O k=0,KK 
t2oIdj(ij,k)=r2oldgs(ij,k) 
ENDDO 
ENDDO 
ENDDO 

4 DOj=0,JJ-l 
DOk=l,KK-l 
c21 dt=dt*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(l)) 
& *sin(phi0))*(1.0-

u(k)*u(k))*gamma(l)*gamma(l)*(1.0-u(k)*u(k)) 

c22dt=dt*4.0*pi*exp(-
pi*pi*dt*(n-K).5))*sin(pi*gamma(l)) 

& *sin(phiG))*(1.0-u(k)*u(k))*gamma(l)*(1.0-u(k)*u(k)) 

c23dt=dt*6.0*c2*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(l)) 

& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Q2dt=c21 dt+c22dt-c23dt 

crl=gammah(l)*gammah(l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(l)*gamma(l)*(1.0-
u(k)*u(k))+abl*crl+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(l)*gamma(l)*(l 0-u(k)*u(k)) 
d2=abl*crl*t2oIdj(2j,k)+abl*crl*t2(2j,k) 

& +(gamma(l)*gamma(l)*(1.0-u(k)*u(k))-abl*crl-
2.0*cs-cpl-cp2 

& -dt*pi*pi*gamraa(l)*gamma(l)*(1.0-
u(k)*u(k)))*t2(lj,k) 

& +cs*t2oldj(lj+l,k)+cs*t2(lj+l,k) 
& +cs*t2oldj(lj-l,k)+cs*t2(lj-l,k) 
& +cpl*t2oldj(lj,k+l)+cpl*t2(lj,k+l) 
& +cp2*t2oldj(lj,k-l)+cp2*t2(lj)k-l) 
& +dt*pi*pi*(tlnewgs(lj,k)+tl(lj,k)) 
& *gamma(l)*gamma(l)*(l 0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(lj,k)+t3(lj,k)) 
& *gamma(l)*gamma(l)*(l.0-u(k)*u(k))/2.0+Q2dt 

t2newj(lj,k)=d2/abc 
ENDDO 
ENDDO 

DO i=2,II-l 
DOj=0,JJ-l 
DOk=l,KK-l 
c21 dt=dt*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 
& *sin(phiG))*(1.0-

u(k)*u(k))*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 

c22dt=dt*4.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(i)) 

& *sin(phi(j))*(l .0-u(k)*u(k))*gamma(i)*(l .0-u(k)*u(k)) 

c23dt=dt*6.0*c2*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 

& *sin(phiG))*(2.0*u(k)*u(k)-1.0)*(10-u(k)*u(k)) 

Q2dt=c21dt+c22dt-c23dt 

crl=gammah(i)*gammah(i)*tr*(1.0-u(k)*u(k)) 
cr2=gammah(i-l)*gammah(i-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 



cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(10-u(k)*u(k)) 

abc=gamma(i)*gamma(i)*(l .0-
u(k)*u(k))+crl+er2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(i)*gamma(i)*(l 0-u(k)*u(k)) 
d2=crl*aoldj(i+lj,k)+crl*t2(i+lj,k) 

& +(gamma(i)*gamma(i)*(l .0-u(k)*u(k))-crl -cr2-2.0*cs-
cpl-cp2 

& -dt*pi*pi*gamraa(i)*gamma(i)*(l .0-
u(k)*u(k)))*t2(ij,k) 

& +cr2*t2oldj(i-lj,k)+cr2*t2(i-lj,k) 
& +cs*t2oldj(ij+l,k)+cs*t2(ij+l,k) 
& +cs*Goldj(ij-l,k)+cs*t2(ij-l,k) 
& +cpl*t2oldj(ij,k+l)+cpl*t2(iJ,k+l) 
& +cp2*t2oldj(ij,k-l)+cp2*t2(ij,k-l) 
& +dt*pi*pi*(tlnewgs(ij,k)-Kl(ij,k)) 
& *gamma(i)*gammaCi)*(1.0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(ij,k)+t3(ij,k)) 
& *gamma(i)*gamraaCO*(l .0-u(k)*u(k))/2.O+Q2dt 

t2newj(ij,k)=d2/abc 
ENDDO 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 
c21dt=dt*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 
& *sin(phi(j))*(1.0-

u(k)*u(k))*gamma(II)*gamma(II)*(1.0-u(k)*u(k)) 

c22dt=dt*4.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(II)) 

& *sin(phi(j))*(1.0-u(k)*u(k))*gamma(II)*(1.0-u(k)*u(k)) 

c23dt=dt*6.0*c2*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 

& *sin(phi0'))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Q2dt=c21dt+c22dt-c23dt 

cr2=gammah(II-l)*gammahai-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(10-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(10-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(II)*gamma(II)*(l .0-
u(k)*u(k))+abr*cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(II)*gamma(II)*(l .0-u(k)*u(k)) 
d2=abr*cr2*t2oldj(II-lj,k)+abr*cr2*t2(II-lj,k) 

& +(gamma(n)*gamma(II)*(l ,0-u(k)*u(k))-abr*cr2-
2.0*cs-cpl-cp2 

& -dt*pi*pi*gamma(II)*gamma(II)*(1.0-
u(k)*u(k)))*t2(IIjJk) 

& +cs*t2oldj(nj+l,k)+cs*a(IIj+l,k) 
& +cs*t2oldj(nj-l,k)+cs*t2(IIj-l,k) 
& +cpl*t2oldj(IIJ,k+l)+cpl*l2(IIj,k+l) 
& +cp2*t2oldj(IIj,k-l)+cp2*t2(IIj,k-l) 
& +dt*pi*pi*(tlnewgs(IIj,k)+tl(nj,k)) 
& *gamma(II)*gamma(II)*(l.0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(IIj,k)+t3(IIj,k)) 
& *gamma(II)*gammaai)*(1.0-u(k)*u(k))/2.0+Q2dt 

t2newj(IIj,k)=d2/abc 
ENDDO 
ENDDO 

C boundary condition 

DO i=l,II 
DOj=0,JJ-l 
t2newj(ij,0)=0.0 
t2newj(ij,KK)=0.0 
ENDDO 
ENDDO 

DOi=l,II 
DO k=0,KK 
t2newj(i,-l,k)=t2newj(i,JJ-l,k) 
t2newj(i,JJJc)=t2newj(i,0Jc) 
ENDDO 
ENDDO 

