Optimal Control Problems with Singularly Perturbed
Differential Equations as Side Constraints:
Analysis and Numerics

DISSERTATION

zur Erlangung des akademischen Grades

Doctor rerum naturalium
(Dr.rer.nat.)

vorgelegt

der Fakultat Mathematik und Naturwissenschaften
der Technischen Universitat Dresden

von

Dipl.-Math. Heinrich Christian Reibiger

geboren am 6. Oktober 1985 in Dresden

Eingereicht am 28. November 2014

Die Dissertation wurde in der Zeit von Januar 2010 bis November 2014
im Institut fur Numerische Mathematik angefertigt.






Preface

A wide variety of physical processes exhibits the phenomenon that the physical quantities
of interest change drastically in a small region. Such phenomena are called layers for
the quantities of interest. For example, air flows form boundary layers along wings of
planes (cf. [GELO04, [SG03]). These layers are most important in the understanding of the
capability of planes to fly. Other examples include the skin effect used for surface hardening
of steel (cf. [FH99]) and the depletion layers of the p-n junctions of semiconductor devices
(cf. [Sel84l [PHS8T]).

Providing and modifying of physical prototypes for tests is often very expensive. Some-
times it is even impossible to place measuring instruments properly. Therefore, one is
interested in mathematical models for such processes. These models are singularly per-
turbed differential equations. Their solutions are difficult to obtain. Usually, it is not
known or very difficult how to derive analytic solutions. On the other hand the applica-
tion of standard techniques, such as finite element method (FEM) on a uniform mesh, to
solve differential equations using a computer does not produce satisfying results. This is
mainly due to the existence of the layers mentioned above. In the past many approaches
were developed to overcome these difficulties. Some of them are presented in the com-
prehensive books [RSTO8| [Lin10]. Nevertheless, this field is far from being understood
conclusively.

In most cases, the models derived to describe such physical processes are very complex.
Hence, it is an open problem how to analyze these models and solution algorithms math-
ematically. Therefore, one considers as a first step simpler differential equation problems.
Those problems are obtained by some mathematical simplifications like linearization or
usage of plausible assumptions. Additionally, one considers only problems with simple
geometries or time independent solutions. Of course, this is motivated by the hope that
the simpler problems still have similar properties compared to the original ones. A mathe-
matical model problem frequently used in this context is the convection-diffusion problem
given by

—eAu+buz +cu=f in QCR"Y u‘aQ:g (1)

for a very small parameter 0 < ¢ < 1 and some functions b1, ¢, f, g that are independent
of €. Since ¢ is very small it seems reasonable to assume some similarity in the behavior
of the solution to the excluded case € = 0, but especially in the layer regions this is not
true. Hence, this problem is called singularly perturbed.

In the last years one observes a widely spread interest in the analysis of optimal control
problems with singularly perturbed differential equations as side constraints (cf. [CH02,
BV07, [HYZ09, HLI0, LHI12]). These problems arise naturally (cf. [Tr10]) when one is
interested in optimizing physical processes that lead to mathematical models which are
singular perturbed. However, the results known for singularly perturbed differential equa-
tions are so far not adopted to the optimization problems in their full extend.

As indicated above, the basic analysis (application of the Céa-Lemma) of the FEM we
consider here, using some uniform mesh leads for problem (II) to an error estimate of the
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N

numerical solution u"¥ compared with the exact solution u of the form

1 1
=l < € (5 + gz Iz

where N is a number indicating the amount of work and memory invested into the numeric
solution, ||-||c is a measurement of the error, arising naturally from the mathematical
formulation of problem (), and |[|-||2,2 is some measure for the quality of a function.
Obviously, this estimate becomes meaningless for very small values of £ and in fact one
observes that the numerical error of the standard FEM increases as € gets smaller. These
drawbacks also apply to the usual way to analyze optimal control problems (cf. [Tr10])
with singularly perturbed differential equations as side constraints.

Using appropriate techniques one can construct algorithms that admit improved error
bounds, cf. [CH02, BV07, [HYZ09, HL10]. The presented bounds are of the form

Hu — U,NHE +... < —HUHQ 2.

for various algorithms. This seems to be the solution to the problems described above.
On a first glance these bounds look very strict even for small values of €. But in general
the value of |julla2 is proportional to e~3/2. Hence, it tends to infinity for small values
of € and the estimates become meaningless again. Nevertheless this is a big improvement,
especially since similar algorithms for singularly perturbed differential equations without
optimization admit localization of this estimates to subdomains. Thus, it is reasonable to
expect that also in the case of optimal control problems one may be able to prove localized
estimates. This would ensure that the algorithms produce good results away from layer
regions. But as was already observed in [HL10] the method analyzed therein does not
produce as good results as one would expect away from layers. This indicates that not all
proposed algorithms admit convenient localized estimates for the optimal control problem,
although such estimates are proved for related algorithms for single differential equation
problems.

In this thesis we apply additional techniques known for singularly perturbed differential
equations to optimal control problems. We strive to develop an algorithm with proved
bounds of the form

In(N)

lu — ™. < C—=,
N

where the right hand side constant is independent of . Still such an algorithm is not the
salvation from all problems since even then the computed solution may show some peculiar
oscillations that are not present in the exact solution. However, the results presented here
allow a better understanding of the structure of the solution, because we derive detailed
estimates for the solution and its derivatives. Future research may use this achievements
to develop even better algorithms.

During the work that lead to this thesis it has been observed, that almost all results
in the field of singularly perturbed differential equations so far use data by, ¢, f and g
in problem (Il that are smooth. In optimal control we have to work with a nonlinear
term that is not very smooth. Thus, it became necessary to establish results similar to
already known estimates only using minimal smoothness prerequisites. Such results are
also present here.
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Notation

Throughout this text C' (sometimes superscripted) denotes a generic constant that is
independent of the perturbation parameter ¢ and the mesh size N. Its value may vary in
different equations, but to clarify the used mathematics we add or modify superscripts in
one equation to signal the change of the constant.

We write |-| without any subscripts for the absolute value.

For real vectors we denote the euclidean norm by ||-|| and the inner product by (-, -).

By £LP(D) we denote the Lebesgue space of measurable functions on D with a bounded
p-norm

1
p
| fllp,p = </Dfpd)\> for pe[l,o0) and HfHOO,D::essgup\f\.

The £2(D) inner product will be denoted by (-, -) 1.

For a subset D C R™ we denote the boundary by 0D. The Lebesgue measure of D will
be referred to by A\(D).

By WkP(D) we denote the Sobolev spaces of measurable functions on D with all
weak derivatives of order up to k in LP(D). The corresponding norms are denoted by
||lk.p.0- The half norms of W*P(D) considering only the k-th order derivatives are de-
noted as |-|gp.p. Also, we will use an e-weighted Wt2norm |-||c.p := ||-|l2.0 + vZ2|'[1.2.0,
referred to as e-norm. When D coincides with the domain of the arguments we omit it as
a subscript to the inner product or the norms.

The completion of the set of smooth continuous functions with compact support €5° (D
in Wh2(D) (i.e. the functions in W2?(D) that vanish on D) is denoted by H}(D) C
Wh2(D).

At some time we need the spaces €%, €% of functions with continuou, Hélder-continuous
derivatives of order up to k, respectively.

Later on we will split functions into a smooth part and layer parts located at x = 0,
x = 1, the sum of the layers at y € {0,1}, the sum of the corner layers located at
(x,y) € 0 x {0,1}, (z,y) € 1 x {0,1} and a nonsmooth but small part. For such a
function f we will denote the parts by

5, fE0 gl gy g0 el fm o pegpectively.

If we need several components contributing to such a part we will append an index k € [
for some index set I C N in the form

kel

For the boundary and corner layer terms we will derive pointwise bounds, where the
functions

ei(x)=e 7, Ef(w)i=e e, &) =e Vg VY

) 9
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play a key role.
Furthermore, we use continuation operators Qﬁ% from D to A D D with

€D poa < C Al

for any k € N, p € [1,00] (cf. [Ro04]).

Also, we denote by B:(z,y) := {(£,n) € R? | (z —&)? + (y —n)* < 72} the ball with
radius 7 and center (z,y).

We use the Landau big O notation with respect to the limit to 0, i.e.

O(f(z)) == {g:R—= R|3xo > 0,C > 0Vz € (0,29) : [g(z)| < Cf(z)}

the class of all functions that are asymptotically not larger than f.
To distinguish it from the regularly used index ¢ we denote the imaginary unit by 1.
Since we work with functions in Sobolev spaces all pointwise estimates are to be consid-
ered A-almost-everywhere, with A the Lebesgue measure. But for shortening of notation
we omit this in the following text.

viii



Introduction

In this thesis we are mainly interested in the problem

. 1 i
min, (3 = wall + 5 113 (0.12)
uq
subject to the singularly perturbed convection-diffusion equation

Lu:=—eAu+buy +cu= f+qin Q, 0 (0.1b)

“‘aﬂ =

and the box constraints

q € Qaa:={we Lg<w<q} (0.1c)

for the control, where the lower bound ¢, or the upper bound g, might be absent. As
domain we consider 2 = (0,1)" C R” for the one-dimensional (n = 1) and two-dimensional
(n = 2) case.

As stated in the Preface the standard Finite Element Method and optimization methods
fail in general to compute good solutions for small values of €. The main problem is that
the solution has boundary layers and for this reason the global L2-norms of the second
order derivatives have very large values. Although problem (0.I]) was discussed in the
literature (cf. [CHO2, BVO7, [HYZ09, [HLI10, LH12]) there is not much known about the
layer structure of its solution. With exception of [LHI2] the proofs published so far are
not very restrictive in the case of boundary layers since they contain norms on the right
hand side of the error estimates that scale like ~3/2. The proof presented in [LHIZ] uses
a solution to the reduced system attained by setting ¢ = 0 in the differential equation
and neglecting some boundary conditions. For the optimization problem without control
constraints —g, = ¢, = oo this works well. But this approach can not be generalized to
the case with active control constraints since the solution of the reduced problem may not
be in W22(Q) but the corresponding norm would be required. Therefore, we strive to
prove detailed bounds for the solution of the optimization problem (0.I]) as a first step.

In optimal control theory it is well known that the solution (u,q) of problem (0.1
together with the adjoint state v satisfy the optimality system

Lu = —cAu+ bu, + cu=f+gq in €, u|6§2 =0, (0.2a)
L'v=—eAv —bv, + (¢ = ¥)v =u —ug in Q, v‘ag =0, (0.2b)
(v+pg, w—¢q) =0 for all w € Q,q. (0.2c)

For the case Q,q = £? this system simplifies to a linear system of two coupled differential
equations. This system has the interesting property that the sign in front of the convection
coefficient b is different in the second equation compared to the first one. There is some
analysis done for systems of singularly perturbed differential equations in the literature,
e.g. [Cen05, [Lin07]. The proofs presented there only apply to the case, where both con-
vection terms have the same sign. Linf} claims in [Lin07] to show bounds for the case with
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different signs, but applies the results of [KT78| incorrectly for the derivatives of order k
with k > 2. Thus, it is necessary to establish rigor proofs for the properties of the solution
of ([0.2]).

We start by considering a linear system of singularly perturbed differential equations in
1D that is a slight generalization to (2] for Q.q = £2. We construct an asymptotic ex-
pansion for the solution and demonstrate sharp bounds for its derivatives up to the second
order. This technique can easily be extended to prove estimates for arbitrary derivatives,
given the data are smooth enough. Subsequently, we use the attained information on the
solution to prove convergence results for standard FEM on some layer adapted Shishkin
meshes.

In Chapter 2l we attend to the optimization problem (0.1) for the one-dimensional case.
It is nontrivial to adopt the method of asymptotic expansion to this case since the op-
timality system is not linear for Q.q # £2. Hence, we adopt the techniques presented
in [KT78|] to derive bounds for the solution similar to the results from Chapter [l By
using the optimality properties of the solution we are able to derive these bounds with
less requirements than we used for the asymptotic expansion. Due to the nonlinearity of
the optimality system these proofs can not be iterated to acquire bounds for arbitrary
derivatives.

We use the attained bounds to provide convergence results for various discretization
schemes motivated in Chapter [Il and the discussion of semi-discretization (cf. [HYZ09])
and full-discretization (cf. [BV0T7]). The proofs presented in this section carry over to the
multidimensional case provided we are able to prove sufficient convergence results for the
primal and adjoint equation neglecting the optimization.

In Chapter Bl we present estimates for the solution u and its derivatives of the problem

Lu = —eAu+ Buy +cu = f in Q= (0,1)?, =0 (0.3)

u‘aﬂ

under the mild regularity assumption f € W1, We do so to adopt the convergence results
of Chapter [2to the two-dimensional case. Surprisingly there is not much known for such a
non-smooth right hand side f. Most of the known techniques can not be generalize to this
case, because the convenient tool of differentiation is used excessively, and one requires
something like f € €% for some o € (0,1) and compatibility conditions (cf. [KS05, LSO,
0S08, [Ro02]). This seems to be unnecessary since we have u € W?2? without any of
these additional requirements. To conceive sharp bounds on u that can be used to prove
e-uniform convergence we rely heavily on the Green’s function of problem (0.3]). We adopt
the estimates presented in [FK12] to serve in our case. Especially to get bounds for the
layer corrections this is very technical. Unfortunately, so far there is one term we can
not prove a sufficiently sharp bound for, although numeric calculations indicate this term
behaves nicely — even better than required for the convergence proofs.

One may ask why we assume f € W1H™ even though we have v € W22 for f € L£?
(cf. [LUBS]). To answer this we consider the simple example u = 2(1 — x) sin(e~/?my) for
e71/2 € N. Tt is easy to check we have ||Lul|; < C. However in the preponderant part of
the domain we have 1, ~ e~ 1. Thus, we can not expect that there is a piecewise bilinear
function on a relatively coarse mesh that approximates w, with the order of e~1/2. But if
there is no such function we will not be able to construct an algorithm that computes a
good solution approximation with respect to the e-norm. This shows that the assumption
]l < C is too weak to expect appropriate convergence results.

Finally, we state in Chapter [ some facts for the optimization problem (O] in 2D.
The analysis for this problem is not complete. Especially the characteristic layers induce
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problems that are not understood completely so far. In literature there is only the arti-
cle [Sh00] that tackles a similar problem. But the bounds derived there in are very weak.
Further research is required to get useful results concerning this problem.






1. A System of Weakly Coupled Singularly
Perturbed Convection-Diffusion
Equations in 1D

This chapter is primarily a replication of [RR11], the initial work that led to the results
presented in the following chapters.
We consider the system

—euy + biuy + criug + craug = fi, u1(0) = uy(1) =0, 1.1a)
—cuy — bauy — ca1uy + Ccooun = fo, uz(0) = ug(1) =0, 1.1b)
under the assumptions
0<e<p, (1.2a)
bi, by = 8 >0, (1.2b)
ci1, c22 > 0, (1.2¢)
ciaco1 > 0, |612|, |621| >~y >0. (12d)

We assume that the functions b;, ¢;;, fi, (4,5 € {1,2}) are sufficiently smooth.
For simplification in writing we assume furthermore

ci2, c21 =7 >0

but the results can easily be generalized to include the case cj2, co; < —7 < 0.

The system (L.I)) has the interesting property that the convection in the second differ-
ential equation opposes the convection in the first equation. These special assumptions
about the sign properties of b; and ¢;; are due to the application of the mathematics
derived in this chapter. In Chapter 2] we will see that the optimality systems of some op-
timal control problems have the form we consider here — hence, the special sign structure
of system (ILTJ).

In Section [[LT] we construct a solution decomposition and derive various estimates for
its terms. Some technical details of the construction are presented in Section Sub-
sequently, we use the discovered solution properties to analyze a special FEM for solving
convection-diffusion problems of the form (I.I]). Finally we present some computational
results for our method to confirm our theoretical results.

1.1. Properties of the Exact Solution

First we formulate sufficient conditions for the existence of a weak solution of the sys-

tem ([LT).



1. Weakly coupled System in 1D

Theorem 1.1
If the assumptions

2ci1691 — (bican +ech;) > 0
2cp9¢12 + (bac12 — ecp)’ > 0
hold, the system (1)) has a unique weak solution u € V := (H{ (0, 1))2.

Proof
First we multiply the first and second equation of the system (LI]) by co; and ci9,
respectively. This leads to an equivalent system with corresponding bilinear form

1
R [ / /
a(u,v) = / EC21UVy + (b1621 + 8621)U1U1 + (011021u1 + 612621UQ)’L)1 dA
0

1
—|—/ 6612u,2’Ué — (b2612 — 86,12)2/22}2 + (022612UQ — 621612u1)1)2 dA. (14)
0
We use the well known relation
1 - 1 _ 1 1_
/0 bujui dX = buf| _ — /0 Vu? +bupd\ & 2 /0 buju d\ = — /0 b'u? dA

for u; € Hg(O, 1) and the fact, that the terms cjoco1u9v; and —co1ci2uivy cancel each
other for u; = v;, to acquire

1 Y
5 bico1 + ec
a(u,u) ::/ £Co1 (u'l)2 + <_% + 011021> u? d)
0

! 2 [ (bac1a —echy) 2
+/ ec1z (uh)” + — + coocya | usdA.
0

The V-ellipticity of this bilinear form is obviously ensured by condition (L3). Thus,
the Lax-Milgram lemma establishes the unique solvability. O

Easily we get from the V-ellipticity of the bilinear form a(-,-) the a priori estimate

e (lurff + |uzff) < C (LAl + 1/2113) - (1.5)

As a next step we want to prove precise bounds for the derivatives of u; and uo. While
in |Lin07] the inverse monotony of the matrix

1 _

r:= 00 (1.6)

€21
C22

o0

to split the system into two single equations with known bounds for the right hand side
is used to prove these bounds, we use an asymptotic expansion. To do so we need an
existence theorem for the solution of the reduced system.

Let us consider the reduced problem

b1v} + civ1 + ciavz = fi, u1,(0) = vy, (1.7a)

—bgvé + CooV9 — C21V] = fg, u27l(1) = 9. (17b)



1.1. Properties of the Exact Solution

Theorem 1.2

Assume
e’
c11¢22 + c12¢21 — bacio <c—> >0 or (1.8a)
12
)’
c11622 + ci2c21 + bicay -~ > 0. (1.8b)
21

Then the reduced problem ~(|:|:Z|) has a unique solution u. Its smoothness depends on
the smoothness of f1 and fs.

Proof
The system (7)) can be transformed to a second order boundary value problem in
two ways. This leads to

b\’ e
blbgvi/%- <b2012 (_1) — byeay + 52611> Ui — <611622 + c12c21 — bacia <£> ) (]
~” C12

~ !
= c1afa — coafi + bacra <£> and
12

by ! €22 '
—b1bovly— <51021 <a> —bicaa + 52011> vh + <C11022 + c1ac21 + bicar <— )

C21

C21

~ !
= co1f1 + c11fo + biea <Q> .

Conditions (L&) ensure the applicability of maximum principle to one of the resulting
boundary value problems. Thus, the method of continuity (cf. [GT01]) gives existence
of a solution. 0

For sufficiently smooth coefficients this lemma implies the relation

[v1llks2,2 + lv2lkt22 < C (Hlek+1,2 + Hszk+1,2> : (1.9)

Remark 1.3
In case of constant coefficients c11,c12,c21 and coo the prerequisites (L2]) imply the
requirement (L.§]). If additionally b; and by are constant the prerequisites also imply

condition (L3)).

Remark 1.4

The system
—euy 4 biuy + criug + cpup = fi, u1(0) =u1(1) =0, (1.10a)
—euy + bou + cooup + co1ur = fa, u2(0) = ug(1) =0, (1.10b)

with by,be > 0 is significantly different from our system (I[I). First, the reduced
problem leads to an initial value problem which always has a unique solution. Second,
the transformation u; = e?®v;, i € {1,2} leads to a system where we can choose ¥ in
such a way that I' defined in ([L6]) is inverse monotone for all sufficiently small values
of . Therefore, the coefficients c¢11, c12, co1, cog have little influence on the behavior
of the solution of system ([LI0). These are significant differences to the system (L)
we study here.



