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ABSTRACT

The central notion of this thesis is the minor relation on functions of
several arguments. A function f: A" — B is called a minor of another
function g: A™ — B if f can be obtained from ¢ by permutation of ar-
guments, identification of arguments, and introduction of inessential
arguments. We first provide some general background and context
to this work by presenting a brief survey of basic facts and results
concerning different aspects of the minor relation, placing some em-
phasis on the author’s contributions to the field.

The notions of functions of several arguments and minors give im-
mediately rise to the following reconstruction problem: Is a function
f+ A" = B uniquely determined, up to permutation of arguments, by
its identification minors, i.e., the minors obtained by identifying a pair
of arguments? We review known results — both positive and negative
— about the reconstructibility of functions from identification minors,
and we outline the main ideas of the proofs, which often amount to
formulating and solving reconstruction problems for other kinds of
mathematical objects.

We then turn our attention to functions determined by the order of
first occurrence, and we are interested in the reconstructibility of such
functions. One of the main results of this thesis states that the class
of functions determined by the order of first occurrence is weakly
reconstructible. Some reconstructible subclasses are identified; in par-
ticular, pseudo-Boolean functions determined by the order of first oc-
currence are reconstructible.

As our main tool, we introduce the notion of minor of permutation.
This is a quotient-like construction for permutations that parallels mi-
nors of functions and has some similarities to permutation patterns.
We develop the theory of minors of permutations, focusing on Ga-
lois connections induced by the minor relation and on the interplay
between permutation groups and minors of permutations. Our re-
sults will then find applications in the analysis of the reconstruction
problem of functions determined by the order of first occurrence.
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INTRODUCTION AND PRELIMINARIES

This thesis consists of two main parts. The first part (Chapters
is in the nature of a survey and relies mainly on published studies.
Its purpose is to introduce the mathematical notions that are relevant
to us, to provide some background and context to the current work,
to state some important results, and to present a review of the au-
thor’s earlier contributions to the field. Almost all proofs are omitted,
and references are given to the original publications, which should be
consulted for further details. The second part (Chapters [4] and [5) is
comprised of new, previously unpublished results with proofs.

1.1 OVERVIEW

Functions of several arguments appear in many fields of mathematics,
such as multivariate calculus, predicate logic, and universal algebra,
and they are the main objects of study in this thesis. In particular, this
thesis revolves around the notion of minors of functions. A function
f+ A" — B is called a minor of another function g: A™ — B, if f can
be obtained from ¢ by manipulations of arguments: permutation of
arguments, introduction and deletion of inessential arguments, and
identification of arguments.

Formation of minors is a way of building new functions from given
ones; in fact, minors are particular instances of functional composi-
tion in which functions are composed with projections. Minors arise
naturally in many contexts. A universal algebraist sees immediately
that minors are term functions induced by terms of height 1. For an-
other example, weighted voting systems can be modeled in terms of
threshold Boolean functions, and formation of coalitions corresponds
to formation of minors of functions.

Minors of functions have been extensively studied by many authors
from many different points of view. Chapter 2| comprises a brief sur-
vey on various aspects of minors, with a focus on the author’s earlier
contributions to the topic. We start with structural descriptions of the
minor order. Then we discuss the arity gap, which is a measure of
the minimum decrease in the number of essential arguments when
minors of a function are formed. We give some special attention to
functions with a unique identification minor. We explain how mi-
nor-closed classes of functions can be defined as the subuniverses
of certain algebras and how they can be characterized as the closed
classes of a Galois connection between functions and constraints. We
also briefly mention some variants of the notion of a minor.
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Another central topic of this thesis is reconstruction problems.
Speaking in very general terms, a reconstruction problem asks wheth-
er a mathematical object can be uniquely recovered from pieces of
partial information thereon. An archetypical example of a reconstruc-
tion problem is present in a famous unproven conjecture in graph
theory, the so-called reconstruction conjecture, due to Kelly [45] and
Ulam [84], which concerns whether or not a graph is uniquely deter-
mined, up to isomorphism, by the collection of its one-vertex-deleted
subgraphs. This is an example of the type of reconstruction problems
we discuss in this thesis: given a large class of mathematical objects
and a way of deriving “subobjects” of each member of the class, we
ask whether or not the objects are uniquely determined by the collec-
tion of their derived subobjects.

Our main interest lies in the following reconstruction problem: Is a
function f: A" — B uniquely determined, up to equivalence, by the
collection of its identification minors? This problem has been stud-
ied by the current author, and in Chapter [3, we survey some known
results — both positive and negative — concerning the reconstructibil-
ity of functions. On the one hand, certain classes of functions have
been shown to be reconstructible, for example, the classes of totally
symmetric functions (of sufficiently large arity) and affine functions
over finite fields (of sufficiently large arity). On the other hand, in-
finite families of nonreconstructible functions have been constructed.
In Chapter |5, we will present some new results on the reconstruction
problem of functions, more specifically, on the reconstructibility of
functions determined by the order of first occurrence.

The order of first occurrence is a notion that we consider more care-
fully in this thesis. The idea of listing objects in the order they first
appear in a sequence of data emerges in various everyday situations
and it is employed in many fields of science, arts and humanities.
For example, in the closing credits of a motion picture or a television
show, it is not uncommon that the characters and the cast members
who portray them are listed in the order of first appearance. In sci-
entific research articles, the entries in a bibliography are usually ar-
ranged either alphabetically by authors” names or in the order of first
citation.

In algebra, the idea of arranging objects in the order they first ap-
pear is neatly captured by left regular bands, i.e., semigroups satis-
fying the identities x> ~ x and xyx ~ xy. These identities convey
precisely the meaning that we can delete from a semigroup word any
element that has occurred earlier; thus we can reduce every word
into one in which each element occurs only once, in the order of first
occurrence.

We focus our attention on the function called “ofo” that is defined

and valued on the set of all strings over a fixed alphabet and that
transforms any string by deleting duplicate letters while keeping only
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the first occurrence of each letter. In other words, ofo maps each string
to the unique subsequence that lists the different letters occurring in
the string in the order of first occurrence — hence the acronym ofo.

A function f: A" — B is said to be determined by the order of
first occurrence, if it is decomposable via ofo as f = f* o ofo[a». In
other words, the value of f depends only on the order in which el-
ements of A first occur in the input. Functions determined by the
order of first occurrence have remarkable properties. For example,
they have a unique identification minor. In this thesis, we establish
further mathematical properties of functions determined by the order
of first occurrence. One of our new results is a characterization of the
permutation groups that appear as invariance groups of functions de-
termined by the order of first occurrence (Theorem [5.3.4). We then
investigate in detail the reconstruction problem for functions deter-
mined by the order of first occurrence in Section We establish
that the class of functions determined by the order of first occurrence
(of sufficiently large arity) is weakly reconstructible (Theorem [5.4.5).
Some reconstructible subclasses are identified; in particular, pseudo-
Boolean functions determined by the order of first occurrence are re-
constructible.

As our main tool, we introduce a new notion of a minor of a per-
mutation in Chapter Minors of permutations can be seen as a
quotient-like construction for permutations, and they are in a certain
way analogous to minors of functions and have some similarities to
permutation patterns. As a first step towards developing a theory of
minors of permutations, we investigate the monotone Galois connec-
tion Min(f)—Comp(”) induced by the minor relation between /- and n-
permutations. We are particularly interested in the interplay between
permutation groups and minors of permutations. For the needs of our
applications, we establish some results concerning the groups gener-
ated by the set of /-minors of an n-permutation T and the set of differ-
ences of /-minors of T (Propositions |4.4.15/and |4.4.16). We also briefly
discuss a reconstruction problem of permutations from minors. With
this toolbox, we finally attack the reconstruction problem of functions
determined by the order of first occurrence in Chapter

1.2 GENERAL NOTATION

We presuppose that the reader is familiar with fundamental notions
in abstract algebra, such as functions, relations, ordered sets, group-
oids, semigroups, monoids, groups, rings, fields, lattices, terms, and
term operations, which can be found in many textbooks, such as the
ones by Cameron [8], Davey and Priestley [24], Denecke and Wis-
math [26], Foldes [31], and Lang [51]. We will review some of the
basic terminology and notions that will be used in this work.
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The symbols [N|and stand for the set of all nonnegative integers
and the set of all positive integers, respectively. For a,b € N, the
interval {n € N : a < n < b} is denoted by The interval
[1,n] = {1,...,n} of first n positive integers is denoted simply by
Note that if 4 > b then [g,b] equals the empty set @; in particular
0] =@.

The power set of a set S and the set of all k-element subsets of S are
denoted by and respectively.

The n-th Cartesian power of a set A is denoted by We usually
designate tuples by bold letters and their components by correspond-
ing italic letters. For example, a = (a3,...,a,) € A". We often write a
tuple (ay,...,a,) as a string (or word) a; . ..a,. We let = Upso A"
be the set of all words over A and = Uy>1 A" be the set of all
nonempty words over A. The unique element of A” is denoted by
and is called the empty word.

Let

:: {(mq,...,a,) € A" : 1y,ay,...,a, pairwise distinct}, (1.2.1)

= U AL (1.2.2)

n>1

Note that A7, # @ if and only if n < |A].

1.3 BINARY RELATIONS

Recall that a reflexive and transitive relation on a set A is called a
quasiorder (or preorder). An antisymmetric quasiorder is a partial order,
and a symmetric quasiorder is an equivalence relation.

Let = be an equivalence relation on A. We denote the equivalence
class of an element x € A by The set of equivalence classes of
= is denoted by and is called the quotient set of A by =.

It is well known that every quasiorder < on A induces an equiva-
lence relation = on A by the rule x = yifand only if x <y and y < x.
Moreover, < induces a partial order < on the quotient A/= by the

rule x/= < y/=if and only if x < y.

1.4 PARTITIONS

Recall that a partition of a set S is a collection of pairwise disjoint
nonempty subsets of S whose union is the whole set S. The elements
of a partition are called blocks. A partition with exactly m blocks is
called an m-partition. Singleton blocks are trivial, and blocks with at
least two elements are nontrivial. A partition is trivial if all its blocks
are trivial.

Let IT be a partition of S. The blocks of IT are called I'T-blocks. For
each x € S, we denote by [x/T]the unique IT-block that contains x. We
write if x and y belong to the same IT-block, i.e., x/I1 = y/IL
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The relation =gy is an equivalence relation on S. Conversely, the set
of equivalence classes of an arbitrary equivalence relation on S is a
partition of S. In fact, the partitions of S and the equivalence relations
of S are in a one-to-one correspondence given by IT — =, and we
may freely switch between these two notions.

Let IT and I' be two partitions of S. If every Il-block is a subset
of some I'-block, then IT is a refinement of I', and T is a coarsening of
IT; in this case we also say that IT is finer than I' and I' is coarser than
I1, and we write The set of all partitions of S ordered by the
refinement relation C is a semi-modular lattice, and we write ITAT
and ITV T for the coarsest common refinement and the finest common
coarsening of IT and T, respectively. In fact, [INT = {BNC: B € II,
C €T} \ {@}. The blocks of ITV T can be described as follows: for all
x,y € S, it holds that x =p1yr v if and only if there exists a sequence
z1,...,z¢ of elements of S such that x = z1, y = z;, and z; =p1 zi1
or z; =r zj4q foralli € {1,...,£ —1}. In other words, =y is the
transitive closure of = U =r.

We will mainly consider partitions of the set [n] for some n € N4.
We denote the set of all partitions of [n] by and the set of all

m-partitions of [n] by We denote the trivial partition of [#]
by

Remark 1.4.1. We often use a shorthand notation for specifying par-
titions of [n]. Each block is represented by a string of numbers, and
different blocks are separated by a vertical line. For example, the
partition {{1,3,7,8},{2,4,5},{6},{9}} of [9] can be written briefly as
1378]245|69.

A partition IT of [n] is called an interval partition, if all its blocks
are intervals (see Section [1.2). The set of all interval partitions of [n]
is denoted by we also write := IntPart(n) N
Part,,(n). The set IntPart(n) of interval partitions of [n] constitutes
a sublattice of the lattice Part(n) of all partitions of [n] ordered by
refinement.

For any S C P([n]), the partition of [n] induced by S, denoted
(S)party is the finest partition IT € Part(n) such that every set of the
collection S is a subset of some IT-block. The underlying set [n] will
be understood from the context.

The following two facts follow immediately from the definitions.

Fact 1.4.2. For all I, T € Part(n), we have ITV I = (ITUT)part.

Fact 1.4.3. If S C P([n]) is a collection of intervals, then (S)part is an
interval partition.

Example 1.4.4. Let S = {{2,3},{3,4},{6},{7,8},{7,8,9}} C P([10]).
Then (S)part = 1[234(5|6]789|10. Note that S is a collection of
intervals, and the partition induced by S is an interval partition.



INTRODUCTION AND PRELIMINARIES

Lemma 1.4.5. Let S and T be collections of subsets of [n]. Assume that
for every X € S there exists Y € T such that X C Y. Then (S)part is a
refinement of (T ) part.-

Proof. Let B be a block of (S)part- Let x,y € B. There exists a sequence
C1,...,Cp of sets in S such that x € C;, y € Cp, and C; N Ci11 # @ for
alli € {1,...,p—1}. By our assumption, there exist sets Dy, ..., D, in
T such that C; C D; foralli € {1,...,p}. Wehavex € Dy,y € D, and
DiNDjy1 2 CNCiyqg # D foralli € {1,...,p —1}. Consequently,
x and y belong to the same block of (7)part. We conclude that every
block of (S)part is a subset of some block of (7)part, i.e., (S)part T
<T>part- O

Remark 1.4.6. In what follows, we will introduce several concepts
and notations that involve partitions. We will often abuse notation —
for the sake of brevity — and, for any nonempty subset S C [n], we
will write S as a shorthand for the partition of [n] in which S is the
only potentially nontrivial block. The intended meaning will be clear
from the context.

1.5 FUNCTIONS

Let f: A — B and g: B — C be functions. If B C B/, then the
composite function[g o f]: A — C is defined by (go f)(x) = g(f(x)) for
all x € A. We often denote g o f simply by gf.

Any function ¢: A — B can be lifted to a map between power sets:
[¢]: P(A) — P(B), ¢/(X) := {@(x) : x € A} for any X € P(A). We
normally use the same symbol for a map and the corresponding lifted
map; without risk of confusion, we may write ¢(x) for any x € A and
¢(X) for any X C A. Note also that the lifted map ¢’ can be lifted
further to ¢”: P(P(A)) — P(P(B)), ¢"(X) = {¢'(X) : X € X},
and ¢”(X') will again be written simply as ¢(X).

Let f: A — B be a function. The range (or image) of f is =
{f(x) : x € A} = f'(A). The restriction of f to a subset S C A is
the function [f[g: S — f'(S), x + f(x) for all x € S. The kernel of
f, denoted is the partition of A where two elements x1,x, € A
belong to the same block if and only if f(x1) = f(x2). The following
fact is easy to verify.

Fact 1.5.1. Let f: A — Band g: B — C. Then kerf T kergo f.
Moreover, if f is surjective, then ker g = f(kergo f).

1.6 PERMUTATIONS AND PERMUTATION GROUPS

A permutation of a set S is a bijective map S — S. Equipped with
the operation of functional composition, the set of all permutations
of S constitutes a group, which is called the symmetric group on S.
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Subgroups of a symmetric group are called permutation groups. For
more information on permutation groups, see, e.g., Dixon and Mor-
timer [27].

It is worth stressing here that we always and consistently compose
mappings, in particular, permutations, from right to left. Thus, for
permutations ¢ and T of S, the composition ¢ o T is the permutation
of S that satisfies (¢ o 7)(i) = o(7(i)) for all i € S. This convention
may differ from some other treatments of permutations.

We will mainly discuss permutations of the set [1] for some n € N;
the number 7 is called the degree of such permutations. We will use
both the standard one-line and cycle notations to specify permuta-
tions of [n]. In one-line notation, a word a; ...a, € [n]" with pairwise
distinct entries denotes the permutation ¢ of [n] satisfying o (i) = a;
for all i € [n]. In cycle notation, the expression (a; - -- a,), wherer > 1
and a3, ...,a, are pairwise distinct elements of [n], denotes the per-
mutation o satisfying o (a;) = a,41 whenever 1 <i <r—1,0(a,) = m,
and o(m) = m whenever m € [n] \ {ay,...,a,}; such a permutation is
called a cycle, and the number r is its length. Every permutation is a
product of disjoint cycles. For example, consider the permutation ¢
of {1,...,7} given by the following table.

2 3 4567
17 42 6 3

1
o(i) |5

The representation of ¢ in one-line notation is 5174263 and one possi-
ble representation of ¢ in cycle notation is (1 5 2)(3 7). We denote the
identity permutation on any underlying set by

The symmetric group and the alternating group on [n] are denoted
by |S,|and respectively. For a subset X C [n], we use the symbol
to designate the subgroup of S,, comprising all those permutations
which fix all elements of [n] \ X. Similarly, |Ax|:= Sx N Ay.

For permutation groups G and G’, we write to mean that
G is a subgroup of G'. For a set P of permutations on [n], the symbol
stands for the subgroup of S, generated by P. If Py, ..., P; are sets
of permutations, then we write (P, ..., P;) for <Uf:1 p;).

Definition 1.6.1. If IT = {Xj,...,X;} is a collection of pairwise dis-
joint subsets of [n], then (Sx,,...,Sx,) = Sx, - - - Sx,, i.e., the subgroup
of S, generated by the subgroups Sx,, ..., Sx, is equal to the product

Sy -

1 SXtZ{U'lo'HOU't:U'lESXl,...,O}ESXt}.

We will denote this subgroup by Furthermore, we write =
St N Ay,. We will be using this notation mostly in cases when IT is a
partition of [n].

Fact 1.6.2. Let IT and T be partitions of [n]. Then Sy; < Sr if and only
if IT is a refinement of T".
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We recall here some well-known facts about generators of permu-
tation groups (see, e.g., Dixon and Mortimer [27], Lang [51]), and we
will be using these facts in the sequel without explicit mention.

Fact 1.6.3.

(i) If1 < p <r<mn,then

e (12---p)(pp+1---1r)=(12---7),
e (1---7r)(2---r)1=(12).

(ii) Examples of generating sets of the symmetric group S, include

o {(12---n),(12)},

o {(23---1n),(12)},

e {(12---n),(23 ---n)},

e the set of all adjacent transpositions (i i+1),1<i<n-—1,

e A, and any odd permutation.

(iii) Examples of generating sets of the alternating group A, include
e {(123),(12---n)},ifnisodd and n > 3,
e {(123),(23 --- n)},ifnisevenand n > 4,

e the set of all cycles (i i+ 1 i+ 2), where i is odd and
1<i<n-2,ifnisodd and n > 3,

e AsUA7, where S, T C [n] with |S|,|T| > 3, SUT = [n],
and SNT # Q.

1.7 ORDERED PARTITIONS

An ordered partition is a partition with a linear order of the blocks. For
a partition IT of [n], the standard order is the one in which blocks
are ordered by their minima, i.e., for B, B’ € I1, we have B <y B if
and only if min B < min B’ (where min and < refer to the natural
order of integers). The blocks of II can, of course, be ordered in
other ways. For example, for any permutation ¢ € S;, we arrange the
blocks in the order in which ¢ first “encounters” them. More precisely,
for B, B’ € I1, we setif and only if minc~!(B) < minc~!(B’).
(Using this notation, <Id is just the standard order.) In fact, every
ordered partition of [n] arises in this way: for a particular ordering
By <' B, <" ... <’ By, of the blocks of I, we can define a permutation
T=77...T, €S, so that the first |B;| entries are the elements of
the block B; in some order, which are then followed by the elements
of By in some order, and so on. It is obvious that <{; coincides with
</

Remark 1.7.1. The shorthand introduced in Remark [1.4.1| can be used
for ordered partitions in the obvious way: we just write the blocks
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in the desired order. For example, the string 6|245(9|1378 represents
the partition {{1,3,7,8},{2,4,5},{6},{9}} of [9] with the linear order
{6} <{2,4,5} < {9} <{1,3,7,8} of the blocks.

Definition 1.7.2. Let I € Part,,(n). Letjnat]: [n] — II be the natural
surjection that maps each element of [n] to its IT-block. For ¢ € Sy,
let[if}]: [m] — II be the order-isomorphism ([m]; <) — (IL; <{;). We
denote hid simply by Define the map : [n] — [m] as o1 =
(hr1) ! o natyy. Note that dyy is surjective. Define : [m] — [m] as
o == (hi$)~1 o h¥;. Note that oy is a permutation, because it is a
composition of order-isomorphisms.

Remark 1.7.3. Promel and Voigt [76] called a surjection ¢: [n] — [m]
rigid if min ¢ ~1(i/) < min¢~1(j) whenever i < j. For any partition
IT € Part,,(n), the map Jry is the unique rigid surjection [n] — [m]
with kernel IT.

Remark 1.7.4. If IT = {By,...,By} with By <1 B, <p1 -+ <11 Bn,
then or1(i) = j if and only if i/TT = B;.

Remark 1.7.5. If I € ([g]) and IT € Part,_1(n) is the partition whose
only nontrivial block is I, then we write J; for 11 (see Remark [1.4.6).
In this case, we can easily write down an explicit formula for J; as

i, ifi<maxlandi & I,
O1(i) = <{minl, ifi€l,

i—1, ifi> max].

Let IT € Part,,(n). The coarsenings of IT are in a one-to-one cor-
respondence with the partitions of the partition Il. Namely, to each
coarsening I' of IT we may associate the partition ={{Bell:
B C C}: C €T} of I, whose blocks are, for each block C € T, the set
of Il-blocks contained in C. Conversely, to each partition ® of IT we
may associate the ﬂattening ={UB: B € &} of ®, which is easily
seen to be a coarsening of I1. Moreover, it holds that (IT/T)” = T and
I[1/®" = ®. Using the mappings of Definition we can translate
partitions of IT into partitions of [m], and in this way every partition of
[m] gives rise to a coarsening of I1. This is formalized in the following
lemma.

Lemma 1.7.6. Let IT € Part,,(n), I' € Party(n) and ® € Party(m) with
¢ <m < n. Assume that I1 C I'. Then the following statements hold.

(i) Let gy := {Ujephn(i) : P € ®}. Then Ilp € Party(n) and
ITC Tle.

(i) o (T) € Party(m).

(iii) or1(Ip) = P.
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(IV) H&H(r) =T.

Proof. (i) The elements of Ilg are unions of II-blocks, and they are
pairwise disjoint. Moreover, their union is [n], because for every x €
[n] we have x € natri(x) = hpi(hy (natrp(x))) = hr(dn(x)), so x €
Uiep hri(i) for P = dpy(x) /®. Therefore, g is a partition of [n] with
|®| = ¢ blocks.

The set 61(T) = {0r1(C) : C e T} = {{pn(i):i € C} : C € T}
is a set of subsets of [m]. The sets d171(C) (C € I') are pairwise disjoint.
For, if C,C" € T and 611(C) N d11(C') # @, then there existi € C, j € C’
such that (SH(Z) = 5H(]) Then natn(i) = hn(én(l)) = hn(&n(])) =
naty(j), so i =gy j. Since IT C T, this implies i =r j; hence C = i/T =
j/T=cC.

Furthermore, every element of [m] is contained in some y1(C). For,
if x € [m], then let B be the unique I'-block that contains hy1(x). Then
x € {0n(i) i€ hn(x)} C {én(i):i € B} = on(B).

We conclude that dr1(T') is a partition of [m] with |T'| = ¢ blocks.

(i) Observe first that for any i € [m], it holds that natyy(x) = hry(i)
for every x € hy(i). Consequently,

5]‘[(}11—[(1)) = {(SH(x) X E ]’ln(l)} =
{hg' (natr(x)) : x € hn(i)} = {i}.

It follows that for any P € @,

5H(UhH U5H ]’lH U{} p.

ieP ieP ieP

Thus, if B € @, then B = 0r1(U;ep hri(i)) € dn(Ile). Conversely, if
B € i1(I1p), then B = J;cp hy1(i) for some P € ®, and by the above
observations we have B = P € ®.

We prove first the claim that C = Ujcy,,(c) (i) for any C € T.
For, if x € C, then dr1(x) € dr1(C) and we have

X € natn( ) = ]’ln(h (natn( ))) = hn((SH(x)) - U hn(l)
icon(C)

If x € Ujesy(c) (i), then there exists j € dr1(C) such that x € hri(j),

and hence there exists y € C such that j = on(y) = hy' (natri(y)).
Then

x € hyp(hy! (natn(y))) = natrp(y) = y/IT C y/T =C,

where the subset inclusion holds because IT C T.

Using the above claim, we now prove the equality Ils ) = I'. If
C €T, then d11(C) € dr1(T), and we have C = Ujcg,,(c) (i) € s ry.
Conversely, if C € Iy, then C = Ujcp hr1(i) for some P 6 o (T)
Then P = 411(B) for some B € I', and we have C = Uy, () hr1(i) =
Bel. O
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We establish a few technical lemmas and identities involving the
maps dr1, o7 and hf; that will be used in the later chapters. State-
ment (i) of Lemma makes explicit the fact that the composition
of rigid surjections is a rigid surjection (see Promel and Voigt [76,

p- 164]).

Lemma 1.7.7. Let 0,1 € S, and I,T € Part(n), and assume that TI C T
Then the following statements hold.