C error for Jacobi 
error_maxj=0.0 
DOi=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errj=abs(t2newj(ijJc)-t2oldj(ij,k)) 
IF(errj.GT.error_maxj)THEN 
error_maxj=errj 
ENDIF 
ENDDO 
ENDDO 
ENDDO 

C update for Jacobi 
DO i=l,II 
DOj=-l,JJ 
DO k=0,KK 
t2oldj(ij,k)=t2newj(ij,k) 
ENDDO 
ENDDO 
ENDDO 

C print *, "2",error_maxj 
IF(error_maxj.GT.tolj)GOTO 4 

C update from Jacobi to Gauss-Seidel 
DO i=l,II 
DOj=-l,JJ 
DO k=0,KK 
t2newgs(ij,k)=t2newj(ij,k) 
ENDDO 
ENDDO 
ENDDO 

C Jacobi for T3 
C initial condition for Jacobi 

DOi=l,II 
DOj=-l,JJ 
DOk=0,KK 
t3oldj(ij,k)=t3oldgs(ij,k) 
ENDDO 
ENDDO 
ENDDO 

5 DOj=0,JJ-l 
DOk=l,KK-l 
c31dt=dt*3.0*pi*exp(-

pi*pi*dt*(n+0.5))*sin(pi*gamma(l)) 
& *sin(phi(j))*(1.0-u(k)*u(k))*gamma(l)*(1.0-

u(k)*u(k)) 

c32dt=dt*6.0*c3*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(l)) 

& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Q3dt=c31dt-c32dt 



crl=gammah(l)*gamniah(l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(10-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(l)*gamma(l)*(1.0-
u(k)*u(k))+abl*crl+2.0*cs+cpl+cp2 

& +dt*pi*pi*garnma(l)*gamma(l)*(1.0-u(k)*u(k)) 
d3=abl*crl*t3oldj(2j,k)+abl*crl*t3(2j,k) 

& +(gamma(l)*gamma(l)*(l .0-u(k)*u(k))-abl*crl-
2.0*cs-cpl-cp2 

& -dt*pi*pi*gamma(l)*gamma(l)*(1.0-
u(k)*u(k)))*t3(lj,k) 

& +cs*t3oldj(lj+l,k)+cs*t3(lj+l,k) 
& +cs*t3oldj(lj-l,k)+cs*t3(lj-l,k) 
& +cpl*t3oldj(lj,k+l)+cpl*t3(lj,k+l) 
& +cp2*t3oldj(lj,k-l)+cp2*0(lj,k-l) 
& +df*pi*pi*(tlnewgs(lj,k)-Hl(lj,k)) 
& *gamma(l)*gamma(l)*(l,0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t2newgs(lj,k)+t2(lj,k» 
& *gamma(l)*gamma(l)*(l.0-u(k)*u(k))/2.0+Q3dt 

t3newj( 1 j,k)=d3/abc 
ENDDO 
ENDDO 

DO i=2,H-l 
DOj=0,JJ-l 
DOk=l,KK-l 
c31dt=dt*3.0*pi*exp(-

pi*pi*dt*(n+0.5))*sin(pi*gamma(i)) 
& *sin(phi(j))*(1.0-u(k)*u(k))*gamma(i)*(1.0-u(k)*u(k)) 

c32dt=dt*6.0*c3*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 

& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Q3dt=c31dt-c32dt 

crl=gammah(i)*gammah(i)*tr*(1.0-u(k)*u(k)) 
cr2=gammah(i-l)*gammah(i-i)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(10-uh(k)*uh(k))*tp*(1.0-u(k)*u(k» 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(i)*gamma(i)*(l .0-
u(k)*u(k))+crl+cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 
d3=crl *Goldj(i+l j,k)+crl *t3(i+l j ,k) 

& +(gamma(i)*gamma(i)*(1.0-u(k)*u(k))-crl-cr2-2.0*cs-
cpl-cp2 

& -pi*pi*dt*gamma(i)*gamma(i)*(1.0-
u(k)*u(k)))*t3(ij,k) 

& +cr2*6oldj(i-lj,k)+cr2*t3(i-lj,k) 
& +cs*t3oldj(ij+l,k)+cs*t3(ij+l,k) 
& +cs*t3oldj(ij-l,k)+cs*t3(ij-l,k) 
& +cpl*t3oldj(ij,k+l)+cpl*t3(ij,k+l) 
& +cp2*t3oldj(ij,k-l)+cp2*6(ij,k-l) 
& +dt*pi*pi*(tlnewgs(ij,k)+tl(ij,k)) 
& *gamma(i)*gammaCO*(l .0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t2newgs(ij,k)+t2(ij,k)) 
& *gamma(i)*gamma(i)*(1.0-u(k)*u(k))/2.0+Q3dt 

t3newj(ij,k)=d3/abc 
ENDDO 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 

c31dt=dt*3.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(II)) 

& *sin(phi(j))*(10-u(k)*u(k))*gamma(II)*(1.0-u(k)* 

c32dt=dt*6.0*c3*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 

& *sin(phia))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

Q3dt=c31dt-c32dt 

cr2=gammahai-l)*gammah(II-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(II)*gamma(II)*(l .0-
u(k)*u(k))+abr*cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(II)*gamma(II)*(l .0-u(k)*u(k)) 
d3=abr*cr2*t3oldj(II-1 j,k)+abr*cr2*t3(II-1 j ,k) 

& +(gamma(n)*gamraaai)*(1.0-u(k)*u(k))-abr*cr2-
2.0*cs-cpl-cp2 

& -dt*pi*pi*gamma(n)*gamma(II)*(1.0-
u(k)*u(k)))*t3(IIj,k) 