1. Weakly coupled System in 1D

Next we construct an asymptotic expansion for u1, ug and introduce the local variables

E:=x/e,n:=(1—2x)/e
u = Zgl SlJrZel 20 ¢ +Z‘€l L) 4 Ry, (1.11a)

Uy = Zgl Sl+z L 20 +Z€l L) 4 Ry, (1.11b)

For details see Section
Combining the results for the asymptotic expansion we get:
Theorem 1.5
If the data are sufficiently smooth and the assumptions (L3) and (L)) hold, the solu-
tion of system (LI)) can be decomposed as

up = uf +u0 +utt, upy = u5 + us® 4 ul! (1.12a)
with
lufll2 + [[u5 |22 < C, (1.12b)
" (2)] < 0 e (), (1.12¢)
"M (@) < CeFed(a), (1.12d)
g™ (2)] < Cekeg (), (1.126)
5" (2)] < O Fed (@) (1.12f)

for k < 2. Recall that the constant C' is independent of €.

Proof
To show the result, we consider the asymptotic expansion (LII]) for n = 1. Thus,

estimate (L20]) gives
|Ri1ll2,2 < C for i € {1,2}.

Furthermore, we can use estimate (L9) to get
5|22 + ! 2,2 < €

Combining this results we get for

1

S . 1, S,

uy = E eu;” + R
1=0

the estimate
[uf 122 < Ul + ellus |22 + || Riall2z < C.

We define the layer correction terms via

: z :6l :vOl’ ;)31. 2 :€l mll’ . 2 :€l z0,l and u . 2 :€l mll

From Theorem [[7 we know that the boundary term uj L of the asymptotic expan-
sion (LII) has the form leo e'Py(z/e) exp(—bx/e). leferentlatlon proves the esti-
mates. Analogously, one can prove the bounds for the other layer terms u#°, u3® and
ugt. O



1.2. Asymptotic Expansion

This result also yields estimates for ||u||» and ||u'||s. To receive them one has to apply
Sobolev imbedding theorems to the smooth part. For the other components we have
pointwise estimates already.

1.2. Asymptotic Expansion

In the following we construct an asymptotic expansion

up = Zal Sl—i—Z&‘l 0L —i—Zal L) + Ry, (1.13a)
Uy = Zgl Sl+zel 201 +Z€l L) + Ro. (1.13b)

of the solution of system (LI using the local variables ¢ := z/e, n :== (1 — x)/e. The
construction can mainly be done the same way it is done for a single differential equation
(cf. [RSTO8, Section 1.1.1]), but the coupling of the two solutions u; and wug requires
the consideration of a boundary layer on either side of the domain. We desire that the
differential equations of system (LI are fulfilled for ) ;- Oslufl and Y1 el Sl. Here
we skip the boundary condition at the right and left side in the first and second line of
the system, respectively. Furthermore, we demand that the corresponding homogeneous
differential equations of system (LT]) are satisfied for the boundary terms. Transformation
of the resulting system to the local variables £ and 7 leads to the following equations.
For the first component of the smooth parts we attain the reduced system

blu1 + cnul o4 012u2 = fi, uf’O(O) =0, (1.14a)
—bgug’ gt cmugo - 021u1 = f2, u‘;’o(l) = (1.14Db)

For the subsequent components (I > 1) of the smooth parts we have to correct the error

introduced by v*'~1 and boundary errors from layer components via
"
blu1 g cnu1 gt 612u§l = ufl 1, uf’l(O) = —u:fo’l(O), (1.15a)
"
—b2u2’ + 022u§l - czlufl = ugl 1, ug’l(l) = —ugl’l(l). (1.15b)

The correction at x = 0 has to compensate the neglected boundary condition of ug’l, thus

we have
! ~ ./ . .
:vOl + b u:vOl _ Z <b17ju:f0,lfj + 511,]'71”:{:07[7] + 612,j71u§0,l*]> , (116&)
j=1
Jim (€)= 0, (1.16b)
1
—ug®" by gus® = - > <—52,ju§0’lfj/ + oo goruy T — 521,]'71“?0’[#) ;- (1.16¢)
j=1
dim w56 =0, w3 (0) = —u5"(0) (1.16d)
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for [ > 0. Analogously, the correction at = 1 has to compensate the neglected boundary
condition of u‘f’l, and we have

—u:fl’l” — lA)L()ufl’ll = — Z (—i)l,ju:fl’lij/ + 6117j,1u:f1’lij + 612,j71u§1,l7]’> , (117&)
=1

nli;& uHy =0, WfM0) = —u(1), (1.17b)

—ug 4 by gus = — > (32J“3261’l_j/ + ooy qug T — @21,j—1“3161’l_j> ) (1.17¢)
=1

nli_)r;.lo uzl(n) =0 (1.17d)

for I > 0. Here Z; and Z; denotes the i-th coefficient of the Taylor expansion of z(e€)
and z(1 —en) at £ = 0 and n = 0, respectively. Note the difference uls’l(O) = —ufo’l(O),
ug ’1(1) = —ugl’l(l) from the standard expansion. This modification is necessary because
the limitary condition for £, — oo determines ufo’l(O) and ugl’l(l) completely. To prove
this we need the following theorems.

Theorem 1.6
The first terms of the boundary layer correction have the form

R(GEN ui () = —uy (e (118a)
ug0,0(é-) _ _ug,(](o) €_b2(0)§, ugl’o(n) = 0. (118b)

Therefore, the solutions uy and us have a strong boundary layer only at the right and
left boundary, respectively.

Proof
By solving the explicitly given boundary value problems (LI6) and (LIT). O

Theorem 1.7
The terms of boundary layer correction have the form

ui™(€) € By (€) ek, ui () € Bi(m) e 7, (1.19)
us ! (€) € Pi(g) e 2%, ust () € By () e, (1.19D)

where P, (x) denotes the set of polynomials in the unknown x of degree at most n.

IB)}l:oi(lr)lfiuctive solution of the ordinary boundary value problems for ufo’l, ufl’l, ugo’l
and uZ™. O

Combining the previous results we get

R;n(0) € O™, Ry, (1) € O ("),
IL(Rin, Ran)ll2 < Cle™ + eme P + e B, € O <g"+%) .
Thus, we get by our a priori estimate (L) the information
[Rinll12 € O(")

for i € {1,2}. For the W22norm we get

IRinll22 < e 'C(IL(Run, Ro)ll2 + [ Rinll12) € O (677 (1.20)

10



1.3. Error Estimates for Linear FEM on Shishkin Meshes

1.3. Error Estimates for Linear FEM on Shishkin Meshes

Next we want to use the previous estimates to prove an a priori estimate for the error of
a finite element method. We are using meshes that are adapted to the layer properties of
the solution.

In this section we discretize the system (I.T])

—euf + bruy + criug + craug = fi, u1(0) =u1(1) =0,
U 0

—euly — byt — caruy + caaun = fa, uz(0) =
with linear finite elements. We start from the weak formulation
i(u,v) = (f,v) for allv € V = (H$(0,1))  with

1
d(u,v) = / ab21u'1v{ + (albm + Eblgl)ull?)l + (b11b21u1 + b12b21u2)?}1 dX
0

1
+ / sblguévé — (a2b12 — 56,12)2/2?}2 + (b22b12UQ — bglblgul)vg d\.
0

Recall we denote the £2 inner product by (f, v) = fol fiv1 + favs dA. Denoting our finite
element space by VY C V, the finite element method reads:

Find vV € V¥ such that a(u®,v) = (f, v) for all v € V¥,

Based on the information from Theorem concerning the layer structure we use a
Shishkin mesh for the discretization. Because u; has a strong layer at x = 1 and wuo
at x = 0, we use different meshes for the two solution components. We neglect the
weak layers for the construction of the mesh. A Shishkin mesh is a piecewise equidis-
tant mesh. To cope with a boundary layer at x = 0 one chooses the transition point
oo = min{l/2, 2¢In(/N)/B} and uses for the two subdomains Q¢ := [0, o¢], ¢ := [00, 1]
an equidistant mesh with N/2 nodes each. Analogously, one chooses the transition point
o1 = max{l/2, 1 —2eIn(N)/B} to take account for a boundary layer at x = 1. This
leads to meshes of a form shown in Figure [Tl

oo =2cInN/B o1=1—-2InN/j

e
=

U2 [ ————————————+—+—+—]

Figure 1.1.: Used Shishkin meshes

Now we will prove a priori estimates for our Galerkin method in the e-norm. This norm
is inherent to the problem (I.I), because it is equivalent to the energy norm induced by
llul|a := @(u,u) (cf. (TH)). Denoting the nodal linear interpolant of u by u!, we first bound
the interpolation error ||u — u!||. by using the inequalities of formula (LIZ2).

For some terms we use on the fine part 2y of the mesh a different estimation than on
the coarse part £2.. We denote the locally constant mesh size by hg ; and h = hq,.

11



1. Weakly coupled System in 1D

Theorem 1.8
Provided the solution u = (uy,us) has a decomposition that satisfies the bounds of
formula (LI2) for k < 2, the interpolation error satisfies

lu—u!ll. < CN" In(N) and |ju—ulls < CN"%. (1.21)

Proof
By standard interpolation results we estimate

Juf — UfIHz < Ch2|uf|aea < CN72 (1.22a)
gt = u o0, < Ch3 [ut a0, < CVE N~2In?(N), (1.22b)
S —ud'|1s < Chluf|as < ON7Y, (1.22¢)
uf' — Ufllh,z,ﬂf < éhﬂf’ufllg,zﬂf < Ca*%Nflln(N). (1.22d)

Using the decaying of the boundary terms we derive furthermore
I I _
g — i o, < o, + 10 o, < 2 loon, SON (1220)
I I
uft —ui 2, < uftlize. + U 2.
< i 20, + hglllut oo, < C (N4 NTY) L (1226)

These estimates are all attained by well-known techniques used e.g. in [Linl0]. The
interpolation error of the weak boundary layer can be bounded by

[u?® — ufolh,g < Chlui®)y9 < CezN71, (1.22¢g)
420 — ||y < Chjut®|1 5 < Ce2N~! and
ot = il < CR|uf]a < Cem2N
which follow from the usual interpolation error estimates. This implies
[u2® — 27|, < C'min {a%N—l,g—%N—Q} < ON73. (1.22h)

The bounds of the terms w5, u4® and u%' can be proved similarly. Combining all
these results proves the theorem. O

From the previously attained interpolation error estimates we can deduce an error esti-
mate for |lu — u™V|.:

Theorem 1.9
Provided the solution w of the system (1) has a decomposition that satisfies the
estimates (LI2)) for k < 2 the finite element error on a mesh as depicted in Figure[1]]
satisfies

|u—u|. < CN~tIn(N). (1.23)

Proof
In the following we use the abbreviations x := u! —u® and 1 := u! —u. The coercivity
of a(+,-) and the Galerkin orthogonality of our method provide
YxlZ < alxx) = alw, x)
, , (1.24)
< <Clxlaaldlaa + Clxll [0l + € | [ v ar|+ €| [ xaug x|

12



1.3. Error Estimates for Linear FEM on Shishkin Meshes

To estimate the remaining integral terms we split ¢ as we did in ([L22)). This way we
obtain for the smooth part uj of the solution u using estimate (I.22al)
< ON"Hxall2 < CN"Halle.

N\’ n\’/
/X1 <uf —uf ) dA‘ < lIxll2 <uf —uf )
Q 2
(1.25a)

For the estimation of the boundary layer terms we transform the integral via integra-
tion by parts

/
o (=) x| =] [ < (= ") 3] < Dl =t
Using this transformation we can estimate by (L22hl) the weak layer term via
n/’ I
o (s =) x| < Il o = 2

S \/ECN_l‘Xl‘LQ S CN_1HX1H5. (125b)

For the strong boundary layer term we split the integral at the mesh transition point
and use an inverse inequality on the coarse part of the mesh domain. This leads to
the following formulas

/
/ X1 <u”fl - ugfll> dA
2

n\/ = _
/ v (uf = uit) dA' < ON2|i 0. < CNYxalc 0. (1.25d)
Qe

< OVENT2 (V) [xh .0, < ON ey (1:250)

The integral containing xo can be estimated analogously. Combining ([L.21]), (1.24)),
(L25]) and their equivalents for y2 we get the result

lu’ —u™le = Ixll < C (Jll- + N7') < ON"'In N.

A triangle inequality completes the proof. O

For a single convection-diffusion equation it is well-known that one has supercloseness
of the type

lul —uN|. < C (N "'In(N))?. (1.26)
This leads to the optimal estimate
lu—uNlly < C (N"n(N))?. (1.27)

Note that in the singularly perturbed case it is not possible to use the Aubin-Nitsche-trick
to attain optimal £2-estimates that are independent of .

For our system the interpolation error estimate (L.22h]) indicates that we do not have op-
timal £2-error bounds if we ignore the weak layers for the mesh construction (cf. numerical
experiments in Section [L.4]).

If we, however, use equal meshes for u; and uy with a refinement at each side of the
domain (cf. Figure [[2) we can adopt the proofs for a single equation (cf. [Linl0]). The
estimates of the weak boundary layer do no longer pose a problem; due to the refinement
of the grid they can be handled the same way the strong layers are. Consequently we
obtain

[uf —uM|. <C (N In(N)?  and [ju—uN|s < C (N 1n(N))?.

13



1. Weakly coupled System in 1D

oo =2cInN/B o1=1—-2cInN/p

Figure 1.2.: Two-sided Shishkin mesh

1.4. Computational Results

In the following we solve the test problem
—eu] + V2ul 4 uy = 2, u1(0) = uy1(1) =0, (1.28a)
—euly — V2ulhy —uy =1, u2(0) =u2(1) =0 (1.28Db)
numerically. Obviously, our theory from the previous chapters applies, because this prob-

lem has constant coeflicients.
An explicit solution of the system (28] is given by

4 4
Y _ i
u1:—1—|—§ a; e, u2:2—|—§ u; p; e
i=1 i=1
with
1+vV1—¢g?
)\i ==+ s
€
e=1le—-4
2 T
u;
Uy
15
|
0.5
0
-05
_10 5‘ 10¢ D.‘l 0‘.2 0.‘3 0‘.4 0‘.5 0‘.6 0‘.7 0‘.8 0‘.9 1-10¢ 1*‘5( 1 _20 5‘ 10¢ D.‘l 0‘.2 0‘.3 0‘.4 0‘.5 0‘.6 0‘.7 0‘.8 0‘.9 1-10¢ 1*‘5( 1

Figure 1.3.: Solution to model problem (28]

Here % € R* is the solution of the linear system

1 1 1 1 1
eM e e e _ 1
u =
D1 D2 D3 D4 -2
p1eM pae*? piets  pyeM -2

14



1.4. Computational Results

derived from the boundary conditions of the problem (L2§]). A plot of the solution is given
in Figure [[L3l The regions near the boundary are stretched for a better visualization of
the layer behavior. The wedge in the plot of the solution at the points 10e and 1 — 10¢ is
induced by this stretching. Having this exact solution, we can compute the discrepancy
of the numerical to the explicit solution in various norms.

As in the previous analysis of Theorem [[L9] we first use a Shishkin mesh which only
accounts for the strong boundary layers for the computations. Using N 4 1 mesh intervals
we have N degrees of freedom for u; and ug each. From these computations we attained
the results shown in Figure [[L4]

error
error

.
f——u—u" |l

——|lu — u"]|.

——|Ju — uN[>
_g| | —— |[u — u®||-
fl [ =]
In(N)/N
(In(N)/N)?

T

10 H [ —u ||
In(N)/N
(In(N)/N)?

; ; ; ;
10 10 10 10 10° 10 10 10 10 10°

Figure 1.4.: Error of the linear FEM on one-sided Shishkin meshes (cf. Figure [LT])

These numerical results confirm the theoretical result of an e-independent convergence in
the e-norm. However, they do not show the almost second order convergence measured in
the £2-norm one could expect knowing the superconvergence results for a single equation.
The L?-error rather exhibits a range of stagnating convergence in the order of magnitude
of the perturbation parameter.

Next we compare the results from the previous calculations with the error attained
using a two-sided version of the Shishkin mesh where we refine in the region of the weak
boundary layers as well as in the region of the strong ones.

The results of this computations are presented in Figure As predicted we now get
almost second order convergence in the £2-norm. Furthermore, the range of stagnating
convergence does not exist. But the absolute error measured in the e-norm is larger com-
pared to the previous calculations. This is not surprising because in the first calculations
we have more nodes of the grid to resolve the strong layer and the smooth region of the
solution.

15
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error

16

10°
107
10"
10°
10° § ——llu =2
S -
[N ]|
n(N)/N
, (ln(N)/N)?
107 - = w} \4
10 10 10 10 10
N

Figure 1.5.: Error of the linear FEM on a two-sided Shishkin

—— a2
——lu =¥
—— [l ~ u,

H In(N)/N
(a(N)/N)* : :
10" 10° 10° 10° 10
o
mesh (cf. Figure [[.2))



2. Optimal Control with Singularly
Perturbed Convection-Diffusion
Equations in 1D

In the following we want to analyze the optimal control problem

min, 7 ) =i 5l wal + 51413 (2.12)
subject to the singularly perturbed convection-diffusion equation

Lu:=—eu’ + b/ +cu=f+qin (0,1), wu(0)=u(l)=0 (2.1b)
and the box constraints

qEQua <= —0<q <q< g <oo0in (0,1) (2.1c)

for the control q.
It is well known from optimal control theory (cf. [Tr10]) that (u,q) is a solution for the
problem (2.I)) if and only if there is an adjoint state v such that the system

Lu=f+q , u0)=u(l)=0, (2.2a)
L'v=u—ug, v(0)=nv(1)=0, (2.2b)
(v+pg, w—¢q) =0 for all w € Quq (2.2c)

is fulfilled, where L* is the adjoint operator to L. One can derive easily that the last
equation (2.2d)) is equivalent to

¢ = max {qa, min {qb, —/flv}} =: I{g,.q] (—/flv) almost everywhere. (2.3)
For simplification of notation we define
Vg = —pqy and v = —figq.
Using these definitions we have
¢ =Tljg, ) (=17 10) = =17 My, 1) (0):
Thus, the problem above can be written as

Lu=—cu" +bu' + cu= f— u_ll_[[vawb] (v), u(0) = u(l) =
L'v=—ev ="+ (c = b')v = —uqg + u, v(0) =ov(1) =

17



2. Optimal Control in 1D

In the following we assume

0<e<f, (2.5a)
b,c e @ (2.5b)
b>p3>p>0, (2.5¢)
c>0, (2.5d)
2c—b > 2y >0, (2.5e)
I @) <0 (1475 (2) + e 3E()) (2.5¢)
ui) (@) < C (1475 3Ef (@) + = el (@) (2.5h)

for k € {0,1}. For the lower constraint ¢, we either assume

14 ()| < C (1 +eker(z) + e—k—%e:ﬂf(x)) for k€ {0,1} or go=—o0.  (2.50)
Analogously, we assume that ¢, meets either

" (@) < C (1 +eRET(x) + 5"“%{(@) for k€ {0,1} or g = oc. (2.5))

The requirement ([2.5€]) seems not really restrictive since it can be assured via a variable
transform (cf. [RSTO8, Remark 1.6]) for sufficient small £ < gy. However, this transform
leads to a change of the norms one has to consider to attain an equivalent optimization
problem. In that case the optimality system (2.2)) has an other structure and our theory
can not be applied.

The coefficient e ¥~ in prerequisite (2:5g), [2.50), 2.51) and (2.5]) seems a bit unusual.
Knowing [KT78| or the fact |LEY| < Ce~1EY one might expect the coefficient e ~*~1. How-
ever, we also require the £2-norm of the respective functions to be bounded e-uniformly.
Since we have ||E7]l2 = Cy/e we can allow coefficients down to the order =3 for our
proofs to work.

Remark 2.1

For g, = —o0 and ¢, = oo the system (2.2]) simplifies to a system of the form (L.I]).
Since the corresponding coefficients c¢jo = ,ufl and co; = 1 are constant the assump-
tions (L3]) and (L) from the previous chapter read

20— >0, cle=b)+pt=bd >0, clc=b)+pt+blc—-V)>0.
Obviously, they are satisfied by constant coefficients b and c.

In the following we will use the special structure of the optimization problem to omit
some requirements. Additionally, the following proofs are applicable to the case of box
constraints for the control q.

We start by constructing a solution decomposition and derive detailed estimates for
its terms. Some technical details are deferred to Section Subsequently, we consider
different ways of discretizing the optimal control problem (2.1]). We modify two proofs from
the literature to provide e-uniform convergence rates. Also, we present a new proof that
does not need the requirement that we have to use the same mesh for the discretization
of the state u and the adjoint state v. In Section 2.4] we present computational results to
illustrate the theoretical results.