(i) For any T-blocks C and C', it holds that C < C' if and only if

or1(C) Sg?(r) Ori(C’). Consequently, the lifted map 6 restricted

to T is an order-isomorphism (I; <[) — (on(T); S?él(r))' In other
words, hg?(r) o (hF)~! = 8f4|r. (Note that the definition of 5y|r is
independent of 7t.)
(i) Or = &5, (r)dr-
(i) ot = (011)5(r)-
Proof. (i) Assume thatIT = {By,...,By,}and I = {Cy,...,C,} with
By<iB,<id...<MdB, << <dc,.
Since IT C T, every block C € I' is a union of I'l-blocks, namely

C= |J B=Jnatn(x) =Jnatr(C) = |Jhm o hy' onat(C)
C2Bell xeC

- Uhn O(SH(C) - U ]’IH(Z) - U Bi-

i€5[1(c) iEé[[(C)

Now, let C,C" € T'. The condition C <J C’ is, by definition, equiva-
lent to min 7771(C) < min 7z7!(C’), which can be equivalently rewrit-
ten as

min min 77 !(B;) = min 77 }( U B)

i€on(C) icon(C)
< min 7 1( lJ Bj)= min min n_l(B]-).
jeon(cy el

This is equivalent to the condition
Jp € 6n(C)Vq € 6n1(C'): minzt *(By) <min7zt '(By).  (1.7.1)

By the definition of <}, the condition min7w~!(B,) < min7t~!(B,) is
equivalent to B, <[} B,, which in turn is equivalent to (h[;)~(B,) <
() (By). Since () \(B,) = ()~ o hid(p) = () \(p) and,
similarly, (h[;)~'(B,) = (7tr1) ~*(g), condition is equivalent to

3p € 011(C) Vg € on(C): ()~ (p) < (1) 7' (),

that is, min(7rr7) "' (d(C)) < min(7r) ' (dr(C’)), which in turn is

equivalent to ér1(C) §:5;H(r) o (C).
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The last statement holds, because h:;‘(r) o (hF)~1 is the unique or-
der-isomorphism (T; <f) — (or(T); <" ) by the definition of hff

. on(T)
and h ora(T)"

Since IT C T, we have i/I1 C i/T for any i € [n], so éni(i) €
on(i/11) C on(i/T) € on(l). This implies that naty, ) (dri(i)) =
or1(i) /o1 (T) = dr1(i/T). Therefore,

(0tlr) " (matsy, ) (O1(#))) = (f1r) =" (6 (i/T)) = i/T = natr i).
We conclude that (&f;|r) ! o naty ) odr1 = natr. Consequently,
or = (hi) ' onatr = (ki) ! o (8p|r) ! o matsy 1) odn
= (W)~ o ki o (I 1))~ o mats,(r) o6
= (hléclli(r))_l o nats, (r) oo = 5(511(1“)5H-
By part () we have h{l! 1 o (h)™" = Slr = Mt o (hid)~!
Note that idp; = id. Therefore,
(o)) = (i) ™" @ Hiliey = Ut r)) ™ 0 5l 0 (HF) T o hE
= (B o)) "o B o () o b = (K)o hf
= 0'1'*‘ D

Lemma 1.7.8. Let I € Party, (n) and ® € Party(m) with ¢ < m < n. Let
0 € Sy. Then (011)o = 011,

Proof. We have ® = 011(Ilp) and IT C Ilp by Lemma Then
Lemma " yields (U'H)q) = (U—H)(S]‘[(qu) = Ol ]
Lemma 1.7.9. Let 0,7t € S,, and let T1 € Part,,(n).

(i) Let B and B’ be I1-blocks. Then B <{; B’ if and only if 7t(B) <70
nt(B’).

(ii) The lifted map 7’ restricted to I is an order-isomorphism (IT; <¢;) —
(7e(I1); <707 ). In other words, hitn © (he) =t = 7|

[y
(i) (W)t o hfy = (T ) o hTo0
Proof. (() Since ¢! = o lomlonr = (moo)tom we have
0~ Y(B) = (moo) Y (m(B)). Therefore

B <% B’ <= minc '(B) < minc (B
<= min(woc) Y (7(B)) < min(mw o) (n(B"))
= n(B) <y 7(B).

) Part (i) shows that 7'|11 is an order-isomorphism (IL; <) —

(H(H) <7T‘(°‘7)) Therefore h"‘(’”) o(h%)~t = n'|n.

i) By part @), h7f) o ()~ = #'ln = gy o (Bf) ™. The
claimed equality follows by composing each side from the left by
(hg(n))_1 and from the right by hf]. O



1.8 GALOIS CONNECTIONS

Corollary 1.7.10. Let I,] € ([;]) with I # J. Let IT = (I, ])part. Then
(51‘[ == (55[(1) o (S[ == (55](1) o} (S].

Proof. Recall that we use the shorthand I for the partition whose
only nontrivial block is I (see Remark [1.4.6). The partitions I and
] are refinements of (I, ])part, and consequently dr; = ds,(m) © 01 by
Lemma [1.7.7(i).

We claim that 6;(IT) = 6;(J). For, if IN] = @, then the only
nontrivial IT-blocks are I and J. Since 6;(I) = {min I} is trivial, we
see that 0;(IT) = 4;(J). On the other hand, if IN] # @, then the
only nontrivial IT-block is I U J. Then 6;(IUJ) = é;(]), and we have
01(IT) = 6;(]) also in this case.

We conclude that ér1 = J5,(11) © 61 = J5,(j) © 1. In the same manner
we can show that 6 = 55](1) 0J;. O

1.8 GALOIS CONNECTIONS

Let (X; <) and (Y; <) be partially ordered sets. A map ¢: X — Y is

e monotone if x < y implies ¢(x) < ¢(y) for all x,y € X,

e antitone if x < y implies ¢(x) > ¢(y) for all x,y € X.
A map ¢: X = X is

e extensive if x < ¢(x) for all x € X,

e intensive if p(x) < x for all x € X,

e idempotent if ¢(¢(x)) = ¢(x) for all x € X.
A monotone, extensive and idempotent map ¢: X — X is called a
closure operator on X. A monotone, intensive and idempotent map
¢: X — X is called a kernel operator on X. If ¢ is a closure operator
(kernel operator, resp.), then ¢(x) is called the closure (kernel[] resp.)
of x, and elements of the form ¢(x) are called closed elements (kernels,
resp.).

An (antitone) Galois connection between partially ordered sets X and
Y is a pair (¢,¢) of maps ¢: X — Y, : Y — X with the property
that x < ¢(y) if and only if y < ¢(x) forall x € X and y € Y. The
maps ¢ and ¢ are called polarities. Such maps ¢ and ¥ are antitone,
and their compositions ¢ o ¢ and ¢ o ¢ are closure operators on X
and Y, respectively. The closed elements are said to be Galois closed
with respect to (¢, ).

A monotone Galois connection between partially ordered sets X and
Y is a pair (¢,¢) of maps ¢: X — Y, ¢: Y — X with the property
that x < ¢(y) if and only if p(x) < yforallx € X and y € Y. The
map ¢ is called a lower adjoint of 1, and ¢ is called an upper adjoint
of ¢. The maps ¢ and ¥ are monotone, the composition ¢ o ¢ is a
closure operator on X, and the composition ¢ o is a kernel operator
on Y. A monotone Galois connection between X and Y is just an
antitone Galois connection between X and the dual poset of Y; hence

1 This is not to be confused with the kernel defined in Section

13
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all statements concerning antitone Galois connections can be easily
translated into statements about monotone Galois connections and
vice versa.

A Galois connection between power set lattices (P(A); C) and
(P(B); C) is referred to simply as a Galois connection between sets
A and B. It is well known that every binary relation R C A x B in-
duces an antitone Galois connection between A and B via the maps
¢: P(A) — P(B) and ¢: P(B) — P(A) given by

¢(S):={beB|VaeS:(ab) R}
Y(T):={ac A|VbeT: (ab)e€R},

for S € A, T C B. Thus, the Galois closed elements are the sets
S € P(A), T € P(B) satisfying S = (¢(S)) and T = ¢(¢(T)).
Equivalently, S € P(A) is closed if S = ¢(T) for some T € P(B),
and T € P(B) is closed if T = ¢(S) for some S € P(A). The sets of
closed elements of P(A) and those of P(B) form dually isomorphic
complete lattices.

For further information on Galois connections, see, e.g., [25].

1.9 MULTISETS

A multiset M over a set X is a couple (X, 1)), where : X = Nis
a map called a multiplicity function. The number 1p;(x) is called the
multiplicity of x in M. If 1j1(x) # 0, then x is called an element of M.
We will only consider finite multisets, i.e., multisets M for which the
set {x € X : 1p1(x) > 0} is finite. In this case the sum }_,cx 1p(x) is a
well-defined natural number, and it is called the cardinality of M and
denoted by The set of all finite multisets over X is denoted by

We may specify a finite multiset by listing its elements between
angle brackets so that the number of occurrences of each element
in the list equals its multiplicity (the order of listing the elements
does not matter). For example, (1,1,1,2,3,3) is the multiset (X, 1x)
satisfying 1p(1) = 3, 1m(2) = 1, 1m(3) = 2, and 1p(x) = 0 for all
x € X\ {1,2,3}. We will use the shorthand a™ for m occurrences of 4.
Thus, we can describe the above multiset equivalently as (13,2,32).

If (a;)ies is an indexed family of elements of X, then we will write
to denote the multiset over X in which the multiplicity of
each x € X equals [{i € [ : a; = x}|.

Let M and M’ be finite multisets over X. The multiset sum |M & M

the difference and the intersection are defined by the

multiplicity functions
Taromr (x) = Ty (x) + Ty (),

Ty (x) = max(L1y(x) — Typ (x)

(x)

lMﬁM’(x) = mil’l(lM(X),].M/

x),0),

).

X



MINORS OF FUNCTIONS

New functions can be built from a given function f: A" — B by
manipulating its arguments. We may permute arguments, introduce
or delete inessential arguments, or identify arguments. The functions
that can be formed in this way are called minors of f. We will make
this idea precise below in Definition

We start by recalling some basic terminology concerning functions
of several arguments in Section Then we establish several basic
properties of the minor relation in Section Many of them are
folklore or intuitively clear. However, one can hardly find rigorous
justifications of these properties in the literature. For this reason, at
the risk of sounding pedantic or prolix, we would like to provide
detailed proofs here.

In the remainder of this chapter (Sections [2.3H2.8), we will discuss
minors of functions from different points of view and we survey the
author’s past and recent contributions to this field. This sets the gen-
eral scene for the second main theme of this thesis, namely, recon-
struction problems of functions. A reader more interested in recon-
struction problems may safely skip these sections and jump to Chap-
ter |3} as there are no important concepts introduced or developed in
these sections that the later chapters build upon.

2.1 FUNCTIONS OF SEVERAL ARGUMENTS

Let A and B be nonempty sets. A function (of several arguments) from
A to B is a mapping f: A" — B, where n is a positive integer called
the arity of f. If A = B, then we speak of operations on A. Operations
on {0,1} are called Boolean functions, and functions from {0,1} to an
arbitrary nonempty set B are called pseudo-Boolean functions.

We use the symbols [F (ﬂnB) and O(ﬂn) to designate the set of all n-
ary functions from A to B and the set of all n-ary operations on A,

respectively, i.e., FXQ := B4" and (92") = A", and we set =
Un>1 BA" and = Up>1 A4" For any set C C Fp of functions, the
n-ary part of C =CcnFy.

For the development of the theory, it is sometimes easier to work
- as Willard [87] did - with tuples a € A and functions f: AV —
B, where A and B are nonempty sets and V is an arbitrary finite
nonempty set. In fact, A” = A"}, and as we will see in Lemma
it does not make any significant difference whether we consider func-
tions f: AV — B or functions f: A" — B.
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Let f: A" — B. For i € [n], the i-th argument of f is essential, or f
depends on its i-th argument, if there exist tuples a,b € A" such that a
and b coincide in all components except the i-th one and f(a) # f(b).
In this case, we say that the tuples a and b witness the essentiality of
the i-th argument of f. Arguments that are not essential are inessential
(or fictitious). Denote by the set of indices of essential arguments
of f, thatis,

Ess f := {i € [n] | the i-th argument of f is essential}.

The number |Ess f| of essential arguments of f is called the essential
arity of f and is denoted by

We occasionally discuss partial functions (of several arguments) from
A to B, that is, mappings f: C — B, where C C A" for some n € N..
If C = A", then we are dealing with functions of several arguments
as defined above, and as a way of emphasizing this special case, we
may speak of total functions.

Many of the definitions we formulate for total functions can be
used as such or with little obvious modifications in the more general
setting of partial functions. For example, in order to define essential
arguments of partial functions, we must require that the tuples wit-
nessing the essentiality of an argument of a partial function belong
to the domain of that function. Thus, the i-th argument of a partial
function f: C — B, where C C A", is essential if there exist tuples
a,b € C such that a and b coincide in all components except the i-th

one and f(a) # f(b).

2.2 MINORS

According to the formal definition, a tuplea € AV isamapa: V — A.
Hence we may compose tuples with other maps. In particular, if
c: W — V, then the composite map acc: W — A is a tuple in AW,
more precisely, a o ¢ = (a,(;))icw. In this context, we often simplify
the notation and write ac instead of ao 0.

Any map o: W — V induces a map @: AV — A" by the rule
o(a) = ac for all a € A". The following fact will be applied frequently
without explicit mention.

Fact 2.2.1. Forany 0: V — Wand 7: U — V, it holds that coT =
Tog.

Definition 2.2.2. A function f: AY — B is a minor of a function
g: AW — B if there exists a map c: W — V such that f = goc,
ie, f(a) = g(ac) for all a € AY. We shall write to designate
the fact that f is a minor of g.

Remark 2.2.3. Minors of functions have been studied by several au-
thors, and they appear in the literature under different names, such
as
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e “polymers” (Rosenberg, Szendrei [78])),

e “identification minors” (Ekin, Foldes, Hammer, Hellerstein [28]]),

e “Z-minors”, where 7 stands for the set containing just the iden-
tity function (Pippenger [72]),

e “subfunctions” (Zverovich [88]),

e “functions obtained by simple variable substitution” (Couceiro,
Foldes [11]),

e “J-subfunctions”, where [J stands for the clone of projections
(the current author [53]),

e “Py-minors”, where P, stands for the clone of projections
(Szendrei and the current author [64]), and

e “simple minors” (Couceiro and the current author [13]).

We now present with proofs basic properties of the minor relation.
It is clearly reflexive and transitive, because f = f oid for any function
f and the condition f = goc and ¢ = hot implies f =hotTog =
ho(cot). In other words, the minor relation < is a quasiorder on
FaB, and, as for all quasiorders, it induces an equivalence relation on
Fap by the following rule: if and only if f < gand g < f. We
say that f and g are equivalent if f = g. Furthermore, < induces a
partial order on the quotient F45/= by the rule f/= < g/= if and
only if f < g. If f < gand f # g, then we say that f is a proper minor
of g, and we write f < g.

Lemma 2.2.4. Let f: AV — B, g: A" — B, 0: W — V, and assume that
f = g oc. Then the following statements hold.

(i) If t: W — V is a map that coincides with o on Ess g, i.e., U]Essg =
T|pssg, then f = goT.

(ii) Ess f C Imo.
(iii) For every i € Ess f, we have ¢~ (i) N Ess g # @.
(iv) essf < essg.

(v) If ess f = essg, then the restricted map o|gssq: Essg — Ess f isa
bijection.

(vi) f =gifandonlyifess f = essg.
(vii) If o is injective, then f = g.

Proof. (i) Since the tuples ac and at coincide at every position i €
Essg, for any a € AY, for any a € AY, we have g(ac) = g(at).
Consequently, f(a) = (g oc)(a) = g(ar) = g(at) = (g0 T)(a).

(ii) We will prove the equivalent reverse inclusion of complements,
ie, V\Imo C V\Essf. Leti € V\Imo. Then, for any a,b € AV
such that a; = b; for all j € V\ {i}, it holds that ac = bo, and

17
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so f(a) = g(ac) = g(bo) = f(b). Therefore, the i-th argument is
inessential in f, thatis, i € V \ Ess f.

(iii) Let i € Ess f, and assume that 0! (i) = {¢y,..., ¢, } with the {;’s
pairwise distinct. (Note that c~!(i) # @ by part (ii).) Let a,b € A
be tuples that witness the essentiality of the i-th argument in f, and
define the sequence ..., € AW as follows: ¢ := ac, and for
j=1,...,r, let ¢ be the tuple obtained from ¢/~! by changing the
{j-th entry from a; to b;. By construction, it holds that ¢" = bo. Since
g(ac) = f(a) # f(b) = g(bo), there exists an index k € {1,...,r}
such that g(c*) # ¢(c**1). But this means that the tuples ¢* and ¢**!
witness the essentiality of the /;-th argument in g. Thus ¢, € Ess g, so
o~ 1(i)NEss g # @.

(iv) Parts (ii) and assert that each element of Ess f has at least
one preimage under ¢ in the set Essg. Since preimages of distinct
elements are distinct, this implies that |Ess f| < |Ess g|, thatis, ess f <
ess g.

(v) Continuing the argument of part (iv), in the case when
essf = essg, ie., |Essf| = |Essg|, we see that each element of
Ess f has exactly one preimage under ¢ in Essg. We conclude that
Olssg: Essg — Ess f is a bijection.

(vi) The fact that f = g implies ess f = ess g is an immediate con-
sequence of part (iv). Assume then that ess f = essg. Part (v) im-
plies that o|gs¢: Essg — Ess f is a bijection. Let 7: V' — W be an
arbitrary extension of (¢|gssg) . Then, for all i € Essg, we have
(to0)(i) = t(c(i)) = 07} (0(i)) =i, 50 go(To0) = goidw = g
by Part (i). Consequently, foT = g¢ogoT = go(T0o0) = g, that is,
g < f. We conclude that f = g.

(vii) Since ¢ in injective, it has a left inverse, i.e., there is a map
T: V — Wsuch that Too =idw. Then g = goidy = gocoT = for.
Hence ¢ < f, and we conclude that f = g. O

Definition 2.2.5. Let f,¢: AY — B. We say that f and g are similar,
and we write if there exists a bijection ¢: V' — V such that
f=goc

The similarity relation ~~ is an equivalence relation on BA". Re-
flexivity and transitivity are obvious, because f = f oidy for any
f,and f = goco and ¢ = h ot with bijective o, 7: V — V im-
ply f = hotoo = ho(cot) and oo T is bijective. As for sym-
metry, the condition f = g o ¢ with a bijective ¢: V' — V implies
foocl=gogogl =go(c-lor) =goidy = g and o ! is bijec-
tive, so g ~ f.
Lemma 2.2.6. Let f: AV — Band g: AW — B. Then f ~ g if and only
ifV=Wand f =g.

Proof. If f ~ g, then V = W and f = g o ¢ for some bijective c: V —
V,ie., f < g. By the symmetry of ~, we also obtain g < f. Hence

f=g
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If V= Wand f = g, then there exists c: V — V such that f = goc.
Lemma parts (v) and (vi), asserts that |gssq: Essg — Ess f is a
bijection. Let 7: V — V be any bijective extension of o|gss¢. We have
f = g o1 by Lemma [2.2.4Ji), and we conclude that f ~ g. O

Lemma 2.2.7. Let f: AV — B, and assume that ess f = m. Then there
(max(m,1))

exists h € F,p such that essh = m and f = h. Moreover, the
function h is unique up to similarity.

Proof. Consider first the case when m = 0. This means that f is a
constant function, i.e., there exists ¢ € A such that f(a) = ¢ for all
a € AV. Define h: A' — B, h(a) = c for all a € A. Then clearly
essh = 0. Moreover, it is easy to verify that f = hogand h = fot
for arbitrary maps 0: [1] = Vand t: V — [1],s0 f = h.

Assume then that m > 1. Let ¢: [m] — Ess f be an arbitrary bijec-
tion, let o: [m] — V, (i) = ¢(i) forall i € [m], and let T: V — [m] be
an arbitrary extension of ¢ 1. Define h: A™ — B, h = foT.

Observe that oo 7: V — V satisfies, for all i € Ess f,

(coT)(i) = o(t(i)) = p(p7'(i)) = i.
Therefore, Lemma implies fo (coT) = fo (idy) = f. Conse-

quently, hog = fotoo = fo(cot) = f,s0 f < h. We also have
h < f by definition, so f = h.

Concerning the last statement, note that if ' € Flgrgax(m’l)) is a func-
tion with f =}/, then h = I’ holds by the properties of equivalence
relations, and hence h ~ K’ by Lemma m O

Lemma 2.2.8. Let f: AV — Band ¢: AW — B, and assume that f < g.
Then f = g onatyy for some partition IT of W.

Proof. We have f = gog for some c: W — V. The map ¢ can
be written as the composition of a surjective and an injective map,
namely o = g, o natr;, where I := ker ¢, natry: W — Il is the natural
surjection i — i/Il, and g,: II — V is the injective map given by
i/I1 — o(i). Thus f = goo = gonatog,. Since g, is injective,
Lemma gives that f = gonaty;. O

Even though we have developed the theory of minors for functions
f: AV — B with an arbitrary index set V of arguments, it is more
customary to state results in terms of functions of the form f: A" — B
where n € N. According to Lemma every minor of f: A" — B
is equivalent to a function of the form f o natyy for some partition IT €
Part(n). Note, however, that the domain of f o natyy is A and not A™
for some integer m, so this construction brings us out of the realm
of “customary” functions. This minor inconvenience can be easily
remedied by renaming the blocks of IT via a bijection between IT and
[m], where m is the number of blocks of I1. For this purpose, we
will use a standard renaming scheme, which we have already seen in
Definition the blocks of IT are linearly ordered by their minima.
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Definition 2.2.9. Given numbers n,m € Ny with m < n, a func-
tion f: A" — B, and a partition IT € Part,,(n), define the function
[f: A" — Bas fr1 = fodn. (Recall from Definition the rigid
surjection ory := (hy1) ! o natyy.)

Informally speaking, fi is the minor of f that is obtained by identi-
fying the arguments belonging to the same block of I1. An important
particular case is obtained with partitions with n — 1 blocks when
n > 2. Namely, for I € ([g]), define : A"l 5 Bas fi = fod]
(see Remark for a spelt-out expression for ;). In explicit terms,
if [ = {i,j} withi < jand a = (ay,...,a,_1) € A"1, then aé; =
(Ell, e ,a]-,l,az-, a]-, e ,an,l); hence

f](ﬂl,...,ﬂnfl) :f(ﬂ],...,a]'_l,ﬂi,ﬂ]',...,anfl),

for all (ay,...,a,_1) € A"!. Note that a; occurs twice on the right
side of the above equality: both at the i-th and at the j-th position. We
will refer to the function f; as an identification minor of f.

Lemma 2.2.10. Every minor of f: A" — B is equivalent to a minor of the
form fr1 for some partition I1 € Part(n).

Proof. If g is a minor of f: A" — B, then ¢ = f onatyy for some
partition IT € Part(n) by Lemma Then fi1 = fonatrgo (k) ™' <

f onatyy = g. Since (hyy) ™! is bijective, Lemma [2.2.4(vii) implies fi1 =
8- O

Lemma 2.2.11. Let IL,T € Part(n), and let f: A" — B. IfI1 C T, then
fr < fr.

Proof. We have dr = 65, (r)0n by Lemma |1.7.7(1i). Thus,
fr=fodr=fo(ds,rdn) = foduods,r)y= fr10ds:r),
SO fr S fH- ]

The “elementary” identification minors f; (I € ([g])) are perhaps
the most relevant among the minors of f of the form fi1, because,
in view of Lemma [1.7.7{i), we can obtain fiy, for any partition II,
by successively identifying just a single pair of arguments at a time.
Note also that Corollary implies the following.

Fact 2.2.12. For any I,] € ([;})/ (fDe(y) = (f))s;1) = fr, where I =
<I/ ]>part-

Example 2.2.13. Let f: {0,1}* — {0,1} be the function induced by
the polynomial xq + x1x2 + x3x4 over the two-element field GF(2). The
minors fi7 of f, for each partition IT of [4] are enumerated in Table
The table also displays the Hasse diagram of the principal down-set
}(f/=) in the minor poset (Oyg1y/=; <) of Boolean functions. The
nodes are labeled with representatives of =-classes.
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I fu f
112|3|4  x1 4+ x1x2 + x3x4
12|3|4 X1X2

13]2]14  x1 + x1x2 + x1x3
14123 x1 + x1x2 + x1x3

1|23|4 X1+ X1X2 + X2X3 )(
1243 x1 + x1x2 + x2x3 X1X2 [
12|34 x1+x1x2 + X3

¢1 @3

'

123]4 X1X3

124:|3 X1X2

134’2 X1X2 X1

1234 X1+ xX1X2 + X2

12|34 X1 @1 = X1+ X1X2 + X1X3
1324 1 P2 = X1+ X1X2 + X2X3
1423 X1 Q3 = X1+ X1X2 + X3
1234 X1 P4 = X1+ x1X2 + X2

Table 1: Minors of f = x1 + x1x2 + X3X4.

2.3 ON THE STRUCTURE OF THE MINOR ORDER OF FUNCTIONS

Several studies have aimed at describing the structure of the minor
partial order. We highlight some interesting facts in this section.

Lemma asserts that if f < ¢ then ess f < essg. Since essential
arities are nonnegative integers, it follows immediately that the mi-
nor order (Fap/=;<) has no infinite descending chains. Moreover,
the minimal elements of the minor order are exactly the (equivalence
classes of) unary functions.

The diagonal of f: A" — B is the map |[diag f: A — B given by
diag f(x) = f(x,...,x). It follows immediately from definition that

diag f < f. In fact, diag f is the unique unary minor of f. For,

let u € fglg, and assume that u < f. By the definition of minors,

there exists a map o: [n] — [1] such that u = fog, ie., u(ay) =
f(ag@y, -+, 80m)) = f(ay,...,a1) = diag f(a1); hence u = diag f. Cou-
ceiro and Pouzet [23] observed that the poset (Fap/=; <) is discon-
nected, and two functions belong to the same connected component
if and only if they have the same diagonal.

Proposition 2.3.1. The set U := {Tu : u € J—"I(L‘lg} of the principal up-sets
of unary functions is a partition of F sp. Consequently, any two functions
from distinct blocks of U are incomparable.

Proof. Since diag f < f, we have f € 1 diag f for any f € F4p. Hence

UU = Fap. Now let u,v € ]:15111;, and assume that Tu N1 v # @. Then
there exists f € Tu N 1o, and we have u < f and v < f. Since every
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function has a unique unary minor, it follows that u = v. Conse-
quently, the up-sets 1 f in U are pairwise disjoint. We conclude that &/
is a partition of F4p, as claimed. It follows immediately that if f € tu,

g € to for some u,v € .7-"1(41@, and f < g, thenu = v. O

It is evident from Example and from Proposition 2.3.1|that the
minor poset is not a lattice. Nevertheless, its connected components
are directed posets (posets in which every pair of elements have a
lower bound and an upper bound — not necessarily a greatest lower
bound and a least upper bound). Namely, by Proposition two
functions have a lower bound if and only if they have the same diag-
onal, and in this case the diagonal is obviously a lower bound. It was
shown by Couceiro and the current author that two functions belong-
ing to the same connected component also have an upper bound.