& +cs*t3oldj(nj+l,k)+cs*0(IIj+l,k) 
& +cs*Goldj(nj-l,k)+cs*G(IIj-l,k) 
& +cpl*t3oldj(IIj>k+l)+cpl*6(IIj>k+l) 
& +cp2*6oldj(IIj,k-l)+cp2*t3(IIj,k-l) 
& +dt*pi*pi*(tlnewgs(IIj,k)+tl(nj,k)) 
& *gamma(II)*gamma(II)*(l .0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t2newgs(IIj,k)+t2(nj,k)) 
& *gamma0I)*gamma(II)*(l .0-u(k)*u(k))/2.0+Q3dt 

t3newj(IIj,k)=d3/abc 
ENDDO 
ENDDO 

C boundary condition 
DOi=l,II 
DOj=0,JJ-l 
t3newj(ij,0)=0 
t3newj(ij,KK)=0 
ENDDO 
ENDDO 

DO i=l,II 
DO k=0,KK 
t3newj(i,-l ,k)=t3newj(i,JJ-1 ,k) 
t3newj(i,JJ,k)=t3newj(i,0,k) 
ENDDO 
ENDDO 

C error for Jacobi 
error_maxj=0.0 
DOi=l,n 
DOj=0,JJ-l 
DOk=l,KK-l 
errj=abs(t3newj(ij,k)-6oldj(Lj,k)) 
IF(errj.GT.error_maxj)THEN 
error_maxj=errj 
ENDIF 
ENDDO 
ENDDO 
ENDDO 

C update for Jacobi 
DO i=l,II 
DOj=-l,JJ 
DO k=0,KK 
t3oldj(ij,k)=t3newj(ij,k) 
ENDDO 



ENDDO 
ENDDO 

C print *, "3",error_maxj 
IF(error_maxj.GT.tolj)GOTO 5 

C update from Jacobi to Gauss-Seidel 
DO i=l,II 
DOj=-l,JJ 
DO k=0,KK 
t3newgs(i j ,k)=t3 newj(i j ,k) 
ENDDO 
ENDDO 
ENDDO 

C calculate err for Gauss-Seidel 
error_maxgs=0.0 
DO i=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errgs=abs(tlnewgs(iJ,k)-tloldgs(ij,k)) 
IF(errgs.GT.error_maxgs)THEN 
error_maxgs=errgs 
ENDIF 
errgs=abs(t2newgs(ij,k)-t2oldgs(ij,k)) 
IF(errgs.GT.error_maxgs)THEN 
error_maxgs=errgs 
ENDIF 
errgs=abs(t3newgs(ij,k)-t3oldgs(ij,k)) 
IF(errgs.GT.error_maxgs)THEN 
error_maxgs=errgs 
ENDIF 
ENDDO 
ENDDO 
ENDDO 
IF(error_maxgs.LE.tolgs)GOTO 6 

C print *, max_err 
DO i=l,II 
DOj=-l,JJ 
DOk=0,KK 
tloldgs(Lj ,k)=t 1 ne wgs(i j ,k) 
t2oldgs(ij,k)=t2newgs(ij,k) 
t3oldgs(y,k)=t3newgs(ij,k) 
E N D D O 
E N D D O 
E N D D O 
GOTO 2 

C End Gauss-Seidel Iteration 

C Calculate exact solutions 
6 DO i=l,II 

DOj=0,JJ-l 
DOk=l,KK-l 
tl_exact(ij,k)=cl*cos(pi*gamma(i))*sin(phi(j)) 

& *(1.0-u(k)*u(k))*exp(-pi*pi*dt*(n+l .0)) 
t2_exact(ij,k)=c2*cos(pi*gamma(i))*sin(phi(j)) 

& *(1.0-u(k)*u(k;)*exp(-pi*pi*dt*(n+1.0)) 
t3_exact(ij,k)=c3*cos(pi*gamma(i))*sin(phi(i)) 

& *(1.0-u(k)*u(k))*exp(-pi*pi*dt*(n+1.0)) 
ENDDO 
ENDDO 
ENDDO 

C Calculate max err 
err_max=0.0 
DO i=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
err=abs(tlnewgs(ij,k)-tl_exact(ij,k)) 
IF(err.GT.err_max)THEN 
err_max=err 
ENDIF 
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err=abs(t2newgs(ij,k>t2_exact(ij,k)) 
IF(err.GT.err_max)THEN 
err_max=err 
ENDIF 
err=abs(t3newgs(ij,k>t3_exact(ij,k)) 
IF(err.GT.err_max)THEN 
err_max=err 
ENDIF 

ENDDO 
ENDDO 
ENDDO 

C PRINT *, maxerr 

C Calculate L2-err 
DOi=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errorTl(ij,k)=abs(tlnewgs(ij,k>tl_exact(ij,k)) 
errorT2(ij,k)=abs(t2newgs(ij,k>t2_exact(y,k)) 
errorT3 (i j,k)=abs(Gnewgs(i j ,k)-t3_exact(ij ,k)) 
ENDDO 
ENDDO 
ENDDO 

templ=0.0 
temp2=0.0 
temp3=0.0 
temp4=0.0 
error_max(n)=0.0 
DO i=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
templ=templ+errorTl(ijJc)*errorTl(ij,k) 
temp2=temp2+errorT2(ijJc)*errorT2(ij,k) 
temp3=temp3+errorT3(ijJc)*errorT3(ij,k) 
ENDDO 
ENDDO 
ENDDO 
temp4=temp 1 +temp2+temp3 
error_max(n)=sqrt(dgamma*dphi*du*temp4) 
PRINT *,n, error_max(n) 

C Next time iteration 
n=n+l 
IF(n.EQ.NN)GOTO 7 

DOi=l,II 
DOj=-l,JJ 
DO k=0,KK 
tl(ij,k)=tlnewgs(ij,k) 
t2(ij,k)=t2newgs(ij,k) 
t3(ij,k)=t3newgs(ij,k) 
ENDDO 
ENDDO 
ENDDO 

GOTOl 

C Output 
7 OPEN(unit=77,file='N=50ar3 _I=1 l_o2.dat') 

DOn=l,NN-l 
WRITE(77,1000) n*dt,error_max(n) 
ENDDO 

1000 FORMAT(fl8.6,el8.10) 
END 
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3. SOURCE CODE FOR 3D SECOND 
IMPROVED CN SCHEME 

C 2-time level 3D second improved CN 
C nsystem44.f 
C Jan. 2010 

DIMENSION tl(0:50,-l:l 10,0:110),t2(0:50,-l:l 10,0:110) 
DIMENSION t3(0:50,-

1:110,0:110),gamma(0:50),gammah(0:50) 
DIMENSION phi(-l: 110),u(0:110),uh(0:110) 
DIMENSION tl_exact(0:50,-