18



2.1. Analytic Properties of the Solution

2.1. Analytic Properties of the Solution

As a first step we establish the solvability of the optimization problem (2.I]) and establish
some preliminary regularity estimates. From our prerequisites (2.5 we get the coercitivity
of the bilinear form a associated with L (cf. proof of Theorem [I]), i.e.

1 /

b

amﬂn:/’wﬂ+(o—5)ﬁdAzdmm+vmm.
0

Thus, we have the estimate
Clull < alu,u) = (f+ ¢, w) < |If +alzlulz = lull2 < [lull: <CIf +qll2 (2.6)

and standard optimization theory (cf. [Tr10]) assures the existence of a unique solution
(u,q) € £ x £2. Hence, we can apply the theory for differential equations (cf. [GTOI,
LU68]) to acquire u € W22 N H& and v € W22 HOI. From properties of the max- and
min-operators (cf. [GTOI]) we get

g™ < 1g¥) + @+ 1¢F) for k€ {0,1}. (2.7)

Hence, we have ¢ € W12 and [lq|l12 < |galli2 + £ |vll12 + lgpll12. In fact, we will see
later on bounds in W2 for u and v.
Next we analyze the solution properties in more detail.

Lemma 2.2
The optimal control satisfies

lall2 < C. (2.8)

Proof
We define

90 = g,.4,)(0) € Vaa-
Since (2.51) and (2-5]) hold we have
lgolly < [lgally + llgslly < C-

Let ug be the solution of the primary equation (2.2al) for the inhomogeneity f + qo.
Thus, the standard estimates for convection-diffusion problems and the bound (2.5g])
give by (2.6]) the estimate

luollz < C(II£ll2 + llaoll2) < C.

Using (2.50]) we conclude
% 1 7
g1 < J(ua) < T(unsa0) = 2lluo — sl + 2ol < C. .

Using estimates for some single differential equation problems like (2.2al) or (2.2h) we
derive in the next section, we are able to prove explicit bounds for the solution and its
derivatives.
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Theorem 2.3
If the prerequisites (2.0 hold, the solution (u,q,v) of problem 2.2l satisfies almost
everywhere
lu® (2)| < C (1 tel=ker(z) + e_kS”f(x)) , (2.9a)
w® ()| < C (1 FekeR(z) + 514“8:{3(95)) (2.9b)
for k € {0,1,2} and
¢® (@) < € (1+ 7€ (@) + e Fef () (2.9¢)
for k € {0,1}.
Proof
By Lemma [2.2] and the bound (2.5g) for f, we have ||Lu|2 < C. Hence, Lemma 2.7
gives

u=u’+ u*t HUSHLQ <C, ]uzl(k)(m)] < Cafkgif(m)

for k € {0,1}. Using this estimate and the bound (2.5h) of u4 we can invoke the
Lemma for the adjoint problem and obtain

v=05 400, o< O @) < O (@)
for k € {0,1}. Thus, the Sobolev imbedding theorem ensures
lu® (@)lloo + [[0° (@)l < C

and the bounds (2.9al) and (2.9D]) for k = 0 are established. These estimates and the
projection property (2.7) imply the stated bound for |g|.
Hence, we can conclude

|—eu” +bu/| = |—cu+ f+ ¢/ <C(1+e1€f(x)) and
|—ev” —bv'| = [—(c = b)v +u—uqg| < C(1+e &5 (x))

Using Lemma 2.6 with ¢ = 1 provides the stated estimates (2.9) (k = 1) for v/ and v'.
Invoking (2.7) again we can conclude |¢'| < |¢,| + p~ /| + |g)|. Therefore, we have
established the bound (Z9d) (k = 1) for ¢'.

By differentiation of the primal and adjoint equation (2.2al 2.2D)) we get

|—€(UI)” + b(ul)/| — |_ IUI _ c/u _ cu/ + f/ + ql|
<C(1+e '€k (x) + e 2B ()
|—e(@)" = b)) | = v —(c=b)v—(c— bW +u —u
<C(1+ e28%(z) + e_lEl(x))
and Lemma (i = 2) gives the stated bounds for «” and v". O
The estimates of Theorem 23] for u and v yield decompositions

w=1u®+u +u*t, v =0 40" 4" (2.10a)

oo <€, WM (@) < CelReR (@), P (@) < CeREN (),  (2.10b)

lese <O V(@) < CeFep@), @) < 0 e @) (200)
for k € {0,1,2}. This is proved the way devised by Linf in [Lin00].
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Problems

First we consider the so called reduced problem.

Lemma 2.4
The solution w of

bw' +cw =g, w(0)=wpy

satisfies under the assumptions
lglly < €, |wo| <C, beeL>, b>p

for p € [1,00] the estimate
[wlloo + [lwl[1p < C.

Proof
It is easy to check that the solution of problem (ZIT]) is given by

= x@ x ) wi
wia) = [ T ne.0)de + Kn(0.0) with

o) =ewn (- [0 ar)

for z € (0,1). The boundary condition gives

wp = w(0) = K.
Sinceb25>0andcszehave

0<n(rs) <1

for r < s. This yields by application of the Holder inequality
T
9(§ s
< [ i+ puol < Clalh +1) <

Furthermore, we have

[T elw) g )
W) = [ =g e niacs 88 - K005,
Thus, we obtain
/ llelloo , 1 llelloo
[w'llp < llgllp ( 7 + E) —|—w07 <C.

2.2. Auxiliary Estimates for some Single Differential Equation

(2.11)

(2.12)

(2.13)

0

Ideas motivated by asymptotic expansions of solutions of singularly perturbed problems

(cf. [RSTO08]) lead to the following
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Lemma 2.5
If the assumption

gl < C (2.14)
holds, then the solution of the problem
Lw=—ew" +bw' +cw=g, w(0)=w(l)=0 (2.15)
has a decomposition in a smooth and a boundary layer part satisfying
w = w4+ w, (2.16a)
[wl2 < C, (2.16b)
™ (z)] < Ce*ET () (2.16¢)
for k € {0,1}.
Proof

First, we look at the reduced problem (2II]). Let us denote the solution of this
reduced problem by w". Application of Lemma [2.4] establishes ||w"||oc + [|w"||1,2 < C.
Furthermore, we define the boundary layer correction

_b(1) A==)

w(z) == —w"(1)e

Since w" is e-uniformly bounded, w*! satisfies the bounds (2.I6d).
From

2
L™ (2)] = ‘_b(? w7 2) + () D (2) + ey ()
= ‘_@/1 V(t)dt + c(z)| jw™ ()|
< (S + o) e ) 10 )
we conclude g )
HLw”ClH%gC/O < . eﬂf(m)+eﬂf(x)> dz < Ce. (2.17)

1

Defining R :=w — w" — w®" we get

b(

= <Ce, R(1)=0.

[R(0)] = [w"(1)]e”

Thus, R := R — (1 — 2)R(0) satisfies homogeneous boundary conditions. Let af(-,-)
denote the bilinear form of the weak formulation associated with L, i.e.

1
a(w,v) = / ew'v’ + bw'v + cwv d.
0
Using (2.I7) and Lemma [2.4] we conclude
|RI? < Cla(R, B)| = C |aw, R) — a(w", R) - a(w?, R) ~ a((1 - 2)R(0), )|

I
(@]

1 1 1
—e/ w”R’dAJr/ (Lwﬂ)RdA—R(o)/ L(l—x)Rd)\‘
0 0 0

IN

C (el |1l Blyz + |1 Zw™ 2] Bllz + |R(O)IR] )
< CVE| R
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From this we derive

IR]l12 < [[Rll2 + 2[R(0)] < C.

Setting w® := w” + R we have proved the lemma. O

Finally, we use pointwise estimates for a related differential equation problem.

Lemma 2.6
Let us assume the bounds

9@ < C (1+17€8(2) + €5 () (2.182)
lwo| 4 |wy| < Cet™ (2.18b)

hold for i > 1. Then the solution w of the differential equation problem
—ew”" +b' =g, w(0)=wy, w(l)=mw (2.19)
with b > 3 > 8 satisfies
w'(z)] < C(1+e' 7€ (z) + e "Ef (). (2.20)

The proof of this Lemma follows ideas presented in [KT78§].

Proof
One can check that the solution of problem (2.19) is given by

1
w(x) = / —w(&)dé+ K1 (1 —n(z,1)) + K2 with

(€)= /5 O e, nrs) = exp (— / Swdt>

9 9

for z € (0,1). Using the upper and lower bounds of b we get

l[blloo (s=7) Bs—r) B(s=r)
0<e = <n(r,s)<e = <e = (2.21)
for r < s. These estimates yield
1 _
B . _B(¢-8) - B—Be+(B—B)¢
lw ()] < C/ el pemie e il d¢
3
1—i —i
B(1-9)

<C <ﬁ‘1 +E e T e > . (2.22)

2 p—p

We apply this result to get

1 _ 1 ) )
\— / w(s)dfs‘sc [ 4o e

2-i Sl »
&l () + —) < (Ce™
,8 0( ) ,8

~ €
<C <1 +
since we assumed ¢ > 1. Thus, we observe

K| = [w(1)] < '™
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2. Optimal Control in 1D

and acquire the estimate

wo + [ w(E) de — K>
1— 77(0, 1)

|K| = < Cel (2.23)

Obviously, w'(z) = w(z) — Klyn(aﬂ,l) holds, thus we derive from (2210), (Z22])
and (223) the final estimate

' (@) < C(1+ 7 Ef (@) + e 7€ (@) ) + CeTE (@) 0

The results above can by applied to the corresponding problems of (Z.11]), (2.15]), (2.19)
with b substituted by —b by a change of the variable £ = 1 — z. Note that this leads to
an exchange of the boundary points and the respective layer terms.

2.3. Numerical Analysis

In this section we will use the decomposition of the solution (2.10]) derived above to prove
convergence rates for some finite element methods.

We choose piecewise linear ansatz functions on Shishkin meshes. As in the previous
analysis of the system of differential equations (cf. Chapter [I]), we may resolve the strong
layers only — or we choose to resolve also the weak ones. This leads to meshes shown in
Figure [T or Figure By the previous analysis we can apply Theorem [[.8 to acquire

lu—ul).+]v—2. <CN'InN (2.24)

for the nodal interpolants u!, v! to u, v, respectively.

In the literature one can find different approaches to prove convergence of a numerical
method for solving the optimality system (2.2)). In [CHO02, [HL10, ILHI2| the linearity of
the problem for Q,q = £? is used. Therefore, we can not adopt their approach to the case
Qad # L£2. Other approaches ([BVQ7, [HYZ09]) rely on the fact that the discrete problem
is also an optimization problem. This is not the case when we use different meshes to
discretize u and v as we have in the Chapter [1l

Remark 2.7
In the case Q,q = £2? we can use the approach of Theorem [[L9 Thus, we do not need
any further requirements like (2Z.5€]) (assuring the coercitivity of the primal and dual
equation) to prove convergence, provided the solution decomposition (ZI0) and the
corresponding estimates are valid. Hence, we have

hu =¥ + o — oV + g — ¢Vl < CN" .

In the following we derive estimates for Q.q # £2. Due to the projection II the resulting
optimality system is not linear, thus the analysis is more involved than in Chapter [l For
the analysis in the following sections we use the linear solution operator 8 of the primal
problem (2.1D) and its counterpart 8* for the adjoint problem (2.2B]). Also, we will denote
the corresponding operators for the discrete problems by 8 and (S*)N, respectively.

We present three discretizations with different limitations and prove their convergence.
The so called full-discrete problem presented in Section 2.3 21has the big advantage of being
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2.3. Numerical Analysis

easy to implement. However, the convergence proof is pretty long and more technical than
for the other two algorithms.

Note that the convergence proofs presented here are easily adopted to the case of a
multidimensional domain for the considered functions in the optimal control problem.
The basis for the following proofs is an e-uniform convergence estimate for single differ-
ential equation problems. The additions to that only rely on techniques also available for
multidimensional domains.

2.3.1. Symmetric Discretization Using the Continuous Projection

The discrete problem we present here is based on the ideas of Hinze (e.g. [HYZ09]) to
discretize only the differential equations and to leave the projection unchanged. The
mathematics to analyze such a semi-discretization are very neat. The implementation on
the other hand is more difficult, especially for arbitrary functions ¢, and ¢;. One has to
evaluate integrals of the form [ TI(v)w d for v,w € V. Since II(v)’ may have jumps not
only at the nodes of the mesh, one has to pay special attention to this term. We discuss
the details of the implementation later.

The convergence proof presented in [HYZ09] for this semi-discretization is based on
(SN )* = (S*)N. We modify this way of thought to derive e-independent convergence
rates. To do so, we need a symmetric discretization of the primal and adjoint equation.
This implies that we have to use the same mesh to discretize v and v. Consequently, we
attain a discrete problem that is an optimality system of a discrete optimization problem.

In Section 2.3.3] we present an other approach where we use something like V-ellipticity
of the nonlinear (semi-discrete) systems. But this leads to a lower bound for the regular-
ization parameter p, which may be undesirable.

As stated above we use the same mesh to discretize the primal and adjoint equation.
Hence, we refine on both ends of the interval (cf. Figure [[2) and use the same discrete
space VN ¢ H& of piecewise linear ansatz functions to discretize u, v and the test functions.
We do not discretize the projection I, o, (v). We attain the semi-discrete problem

uN e VN aNuN w) = <f - ,uflﬂ[va,vb} (™), w> for all w e VIV, (2.25a)

oV e VI alN(w, o) = (Ul = ug, w) for all w € V¥, (2.25Db)

where a(-,-) denotes the bilinear form associated with L. For simplification in writing
we define ¢V 1= —,u_lﬂ[va’vb] (vN). Thus, we have

NN, w) = <f + 4", w> for all w e VYV and (2.25¢)

(0N + g, w—¢") >0 for all w € Qua. (2.25d)

We start the analysis of the semi-discretization by recalling some convergence results
for singularly perturbed differential equation problems.

Lemma 2.8
For the numeric solution @ (q) := 8N (f +q) of the primal equation using the contin-
uous optimal control q on the right hand side we have

|u—a™(q)]]- < CN"'InN. (2.26)

Analogously, we have for the numeric solution o™ (u) := (8*)" (u — uq) of the adjoint
equation using the continuous optimal state u on the right hand side the estimate

v — Y (u)]|. < CN"!In N. (2.27)

25



2. Optimal Control in 1D

26

Proof
The proof works the same way as the proof of Theorem [L.9 O

Lemma 2.9
For the solution (u™,v™N,¢") of the semi-discretization (Z25) we have the estimate

Ju—uNs+ g — ¢ < CN"'InN. (2.28)

Proof
As indicated above this proof is done with methods from [HYZ09].
First we note, that due to the discretization with equal meshes for the primal and
adjoint equation we have
(8M)" = (8", (2.29)

We test the projection property (2.25d]) with ¢ and add the continuous optimality
condition ([Z2d) tested by ¢V € Q.q. Hence, we attain

0< (W +ug™, q— ")+ (v+pg, ¢ —q)
=(w—o"+ulg—q¢"), " —q)=(wv—2", ¢" = q) — plla— "3

This and an application of Young’s inequality leads to the relation

plla =gV [3 < (v =", ¢" —q) = (v =" (u), ¢" —q) + (7" (w) =", ¢ —q)
lo — 8" () [l2llg™ — gll2 + (& (w) — oV, ¢V — q)

1 1] -
< Ellv — V(W3 + §||qN —ql3+ (@ (w) =Y, ¢¥ —q)

IN

where oV (u) = (8*)" (u — uq) denotes the numerical solution of the adjoint equa-
tion starting from the analytic solution u on the right hand side. Using the weak
formulation of the discrete primal equation (2.250) we acquire

<®N(u) — N, N — q) = aN(uN — iV (q), 5N (u) —vN)

where @V (q) = 8V (f + ¢) denotes the numerical solution of the primal equation start-
ing from the analytic solution ¢ on the right hand side. Since we have u™¥ —a (q) € V¥
and the relation (2.29) we can furthermore derive, using the weak formulation of the
discrete adjoint equation (2.250)), that

aN(uN — &N(q),f)N(u) — UN) = <u —uN, N — ﬁN(q)>
— (u—u", u— ()~ flu - |3
holds. Combining these estimates we get

1 . 7] -
pllg — V|3 < ﬂ\lv — oV @3+ Slle™ = gll3 + (u =", u—a"(q)) — flu— w3
1 i y 1 i 1

< ol = @I+ 4l — a1 + 31~ & @I~ glhu — 1B

where we used again Young’s inequality. By Lemma 2.8 we conclude

1 - N _ 2
pllg — a3+ lu— a3 < pllv — N3+ lu—aV(@lls < C (N "' InN)”.



2.3. Numerical Analysis

Theorem 2.10
Assume that

lg— V|l < CN~'InN. (2.30)

Than we have
lu—u™|e+|lv— vV <CN"1TInN. (2.31)

Proof
By standard stability estimates we get

[ —a¥ (@) < o (uN — @ (g), ™ — @V (@) = (¢~ — ¢, u — @V (q))

< lg™ = all2llu™ = @™ (@)ll2 < Cllu™ — @™ (@) N7 In N.
Thus, the result of Lemma 2.8 and a triangle inequality gives
™ = ulle < Jlu™ —a@"(q)lle + 2" (@) — ul: < ONT'nN.
Analogue argumentation gives the bound for |[v — v¥|.. O

Combining Lemma 2.9 and Theorem 2.10] we proved

Corollary 2.11
The semi-discrete problem (2.28) using a symmetric mesh as depicted in Figure [[L.2
satisfies

u—u™|.+|lv =0V <CN1InN. (2.32)

2.3.2. Symmetric Discretization with Discretized Projection

In this section we discretize not only the primal and adjoint equation, but also the pro-
jection. The convergence proof presented in this section resembles the ideas presented in
[BVQO7]. As in the previous section we use (§V)" = (8*)Y for the solution operators SV
and (8*)™ of the discrete primal equation (Z33al) and adjoint equation (2.330), respec-
tively. To have this property we use again piecewise linear ansatz functions on a Shishkin
mesh that accounts for both boundary layer terms for both the state u and the adjoint v
(cf. Figure [L.2]). We discretize the box constraints of QQ,q by enforcing them only in the
grid points. This gives the method

WV e VN aN (N w) = (f + ¢V, w) for allw e VY, (2.33a)
oV e VI o (w,0N) = (WY — ug, w) for all w e VY, (2.33b)
" e VN ¢N(2;) = min {max {—p "™ (%), qa(xi) } s ap(7) } - (2.33¢)

We call this the full-discrete problem.

A solution of this problem can easily be found by applying an active set algorithm.
Thus, the implementation is much easier than for the semi-discretization presented in
Section 2311

Our convergence proof presented below uses some additional assumptions: The lower
bound ¢, satisfies either

‘q((lk)(x)‘ <C (1 +ekel(x) + a_ké’gf(x)> for k € {0,1} or g¢,=—0. (2.34a)
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Analogously, we assume that ¢, meets either
‘qék)(x)‘ <C (1 +eRer(x) + afk&’f(x)> for k€ {0,1} or ¢, =0 (2.34b)
and we have an e-independent constant J, € R with
@(z) — qo(x) > 04 forall z e (0,1). (2.34¢)
Obviously, the optimal control ¢ is not necessarily in Qév = {w eVvN |q£ <w< q,{ }

Thus, we first construct an approximation ¢ € Qé\é of ¢ by linear interpolation of

Ga(xi), Fz € (wim1,zi1): q(z) > —p to(z),
q(x:) = § @p(xi), Fw € (Tic1,mip1) : q(x) < —p to(z),
q(x;), otherwise.

In other words we set the interpolant to the upper or lower bound in z; if the upper or
lower bound is reached in the vicinity of the grid point. Otherwise we set the interpolant
to the solution q.

Obviously, this interpolation is well defined in case max{—q,, ¢} = oo, i.e. there is no
upper or no lower bound for ¢. Otherwise the assumptions (2:34]) enable us to show that
this interpolant is well-defined for N > Ny by

Lemma 2.12
There is an Ng independent of € such that

. )
0g,i = essmax g — essmin § < -
(i—1,%;) (zi—1,2:) 3

for ie{l,...,N} (2.35)

holds for the function § := q — qq and all N > Ny.

Proof
By the previous requirements ([2.34) and Theorem 23 we can split § = ¢° + ¢© with

FP @) <C |@FP@) < C (e @) + e (@)

for k € {0,1}.