Proposition 2.3.2 (Couceiro, Lehtonen [16, Proposition 4.2]). Assume
that f: A™ — Band g: A" — B are functions satisfying diag f = diagg.
Then there exists a function h: A"~ — B such that f and g are minors

of h.

Since every minor of f: A" — B is equivalent to a minor of the form
f1, for some partition IT € Part(n) (see Lemma , the number
of minors of f, up to equivalence, is at most the number of partitions
of the n-element set (the so-called Bell number B,;). Consequently, the
principal down-sets of (Fap/=; <) are all finite. In fact, we can say
even more about this.

Definition 2.3.3. Let K be a class of posets. A poset P is universal in
K if P € K and every poset in K can be embedded in P.

The following result was first established in the special case of
Boolean functions by Couceiro and Pouzet [23, Theorem 3], and it
was later generalized to functions with arbitrary finite domains and
codomains by Szendrei and the current author [67, Theorem 3.1].

Proposition 2.3.4. If A and B are finite sets such that |B| > min(3,|A|),
then the poset (Fap/=;<) is universal in the class of countable posets
whose principal down-sets are finite.

Bouaziz, Couceiro, and Pouzet showed in [7, Theorem 8] that, in
the case when |A| = 2, all lower covers of f: A" — B have the same
essential arity. This property is very particular to functions defined on
a two-element domain, and it is not in general satisfied when |A| > 3.
Examples of functions with lower covers of different essential arities
were presented by Couceiro, Waldhauser, and the current author in
[22, Example 3.2] and by Couceiro and the current author in [16, Ex-
ample 5.4].

Concerning the possible essential arities of the upper covers of
f: A" — B, we have the following characterization.



2.4 ARITY GAP

Proposition 2.3.5 (Couceiro, Lehtonen [16, Theorem 5.2]). Assume that
f: A" — B is a function that depends on all of its arquments. Let £ € N.

(i) If ¢ > max(|A|,3), then f does not have upper covers of essential
arity n + /.

(ii) If1 < ¢ < |A|, then there exists an upper cover of f of essential arity
n+ L.

(iii) If |A| = 2, then f has an upper cover of essential arity n + 2 if and
only if f is determined by oddsupp.

In the statement of Proposition we made use of the following
notions, which will be used many times later on.

Definition 2.3.6. Let ¢: AT — X be a mapping. A function f: A" —
B is determined by ¢ if there exists a map f*: X — B such that f =
f* [©] ¢’A” .

Definition 2.3.7 (Berman, Kisielewicz [4]). Let [supp]: U,>1 A" —

P(A) and joddsupp|: U,>1 A" — P(A) be the mappings given by
the rules

supp(ai, ..., a,) :={a1,...,an},
oddsupp(ay, ..., a,) :={a € A:|{j € [n] :a; = a}|is odd}.

In other words, for any a € A", we have supp(a) = Ima.

2.4 ARITY GAP

Let f: A" — B, and assume that ess f > 2. The arity gap of f, denoted
by is defined as

gap f = min(ess f —ess g),
8<f

that is, gap f is the minimum decrease in the number of essential
arguments when proper minors are formed from f.

This notion was first studied by Salomaa [79]. He showed that the
arity gap of any Boolean function with at least two essential argu-
ments is at most 2. This result was later generalized by Willard [87].

Theorem 2.4.1 (Willard [87, Lemma 1.2, Corollary 2.3]). Let A and B
be arbitrary finite nonempty sets, and let k := |A|. Let f: A" — B, and
assume that f depends on all of its arguments. If n > k, then gap f < 2.
Moreover, if n > max(k,3), then gap f = 2 if and only if f is determined
by oddsupp.

This result was further refined and the lower bound on the arity
of f was removed by Couceiro and the current author in [13]. As
pointed out by Couceiro, Waldhauser, and the current author in [20],
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also the assumption on finiteness can be removed. In order to state
the general result, we need to introduce some terminology.
Forn > 2, let

AL = {(ay,...,a,) € A" : a; = a; for some i # j}.

Let f: A" — B. Any function g: A" — B satisfying f|ax = g|an is
called a support of f. The quasi-arity of f, denoted is defined as
the minimum of the essential arities of all supports of f, i.e., qa f :=
ming ess ¢, where g ranges over all supports of f. If ga f = m, then
we say that f is quasi-m-ary. Note that if A is finite and n > |A],
then A” = A" and hence qaf = essf. Moreover, qa f = ess f|an
whenever n # 2.

Theorem 2.4.2 ([13, Theorem 17], [20, Theorem 3.6]). Let A and B
be arbitrary sets with at least two elements. Let f: A" — B, n > 2, and

assume that f depends on all of its arquments. Then the following statements
hold.

(i) For3<p<mn,gapf =pifandonlyifqaf =n—p.

(ii) Forn # 3,gapf =2 ifand onlyifqaf =n —2o0r qaf = n and
flan is determined by oddsupp.

(iii) For n = 3, gap f = 2 if and only if there exists a nonconstant unary
function h: A — Band iy,1p,13 € {0,1} such that

f(xll X0, xO) = h(X,’l),
f(xol X1,X0) = h(xiz),
f(x0, %0, x1) = h(xsy).

(iv) Otherwise gap f = 1.

Some interesting generalizations of the arity gap and refinements
of Theorem [2.4.2]in special instances were discussed in [14} [19, 21} 22].

2.5 INVARIANCE GROUPS

A function f: A" — B is invariant under a permutation 7w € S, (or 7
is an invariant of f) if f = f o, thatis, f(a) = f(am) foralla € A".
The set of all permutations under which f is invariant constitutes a
subgroup of S,, and it is called the invariance group of f and denoted
by

A function f: A" — B is totally symmetric if its invariance group
equals the full symmetric group S,. A function is 2-set-transitive if its
invariance group is 2-set-transitive. Recall that a permutation group
G < S, is 2-set-transitive if G is transitive on two-element subsets, that
is, for all p,q,r,s € [n] with p # g and r # s, there exists 7 € G such
that {7t(p), m(q)} = {r,s} (see Beaumont, Peterson [1]).
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Invariance groups of functions have been studied by many research-
ers, for example Clote and Kranakis [10], Kisielewicz [47], Grech and
Kisielewicz [35], Horvath, Makay, Poschel and Waldhauser [42].

2.6 UNIQUE IDENTIFICATION MINORS

It is a natural question to determine the join-irreducible elements of
the minor order, i.e., the functions that have a unique lower cover
in the minor poset. While a complete description of such functions
is still beyond our knowledge, Bouaziz, Couceiro, and Pouzet [7,
Problem 1] obtained some results in the case of Boolean functions.
By viewing an arbitrary Boolean function f as a hypergraph, where
the hyperedges correspond to the monomials of the unique multilin-
ear polynomial representing f, they characterized the join-irreducible
ones among those Boolean functions whose hypergraph representa-
tions are Steiner systems or graphs.

We say that a function f: A" — B has a unique identification minor
if fi~ frforalll,] ¢ ([g}). This is a stronger property than join-irre-
ducibility, and it already drew the attention of Bouaziz, Couceiro, and
Pouzet when they posed the following problem, albeit in somewhat
different terminology.

Problem 2.6.1 (Bouaziz, Couceiro, Pouzet [7, Problem 2(ii)]). Which
functions have a unique identification minor?

It was known to the authors of [7] that the 2-set-transitive func-
tions have a unique identification minor (for a proof, see, e.g., [56,
Proposition 4.3]). The current author discovered in [59, l60] further
examples of such functions, namely, functions that are determined by
ofo or cs (see Definitions and and Lemma [5.2.3|{i)). These
known classes of functions with a unique identification minor do not
subsume each other.

Definition 2.6.2. Recall the set A* defined in (1.2.2). Letfofo: A* — Af
be the mapping that sends any tuple (a1, . ..,a,) to the tuple obtained
from (ay, ..., a,) by removing all duplicates of elements, keeping only
the first occurrence of each element occurring in the tuple. In other
words, ofo maps each tuple a to the tuple that lists the different ele-
ments occurring in a in the order of first occurrence. (The name ofo is
an initialism of “order of first occurrence”.) A more formal definition
of ofo will be given in Definition

Let [ms: A* — M(A) be the map that sends each tuple to the
multiset of its entries, i.e.,, ms(ay,...,a,) = (ay,...,a,). An element
a € A is called a singleton of a € A* if a occurs exactly once in a.
Let : A* — A® be the map that sends each tuple a to the tuple
that lists the singletons of a in the order of their occurrence in a. Let
: A* — M(A) x A%, cs(a) = (ms(a),sng(a)). (The name cs is an
initialism of “content and singletons”.)
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a ofo(a) cs(a) = (ms(a),sng(a))
mathematician matheicn ((a%,¢, e h,i2, m?,n,t?), hecn)
circumference cirumfen ((c3,e%,f,i,m,n,r?,u),iumfn)
ambidextrously ambidextrously ((a,b,d,e,i,|,m,o,r1,5s,t,u,x,y),
ambidextrously)
UNProsperousness  unprose ((€2,n2,0%,p?,12,s%, u?),¢)

Table 2: Images of some strings under ofo and cs.

Example 2.6.3. In order to illustrate the mappings ofo, ms, sng and cs,
let A be the set of lower-case letters of the English alphabet. Table
shows the images of some strings under ofo and cs.

Proposition 2.6.4 ([59, Proposition 7]). Assume that n > |A|+ 1, and
let f: A" — B. Then the following conditions are equivalent:

(i) f is totally symmetric and determined by ofo.
(ii) f is 2-set-transitive and determined by ofo.

(iii) f is determined by ofo and for all I,] € ([g]), there exists a bijection
B: [n—1] — [n—1] such that B(min]) = minI and f(ad;) =
f(aps;) foralla € A" 1.

(iv) f is determined by supp.

It is easy to devise further examples of functions f: A" — B with
a unique identification minor when n < |A|. In [59, Proposition 9],
there was constructed a function of arity n = |A| + 1 that has a unique
identification minor but is neither 2-set-transitive nor determined by
ofo nor determined by cs (see Proposition [5.4.1).

It remains an open problem whether there exist further examples
of functions with a unique identification minor when n > |A| 4 2.

2.7 CLONES AND MINOR-CLOSED CLASSES OF FUNCTIONS
2.7.1  Clones

Composition is a fundamental operation between functions. One com-
mon way of defining composition for functions of several arguments
is the following: if f € fgé) and g1,...,8n € ]:1(412)' then the composi-

tion of f with g1,...,gx is the function [f(g1,...,8n)| € ]:I&né) given by

the rule
(f(81,---.8n))(a) = f(g1(a), ..., gn(a))

foralla e A™.
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For n € N and i € [n], the i-th n-ary projection is the opera-
tion : A" — A given by the rule prl(n)(al,. ..,a,) = a; for all
(a1,...,a,) € A".

A clone on A is a subset C C O4 that contains all projections and
is closed under composition (i.e., if f € C (n) and Si,--,8n €C (m) for
some n,m € Ny then f(g1,...,41) € C). The clones on A constitute a
complete lattice, denoted by in which the greatest element is the
clone O4 of all operations on A and the least element is the clone of
projections, denoted by

There is a countable infinity of clones on a two-element set, and
they were completely described by Emil Post [75]. Named after him,
the clones on {0,1} are called Post classes, and the lattice of clones
on {0,1} is known as Post’s lattice. We present Post’s lattice and in-
troduce notation and nomenclature for Post classes in Appendix
The situation is considerably different when the underlying set has
at least three elements. Janov and Muchnik [44] and, independently,
Hulanicki and Swierczkowski [43] showed that there are uncountably
many clones on A when |A| > 3. While a complete description of the
lattice of clones on A seems unfeasible when |A| > 3, clone theory
has been an active field of research in the recent decades. For further
information and general background on clones, we refer the reader to
the books by Lau [52], Péschel and KaluZnin [74], and Szendrei [82],
and to the survey article by Kerkhoff, Poschel and Schneider [46].

Clones can be defined in an alternative, equivalent way as subuni-
verses of certain algebras of operations.

Definition 2.7.1 (Mal'cev [68]). Define the unary operations
[V]and the binary operation [ on the set O of all operations on A as

follows. For f € (91(4”) ,8 € qum), let

(CF)(x1,x2, ., xn) i= f(x2,X3, .-+, Xn, X1),
(Tf)(x1, %2, .., Xn) := f(X2,X1,X3,...,%Xn),
(Af)(x1,x2,. .., xp—1) == f(x1,Xx1,%2, ..., Xp-1),

forn >1,and let (f = 7f = Af := f for n = 1; furthermore, let

(V) (x1,x2,. ., xp11) == f(x2,..., Xpt1),

(f * g) (xl’xZI o /xm+n—1) = f(g(x1/x2/ e /xm)/ xm+l/ .. /xm+n—1)~

The operations ¢ and T are collectively referred to as permutations of
variables, A is called identification of variables (or diagonalization), V is
called introduction of an inessential variable (or cylindrification), and * is
called composition. The algebra (Ox;(,T,A,V,*) of type (1,1,1,1,2)
is called the full iterative algebra on A, and its subalgebras are called
iterative algebras on A.

Clones on A are exactly those universes of iterative algebras on A
that contain all projections.
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Clones can be characterized in terms of a Galois connection be-
tween operations and relations, which we will briefly explain here.
Recall that an m-ary relation on A is a subset of A™. We denote by

the set of all m-ary relations on A, and we denote by the

set of all finitary relations on A, i.e., qum) = P(A™) and R4 :=

Umzl ,R’Eqm)

Let f € OXZ), p € 7254"1), and let M = (a;) € A™", an m-by-n
matrix over A. We write if the columns of M are m-tuples
belonging to the relation p, i.e., (a1;, a2, ..., ay;) € p for every i € [n].
We designate by [f (M)]| the m-tuple obtained by applying f to the rows
of M, i.e.,
f(an,alz, e ,aln)
f(a21,a22, . ,ﬂzn)

fM) =

f(amlr Am2, -+« amn)
We say that f preserves p (or that f is a polymorphism of p, or that p is
an invariant of f), and we write[f > g} if for all M € A™*" it holds that
M < p implies f(M) € p.

The preservation relation induces a Galois connection between the
sets U4 and R4 of operations and relations on A, wherein the po-
larities are [Poll: P(Ra) — P(O4) and [Inv]: P(O4) — P(Ra) given
by

PolR:={f € O4s|VoeR: frp},
InvF:={peRa|VfeF:frp}

for RC R4qand F C Oy.

The relevance of the preservation relation for clones is evident from
the characterization of closed classes of the Galois connection Pol-Inv.
(Relational clones, which are mentioned in the following theorem, are
subuniverses of a certain algebra defined on the set R 4 of all relations
on A. We omit the details here.)

Theorem 2.7.2 (Geiger [33], Bodnarchuk, Kaluzhnin, Kotov, Romov
[51). Let A be a finite nonempty set.

(i) A set F C Oy of operations on A is of the form Pol R for some set
R C R4 of relations on A if and only if F is a clone on A.

(ii) A set R C Ry of relations on A is of the form Inv F for some set
F C Oy of operations on A if and only if R is a relational clone on
A.

Later on, Szabé [81] and Poschel [73] extended Theorem to
operations and relations on arbitrary, possibly infinite sets A. In this
case, the Galois closed classes of operations are precisely the locally
closed clones; the closure condition for relations is also slightly modi-
fied. Recall that a set C C O4 of operations is locally closed if for every
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f € Oy, say of arity n, f € C whenever for every finite subset S C A",
there exists g € C such that f|s = g|s.

2.7.2  Minor-closed classes of functions

We say that a set C C F4p of functions is minor-closed if for all f,g €
Fap, the condition ¢ € C and f < gimplies f € C, in other words, C is
a down-set of (Fp; <). Examples of minor-closed classes include all
clones, order-reversing (antitone) functions, and threshold functions.

Minor-closed classes of functions can be characterized in ways anal-
ogous to those we have discussed in Section[2.7.1] Let us consider first
a modification of iterative algebras. We can define operations (, 7, A,
V on the set F4p of all functions from A to B using exactly the same
defining rules as in Definition (We do not even attempt to de-
fine a composition operation, analogous to *, on F4p.) In this way, we
get the algebra (Fap; , T,A, V). It is easy to see that the minor-closed
classes of functions are precisely the subuniverses of this algebra.

Let us discuss next a Galois connection, analogous to Pol-Inv, that
captures the minor-closed sets of functions. As expected, the primal
objects are functions in F4p, but now the dual objects are something
more general than relations. An m-ary constraint from A to B is a pair
(R,S), where R is an m-ary relation on A and S is an m-ary relation

on B,ie., R C A”™ and S C B™. Denote by the set of all m-ary
constraints from A to B, and let =Up>1 £ A"];). Let f € ]-"f((g and
(R,S) € IC%). We say that f preserves (R,S), and we write f > (R, S),
if for all matrices M € A™*", the condition M < R implies f(M) € S.

The preservation relation > induces a Galois connection between
functions and constraints. Pippenger [72] showed that if A and B are
finite sets, then the Galois closed classes of functions are precisely the
minor-closed subsets of F45. He also defined an algebra on the set
K ap of all constraints and showed that the Galois closed classes of
constraints are precisely the subuniverses of this algebra. Later on,
Couceiro and Foldes [11] extended Pippenger’s results to functions
and constraints on arbitrary, possibly infinite sets A and B. In this
case, the Galois closed classes of functions are precisely the minor-
closed subsets of F4p that are locally closed; the closure condition for
constraints is also slightly modified.

An equivalent characterization was presented by Couceiro and Fol-
des [12], who showed that minor-closed classes of functions are pre-
cisely those which are characterizable by functional equations of a
certain prescribed form.
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ALGEBRA REFERENCE

(Ou;C,T,0,V, %)
— subalgebras with Geiger [33], Bodnarchuk, Kaluzhnin, Ko-
projections (clones)  tov, Romov [5] (finite domains),
Szab6 [81], Poschel [73] (general)
— all subalgebras Harnau [38] (finite domains),
Behrisch [2] (general)

(Fap; ¢, 7,0, V) Pippenger [72] (finite domains),
Couceiro, Foldes [11] (general)

(Fap; ¢, T, V) Hellerstein [40] (finite domains),
Lehtonen [55] (general)

(OA; gr T, v/ *)

— subalgebras with Lehtonen [55]

projections

— all subalgebras Couceiro, Lehtonen [15]

Table 3: Galois theories for reducts of iterative algebras.

2.7.3 Reducts of iterative algebra

The line of research discussed above in Subsections [2.7.1] and [2.7.2]
suggests many possible variants of generalizations. Analogous Galois
theories that describe the subalgebras of various reducts of the full it-
erative algebra (O4;{, 7,A,V,*) and of the algebra (Fap;{,7,A,V)
have been presented by several authors. It would be too big a digres-
sion from the main topic of this thesis to go into further details here,
so we only provide references to work along these lines in Table

2.8 VARIANTS OF MINORS

With the notion of functional composition at hand, we can formulate
the definition of minors of functions in another, equivalent way as

follows. A function f € .7-"1(;;3) is a minor of g € .7-"%) if there exist
n-ary projections pr("),...,prgj) such that f = g(pr("),...,prEZ)). It

i i
is easy to see that this definition is equivalent to Definition if
f = goc for some o: [m] — [n] then f = g(pr(") ...,pr((;zi)n)), and if

(1)
f= g(prgf),...,prl(:)) then f = gog, where : [m] — [n] is given by

o(j) = i; for all j € [m].

Thus, f is a minor of g if f is obtained as a composition of ¢ with
projections, or, in other words, if f is a substitution instance of g,
wherein projections are substituted for arguments. This definition al-
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lows an immediate generalization, as we may consider substitution
instances of a given function, wherein functions belonging to a cer-
tain prescribed collection of functions are substituted for arguments.
Indeed, several variants of this idea have been employed in the study
of functions of several arguments. For example, Harrison [39] consid-
ered two n-ary Boolean functions as equivalent if they are substitu-
tion instances of each other with respect to the general linear group
GL(n,F,) or the affine general linear group AGL(n,F,). Wang [85]
and Wang and Williams [86] defined a Boolean function f to be a mi-
nor of another Boolean function g if f is a substitution instance of g
wherein projections, negated projections, or constants are substituted
for arguments. Other variants of minors were presented in the papers
by Feigelson and Hellerstein [30], Pippenger [72], and Zverovich [88].

The idea of classifying functions by their substitution instances oc-
curs also in semigroup theory. The so-called Green’s relations, in-
troduced by Green [36], are five fundamental equivalence relations
defined on a semigroup. Green’s relation R on a transformation
semigroup S relates two transformations f,¢ € S if and only if f =
¢(hi(x)) and ¢ = f(ha(x)) for some hy,hy; € SU{id}. Henno [41]
generalized Green’s relations to Menger systems (essentially, abstract
clones) and described Green’s relations on the clone O4 of all op-
erations on A, for every set A. In particular, he showed that two
operations are R-equivalent if and only if their ranges coincide.

All these notions are unified and generalized by the notions of C-
minor and C-equivalence, which can be defined relative to any set C
of operations on A. Namely, for a fixed set C C 04, we say that a

function f € FlgnB) is a C-minor of another function g € Flgn;), and we

write if f=g(h,..., hy) for some hy,..., hy € c), If f<cg
and ¢ <¢ f, then we say that f and g are C-equivalent, and we write
It can be shown that the C-minor relation <¢ is a quasiorder
on Fup if and only if C is a clone on A (see [53]), and in this case
the C-equivalence relation is indeed an equivalence relation and we
have an induced partial order on the quotient F4p/=¢. Thus, for
example, Green’s relation R described by Henno is the same notion
as O -equivalence, and the minor relation of Definition is the
same notion as Z4-minor, where 74 denotes the clone of projections
on A.

The C-minor and C-equivalence relations relative to various clones
C were investigated by the current author, partly in collaboration with
Szendrei and NeSetfil, in a series of papers [53| 54, 62, 64, 65, 66, 67,
and also by Szendrei [83]. Further details would go beyond the scope
of this thesis, but let us nevertheless spotlight one particularly interest-
ing theorem that is obtained when the known results are specialized
to Boolean functions. In the following, the disjoint union and the lex-
icographic product of posets are denoted by [] and respectively.
The two-element antichain is denoted by 2. Universality is defined
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in Definition For the nomenclature on the clones of Boolean
functions, see Appendix

Theorem 2.8.1 ([62, Theorem 19], [67, Theorem 6.1]). Let C be a clone
of Boolean functions. Then the C-minor poset (Oa/=¢; <c) is
o finite if S. C C;
e isomorphic to (N; <)U(N; <), (N; <)U(N; <)U(N; <)U(N; <)
or (N/S) ><lexil:f]\/lc CCC M
o universal in the class of countable posets whose principal ideals are
finite if C is a subclone of L, V or A\; and
o universal in the class of all countable posets otherwise.



RECONSTRUCTION PROBLEMS

Reconstruction problems are a very general class of problems that con-
cern whether a mathematical object can be uniquely recovered from
pieces of partial information thereon. In this thesis, we direct our at-
tention to a reconstruction problem that involves the minor relation
of functions of several arguments that was defined in Section Is
every function f: A" — B uniquely determined, up to similarity, by
the collection of its identification minors f7, I € ([Z])?

In Section we recall some common terminology of reconstruc-
tion problems. We define the reconstruction problem of functions and
identification minors in Section We shall collect known results
about this problem in the remainder of this chapter (Sections [3.3H3.5).
We also briefly discuss the tools that were used to analyse different
classes of functions. This often amounted to formulating and solving
reconstruction problems for other kinds of mathematical objects.

3.1 DEFINITION AND EXAMPLES

The general concept of reconstruction problem was formalized in a
beautiful way by Couceiro, Scholzel, and the current author in [17,
Section 2.2] as follows. A reconstruction problem comprises the follow-
ing pieces of data:

a collection [O] of objects,

an equivalence relation = on O,

for each object O € O, an associated natural number called the
size of O,

for each n € N, an index set[L}

for every object O of size n and for every i € I, a derived object

€ 0.

Let O € O be an object of size n. The equivalence classes O;/= of
the derived objects O; (i € I,;) are referred to as cards of O. The deck
of O, denoted by is the multiset (O;/=:i € I,) of the cards
of O.

Let O and O’ be objects of size n. We say that O’ is a reconstruction
of O, or that O and O’ are hypomorphic, if deck O = deck O’, or, equiv-
alently, if there exists a bijection ¢: I, — I, such that O; = O;) (0) for
all i € I,. If the latter condition holds with ¢ equal to the identity
map on I, i.e., O; = O] for all i € I,,, then we say that O and O’ are
strongly hypomorphic. An object is reconstructible if it is equivalent to
all of its reconstructions.
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Let now C C O be a set of objects. The set C is reconstructible if all
its members are reconstructible. The set C is weakly reconstructible if
for all O,0’ € C, the condition that O and O’ are hypomorphic im-
plies O = O'. The set C is recognizable if for all O € C and O’ € O, the
condition that O and O’ are hypomorphic implies O’ € C. Note that
reconstructibility implies weak reconstructibility, but the converse is
not true in general. If C is a union of =-classes, then C is reconstruc-
tible if and only if it is weakly reconstructible and recognizable.

Note that the deck of an object is defined as the multiset of its
cards. Had we instead defined the deck as the set of cards, we would
have obtained a variant of the reconstruction problem, the so-called
set-reconstruction problem. The set-deck of an object O € O, denoted
is the set {O;/=:i € I,} of the cards of O. An object O’
is a set-reconstruction of O, if set-deck O = set-deckO’. An object is
set-reconstructible is it is equivalent to all its set-reconstructions. In an
analogous way, we define set-reconstructible, weakly set-reconstructible,
and set-recognizable sets of objects.

Example 3.1.1. In order to illustrate the notions defined above, let
us consider the reconstruction problem of simple graphs and one-vertex-
deleted subgraphs that was mentioned in the introduction (Section [1.1).
This reconstruction problem is specified by the following data. The
objects are the finite simple graphs, the equivalence relation between
objects is the relation of graph isomorphism, the size of a graph is
the number of its vertices, and for each n € N, we have the index
set I, = [n]. Without loss of generality, we may assume that we only
consider graphs with vertex set [n] for some n € N. For a graph
G = (V,E) with V = [n] and for any i € [n], the derived object G; is
the induced subgraph of G formed by removing vertex i.