1:110,0:110),t2_exact(0:50,-l: 110,0:110) 
DIMENSION t3_exact(0:50,-l: 110,0:110),tloldgs(0:50,-

1:110,0:110) 
DIMENSION tlnewgs(0:50,-l :110,0:110),t2oldgs(0:50,-

1:110,0:110) 
DIMENSION t2newgs(0:50,-l: 110,0:110),t3oldgs(0:50,-

1:110,0:110) 
DIMENSION t3newgs(0:50,-l:110,0:110),tloldj(0:50,-

1:110,0:110) 
DIMENSION tlnewj(0:50,-l: 110,0:110),t2oldj(0:50,-

1:110,0:110) 
DIMENSION t2newj(0:50,-l: 110,0:110),6oldj(0:50,-

1:110,0:110) 
DIMENSION t3newj(0:50,-l: 110,0:110),errorTl(0:50,-

1:110,0:110) 
DIMENSION errorT2(0:50,-l: 110,0:110),errorT3(0:50,-

1:110,0:110) 
DIMENSION error_max(0:5010) 
DOUBLE PRECISION 

tl,t2,t3,Qldt,Q2dt,Q3dt,dl,d2,d3,abc,cl,c2,c3 
DOUBLE PRECISION 

tloldgs,tlnewgs,t2oldgs,t2newgs,t3oldgs,t3newgs 
DOUBLE PRECISION 

tloldj,tlnewj,t2oldj,t2newj,t3oldj,t3newj 
DOUBLE PRECISION 

tl_exact,t2_exact,t3_exact,abl,abr 
DOUBLE PRECISION 

errorT 1 ,errorT2,errorT3 ,error_max 
DOUBLE PRECISION 

error_maxj,error_maxgs,errj,errgs,err 
DOUBLE PRECISION err_max,tr,tp,ts,gamma,gammah 
DOUBLE PRECISION phi,u,uh,thetal,theta2,th, fl, f2, 

f3 
DOUBLE PRECISION dt,dgamma,dphi,du,pi,tolj,tolgs 
DOUBLE PRECISION 

crl,cr2,cs,cpl,cp2,templ,temp2,temp3,temp4 
DOUBLE PRECISION cl Idt,cl2dt,cl3dt,cl4dt,cl5dt 
DOUBLE PRECISION c21dt,c22dt,c23dt,c24dt,c25dt 
DOUBLE PRECISION c31dt,c32dt,c33dt,c34dt 

C value assignment 
dt=0.0001 
11=10 
JJ=60 
KK=60 
NN=1000 
pi=3.14159265358979323846 
thetal=1.0 
th=thetal+II 
theta2=(sqrt(4.0+3.0*th*(th-1.0))-1.0)/(3.0*th) 

C the first order scheme 
C thetal=1.0 
C theta2=1.0 

dgamma=1.0/(II-1.0+thetal+theta2) 
dphi=2.0*pi/JJ 
du=2.0/KX 

tr=dt/(dgamma*dgamma) 
ts=dt/(dphi*dphi) 
tp=dt/(du*du) 
tolgs=1.0D-6 
tolj=1.0D-8 
cl=1.25 
c2=1.00 
c3=0.75 

DO i=0,II 
gamma(i)=(thetal +(i-l ))*dgamma 
ENDDO 
DO i=0,H-l 
gammah(i)=gamma(i)+0.5 *dgamma 
ENDDO 
DOj=0,JJ-l 
phi(J)=j*dphi 
ENDDO 
DO k=0,KK 
u(k)=k*du-1.0 
ENDDO 
DOk=0,KK-l 
uh(k)=u(k)+0.5*du 
ENDDO 

abl=1.0 
abr=gamma(II)*gamma(II)*theta2 

& /(gammahai-l)*gammah(II-l)*(theta2/2.0+1.0/3.0)) 
C the first order scheme 
C abl=1.0 
C abr=1.0 
C initial condition 

DO i=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
tl(ij,k)=cl*(cos(pi*gamma(i))-1.0)*sin(phiO))*(1.0-

u(k)*u(k)) 
t2(ij,k)=c2*(cos(pi*gamma(i))-1.0)*sin(phi(j))*(1.0-

u(k)*u(k)) 
t3(ij,k)=c3*(cos(pi*gamma(i))-1.0)*sin(phi0))*(1.0-

u(k)*u(k)) 
ENDDO 
ENDDO 
ENDDO 

C boundary condition 
DOi=l,II 
DOj=0,JJ-l 
tl(ij,0)=0.0 
t2(ij,0)=0.0 
t3(ij,0)=0.0 
tl(ij,KK)=0.0 
t2(ij,KK)=0.0 
t3(ij,KK)=0.0 
ENDDO 
ENDDO 

DO i=l,II 
DO k=0,KK 
tl(i,-l,k)=tl(i,JJ-l,k) 
t2(i,-l,k)=t2(i,JJ-l,k) 
t3(i,-l,k)=6(i,JJ-l,k) 
tl(i,JJ,k)=tl(i,0,k) 
t2(i,JJ,k)=t2(i,0,k) 
t3(i,JJ,k)=t3(i,0,k) 
ENDDO 
ENDDO 

fl=0.0 
DOj=0,JJ-l 
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DO k=0,KK-l 
fl=fl+tl(lj,k) 
ENDDO 
ENDDO 
DOj=0,JJ-l 
DOk=0,KK-l 
tl(0j,k)=fl/(JJ*KK) 
ENDDO 
ENDDO 

£2=0.0 
DOj=0,JJ-l 
DOk=0,KK-l 
f2=£2+t2(lj,k) 
ENDDO 
ENDDO 
DOj=0,JJ-l 
DOk=0,KK-l 
t2(0j,k)=£2/(JJ*KK) 
ENDDO 
ENDDO 

£3=0.0 
DOj=0,JJ-l 
DOk=0,KK-l 
£3=f3+t3(lj,k) 
ENDDO 
ENDDO 
DOj=0,JJ-l 
DOk=0,KK-l 
t3(Oj,k)=£3/(JJ*KK) 
ENDDO 
ENDDO 