From the Bramble-Hilbert lemma we know

essmaxw — essmin w < Chllw'|| o

(zi—1,5) (@i—1,24) (@i-1,2:)°

Hence, we have in the coarse part of the grid Q. := (2—55 In(N),1— %’5 In(N)) the relation

~ . ~ (4 3. _
311 < € (2185 it + 2€T . + 118 o) < € 5+ 318l ) < ON 7

In the fine part of the grid we have h = CeN~!In N and conclude
04i < Chll¢]loo < CN~LInN.

Thus, the term d,; diminishes e-uniformly in both parts of the grid and we can find
an Ny with 39,; < 6, for all i € {1,...,N}. O
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2.3. Numerical Analysis

From the proof above and the usual interpolation estimate (cf. Theorem [L8) we can

derive
lGd—allz < d—d'll2+ ll¢" —glla < CN'InN. (2.36)

Furthermore, we have the useful approximation property

Lemma 2.13
The estimate
G — ¢Vl < CN'In N (2.37)

holds.

Proof
By (SN)* = (8*)N we have

pllg = a3 < (8M(@ - ¢"), V(@ - ¢")) +pn(d—d" 1)
< (8" (SM@+ £) = ua) + ui— () (SV (@™ + ) —wa) — g™, G- V).
The projection property (2.33c) ensures

<(5*)N(5N(QN+f)—ud)+qu,d—qN>:<vN+qu,d—qN>20

for G € QY

By construction of ¢ we have
v+ug<0 & —v/p>q=q = d=q¢ = G>4q",
vpug>0 & —v/p<qg=qa = qd=q. = §<q".

and can conclude

(8 (8(g+ f) —ua) + pg, G—q" )y = (v+pq, d—q")
=Wt ng, §—a"), o T VTG G, S0

Combining these estimates we get

ulld — a3

< <<8*>N (8N(@+ )~ wa) + 0~ 8 (S(a+ ) — wa) — pa, - a~)

< ([ (V@ +H —ua) =8 S(a+ )~ wa) |, + ulla - all2) 7 — aV]2

< 5 (597 67 G+ 1) = wa) = 8" 80+ 1) = wa) |, + i all) + 51— " 13

where we used Young’s inequality. This yields

ulld = a2 < ||V (M@ + £) — wa) — 8 (S(a+ 1) — wa)| |+ nlla - all
< [ (¥ (a+ 1)~ wa) = 8 (Sla+ £) — wa)|

+ |89V (8V@—a)||, + uld =l
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By the usual stability result

3870 )] < @89 ), (59 ()
= (s, (89 (un)) < sl || (8™ ()

for the adjoint equation and its analogue for the primal equation we have

|89V (8V(a+ )~ wa) = 8 S(a+ ) = )|, + |89 (¥ (@ - o)
< [N (Vg + 5 =8+ N, + 175w o], 77 8V @ - 9,
<A M@ (@) = ully + |7V (w) = vlly #7217 dll, -
Combining these estimates, the approximation error (236]) and Lemma 2.8 leads to

| —¢"lls <CN'nN. O

A triangle inequality gives ||¢" — ¢|| < CN~'In N and we can apply Theorem 210 to
acquire

Corollary 2.14
Under the additional assumptions (234) the full-discrete problem (2.33) using a sym-
metric mesh as depicted in Figure satisfies

u—uNe+ v —oV|. <CN1TInN. (2.38)

2.3.3. Non-Symmetric Discretization Using the Continuous Projection

In the following we derive estimates for the semi-discrete problem (2.25]) that allow to
chose a different discretization of the primal and the adjoint equation. Thus, we are able
to refine only in the part of the domain, where the boundary layers impair the interpolation
estimates. As in Section 2.3 T]the implementation of the algorithm presented in this section
has to deal with the problem of evaluating integrals for non-smooth functions. We assume
that at least one of the bounds is finite (cf. Remark 27)). For simplification we assume
furthermore that we have g, < co. But all the proofs can be modified to serve for the case
—00 < (q, @p = 0. As an additional requirement for our proofs to work we need

4 >y > (2.39)
c——>7>—. .
2 Vi
As a first step we reformulate the optimality system (2.4]) as follows
Lu=f— pu v, — ,uflﬂ[o,vb,va} (v —v,), u(0) = u(l) =0, (2.40a)
L*v = —Uq + u, v(0) = v(1) =0. (2.40b)

To simplify the notation in this section we define
I := v = gy, —v,] (V= Va)-

As a first ingredient we use the pointwise estimate
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2.3. Numerical Analysis

Lemma 2.15
For x € (0,1) we have

I(v1)(z) — M(v2)(z) — (vi(z) — v2(ﬂf))‘ < for(z) — va(a)]. (2.41)

Proof
For brevity we omit the argument x of the functions in this proof. Nevertheless
everything is meant pointwise for any z € (0, 1).

Obviously, the statement is true for II(v;) = I(vy).

Thus, we assume without loss of generality II(v;) < II(vy) — otherwise we could
switch v1 and v9. This relation is only possible for v; < v and 0 < fl(vl) < fl(vg) <
vp — V.. Hence, we conclude

(v;) = max{0,v; — v} > v —v, and
1:[(1)2) = min{vg — Vg, Vp — Vg } < V3 — Ug.

Using these estimates we acquire

Ti(v1) — T(v2) — v1 + vz‘ - <1:[(v1) ~ (o1 — va)) n <(v2 ) — ﬁ(w))

= (v2 = v1) + (TI(v1) = I1(2z))

S’UQ—U1:|U1—U2|. ]

Next we multiply the primal equation with x4 and consider the associated weak formu-

lation of (Z.40]):

0,05 9,) = ((1f — va), ) — (g, ¥) for all o, € HI(0,1) (2.422)
with
1 ~
a(u,v; p, ) = / e’ + bpu' + cpup + (v)p
0
+ v’ — 'Y + (¢ — b )vyp — urp dA. (2.42b)
Lemma 2.16
Under the assumption ([239) the form a(-,-;-,-) is uniformly monotone (cf. [Zei90]),
i.e.
a(ur, vi;ur — uz,v1 — v2) — a(ug, V23 U1 — Uz, v1 — V2)
> C (lur — w2 + [l — w2ll?) . (2.43)
Proof

Using Lemma 2.15] and Young’s inequality we conceive

/01 (1:[(1)1) — (vg) — vy + 1)2> (up —ug)dA

> — || f10r) = TL(ws) — 01 + v s = sz
> —||lvr — wva|l2]|ur — uall2

1 [z
> o= 0al3 = Yy — a3

2./1 2
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By integration by parts, we have the well-known result

1 1 1
/ bw'wd\ = — / bw?d\ — / bw'w d\
0 0 0

for w € H(0,1). Thus, we can deduce the estimate

a(uy,vi;ur — uz,v1 — v2) — a(uz, V23 up — Uz, v1 — V2)
1
2 2
= / epu(uy —ug)” + <c - %) plug —uo)? + e(vy — v9)"* + (c - %) (v1 — v2)?
0

+ <ﬁ(?}1) — 1:[(1}2) — (1)1 — Uz)) (u1 — UQ)d)\
> eptlur — uolf o + yullur — usll3 + lvr — vol o + Vllvr — vo[3

— s = uall3 — 2z llvr — vall3,
Using the assumption (2.39) we get

a(ulavﬁul — U2,V1 — U2) - a(u2av2;u1 — U2,V1 — U2)

> C ([lur — uzll2 + [lvr — val|Z) - U

Theorem 2.17

Under the assumption ([2.39) the problem ([2.40) and its discrete counterparts have a
unique solution in the weak sense. The error of the semi-discrete problem correspond-
ing to [2:42)) — that is equivalent to the semi-discretization ([2.28]) — using linear finite
elements on meshes that only account for the strong boundary layers (cf. Figure [1.1)
s bounded by

u—uN]e+ v —0V|. <CN1InN. (2.44)
Proof
From Lemma [216] we know that a(-,-;-,-) is uniformly monotone. Together with
the continuity of a(:,-;-,-) this implies that a(:,-;-,-) is hemicontinuous. Therefore,

problem (2.42]) and its discrete counterparts are uniquely solvable (cf. [Zei90]).
Obviously, we have II(0) = 0 and a(0, 0;,%) = 0. Thus, we get from Lemma
the estimate

a(u, v;u,v) = a(u,v;u,v) = a(0,0;u,v) > C (Jlul] + [|v]|2) .
The new inhomogeneity f := f — v, of the primal equation satisfies the same
bounds as f. Thus, we have a solution decomposition of the form (ZI0) and can
apply the techniques of the proof of Theorem [[.9 to derive the desired bounds for

uN —ul and v — 0!, O

2.4. Computational Results

We illustrate our theoretical results from the previous sections with some examples.
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2.4.1. Example with a Known Good Approximation to the Solution

As a first example we consider the test problem

nin, J(u ) =i (5l 18+ g5 113 (2.450)
subject to
—eu” + V2 +4u =" — 22+ qin (0,1), u(0)=u(l)=0 and (2.45b)
q € Qaa = {w € £2(0,1)|¢, < w} (2.45¢)
with

Qo = —15. (2.45d)

The problem has constant coefficients and we have ¢* = 16 > 10 = p~'. Thus, the theory
from the previous sections can be applied.
The solution of this problem is given by

vi(z), x <,
u(@) = —="(@) + VI (@) +do@),  o(e) = {uale), <z <,
vs(x), = <u
with

vi(z) = =z " 13 T D1eM1% 4 Dot (@17%) 4 Dger® | Dy eh2(@1-2),

eSC

17
va(7) = S — T + Dye ™) 4 Dgers(r270) 4 Dreraemm) o Pyealaa=e),

x

v3(2) = g — 13t Dyer1@722) 1 Dygert(170) 4 Dyyer2(7m2) 4 prger2(-e),

p1=—eWae+1 -8 +1— 102, hy=—c"Vas+1+8+1— 10e2,
,%3:—8*1\/454—1—\/88—1—1, n4:—€*1\/45+1+\/88+1

for some unknown parameters x; and D;. The solution must furthermore satisfy

veeh w(0)=u0)=0, v(1)=ul)=0, o, > Vg, 0w S e
Thus, the solution satisfies
v(0) =0 u(0) =0 v(l) =0 u(1l) =0, (2.46a)
1)1(.%'1) = ul)ﬁ 02(1'1) = ul)ﬁ UQ(.%'Q) = 1550 1)3(1‘2) = %, (2.46b)
vi(e1) =vy(z1),  vf(@n) =vi(@1), o) (21) =05’ (21), (2.46¢)
vy(w2) = vg(72),  vy(@2) = vg(22), vy (22) = v§'(2). (2.46d)

The relations 1)%4) (x1) = v§4)(x1) and v§4) (x9) = U§4)(.%'2) follow from v € €3 and the

differential equations. However, the requirements U‘[:vl,:vz} > % and v‘[o,xl]um,l] < %
are neglected in the equations (Z40]), but it shows later on that these conditions are
satisfied for the values of € we use.

The nonlinear system (2.46]) is difficult to solve analytically. Thus, we decided to use

Newton’s method to acquire the solution of system (2.46]). Unfortunately, the required
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Jacobians have a high condition number (about 10 for e = 107%), at least for small ¢.
We circumvented this problem by using MATLAB’s variable-precision arithmetic to do all
calculations with about 64 decimal digits. As a stopping criterion for the Newton iterations
we used

HF( Zia“w i27m217x12)”+H(Di_Di+177 iQ_Diérl’xl'l_xlle’mlé_xéJrl)H S10_32'

This gives a very good approximation to the analytic solution of our test problem. A plot
of the solution is given in Figure 2.l For better visualization we stretched the region of

e=1le—4 e=1le—4

0.05F T+ -+ \
05 + -+

I I I L I I I I I I I 2 It I I I I I I I I I i
5¢ 10:¢ 01 02 03 04 05 06 07 08 09 1-10c 1-5¢ 1 0 5¢ 10:¢ 01 02 03 04 05 06 07 08 09 1-10c 1-5¢ 1

Figure 2.1.: Solution to model problem (2.45])

the boundary layers in the plots. Note, that the wedges in the plots of the solution at
10e and 1 — 10e are a result of this stretching. As in Chapter [l we perceive the strong
layers of u and v at x = 1 and z = 0, respectively. Also we notice the weak layers at the
opposing side of the domain in v and v. Finally, we observe that there is no layer in the
vicinity of the boundary of the active set at x1 ~ 2.3¢ and z2 ~ 0.69 in u or v.

First we use Shishkin meshes which only account for the strong boundary layers. The
number of degrees of freedom is denoted by N which gives us N 4+ 1 mesh intervals. We
solve the problem

uNEVN:aN(uN,w):<f—|—qN, w> for all w e VV,
oV e W aN(w,vN) = <uN—ud, w> for all w e WV,

¢~ e WY ¢ (w;) = min {max {—p "oV (2;), qa (i) } o () }

that corresponds to full-discrete scheme ([Z33)) for W& = V¥ where we enforce the upper
and lower bound of the control only in the mesh points. We solve this problem by using an
active set algorithm (cf. [Tr10]). From these computations we attained the results shown
in Figure

Next we use a semismooth Newton’s method (cf. [HPUUQ9]) to compute a numeric
solution of problem (2.25]) which fulfills the projection everywhere in .

This algorithm has to evaluate integrals with integrands of very low regularity, i.e.
integrands with wedges (jumps in the first derivative) or even jumps. To accomplish this,
we use an adaptive Simpson rule algorithm. In case of a wedge the convergence order
drops to one, so it is slow but works. In case of a jump this algorithm may not converge
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Figure 2.2.: Error of the linear FEM satisfying the control constraints in the grid points,
on one-sided Shishkin meshes (cf. Figure [I1))

at all. To circumvent this problem we add a jump detection to the algorithm, for details

see Section [A.3l
The results are shown in Figure 23]

error

&
—— [ — B

o [ [ =ty
10 H— b — B
10"} el eyl
n(N)/N n(N)/N
(In(N)/N)? (In(N)/N)?
T T

10" 10° 10° 10* 10° 10" 10° 10° 10* 10°

Figure 2.3.: Error of the linear FEM satisfying the control constraints everywhere, on
one-sided Shishkin meshes (cf. Figure [L])

These numerical results confirm the theoretical findings of an e-independent convergence
in the e-norm for the semi-discrete algorithm. We also note that even the first algorithm
shows comparable convergence, although we were not able to prove this. Furthermore, we
observe a behavior of the £2-error ||u —uf||y and the superconvergence error ||u’Y —uRIH .
that are very similar to the convergence of the corresponding errors in the previous chapter.
We observe a range of stagnating convergence when the error has the order of magnitude
of 10~ 2¢.

Next we consider a Shishkin mesh where we refine in the region of the weak boundary
layers as well as in the region of the strong ones. The results of this computations are
presented in Figures 2.4l and
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Figure 2.4.: Error of the linear FEM satisfying the control constraints in the grid points,
on a two-sided Shishkin mesh (cf. Figure [[.2))
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Figure 2.5.: Error of the linear FEM satisfying the control constraints everywhere, on a
two-sided Shishkin mesh (cf. Figure [[.2))

As in the previous chapter we now get almost second order convergence in the £2-norm
and the range of stagnating convergence does not exist. The same is true for the super-
convergence error ||u” — uRIHE.

These results indicate that for first order FEM it is not necessary to use the continuous
projection. This very costly method improves the quality of the results only marginally,
but from a theoretical point of view, this technique is rather helpful.

2.4.2. A more Complex Example

Now we consider a second example with a different admissable set and corresponding
projection

1 1
. J e 3 _ _ 1 2 —_ 2 247
min, J(u,q) = min (2 lu — 1|5 + 20Hq|!2> (2.47a)
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subject to
—eu” +V2u' +4u=5+¢in (0,1), w(0)=u(l)=0 and (2.47b)
q € Qaa = {w € £%(0,1)]qa < ¢ < g} (2.47¢c)
with
o 1=z — e 4172) _ L (2.47d)
gp = % — 5 sin(4mz) + max (1 cos(167z),0) . (2.47¢)

As in the first example we are able to apply our theory. The upper bound ¢, is chosen in
a fashion that it is active in its convex and its concave regime — thus, it seems unlikely to
get positive side effects from Qi\é C Qaq or ¢V € Qaq in the full-discrete scheme (Z33)).
Due to the complex structure — especially the nonlinearity from the projection — we do
not know an exact solution to the problem (247]). To overcome this problem we use a
reference solution on a relatively fine grid (two-sided Shishkin mesh, N = 107) to compute
the numerical errors in various norms. Because this grid is very fine we use the double-
double-precision number class from the @QD-library [HLBOS] to avoid the pollution of the
reference solution by round-off errors. Such a reference solution is depicted in Figure

e=1le—4 e=1le—4
12 T T T T T T T T T T T 20 T T T T T T T

0.8

0.6

0.4

0.2

-0.2 Qad

u
—u '
q

[ I
-06 L L L L L L L L L L L —20 L L I I I I I I I I h
0 5¢ 10:¢ 01 02 03 04 05 06 07 08 09 1-10c 1-5¢ 1 0 5¢ 10:¢ 01 02 03 04 05 06 07 08 09 1-10c 1-5¢ 1

-0.4f ity

Figure 2.6.: Reference solution to model problem (2.47])

As in the first example we apply all four versions of our algorithm. The attained results
are shown in Figures 2.7 to 210l

These numerical results correspond to the results we attained for the first example (2.45]).
Again, we see the e-independent convergence in the e-norm and the range of stagnating
convergence in the £2-error for the one-sided Shishkin meshes. For the two-sided Shishkin
mesh, we even see second order convergence in the £2-error.
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Figure 2.7.: Error of the linear FEM satisfying the control constraints in the grid points,
on one-sided Shishkin meshes (cf. Figure [I1])
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Figure 2.8.: Error of the linear FEM satisfying the control constraints everywhere, on
one-sided Shishkin meshes (cf. Figure [L.T])
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Figure 2.9.: Error of the linear FEM satisfying the control constraints in the grid points,
on a two-sided Shishkin mesh (cf. Figure [[.2])
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Figure 2.10.: Error of the linear FEM satisfying the control constraints everywhere, on a
two-sided Shishkin mesh (cf. Figure [[.2))
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3. A Singularly Perturbed
Convection-Diffusion Equation with Low
Regularity of the Inhomogeneity in 2D

In this chapter we consider the problem

Lu = —eAu+ Buy +cu= fin Q:= (0,1)% 0. (3.1)

“‘aQ =

We analyze the properties of its solution » under the relatively weak assumption
fewhe(Q). (3.2)

From the standard regularity theory for elliptic equations (cf. [GT01) [LUGS]) we immedi-
ately get u € H}(Q) N W?22(Q), although the corresponding norms may not be bounded
g-uniformly. But a proper decomposition of u with estimates of its terms will be sufficient
to prove satisfactory convergence results for the problem on a layer adapted mesh.

As we have seen in Chapter [2] the optimal state of a special optimal control problem
satisfies an equation similar to ([B.I)). Its right hand side f includes the projection of the
adjoint state. This projection entails a low regularity of f and may impair the properties
of the optimal state. Therefore, we are interested in the properties of the solution of

problem (3.1]).

We assume for the data

e € (0,8 n(0,3], (3.3a)
3 € (0,00), (3.3b)
c € €%((0,00) x R), (3.3¢)
c>v>0, (3.3d)
11,00 < C. (3.3¢)

Note we require the function ¢ to be defined and meet the requirements on (0,00) x R.
The prerequisite £ < % is only for simplifying the notation for we can use the fact |[In(g)| >
1 1
In(35)[ >3-
The assumption that the coefficient of the convective term has to be constant is required
because we use the explicitly known Green’s function of the differential equation

Lu:=—eAu+ Buy = f

to derive various estimates. It may be possible to extend this results to the Green’s
function of the problem with a non-constant coefficient as was done for related estimates
in [FK12].

In the following we construct a decomposition of the solution u. Unfortunately, we are
not able to prove sharp bounds for all derivatives of one of the used terms. However, we
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3. Equation with Low Regularity in 2D

present a numeric example that motivates that the term might behave nicely. The proofs
presented use very technical estimates of norms of Green’s functions. These estimates are
presented and used in in Sections BTl to B.I.3l Some of the integrals used in this sections
are derived in Section[A.Il Subsequently, we use this decomposition to prove almost linear
convergence of the standard FEM on a layer adapted Shishkin mesh. Finally, we present
computational results to confirm our theoretical results.