Let us analyse the reconstructibility of small graphs. As can be
easily seen, the simple graphs on two vertices, namely the complete
graph K, and its complement K, have the same deck, comprising
two copies of the one-vertex graph, and are consequently not recon-
structible and hence also not set-reconstructible. Let us move on to
graphs with three vertices. There are, up to isomorphism, four differ-
ent simple graphs on three vertices, namely, the complete graph K3,
the path P, and their complements K3 and P; (see Table . For each
graph G, we form the three subgraphs obtained by deleting a single
vertex. The multiset of these three subgraphs is the deck of G, and
the set of these subgraphs is the set-deck of G; these are presented in
Table |4l As can be seen from the table, the four graphs have pairwise
distinct decks. In other words, the simple graphs on three vertices
are reconstructible. On the other hand, the graphs P; and P; have
identical set-decks, so they are not set-reconstructible. Nevertheless,
the graphs K3 and K3 are set-reconstructible.

It was conjectured by Kelly [45] and Ulam [84] that every simple
graph with at least three vertices is reconstructible. The conjecture
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G deck G set-deck G
Ky eo—e
Ks K, eo—e Ky e—e
Ky e—e
Ky e—e
Ky e—@
P3 A K2 o ———O K— ° °
K e ° 2
o Ky e—e
_ J— KZ o————©
P K, e () =
_“ K2 o [ J
o—®o K2 [ ] [
° K e °
K; K e ° K, e °
° ° K, e °

Table 4: The four simple graphs on three vertices and their decks and
set-decks.

has been verified by computer for graphs with at most 11 vertices
(McKay [7o]), and it has been proved for several infinite families
of graphs, such as trees (Kelly [45]), regular graphs, disconnected
graphs, and so on. Proving or disproving the conjecture in full gener-
ality remains one of the most famous open problems in graph theory.

Example 3.1.2. The reconstruction problem of graphs of Example[3.1.1]
can be varied in many ways. For example, we may delete edges in-
stead of vertices (see Harary [37] and Ellingham [29]), or we may
consider directed graphs or hypergraphs instead of graphs. Directed
graphs and hypergraphs are not in general reconstructible from one-
vertex-deleted subgraphs: infinite nonreconstructible families of di-
rected graphs have been described by Stockmeyer [80], and infinite
nonreconstructible families of hypergraphs have been described by
Kocay [49], Kocay and Lui [50], and Couceiro, Scholzel, and the
present author [17]. Concerning deletion of edges, it was shown by
Berge and Rado [3] that hypergraphs are not in general reconstructi-
ble from one-edge-deleted subhypergraphs.

Analogous reconstruction problems have been formulated for vari-
ous other kinds of mathematical objects, such as posets (see the survey
article by Rampon [77]), matrices (see Manvel and Stockmeyer [69]),
integer partitions (see Monks [71]), and so on. We will see some fur-
ther examples later in this chapter, as well as in Section
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3.2 RECONSTRUCTION PROBLEM OF FUNCTIONS AND
IDENTIFICATION MINORS

Definition 3.2.1. The reconstruction problem of functions of several argu-
ments and identification minors is specified by the following data. The
set of objects is the set F4p of functions of several arguments from
A to B. The equivalence relation is the similarity relation ~ on F4p.
The size of a function f: A" — B is its arity n. For each n € N,
the index set I, is the set ([g]) of all two-element subsets of [n]. For
f: A" - Band I € ([724), the derived object f; is the identification
minor f7 of f as in Definition Hence the cards of f are the sim-
ilarity classes f;/~ of the identification minors of f, and the deck of
f is the multiset (f;/~:1 € ([Z])>

Remark 3.2.2. We would like to draw the reader’s attention to an im-
portant but easily overlooked detail. For functions f,g € ]—"Xg, the
condition deck f = deck ¢ does not mean, in general, that f; = gy for
all I € ([g}). Even if we know that the two functions have identical
decks, we do not know exactly how the identification minors of f
are matched with those of g. Moreover, we distinguish between func-
tions only up to similarity (permutation of arguments). Therefore,
the condition deck f = deck g really means that there exists a bijec-
tion ¢: ([g}) — ([g}) such that f,;y =~ g forall I € ([g]). The condition
fo(y = g1 forall I € ([g]) in turn means that for every I € ([g]), there
exists a permutation 7t/ € S, 1 such that g; = fon© nl.

For reasons that are explained in the following two remarks, we
must assume that functions are of sufficiently large arity in order to
have any general positive results. This is of no major concern to us.
Inferring from what we have seen about the reconstruction problem of
graphs and one-vertex-deleted subgraphs (Example [3.1.1), we might
expect that objects of small size are not reconstructible.

Remark 3.2.3. If n < |A|, then no function f: A" — B is recon-
structible. In particular, functions with an infinite domain are not
reconstructible. This is due to the fact that the set A’; (see (1.2.1)) is
nonempty whenever n < |A|, and the values of f at points belonging
to the set A”, are completely irrelevant to the identification minors of

f. Namely, if f,g € fﬁ{‘g are functions that coincide on A" \ A", i.e.,

f‘An\An# = g|An\A;1é, then f; = g; for every I € ([Z}); thus f and g are
hypomorphic. However, f and ¢ need not be equivalent. In fact, for
any f € .7-"1(4'13), there exists g € ]-"Xg) such that f]An\A:é = g\An\A; but
f # g for example, let g| A, be an arbitrary constant function if f]| A
is nonconstant, and let g| A, be an arbitrary nonconstant function if

fl Ay, 1s constant.
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Of course, in order to overcome this inconvenience, we might just
modify the reconstruction problem and consider partial functions
fr A"\ A”, — B, but we will not take this approach in this treatise.

Remark 3.2.4. As shown in [56, Example 3.13], there exist nonrecon-
structible functions of arity |A| 4 1 for any finite A. For example, let
k € N, with k > 2, and assume that A and B are sets such that
|A] = kand A C B. Let n := k+1, and define f, f': A" — B as
follows. Fix B € B, and for all a = (ay,...,a,) € A", let

b, if supp(a) = A and b occurs twice in a,
fa) = .
B, otherwise,

f(a) = {al, if supp(a) = A,

B, otherwise.

Note that f is well defined, because if supp(a) = A, then there is
a unique element of A that occurs twice in a. It is clear from the
definition that f is totally symmetric but f’ is not; hence f # f'. It is
not difficult to verify that for every I € ([Z]), both f; and f] are similar
to the function i: A"~! — B given by

a;, if supp(a) = A,
h(all---,anl):{ 1 pp( )

B, otherwise.

Consequently, deck f = deck f'. We conclude that f and f’ are not
reconstructible.

Having set forth the reconstruction problem of functions and iden-
tification minors and having made a few reasonable restrictions, we
may begin to consider whether and to what extent functions are re-
constructible. In the remainder of this chapter, we will review known
results about this reconstruction problem. On the one hand, several
classes of functions have been shown to be reconstructible or weakly
reconstructible; the results are summarized in Table E} On the other
hand, infinite families of nonreconstructible functions have been dis-
covered. Not only will we state the results, but we will also briefly
discuss our proof techniques, especially when the analysis has led us
to formulating other reconstruction problems and finding solutions
to them.

In order to illustrate the notions and formalisms we have intro-
duced above, we start with a proof of the simple, almost trivial fact
that constant functions of sufficiently large arity are reconstructible.

Proposition 3.2.5 ([56, Example 3.3]). If f € ]-"f(fB) is a constant function
and n > |A|, then f is reconstructible.

Proof. Since f is constant, there is p € B such that f(a) = B for all
a € A". Then for every I € ([;}), we have fi(b) = f(bé;) = B for
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allb € A"l Letg € fgg be a reconstruction of f. Then there
exists a bijection ¢: ([g]) — ([g}) such that g7 =~ f,(;) for all I € ([Z]).
Therefore, for each I € ([g]), there exists a permutation 7r; € S,_4
such that g1 = f,(;) o 71;. Let now a € A”. Since n > |A], there exist
i,j € [n] such that i # j and a; = a;. Thus a = bd; for some b € A"
and I := {i,j}. Then g(a) = g(bd;) = gi(b) = fyo)(brr;) = B.
Consequently, g(a) = B for all a € A", thatis, f = g. We conclude
that f is reconstructible. O

3.3 RECONSTRUCTIBILITY OF TOTALLY SYMMETRIC FUNCTIONS

Our first nontrivial result on the reconstruction problem is that totally
symmetric functions of sufficiently large arity are reconstructible.

Proposition 3.3.1 ([56, Theorem 5.1]). If f € fgg is totally symmetric

and n > |A| + 2, then f is reconstructible.

Proposition 3.3.2 ([56, Proposition 5.2]). Assume that n > max(|A|,3)
and f,g € fz(ﬁa) are totally symmetric. If deck f = deck g then f = g.

The lower bounds on the arity can be slightly improved in the spe-
cial case of constant functions (see Proposition 3.2.5) and of functions
determined by supp or oddsupp, which are all totally symmetric.

Proposition 3.3.3 ([56, Proposition 3.8]). If f € .7-"1(&) is determined by
supp and n > |A|, then f is reconstructible.

Proposition 3.3.4 ([56, Proposition 3.9]). If f € .7-"1(&"? is determined by

oddsupp and n > max(|A|,3), then f is reconstructible.

Remark shows that the bound n > |A| 42 in Proposition [3.3.1]
is sharp. The following example shows that in Propositions and
the bound n > 4 is sharp when |A| = 2.

Example 3.3.5 ([56, Example 3.10]). Let A = {0,1}, let a,b,c,d € B
with b # ¢, and let f, f/,g,¢': A> — B be as defined in Table 6] These
functions are pairwise nonsimilar. Functions f and f’ are totally sym-
metric, but i and /' not totally symmetric and not even 2-set-transi-
tive. If a = c and b = d then f is determined by oddsupp. If 2 = b
and ¢ = d then f’ is determined by oddsupp. It is not difficult to
verify that for all I € ([Z]), each one of fj, f], gr and g} is similar to
the function (0,0) — a, (0,1) — b, (1,0) — ¢, (1,1) — d. Hence f, f/,
¢ and ¢’ are hypomorphic to each other.

3.4 RECONSTRUCTIBILITY OF AFFINE FUNCTIONS

A nonassociative right semiring is an algebra (A; +, -) with binary addi-
tion and multiplication operations such that
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C arity C  ref.
constant functions n > |A| R 3.2.5
functions det. by supp n > |A| R 3.3.3
functions det. by oddsupp n > max(|A|,3) R 3.3.4
functions det. by ofo n>|Al+2, W  [54.5
|A| =1,2 (mod 4)
orn>|Al+3,
|A| = 0,3 (mod 4)
totally symmetric functions n>|Al+2 R 3.3.1
n > max(|A|,3) W [3.3.2
linear functions over a n>4 W 3.4.2
nonassociative right semiring
affine functions over a n>4 W 3.4.2
cancellative nonassociative
right semiring
affine functions over a finite n > max(|A|,3) R 3.4.3
field
clone on {0,1}
-CCACCVorCCL n>4 S 3.6.1
-C 2> M, n>e6 N 3.6.2
—C D MUy or C O M:We n>"7 N 3.6.2
-CDOSM 3<n<4or N 3.6.2
n > 6 and
n =2 (mod 4)
-CCM n= R 3.6.2
-C C MUz orCC MWy 3<n<4 W 3.6.2
-CDOAcorC2OV, n=2 N 3.6.2
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Table 5: Reconstructibility of some function classes. The first column
specifies a class C C Fyp. The third column provides in-
formation about the reconstructibility of C(") when the arity
n satisfies the condition in the second column. The fourth
column indicates the number of the Proposition that states
the result. Abbreviations: R = reconstructible, W = weakly
reconstructible, N = not weakly reconstructible, S = set-recon-
structible.
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fixyz) fxyz) gxyz) §&xyz)

R )RR, OO0 0O O|R
_ om0 O R Rk OO
—_ O = O = O = O N
QLo O T o SR
QAL T T 0O T 6 o X
QO 0O 0 S S S
QUL T T T 0 0 o

Table 6: Nonreconstructible ternary functions.

e (A;+) is a commutative monoid with neutral element 0 (0+a =
a+0=a),
e (A;-) is a groupoid with right identity 1 (a-1 = a),
e multiplication is right distributive over addition ((a +b) - ¢ =
a-c+b-c),
e multiplication on the right by 0 annihilates A (a-0 = 0).
We will denote multiplication simply by concatenation. A nonasso-
ciative right semiring (A; +,-) is cancellative if the additive monoid
(A; +) is cancellative, i.e,, a + b = a + ¢ implies b = c.

The attribute “nonassociative” refers to the fact that multiplication
is not required to be associative, contrary to the usual definition of
semirings. The attribute “right” refers to the fact that we only stipu-
late right multiplicative identity, right distributivity and right annihi-
lation. (A nonassociative left semiring could be defined analogously,
but we will not need this notion here.) Examples of nonassociative
right semirings include semirings, rings, fields, and bounded distribu-
tive lattices. Rings and fields are cancellative.

A function f: A" — A is affine over a nonassociative right semiring
(A;+,-) if there exist a1, ..., a,, ¢ € A such that

f(xy,...,xp) =ax1+ -+ apxy, +¢, (3-4.1)

for all x1,...,x, € A. If c = 0 then f is linear.

Let f: A" — A be an affine function over a nonassociative right
semiring (A;+,-). It can be shown that if f is linear or if (A4;+,-)
is cancellative, then f has a unique representation of the form
([57, Lemma 4.2]). In this case, f is completely described, up to sim-
ilarity, by the multiset (a3,...,a,) of coefficients and the constant ¢
in the representation (3.4.1). Note also that the identification minors
of f are again affine functions, and the multiset of coefficients of fj,
I={ij} e ([g]), is (a1,...,an) \ {(a;,a;) & (a; +a;).

This suggests that we consider another reconstruction problem. Let
(A;+) be a commutative groupoid. In the reconstruction problem of
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multisets over (A;+), the objects are finite multisets over A, and the
equivalence relation is the equality relation on M (A). The size of a
multiset is its cardinality. The cards of a multiset (ay,...,a,) are the
multisets (ay,...,a,) \ (a;,a;) & (a; 4 a;) of cardinality n — 1, for each
{i,j} € ([g}). The reconstructible multisets are completely described
as follows.

Proposition 3.4.1 ([57, Theorems 3.7-3.10]). Let (A;+) be a commuta-
tive groupoid, and let M and M’ be multisets of cardinality n over A. Then
deck M = deck M’ if and only if M = M’ or one of the following state-
ments holds:

(i) n=2and {M,M'} = {(r,s), (t,u)} for some elements r,s, t,u € A
satisfying r +s = t + u;

() n =3and {M,M'} = {(r,s,t),(r,r+s,r+t)} for some elements
r,s,t € A satisfying
r+(r+s)=s,
r+(r+t) =t
(r+s)+(r+t)=s+t

(i) n = 3and {M,M'} = {(r,s,t),(r+s,r+t,s+1t)} for some ele-
ments r,s,t € A satisfying

(r+s)+(r+t)=r,
(r+s)+(s+t)=s,
(r+t)+(s+t)=¢

(iv) n = 4 and {M,M'} = {(r,s,t,u),(r,s,t,0)} for some elements
r,s,t,u,v € A satisfying x +u = vand x +v = u for all x €
{r,s,t}andr+s=s,s+t=tt+r=r.

Proposition can then be translated back to the realm of affine
functions over a nonassociative right semiring. It should be noted
that the nonreconstructible multisets of cardinality 4 are lost in this
translation, because addition is associative in a nonassociative right
semiring, and any commutative groupoid that contains elements sat-
isfying the conditions of Proposition is not associative (see
[57, Example 3.1]).

Proposition 3.4.2 ([57, Theorem 4.5]). Let f,g: A" — A be affine func-
tions over a nonassociative right semiring (A;+,-) withn > 4. If f and g
are linear or if (A; +, ) is cancellative, then deck f = deck g if and only if
f=g

This result can be strengthened when (A;+,-) is a finite field. In
this case, every non-affine function of arity at least max(|A|,3) + 1 has
a non-affine identification minor (see [57, Lemma 4.6]), and hence the
class of affine functions of arity at least max(|A|,3) + 1 is recognizable.
Together with Proposition this implies reconstructibility.
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Proposition 3.4.3 ([57, Theorem 4.7]). Let f: A" — A be an affine func-
tion over a finite field (A;+,-). If n > max(|A|,3) + 1, then f is recon-
structible.

3.5 NONRECONSTRUCTIBLE FUNCTIONS

Polynomial operations of a bounded distributive lattice can be repre-
sented in disjunctive normal form, as described by the following classi-
cal result.

Theorem 3.5.1 (Goodstein [34]). Let [A = (A;V, A,0,1)| be a bounded
distributive lattice. A function f: A" — A is a polynomial operation of A
if and only if

flxr,oxn) =\ (asA N\ x), (3.5.1)

SCln] ies

where the coefficients are given by as = f(ey,...,e,) wheree; = 1ifi € S
ande; =0ifi ¢ S.

For term operations over a bounded distributive lattice, the coeffi-
cients ag in are always 0’s and 1’s. We can discard the monomi-
als with coefficient 0 and take only the disjunction of the monomials
with coefficient 1. It follows that a function f: A" — A is a term
operation of a bounded distributive lattice A = (A;V, A,0,1) if and
only if

flan, ) =\ A x (3-52)
SeAies
for some A C P([n]). Moreover, since AjcsX; V Aics' Xi = Nies Xi
whenever S C S’ by the absorption law, it suffices to take the set
of minimal (with respect to inclusion) elements of A in place of A in
G52

For any set system A C P(X), the set Amin of minimal elements of
A is an antichain in the power set lattice (P (X); C). Antichains in the
power set lattice (P(X); C) are called Sperner systems on X.

The n-ary term operations of a bounded distributive lattice A =
(A;V, A,0,1) are in one-to-one correspondence with Sperner systems
on [n]. Namely, to each Sperner system A C P([n]) we can associate
the term operation (3.5.2), and every term operation can be repre-
sented in the form for some Sperner system A, as discussed
above. Moreover, distinct Sperner systems give rise to distinct term
operations.

Let A be a Sperner system on [n], and let f: A" — A be as in (3.5.2).
Let us consider the identification minors of f. For I € ([g]), we get

fi(x1, ..., xp1) = (foﬁ)(xb""x”*l) = f(x‘sl(l)""’x‘sl(”))

=V Axwo=V AN x=V Aux= "V Ax

SeAieS seAies(S) Sedéi(A)i€s S€(61(A))min (€S
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and (;(.A))min is a Sperner system on [n — 1].

This suggests formulating a reconstruction problem for Sperner sys-
tems and analysing it in order to determine whether term operations
of abounded distributive lattice are reconstructible. The reconstruction
problem of Sperner systems and identification minors is specified by the
following data. The objects are Sperner systems on [n], for n € N.
The equivalence relation is the isomorphism relation: two Sperner sys-
tems A and B on [n] are isomorphic, denoted A ~ B, if there exists
a permutation 7t € S, such that A = 71(B). The objects derived from
a Sperner system A on [n] are the Sperner systems A;j := (J7(A) )min
on[n—1],forl e ([’;]). Thus, deck A = (A;/~: 1€ ([g])>

The reconstruction problem for Sperner systems and identification
minors was studied by Couceiro, Scholzel, and the current author
in [17]. We obtained some negative results: we discovered several
infinite families of nonreconstructible Sperner systems. The construc-
tions and proofs are quite technical, and we will not go into details
here. Just to give an idea of the Sperner systems involved, we present
one of our nonreconstructible families in the following example.

Example 3.5.2. For each m > 3, we define Sperner systems M7" and
M7 on the set [2m]. The systems will be built from a few components
that we define first. For | C [m], let F/' := JU{i+m:i € [m]\J}. Let
Fit = A{F": ] C[m],[]| odd}, F3" := {F" : ] C [m], |]| even}. For
p € [m], let G := 2m]\ {p,p +m,(p ® 1) + m}, where & denotes
addition modulo m. Let G" := {G} : p € [m]}. Fori € {1,2}, define
M= Frugn.

It was shown in [17, Section 3] that for every m > 3, the Sper-
ner systems M7 and M7 are nonisomorphic and hypomorphic. In
other words, M/" and M3 are not reconstructible. In fact, M7" and
M7 are strongly hypomorphic, that is, for every I € ([g]), we have
(M) =~ (ME);. In other words, even with the knowledge of which
two-element set I € ([g]) is associated with each card, it is impossible
to reconstruct these Sperner systems.

The nonreconstructible Sperner systems that we discovered, such
as the ones in Example can be translated back to term opera-
tions of a bounded distributive lattice, and we arrive to the conclu-
sion that there exist infinite families of nonreconstructible functions,
and there even exist infinite families of pairs of nonsimilar, strongly
hypomorphic functions. This is true for functions in F4p for any
finite sets A and B with at least two elements, because there exist
bounded distributive lattices of every finite cardinality (finite chains,
for instance) and because we can easily build new nonreconstructible
functions from given ones, for example, by extending the domain or
the codomain.

Considering, in particular, Boolean functions, we constructed, for
each clone C among SM, M U, M:We (see Appendix , an infinite
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family of pairs of nonreconstructible Sperner systems such that its
translation into term functions of a two-element lattice results in an
infinite family of pairs of nonsimilar, strongly hypomorphic functions
that lie within the clone C.

Let us finally mention that our work on Sperner systems had a sur-
prising connection to the reconstruction problem of hypergraphs and
one-vertex-deleted subhypergraphs (see Example[3.1.2). Any Sperner
system on the set [n], being a subset of P([n]), can be seen as the edge
set of a hypergraph with vertex set [n]. It turned out that for every
m > 3, the Sperner systems M/" and M} of Example are the
edge sets of non-isomorphic and strongly hypomorphic hypergraphs
(see [17, Corollary 7.3]). Of course, it is well known that hypergraphs
are not reconstructible, and infinite families of nonreconstructible hy-
pergraphs have earlier been constructed by Kocay [49] and Kocay and
Lui [50]. Nevertheless, our infinite family is quite different from the
ones presented earlier in the literature, and it is curious that it arose
as a by-product of a completely different reconstruction problem.

36 RECONSTRUCTIBILITY OF POST CLASSES

Clones are interesting sets of functions, and it makes sense to ask
whether they are reconstructible. It follows from Proposition [3.4.2]
that if C is a clone on {0,1} that is contained in L, V or A (see Ap-
pendix , then C" is reconstructible for every n > 4. In fact, Ccm is
also set-reconstructible for every n > 4. This follows from the follow-
ing result of Couceiro, Scholzel, and the current author and from the
fact that constant functions (of sufficiently large arity) are reconstruc-
tible (see Proposition and hence also set-reconstructible.

Proposition 3.6.1 ([18, Proposition 3.7]). Assume that (A;o) is a semi-
lattice or a Boolean group. If C is a subclone of the clone generated by o, then
C") is set-reconstructible for all n > |A| + 2.

As explained in Section each one of the clones SM, M U,
MW (and hence every clone that contains one of them) includes
an infinite family of pairs of nonisomorphic, strongly hypomorphic
functions; in other words, these clones are not weakly reconstructible
and hence also not set-reconstructible.

The infinite families of nonreconstructible functions constructed in
[17] do not include functions of every possible arity. Therefore we
were not able to determine for every clone C that is not weakly recon-
structible, whether the n-ary part C is not weakly reconstructible
for every n. We were, however, able to conclude the following.

Proposition 3.6.2 ([17, page 282]). Let C be a clone on {0,1}.

(i) IfC D M. and n > 6, then C'") is not weakly reconstructible.
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(i) If C © MU or C O MWy and n > 7, then CM is not weakly
reconstructible.

(i) IfC DO SMand3 <n <4orn>6and n =2 (mod 4), then cm
is not weakly reconstructible.

(iv) IfC C M, then C (5) s reconstructible.

v) IfC C MUz or C C MWz and 3 < n < 4, then cm g weakly
reconstructible.

(vi) IfC D Acor C O Ve, then C (2) js not weakly reconstructible.

3.7 REMARKS

When the current author first looked into the reconstruction problem
of functions, he thought that the most obvious starting point would
be the functions whose deck is as simple as possible, comprising just
a single function with high multiplicity. Such functions are, of course,
the ones with a unique identification minor (see Section [2.6). While
it was relatively easy to prove that certain classes of functions with
a unique identification minor are weakly reconstructible, the author
soon realized that it is quite difficult to establish the stronger property
of reconstructibility. The lack of a good characterization of functions
with a unique identification minor is a significant obstacle in identify-
ing potential candidates for reconstructions of a given function. This
explains how the author came across Problem [2.6.1]and motivates his
interest in discovering an answer to it.

Totally symmetric functions have a unique identification minor, and
in Section [3.3| we saw that they are reconstructible. In Section we
will analyse the reconstructibility of another class of functions with a
unique identification minor, namely, functions determined by ofo.
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We are now going to develop theory of minors of permutations. This
notion is somewhat analogous to minors of functions, which were
considered in earlier chapters. In fact, we have already seen minors
of permutations when we discussed ordered partitions in Section
but we have just not been calling them that way yet.

First, in Section[4.1} we introduce minors of permutations and estab-
lish some basic facts about the poset of minors. Then, in Section
we discuss Galois connections induced by the minor relation. As a
tool for analysing minors, we introduce in Section two transfor-
mations of interval partitions: compression and expansion. Next, in
Section we investigate the permutation groups generated by the
{-minors of a given n-permutation T and by the differences of the
f-minors of T. These theoretical results will find applications in the
analysis of functions determined by the order of first occurrence in
Chapter|s| Finally, we briefly discuss a reconstruction problem of per-
mutations and minors in Section and an open group-theoretical
problem in Section

A reader familiar with the theory of permutation patterns (see, e.g.,
Kitayev [48]) will recognize many similarities and differences between
minors of permutations and permutation patterns. Much of the the-
ory developed in Sections and parallels the work of Pdschel
and the current author [63] on permutation patterns.

4.1 MINORS OF PERMUTATIONS

Let |P|:= U,>1 Su be the set of all finite permutations. We refer to S,
as the n-th level of P.

Definition 4.1.1. Let ¢ € S, and let IT € Part,,(n). Recall from Def-
inition the permutation oy; € S, defined as = (hﬁ)‘1 o h{;.
We say that a permutation T is a minor of ¢, and we write if
T = oy1 for some partition IT € Part(n). In order to emphasize the
fact that T is an m-permutation, we may also say that 7 is an m-minor
of 0.