C Begin time iteration 
n=0 

C Begin Gauss-Seidel Iteration 
1 D O i=0,II 

DOj=-l,JJ 
D O k=0,KK 
tloldgs(ij,k)=tl(ij,k) 
t2oldgs(ij,k)=t2(ij,k) 
t3oldgs(ij,k)=t3(ij,k) 
ENDDO 
ENDDO 
ENDDO 

CJacobiforTl 
C initial condition for Jacobi 
2 DO i=0,II 

DOj=-l,JJ 
DO k=0,KK 
11 oldj(i J,k)=tl oldgs(i j,k) 
ENDDO 
ENDDO 
ENDDO 

CRHS 
3 DO i=l,II-l 

DOj=0,JJ-l 
DOk=l,KK-l 
clldt=dt*2.0*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 
& *sin(phi(j))*(10-

u(k)*u(k))*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 

cl2dt=dt*5.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(i)) 

& *sin(phi0))*(1.0-u(k)*u(k))*gamma(i)*(1.0-u(k)*u(k)) 

cl3dt=-dt*6.0*cl*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 

& *sin(phi(j))*(2.0*u(k)*u(k)-l ,0)*(1 0-u(k)*u(k)) 

cl4dt=dt*6.0*cl*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phiG))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

cl5dt=dt*0.5*pi*pi*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phia))*(1.0-

u(k)*u(k))*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 

Qldt=clldt+cl2dt+cl3dt+cl4dt+cl5dt 

crl=gammah(i)*gammah(i)*tr*(1.0-u(k)*u(k)) 
cr2=gammah(i-l)*gammah(i-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(10-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(i)*gamma(i)*(l .0-
u(k)*u(k))+crl+cr2+2.0*cs 

& +cpl+cp2+dt*pi*pi*gamma(i)*gamma(i)*(1.0-
u(k)*u(k)) 

dl=crl*tloldj(i+lj,k)+crl*tl(i+lj,k) 
& +(gamma(i)*gamma(i)*(1.0-u(k)*u(k))-crl-cr2-2.0*cs-

cpl-cp2 
& -dt*pi*pi*gamma(i)*gamma(i)*(1.0-

u(k)*u(k)))*tl(ij,k) 
& +cr2*tl oldj(i-1 j,k)+cr2*t 1 (i-1 j,k) 
& +cs*tloldj(ij+l,k)+cs*tl(ij+l,k) 
& +cs*tloldj(ij-l,k)+cs*tl(ij-l,k) 
& +cpl*tloldj(ij,k+l)+cpl*tl(ij,k+l) 
& +cp2*tloldj(ij,k-l)+cp2*tl(ij,k-l) 
& +dt*pi*pi*(t2oldgs(ij,k)+t2(ij,k)) 
& *gamma(i)*gamma(i)*(l .0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(ij,k)+t3(ij,k)) 
& *gamma(i)*gamma(i)*(l.0-u(k)*u(k))/2.0+Qldt 

tlnewj(ijjc)=dl/abc 
ENDDO 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 
clldt=dt*2.0*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 
& *sin(phiG))*(1.0-

u(k)*u(k))*gamma0I)*gamma(II)*(l.O-u(k)*u(k)) 

cl2dt=dt*5.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(II)) 

& *sin(phiG))*(1.0-u(k)*u(k))*gamma(II)*(1.0-u(k)*u(k)) 

cl3dt=-dt*6.0*cl*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 

& *sin(phiG))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

cl4dt=dt*6.0*cl*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phiG))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

cl5dr=dt*0.5*pi*pi*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phi(j))*(1.0-

u(k)*u(k))*gammaai)*gamma(II)*(1.0-u(k)*u(k)) 

Qldt=clldt+cl2dt+cl3dt+cl4dt+cl5dt 

cr2=gammah(II-l)*gammah(II-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
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cpl=(10-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(II)*gamma(II)*(l .0-
u(k)*u(k))+abr*cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(II)*gamma(II)*(l .0-u(k)*u(k)) 
dl=abr*cr2*tloldj(II-lj,k)+abr*cr2*tl(II-ij,k) 

& +(gamma(II)*gammu(II)*(l ,0-u(k)*u(k))-abr*cr2-
2.0*cs-cpl-cp2 

& -pi*pi*dt*gamma(II)*gamma(II)*(1.0-
u(k)*u(k)))*tl(IIj,k) 

& +cs*tloldj(nj+l,k)+cs*tl(IIj+l,k) 
& +cs*tloldj(nj-l,k)+cs*tl(IIj-l,k) 
& +cpl*tloldj(IIj,k+l)+cpl*tl(IIj,k+l) 
& +cp2*tloIdj(IIj,k-l)+cp2*tl(IIj,k-l) 
& +dt*pi*pi*(t2oldgs(Hj,k)+t2(IIj,k)) 
& *gamma(II)*gamma(II)*(1.0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(IIj,k)+t3(IIj,k)) 
& *gammaai)*gamma(II)*(1.0-u(k)*u(k))/2.0+Qldt 

tlnewj(IIj,k)=dl/abc 
ENDDO 
ENDDO 

C boundary condition 
DOi=l,n 
DOj=0,JJ-l 
tlnewj(ij,0)=0.0 
tlnewj(ij,KK)=0.0 
ENDDO 
ENDDO 

D O i=l,II 
D O k=0,KK 
tlnewj(i,-l,k)=tlnewj(i,JJ-l,k) 
tlnewj(i,JJ,k)=tlnewj(i,0,k) 
ENDDO 
ENDDO 

C update 
fl=0.0 
DOj=0,JJ-l 
DOk=0,KK-l 
fl=fl+tlnewj(lj,k)+tl(lj,k) 
E N D D O 
E N D D O 

DOj=0,JJ-l 
D O k=l,KK-l 
abc=1.0+6.0*dt/(dgamma*dgamma)+dt*pi*pi 

dl=(l 0-6.0*dt/(dgamma*dgamma)-dt*pi*pi)*tl (0j,k) 
& +dt*3.0*du*fl/(JJ*dgamma*dgamma) 
& +dt*pi*pi*(t2oldgs(0j,k)+Q(0j,k))/2.0 
& +dt*pi*pi*(t3oldgs(0j,k)+t3(0j,k))/2.0 

tlnewj(Oj,k)=dl/abc 
ENDDO 
ENDDO 

C error for Jacobi 
error_maxj=0.0 
DOi=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errj=abs(tlnewj(ijJc)-tloIdj(ij,k)) 
IF(errj ,GT.error_maxj)THEN 
error_rnaxj=errj 