3.1. Analytic Properties of the Solution

42

Theorem 3.1
The solution u of problem [BJ) can be decomposed into four parts u = uS‘Q %—u”"’l‘Q +
uy{ﬂ + ucl{ﬂ. The smooth part u° satisfies

[0]|1,00,3¢ + Vel lloc,s + VEllug, oo < C, (3.4a)
S S
[z ll2,0 + [ty lloo,3c < Clln(e)| (3.4b)

with 3 = (0,00) x R and 8 := (0,1) x R. The outflow layer part u™' meets

[ (2, y)| + [ (2, y)] + Velug, (z,y)] < CEf (@), (3.4¢)
xT xT xT x C xT
elug (2, y)| + 2 fuga (2, y)| < CET(2),  [lugy(@,-)ll2,01) < —€i(2). (3.4d)

The characteristic layer part u¥ satisfies
(e, )] + [, w)] + Ve 9)| + el (e, p)] < C () + 1)) (3de)
and the corner layer part u¢' satisfies
0 ()| + 2l 2, 0)] + VI )] < CEF@)(E40) + W), (34)
luShllon < C=78, lugylla < Ce™t and [ufpllo<Cet. (34g)

Proof
The line of argumentation is very lengthy and technical. Therefore, we give at this
point only an overview. The details are presented in the following subsections.

We define the smooth part ° by a continuation of the problem (B.) to the half
plane H = (0,00) x R via

Lu® = —eAu® 4 ful + cu® = wpCHf =: f*in K, (3.5a)
u(0,-) =0, lim  w”(z,y) =0, (3.5b)
[l ()]l =00
where wp € C®°(XH) is a suitable cut-off function with wB‘Q =1 and w3|g{\B2(0 0 = 0.

Note we have || f*|1,00,9 < C|fll1,00,0 and supp(f*) € B»(0,0). The bounds stated
in the theorem are derived in Lemma

Next, we define a layer correction term u*! to compensate the neglected boundary
condition at x = 1. To this end we consider the problem

Lu™ =0, *1(0,-)=0, «®(1,")=—wr(-)ud(1,") (3.6)



3.1. Analytic Properties of the Solution

on the stripe § = (0,1) x R, where w; € €*(R) is a cut-off function with suppw; C
[—2,3], (AJ]‘[O’” =1 and |wy| < 1. By Lemma 321 u®! satisfies the stated bounds.

The correction term uY that accounts for the so far ignored Dirichlet boundary
conditions at y € {0, 1} is defined via

LuY =0, u’(0,) =0, uY(-,0)=—u (,0wr(-), u?(-,1)=—u’(,Dwr(-). (3.7)

Since we have u(0,-) = 0 the imposed boundary conditions of u¥ are continuous.
The estimates are provided in Lemma [3.22]
As a last step we define a corner layer by

Lut =0, u(0, ')‘xzo =0, ud|ye{0,1} = —u", uel‘m:l = —u’. (3.8)

1

Note that the boundary conditions posed on u® are continuous because the con-

structions of u*' and ¥ yield —u®'(1,0) = v®(1,0) = —u¥(1,0) and —u®'(1,1) =
u¥(1,1) = —u¥(1,1). The stated bounds are derived in Lemma [3.23] O
Remark 3.2

The bound for u*;y seems to be to loose, but consider a case where the solution can be

written as the product of two functions u°(x,y) = ¢(x)¥(y). This induces a behavior
in y-direction that is similar to the solution of

_5¢yy +cp =g, ¢(0) = ¢(1) =0.

The solution to this problem for ¢ = 4 and g(y) = 4 — 4|1 — 2y| is given by

2y—1 _2y+l
e ve —e Ve
2y —e———, y < %7
14e V&
U(y) = ,
'{/7_3 _23/7_1
e [ J— e [
2-2y++/e — y<3.
14+e V&
The second derivative of v is
( 2y—1 _ 2y+1
4 eve —e Ve <1
" Ve 1+ 67\% L
Pi(y) =
2y—3 _2y—1
4 eve —e Ve 1
E 1re® VST
e [

Obviously, this is of order e~'/2 in the vicinity of the wedge in the inhomogeneity ¢
at y = % This indicates that ugy is of order £~/2 near wedges in the inhomogeneity
that are parallel to the convection. Thus, the £°°-bound of ugy may be sharp.

Conjecture 3.3
We assume to have

a0 < Clln(e) e (3.9)
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3. Equation with Low Regularity in 2D

44

Remark 3.4
Knowing the usual pointwise results (e.g. [KS05l [Lin10, RSTO0§|) for layer terms of
the structure above it is reasonable to assume something like

and we would get the assumed bound from the previous estimates.
A further indication that the assumption may be valid is given by the numerical
example that follows. We consider the problem

—eAu+uz+u=0 in (0,10) x (0,1),
u(z,0) =v(z), wulz,1) =0, u(0,y)=u(10,y) =0,

vi(z), x € [0, 2¢],

o(z) = v (z — 2e), r € (26,1 + 2¢],
V(e —1-2e), x€ (14 22+ 2],
0, € (24 2, 10]

with the functions

yl(x) =x+ —xQ Sin\%—i_ %) )

7%(€) :=sin(€) + % sin <7§> —In(e) (& 4 2¢)* In(€ + 2¢)
vA(€) = 0%(€) — 7%(0) + 1 (2) + (1 — e7%) (v2(2e) — 7(0)) ,
(&) = v (1) (€ — (26 + 1) + v (1)E(E — 1)

|sin(107¢) | sin(107¢)
+ 10 '

The function v defined above meets the bounds we have for v (x,y)wr(z) and it
violates further smoothness in several ways. The second derivative v, is discontinuous
at {2+ L& |k € {0,1,---,10}} U{2} and in the remaining domain the third derivative
Vyze 18 Of order e73/2,

We solve this problem numerically using the finite element method on a special
tensor grid. As basis functions we use the products of third order Hermite base in
x-direction and second order Lagrangian base in y-direction, thus we get an element

with the degrees of freedom depicted in Figure Bl As a consequence the solution u¥Y

>~ *-—>
- -
*~—> *—>

Figure 3.1.: Element used for the numeric example for uY

and its first order z-derivative are continuous. Therefore, the second derivative in
z-direction is in £ C £? and we can evaluate its £2-norm by elementwise integration.

For the computations we use a Shishkin type mesh. To be on the safe side we refine
at y = 0 and y = 1 to account for possible layer terms of the form e ¥/¢ and the
form e~¥/VE. In z-direction we use nested Shishkin grids at 2 = 0 and z = 10 also
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10

10° - -
10 10 10 10 10

4 3 -2 -1

Figure 3.2.: £2-norm of u%v for the numerical example for u¥

for terms of the form e~%/¢ and e */V% and additionally we use the locations of the
discontinuities of v, as mesh points. The results are depicted in Figure

These results support our conjecture. Unfortunately, we can only compute w2l for
relatively large ¢ > C'N_!. For smaller ¢ the solution shows strange oscillations in
the derivatives. The attempt to resolve these oscillations better by refining the grid
locally leads to vanishing of the oscillations on one hand, but induces oscillations at
the rim of the refinement. Therefore, we believe this is a problem due to numerical
issues.

It remains to show a simple consequence of our conjecture for the norm of u%, and the
estimate we have for uzy:

Lemma 3.5
If we assume Conjecture holds we have

1
[uzyll2.0 < Clin(e)|e™3. (3.10)

Proof
We consider the solution of problem (3.7)) in the domain Q = (0,1)2. We can split it
as u¥ = u + 4 with

ﬁ(.%',y) =
w@) (S @0) (e VI e VI ) puS 1) (e VIO _ VT4
(P )

Using the variable transform 7 := x, g := %, Q:=(0,1) x (0, L) we get

uy(17 y)l’ -

B

~ 3~ ~ 1. ~
liggllog = etlyyllze,  lzsllg =€ 4 ltlzn and [y, =0.

Thus, the estimates above and a usual norm estimate for the second order derivatives
of the solution to the Laplace equation (cf. [LUGS]) give

~ 1. _1 ~ ~ _1
iy llze = e Flasslly g < et (Iagslly g + I7zsl50) < Cln(e)le .

A triangle inequality completes the proof. O
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3. Equation with Low Regularity in 2D

Remark 3.6

The bounds above raise the question: What happend to the corner layers from the
probably violated first compatibility condition f(0,0) = f(0,1) = 0? Numerical
experiments and the publication [Vo65] suggest that only the mixed derivative g,
tends to infinity for (z,y) — (0,0) and (z,y) — (0,1). Nevertheless, the £2-norm of
Uzy is bounded (probably not e-uniform).

Subsequently, we present the details of the proof of Theorem Bl

3.1.1. Estimates for Some Half Plane Problems
In the definition of the smooth part (3.5]) we use a half plane problem of the form
Lu=—eAu+ fuy +cu= fin H, u(0,-)=r, lim  wu(z,y) =0, (3.11)

[l (@,y)[| =00

where we have lim|;|_,, v(z) = 0. Therefore, we establish some properties for this problem
in the following.

Lemma 3.7
The solution u of problem [B.I1) satisfies

1
lullo < maX{;llflloo, ||u||oo}. (3.12)

Proof
Since we have lim,| o v(z) = 0 and lim)(; )| —00 w(¥,y) = 0, there is a ball B.(0,0)
with

1
o 50,5, 00) < max {;HfHoo, HvHoo} .

Thus, we can apply a maximum principle (cf. [GT01]) on B,(0,0) with the comparison
function w® = 7! to get

1
el 0.0y < max {;ufuoo, HvHoo}

and we have proved the lemma. O

Lemma 3.8
For supp(f) € B:(0,0), |v| < C and supp(v) C (—7,7) the solution u of prob-

lem BII) satisfies
1 1
lu(z,y)] < Ce ™, p:=+a?2+y?, «:= —5ty1t % > 0. (3.13)

Proof

We consider the domain H \ B;(0,0). In this domain u satisfies the homogeneous
differential equation with inhomogeneous but bounded (cf. Lemma [B7) boundary
conditions on H N dB-(0,0). For the comparison function w® = e~*¢ > 0 we have

Lw® = (% —ea? — &% + c) e > (—ﬁaQ — Ba + 7) e =0.

In combination with Lemma [3.7] we have established

1
lu] < max {—Ilflloo, ||u||oo} T = e,
Y
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3.1. Analytic Properties of the Solution

An important tool in our analysis is a Green’s function g of

Lu:=—eAu+ Bu, = f in K, u(0,-) = v,

lim  w(z,y) =0. (3.14)
[l ()00

that is given by (cf. [FK12, [RSTO0S])

1 e [] [~ .
g(z,y;:6,m) = %eqf [KO (q%) — Ko <qr ﬂ with

- (3.15)
q = ga T[S] = (S_§)2+¢27 QOZZI'—§7

¢3:y—777

where K; denotes the modified Bessel functions of the second kind of order ¢. Thus, we
have

u(z,y) =/j{g(w,y;§,n)f(§,n) d/\(ﬁ,n)+/Rgg(x7y;0,n)V(77)dA(n)-

(3.16)
Differentiation gives

q e [«] = ® (] T +¢& [~a]
9z = 27Tf526q6 [KO <q%> — Ko (qr € ) B mKl (q%) + rl=z] K (q%ﬂ ’
N e (M)_ (4 <r[‘”‘]>
9y = 271'826 [r[l‘] Ki\a= rl—z] Kila—= ’

In order to use these relations to get estimates for u and its derivatives we need some
properties of the modified Bessel functions.

Remark 3.9

From [AS84] we get that Ky and K; are monotonically decreasing and that the fol-
lowing holds

Vs>0:0< Ko(s) < Ki(s), Vse(0,3): Ko(s) < —Cln(s),

(3.17a)
C c
Vs>0:Ki(s) <— and Vs>C>0:Ky(s) < Ki(s) < 76 . (3.17b)
s s
Easily we deduce from this properties that
c _s
Vs> 0: Ky(s) < Ki(s) < S (3.17¢)
holds. As shown in detail in Section we have
S )2 €
Ko (qt) — K7 (¢8)] < — | Ky (¢t 3.18
Ko 09) = 281 09 < (s + o) P ) (3.18)
for v:= /52 + 2.
For simplification in writing we omit the superscript of r for s = x and define
1 e
Gl(ac,y; &,m) = 5_26qu1 (qg) and (3.19)
1 e )2 €
x . ol 1+ 2\ K . 3.20
G (ﬂf,yaf,n) 626 <T‘(’I"—|—QD) +’I“> 1(q5) ( )
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Obviously, we have

3
o yen) < e yen amd geyen < 2 @ran. (G2

Using (B3.18) we also get

9z (z, y; &,m)| <

q
2me?

T O :
= 2pet Kr(rﬂo) " 2q7“> 1 (42)
¢2 € [—]
K T
* (r[—w}(r[—ﬂ +z+¢§) * 2qr[_ﬂ> ! (q c )}

q e Y? 3
< L eat (XL = VK| (¢F
- 77826 (r(r+4p) + 2qr> ! (q"?)

< max {Z, 5.} G"(z,y:€,7). (3:21b)

o6

el

50 (02) - £ (a2)

+ ‘Ko (qr[;z]) z +£K1 (qr[:]) ”

B r[_x}

[

Subsequently, we derive several bounds for (weighted) norms of the Green’s function.

They will be used in Section B.I.3] to acquire estimates for derivatives of the solution of
problems of the form (B.14]).
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Lemma 3.10
For x € [0,¢] we have
llge (@, g5+ )13 < C (3.22a)

for ¢ € {x,y}. For larger x € (¢,1] we have
C
192(2, 43+ )lLge < Cl(e)l, gy (2,435 ) llse < NG (3.22b)

For x >0 and w®(&,n) == eV €41 e have

Clln(e)| C
2\ Ly Y5y e_,. < ; s Yoy e"_ < 3.22
9z (2, s -5 )w (- )llo¢ . gy (@3-, )we (- )l NG (3.22¢)
with ¢ := \/x% + y2 for ¢ € {z,y} and any o > 0. Finally, we have
e C T
lgy(@,y;-,Jw® ()]s < —=Ef(x) (3.22d)

for 8 :=(0,1) x R and w®" (&,n) := EX(€) ad x € (0,1).

Proof
By (B.21)) it suffices to prove the desired bounds for g, only for @Gl < G'. Analo-
gously, it suffices to show the bounds desired for g, for G! or G*.

The rest of the proof is a modification of the proofs in [FK12]. In analogy to
this reference we split the domain of integration H into two subdomains €4, Q9 (cf.
Figure B3]).

More explicitly we define Q; := {({,n) € R2‘4p < max{e, %}} where we used the
definitions ¢ = ¢ — £ and ¥ = y — 1 from above. Via the transformation to polar
coordinates (r,1) and the relations (cf. Remark [3.9)

p<e+l<etl and Ki(s) < Cs e
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O

we get

0<eI5K, (¢) < C—et <
qr qr T

Thus, we conclude
1 27‘(‘ 1 @
1G™ (@, 95+ )10, _/ / —eq K1 )rdﬂdr

27r ~
g/ / —e_z_s dddr < C.
0 0o €

The first bound ([B:22al) of the lemma follows since we have Qy = & for x < e. Using

the techniques above and the triangular inequality /&2 +n? > /22 +y2—r=p0—r
we get the bound

00 Cv g 2
G (2,3 )W () 11 g/o —e is/o w dY dr

3

S@</ P e G r)dr—i-/ e%dr>
g 0 0

A~

§C< —ae 4 o= L) < Ceee,

We start the estimate of the norm including the weight w®" by noting

z 1 B(1—x)

2
IG s (s = 3¢ [ @ (aF) e dde),
1

To obtain the desired bounds we split ; N'§ again into subdomains Qy,, Q1 (cf.
Figure [3.4]).
In Q4 := {(5,77) € R2‘|go| < max{e, %}} we have
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3. Equation with Low Regularity in 2D

Qla

Figure 3.4.: Splitting of

and receive similarly to the estimates above

_B0=2) e ar
1G (2, ;- Yt (-, 0, _—e / e-E g
6(1 D) - dr < Ce_ﬁ(l;z).

In Q = {(5,77) € RQ‘—l < ¢ < —max{e, %}} we use the variable transform
P = —p to get

) —e o0 9 2+2§ .
H\WG (z,y; -, w € .00 _/ / 1/} e? K (QE) dyp dy

e z>/ /00 Y gme Ky (2) dudg

6%\

—Hs )// €2~eq 2Ry () dopdg.

The remaining integral coincides with an intermediate result in the norm estimates
on the domain €25. Using the results presented below in (3.23) for Q9 we receive the
estimate

z C Ba-=
IELGY (@, s, Yl (Y, < —=e 5

NG

Next we analyze the integrals on €y := {(5,77) € RQ‘maX{e, %} <p< ﬂ:} As
in [FK12] we estimate by using the relations

L5y = K1 (q )<C\/—€ 9,
€ € qr
p<T=Vp*+y? < V1T,

— S__a
0><p—7":90 ! de d:=1+v17.
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3.1. Analytic Properties of the Solution

Thus, we have

0 < els Ki(¢t) <C Lt <o ] e qdw
\ qr \ qp

We use this to estimate

16 (z,y; - WmSC/F/ —wQKu )de

of I

C
= C'/€ NS dp < 7 (3.23)

for x € [0,1]. This result implies immediately

x T C _pl-x
156 @y )0 (g < IHE @ pi gl (e < 2™

Similarly, we obtain

x 1 _ Y?
15725+ s.on SC/ / <53/2 5/2 \/g<p3/2> e Tdep dypdyp

< c/g ~dp = Cl(a). (3.24)

From |y| — |n| < |y —n| < 4(z — &) < 4z in Qo we conceive |n| > |y| — 4z. For
ly| > 5x we have |n| > x and deduce

2 1 2 lyl _ 1 Loy >

VEZ £ 12> |n| > 4o > ¥4 —
&+ =l = |yl = 5 = U y \/—
Hence, we have [[w®|| o, <e ~V2? and conclude

C _ o
Hgy(x7 Y5 ')we('v ')HLQQ < Hgy(xa Ys ')HLQQ HweHOO,QQ < %6 \/%g7
g (2,50 ()l y < Nlga (.95, 10, < Cln(e)]e” Va0
So we are left with the case |y| < 5z. Using the first part of ([8.24]) we receive

T ~ 1 — w—Q —«

/;e‘wdtp Ce™ ax[El(@l‘) Ei(aa)}

£

where Ei denotes the exponential integral (cf. [AS84]). Furthermore, we know

1 . Ooozx = oz
—e :Z :—+()é+ Z nz:lm

X n=0
. alz"
= Tar < —. 3.25
€ Z nn! T ax ( )

n=1

51



3. Equation with Low Regularity in 2D

52

Therefore, we conceive from the series expansion of Ei the estimate

IG™ (2, ;- )t (5| gy < Ce™ (111(95) —In(e) + ) a”w")
1
< @)l ( )| <C\/7‘ln( e)|

Analogously, we can estimate using the first part of ([B.23]) as follows

x e e Y g2 —o
||@G (x,y;.’.)w (3')”1,92 SC’/€ /0 me 9acg ¢ 5d¢dg0

=Ce e’ dy

)
/e 2q\/Ep
cd
= 2 [ Lo {erf(i ar) — erf(i\/aa)]
2q V ac
where erf denotes the error function. Using the series expansion of the error function
(cf. [AS&4]) we get

ar n+1 n+1

LG (e Yt (e, < S
|’rG(x7y77)w(7)H1792—\/ge [\/_Zn|2n+1 Z 2n+1

= ez Z n—l—l'_\/_ \/_

Combining the results on the subdomains, the lemma is proved. O

Lemma 3.11
For z € [2£,1] and w'(¢,n) := max(—1n(¢),1) we have

g2 (2, y; -, Jw' (-, )l g < Clln(e)] (1 + |ln(x)|> (3.26a)
and for x € (0,2¢) we have

g (2, y5 - ' (-, )l ge < Clln(a)] (3.26b)

Proof

As in the previous proof it suffices by (3.21]) to prove the desired bounds for G* or G*.
First we consider the case = € [2¢,1]. We will again split the domain of integra-

tion H, but this time into three pieces ; (cf. Figure B) with

O = {(5,77) € (x —e,00) X R} C Qq,
Qg =0y = {(5,77) € RQ‘maX{e, %} <p< ﬂ:} and
(= {(&m) e RYe < p < wndp <Jul} C .

To establish the following bounds we use the calculations and estimates we obtained
in the proof of Lemma [3.10



3.1. Analytic Properties of the Solution

7
vt
'A :IL, ¢
Q3
Figure 3.5.: Splitting of the domain

We start by estimating

G (2,5, )0 () g, < IG (@43 e llw!ll g, < Clne)].