Fact 4.1.2. Given a permutation ¢ = 07...0, € S, in one-line notation
and an m-partition IT of [n], we can construct oy; by the following
procedure.

1. Replace each ¢; by the minimum of its II-block, i.e., for each
i € [n], let ¢/ ;== mino;/IL
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2. Delete any repetitions of letters from ¢’ = 0] ...07, e, let ¢’ :=
ofo(c’). (Note that |¢”| = m, because IT has m blocks, so there
are m distinct minima.)

3. For each i € [m], replace the i-th smallest entry of ¢” by i. The
resulting string is the one-line notation of oyj.

Fact 4.1.3. In line with the notational convention explained in Re-
mark forany o € S, and @ # I C [n], we write 07 to designate
the minor oy, where IT € Part(n) is the partition whose only poten-
tially nontrivial block is I. If I € ([g]), then the permutation o7 can be
written explicitly in terms of ¢ as follows:

min [, if i = mino (1),
o(i), if i # minc—1(I), i < maxo~!(I),
and o (i) < max]I,
o(i) =< o(i)—1, if i #mino~1(I), i < maxo!(I),
and o (i) > max],
c(i+1), if i > maxo~!(I) and o(i + 1) < max|,

o(i+1)—1, ifi>maxc '(I)and o(i+1) > max]I.

Example 4.1.4. The minors of the permutation o = 42531 € Ss are
presented in Table E} For each m € {1,...,5}, we enumerate all m-
partitions IT of [5], and for each partition I'l, we indicate the order <{,
and the minor o11. We use the shorthand introduced in Remarks

and to specify (ordered) partitions.

Lemma 4.1.5. The minor relation is a partial order on the set P of all finite
permutations.

Proof. The minor relation is clearly reflexive, because for every o € S,
we have 0 = 0, where A, is the trivial partition of [n]. The minor
relation is antisymmetric, because if c € S, and T € Sy, and 0 < T
and 7 < 7, thenn < m < n,so m = n. Since the only n-partition of [r]
is the trivial partition A, it follows that ¢ = 75, = 7. For transitivity,
observe thatif t € Sy, 1 € S, 0 € S, and m < T and T < 0, then
there exist ® € Party(m) and 11 € Part,(n) such that 7 = 1 and

T = oy1. It follows from Lemmas and that [1g € Part,(n)
and 71 = (011)e = (011)sy(11,) = O, that is, © < 0. O

Recall that a poset (P; <) is graded, if there exists a rank function
[: P — N satisfying the following conditions: r(x) < r(y) whenever
x < y in P, and whenever x is a lower cover of y in P, the equality
r(y) = r(x) + 1 holds.

Lemma 4.1.6. The minor poset (P; <) is a graded poset with rank function
r:P—N,r(c)=nforalloc € S,,n € N.
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m=>5
IT S% 011
1]2|3]4|5 4]2|5|3|1 42531
m=4
IT S% 11 II S% 011
12/314|5 4]|12|5[3 3142 1|24/3|5 24|5|3|]1 2431
13]2]4|5 4]2|5/13 3241 1|25/3]4  4|25|3|]1 4231
14]2|3|5 14]2|5|3 1243 12|34|5 34/2|5|]1 3241
15]2|3|4  4]2|15|3 4213 1]2|35|4 4]2|35]1 4231
12345 4|23|5|1 3241 1|2|3]45 45|2|3]1 4231
m=3
IT <G o1 IT <G 011
123|4|5 4|123|5 213 13]24/5 24|5|13 231
124|3|5 124/5|3 132 13]25|4 4|25/13 321
125|3|4 4[125|3 312 13|2|45 45|2|13 321
134]2|5 134/2|5 123 14|23]5 14]23|5 123
135|2|4 4|2]135 321 14|25|3 14]25|3 123
145/2|3 14523 123 14|2|35 14/2/35 123
1]234|5 234|5|1 231 15|23]4 4|23|15 321
1]235|4 4|235|1 321 15/24|3 24|15|3 213
1|245|3 245|3|1 231 15|2|34 34/2|15 321
1|2|345 345(2|1 321 1]23|45 45|23|1 321
12|34|5 34|12|5 213 1|24(35 24|35|1 231
12|35|4 4|12|35 312 1]25|34 34/|25|1 321
12|3|45 45|12|3 312
m=2
I1 <t o011 IT <t 011
12345 12345 12 134|25 134(25 12
12354 4]1235 21 135/24 24135 21
12453 1245|3 12 14523 145|23 12
1345/2 13452 12 15]234 234|15 21
1|2345 2345|1 21 14]235 14]235 12
123|45 45|123 21 13]245 24513 21
12435 12435 12 12|345 34512 21
125|34 34125 21
m=1
Il Si’—l o171
12345 12345 1

Table 7: Minors of o = 42531.
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Proof. We show that the function r prescribed in the statement of the
lemma is a rank function for (P;<). Letoc € S, t € Sp. f T < 0
then 7t = oyy for some partition IT € Part(n) with fewer than n blocks.
Then clearly r(7) = |II| < n = r(0).

Assume then that 7t is a lower cover of ¢, and let IT € Part(n)
be such that m = o1;. Suppose, to the contrary, that |II| = m <
n—1. It is well known that the poset of partitions of a finite set
ordered by refinement is a semimodular lattice and hence a graded
poset. Therefore, there exists a partition ® € Part,_1(n) such that
® C II. By Lemma 1.7.7(iii), we have 011 < 0 < ¢, which contradicts
the assumption that 77 = o7y is a lower cover of ¢. O

The direct sum of permutations o € S;; and T € S, is the permu-
tation of degree m + n that consists of o followed by a shifted
copy of T, formally

o(i), ifl1<i<m,
m+t(i—m), fm+1<i<m+n.

(ca1)(i) = {

An interval in a permutation ¢ is an interval [a,b] (as defined in
Section such that the set of values {o(i) : i € [a,]]} is also an
mtervall For permutations ¢ € S, and 7; € Sy, for i € [n], the

inflation of o by 7,...,T, is the permutation of degree

Y.i' 1 m; obtained by replacing each entry (i) of o with an interval
that is order-isomorphic to 7;. For example, 2413[123,21,1,231] =
234981675.

Lemma 4.1.7.
(i) The minor poset (P; <) has a least element, namely 1 € S;.
(ii) The minor poset (P; <) has no maximal elements.

(iii) Any two permutations 1w € Sy, and T € S, have an upper bound of
degree m +n — 1.

Proof. (i) Clear.
(ii) For any ¢ € S, we have ¢ < 0 @ 1, because (¢ @ 1)1 = o for
= ({n,n+1})part-

(111) Given 1 € S, and T € S, let 0 = [T 1,1,...,1]. Then
m = o and T = oy for IT := ([n(1), (1) + ])partandl“
[1, (1)), [(1) +m —1,m+n —1]) part- O

Let us derive a few useful identities involving minors of permuta-
tions.

Lemma 4.1.8. Let 71, T € Sy, and let T1 € Part,,(n).

This overloaded use of the term “interval” should not cause any confusion, because
the concept of an interval in a permutation will only be used in the definition of
inflation of permutation that comes next.
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(@) (7= (7Trqm) "

(ii) (7m0 T)r = 711 © T -

-1

(iit) (7o T)1 = (Trqry) ™" © Tr(r)-

Proof. (i) By the definition of 711, we have

— idy— -1 - i
(7 D= (h]) o hfi = (W) " o kg,

= ((hig(n))_l ° h;(n))_l = (Tr(y) ™

where the second equality holds by Lemma [1.7.9|fiii).
By the definition of 011 and Lemma [1.7.9({ii), we have

(o) = (W) 1 o BT = () ™ o Wy
- - i i -
= (W)™ o ity © Uiaqan) ™ © W

= ()~ ot o () ™ O My = 71 © Teoy-
By parts (i) and (ii), we have
o)1 = ()0 Ty = (Tamy) ™ © Teqr)- [

The following lemma is a generalized and sharpened version of [56,
Lemma 4.1].

Lemma 4.1.9. Let o € S,,, and let IT € Part(n).

1

(i) natijoo =h{jo (hfjd,l(n))_ onat, 1 ().

(ii) Srfoo =o110 (5071(1—1).

Proof. (i) By Lemma H the mapping hffd_l (1 © (h;) ! is an order-
isomorphism (IT; <%;) — (o 1(IT); §:7d,1(n)) and it is given'by the rule
B+ 0~ 1(B) for every B € II. Therefore its inverse h{; o (h:fd,l(n))_1 is
the mapping ¢~ 1(B) + B.

Now let x € [n], and let B := x/II. Then ¢ '(x) € ¢~1(B), so
natg_l(n)((fl(x)) = ¢~ 1(B), and we have

B (B )™ (naty s (1) (07 (%)) = B = naty(x).

Consequently, hfj o (b4, (H))_1 onat,-i(jjy 0 ¢~! = naty;. We obtain

the claimed identity by composing both sides from the right by c.
The definitions and part (i) yield

o110 6,1ny = (A7)~ o hfy o (ks 1))~ o mat

= (W) lonatyoo =doo. O
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4.2 GALOIS CONNECTIONS INDUCED BY THE MINOR RELATION
OF PERMUTATIONS

For T € 5§, and ¢ < n, we denote by Min( T the set of all /-minors of
7, i.e, Min) 7 := {o € Sy: 0 < 1}. For any set S C S, we say that
a permutation T € S, is compatible with S if Min'®) ¢ CS. ForSCSy
and T C S,,, we write

Comp™ 8= {r € 5, | Min 7 C 53,
:: U Min(® .

TeT

Thus, Comp(”) S is the set of all n-permutations compatible with S,
and Min(¥) T is the set of all £-minors of the permutations in T. It is
not difficult to verify that

Comp™ S={re€S,|VoreS\S: v &1},
Min(Z)T:Sg\{UESg\VJET:Jj_iT}.

Consequently, Min”) and Comp(”) are precisely the lower and upper
adjoints of the monotone Galois connection between P (S;) and P(S,)
induced by the complement £ of the minor relation (see Section .
This means that forall S C Syand T C §,,,

Min) TC § «= T C Comp™ s. (4.2.1)

Moreover, Min(®) Comp(”) and Comp(”) Min'?) are kernel and closure
operators on S; and S, respectively.

The upper adjoint Comp(”) is particularly well behaved when it
comes to permutation groups.

Proposition 4.2.1. If G is a subgroup of Sy, then Comp(”) G is a subgroup
of Sy.
Proof. Assume that G < Sy, and let 77, T € Comp(”) G. Thus Min¥) 7z
and Min¥) T are subsets of G. By Lemma 1) we have
Min (7 Yo 1) = {(m o )y : T1 € Party(n)}
= {(7r(yy) " © Tr(ry : 11 € Party(n)}
C{ptoy:peMin x4 cMin® 1}
= Min 7)"*Min'¥ 1) C G'G C G.

Consequently, 7! o T € Comp™ G, which implies that Comp™ G is
a subgroup of S,,. O

Remark 4.2.2. There is no counterpart of Proposition for the
lower adjoint Min'®), because the set Min'*) H is not necessarily a
group even if H is a subgroup of S,. The group H = ((14)) =
{1234,4231} < S, serves as a counterexample. It is easy to verify that
Min®) H = {123,231,312,321}, which is not a subgroup of Ss.
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In view of Proposition and Remark it would make sense
to modify the monotone Galois connection Min-Comp into one be-
tween the subgroup lattices Sub(S,) and Sub(S,). To this end, define,
for arbitrary subgroups G < Sy and H < S,

gComp'"" G|:= Comp > Comp™ G,

(i)

Let us verify that (gMin
connection.

—~

0, gComp(”)) is indeed a monotone Galois

Lemma 4.2.3. For all subgroups G < Sy and H < S,, it holds that
gMin') H C G if and only if H C gComp™ G.

Proof. Assume first that gMin(f) H C G. Then Min©) H C G, which
implies H C Comp(”) G by the defining property of monotone
Galois connection. Since Comp(") G = gComp(”) G by Lemma
we have H C gComp(”) G. For the converse implication, assume
that H C gComp™ G. Since gComp™ G = Comp™ G, this means
Min) H C G. Hence gMin) H = (Min) H) C (G) = G. O

The adjoints Min!) and Comp™), as well as gMin'*) and gComp")
have a “transitive” property that allows of going up or down the
levels of P one by one.

Proposition 4.2.4. Assume { < m < n. Forall S C Spandall T C S,
we have

Comp™ Comp™ § = Comp™ s, (4.2.2)
Min¥ Min™ T = Min') T. (4.2.3)

Forall G < Spand all H < S,;, we have

gComp™ gComp™ G = gComp™ G, (4-2.4)
gMin(Z) gMin(m) H= gMin(g) H. (4.2.5)

Proof. We prove equality first. Let 7 € Min() Min™ T. Then
T = T for some T € Min"™ T and ® € Part;(m). Similarly, T = oy
for some ¢ € T and I1 € Part,,(n). Lemma ylelds = (om)e =
071,, Where Il € Party(n) is as defined in Lemma [1.7.6] that is, 77 €
Min® ¢ C Min® T. Thus Min'®) Min(™ s C Min( T.

Let now 7 € MinY T. Then 7 = = oy for some 0 € Tand I' €
Part;(n). Let IT € Part,(n) be a refinement of I. By Lemma [1.7.6)
on(T) € Party(m) and I' = Iy (1. Lemmaylelds o =011, ) =
(011)g,(r)- Then o1 € Min™ ¢; hence (o11); () € Min'*) Min (" )cr C
Min® Min™ T. Thus Min© T - Min® Min™ T. We have shown
that holds.

We now prove . By the definition of Comp, the condition
o € Comp™ Comp™) § is equivalent to Min"™ ¢ C Comp™ S. This
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in turn is equivalent to Min) Min™ ¢ C S. Since Min'*) Min") ¢ =
Min(¥ ¢ by (4.2.3), we can rewrite the last condition as Min) ¢ C S,
which is equivalent to ¢ € Comp™ S. Thus Comp™ Comp™ § =
Comp™ §.

Equality follows from Proposition and equality (4.2.2):

gComp "™ gComp™ G = (Comp™ (Comp™ G))
= Comp™ Comp™ G = Comp™ G = (Comp™ G)
= gComp") G.

As for (4.2.5), the inclusion gMin') H C gMin!”) gMin™ H can be
proved by making use of the monotonicity of Min?) and equality

as follows:

gMin® H = (Min¥) H) = (Min®) Min("™ H)
c (Min (Min™ H)) = gMin(¥) gMin™ H.

For the converse inclusion, let o € gMin(f) gMin(m) H. Then there
exist permutations ol o?,..., 00 € Min(®) gMin(m) H such that o =
ol og?o---o¢P. This in turn means that, for each i € [p], there exists
7t ¢ gMin™ H such that ¢/ < 7'. Consequently, for each i € [p],
there exist /1, 72, ..., T/ € Min"™ H such that ' = 'l o 20 - - - o Tl
Now, by applying Lemma and the monotonicity of Mm( ), we
obtain, for every i € [p], that

o' e Min'¥ 7/ = Min¥) v/172. . . i

c Min® ) (Min'® 72) . .. (Min) ")

c Min Min™ H)(Min! Min™ H) - - - (Min) Min") H)
= Min H)(Min¥) H) - - - (MinY) H)

Min'¥) H) = gMin") H

N

Since ng( "Hisa group, we have o = olo-- o0 € ng( "H. O

According to Proposition it would be sufficient to describe
Min"=1 S and Comp(mH) S for arbitrary m and S C S,,. Recursive
application of such relations between consecutive levels of P would
yield descriptions of Min'*) § and Comp(”) S for arbitrary ¢, m, n with
{<m<nandS CS§,.

4.3 COMPRESSIONS AND EXPANSIONS OF INTERVAL
PARTITIONS

We are going to define two simple transformations of interval par-
titions: compression and expansion. These transformations change
the size of the underlying set of an interval partition while retaining
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some essential information about its block structure. We will state
and prove several lemmas that will be used later in the analysis of
minors of permutations.

Definition 4.3.1. The distance between nonempty subsets B and C of
N, denoted is the quantity min{|b —c| : b € B, ¢ € C}. Note
that d(B,C) = 0 if and only if BNC # @. If d(B,C) = 1, then we say
that B and C are adjacent.

Definition 4.3.2. Let IT € IntPart(n) be an interval partition of [n]. For
n > 2, the compression of I1 is the partition € Part(n — 1) defined
as [TV := (Cr1) part Where

Cri:={BNn—1]:Bell}U{B—1:Bell, Bn{1,2} =0}
(4.3.1)
The expansion of I1 is the partition € Part(n + 1) defined as fol-
lows:
1T:=12, 1)2":=123, 12":=123,

and for n > 3, 1! := (€11) part, where
&= {2/11,(n/11) + 1} U{B\ {min B} : B € IT}. (4.3-2)

Note that since the elements of Cr; and &y are intervals, IT+ and TTT
are interval partitions by Fact

For iterated compressions and expansions, we write, for £ > 1,

I =11, =11,
I_I\LéJrl — (H\LZ)\L, HT[Url — (HTZ)T/

whenever the right sides of the above expressions are defined.

Informally speaking, compression merges each nontrivial block of
IT with the block that is adjacent to it to the left. Exceptionally, the
block 2/IT is not merged with 1/II. Furthermore, after merging
blocks, we must remove the element n from the block that contains
it in order to obtain a partition of the set [n — 1]. In expansion, non-
trivial blocks get split into two blocks, one containing only the least
element and the other containing all the remaining elements. Excep-
tionally, the block 1/I1 is not split into two. Furthermore, we must
adjoin the element n + 1 to the block (n/I1) \ {min(n/IT)} in order
to obtain a partition of the set [n + 1].

Example 4.3.3. In Table |8 we present two interval partitions of the set
{1,...,12} and a few iterated expansions and compressions thereof.

Lemma 4.3.4. Let I1 be an interval partition of [n], and assume that T1 =
{Bi,..., B} with By <11 Bx <11 - - - <11 By. Then the following statements
hold.
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I1° =123]4/5|6/7|8|9]10|11|12|131415
1" =123|4(5|6]7|8]9|10|11|121314
11" =123|4(5|6/7]89]10]111213

I1 =123|45|6/789]101112

I =12345|67891011

¥ =12345678910

¥ =123456789

—1]234|5/6|7|8]9]10|11]12|13]14]|15
1" =1|234(5|6/7|8]9|1011|12|13 |14

It =1|234(5|6/7|8]91011|12]13

I1 =1|234[5|6/7|891011 12

It =1|234[5|6/7891011

¥ =1|234[5[678910

—1|234[56789

Table 8: Compressions and expansions of interval partitions

(i) A set C C [n+ 1] with |C| > 2 is a block of T1" if and only if one of
the following conditions is satisfied:

(@) C = B\ {minB} for some B € II satisfying |B| > 3 and
{2,n}NB=2.

(b) C =2/1L, [2/T1| > 1 and n ¢ 2/11.

() C=n/I1)+1, |n/I1| >1and 2 ¢ n/T1L.

(d) C=[n+1]and [n] € IL

(e) C=1[2,n+1]and [2,n] € IL

(ii) There are no adjacent nontrivial blocks in TT'.
(iii) If a nontrivial block of T1' contains n, then it also contains n + 1.
(iv) If a nontrivial block of 11" contains 3, then it also contains 2.

(v) Aset C C [n—1] with |C| > 2 is a block of TT* if and only if one of
the following conditions is satisfied:

(@ n>3,C=B,N[n—1]and B, = [1,n].
(b) n>4,C=B,N[n—1]and B, = [2,n].
(c) C= U?:p(Bi U (Biy1 — 1)) for some p,q € [r — 1] with p < g
and r > 1 such that
e B, =2/Ilor |B,| = 1and B, # {1}.
e |Bj| >1forallic [p+1,q| and
e if |Byy1| > 1then By = n/IL

(vi) Assume that I1 has no adjacent nontrivial blocks. Then a set C C
J
[n — 1] with |C| > 2 is a block of IT* if and only if one of the following
conditions is satisfied:
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(@ C=(2/1)N[n—1] and |2/T1| > 1.
(b) C = (BN [n—1])U(B—1) for some nontrivial block B € T1
with 2 ¢ B.

Proof. Straightforward verification. O

Lemma 4.3.5. Let [T and T be interval partitions of [n]. If I1is a refinement
of T, then TV is a refinement of T'*.

Proof. We are going to show that every set in Cyj, as defined in (4.3.1),
is a subset of some set in Cr. Lemma then implies that IT+ =
<CH>part C <Cr>part = r¢~

Let S € Cr. Then there exists a block B € IT such that S = BN
[n—1]or S =B —1and BN {1,2} = @. Since IT C T, there exists a
block C € T'such that BC C. ThenBN[n—1] C CN[n—1] € Cr and
B-1CC-1.1fCn{L,2} =@, thenC—-1€Cr. £ CN{1,2} #O
and BN {1,2} = @, then, since the blocks of IT and T are intervals,
B—1§Cﬁ[n—1]€Cr. L]

Lemma 4.3.6. Let I and T be interval partitions of [n]. If T1is a refinement
of T, then 1" is a refinement of T'T.

Proof. We are going to show that every set in &yy, as defined in (4.3.2),
is a subset of some set in &r. Lemma m then implies that ITT =
<£H>part E <€F>part = FT-

Let S € &q. The claim clearly holds for S € {2/I1, (n/I1) + 1},
because 2/I1 C 2/T € & and (n/11)+1 € (n/T)+1 € & If
S = B\ {min B} for some B € II, then there is C € I such that B C C,
and we have B\ {minB} C C\ {minC} € &r. O

Lemma 4.3.7. Let n > 2, and let I1 be an interval partition of [n]. Then
the following statements hold.

(i) I1is a refinement of TT+.

(ii) Assume that 11 is not a trivial partition, I1 has no adjacent nontrivial
blocks, for every nontrivial block B € I1 we have B C [n — 2] or
n € B, and if 3/11 is nontrivial then 2 € 3/T1. Then T = T+,

Proof. Statements (i) and are easily verified when 2 < n < 3. If
n = 2, then IT = 1|2 or IT = 12, and in either case, [TV = 1 and
IT*" = 12. Consider then the case when n = 3. If IT = 1]2|3 or
IT = 1|23, then IT+ = 1|2 and T+ = 1]23. If IT = 12|3 or IT = 123,
then ITH = 12 and ITT+ = 123. For the remainder of the proof, assume
that n > 4.

Let B be a I'l-block. We need to show that B is included in some
block of ITH'. This is obviously the case when |B| = 1, so we may
assume that B is nontrivial. We will consider different possibilities
according to whether or not 2 and n are elements of B.
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Assume first that 2 € B and n € B. Then BN [n—1] € Cyy, so
there is C € IT+ such that BN [n — 1] C C. Since B is an interval, the
elements 2 and n — 1 are contained in B and hence in C. Consequently,
& contains sets 2/IT+ = C and ((n—1)/I1¥) +1 = C + 1. Since n >
4, we have |C| > 2,50 CN(C +1) # @. Therefore there is D € TT+
such that CU(C+1) € D, and we have B = (BN [n—1])U{n} C
CU(C+1)CDeIl*.

Assume then that 2 € Band n ¢ B. Then B= BN [n—1] € Cyy, so
there is C € I'T¥ such that B C C. Hence C = 2/ITV € &rpi. Therefore
there is D € IT¥ such that C € D, and we have BC C C D € IT+.

Assume then that 2 € B and n € B. Then B—1 € (Cyy, so there
isC € IT* such that B—1 C C. Sincen—1 € B—1 C C, we have
C+1=((n—1)/T1") +1 € &y. Therefore there is D € ITV such
that C+1C D,and wehave BC C+1C D e ITH.

Assume finally that 2 ¢ Band n ¢ B. Then BN [n—1] = B and
B — 1 are elements of Cyy, so there is C € IT+ such that BU(B—1) C C.
Then &y, contains C \ {min C}. Therefore there is D € IT'! such that
C\ {minC} C D. Since minC < min B, we have B C C\ {minC} C
D e ITH.

We have IT C TT+ by part (i), so it suffices to show I CIL
Let D € IT*". We need to show that D is included in some block of IT.
This is obviously the case when |D| = 1, so we may assume that D is
nontrivial.

Since IT' is an interval partition, it follows from Lemma
that either D C [n — 2] or n € D. Consider first the case when D C
[n —2]. Then Lemma gives rise to two subcases.

Case 1: D =2/ITVand n—1 ¢ 2/TT+. By Lemma , either
2/T = (2/I)N[n—1] =2/ or 2/T* = (BN[n —1]) U (B —1) for
some nontrivial block B € II with 2 ¢ B. The latter is not possible,
because 2 ¢ B implies 3 ¢ B by our hypotheses, and hence 2 ¢
(BN[n—1])U(B—1) yet 2 € 2/IT+. Consequently, D = 2/IT+ =
2/IT e IL

Case 2: D = C\ {minC} for some C € IT" with {2,n —1}NC =
@. By Lemma [4.3.4)vi), either C = (BN [n —1]) U (B — 1) for some
nontrivial block B € ITor C = (2/II)N[n —1] = 2/I1. The latter
is clearly not possible because 2 ¢ C. Since n —1 ¢ C, we also have
n—1¢B,so(BN[n—1])U(B—1) = BU{minB — 1}. Consequently,
D=C\{minC} = (BU{minB—1})\ {minB—-1} =B € IL

Consider then the case when n € D. Lemma gives rise to
two subcases.

Case 1: D = ((n—1)/TI*) + 1 and 2 ¢ (n—1)/II*. According
to Lemma we have (n —1)/IT* = (BN [n—1]) U (B —1) for
some nontrivial block B € I1. Then B ¢ [n — 2] because n — 1 € B, so
our hypotheses imply that n € B. Consequently,

D=(n-1)/II")+1=(BN[n—-1)U(B-1))+1
=(B-1)+1=BecIlL
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Case2: D ={1,...,n}or D =4{2,...,n}. Then we must have C :=
DN[n—1] € TT-. Lemma implies that C = (2/I1)N[n —1];C
cannot be of the form (BN [n — 1]) U (B — 1) for some nontrivial B € T1
with 2 ¢ II, because our hypotheses would force 3 ¢ B, whence
2¢ (BN[n—1]))U(B—1). Sincen—1 € C C 2/I1, we have 2/11 €
[n — 2], so our hypotheses imply that n € 2/I1. Consequently, D =
2/TT e IL O

Lemma 4.3.8. Let IT be an interval partition of [n]. Then the following
statements hold.