ENDIF 
ENDDO 
ENDDO 
ENDDO 

C update for Jacobi 
DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
tloldj(ij,k)=tlnewj(ijJc) 
ENDDO 
ENDDO 
ENDDO 

C print *, "1 ",error_maxj 
IF(error_maxj.GT.tolj)GOTO 3 

C update from Jacobi to Gauss-Seidel 
DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
tlnewgs(ij,k)=tlnewj(ij,k) 
ENDDO 
ENDDO 
ENDDO 

C Jacobi for T2 
C initial condition for Jacobi 

D O i=0,II 
DOj=-l,JJ 
D O k=0,KK 
t2oldj(ij,k)=t2oldgs(ij,k) 
ENDDO 
ENDDO 
ENDDO 

4 DO i=l,II-l 
DOj=0,JJ-l 
DOk=l,KK-l 
c21 dt=dt*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 
& *sin(phi0))*(1.0-

u(k)*u(k))*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 

c22dt=dt*4.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(i)) 

& *sin(phi(j))*(1.0-u(k)*u(k))*gamma(i)*(1.0-u(k)*u(k)) 

c23dt^-dt*6.0*c2*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 

& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c24dt=dt*6.0*c2*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phia))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c25dt=dt*pi*pi*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phi(j))*(1.0-

u(k)*u(k))*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 

Q2dt=c21dt+c22dt+c23dt+c24dt+c25dt 

crl=gammah(i)*gammah(i)*tr*(1.0-u(k)*u(k)) 
cr2=gammah(i-l)*gammah(i-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(10-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(i)*gamma(i)*(l .0-
u(k)*u(k))+crl+cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(i)*gamma(i)*(l .0-u(k)*u(k)) 
d2=crl *t2oldj(i+1 j,k)+cr 1 *t2(i+1 j,k) 
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& +(gamma(i)*gamma(i)*(1.0-u(k)*u(k))-crl-cr2-2.0*cs-
cpl-cp2 

& -dt*pi*pi*gamma(i)*gamma(i)*(1.0-
u(k)*u(k)))*t2(ij,k) 

& +cr2*t2oldj(i-lj,k)+cr2*t2(i-lj,k) 
& +cs*t2oldj(ij+l,k)+cs*t2(ij+l,k) 
& +cs*t2oldj(ij-l,k)+cs*t2(ij-l,k) 
& +cpl *t2oldj(ij,k+l)+cpl *t2(i j ,k+l ) 
& +cp2*t2oldj(ij,k-l)+cp2*t2(ij,k-l) 
& +dt*pi*pi*(tlnewgs(ij,k)+tl(ij,k)) 
& *gamma(i)*gamma(i)*(l .0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgs(ij,k)+t3(ij,k)) 
& *gamma(i)*gamma(i)*(l 0-u(k)*u(k))/2.0+Q2dt 

t2newj(ijjc)=d2/abc 
ENDDO 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 
c21 dt=dt*pi*pi*exp(-

pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 
& *sin(phi(j))*(1.0-

u(k)*u(k))*gamma(II)*gamma(II)*(1.0-u(k)*u(k)) 

c22dt=dt*4.0*pi*exp(-
pi*pi*dt*(n+0.5))*sin(pi*gamma(II)) 

& *sin(phi(j))*(1.0-u(k)*u(k))*gamma(II)*(1.0-u(k)*u(k)) 

c23dt=-dt*6.0*c2*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(II)) 

& *sin(phi(J))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c24dt=dt*6.0*c2*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c25dt=dt*pi*pi*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phi(j))*(1.0-

u(k)*u(k))*gamma(II)*gamma(II)*(1.0-u(k)*u(k)) 

Q2dt=c21 dt+c22dt+c23dt+c24dt+c25dt 

cr2=gammah(II-l)*gammah(II-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(10-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(II)*gamma(II)*(l .0-
u(k)*u(k))+abr*cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(II)*gamma(II)*(l .0-u(k)*u(k)) 
d2=abr*cr2*t2oldj(II-lJ,k)+abr*cr2*t2(II-lj,k) 

& +(gamma(n)*gamma(II)*(1.0-u(k)*u(k))-abr*cr2-
2.0*cs-cpl-cp2 

& -dt*pi*pi*gamma(n)*gamma(II)*(1.0-
u(k)*u(k)))*t2(IIj,k) 

& +cs*t2oldj(n j+1 ,k)+cs*G(II j+1 ,k) 
& +cs*Coldj(nj-l,k)+cs*t2(IIj-l,k) 
& +cpl*t2oldj(Hj,k+l)+cpl*t2(IIj,k+l) 
& +cp2*t2oldj(IIj,k-l)+cp2*t2aij,k-l) 
& +dt*pi*pi*(tlnewgs(II j,k)+tl (H j,k)) 
& *gamma(II)*gamma(II)*(1.0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t3oldgsa:j,k)+G(IIj,k)) 
& *garama(II)*gamma(II)*(l,0-u(k)*u(k))/2.0+Q2dt 

t2newj(IIj,k)=d2/abc 
ENDDO 
ENDDO 

C boundary condition 
DO i=l,II 
DOj=0,JJ-l 
t2newj(ij,0)=0.0 
t2newj(ij,KK)=0.0 
ENDDO 
ENDDO 

DO i=l,II 
DO k=0,KK 
t2newj(i,-l,k)=t2newj(i,JJ-l,k) 
t2newj(i,JJJc)=t2newj(i,0Jc) 
ENDDO 
ENDDO 

C update 
£2=0.0 
DOj=0,JM 
DOk=0,KK-l 
£2=f2+t2ne wj( 1 j ,k)+t2( 1 j ,k) 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 
abc=1.0+6.0*dt/(dgamma*dgamma)+dt*pi*pi 

d2=(10-6.0*dt/(dgamma*dgamma)-dt*pi*pi)*t2(0j,k) 
& +dt*3.0*du*f2/(JJ*dgamma*dgamma) 
& +dt*pi*pi*(tlnewgs(0j,k)+tl(0j,k))/2.0 
& +dt*pi*pi*(t3oldgs(0j,k)+t3(0j,k))/2.0 

anewj(0j,k)=d2/abc 
ENDDO 
ENDDO 

C error for Jacobi 
error_maxj=0.0 
DO i=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errj=abs(t2newj(ijJc)-t2oldj(ij,k)) 
IF(errj.GT.error_maxj)THEN 
error_maxj=errj 
ENDIF 