Furthermore, we get similarly to (8:24]) the bound

<C

HG:B('%'7 Y-, ')wl('a ')HLQQ

/:é(l—ln@

Nap—c [ L-BE=Eg,

= C<ln(x) —1In(e) + In(z) In (%) + dilog(0) — dilog (%))

where dilog denotes the dilogarithm (cf. [AS84]). From

k=1

we get

1G7(, 5 Yl (-l g, < C <|ln(6)| +In(2) (In(e) ~ In(x)) +

dil <N 22T
dilos(s)] < 3k =T

2

for s€0,2] (3.27)

12
3

< O|ln(e)] (1+\ ln(m)]>.

On Q3 we use

dp < Y| =

and r > ¢ to estimate

[€ r
0< eq%Kl (qg) < els q—re*qg <

r= Vel 9> V! 1607 = V1T

\/Eeqz (ﬁ*) = \/Ee\/ﬁqz
qr qr
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3. Equation with Low Regularity in 2D

with ¢ := %1 > 0. Thus, we get from r > %(|gp| + |¢]) the bound

16 el g, < [ [ e ™ (L e - ) ava

< / / ST (1 m(©) dyae
:/m - q—’5‘<1—1n(§)) de
0

E—1—i—Ei(g(ulc—e€)>—’ye

where 7¢ ~ 0.58 denotes Euler’s constant. In (8.25]) we established

o o~
_d q"x" 26
e et —

‘ 6”nn! ~ qr

and from [AS84] we know
o sn
Ei(s) = +° +1 i
() = +Inls) + 30 2
n=1
Therefore, we conclude using the monotonicity of Ei that we have

~ e ~ - q
1G (@i, Yol (), g, < C + G (Ei (22) = =1 (1) = ez (e —e))

IN

C+Cei% (111(36) + T _ 2o In(x — a))
1 !

IN
@}
Q2

4 <2£ — e (e — g)> < Clin(e)].

Gz
Next we analyze the case x € [0,2¢]. In this case we split the domain of integration
into

Q= {(5,77) € (%,00) x R} CO and Q:= {(5,77) € (0,%) x ]R}.
Easily we get

IG (@ ys - )w' () g, S NG @ ys ) gy 1wl g, < Clln()].

00,1

On Q5 we use

0<t<Z<e |Kis)<-e and (e—&)+ < V2r

|8

to get
— In(
IG (2,55, w' ()l g, < —/ / - lweqé‘; dé dep
:_/ /Hw x+¢_8)67q2sdsd7/)

== / dilog(0) + In(z + ) In <xi_:f> — dilog <1 — wﬁf)] 43 dy,

o4



3.1. Analytic Properties of the Solution

For z < 1) we have

£_|_¢
0>ln<;+w> Zln<%> zln(%)

and for x > 1 we can estimate

£_|_¢ T
0>ln<;+w> >ln<2x):ln(%).

Using the bound (B:27)) of the dilogarithm, we conclude

wla

ualu,y;-,->wl<-,->umggC/ ( +1nx+¢>1n<+w)>eq;zd¢

o
<= < 5 +n()n (%)) / ™3 dyy < C|ln(z))|.
€ 0
Combining the results for the subdomains we have proved the lemma. O
Additionally, we will use an approximation of the Green’s function for the problem
Lu=—eAu+Pu, = fin8=(0,1) xR, u0,-)=0, wu(l,-)=0. (3.28)

Defining the approximation

. ] 1 e [—2+a] [2—a]

(24 rl—2-a]
o (#27) - o (4)

with g(z,y;0,m) = 0 and g(z,y;1,n7) # 0 of the Green’s function of problem ([B.28]) we
have the representation

u(z,y) = /S 3y € m) F(Em) dA(E ) — /R 3@,y Ln)ua (1, ) dA(p) (3.29)

for the solution u of problem (3.28]).

Corollary 3.12
Obviously, we have

q\wl Gla

|§y(xay;£a )| — ay : 5577) (330)

for (x,y) € 8.
Since all estimates for g, in Lemma [310 were deduced using |g,| < C‘—f‘Gl, they
are also valid for g, on 8 C H:

Gy (z, 55 )ls <C for x€0,¢], (3.31a)

13y (35 ls < % (3.31)

1y (2, ys -, ) (- )lls < \/—_ and (3.31c)
(o310 (s < 8 a). (3:314)
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3. Equation with Low Regularity in 2D

Lemma 3.13
We have
_B8
e 2

e B (3.32)

gy(x,y;1,)[1r £C

for (xz,y) € 8.

Proof
Differentiation gives

~ 4 gl Y (3+2)2 442
1,n)| = a2 K
‘gy(x7y7 777)’ 27_(_526 (3 T ,13)2 T ¢2 1 <q e >
N Y K (q (3x)2+w2>
B—a7 +v? 5
q S A /4+w2
= 27T€2e TR <QT>

fOr T € [07 1] []Slng Remark “1} we can eS‘imale
—x A/ 442 —x Vv
1E <q w > < C - 4: 'll)2 .

’gy(%% 1777)‘ S
3

2me?

Integration leads to

~ C _ 1= 1 _2q v =T
Hgy(ﬂ%y;l,‘)ul,R < ;6 EE [/ e d¢+/ e 9= dq}[):|
0 1

C 11—z 2 V5 20 3—=z e 2 1—x
< —e 7 e de e < —e T <20 e P = O
€ €

Later on we will use information of the solution of

—Au=0inH, u(0,y)=r(y), lim  a(z,y) =0. (3.33)

Il (z,y)[|—o00

The advantage of this problem is the simple structure of the associated Green’s function.
It allows us to get a sharper estimate for the norms of the derivatives.

Lemma 3.14
If |[V|l1,00r < C holds we have for the solution u of (B33)) the estimates

S
u(x, < 7llv and |y (x, <
| ( y)| = H HO,OOJR | 5’3( y)| — {CCC_l, T Z %

Proof
By using the Green’s function

1
gA(CU,y;fﬂ?) = %ln <T[x}) ) gA(x,ya 5,77) = gA(x,ya 5,77) _gA(_x’ya 5,77)’

we have the representation (cf. [GTO01])

i(a,y) = / " g2 (e ; 0, () dn = / Ty — ) do,

o6



3.1. Analytic Properties of the Solution

Consequently, we can estimate

[e.9]

~ X o)
)| < oo | 256 = [l [arctan (£)] ™ = llocos

—00

for x > 0.
Also, we have

%(m,y):/ 68 (2,0;0, )y — ) dip = /

and conclude for x € (0, 3)

ey e— (y)—/fu’(y—s)ds)dw'

001/12
[T -0 sty )]
_ a2 42
H/ v wdw' "o Ly
2 2
s [ wdw/l wrf )

< 6(4 + |ln(x)|> < Olln()|.

Ql

For » > % we have

o0
eyl <c |
0
Remark 3.15

The logarithmic bound in Lemma B.14] is not caused by improper estimates, but a
sharp bound. This leads to the result, that the first derivative in x-direction is not
bounded near the edge z = 0. In fact for v(y) = |y — 1| + |y + 1| — 2|y| € Wb we
have

itr.0) =~ [ = (= A+ 11 2) an

_ym(x2 47
4 1 2 1
= _;/0 %_i_nz(l —n)dn = - <xln(x2 +1) — 2z In(z) + 2arctan <E>> .

Differentiation gives

ta(0) = 2 (@2 + 1) + 22 o) —2- — 2
x\L) - x2+1 (1+L)x2

2

Sl 3w

<ln(az2 +1)— :c;:— i 21n(x)>

and we can see, that this has a logarithmic singularity at = = 0.

o7



3. Equation with Low Regularity in 2D

3.1.2. Estimates for a One-Dimensional Auxiliary Problem

Later on we use some one-dimensional estimates to acquire sharp bounds for z-derivatives
of solutions. To that end we consider the auxiliary problem

LWPw = —cwgy + fw, = g, w(0) =wy, w(1) = wy. (3.35)

The techniques we use to prove the following lemmata are modifications of the proofs
presented in [KT78] that we also used in Chapter 21

Lemma 3.16
For ||gllec < C and |wo|+ |wi| < C we have for the solution w of [B.35)) the estimates

lwe(z)] < C (1 +e '€ (x)) and |wee(z)] < C (e +e%Ef(x)). (3.36a)
If additionally ||g||1,00 < C holds, then we have
(Wae ()] < C (14e2E5(2)) . (3.36b)
Proof

It is easy to check that the solution w is given by

w(zr) = —/: w(§)dé+ Ky + Ky (eiﬁlfz - 67§> with

(—

1 o5 —<
i) = [ #ac

3

First we note .
wo=w(0) = - [ a(€)d¢ + K.
0

Using the prerequisites on g we deduce

L gl SE " glloo _pi=e
Kol < funl + [ [ A= dcdg = o+ [ B (1o ") ag<c
o Je 2 o B

Thus, we derive
lwy — K

_8
— e ¢

|K2|: <|w1|+|K1|§C

For the first derivative we estimate
1 —x —x
/ Mefﬁ% d?]—FKgéeiﬁlT
z € €

< —HgHOO <1 — 6761%1) + ]Kz’ée*ﬁlfz <C <1 —|—€71€7B17Tz) .
€

|we ()] =

- B
For the second derivative we have
1 — X 2 — X
|Wae ()] = ‘__g(x) +/ _ﬁg(277) e P dnp + Kzﬁ—Qe_Bls ‘
€ . € €

—x 2 —x —x
< lglloe | Nl (1 — e P ) + IKzlf—Qefﬁls <C (5*1 +e*26*5%).

o8



3.1. Analytic Properties of the Solution

Using the derivative of g we can sharpen this bound as follows
1 n s 2 _x
ol =[-22 4 [ 5 (s + [ (@ a6) 2 ans e
— 1 ! —x 2 1—x
e+ / L‘;HOO (n—2z)e P dn+ K2§—26’5 :

2 / 11—z
 lole U i Bl [ 01,
€ 0

IN

62
ellglloo + B2 K| —prze , 1 1-2 gie 1 41w
= = + 119l i L
gc(1+s— e—51§x>. 0

Lemma 3.17
For |g(z)] < C <e_ﬁf + al) with 1 > 0 and wy = w1 = 0 we have

lw® (2)| < Ce'F (e—ﬁf +el 4 em ﬁl?) (3.37)
for k € {1,2}.
Proof
Similarly to the previous proof we consider the solution representation
1 . 1 e
w(z) = —/ () dE + K (1 ~ e—ﬁlT> where (&) = / 9T E e
T 13 9
From the prerequisites on g we deduce
1C <e_5§ —|—el> 6_5%
‘w(f)’§/§ . dC<C( s—i—a) and
B g(&) 1 _g¢ | 1
=|= — == <<C|-e": .
(€)= | Zu(e) - L8| < 0 (10t 4 e
The boundary condition at x = 0 implies
n, min{l,1} )
|K| fO | < C&’ . < Cemm{hl}‘
_e 5 1—e =

Using this estimates we get

lwy (x)| = () Kéefﬁlg < C( = 4 el 4 gmin{i=1.0} - > and

€
2 v 1 _ge : o

poae(o)] = [(0) - ke 05| < € (L0 et om0

Lemma 3.18

The solution w of the special case g(x) =1 —1In(1 — ), wo = 1, w; = 0 of B37)
satisfies

0 < w(z) <C. (3.38)
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3. Equation with Low Regularity in 2D

Proof

By applying maximum principle we conclude from g > 0, w; > 0 that w(xz) > 0 holds.

Again, we use the solution representation

' 1= L g(Qe" =
w(x) = —/ w(€)d¢ + K <1 - e_BT> where w(¢) = / = d¢.
T 13 9
From the boundary conditions and
1 1 Bt
o< [o@ae= [ (1-ma-0) [ de d¢
0 0 0 €
! 1—e B2 2
= 1-In(1-¢))———d( < =
/0 (1-mi-0)—; 3
we conclude )
Jo w(&) d€ +wo +1
|K| - : B >~ B B S C
—e ¢ 1—e"c¢
Since we know w(§) > 0 we conceive
1 1 9
o< [Co@de< [ de <
T 0
Thus, we conclude w(z) < C.
Lemma 3.19 )
For |g(z)| < Ce =" and |wo| + |wi| < C we have
W (@)] < Cere (3.39)
for k € {1,2}.
Proof

The solution w is given by

&' (§)] = |Zw(€) +

9@ | o pEte iz
5 5 '

The boundary condition at x = 0 implies

[ K| = |w(0)] = [wo] < C.
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3.1. Analytic Properties of the Solution

From the estimate of @ from above we get

1 10 1_ C
. C —pi=t ¢
/ow<’5)d§‘§/o “e M ae< G

and we obtain, using the boundary condition at x = 1,

- fol w(§)d§ — Ko +wy

< C+|K2|+B|UJ1|

|K1| = 3 <C.
1—e= 1—e=
Combining this estimates we get
—x C —x
we(x)| = |—w(x) + K1—e™ E §—67516 and
we(a)] = |~(e) + Ky 25| <
2
o ~/ /8 _Bl—x C _Bl—x

|Wae ()| = ‘—w (x) +K1€—2€ = | < =¢ 7 E O

3.1.3. Estimation Details for the Solution Decomposition

We recall that the smooth part u® is defined via problem (3], a prolongation of the
differential equation to the half plane 3 = (0, 00) x R:

Lu® = —eAu® + ﬁuf + cu® = wBng = f%in K,

u®(0,-) = 0, lim  w(z,y) = 0.
[I(z,y)[|—o0
Lemma 3.20
We have
411,003 + Ve Uz, lloos + VEllugyllose < C and (3.40a)
[uZ, ll2.0 + 1uZyllo,3c < Clln(e)]. (3.40b)
Proof

Note, we have supp f* C B3(0,0). Applying Lemma [3.8] to the differential equation
problem ([B3) we get |u¥| < Ce™*?. Reordering the differential equation leads to

—eAu® —{—Buf = U —cu® =

From |f**| < Ce™*? and the estimates for the Green’s function of this problem pro-
vided in Lemma [3.10] we conclude

1 lloo 0.0 x < I/ loollge (2,53, )y < € and

~ C
S e
U\ T, Y ch T, Y5 )w - 1 <
[ug (2, 9)] < Cllge( Jwe (-5 N
for ¢ € {x,y}. Therefore, we can differentiate the equation (3.5 and receive
Luf = —eA(ug) + B(uf)e + cuf = f¢ - ccu®, (3.41a)
]u?(O, I <C, lim  u¥(z,y) =0 (3.41Db)
l[(2,y) |00
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3. Equation with Low Regularity in 2D

for ¢ € {z,y}. Hence, we can apply Lemma B.7] and receive

s s
[0z oo + lluy lloo < C.

Reordering the terms of ([B41]) gives
—6A(u5) + ﬁ(ui)z =fy - cyu® — cuf =: f*Yin K,

S( ") 0, lim Ug(l",?/) = 0.

uy =
l[(z,y)[|—o00

Since we know already ||f**¥||c0c < C we can apply Lemma B.I0 to acquire
C x € ]0,¢]

S uk ) s €]y

U xz, < k4 Ty Y5y <

5o )] < 17 o g5, {Cun(e)" ool

C
)] < 17" ool gy (34 )y < - for w € [0,1)

Due to the nonzero boundary condition for the differentiated problem for u2 we can
not apply this technique to get bounds for ugl, We circumvent this problem by the

splitting
La= v, a(0,) =

. 0
s i i i ’
x,)) =a(z,) +a(x, ) with
(z,-) = a(z,-) + a(z, ) LWa=cus, a(0,-)=0, a(1,-)=0.

1o < C and Heugynooﬂ < Oy

From the previous calculations we know || f**
Thus, we can apply Lemma [B.16] to acquire

|zlm|§C(1+6’28:f(a:)> and  |fias] gc(g*he*%ef(x)),

which gives the preliminary bound

S, (e, )| < C (7% + 272 ().

For z € (2¢,1) we estimate by considering the problem

—eA(Wd) + Bud)y = 4 — cpu® — cu =: f% in K,
us(0,-) = V%, lim  u(z,y) =0
[l ()| —o00

which we receive from reordering the terms of (3.4I). Note that we have by the

estimates above

1% 11,00, = 1145 (0, )lloo g + 1142y (0, ook < Cs [If o < C.

Now we split u2 = @ + @ in two parts satisfying
lim  a(z,y) =0,

—Au = 0, &(0’ y) = Vx(y)’
Il (zy)[|—o00
—eAl + By = f*° — By, u(0,y) =0, lim  4(z,y) =0.
Il (@, y)[|—o00
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3.1. Analytic Properties of the Solution

From Lemma BI4 we know |—eAd + Bi,| = Blig| < Cmax(—In(z),1). Thus, the
Green’s function representation gives with Lemma [B.TT] the estimate

[aa (2, )] < Cllga(e, ys - )w' () s < Cln(e)|(L + [n(2)])-

Combining these results we obtain

c
’uS < %, X S 26,
T Cn(e)|(1 + [In(z)]), @ > 2e.

By integration we receive
luzzll2.0 < Clln(e)]. O

Next we recall the definition of the layer correction term u*! given in (B.6])
Lu™ =0, u™(0,-) =0, u(1,))=—wr()u’(1,").

Lemma 3.21
For u*! we have the estimates

™ (@, )| + [u2 (0, )] + VL@, y)| < CEF (@), (3.422)

C
elug! (z,y)| + €*ugs(z,y)| < C&f(x) and  |lugy(z, ), 0,1) < —€i(z).  (3.42b)

rxr

Proof
B

. . . .. . . . _pgl==z —
By application of maximum principle with comparison function w® = e #= — ez
and successive differentiation in y-direction we get

_pl=z _B
O (@,y)] < 1050 oo (7715 = %)

for k € {0,1,2}.
Reordering the differential equation leads to

LWy = —c®L 4 pull = au;“"; —cu™, w0,) =0, w(1,)=uw1(").

Since |v1(y)| < [|u™ || < C we can apply Lemma to acquire

|O5u™ (2, y)| < Ce™ ef(x)

for k € {1,2}.
To obtain bounds for the mixed derivative, we split u*! = @ + @ with
Li =0, @(0,-) =0, a(1,") = —wru® and
Li = —cu™, @(0,-) =0, a(1,-) = 0.

We estimate @ by differentiation of the differential equation and receive

f/zly = —cyu““"l — cqu1 =: f, Uy (0,-) =0, Uy (1, )

f’ﬂyy = fya ﬂyy(oa ) =0, zlyy(l, ) =

0, (3.43a)
. (3.43b)
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3. Equation with Low Regularity in 2D

64

From the previous estimates we know |f(z,-)| + \/E|fy(x, )l < C&EF(z). Applying a

. .. . . . _pl= _8
maximum principle with comparison function w® = (1 — z) <e BIEE e s) to each
problem of (3.43]) we get

[y (2, )| + Veliyy (2, )| < CET(x)  and  |iigyy(1, )] <

Sl

Next we apply the Green’s function representation formula (3:29)) to the differentiated

problem (3.43D))

iy () = / 3y (.1 €.0)f, (€, m) AN(E, ) — / Gy (@253 1)y (1,m) dA(D)
8 R

and deduce from Corollary and Lemma [B.13] the estimate

. C /- . 8 C..
()| = = (13000057, 0% g + 130,051, )z ) < €7 @)

Hence, we have
L4, = —cllypy + Blizy = f + ellyyy, 1y(0,-) =0, d,(1,-) =0

and conclude using Lemma [B.16] and Lemma B.19 that

infe)] < € (2810 + 810 < Cei@

holds.
To get bounds for @, we use techniques similar to the proof of [NKS09, Lemma 3.1].
We define the Fourier transform in y-direction via

. 1 i ~
Fu(z,n) = E/Re W (z,y) dy.
Then, we get

0= F(Lit) = —eF(i1)aq + BF (1), + e F (i),
St(ﬁ)((), ) =0, St(ﬁ)(lv ) = St(_wfus)(lv ) = D()

Consequently, we have

(8+VB2+4e202 ) (1-2) 5 (—p+VETFa22 ) (14a)
~ . e 2e —e e 2c
F(a)(z,n) = v(n) ) N
—e B

and

i) (a.m)] = W @atar )] < S pm)€5 (@) = < |9 ((wru®),) (o, m)] €3 2.