(i) Every nontrivial block of T1'* is a block of T1. Consequently, TT'* is a
refinement of I1.

(ii) If every two-element I1-block has a nonempty intersection with {2,n},
then TI =TI

Proof. () Let D be a nontrivial block of IT™V. By Lemma [4.3.4{fi), IT"
has no adjacent nontrivial blocks. Therefore Lemma implies
that D = (2/I1") N [n] or D = (CN [n]) U (C — 1) for some nontrivial
block C € ITT with 2 ¢ C.

Consider first the case when D = (2/11") N [n]. Lemma
gives rise to three subcases.

Case 1: 2/T1" = 2/TT and n ¢ 2/I1. Then D = (2/I1") N [n] =
2/TT e IL

Case 2: 2/T1" = [n+ 1] and [n] € [1. Then D = [n] € I1.

Case 3: 2/11" = [2,n+ 1] and [2,n] € IL. Then D = [2,n] € IL

Consider then the case when D = (CN[n]) U (C —1) for some
nontrivial block C € IT" with 2 ¢ C. Lemma gives rise to two
subcases.

Case 1: C = B\ {min B} for some B € IT with {2,n} N B = @. Then
D= (B\{minB})U{minB} = B € I

Case 2: C = (n/Il)+1and 2 ¢ n/IL Then

D = (((n/T1) +1) N [n)) U (((n/TT) +1) — 1) = n/TI € TL

We conclude that every nontrivial block of IT™ is a block of IT.
Consequently, every block of IT'* is included in a block of T1, that is,
I E 11

Under the assumption about the two-element blocks of I1, Lem-
ma provides a one-to-one correspondence between the non-
trivial blocks of IT and those of IT". By Lemma , IT" has no
adjacent nontrivial blocks, so Lemma provides a one-to-one
correspondence between the nontrivial blocks of IT" and those of TT'*.
It follows from part (i) that IT™+ and IT have the same nontrivial blocks;
hence T = T1. O
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Definition 4.3.9. Let Il be an interval partition of [n]. If IT has at least
two nontrivial blocks, then the minimum distance between nontrivial T1-

blocks, denoted is

min{d(B,C) : B,C €II, B#C, |B| > 2, |C| > 2};
otherwise y(IT) := oo.

Lemma 4.3.10. Let IT be an interval partition of [n]. Then the following
statements hold.

() §(IT") > p(I1) + 1.
(i) If p(IT) > 2, then p(IT+) = p(IT) - 1.

Proof. (i) Assume that B and C are nontrivial blocks of IT" such that
B <11 C. Then there exist II-blocks B’ and C’ such that B = B’ or
B=PB\{minB'}and C = C’'\ {minC’'} or C = C' +1. Then max B =
max B’ and minC = minC’ + 1. Therefore, d(B,C) = d(B’,C’) + 1.
Consequently, the inequality u(IT") > u(IT) +1 holds

Since IT has no adjacent nontrivial blocks, Lemma pro-
vides a one-to-one correspondence between the nontrivial blocks of
IT and those of IT*. Assume that B and C are nontrivial blocks of
[T+ such that B <17 C. Then there exist nontrivial blocks B,C’ € I1
such that B = B'or B = BBU(B'—1),and C = C'U(C'—1) or
C = C'"—1. Then maxB’ = maxB and minC’ = minC — 1, so
d(B,C) = d(B',C") — 1. Consequently, u(IT+) = u(IT) — 1. O

Lemma 4.3.11. Let k,{ € Ny. Let I1 be an interval partition of [k + ¢].
Then T1 = T for some interval partition T of [k] if and only if

o u(Il) >0 +1,
e for every nontrivial B € 11, either B C [k — 1] or k+ ¢ € B, and
o for every nontrivial B € 11, either min B > ¢+ 3 or 2 € B.

Proof. For necessity, assume that IT = I'" for some I’ € IntPart(k). It
follows from Lemma that u(IT) = u(T™) > u(@)+¢ > £+ 1.
An easy inductive proof based on Lemma shows that if B is a
nontrivial block of T then either B C [k — 1] or k + £ € B and either
minB > ¢+ 3o0r2 € B.

For sufficiency, we claim that if IT € IntPart(k 4 ¢) satisfies the
conditions of the lemma, then IT = [T+, Thus the theorem holds
if we choose T := IT¥. We prove the claim by induction on ¢. If
¢ =1, then the conditions of Lemma are satisfied with n =
k+1, so we have IT = ITH. Assume then that the claim holds for

Note that the inequality may hold as a strict inequality, because it is possible that
there exists a nontrivial block D’ € II such that B < D’ < C’ but there is no
nontrivial block D € T1' such that B < D < C. This happens when |D’| = 2; in this
case the block D' is split into singletons when we expand IT.
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¢ =m (m > 1). Let I be an interval partition of [k + m + 1] such that
u(IT) > m + 2 and every nontrivial B € IT satisfies either B C [k — 1]
ork+m+1 € B, and either min B > m + 4 or 2 € B. The conditions of
Lemma |4.3.7(i) are satisfied with n = k +m + 1, so we have IT = TT',
By Lemma u(ITH) = u(I1) =1 > m + 1. It is clear that every
nontrivial B € IT* satisfies either B C [k — 1] or k + m € B, and either

min B > m + 3 or 2 € B. By the inductive hypothesis, T = (11 ¢> o
Thus, IT = [TV = ((IT)¥"1")T = 11771 O

4.4 ON GROUPS GENERATED BY MINORS AND THEIR
DIFFERENCES

We develop some results concerning the groups generated by the set
of /-minors of an n-permutation T and by the set of differences of
{-minors of T. Due to the transitive property of the operator gMin([)
(see Proposition [4.2.4), the special case ¢ = n — 1 is of particular im-
portance.

4.4.1  Special permutations 0, and A

In what follows, the permutations 6, and A{ defined below play a
very special role.

Definition 4.4.1. For n > 2, the permutation 6, € S, is the following
product of |n/2] disjoint adjacent transpositions:

:: {(1 2)
(23)

If1 <{¢<kand ¢ =k (mod 2), then the permutation /\,{ € S is
defined as follows:

(34)---(n—1 n), ifniseven,
(45)---(n—1 n), ifnisodd.

(12)(34) - (£—=2 —1)(L+1 £+2)---(k—1 k),

v . if k is odd,
17 1@3)@s) (-2 e—1)(t+1 £+2)--(k—1 k),
if k is even.

Remark 4.4.2. Note that 0, is an even permutation if and only if n =
0,1 (mod 4). Note also that A’ | has parity opposite to that of 6,.

Fact 4.4.3. Let I = {i,j} € ([Z]) with i < j. Then (6,); = AL ,, where
¢ is the unique element of {j — 1, j} that is congruent to n — 1 modulo
2.

4.4.2 Invariant interval partitions

Recall the notions of invariant relation and polymorphism from Sec-
tion Since a partition of [n] is a collection of subsets of [n] and
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subsets of [n] are unary relations on [n], it makes perfect sense to
speak of polymorphisms of a partition. A unary polymorphism is
usually called an endomorphism, and a bijective endomorphism is an
automorphism. In particular, a permutation o € S, preserves a subset
S C [n] if and only if ¢(i) € S for all i € S, and ¢ is an automorphism
of a partition IT € Part(n) if and only if o preserves every block of IT.
We denote the set of all automorphisms of a relation p by

Remark 4.4.4. Note that the automorphisms of a partition IT and the
automorphisms of its associated equivalence relation =y are not in
general the same. Namely, a permutation ¢ € S, preserves Il €
Part(n) if and only if 0(B) = B for every B € II, and o preserves
= if and only if o(B) € II for every B € II. It thus holds that
AutIT C Aut =pq, and the inclusion holds as an equality if and only if
the blocks of IT are of pairwise distinct sizes.

The finest invariant interval partition of a permutation o € S,, de-
noted is the finest interval partition of [n] that is preserved by
0. (The fact that fiip(c) is uniquely defined is an easy consequence of
the fact that IntPart(#n) is a closure system.)

Example 4.4.5. The finest invariant interval partitions of some permu-
tations of the set {1,...,7} are shown below.

o fiip (o)
1234567 1]2[3[4[5/6]7
1235647  1|2|3]456|7
1325476 1|23|45|67
2134765 12|3|4/567
4317625 1234567
7234561 1234567

Fact 4.4.6. Leto € S,,.

(i) All blocks of fiip(c) have cardinality 2 if and only if # is even
and 0 = 6,,.

(i) The singleton {1} is a block of fiip(¢) and all remaining blocks
of fiip(c) have cardinality 2 if and only if n is odd and ¢ = 6,,.

4.4.3  Group generated by the minors of a permutation

Lemma 4.4.7. Let ¢ € S,,, and let 11 := fiip(c). Then oy preserves I+
for every I € ([g}). In other words, Min"""V ¢ C Syy,. Consequently,
(Min"V ¢} C Sy,

Proof. Let IT = {By,...,B,} with B, <11 B; whenever p < q. Assume
that I = {i,j}, with i < j, and assume that i € B, and j € Bg. It
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is clear that « < B. It is easy to see that fiip(o7) comprises the fol-
lowing blocks: By for every ¢ < B, By — 1 for every ¢ > B, and some
blocks obtained by partitioning Bg \ {maxBg} (provided this set is
nonempty). The partition IT'is a coarsening of fiip((n), and hence o
preserves IT+. It thus follows from the definition of Min"~V ¢ that
Min(" o C Spi- The last claim follows from the fact that Sy is a
permutation group. [

Lemma 4.4.8. Let I1 be an interval partition of [n]. For every o € Syy and
for every I € ([g}), it holds that o € Spy, and hence Min("~1 St C S

Proof. Let I' := fiip(c). Since o > I1, we have, by the definition of the
finest invariant interval partition, that I' T I1. For every I € ([g]),
o; > T+ by Lemma and since Tt C IT+ by Lemma it holds
that o7 > [T, ie., 07 € Syp.. Thus Min"~Y Sp7 C Sy, O

Lemma 4.4.9. Let I1 be an interval partition of [n). Then Comp ") Sy =
SHT'

Proof. The claim clearly holds if IT = {[n]} and hence IT" = {[n + 1]},
or if IT = {{1},[2,n]} and hence IT" = {{1},[2,1n + 1]} so we may
assume that 2 #p7 n. Consequently 1/11 = 1/I1" and 2/11 = 2/I1".

If ¢ € Syp1, then Min" ¢ C Syt by Lemma because IT' is an
interval partition. Since I ciI by Lemma we have Sy C Spp
(see Definition [1.6.1). Therefore ¢ € Comp(”+ Sr1. We have shown
Sm C Comp("Jrl Sr.

In order to show that the converse inclusion Comp(”ﬂ) St C S
holds, we prove that ¢ ¢ Sy implies o & Comp(”H) Sr1. Thus, as-
sume that ¢ € Syj;. Then there is an element i € [n + 1] such that
o(i) ¢ i/T1'; let « be the smallest i with this property. Then neces-
sarily (a) > a. This means that n +1 ¢ a/I1", so a/TI" C [n —1]
by Lemma [4.3.4|(iii). We will split the analysis in three different cases,
depending on whether & is contained in the T1'-block of 1 or 2, or in
neither.

Assume first that « € 1/I1". Since a/TI" C [n — 1], there are at least
two elements in [n+ 1]\ 1/T1". Let v € [n+1]\ (1/ITT U {c(a)}).
Then for I := {o(«),7} we have o;(a) = min(c(a),y) ¢ 1/I1T =
1/1T = wa/IL

Assume then that & ¢ 1/IT" and a € 2/I1". Then it clearly holds
that 1/T1 = 1/IT" = {1} and (1) = 1. Since a/TI" C [n — 1], the
set [n+1]\ ({1} U2/IT") contains at least two elements. Let ¢ €
m+1]\ ({1} u2/T1" U {c(a)}). Then for I := {o(a),v} we have
o7(a) = min(o(a),vy) ¢ 2/11" = 2/11 = a /1L

Finally, assume that « & 1/ IT" and a ¢ 2/I1T. Then « > 3 and the
permutation ¢ maps each one of the blocks 1/IT" and 2/T1" onto itself.
If o —1 #o(a) —1, then for I := {1,2} we have oj(a — 1) = o(a) —
1 ¢ (o«—1)/T1. Assume that « —1 = o(a) — 1. Since a < o(a),
this implies that /I is an interval that contains « — 1 and o(a) — 1.
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At the same time, we must have o(x) ¢ «/Il, because otherwise
Lemma , together with the fact that a/ IT" C [n—1], would
yield o(a) € (a/IT) \ {mina/T1} = a/T1", contradicting the choice of
a. It follows that o(a) < n. Consequently, o(a) +1 = o(B) for some
B > «. Then for I = {c(«),0(a) + 1} we have o7(x) = o(a) & a/IL
In each case we have found a minor o7 of ¢ such that o7 € Sp1.
Therefore o ¢ Comp"*V) Sy, O

Lemma 4.4.10. Let I1 be an interval partition of [n], and let ¢ € S,41.
Then Min™ o C Sy if and only if o € Sypy.

Proof. By definition, the condition Min™ ¢ C Sy is equivalent to o €
Comp ™Y Sy1, and we have Comp ") Sy = S; by Lemma- O

4.4.4 Group generated by the differences of minors of a permutation

For any set S C S, of n-permutations, let = {7'[ oT:7m,TE€E S}
be the set of differences (or quotients) between elements of S. We
are going to determine the permutations ¢ € S, for which the sets
Min'” ¢ and (AMin'")) have a nonempty intersection. To this end,
we first determine (Min""~Y ¢} and (AMin"~1). The general case
then follows from the “transitive property” (Proposition [4.2.4). We
start with several auxiliary lemmas.

Lemma 4.4.11. Let 0 € S, and p,q,1,s € [n].

() Ifp<qg<rando(p) >o(x)forx € {q,r}, then(pq --- r—1) €
AMin" V.

@) Ifp <qg<r—1and o(p) > o(x) for x € {q,9+1,r}, then
Sipa.r—1y C (A Min"=1 ¢).

(i) Ifp<q<rando(q) > o(x) forx € {p,r}, then (q --- r—1) €
AMin"Y ¢

(V) Ifp < g < rand o(p) > o(r) and o(q) = o(p) +1, then
Sipg..r-1y C (A Min(*= gr).

W Ifp < q < rand o(p) > o(q) and o(r) = o(p) + 1, then
(pq---r—l)eAMm(” Vo,

Vi) If p < g <r <sand o(p) > o(x) for x € {q,s} and o(r) =
o(p)+1,then Sy, 1) C (AMin"" D &),

(vii) If p < gand o(p) < o(q)and oc(q+1) =0(q) +2and o(q+2) =
o(q) +1, then (g g +1) € AMin" V.

(viii) If p < g < rand o(p) < o(q) = o(r) =1, then (q ---r—1) €
AMin"V ¢,
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Proof. In this proof, we are going to designate the values of ¢ at cer-
tain points by the Greek letters a, B, v. These are always chosen in
such a way that « is the largest number among «, f3, 7.

For strings a,b € N? of numbers without repetitions, we write
if a and b are order-isomorphic, i.e., the entries of a and b
appear in the same relative order of magnitude.

Write « := o (p), B:=0(q), v := o(r). Then

TC=01...0p 18011 ... 04-1P0g41 - - Or—1Y0p41 - - - Op.

Since @ > B and « > 7, we have

Oup R O1 e Op1POp i1+ 05103410442 .- Or—1 Y Opi1---0On,
Oay RO Op1Y0p41---0g-1 B Ogi1---0r—207-10741 - .. Op.

T T T

p q r—1
Thus 0.} oo = (pgq+1--- r—1).
It follows from part () that AMin"~Y ¢ contains the permu-

tations (p g --- r—1)and (p g+1 --- r—1), which constitute a
generating set of S, . . 13-

Write B := o(p), « := 0(q), v := o(r). Then
C=01...0p1B0p41 .. 05 180541 - . Or—1Y0p41 - - . Op.

Since @ > B and & > 7, we have

Oup R O1.. O 1B0pi1 ... 05105410542+ -Or—1 7Y Opy1--.0n,
Oy R O1. .. Op 1B0pi1--.05-1 Y Ogq1...0r—207 10711 ... 0p.
T T T
p q r—1
Thus 0.} oo = (gq+1 --- r—1).
Write a := o(p), B := 0(r); then o(q) = a + 1. Then

C=01...0p 18011 ...05_1(a +1)0q41...0,_1B0r41 ... 0.

Since & >  we have

Oa(at1) R O1- .. Op100p41 .. Og—1 Ogt1 Og+2.-..0p—1 B Ori1...0u,
Oup RO Op 1B0py1. .. O 1 (0 +1)0g41... 00 207 10741 ...0y
ROp...Op1P0py1---05-1 &  Ogi1...07r—20710741 .. Op.

T T T

p q r—1

Thus O-ojﬁl 0041y = (Pgq+1---r=1)€ AMin"~Y ¢, By part (fi),
AMin" also contains (q --- r—1). These permutations constitute

a generating set of Sy, 1.
Write a := o(p), B := 0(q); then 0(r) = a + 1. Then

C=01...0p 180p11...05 18041 .0r_1(a +1)0r41... 0.
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Since & > 3, we have

Oup R O1...0p1B0p 11
~01... Up,1ﬁ0p+1
Ua(aJrl) ~0]... 0'p_1060'p+1

ce Uq_la'q+10'q+2 ..
ce 0’,1,10'{1+10'q+2 ..
cOg-1 B oG-

T T
p q
Thuscr;(iﬂ)oaaﬁ:(pqurl cor—1).

.O0pq (06 + 1)Ur+1 ..
01 14

Opa1-..

-O0r—2 Or—1 Orq1---

/]\

r—1

.0y
.(Tn,

By part (iv), Sy, s-13 € (A Min"~Y ¢); in particular (p r) €
r—1) € AMin" Vg, The
claim then follows, because ((pr),(pq -+ r—1)) = Sy, ., and

(AMin™=) ¢).

S{pr,..s-1y and Sg, 5

-----

By part (), (p g -

r) generate S¢, o o 1y

Write B := o(p), a := 0(q); then we have 0(q+1) = a« + 2 and

0(qg+2) =a+1. Then

C=01...0p_1B0ps1...0p1a(a+2)(a +1)0g43...00.

Since & > 3, we have

Oup R O1...0p 1B0p41 ... 0q—1(a +2)(a +1)0y43...04
ROy ... Op1fOpgr... 01 (a+2) a« 0py3...00
Tg(at1) R O1---Op1BOpi1--. 051 & (&+2)0443...0%
T T T
p q g+1

Thus (fﬁ’(iﬂ) ooy = (qq9+1).

Write B :=0(p), « := 0(q); then 0(r) = a + 1. Then

C=01...0p 1B0p1...05 180 1...0r—1(& +1)0r 41 ...

and we have

O-DC’B ~0]... Uq_qu+10'q+2 ..
~0]... U’q,10’q+10’q+2 ..
Ua(vc+1) ~01... O'q,1 14 (Tq+1 ..

/]\

q

Thus Ua_(iﬂ) oo =(q - r—1).

(w4 1)o7 ... 0n
01 o
Op—2 Op1 Opy1...0pu.

Opt1.-.

T

r—1

O-I’l ’

O]

Let o € S,. If 0(i) > o(j) for all j € [i — 1], then we say that o(i) is
a left-to-right maximum and i is its position.

Lemma 4.4.12. Let ¢ € S,.
SB\{maxB} C <AMin(n71) U>'

Then for every B € fiip(c), we have

Proof. Let B € fiip(c), say B = [a,b]. The claim is trivial if |B| < 2, so

we assume that |B| > 3.

Let my, ..., ms be the positions of the left-to-right maxima in B, with
my < my < --- < mg (Hence o(my) < o(mp) < --- < c(ms).) Let us

make three observations.
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Observation 1: For every i € [n], o(m;) > m;. (For, otherwise
a < o(j) <o(m;) < m;forall j € [a,m;], from which it follows that
o(m;) = m; and o> [a,m; — 1] and hence also o > [m; + 1, b]. Therefore
o preserves the partition obtained from fiip(c) by splitting B into
intervals [a, m; — 1], {m;}, [m; + 1, b], contradicting the fact that fiip (o)
is the finest interval partition preserved by ¢.)

Observation 2: For i € [s— 1], we have o(m;) > o(j) for all j €
[m;+1,m;;1 —1]. (This is clear from the definition of a left-to-right
maximum and from the fact that there is no left-to-right maximum at
a position between m; and m;1.)

Observation 3: For i € [s — 1], there exists j € [m;;1 + 1,b] such
that o(m;) > o(j). (For, suppose to the contrary that this is not
the case. Then ¢ maps the interval [m; q,b] into [o(m;) +1,b]. If
there exists v € [o(m;) +1,b] \ o([mjs1,b]), then o(x) =  for some
x € [a,mjy1 —1]. By Observation 2, we must have o(m;) > . This
contradicts the fact that y > o(m;) + 1.)

We are going to prove that Sp, ;1) C (A Min"~Y ¢ for every i €
Ss. Our lemma will then follow immediately from this, because m; =
a.

We prove the claim by reverse induction, starting at i = s. By
Observation 1, we have b = o(mg) > mg. If mg = b — 1, then Simeb—1]
is the trivial group, so the claim obviously holds. If ms < b —2,
then o(x) < b for all x € [ms,b], so Lemma implies that
(mg mg+1), (mg mg+1 --- b—1) € AMin"""V ¢. Thus AMin""~V ¢
includes a generating set of S[m p—1], SO the claim holds for i = s.

Assume then that Sy, ., 1] € (A Min"~V ¢} for some i < s. If
m; < mjyq — 1, then o(m;) > (E) for all ¢ € [m;+1,m;;1 —1] by
Observation 2 and there is j € [m;11 + 1,b] such that o(m;) > o(j)
by Observation 3. Then (m; m; +1 --- j—1) € AMin™ V¢ by
Lemma . If m; = mj;1 — 1, then there is j € [m;;1 + 1,b] such
that o(m;) > o(j) by Observation 3. Furthermore, thereis ¢ € [m;1, b]
such that o(¢) = o(m;) + 1. Then, depending on whether ¢ < j
or j < ¢, either Sy, , i 1) C (AMin™ V&) or (mj j --- £—1) €
AMin"=Y ¢ holds by parts (iv) and (¥) of Lemma In all cases,
(AMin"~Y ¢} includes a generating set of Sim,p—1]- This concludes
the inductive proof. O

Lemma 4.4.13. Let 0 € S, let 11 := fiip(0) and assume that I1 =
{By,...,Bs} with By <i1 By <11 -+ <m1 By. Fori € [t—1], write
Ci:=B;U(Bi;1—1).

(i) Foranyi € [t —1],if B; # {1} and |B;| # |Bi+1| or |B;| = |Bis1| #
2, then S¢, € (AMin"= 7).

(ii) Foranyi € [t —1],if |Bj| = |Bi1] = 2, then Ac, € (AMin""V ).

Proof. Recall from Lemma that the group (AMin""Y¢) in-
cludes Sp\ {yuaxp) for every B € I1.
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The claim clearly holds if |B;| = |Bi+1]| = 1, so we will assume that
this is not the case. Assume first that |B;| = 1, say B; = {q} for some
q # 1, and |Bi+1| > 1. Then 0(q) = q and there is p € B;_; such that
o(p) =qg—1and r € Bii1 \ {g+ 1} such that o(r) = g+ 1. Since
p < q < r, Lemma IE implies (9 --- r—1) € AMin" Vg,
Consequently, the group (AMin"~V ¢) includes

<(q A 1)/ SBi+1\{maxBi+1}> - SQ'

where
Q:={q} UBj;1 \ {maxB; 1} = B;U (Bi;1 — 1).

Assume then that |B;| > 2, say B; = [a,b] witha < b. Theno(b) < b
and there is p € B; \ {b} such that c(p) = b, and there is r € B;
such that o(r) = b+ 1. It follows from Lemma that 7 :=
(pb - r—1) € AMin""Vg. If |Bi;1| = 1, then g = b+ 1 holds, so
T = (p b). Consequently, (A Min"~V ¢} includes (T, 5B\ {maxB;}) =
SQ, where Q := B; = B; U (Bi+1 - 1) If ’Bi+1| > 2, then q > b+1
holds. Unless |B;| = |Biy1| = 2, we have that (AMin"~ ¢) includes
(T, 5B\ fmax B} SBiyr\ {max Byq }) = S, Where

Q := (B; \ {maxB;}) U (Bj41 \ {maxB;1})U{p,b,...,r =1}
= B;U(Biy1 —1).

If |Bi| = |Bis1| =2, then T = (a b b+1) and (AMin""~Y ¢) includes
(t) = Ag, where Q := {a,b,b+1} = B;U (Bi;1 — 1). O

Lemma 4.4.14. Let n € Ny and 0 € S, and let 11 := fiip(c). Assume
that 11 = {Bl,...,Br} with By <11 By <11 -+ <11 Bt

() If |Bi| = 2 forall i € [r], then (AMin" Vo) = A, 1. Ifn =
0 (mod 4), then (Min"Vg) = S, 1. If n = 2 (mod 4), then
Min"V ) = A,_1.

(i) If |B1| = 1 and |B;| = 2 for all i € [2,7], then (AMin""™V ¢} =
Apy-1)- Ifn =1 (mod 4), then Min"Y ¢) = Spn-1]- Ifn =3
(mod 4), then (Min"~V ¢) = App-1-

(iti) Otherwise, (AMin" V) ¢} = (Min"V ) = §,.

Proof. (i) Note that 1 is even and ¢ = 6,, by Factl4.4.6] By Remark[4.4.2]
and Fact all permutations in Min"~Y ¢ have the same parity, so

all permutations in A Min"~Y ¢ are even. Consequently, the inclusion
(AMin("_l) o) C A,_1 holds. We also have A, 1 C <AMin(”_1)(r),
because the group (AMin"""Y &) contains Apu(B,,,—1) for all i €
[r — 1] by Lemma , and these constitute a generating set of
A, 1.

If n =0 (mod 4), then by Remark Min"~Y ¢ is a set of odd
permutations. As we have shown above, A,_; = (AMin""V¢) C
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(Min""=V ). Hence the set (Min"~Y ¢} includes a generating set of
S,—1, and we conclude that <Min(”_1) o) =S5,_1.