ENDDO 
ENDDO 
ENDDO 

C update for Jacobi 
DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
t2oldj(ij,k)=t2newj(ijJc) 
ENDDO 
ENDDO 
ENDDO 

C print *, "2",error_maxj 
IF(error_maxj.GT.tolj)GOTO 4 

C update from Jacobi to Gauss-Seidel 
DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
t2newgs(ij,k)=t2newj(ijjc) 
ENDDO 
ENDDO 
ENDDO 

C Jacobi for T3 
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C initial condition for Jacobi 
DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
t3oldj(ij,k)=t3oldgs(ij,k) 
ENDDO 
ENDDO 
ENDDO 

5 DO i=l,n-l 
DOj=0,JJ-l 
DOk=l,KK-l 
c31dt=dt*3.0*pi*exp(-

pi*pi*dt*(n+0.5))*sin(pi*gamma(i)) 
& *sin(phi0))*(1.0-u(k)*u(k))*gamma(i)*(1.0-u(k)*u(k)) 

c32dt=-dt*6.0*c3*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(i)) 

& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c33dt=dt*6.0*c3*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c34dt=dt* 1.5*pi*pi*exp(-pi*pi*dt*(n+0.5» 
& *sin(phi(j))*(1.0-

u(k)*u(k))*gamma(i)*gamma(i)*(1.0-u(k)*u(k)) 

Q3dt=c3 Idt+c32dt+c33dt+c34dt 

crl=gammah(i)*gammah(i)*tr*(1.0-u(k)*u(k)) 
cr2=gammah(i-l)*gammah(i-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(10-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(1.0-uh(k-l)*uh(k-l))*tp*(1.0-u(k)*u(k)) 

abc=gamma(i)*gamma(i)*(l .0-
u(k)*u(k))+crl+cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(i)*gamma(i)*(l .0-u(k)*u(k)) 
d3=crl*t3oldj(i+lj,k)+crl*0(i+lj,k) 

& +(gamma(i)*gamma(i)*(1.0-u(k)*u(k))-crl-cr2-2.0*cs-
cpl-cp2 

& -pi*pi*dt*gamma(i)*gamma(i)*(1.0-
u(k)*u(k)))*t3(ij,k) 

& +cr2*6oldj(i-lJ,k)+cr2*t3(i-lj,k) 
& +cs*Coldj(ij+l,k)+cs*t3(ij+l,k) 
& +cs*t3oldj(ij-l,k)+cs*t3(ij-l,k) 
& +cpl*t3oldj(ij,k+l)+cpl*t3(ij,k+l) 
& +cp2*t3oldj(ij,k-l)+cp2*t3(ij,k-l) 
& +dt*pi*pi*(tlnewgs(ij,k)+tl(ij,k)) 
& *gamma(i)*gamma(i)*(l ,0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t2newgs(ij,k)+t2(ij,k)) 
& *gamma(i)*gamma(i)*(1.0-u(k)*u(k))/2.0+Q3dt 

t3newj (i J Jc)=d3/abc 
ENDDO 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 
c31dt=dt*3.0*pi*exp(-

pi*pi*dt*(n+0.5))*sin(pi*gamma(II)) 
& *sin(phia))*(1.0-u(k)*u(k))*gamma(II)*(1.0-u(k)*u(k)) 

c32dt=-dt*6.0*c3*exp(-
pi*pi*dt*(n+0.5))*cos(pi*gamma(H)) 

& *sin(phia))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c33dt=dt*6.0*c3*exp(-pi*pi*dt*(n+0.5)) 

& *sin(phi(j))*(2.0*u(k)*u(k)-1.0)*(1.0-u(k)*u(k)) 

c34dt=dt*1.5*pi*pi*exp(-pi*pi*dt*(n+0.5)) 
& *sin(phi0))*(1.0-

u(k)*u(k))*gamma(II)*gamma(II)*(1.0-u(k)*u(k)) 

Q3dt=c3 Idt+c32dt+c33dt+c34dt 

cr2=gammah(II-l)*gammah(II-l)*tr*(1.0-u(k)*u(k)) 
cs=ts 
cpl=(1.0-uh(k)*uh(k))*tp*(1.0-u(k)*u(k)) 
cp2=(l 0-uh(k-1 )*uh(k-l))*tp*( 1.0-u(k)*u(k)) 

abc=gamma(II)*gamma(II)*(l .0-
u(k)*u(k))+abr*cr2+2.0*cs+cpl+cp2 

& +dt*pi*pi*gamma(II)*gamma(II)*(l .0-u(k)*u(k)) 
d3=abr*cr2*t3oldj(II-lj,k)+abr*cr2*6(IMj,k) 

& +(gamma(II)*gamma(II)*(l ,0-u(k)*u(k))-abr*cr2-
2.0*cs-cpl-cp2 

& -dt*pi*pi*gamma(II)*gamma(II)*(l .0-
u(k)*u(k)))*t3(IIj,k) 

& +cs*eoIdj(IIj+l,k)+cs*G(Hj+l,k) 
& +cs*f3oldj(nj-l,k)+cs*t3(IIj-l,k) 
& +cpl*t3oldj(IIJ,k+l)+cpl*6(IIj,k+l) 
& +cp2*t3oldj(IIj,k-l>+cp2*t3(IIj,k-l) 
& +dt*pi*pi*(tlnewgs(IIj,k)+tl(nj,k)) 
& *gamma(II)*gamma(II)*(l ,0-u(k)*u(k))/2.0 
& +dt*pi*pi*(t2newgs(IId,k)+t2(iTj,k)) 
& *gamma(II)*gamma(II)*(l .0-u(k)*u(k))/2.0+Q3dt 

t3newj(IIj,k)=d3/abc 
ENDDO 
ENDDO 

C boundary condition 
DO i=l,II 
DOj=0,JJ-l 
6newj(ij,0)=0.0 
t3newj(ij,KK)=0.0 
ENDDO 
ENDDO 