From this formula we get by Plancherel’s theorem immediately

_ - C
[ty (2, ) oz = 1T (@ay) (@, o < —llwfu® + wrug o €T (2)

C

€

~

C x x
< —[[u® (1) 1 0,-12) ET (@) < —Ef (). m
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3.1. Analytic Properties of the Solution

Recall the definition ([B.7)) of the characteristic layer correction at y € {0, 1}
Lu’ =0, w(0,-) =0, u(-0)=—wr()u’(,0), w(,1)=—u’(,Dwr(-). (3.44)

Note that the boundary conditions are continuous because we have u(0,-) = 0.

Lemma 3.22
We have

u (2, y)| + |uf(z, y)| + Veluy (@, y)| + eluf, (z,y)] < C((":g(y) + 331’(@/)) (3.45)
for (z,y) € Q.

Proof
Since we know |u®| 4 [u3| < C and u®(0,-) = 0 we apply a maximum principle with
w® = &Y (y) + &1 (y) to acquire

(-, y)| < C(E4) + VW) )
Additionally, we can apply on 2 a maximum principle with w® = x(gg(y) + Szf(y)) to
get

[us(0.9)] < C(E4(w) + & W))-

— WIIUS{ we can use a maximuim

8
wluﬂc{ ye{0,1}

: Y _
Since we know ul“ye{o,l} = yelo1}

principle on the differentiated equation to prove
[ub(@,y)| < C(L+ ) (EDw) + €YW) )

To acquire bounds for uj we split v¥ = @ — 4 with

VI V3 VI _ T
a(z,y) = u(z,0)wr(z) c ¢ — + u’(x, 1)w1(ac)e f . (3.46)
1-eV? l1—eVe

)

Thus, we have
|La| = |Li| < C (ellufylloo + 1uf]loo + [[u” o) (€5 + €) < C(EF + €7)

and
u(0,-) =0, a(-,0)=ua(,1)=0.

Hence, we can apply a maximum principle with comparison function

—y/Iel=y + 6—\/@(1—11)

llelloo

1+e €

w? = % ye_\/?y +(1- y)e_\/?(l_y) e VEE
€

to deduce
iz, y)] < w®

and conclude

o

144 [0, (0,00)x 10,1} < NIty llso,0,00)x{0,13 T 1y lloo, (0,00)x 40,1} <
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3. Equation with Low Regularity in 2D

We use uj(0,-) = 0 and a maximum principle on the differentiated equation and get

C

20+ () + ).
For the second order y-derivative we have by aljuﬂ(

k €{0,1,2} and the differential equation

Juy (2, y)| <

0,00)x{0,1} — _alzg(wlus) for

ellugylloo,(0,00)x 0,1} = | —Eufy + Buf + cu?|| o (0,00) % (0.1}

< C (elluylloo(0.000x {013 + 1151100, (0.00)x {0.13) < C-

Thus, we have

(e + e,

ugy(oa ) =0, ||u2y||oo,(0,oo)><{0,1} = ;

]Luzy] <

and conclude using a maximum principle
C
[y (2, 9)] < —(1+2) (€5 (y) + €1 (y))- .

As a last step we recall the definition ([B.8]) of the corner layer correction
cl cl _ cl _ _,rl cl — Y
Lu® =0, u ‘:v=0 =0, u ‘ye{O,l} =—u", u ‘le = —u’.

Note that the boundary conditions posed on u! are continuous since we have —u®!(1,0) =

u¥(1,0) = —u¥(1,0) and —u®(1,1) = v5(1,1) = —u¥(1,1).

Lemma 3.23
We have
0 )+ el ()| + VEREH ()] < CeF@)(E30) + €YW), (347a)
5 3 1
[ugillag < Ce™@,  luGyllen < Ce™ and  |ug, llag < Ce™d. (3.47b)
Proof

From a maximum principle we get
[ (2, )] < Cem 207 (7VEV 4 VAW,
We split u¢! = @ — 4 with

w(z,y) = (uy(l,y) - Y(u”ﬁl(l,O),u”Cl(l7 1),y))X(w) + Y(uwl(ac,O),uzl(x, 1),y),

_Bu_gy B r(e_\/gy—e_\/g)+s(e_\/§(1_y)—e_\/¥)
X(x) =——7F—= Y(r,s,y):= = .
l—e™ ¢ l-e Ve
Using |—eul), + Bul!| = |euly — cu™| < CE&f we conclude

|La| < |—eu, +cu?|X + CY (1,1,)X + |—eugy + fug ' [Y (1, 1,-) + [u™ [Y (L, 1)
< CET(EY+&Y).
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3.1. Analytic Properties of the Solution

Hence, 4 satisfies
i = |Li| < C&1(x) () + VW), g = 0. (3.48)

We apply a maximum principle with comparison function

wf = (1—a) (72070 - 2) (VA 4 e VEIW)

to (B.48) and acquire

_B
], < €= (e VE 4 eVEID) ang

e

fita],_,| < C (e_\/éy + e‘\@(l‘y)) .

Similarly, we use a maximum principle with comparison function

_Jlelloo _ Clloo (1
c— @ (ye_\/?y—l—(l—y)e_\/?(l_y) —e_ﬂe \/Tyﬂ \/T(l y))

v -l

w
1+e

to obtain
- < C _8a_g
‘uy{yE{O,l}‘ = _\/Ee : .

Thus, we have

|LuS| = |e,ut| < CET(EY + €Y), S| < ;Eﬂf(&g +¢&Y) and
(& C xT C C x
| Luy'| = leyu'| < CET(E] + EF), St | < —=E% (€4 + EY).

NG

Application of a maximum principle gives
9 _
el (z,y)| < 02— Le~20-2) <67\/§y n e*\/?(lfy)) and
€
)) ‘

o5 )] £ 02 L) (VB VO

For the second order derivatives we use the splitting u¢! = @ — @ again. Thus, we
have
At = Au + At = e (Bul! + cu™) + iy + Uy

We use the variable transform Z := z,j := /gy, Q := (0,1) x (0, /) and get
_ _ _3 _3 1. 3
sz + agglla,g < Be™Tlug |20 + lleloce™ T [u 2 + eTl|tnsll2g + e~ Ty 20
< Cce L

Thus, the usual norm estimates for the second order derivatives of the solution to the
Laplace equation (cf. [LUGS]) provides

~ 1 5 ~ L B
”uxxHQ,Q =c 4 ”uiiHQ,Q < Ce 4, ”uxyHQ,Q = c4 HuigHQ,Q < (Ce 1 and
- 3, 1
[dyyll2,0 = €4 ||uz}§||2,g < (Ce 1.

A triangle inequality completes the proof. O
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3. Equation with Low Regularity in 2D

3.2. Error Estimates for Bilinear FEM on a Shishkin Mesh

We use a Shishkin mesh of the form depicted in Figure B.6] where we split the domain in
a course part and several finer subparts to compensate the boundary layers. In every part
of the splitting we refine with an equidistant tensor grid using N/2 and N/3 intervals in
x- and y-direction, respectively.

1
Qy Q.
1—-o0y
Qo Qg
oy:=2,/£InN
Q, Q.
OO 1—0,1
Oz i= 2% In N

Figure 3.6.: Used Shishkin Mesh

We denote the mesh width in the coarse subdomain by H € O(N~1!). The fine mesh
width in z-, y-direction in €2, Q, we denote by h, € O(eN~!InN), h, € O(/eN~1In N),
respectively. Additionall, we define Q. 1= Q, U Qc, Qoy 1= Qo U Qy, Qye 1= Qy U Qe
and Qg = Qg U Q;, the subdomains with equal subdivision in either z- or y-direction.
Furthermore, we define Qg := Q2 \ €, the subdomain without the corner sections.

Theorem 3.24
Provided the solution u of problem [BI) has a decomposition as in Theorem [3.1] and
Conjecture we have

lu —u!|. < ON~ n(N). (3.49)

Proof
By standard anisotropic interpolation results (cf. [Ape99]) we can estimate

lu¥ =l < CHu |12 < N7,
[y C (hellut 20,0 + Hl[uZY|2.0,.) < Ce2N~'In(N),
[|uY —uy1||2,ﬂ . O(H ulall2,0p0 + Hhylludyll2,0,. +h§‘|ugy”279yc)
Cei (Jn(e) N2 In(N) + N2 In*(N))
ut — u o, < O (B2uk a0, + hahyluSh 2. + B2 IIuShl2.0.)
< Ce1N"21n?(N),

I ~
|uS — uS |1,2 < CH|US|2,2 < 08_%]\[_1,

| /\

ll2,0..

IN

, 5
™t — ™ 120, < C (hellufslla.g.. + Hlubyl20.. + Hlujll20..)
08_%N_1IH(N),

IN
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3.2. Error Estimates for Bilinear FEM on a Shishkin Mesh

[ — w1 0.0, < C (H|ud, |20, + Hludyll2.0, + hylludyll20,.)
< Ce1|In(e)|[ N~ In(NV),
ut — w100, < C (halluih oo, + hyllushllzg. + hyllush|l20.)
< Ce"iN"'In(N).
Using the decay of the boundary terms and inverse estimates we furthermore derive
lu™ = w00, < 2]t |oo00, < CN 72,
ut — ux11|1,2,90y < |uﬂ|1,2,90y + |uzll|1,2,ﬂoy
< Uz la,00, + 15 12,000, + 2P 16" ooy, < Ce™2 N7,
[u? = 1" [l2,00, < 2[|6¥]|oc,05, < ON,
I = u)al2.00, < CHJull2.0,, < Ce1|ln(e)| N7,
I = D)y ll2,000 < [0 ll2,00, + 64 [|2.00,
< [fublla, 00, + 2H [0 oo 0, < C27IN72,
ut = w1200, < 200 o000, < CN72,
1w = w2000, < 166 12000, + 2y M4 |oc,00,, < Ce™ 2N,
1w = u g 2,00, < [utl2g, + 2H " uloog,, < Ce 2N,
1w = e la0, < Jullzq, + 4y 2.0,
< 2, + 2V A Q)b i o, < CeT2NTL
All this estimates are attained using well-known techniques used e.g. in [Linl0]. O

Theorem 3.25

Assume the solution u of problem (BJ)) has a decomposition as in Theorem [31] and
Conjecture [3.3. Then the solution u™ of the first order FEM discretization of (B.1))
on a Shishkin mesh according to Figure has a numerical error satisfying

[u™ —u!]|. < CN"H(In(N) + |In(e)]). (3.50)
Proof
By the V-ellipticity of a(-,-) and the Galerkin orthogonality we have
Cllu! —u)? < a(u! —u™,u!f —u) = a(u! —u,u! —u™)
< CHuI — uHaHuI — uNH8 + 8 |<(uI — )y, ul — uN>| .
To estimate the remaining integral we use integration by parts in x-direction

<(uI _u)m, uI _uN> I

ul —u, (u!

0,1)xy — ( - uN)x>(o,1)xY

for subdomains Y C (0,1). Now we split u/ —u according to our solution decomposi-
tion and can estimate for the smooth part

I 1
(@5 = )y ul = )] < " = allu” = ¥,
e S S
< CH (Ju,la + S l2) llu” = ™3
< ON“in(e) ! — ..
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3. Equation with Low Regularity in 2D

For the boundary layer term u*! we get by an inverse inequality

‘<(umll . uml)x7 uI . UN>‘
— <u:rll . uml7 (ul _ UN)x> + <u:rll . uml7 (ul _ UN)$>
Qze Qoy

< C (haluf'lo0,. + Hlj 20..)

1
%”ul - uN”avﬂxc
1
+ 2[[u™ oo 00, 27 llu" = 1™ 12,00,
< ON7tn(N)|luf — ul)..

For the characteristic layer term u¥ we can estimate similarly

(-t
< ‘<(Uyl - uy):v, ul - uN> + <uy1 - uya (ul - uN)£B>
Q()z
I
S H(uy - uy)x“279y0|’ul - uNHlec
<uy1 —u?, (uf —uN):,;>Q + <uy1 —u?, (ul —uN)I>Q
0 x
< C (Hlulyl2.0,0 + hyludyl20,.) v — a0,

1 1
+ 2] oo, 0 77 14" = 4™ [l2.00 + 23/ M) [0 oo, 00 = l1u” = 1™ 0
NG
< CN'In(N)|Ju! — u? ..

Qe

+

Finally, we estimate
‘<(u011_u01) U,I—UN>‘
Ty

<UCII _ ut:l’ (ul _ UN)x> <UCII _ ut:l’ (ul _ UN)x>
Q()y Qze
1

1
< 2[[u floo 00, 77 1" = 0™ |20, + [[u

<

_l’_

1
- u61”279xc%”u1 - uN”avﬂxc
1
H

~ 1
+ 0 (VA [0 ooty + halu oo+ i o) T2l = e

< 2/ oo 00, 7 10" = u™ [l2,00,

< ON7tIn(N)|lul = u?..
Combining these results we have
Jul — w2 < C (Il = ulle + N~V In(N) + N~ in(e)]) lul — uV L.
and the assertion follows by Theorem

O
3.3. Computational Results
In the following we solve the test problem
—eAu+tuz+u=f:= ‘x - %‘ |y— %‘ + |Sin(6xy— %)‘ , u|ag = 0. (3.51)
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3.3. Computational Results

Obviously, the first order weak derivatives of f exist and are bounded. Nevertheless, they
have discontinuities along the curves x = %, Yy = %, Ty = % and ry = i(élw +3). Thus, f
has wedges in 2 with almost any direction, minded the symmetry of the problem in the
y-axis.

Unfortunately, we do not know an analytic solution of our test problem (B31I). To
handle this difficulty we consider a reference solution u® on a very fine mesh (N = 7200)
computed with our method to be almost the exact solution. All errors shown below are
calculated using this reference solution u® instead of the exact solution u.

A plot of uft for e = 1074 is given in FigureB.7l Note that the layer regions are stretched

in the plot. We can see clearly the different boundary layers.

Figure 3.7.: Plot of the reference solution u't for ¢ = 1074

We discretize our test problem (B.51)) with bilinear finite elements using a Shishkin mesh
as depicted in Figure with IV + 1 intervals in z- and y-direction each. Thus, we have a
total of N2 degrees of freedom, the function values at the inner mesh points. The attained

error
error

JEm— N
—— [ — .
S e
In(N)/N

(In(N)/N)?

—— [V — [
[ =
[ — ]l
In(N)/N

(In(V)/N)?

Figure 3.8.: Error of the bilinear FEM on a Shishkin mesh (cf. Figure [3:6])
convergence rates are shown in Figure

These results confirm the assertion of an almost e-independent almost first order con-
vergence from Theorem B.25l In fact, we are not able to verify the factor [ln(e)| in the
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3. Equation with Low Regularity in 2D

error. The attained rates rather suggest that this factor does not occur in practice but is
an oddity in the proofs presented here.

Moreover, we observe even an e-independent almost second order superconvergence of
|u — u!|., although we were not able to prove this. The convergence break-down one
may suspect at the end of the plot most likely results from the error ||uf* — ul|., since the
reference solution is not evaluated at its grid points to attain «/*/ on the considered mesh.
This improved convergence may result from the fact that the inhomogeneity f is a very
smooth function in the preponderant part of the domain.

Finally, we present the plots of the reference solution along the line z = 0.6 in Fig-

ure .9 Note that the inhomogeneity has wedges on this line at yg = % ~ 0.208 and

90

100u”
10u)! 80| 10u)!
D "’r/? Dl r

100u"

70
60
50

40

I I I I I I I I I I I I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.9.: Reference solution u’ plotted along the line 2 = 0.6

Yy = % ~ 0.333. Since we only use bilinear elements to compute the reference solution we
use central differences to get an approximation D%fj2 of the derivative u,,. As discussed
in Remark we expect uy, to be of order e~1/2. At least near the wedge that is parallel
to the z-axis at y; we observe this behavior. In the vicinity of the almost parallel wedge
at yg this is not the case. Although we have something that looks like a layer near g, its

magnitude does not change when & gets smaller.
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4. Optimal Control with Singularly
Perturbed Convection-Diffusion
Equations in 2D

In the following we want to analyze the optimal control problem

i ; 1 2, M 2
min J u, = min —Nu — u _|_ =~ 41a
i, Jw,q) u,qw<z” all3 2||qu2) (4.1a)

subject to the singularly perturbed convection-diffusion equation

Lu = —eAu+ fuy +cu= f+qin Q:=(0,1)% u‘m =0. (4.1b)
and the box constraints
q € Qaa = —0 < g, <q < g <00in (4.1c)

for the control q.
As in Chapter 2] we introduce the adjoint state v and receive the equivalent optimality
System

Lu = f - ,UfilH[va,vb] (’U), (42&)
L™ = u — ug, (4.2b)
with
Vg = —pugy and vy = —pqq.
We assume
g€ (0,8]N(0, 3], (4.3a)
B =0, (4.3b)
c € C*(R?), (4.3¢)
c2vy>0, (4.3d)
1
> 2 > 0, (4.3¢)
111,00 + [eall1,00 < C, (4.3f)
Ga>qp € RU {—00,00}. (4.3g)

Without loss of generality we assume g, < 0 < g3, otherwise one can modify the optimality
system as we have done in (2.40]).

Note that we require the function ¢ to be defined and meet the requirements on R?
because some terms of the solution decomposition we construct are defined on half planes
containing 2. The prerequisite ¢ < % is only for simplifying the notation for we can use
the fact |In(e)| > [In(3)| > 3.
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4. Optimal Control in 2D

Remark 4.1
Note that the following proofs can also be applied to the differential equation system

L'u:=—eAu+Buy, +ctu=f' —d'v in Q, u=0 on 0N, (4.4a)
L0 = —eAv — fu, + v = f2—d?u in Q, v=0 on 0N (4.4b)
under the assumptions
e € (0,8 N (0, 3],
¢ e e? (RQ) ,
' >v>0,
||fl||1,oo S Ca
d' € C§(B2(0,0)),
1 |0 4?00 < %,

for i € {1,2}.

4.1. Analytic Properties of the Solution

Theorem 4.2
The solution u, v of ([A2) can be decomposed as

w=u’ +u" +u™ ¥+ u Fu" +u" and (4.5a)

v =204+ 00 + o™ £ 0¥ 40 L 40" (4.5b)
The smooth parts u®, v° satisfy

1 ll100 + 10 ll100 + VE (U lloc + 07 lloe + gy lloo + lugyllee) < O, (45¢)

luzallz + lo5ell2 + [luzylloo + [[07, ]2 < Cln(e)]- (4.5d)
The outflow layer parts u®, v*0 meet
k, xl 9 T zl T
Ohu @) < € @), [ (o,y)| < O(E1@) + Vexa o), (450)
z Clin(e)] z C (ea
e < S ) < (8@ xaen). (@50
T x T €T T C
M agu™ (z, y)| + [0 (2, y)| + VElvjy (z,y)] < CEF (@), ugyllz < NG (4.5g)
for k € {0,1,2}, o* := —%ln(e) and x1 the characteristic function of I x R. The
inflow layer parts u*0, v*! satisfy
1_ X x x
laguxo(x7y)‘ < Ce2 kgo(x)a ’uyo(xay)’ + \/E’uyg(xay)’ < CX[O,O*)a (45h)
Ok (2, )] < CREL (@), o, y)| + VEIEL (5, 9)] < OXorny  (A5)
z Clin(e)| z :
lugyllz < — lvgyllz < C (4.5])

74



4.1. Analytic Properties of the Solution

for k € {0,1,2}. The characteristic layer parts u¥, v¥ satisfy

[0, )| + [ )|+ V)] + el () < C(88() + €4(w)),  (45K)
[0, y)| + [0 )|+ VL) + ol ()| < C(E8() + EXw))- (45)

c0

The corner layer parts uc', v° meet
0 (29| + <l e, p)] + Vel 2 9)] < CER) (E50) + E1 ). (45m)
0@, y)| + el @y + VEL (@) < CEF) (Ehy) + E)),  (45m)
_5 _3
lugallze + vfallze < Ce™1, ugyllag + llugyll2e < Ce™t and (4.50)
_1
lugyllz + llvgy 20 < Ce™1. (4.5p)

The small but non-smooth parts u™, v™ fulfill
[u"[l2 + [[0"[l2 < Ce,  [u"he < CVelln(e)], [v"l12 < CVe and (4.5q)

C
[uf2,2 + [v"|2,2 < NG (4.51)

and the remaining parts u”, v" that contain some characteristic layer components and
corner layer components satisfy

"] + o] < C (672\/?1/ n 672\/?@7@/)) ' (4.55)

Proof
Note that some of the different parts of the decomposition itself are a sum of terms
that arise from different subproblems. In this way we have

uS — U,S’l, ua:l _ ua:l,l + uml,Z’ u’ = n,2 + un,37
?}S _ US,l + 1)572, ,U$0 _ UxO,l + ,U$0,2’ o = Un,?).
We start by defining a smooth approximation by
Lut = —eAuSt + Budt 4+ et = U — ,u_lP[:fa vb]vs’l in HF, (4.6a)
u®1(0,-) = 0, lim  u”(z,y) =0, (4.6D)
[l (z,y)[| o0
Lv5t = —cAvS! — ﬁvf’l + el = U+ P vl in H, (4.6¢)
v>1(1,-) =0, lim %Y z,y) =0 (4.6d)
ll(z,y)[| o0

where we define Ht := (0,00) x R, H™ := (—00,1) x R and

+ _ wBH[wa,w ](U)(xay)7 X Z 07
<P[wa,wb}v> ('Iay) = {O, b 2 <0, (466)
_ WBU(%Z/)7 €T S 17
P Y) = 4.6f
(P7v) (z,y) {0, o1 (4.6f)
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76

The inhomogeneities are defined as
fv= wBQngf and fY:= —wBCg_ud

with a suitable cut-off function wp € @*°(R?) that satisfies WB‘Q =1,0<wp<1and
supp(wp) C B2(0,0). Hence, we have

1 N100 < Cllflltoes 1fN1,00 < Cllull1,00  and
supp(f*) Usupp(f*) € B2(0,0).

By the £>-stability of the system (&B]) we are able to prove W *-estimates. Using
the techniques from Chapter B we conceive the remaining bounds of u%! and v%!
stated above. The details are presented in Lemma [£.10 and Corollary 171

As next parts we define the layer corrections u®!!, v*%! at the outflow boundary,
u?, v¥ at the characteristic boundaries and the corner layer corrections u¢!, v® in
the same way we defined the corresponding terms in Chapter Bl Hence, we conceive
similar estimates applying Lemmata .21l and 3.22] Mind that the opposed convection
direction in the adjoint equation leads to a layer at x = 0. The previously presented
proofs can be applied using the variable transform & =1 — .