If n =2 (mod 4), then by Remark Min"~V ¢ is a set of even
permutations, i.e., Min® V¢ C A, 1. Then A,_1 = (A Min(*~1 o) C
Min" V) C (A,_1) = Ay_1, 50 Min" V) = A,_;.

The proof is similar to part (i). In this case, n is odd and o = 6,,
so all permutations in Min"~Y ¢ have the same parity and fix 1. Thus
(AMin"Vg) C Apn—1)- We also have Ap, 4 C (A Min"1 ),
because (AMin"~1 ¢) contains A1) foralli € [2,r —1], and
these constitute a generating set of A ,_q].

In a similar way as in part , we deduce thatif n =1 (mod 4), then
(Min""=V ) = Spu-1); and if n = 3 (mod 4), then Min"V ) =
App-1)-

Let C be a block of IT+. We will show that S¢c € (AMin"~ ¢).
If |C| = 1, then this is trivial, so we may assume that |[C| > 2. Then
one of the conditions in Lemma |4.3.4{{v)) holds. If C = B, N [n —1],
where B, = 2/I1, then S¢c C (AMin n=1) o) by Lemma

Assume then that C = U?:p(Bi U (Bj+1 — 1)) for some p,q € [r — 1]
with p < g such that

e B,=2/Tlor [B,| =1and B, # {1},

e |[Bj| >1forallie[p+1,4], and

o if ’Bq+1| > 1 then Bq+1 =n/IL
Now it follows from Lemma that for every i € [p,q], the set
(A Min("—1) o) includes Ac,, where C; = B; U (Bjy1 — 1); these gener-
ate Ac. Not all blocks By, ..., B;41 are of size 2 (otherwise C would
be as in part (i) or (i)). Therefore, there exists j € [p, 4] such that 5S¢
is included in (AMin"~Y ¢). Consequently, (AMin"~Y ¢) includes
a generating set of S¢; hence S¢ C (AMin!"~Y o).

Thus, we have shown that S;;; € (AMin"Y ¢). It also holds that
(AMin™ Y ¢y € (Min""Y ¢), and we have (Min""Y¢) C S}, by
Lemma Therefore (AMin"V¢) = (Min""V¢) = Sy, as
claimed. O

Proposition 4.4.15. Let n € Ny and o € S, and let Il := fiip(c). Then

<Min(n_1) 0'> = {Ani’ l:fn =23 (mOd 4) and o = 91’!/

Sy, otherwise,
and
AHL/ l_‘fo— = ‘971/

Spii,  otherwise.

(AMin" ) = {

Proof. In view of the description of fiip(6,) provided in Fact[4.4.6] this
is simply a reformulation of Lemma O

Letk,n e N, k<mn,andletc=0y...0, € S,. Deﬁnee S to
be the permutation whose presentation in one-line notation is the sub-
string of 0y ... 0, consisting of the entries that are less than or equal
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to k. In fact, o(=b) is a minor of ¢, because, as is easy to verify, it holds
that o(<K) = 11, where IT is the partition of [11] whose only potentially
nontrivial block is [k + 1,1] U {c}, where ¢ := o(minc~!([k])). It is
clear that ¢(=") = ¢ and ¢(=K) < ¢(=K) < ¢ for all k, k' € N, with
k<k <n.

Proposition 4.4.16. Let n,k € Ny with2 < k < n, and let o € S,,. Then
Min®) ¢ N (AMin® o) = @ if and only if n = k+1=0,1 (mod 4) and
o= 911.

Proof. Assume first thatn = k+1=0,1 (mod 4) and ¢ = 6,,. In this
case, 6, is an even permutation and every permutation in Min®) & is
odd by Remark and Pact On the other hand, (AMin®) ¢) is
an alternating group by Proposition Consequently, Min®) o
(AMin®) = @.

For the converse implication, we will prove the contrapositive. We
assume that n > k+1ork+1 = 2,3 (mod 4) or ¢ # 6, and we
want to show that Min®) ¢ 1 (AMin® ¢} # @. Since ¢(=F) € Min ¢,
it suffices to show that (=K ¢ (AMin® o).

Observe first that Min® ¢(=k+1) € Min® Min**V ¢ = Min® ¢ by
the monotonicity of Min®) and Proposition Hence

AMin® o= ¢ AMin® ¢ (4.4.1)
If (=K1 £ g, then, since o(<K) < ¢(=k+1) we have

(=B € Min® (<41 ¢ (Min®) (kD))

= (AMin® ¢=F1)y € (AMin® o),

where the equality holds by Proposition and the last inclusion
holds by (4.4.1).

From now on, we assume that ¢(=k+1) = Ox+1. Proposition
and yield A;, = (AMin® (kD) € (AMin® ), where
I1 = fiip(61). If k+1 = 2 (mod 4), then the permutation o(<%) =
(12)(34)---(k—2k—1)iseven,soc(<H) € Ay = A, € (AMin® ).
If k+1 =3 (mod 4), then ¢{=%) = (23)(45)---(k—2k—1) is an
even permutation fixing 1, so (=) ¢ Ap,.xy=Am C(A Min® ¢).

If k+1=0 (mod 4), then we must have n > k + 1 by our assump-
tions. Recall that since o(<k1) = 0k+1, the one-line representation of
Oki1 = 2143... (k+ 1)k is a subsequence of ¢ ...0,. Depending on
the position of the first occurrence of an element of {k+2,...,n} in
0y . ..o, we have one of the following four cases.

Case 1: If ¢ = 2140y . . . 0y, then for the k-partitions

Ty = ({1,2},{3,4}, [k + 2, 1])pa,
Ty = ({1},{2,3,4}, [k + 2, 1)) part,

we have or, = 12a3...a; and or, = 2lasz...a; for some a3...aq; €
k]2, and (or,) " o 01, = (1 2).
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Case 2: If ¢ = 201B40y 1 g14...0q, Where x € [k+2,n]P, p > 1, B €
[k+2,n]7, q > 0, then, for the partitions I'; and I'; given above, we
have or, = 1k2bs ... by and o, = 2k1by ... by for some by ... aq; € [k]<=3,
and (ot,) ' oor, = (13).

Case 3: If 0 = w2140y g1r44-..0n, Wwhere & € [k+2,n)7, p > 1,
Belk+2,n],4q>0v9¢€k+2n],r>0, then, for the partitions I'y
and I'; given above, we have o1, = k12c3...cx and o1, = k21cy...ck
for some ¢4 ...c € [k]F4, and (o1,) oo, = (2 3).

Case 4: If ¢ = 2ladoy,4...04, Wwhere & = ay...ap € [k+2,n]?,
p > 1, then for the k-partitions

I3:= ({1},{2,3}, {4, a1,...,ap}, [k +2,n) \ {ar, ..., ap})part,
Ty:= ({12}, {3, a1,...,ap}, {4}, [k +2, 0] \ {a1, ..., 0p})part,

we have o1, = 213dy...d; and o1, = 123dy...d; for some dy...d; €
[k]*=3, and (o1,) ' oor, = (12).

Consequently, AMin® ¢ contains one of the transpositions (1 2),
(13) and (2 3). As noted above, AMin'¥) ¢ also contains generators
of Ai. Since the alternating group Ay and a transposition generate the
full symmetric group Sy, we conclude that (AMin®) ¢) = S;. Then it
obviously holds that (<K € (AMin® o).

If k+1=1 (mod 4), then a similar argument as above shows that
AMin® ¢ contains one of the transpositions (2 3), (2 4) and (3 4).
Since AMin®) ¢ also contains generators of Ay, 1y, we conclude that

Si2,.x € (AMin® ¢). Hence, clearly, ¢(=K € (AMin™® o). O

4.5 RECONSTRUCTION PROBLEM OF PERMUTATIONS AND
MINORS

Minors of permutations give rise to a reconstruction problem. Given
a permutation ¢ € S, and a fixed parameter k € N with k < n, we
define the deck of ¢ as the multiset of all (n — k)-minors of o, i.e.,
decko := (or | IT € Part,_(n)). This reconstruction problem was
studied by the current author [58], and the reconstructibility of per-
mutations is completely understood in the case when k = 1, namely:

e No n-permutation is reconstructible from (n — 1)-minors when
n < 3.

e The permutations 1342 and 1423 have the same deck. All other
4-permutations are reconstructible.

o All n-permutations are reconstructible when n > 5.

It was also shown that for every n > 2, the set S, of all n-permutations
is not set-reconstructible. Investigation of this reconstruction problem
for k > 1 remains a topic of future research.
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4.6 REMARKS

Proposition [4.4.15/addresses a special instance of the following group-
theoretical problem.

Problem 4.6.1. Let G be a group, let S C G be an arbitrary subset of
G, and let|AS|:= {¢g7'h | g,h € S} be the set of differences between
elements of S. Then clearly (AS) < (S). Under which conditions on
S do the groups (AS) and (S) coincide?

The current author is not aware of any general nontrivial results
concerning this problem.
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We shall now delve more deeply into the idea of listing objects ap-
pearing in a sequence of data in the order of first occurrence. We
start with a formal definition of the map ofo, and we establish some
of its elementary properties. Having the formalism set up, we will
then focus on functions determined by ofo, which are noteworthy as
examples of functions with a unique identification minor. We deter-
mine which permutation groups arise as invariance groups of func-
tions determined by ofo. Finally we investigate the reconstructibility
of functions determined by ofo. Theorems developed in the previous
chapters will find applications here.

5.1 FORMAL DEFINITION AND BASIC FACTS

We have already described the map ofo informally in Definition [2.6.2]
In order to facilitate easy and precise development of the theory, we
provide a formal definition.

Recall from Definition the natural surjection natr: [n] — II,
the order-isomorphism hyy: ([m]; <) — (I, <11), and the rigid surjec-
tion dr1: [n] — [m], dn = (hy1)~! o natyy that are associated with a
partition IT € Part,,(n). Recall also that a tuple a = (ay,...,a,) € A"
is formally a map a: [n] — A.

Definition 5.1.1. For a partition IT € Part,,(n), define the mapping
nnf: [m] — [n] by the rule #11(i) = min(hry(i)) for all i € [m], that is,
7 = minohr;, where we view min as the map min: IT — [n] that
chooses the smallest element from each I1-block. In particular, for the
trivial partition A, € Part,(n), the equality #,, = id, holds.

Lemma 5.1.2. For any partition I1 € Part,,(n), o1 © 11 = id ).

Proof. For any i € [m], we have hyy(i) € IT and min(hy(i)) € hr(i), so
clearly natry(min(hyy(i))) = hri(i). Therefore,

drion = (hr) ' onatyyominohyy = (b))~ ohpp =idp, . O

Lemma 5.1.3. Let a € A", and let u := atjyera. Then u € A‘;Zeral and

a = UWlera-

Proof. Write I1 := ker a, and let m be the number of blocks in I1. By
the definition of kernel, we have a; = aj if and only if i =g j, for
all i,j € [n]. In particular, min(i/I1) =g i for any i € [n]. Since
u(p) = a(n(p)) = a(min(h(p))) for any p € [m] and hyy: [m] — I1
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is a bijection, it follows that u, = u, if and only if p = g, for all
p,q € [m]. In other words, u is injective, that is, u € AQ. Furthermore,

udr = anrd = amin hri(hp) ! naty; = aminnat = a,

where the last equality holds, because, by the above observations,
a(min(natr;(7))) = a(min(i/I1)) = a(i). O

We can now define the map ofo in terms of 7.

Definition 5.1.4. Recall the set A* from (1.2.2). The map|ofo]: A* — A*
is defined by the following rule: for any n € N and a € A", set

ofo(a) := alyera-

It is quite easy to see that the above formal definition of ofo captures
the informal one given in Definition First, note that arye;, € Af
by Lemma For any i € [n], the first occurrence of the element
a; in a is at position min(i/ kera). Let u := afyer, and m := |keral.
Then for any p,q € [m], p < g is equivalent to Nyera(P) <kera Mkera(q),
which is equivalent to min (e ,(p)) < min(hyera(q)), i€, Hrera(p) <
fkera(q). This means that for all p,q € [m], the first occurrence of u,
in a lies to the left of or at the same position as the first occurrence of
uy in a if and only if p < gq. In other words, ofo(a) = arjiera = u lists
the elements of A occurring in a in the order of first occurrence.

Note, in particular, that when a € A”,, then kera = A;, and we
have ofo(a) = a.

The first equality in the next lemma formalizes the rather obvious
statement that if we insert in a string repetitions of some letters such
that each inserted letter has already occurred to the left of the point of
insertion, then the value of the string under ofo remains unchanged.
The second equality is noteworthy as it provides a link between ofo
and minors of permutations.

Lemma 5.1.5. For any a € A", for any partition IT1 € Part,,(n), and for
any permutation o € Sy, the following equalities hold:

(i) ofo(adry) = ofo(a),
(i) ofo(adro) = ofo(aoyy).

Proof. (i) Leta € A™. Let @ := kera, and assume that ® € Part,(m).
Let ' := kerady;. Since kerdyy C ker adpp and ker é;p = I1, we have
ITI C T (see Fact ED Since Jyy is surjective onto [m]|, we have
(SH(F) = . By Lemma @ (51" = 5(51—[(1")5H == (5q>(51—[.

Let u := a7g; then a = udép by Lemma Then ad = wdepdg =
udr. Consequently,

ofo(adrr) = adnyr = udryr = u = afe = ofo(a),

where the third equality holds by Lemma
By Lemma [4.1.9|({ii) and part (i), we have

ofo(adro) = ofo(aond,1(yy) = ofo(aom). O
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5.2 FUNCTIONS DETERMINED BY THE ORDER OF FIRST
OCCURRENCE

Recall from Definition that a function f: A" — B is determined
by ofo, if there exists a map f*: A* — B such that f = f* o ofo| . In
this case we also say that f is determined by the order of first occurrence.
We denote byw the set of all n-ary functions that are, up to simi-
larity (permutation of arguments, cf. Definition [2.2.5), determined by
ofo, i.e., functions f: A" — B satisfying f ~ f* o ofo|s» for some

f*: A* = B. We write[OFQ]:= U, OFO™).

Remark 5.2.1. The range of ofo|4» equals the set

n
:: Afn | AL
i=1

Therefore, only the restriction of f* to A} is relevant in the composi-
tion f* o ofo|4n. Consequently, f* o ofo|an = g* o ofo|4» if and only
if f*|AE’ = g*|Aﬁn. If |A| < n, then obviously Al = A\ {e}, where ¢
denotes the empty word.

Example 5.2.2. If A = {0,1}, then Imofo| 41 = {0,1} and for n > 2,
Imofo|4» = {0,1,01,10}. From this fact it is easy to see that a function
f:{0,1}* — B is determined by ofo if and only if there exist maps
@,7: {0,1} — B such that

flay,... a,) = {(P(ﬂl)r ifa, = =a,,

v(a1), otherwise.

Let us record here a few useful facts about functions determined by
ofo. Note that statement (i) in the following asserts in particular that
every function determined by ofo has a unique identification minor

(see Section [2.6).
Lemma 5.2.3. Let f*: A* — B, and let f: A" — B.
(@) If f = f* o ofo|an and I1 € Party, (n), then fr1 = f* o ofo| gm.

() If fr = f*oofo|lgna for all I € ([g]), then there exists a map
h*: A* — B such that f = h* o ofo|sn and f*(a) = h*(a) for
all a € A% with |supp(a)| < n.

Gii) If n > |A| and fi = f* o ofo|ur for all I € (), then f =
f* o ofo| an.

Proof. (i) For any II € Part,,(n) and a € A", we have
fri(a) = f(admr) = f* oofo(adry) = f* o ofo(a),

where the last equality holds by Lemma
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Assume that f; = f* oofo| 4.1 forall I € ([g]). Define the map
h*: A* — B as follows:

W (a) = {f*<a>, i [supp(a)] <1,
f(a), if |supp(a)| = n.

Let b € A". If b = ad; for some a € A" 1 and I € ([;}), then
|supp(a)| < n and we have

f(b) = f(ad;) = fi(a) = f*(ofo(a))
= h*(ofo(a) = h*(ofo(ad;)) = h*(ofo(b)).

Otherwise b € A’), and we have ofo(b) = b, supp(b) = n, and
f(b) = h*(b) = h*(ofo(b)). Therefore, f = h* o ofo| 4. By the defini-
tion of h*, the equality f*(a) = h*(a) holds whenever |supp(a)| < n.
If n > |A|, then the function h* constructed in part (i) equals
f*, and the claim follows. O

5.3 INVARIANCE GROUPS OF FUNCTIONS DETERMINED BY THE
ORDER OF FIRST OCCURRENCE

In this section, our goal is to determine which permutation groups
may arise as invariance groups of functions f: A" — B determined
by the order of first occurrence. It turns out that if n < |A|, then
every subgroup of the symmetric group S, is the invariance group
of some n-ary function determined by ofo, but if n > |A|, then only
subgroups of a special form are possible. We are going to make good
use of compressions and expansions of interval partitions that were
defined in Section [4.3]

Proposition 5.3.1. Let k,n € N such that k > 2 and n < k, and let A
and B be sets such that |A| = k and |B| > 2. Then, for every subgroup
G of Sy, there exists a function f: A" — B determined by ofo such that
InvGr f = G.

Proof. Let G < S;, and assume, without loss of generality, that A =
[k]. Let « and B be distinct elements of B. Denote n := (1,...,n).
Define f*: A* — B by the rule

f(a) =

{DC, if a = no for some o € G,

B, otherwise.

Let f = f* o ofo|an. We claim that InvGr f = G.

Let m € S,,. Assume first that 7w € G, and leta € A". If a = no
for some o € G, then also ¢r € G, and we have f(a) = f(no) =
a = f(nom) = f(am). If a = nt for some T € S, \ G, then T is a
member of the coset TG of G which is disjoint from G. In this case
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also Tt € 7G, so f(a) = f(nT) = B = f(ntm) = f(am). If a is not of
the form nt for any permutation T € S, then neither is arr, and we
have f(a) = p = f(am). We conclude that 77 € InvGr f.

Assume then that m ¢ G. Then f(n) = a # B = f(nm), so 7w ¢
InvGr f. O

Lemma 5.3.2. Let n € Ny, ¢ € S,, assume that n > |A|, and let
f*: A" — B. The following conditions are equivalent.

(i) o € InvGr(f* o ofo|an).

*

(ii) For every m € [n], the inclusion Min™ o C InvGr(f
holds.

o ofo| gm)

(iii) There exists m € [n] with m > |A| such that the inclusion
Min(™ ¢ C InvGr(f* o ofo| gn) holds.

Proof. — Assume that ¢ € InvGr(f* o ofo|4»). Let m € [n],
and let IT € Part,,(n). Then for alla € A™,

f*oofo|am(a) = f* o ofo|an(adm)
= f* o ofo|an(adpo) = f* o ofo| om(aory),

where the first equality holds by Lemma [5.1.5(i), the second equality
holds because o € InvGr(f* o ofo|4»), and the third equality holds
by Lemma [5.1.5(f). Thus o1 € InvGr(f* o ofo|4). We conclude that
Min™ ¢ C InvGr(f* o ofo|gn).

= Trivial.

— (i) Assume that m € [n] satisfies m > |A| and Min") ¢ C
InvGr(f* o ofo|gm). Then for any IT € Part,,(n) and for any a € A™,
we have

f* oofo|an(adr) = f* oofo|am(a)

= f* o ofo|an(aor) = f* o ofo|an(adno), (5.3.1)

where the first equality holds by Lemma [5.1.5(i), the second equality
holds because or; € Min™) ¢ C InvGr(f* o ofo|an), and the third
equality holds by Lemma [5.1.5().

Now let b € A". Note that kerb € Part;(n) for some ¢ < |A|. Let
IT € Part,,(n) be an arbitrary refinement of kerb. Lemmas
andyield b = bikerbOkerb = bkerbdsy (kerb)O11- Therefore, taking
a := berbdsy (kerb), We get b = ady. We conclude from that
f*oofosn(b) = f*oofo|an(br); hence o € InvGr(f* o ofo|an). O

Proposition 5.3.3. Let k > 2, and let A and B be sets such that |A| = k
and |B| > 2. Let f*: A* — B.

(i) Assume that one of the following conditions holds:
(C1) k=1 (mod 4) and InvGr(f* o ofo| 4«) = Ay,
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(C2) k=2 (mod 4) and InvGr(f* o ofo| sx) € { Ak, Apy}-
Then InvGr(f* o ofo| gx+1) = {id, Ok41 }-

(ii) Let £ € Ny. If ¢ > 2 or conditions (C1) and (C2) do not hold,
then InvGr(f* o ofo|gier) = Sppy¢, where I1 denotes the coarsest
interval partition ® € IntPart(k) such that Sg is a subgroup of
InvGr(f* o ofo] 4)-

Proof. (i) By Proposition we have (Min®) 6, 1) = A; when
k=1 (mod 4), and (Min'"/ 0y 1) = Appy € Ax when k =2 (mod 4).
Moreover Min®) id = {id} C Apy € Ag. Lemma now yields
{id, 0x,1} C InvGr(f* o ofo| 4x+1)

If 0 € Sgy1 \ {id, 6x41}, then by Proposition Min®) ) = S,
where I' := fiip(c). In this case, the partition I' contains a nontrivial
block and it is not of the form described in Fact Consequently,
It must contain a nontrivial block. Hence Sy, contains odd permu-
tations and so does Min® . But then Min® ¢ is not included in Ay
nor in Ap . Therefore Lemma EI gives 0 ¢ InvGr(f* o ofo| 4x41).
We conclude that InvGr(f* o ofo| gx1) C {id, 6541}

The result will follow by a simple inductive argument from the
claim that is stated below, taking n = k as the basis of induction.
Observe that for any interval partition I'T € IntPart(n), IT itself is the
coarsest interval partition @ € IntPart(n) such that Sg is a subgroup
of Sr1. Observe also that if G = A, or G = A[Z,n]/ orn > 4 and
G = {id, 6, }, then the coarsest interval partition ® € IntPart(n) such
that Sg is a subgroup of G is the trivial partition. Note also that for
n =3, {id, 0, } = Sr;, where IT = {{1},{2,3}}.

Claim. Let n > k, and assume that it is neither the case that n = 1
(mod 4) and InvGr(f* o ofo|a) = A, nor is it the case that n = 2
(mod 4) and InvGr(f* oofolan) € {An, Apy}. If IT is the coars-
est interval partition ® € IntPart(n) such that Sg is a subgroup of
InvGr(f* o ofo| o»), then InvGr(f* o ofo gui1) = Sy

In order to prove the claim, write G := InvGr(f* o ofo|4n). Observe
first that IT is well defined. Namely, if © = A,, then S¢ = {id}
is a subgroup of G. Furthermore, if ©1,0, € IntPart(n) are interval
partitions such that Sg, and Se, are subgroups of G, then (Sg,, Se,) =
Se,ve, is also a subgroup of G.

In order to prove the inclusion Sy1 C InvGr(f* o ofo| gn:1), let o €
Sipt- By Lemma Min™ ¢ C S;; C G, and Lemma gives
o € InvGr(f* o ofo| gur1).

For the converse inclusion, let ¢ € InvGr(f* o ofo|x+1), and let
I := fiip(c). Then (Min™ ¢) C G by Lemma We need to
consider different possibilities.

If n =1 (mod 4) and ¢ = 6,41, then (Min™ ¢} = A, by Proposi-
tion By our assumptions G # A,, so we must have G = S,,.
Then IT = {[n]}, whence IT" = {[n + 1]}, and then clearly ¢ € S,,;1 =

Sipr.
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If n =2 (mod 4) and ¢ = 6,1, then (Min™ ¢) = Al by Propo-
sition Since the overgroups of Ap ) are Ap |, An, Sp, and
Sy, and since we are assuming that G ¢ {A,,,A[Zln]}, it follows that
G = Spy or G =Sy If G = Sp,, then IT = {{1},[2,n]}, whence
I = {{1},[2,n+ 1]} and S;j+ = Spput1)- If G = Sy, then IT = {[n]},
whence IT" = {[n+ 1]} and S+ = S,+1. We clearly have 0 = 6,1 €
Sin+1)] € Sn+1, s0 it holds that o € Spypr.

Otherwise (i.e., in the case that o 0,01 or n = 0,3 (mod 4)),
(Min™ ¢} = Sp, by Proposition 4.4.15L Since I't is an interval par-
tition and Sp; < G, we must have I'¥ C II. Then oIt by
Lemma Since I' C T by Lemma we have T C ITT by
the transitivity of the refinement relation. Hence ¢ € St C Spyt. This
completes the proof. O

We are now ready to characterize the permutation groups that arise
as invariance groups of functions determined by ofo of large arity.
The description refers to partitions of the form 11", where IT is an
interval partition; these are explicitly characterized in Lemma

Theorem 5.3.4. Let n,k € N with 2 < k < n, and let A and B be sets
such that |A| = k and |B| > 2. Let G be a subgroup of S,,. Then there exists
a function f: A" — B determined by ofo such that InvGr(f) = G if and
only if G = S - for some interval partition IT € IntPart(k) or n = k + 1
and G = {id, 6, }.

Proof. If f: A" — B is determined by ofo, then f = f* o ofo|a» for
some f*: A* — B. Let Il € IntPart(k) be the coarsest interval parti-
tion O such that Sg is a subgroup of InvGr(f* o ofo| 4«). By Proposi-
tion InvGr(f) = Sy or n = k+1and InvGr(f) = {id, 0, }.
For the converse implication, note first that Proposition guar-
antees that for every subgroup G of Sy, there exists f*: A* — B such
that InvGr(f*oofo|4) = G. If n = k+ 1 and G = {id,6,}, then
choose f*: A* — B so that InvGr(f* o ofo| 4x) = A. If G = S us for
some I1 € IntPart(k), then choose f* so that InvGr(f* o ofo| 4«) = Sr1.
Now, let f: A" — B, f := f* o ofo|an. Then InvGr(f) = G by Propo-

sition [5.3.3] O

5.4 RECONSTRUCTIBILITY OF FUNCTIONS DETERMINED BY THE
ORDER OF FIRST OCCURRENCE

5.4.1 Remarks on the reconstruction problem

We now return to the topic of reconstruction problem of functions of
several arguments and identification minors (see Definition[3.2.1). We
shall investigate the reconstructibility of functions determined by the
order of first occurrence.