DO i=l,II 
DO k=0,KK 
t3ne wj(i,-1 ,k)=t3ne wj (i, JJ-1 ,k) 
t3newj(i,JJ,k)=t3newj(i,0,k) 
ENDDO 
ENDDO 

C update 
0=0.0 
DOj=0,JJ-l 
DO k=0,KK-l 
G=G+t3newj(lj,k)+t3(lj,k) 
ENDDO 
ENDDO 

DOj=0,JJ-l 
DOk=l,KK-l 
abc=1.0+6.0*dt/(dgamma*dgamma)+dt*pi*pi 

d3=(10-6.0*dt/(dgamma*dgamma)-dt*pi*pi)*G(0j,k) 
& +dt*3.0*du*f3/(JJ*dgamma*dgamma) 
& +dt*pi*pi*(tlnewgs(0j,k)-Hl(0j,k))/2.0 
& +dt*pi*pi*(t2newgs(0j,k)+t2(0j,k))/2.0 

t3newj(0j,k)=d3/abc 
ENDDO 
ENDDO 



C error for Jacobi 
error_maxj=0.0 
DOi=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errj=abs(t3newj(ij4c)-t3oldj(ij,k)) 
IF(errj.GT.error_maxj)THEN 
error_maxj=errj 
ENDIF 
ENDDO 
ENDDO 
ENDDO 

C update for Jacobi 
DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
t3oldj(ij,k)=t3newj(ijJi) 
ENDDO 
ENDDO 
ENDDO 

C print *, "3",error_maxj 
IF(error_rnaxj.GT.tolj)GOTO 5 

C update from Jacobi to Gauss-Seidel 
DO i=0,II 
DOj=-l,JJ 
DOk=0,KK 
t3newgs(ij,k)=t3newj(ij,k) 
ENDDO 
ENDDO 
ENDDO 

C calculate err for Gauss-Seidel 
error_maxgs=0.0 
DO i=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errgs=abs(tl newgs(i j ,k)-t 1 oldgs(i j ,k)) 
IF(errgs.GT.error_maxgs)THEN 
error_maxgs=errgs 
ENDIF 
errgs=abs(t2newgs(ij,k)-t2oldgs(ij,k)) 
IF(errgs.GT.error_maxgs)THEN 
error_maxgs=errgs 
ENDIF 
errgs=abs(6newgs(ij,k)-t3oldgs(ij,k)) 
IF(errgs.GT.error_maxgs)THEN 
error_maxgs=errgs 
ENDIF 
ENDDO 
ENDDO 
ENDDO 
IF(error_maxgs.LE.tol<;s)GOTO 6 

C print *, maxerr 
DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
tloldgs(ij,k)=tlnewgs(ij,k) 
t2oldgs(tj,k)=t2newgs(ij,k) 
t3oldgs(Lj,k)=t3newgs(ij,k) 
ENDDO 
ENDDO 
ENDDO 
GOTO 2 

C End Gauss-Seidel Iteration 
C Calculate exact solutions 
6 DO i=l,II 

DOj=0,JJ-l 
DOk=l,KK-l 

tl_exact(i j,k)=cl *(cos(pi*gamma(i))-l .0)*sin(phi(j)) 
& *(1.0-u(k)*u(k))*exp(-pi*pi*dt*(n+l .0)) 
t2_exact(ij,k)=c2*(cos(pi*gamma(i))-1.0)*sin(phi(j)) 

& *(1 0-u(k)*u(k))*exp(-pi*pi*dt*(n+l .0)) 
t3_exact(ij,k)=c3*(cos(pi*gamma(i))-1.0)*sin(phi(j)) 

& *(1.0-u(k)*u(k))*exp(-pi*pi*dt*(n+1.0)) 
ENDDO 
ENDDO 
ENDDO 

C Calculate max err 
err_max=0.0 
DO i=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
err=abs(tlnewgs(ij,k)-tl_exacttij,k)) 
IF(err.GT.err_max)THEN 
err_max=err 
ENDIF 
err=abs(t2newgs(ij,k)-t2_exact(ij,k)) 
IF(err.GT.err_max)THEN 
err_max=err 
ENDIF 
err=abs(t3newgs(i j ,k)-6_exact(i j ,k)) 
IF(err.GT.err_max)THEN 
err_max=err 
ENDIF 
ENDDO 
ENDDO 
ENDDO 

C PRINT *, maxerr 

C Calculate L2-err 
DOi=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
errorTl(ij,k)=abs(tlnewgs(ij,k)-tl_exact(ij,k)) 
errorT2(ij,k)=abs(t2newgs(ij,k)-t2_exact(ij,k)) 
errorT3(ij,k)=abs(t3newgs(ij,k)-t3_exact(ij,k)) 

ENDDO 
ENDDO 
ENDDO 

templ=0.0 
temp2=0.0 
temp3=0.0 
temp4=0.0 
error_max(n)=0.0 
DOi=l,II 
DOj=0,JJ-l 
DOk=l,KK-l 
templ=templ+errorTl(ijJx)*errorTl(ij,k) 
temp2=temp2+errorT2(ijJc)*errorT2(ijJk) 
temp3=temp3+errorT3(ijJc)*errorT3(ij,k) 
ENDDO 
ENDDO 
ENDDO 
temp4=temp 1 +temp2+temp3 
error_max(n)=sqrt(dgamma*dphi*du*temp4) 
PRINT *,n, errormax(n) 

C Next time iteration 
n=n+l 
IF(n.EQ.NN)GOTO 7 

DO i=0,II 
DOj=-l,JJ 
DO k=0,KK 
tl(ij,k)=tlnewgs(ij,k) 
t2(ij,k)=t2newgs(ij,k) 
t3(ij,k)=t3newgs(ij,k) 
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E N D D O 7 OPEN(unit=77,file=='N=50ar3_I=40_o2.dat') 
E N D D O D O n=l,NN-l 
E N D D O WRITE(77,1000) n*dt,error_max(n) 

E N D D O 
G O T O 1 CLOSE(77) 

1000 FORMAT(fl8.6,el8.10) 
C Output END 
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