79



8o

ORDER OF FIRST OCCURRENCE

In view of Lemma the reconstruction problem may at first
sight seem entirely trivial for functions determined by ofo. Namely, if
f: A" — B is of the form f = f* o ofo|s» for some f*: A* — B, then
its identification minors are all equal to f* o ofo| 4.-1. At the same time,
if f: A" — B is a function such that f; = f* o ofo| 4.1 forall I € ([g]),
then f = f* o ofo|4». This does not, however, mean that f would
be reconstructible. Recall that in the context of the reconstruction
problem, functions are distinguished only up to similarity. If g: A" —
B is a reconstruction of f, then the deck of g comprises (;) copies of
f* o ofo| gn-1, which means that g; ~ f* o ofo| 4.1 forall I € ([g]); this
does not mean that ¢ = f* o ofo| 4.1 forall I € ([g]).

When studying the reconstructibility of functions f: A" — B, we
must assume that the arity n is sufficiently large. As explained in
Remark|3.2.3} the assumption n > |A| is indispensable. The following
result shows that there also exist nonreconstructible n-ary functions
determined by ofo when n = |A| + 1.

Proposition 5.4.1 ([59, Proposition 9]). Assume that n = k+1 and A
and B are sets such that |A| = k > 2 and |B| > 2. Then there exist
functions f: A" — B and f*: A* — B such that f; ~ f* o ofo| 4u1 for
every I € ([’;}) but f is not similar to any function determined by ofo.
Furthermore, if k > 2, then InvGr f = {id}, and hence f is not 2-set-
transitive.

5.4.2  Weak reconstructibility

A first step towards establishing that a set of functions is reconstruc-
tible is to show that it is weakly reconstructible. In this subsection,
we prove that the class OFO(") is weakly reconstructible for suffi-
ciently large n. First we note that it is, at least in principle, possible
that distinct maps f*,¢*: A* — B give rise to functions f* o ofo|
and ¢* o ofo| 4« that, although distinct, are similar, i.e., f* o ofo|an ~
g* o ofo|4n. We need to investigate the conditions under which this
happens.

Definition 5.4.2. Let k,n € N with k < n. A permutation o € S, is
k-equalizing if for all sets A and B such that |A| = k and |B| > 2 and
for every f*,g": A’; — B, the condition that f* = g™ o o] A for all

IT € Party(n) implies f* = g™.

Lemma 5.4.3. Let n,k € Ny with2 < k < n,and let c € S,,. Then o is
k-equalizing precisely unlessn =k +1=0,1 (mod 4) and o = 0,,.

Proof. Assume first that n = k+1 = 0,1 (mod 4) and ¢ = 6,. Let
a,B,v € B such that « # B and a # 7. Define the functions
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ft,g": A’; — B as follows. Let k := (1,2,...,k) € A, If k is odd,
then let

n «, if a = kt for some even T € Sy,
fr(a) = . (5.4.1)

B, if a =kt for some odd T € S,

n «, if a = k7 for some odd T € S,
g (a) = . (5.4.2)

B, if a =kt for some even T € 5.

If k is even, then let

«, if a =kt for some even T € S, with 7(1) =1,
ff(a) =14 B, ifa=kt for some odd T € S with 7(1) =1,

v, otherwise,

(5-4.3)
«, if a =kt for some odd 7 € Sy with 7(1) =1,
gt(a) =14 B, ifa=kt forsome even T € S; with 7(1) =1,
v, otherwise.
(5.4-4)

Let IT € Party(n). By Remark and Fact (6,)11 is an odd

permutation. Moreover, if n = 1 (mod 4), then (6,,)r1 fixes 1. It is
thus clear that ™ = g™ o (68, )r1| 4 - Since this holds for every partition

4
ITbut f* # ¢*, we conclude that 6, is not k-equalizing.

Assume then that it is not the case that n = k+1 = 0,1 (mod 4)
and 0 = 6,. Let f*,¢": A’; — B and assume that f* = ¢ o oy 4
for all partitions IT € Party(n). If Iy, I, € Party(n), ¢t o @M; =
fr=g" O@IA;;, which implies g7 = g7 o (Unl)*lanzlA;;. Thus g*
is invariant under every permutation in AMin® ¢ and hence under
every permutation in (A Min*¥) o).

By Proposition we have Min®) ¢ N (AMin®) ¢) # @. Take
any 1 € Min® ¢ 0 (AMin®) ¢). Since 1 € Min® o, we have f+ =
gtonm| A by our assumption. Since 7T € (A Min® o) C InvGr gt we
have ¢* o 7| = ¢*t. Therefore f* = ¢, and we conclude that ¢ is
k-equalizing. O]

Lemma 5.4.4. Let n,k € N with k < n, and assume that it is not the case
that n = k+1= 0,1 (mod 4). Assume that A and B are sets such that
|A| =k, |B| > 2. Then forall f,g: A" — B it holds that if f = f* o ofo| an
and g = ¢* o ofo| 4n for some f*,¢*: A* — Band f ~ g, then f = g.

Proof. Since f ~ g, there exists ¢ € S, such that f = gogc, ie,
f*(ofo(a)) = g*(ofo(ar)) for all a € A". It follows from Lemma [5.1.5|
that for every IT € Part,,(n) (1 < m < k) and for every a € A},

f*(a) = f*(ofo(adnr)) = g"(ofo(adnc)) = g*(aorr).
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We conclude that f*| an = ¥ am o o1 FURNR follows from our as-
sumptions and from Lemma that ¢ is m-equalizing. Therefore
£ An = .l An. Since this holds for every m € [k], we have f* = g*.
Consequently f = g. O

The next result shows that the class OFO!") is weakly reconstructi-
ble for sufficiently large n.

Theorem 5.4.5. Let n,k € N such thatk = 1,2 (mod 4) and n > k+2,
ork =0,3 (mod 4) and n > k+ 3. Assume that A and B are sets such
that |A| = k and |B| > 2. Let f,g: A" — B be functions determined by
ofo. If deck f = deck g, then f ~ g.

Proof. Let f*,¢*: Af be such that f = f* o ofo|4» and g = g* o ofo| 4.
By Lemma fi = f*oofo|gn1 and g = g* o ofo| 1 for all
Ie ([g]). Since deck f = deck g, we have f* o ofo| 41 =~ ¢* 0 ofo| gu-1.
Lemma now vyields f* o ofo|41 = ¢* o ofo|4n1. We conclude
from Remark that f* = ¢*, hence that f = g, and finally that

f~g. ]

The permutation 6, is not k-equalizing when n = k+1 = 0,1
(mod 4). In the following proposition, we use this fact to provide an
example of a pair of functions determined by ofo that are nonequiv-
alent but have the same deck. This shows that in Theorem [5.4.5| the
lower bound on the arity 7 is sharp when k = 0,3 (mod 4).

Proposition 5.4.6. Let n,k € Ny be such that k = 0,3 (mod 4) and
n =k + 2. Assume that A and B are sets such that |A| = k and |B| > 2.
Then there exist functions f,g: A" — B that are determined by ofo such

that f # gand f; ~ g forall I,] € ([g}).
Proof. Assume, without loss of generality, that A = [k]. Leta, B,y € B

with @ # Band & # 7, let k := (1,...,k) € AF, and let the mappings

ft,g": AL — Bbeas in and if k is odd, or as in (5.4.3)
and (5.4.4) if k is even. Extend f* and ¢ into functions f*,g*: A* —
B as follows:

f*(u) _ {f+(u)/ ifue Ak , g*<u) _ {g+(u)/ ifuc Ak )

v, otherwise, Y, otherwise.

Let f := f* o ofo| gk and g := g* 0 0fo| 4x+2. By Lemma [5.2.3/fi), we
have f; = f* o ofo| g1 and g; = g* 0 ofo| gx1 for all I, ] € (1) Let
a ¢ A1, and let u := ofo(a) = anfiera. If u ¢ AK, then A #

supp(a) = supp(aby1); hence ofo(aby 1) ¢ Al; and we have

fi(a) = f*(ofo(a)) = v = g*(ofo(abki1) = gj(abki1)-

On the other hand, if u € A%, then

ofo(aby1) = ofo(udyerabii1) = ofo(u(6xi1)kera) = ofo(u)\f) =u)l,
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for some ¢ € [k]. Since k = 0,3 (mod 4), Remark implies that
Af is an odd permutation; moreover /\f fixes 1 if k is even. It follows
that f*(u) = g*(uAf). Consequently, fi(a) = f*(u) = g*(ur}) =
gj(abii1). We conclude that f; = gjo61. Hence f; ~ g for all
L] e ().

In order to verify that f # g, we will find for each permutation o €
Sk+2, a (k+2)-tuple a such that f(a) # g(ac). Let IT € Party(k +2)
be the partition whose only nontrivial block is {k,k + 1,k +2}. Let
u = kég = (1,2,...,k k k) € A*2. Note that ofo(u) = k, and by
Lemma we have ofo(uc) = ofo(kdro) = ofo(koyy) = ko, for
any o € Sgyo.

Let 0 € Sgip. If 0(1) # 1, then uo is a tuple the first component of
which is distinct from 1, and the same is true for ofo(uc). Therefore,
if k =0 (mod4) and ¢(1) # 1, then f(u) = a # 7 = g(uo), and
we are done. We assume from now on that if k = 0 (mod 4), then
(1) =1.

If o7y is an even permutation, then f(u) = f* o ofo(u) = f*(k) =
a # B = g (ko) = ¢* oofo(ur) = g(uo) and we are done. We
assume from now on that o7y is odd; hence o7 # id. We split the
analysis into three cases.

Case 1: 0(k+1) = k+1 and o(k+2) = k+2. Then o7 equals
the restriction of ¢ to the set [k]. Let p be the largest i € [k] such
that (i) # i; such an element exists because o # id. We have
1< p <kando(p) < p. Write g := ¢~ 1(p); we also have g < p. Let
a=(ay,...,ar2) € A¥2 be the tuple satisfying

i 1<i<p-1,
L= op), i=p,
Y)i—1, pH1<i<k
k, k+1<i<k+2.
Note that the element o'(p) occurs twice in a, namely a,(,) = a, =

o(p). Itis clear that ofo(a) = k. We have ac = (by, ..., bxs2), where

(i), 1<i<g-1,
(p), i=gq,

(i), qg+1<i<p,
i—1, p+1<i<k,

k, k+1<i<k+2.

g
g
g

Thus ofo(ac) equals

(c(1),...,0(q—=1),0(p),c(g+1),...,0(p—1),p,p+1,...,k—1,k).

Compare this with ofo(uc), which equals

(c(1),...,0(q—=1),p,0(qg+1),...,0(p—1),0(p),p+1,...,k—1,k).
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the last three entries of

(0%, k41, Ok 12) ac bo o

k+2k+1) (k—1kk) (k—Lk—1,k (dkk—1)
k+Lkk+2) (bk—1k (bk-1k-1) (k—1,d,k)
k+1k+2k) (bkk—1) (k—1k—1) (k—1kd)
k+2,kk+1) (bk—1k (k—1Lk—1k (kdk-1)
k+2,k+1,k) (kkk—-1) (k—1Lkk—1) (kk—1,d)

Table 9: Last three entries of ac, bo and co.

We see that ofo(ac) can be obtained from ofo(uc) = koyy by inter-
changing the entries p and o(p). Therefore, ofo(ac) = ktoy, where T
is the transposition of p and o(p). Since both T and o7y are odd permu-
tations, Toyy is an even permutation. Moreover, if k = 0 (mod 4), then
both p and o(p) are distinct from 1; hence 7(1) = 1 and top1(1) = 1.
Consequently, we have f(a) = fT (k) = a # p = g" (ktor) = g(ao).

Case 2: {o(k),c(k+1),0(k+2)} = {k, k+1,k+2}. We may assume
that ¢ does not fix all three elements of {k, k + 1,k + 2}, because this
situation is subsumed by Case 1. Then the restriction of ¢ to [k — 1]
is a permutation of [k — 1], and oy1(i) = o(i) for all i € [k — 1] and
or1(k) = k. Let £ := o1 (k—1). If £ # 1, then let d := ¢(¢ — 1); if
¢ =1, then letd := c(2). Note that d < k — 1. Let

a:=(1,2....k—2,dk—1kk),
b:=(12...k—2dk-1kk—1),
= (1,2,...,k—2,d,d k—1,k).
It is clear that ofo(a) = ofo(b) = ofo(c) = k, hence f(a) = f(b) =

f(¢) = a. Moreover, in each one of the tuples ac, bo, co, the first k — 1
entries are

c(l),...,0(l—=1),d,0(+1),...,0(k—1), (5-4-5)

and the last three entries are presented in Table [g} for any possible
combination of values of (k),o(k+1),0(k +2).

Since d equals either (¢ — 1) or o(¢ + 1), we obtain, by putting
together the data from (5.4.5) and Table [g|in all possible ways, that

{ofo(acr), ofo(br), ofo(co) }
={(c(1),...,0c(l=1),0(L+1),...,0(k—1),k—1,k),
(0(1)/-- ( 1),o(t+1),...,0(k=1),kk-1)}
={(c(1),...,0(k=1),k)¢, (c(1),...,0(k - %)G
= {kot1{, k(fntj},

where ¢ and ¢ are the cycles

(=0 0+1 - k=1), &= L+1 - k—1 k).
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Since the lengths of the cycles ¢ and ¢ differ by 1, one of { and ¢
is an odd permutation and the other is even. Therefore one of the
permutations o11¢ and o11¢ is odd and the other is even. Moreover, if
k=0 (mod 4), then ¢ # 1; hence each one of oy, { and ¢ fixes 1, and
so do o71{ and o71¢. Therefore, {g*(kori(), 8" (korid)} = {«, B}. We
conclude that f(a) # g(ac) or f(b) # g(bo) or f(c) # g(co).

Case 3: {o(k),oc(k+1),0(k+2)} # {kk+1,k+2}. Letr,s,t €
[k + 2] be the elements satisfying {c(r),c(s),c(t)} = {k,k+1,k+2}
and r < s < t. It also holds that r < k. Then the three occurrences
of k in uc are exactly at the r-th, s-th, and t-th positions. For i €
[k+ 2]\ {r,s, t}, the i-th component of uc is o(i).

Next we define a tuple a € A*2. The definition depends on the
values of 7, s and t.

o Ift <k+2, thenletd :=o(t+ 1), and let a € A¥*?2 be the tuple
obtained from u by changing the entries at positions ¢(r) and
o(s) tod.

e Ift=k+2ands <k+1,thenletd :=c(s+1),and leta € Ak+2
be the tuple obtained from u by changing the entry at position
o(r) tod.

e Ift=k+2and s =k+1, then let d := o(k) (recall that r < k),
and let a € A**2 be the tuple obtained from u by changing the
entry at position o(r) to d.

It is easy to verify that ofo(a) = k and ofo(ac) = ktoyy, where 7 is the
transposition of d and k. Since both T and oy7 are odd permutations,
Toyy is an even permutation. Moreover, if k = 0 (mod 4), then r > 1;
hence both T and oy fix 1 and so does toy;. Thus f(a) = f7(k) =
o # p=g"(kton) = g(ao).

The three cases analysed above exhaust all possibilities We found
for every permutation ¢ € Sy, a tuple a € AM?2 satisfying f(a) #
g(ao). We conclude that f # g. O

5.4.3 Reconstructible subclasses

Theorem immediately raises the question whether the class
OFO™ is reconstructible — not just weakly reconstructible — for suffi-
ciently large n. Unfortunately, we are not able to provide a definitive
answer to this question. However, we will describe some reconstruc-
tible subclasses of OFO. In particular, if |[A| = 2, then every function
in OFO of sufficiently large arity is reconstructible.

Example 5.4.7. If n > |A|+1 and f: A" — B is totally symmetric
and determined by ofo, then f is reconstructible. Recall from Propo-
sition that a function is totally symmetric and determined by
ofo (or, equivalently, 2-set-transitive and determined by ofo) if and
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only if it is determined by supp. Functions determined by supp are
reconstructible by Proposition [3.3.3]

Example can be generalized a little bit. We are going to show
that if the invariance group of f: A" — B includes Sp, ;) and f is
determined by ofo, then f is reconstructible.

Let : AT — A be the function that maps each string to its first
letter, ie., if a € A" for some n € N, then first(a) = prgn)(a). Let
(first,supp): AT — A x P(A), (first, supp)(a) = (first(a),supp(a)).
Then a function f: A" — B is determined by (first,supp) if there
exists a map f*: A x P(A) — B such that f = f* o (first, supp)|an

(see Definition [2.3.6).

Lemma 5.4.8. Assume that n > |A|, and let f: A" — B. Then f is
determined by ofo and Sp .y C InvGr f if and only if f is determined by
(first, supp).

Proof. Assume that f = f* o (first, supp)|a» for some f*: AX P(A) —
B. Define f': A* — B by the rule f’(a) = f*(first(a), supp(a)) for all
a=(ay,...,ay) € A, Since for all a = (ay,...,a,) € A", it holds that
first(ofo(a)) = first(a) and supp(ofo(a)) = supp(a), we have

f'(ofo(a)) = f*(first(ofo(a)),supp(ofo(a))) = f*(first(a), supp(a)).

Therefore, f = f’ o ofo|s». Furthermore, for every permutation o €
S, the equalities first(ac) = first(a) and supp(ac) = supp(a)
clearly hold. Thus,

f(a0) = f* (first(ar), supp(ac)) = f*(first(a), supp(a)) = f(a),

and we conclude that S ,; C InvGr f.

Assume then that f = f*oofo|sn and Sp,,,) € InvGr f. Define
the map f': A x P(A) — B by the following rule: for any a € A
and S C A with |S| = s, if a € S then let f'(a,S) := f*(a), where
a = (a,...,a5) is any tuple in A? such that a; = a and supp(a) = S;
ifa ¢ S, then f’(a,S) can be mapped to an arbitrary element of B.
This definition is good, because if a = (ay,...,a5) and b = (by,..., bs)
are tuples in Af such that a; = a = b; and supp(a) = S = supp(b),
then there is a permutation ¢ € S, such that 0(1) = 1 and ac = b.
Define T € S, by the rule 7(i) = o(i) for i € [s], and T(i) = i for
i € [n]\ [s]; since T(1) = ¢(1) = 1, we have T € S,y C InvGr f.
Consequently,

f*(a) = f*(ofo(a)) = f*(ofo(ay,...,asa1,...,a41))

n—s
*(ofo((ay,...,as,a1,...,01)7))
(OfO(ﬂa(l), .. .,aa(s),al, .. .,ﬂ]))

“(ofo(ac)) = f*(a0) = f*(b).
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Then, for any a € A", ofo(a) € A?, and we have

f'(first(a), supp(a)) = f'(first(ofo(a)), supp(ofo(a))) = f*(ofo(a)).
Therefore, f = f’ o (first, supp)|an. O

Lemma 5.4.9. Assume that f = f*o (prf"),supp|An)for some i € [n] and
for some f*: A x P(A) — B. Then fr = f*o (pr((;;(;)l),supp|Anfl)for all
e ().

Proof. For any I € ([g]) and a € A" !, we have

fi(a) = f(adr)
= f*(pr!") (a01), supp(ady)) = f*(pri/ " (a), supp(a)). O

Theorem 5.4.10. Let n,k € Ny with n > k+ 2. Assume that |B| = k
and f: A" — B is determined by ofo and Sp,; C InvGr f. Then f is
reconstructible.

Proof. Lemma implies that f = f*o (prgn),supp\ an) for some
f*t AxP(A) — B. By Lemma|5.4.9, fi = f*o (prgnfl),suppunf])

forall I ([g}). Let g: A" — B be a reconstruction of f. Then for

every I € ([g]), there exists a permutation p! € S, _; such that

g1 =f"o(pr\" ", supp|4i1) 0 p" = o (prli .}, supp| 41).

Let r; := p!(1) and s; := mind; ! (r;). Then clearly either s; = minI
ors; ¢ I.

Assume first that there exists s € [n] such that d;(s) = r; for all
Ie ([g]). Let a € A". Since n > k, we have a = bd; for some b € A""!

and I € ([g]). Therefore
g(a) = g(bér) = g1(b) = f*(by,, supp(b))
= f*(as,supp(a)) = f*(pt{", supp|ar)(a) = f(av),

where T = (1 s) € S,,. Since this holds for all a € A", we conclude
that f ~ g.
Assume then that for every s € [n] there exists I € ([g}) such that

01(s) # r;. Consider first the case that for all I € ([g]), 5N r) =L

This implies that r; = s; = min [ for all [ € ([g]). Let a € A". Then
a = bd; forsomeb € A" land I € ([Z]). We have

g(a) = g(bdr) = g1(b) = f*(br,, supp(b)) = f*(as,, supp(a)).
We claim that g is totally symmetric. For, let ¢ € S;,. Then
8(ao) = g(bdr0) = g(bo1dy1(1)) = 8111 (be1)
= (Pt supplgo1) (boy) = f*(byy, supp (bor))
= f* (b, supp(b)) = f*(as,, supp(a)) = g(a),
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where the second equality holds by Lemma and the fifth equal-
ity holds because 0y(7,-1(;y) = o7(min c~}(I)) = minI = r; by
Fact We conclude that ¢ is totally symmetric and hence recon-
structible by Proposition thus f ~ g.

Finally, consider the case that there exists | € ([Z]) such that
(5]’1(r]) # J. Then s; ¢ |. By our assumption, there exists K € ([g])
such that dx(s;) # rk, ie., s; ¢ 5121(1’1(). We may assume, without
loss of generality, that s; and sk lie in different blocks of the partition
(J, K)part € Part(n). (If this is not the case, then it necessarily holds
that JNK # @, s; € K\ ], sk € J\ K. Since n > 4, there exists a set
L e ([g]) that is disjoint from J. Now, depending on whether or not
L is disjoint from K and on the membership of s;, in the sets J, K and
L, we can replace the sets | and K in the argument with certain other
sets. Namely, if LNK =@ and s; € Kor LNK # @ and sy € L, then
take sets K and L; otherwise take | and L.)

Since n > k+2, for any S C A with |S| > 2 and for any a,f € S
with a # B, there exists a tuple u € A" such that suppu =S, Unin; =
Umax ], UminK = UmaxK, Us; = &, and us, = B. Such a tuple u satisfies
u = vd; = wik for tuples v,w € A" with u; = s, (i) = W, (i) for all
i € [n], and we have

f*(a,S) = f*(us;, supp(u)) = f*(vy, supp(v))
=gj(v) = g(u) = gx(w)
= f*(wr, supp(w)) = f*(us,, supp(u)) = f*(B,supp u)).

This implies that f*(«,S) = f*(B,S) forallw, f € Sand S C A. There-
fore, f* restricted to the range of (first, supp)|a» does not depend on
its first argument. This means that f is determined by supp and is
hence reconstructible by Proposition [3.3.3} Thus f ~ g. O

An important consequence of Theorem is that pseudo-Bool-
ean functions determined by ofo are reconstructible.

Theorem 5.4.11. Assume that |A| = 2and n > 4. If f: A" — B is
determined by ofo, then f is reconstructible.

Proof. By Proposition InvGr f = S,z for some interval par-
tition IT € Part(2). There are only two (interval) partitions of [2],
namely {[2]} and {{1},{2}}, and their expansions are {[2]}1"" =
{[n]} and {{1},{2}}""" = {{1},[2,1]}. Thus InvGr f is either S, or
Sion- Theoremnow shows that f is reconstructible. O

According to Proposition the lower bound n > 4 in Theo-
rem cannot be decreased. Observe also that the nonreconstruc-
tible ternary functions g and ¢’ of Example are determined by
ofo.



POST CLASSES

The clones on the two-element set {0, 1} were determined by Post [75].
Post classes, i.e., clones on {0,1}, are listed below, and the lattice of
clones on {0,1}, the so-called Post’s lattice, is presented in Figure
We make use of the notation appearing in the paper by Foldes and
Pogosyan [32], and Figure [1|is modeled after the illustration in [32].

) is the clone of all Boolean functions.

To:="Pol(0) = {f € O] f(0,...,0) =0}
(0-preserving functions).

Ty :=Pol(1) = {f € Q] f(1,...,1) =1}
(1-preserving functions).

T.:=TyNT
(constant-preserving functions).

0 01
M.—Pol<0 1 1)

(monotone functions, i.e., functions f: {0,1}" — {0,1} satisfy-
ing f(ay,...,an) < f(by,...,by) whenever a; < b; for all i € [n]).

My:=MnNTy, M :=MNT, M,:=MnNT..

01
S.—Pol<1 0>

(self-dual functions, i.e., functions f: {0,1}" — {0,1} satisfy-
ing f(ay,...,an) = 1—f(1—ay,...,1—a,) forall ay,...,a, €
{0,1}).

S =SNnT, SM:=SNM.
00001111
001100711

Li=Polly 1 010101
01101001

(polynomial operations of the group ({0,1}; +) of addition mod-
ulo 2, i.e., affine functions).

Ly:=LNTy,, Li:=LNTy, LS:=LNS, L.:=LNT.

Fora € {0,1}, aset S C {0,1}" is a-separating if there is an index
i € [n] such that for every (aj,...,a,) € S we have a; = a. For
m > 2, a function f: {0,1}" — {0,1} is a-separating of rank m if every
subset of f~1(a) of cardinality at most m is a-separating. A function
f:{0,1}* — {0,1} is a-separating if f~!(a) is a-separating.
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e For m > 2, U, is the clone of 1-separating functions of rank .
e For m > 2, Wy, is the clone of 0-separating functions of rank m.

(1-separating and 0O-separating functions, respectively).

e T.U, =T.N"U,, TW,:=T.NW,, form=2,..., 0.
e MU, =MnNnU,, MW, =MnNW,, form=2,..., 00.
[ ] Mcum = Mcmu;«n, Mch = Mcme, fOI‘mZZ,...,OO.

e A is the clone of polynomial operations of the meet-semilattice

(0,1} 1),
e Ng:=ANTy, AN :=ANTy, Ac:=ANT.

e V is the clone of polynomial operations of the join-semilattice

({0,1}; V).
OV()izvao, V12:VﬂT1, VCZ:VHTC.

e O(1):={feOQlessf <1}
(projections, negations, constants).

e I":=0(1)NS
(projections, negations).

e [:=0(1)NM
(projections, constants).

e Ip:=INTy, L:=INT;, IL:=INT.
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