We proceed by defining a correction for the influence of ©*>! at the right hand side

of the adjoint equation (£2D) via
Lot = w570, = 57(1, ) = 0. (4.7)
In Lemma [4.12] we prove
0] + 15| + Veloy,| < Ce,  [[05,ll20 < C and
0k571 | < Ce'F (e + €5 (x) + E7(x)), k € {1,2}.
Subsequently we construct in Lemma E I3 a splitting 9*! = v®02 + 092 407! satisfying
the bounds above.

Due to the projection, we are not able to apply Lemma [4.12] to a similar correction
for the term v*%! defined by

L’ZLzO - —M_lﬂ[vﬁvf} (,U$0,1)’ ﬁ$0(07 ) - ﬁ$0(17 ) =0 (48)

S,l)

where v

= U —1[y, ) (v™1) and v,;g i= vy — [y, v, (v7"). However, using the Green’s
function representation formula (3.29]) we are able to derive the weaker estimates

@] < Ce,  |al?] < Cmin{L é}

T

C 3
~x0 ~x0 -5
’uyy < %7 Huzy”279 < Ce™1 and
0Fa| < Ce27F (e + €5 () + €3(x)), k € {12},

in Lemma AI5l In the follow-up we construct a splitting @*° = 4 + u™2 4 *12
satisfying the bounds above.

The needed correction for the influence of @*° and ©*! on the right hand side of the
optimality system we define by

L™ =~ Mo g0 (571 +079)

*, n,3 _ ~x0 n,3 n,
L*v™? =a"™ +u™?, v



4.1. Analytic Properties of the Solution

with 070 := vy — [, 4] (31 =201y and vf0 = Vp— [y, ] (051 —v*01). Obviously, we

have a right hand side of this system of order . Thus, ||u™?||3 + |[v™3|]2 < Ce follows
and the simple estimates for singularly perturbed problems (cf. [RSTO0S8, [LUGS]) give

C
e+ 02 < Co and g + "oz < —.

NG

It remains to construct corrections for the influence of w¥, v¥, u' and v on the
right hand side of system (4.2]). We may do so by

Lu" = —u_lP[;rg’Ug](vy + 00 "), ur‘aﬂ =0, (4.10a)
* _ — 1 _
L*v" =P~ (u? +u” +u"), vr‘aﬂ =0 (4.10b)
with vy == va — iy, 4] (031 — 00l — 521 — ™) and v = v, + (V2 — v,). Note, we

define the remaining layer compensation as system of differential equations since we
do not have the property |[L71&8|s < Ce® for some & > 0, which we used for the
layer correction terms in x-direction. Unfortunately, we are not able to prove useful
bounds for this remaining terms or a splitting considering the corrections for (u¥,v¥)
and (u!,v?V) separately. We only conceive the stated bound for u” and v" by some
maximum principle arguments in Lemma 4171 O

In analogy to Conjecture[3.3land Lemma [3.5lit is reasonable to assume similar properties
for the second order derivatives of the characteristic layer parts:
Conjecture 4.3
We assume we have
1
€4 and (4.11a)
= (4.11b)

iy 2.0 + 0¥ 2.0 < Clin(e)
iy 2.0 + 0% 2.0 < Clin(e)

Subsequently, we discuss some problems concerning the estimates we attained in Theo-
rem
Remark 4.4
The estimates for #*° may not be sharp, but the definition we used here introduces the
layer @0 that is slightly stronger than 9*!. This is due to the fact that (%H(vxovl) may
not be exponentially small away from x = 0. Possibly, the definition of the correction
is not adequate and could be improved.

Remark 4.5
The estimates we have for u®® do not suffice to get first order convergence of the

interpolant 4" on a one-sided Shishkin mesh refined only at x = 1. Instead we have
to refine also at x = 0. In the latter case we can adapt the estimates we used in
Theorem easily to the terms u®?, u®!, v and v*!.

Surprisingly, this situation improves in the case of system (4.4]) where only the right
hand side is not smooth. In this case we can apply Lemmata and [£.13] to the
correction term @*° and attain similar bounds as for #°! = v*0 4+ v52 4+ v*12, Then it
suffices to refine at z = 1 for the discretization of u.

Similarly, we can derive improved bounds for @*° when we assume the bounds ¢,
and g to be constant. In this case we know

[0, T1(0™ )| < Jog™|

7



4. Optimal Control in 2D

and regain the exponential decay of the derivatives of the right hand side in the

definition ([&8) of 4*°.

Remark 4.6

There is very little about differential equation systems with parabolic layers in the
literature. Essentially we have [Sh00]. There one can find some results for a problem
similar to (£4]) on a stripe 8§ := R x (0,1). For the layer correction V; of this system,
it is only shown

Ok VA| < Ce 3,

which would correspond to our expectations neglecting the exponential decline away
from the boundary. But instead of low regularity they used a smooth inhomogeneity
and a nonzero coefficient by for Vi, in 8, satisfying only b; | = 0.

Remark 4.7
The bounds we conceived for the strong layer part u®' seem to be too weak to acquire
sharp interpolation error estimates similar to the results of Theorem [3.24l However,

we have - .
c*=—"1In(e) <2=1In(N) =0
3 (e) < 3 (N) =0,

for the mesh transition point o, defined in Section for the most interesting case
N < e~ L. Therefore, we still have

ety oo, 20, < CN

on the coarse part (g, of the mesh in z-direction. In the second order y-derivative we
loose a logarithmic factor in the £2-norm, receiving only

, (o)
stz < 0y

This loss carries over to the interpolation and error estimates for this term.

Remark 4.8

The newly introduced part u™ poses no problem in the interpolation and error es-
timates. Recall that it is only necessary to estimate the convective term to attain
an estimate for the numerical error (cf. proof of Theorem B.25). Straight forward
computations show

Ju M lag < CH|u" 120 < CVENT,

[u" — w120 < CH[[u"|220 < Ce 2N,
‘<(un1 _un)x, u[ _uN>‘ _ ‘<unl _un, (uI _UN):B>‘

< flu™ — u! — e < ONTHlu! —u™|..

u’”Hz%l
4.2. Details of the Estimates

We start by some preliminary considerations for the prolongations P and P~. We omit
the subscript of PT in the case P[;ra ] in the following.
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4.2. Details of the Estimates

Easily, we realize that for any lower and upper bound with w, < 0 < wp we have the
properties
|P[;a7wb](w)| <|w| and |P™(w)| < |w|. (4.12a)

We also have the bound
|0 P* (w)(z, )| < [w(z,y)] ([lwellso + [Waclloo + [lweclloo) + e (@, y)| llwllos  (4.12b)

for ¢ € {x,y} that can be derived from

|’U)<($,y)|, wa(x,y) Sw(x,y) wa(xay)a

{8(1_[[10(171%](?1})(1',2/)‘ = ’wag“(xay)’7 w(907y) < wa(xay)7
’wa(x7y)‘7 wb(xaa’) < w(x,y)
< Jlwelloo + lwaelloo + [lwe floo- (4.13)

Now we examine the smooth parts u®! and v™! defined by system ([B). Note that
we can apply the results from Chapter [3] to the first and second equation independently
provided we have sufficient information on the right hand side. For the adjoint equation
we only have to use the variable transformation £ = 1 — x and then it corresponds to a
differential equation with an operator of the form L on 3. Hence, it suffices to combine
this estimates with the technique from [Lin07] to get estimates for the system:

Lemma 4.9
For the solution (u®', v of ([@B) we have

[t 4 o5 < Cem@e. (4.14)

Proof
We apply Lemma B.7] to each line of the system and receive

S,IHOO

N

[[u

1 _ pt
ol A P loo < Ol flloo + Tllvs’lllw,

N

S,l”oo

1 - 1
v SN+ P oo < Clluglloo + ;Hus’luoo-

Thus, we have
45! | oo Il flloo : 1T —pt/y
< = . .
F(Hv&lnw =) ™ =y 1 (4.15)

Obviously, we get
. Loy
V-pt\l/y 1)

Thus, T is inverse monotone (i.e. =1 > 0) for u=! <42 < p>~72 (cf. (@3d)) and
we conceive
[ oo + 0% oo < C.

This and the fact supp(f*) U supp(PTv™) U supp(f¥) U supp(P~u51) C By(0,0)
enables us to apply Lemma B8 to each differential equation of (£.0) to conclude

™! (2, y)| + o™ (2, y)| < Cem. O
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4. Optimal Control in 2D

Lemma 4.10
For the solution (u™',v>!) of [@8) we have

1™ 1,00 + 105|100 < C.

Proof
From Lemma L9 we have for the reordered differential equation system
LrudSt = —eAuSt 4+ pudt = 4 — 1Pt — et = f9 in K,
u1(0,-) =0, lim  w5l(z,y) =0,
Il ()| —o00
L=v%1 = —eAv™! — ﬁvfl U4+ P St — St = " in
vS’l(l, ) =0, lim vS’l(w,y) =0
Il ()| —o00

the estimate

[+ < Cemee
By application of Lemma B.I0 we acquire

2 ooy0.0) 52 < 1" lloollge (2,53, ) < €,
S ()] < Cllge (3 Jwe () < %

105 oo 008 < 17 lllge (@, i) < € and
08 (@, )] < Cllgc(e, g Y (-l < —

\/_

for ¢ € {z,y}.
Differentiating and reordering of (4.0]) gives
( ) fé = c<u M_13<P+?}S’1 = f»Cin HT,
S,1
¢

5,1 uS . 5,1
u(0,:) =v , lim uw) (x,y) =0,
¢ (0) l@y)l—soo ¢ (@)

L*(vf’l) = f¢ - ccvs’l + 3<P_us’1 = fUC in H~,

S,1 _ vsvlc : S,1 _
v (1,) =v lim v> (z,y) =0.
¢ 1) T )

We use ([@I2) to get the relations

_ —1..5,1
1£¢ = ccu™ = pm O P oo < (1FE = cct™ oo + 1 0 oo

+Cpt ([0 oo + [19all1,00 + llgb]11,00)
178 = ccv™! +0cP™uH oo < 11 = o™ oo + Cllu™ oo + [l |

with ¢ € {z,y}. Using Lemma B.7] we conceive

S71 S,1 1 S _ S 1 S,l
i oo < [ floo + ;Hff —cqu™ = O P TV oo < C %HUC

5,1 1 _ 1
102 oo < 1™ Clloo & ZI4E = €cv™ + P 7w oo < € ~ g e
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(4.18a)
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(4.18d)

and
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4.2. Details of the Estimates

which is equivalent to
S,1
u
. (H gluoo) <

[0 Moo

where T is the inverse monotone matrix defined in (4.I5]). Consequently, we have
g Moo + 1 oo < €

for ¢ € {z,y}. O

Recalling the reordered system (@I8]), we have established ||f“¢|lco + ||f"¢]lo0 < C.
Hence, we can apply the techniques from Lemma [3.20] to each equation separately to
receive:

Corollary 4.11
The second order derivatives of the smooth components u>' and v satisfy

C

g oo g0+ + Ny loo 3+ < 7 luzy lloo g0 + ludi Iz < Clln(e)],  (4.19a)
C
102 oo 36~ + 10 lloo, 90~ < NG 1oz loo,gc- + 053 20 < Clln(e)].  (4.19b)

Next we recall the definition (&) of the compensation for the contribution of u*!! at
the right hand side
L*f)xl — uz1,17 6@*1(07 ) — 1~)x1(17 ) —0.

Lemma 4.12
We have the estimates

57+ [50 | + VT, < Ce, |05l < C and (4.20a)
0557 | < C='7F (e + €5(2) + £9(2)), k€ {1,2}. (4.20b)

Proof 5 R ,
For w®=14¢"¢ — Ef(x) — E(z) we have L™ w® = %Sf(x) (cf. (AI7)) and

wf =2 (e5(2) - £1(a) {> 0. we )

T e <0, ze (3,1

In combination with w®(0,-) = w®(1,-) = 0 this leads to w® > 0. Thus, using w® as a
comparison function to the (differentiated) equation (7)) we conclude

|37 | < Cew®, |1~)§1| < Cew® and |®§;| < Cy/eus.

By applying the one-dimensional estimates of Lemma B.I7 to the reordered differ-
ential equation we get

0577 | < ' (e + €5(2) + E9())

for k e {1,2}.
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4. Optimal Control in 2D

We consider the solution 9! in the domain © = (0,1)%. We can split it as %! = v+

with
oz, y) = 0" (2,0)(1 = y) + 77} (, y.
Using the variable transform & := z, § := /ey, Q == (0,1) x (0,/2) we get
_ _3, - _ i, _
153ll06 = € 1oyl 19s2llp.6 = €710zl and o[, = 0.
Thus, the estimates above and a usual norm estimate for the second order derivatives
of the solution to the Laplace equation (cf. [LUGS|) give
_ 1, 1 _ _
ltayllze = ¥ [0s5ll5,0 < &F (55,0 + Issll50) < C.

A triangle inequality completes the proof. O

Now we construct a splitting of o*! into three parts. Two of them can be added to

already existing terms and do not deteriorate the corresponding estimates significantly.

82

Lemma 4.13
We can split 7t = v*02 4 v52 4 v*1 satisfying

0502 < CetRef (), [0 + Velupy?| < Cef(),  Ilvgy®llze <O, (4.21a)

1052 [0 + 10557 lloo + ellvgy 2.0 + VEllvy;lleo < Ce, (4.21b)

OFu™t| < CelTREY (@), oyt + Velvgyl < Cexpomps fylla <O (421¢)

for k €{0,1,2} and the characteristic function X[1—o=1)(2,y) of the set [1 —o™, 1] xR
with 0™ := —5 In(e).

Proof
As was devised in [Lin00] we set 0* := —5In(¢) and define
52 ._ s#01)xR ~xl
v - Q:(U*,lfo*)XRv ’
0 r<1-o*
zl ) > 5
vt = and
{73931 —v92, z>1—0"
010,2 _ ,Dxl —’US’Q, r < 0_*,
0, x> o*.

Thus, we have
105100 + 073 oo + €llvgy |z, + VElluy oo < Ce.
Also, we get
vt < CelTFef (), ke (1,2}, vyl + Velugyl < Ce, [ofylln < C
and via integrating vZ! (cf. [Lin00]) we conceive
[ < Ce€f(x).
Since we know v*!(z,y) = 0 for # < 1 — ¢* and have £¥(1 — 0*) = ¢, we conclude
o3 + VElEH| < CET(@).

Analogously, we deduce the bounds for v*%2. O



4.2. Details of the Estimates

Recall the definition (£.8)
La®™ = —p s s (0™*1),  a™(0,-) = a™(1,-) = 0.

z0

Note, we have vf <0< vf . To prove sufficient bounds for ™" we use some estimates for

the Green’s function:

Lemma 4.14
Using the weight function w® (&,n) = &G (&) we have for the approximation § of the
Green’s function on the stripe 8 (cf. (3.29)) the estimate

13y (2,5, )0 (-, )1, 0,1)xr < CEF() (4.22a)

for z € (0,¢). For larger x we have

~ z 9

Proof
By Corollary it suffices to prove the desired bounds for @Gl.

In analogy to the proofs of Lemma 310, BT and [FK12] we split the domain of
integration § C H* into subdomains 1, Qs (cf. Figure B3], but use a different
splitting angle.

More explicitly we define Q; := {(f,n) € R2‘4p < max{e, M}} Via the transfor-

mation to polar coordinates (r,1) and the relations (cf. Remark 3.9)
p<e+ kel <e+g and Ki(s) < Cs e 2
we get

0< eﬁfequl (qg) <C
qr qr

and conclude

27r1
IG @y b (- gy < e / / P2 ALK (gF) rdd dr

ac 27T1 qr
/ / S ¥ q9dr < CeBE.

Since €29 = @ for x < ¢ the first assertion of the Lemma is established.
Next, we analyze the integral on Qs = {(f, n) € R?|max{e, %} <p< ﬂ:} We
estimate by using the relations

a > v >q = Ki(s) §C'57%e*s,
€ €
<1 =Vp*+19? < V65,

2 _ 2 _3—2,
0><p—7":90 B ﬁ di=1++v
p+r > _ ¥

- (p?
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4. Optimal Control in 2D

Thus, we have

0<6q Kl <C

_e qunp .
qr V ap

This can be used to estimate

G (-, i o, < Ce% [T [T et en® avag
T A ) iz = - Jo 53/2(,03/2

X
~ x d L2
— CePe 247 g
¢ /e 2q\/6s06 v

= Ce P [erf (z\/@ — erf G@)] .

Using the series expansion of the error function (cf. [AS84]) we conceive

(823
o8 fo () -t (WE) - it i)

n+1
[ e [e B
<, /—=—e€ec=.
Bmz n+1' - Bme

x g
G 05, Sl < Oy

and the Lemma is proved.

Thus, we can conclude

Lemma 4.15
We have the estimates

@] < Ce, || < C'min (1, \ﬁ)
xr

<,
NG
050 < Ced* (= + VEE](2) + €5 (2) ), k € {1,2).

||l HQQ<C€ 1 and

Proof

(4.23a)
(4.23b)

(4.23¢)

. . _B
As in the proof of Lemma T2 we use the comparison function w® = 1+4+e~ = —EF(z) —

&7 (x) with Ltwe = %86(3:) Applying a maximum principle we get

10| < Cew®.

We proceed by considering the representation formula ([8.29)) for the reordered equa-

tion
Lta®0 — _ - H[ s S]( ,1)’ ﬂmO(O,.) — ﬂmO(l,.) =0.

Applying Corollary B.12] and Lemmata [3.13] and 14 we get
x <
|12:§O| < {CSO, x <eg,

£ r>e

T’
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4.2. Details of the Estimates

Differentiation in y-direction leads to
LY ig? = —eya™ — ety — = 0y g, s (0™™1), 1y (0,7) = 0.

From the bound on the projection ([@I3]) we get ]f)*ﬁzol < C. Hence, we can apply
Corollary B.12] and Lemma [3.13] again to obtain

C
~ 70
|yl < —=.

NG

By applying the one-dimensional estimates of Lemma [B.I7] to the reordered differ-
ential equation we get

k) < Ce' 7 (Ve + Ef(2) + L€ ()
for k € {1,2}.
As a last step we consider the solution %*° in the domain € = (0,1)2. We can split
it as 4" = @ + 4 with
i, y) = @0(2,0)(1 - y) + @z, )y,
Using the variable transform & := z, § := /4y, Q := (0,1) x (0,"/*) we get
_ _3, - _ 1, _
lagslla0 =€ 5 luyyllag,  lazillyg = e¥l[taellz0 and @y, = 0.

Thus, the estimates above and a usual norm estimate for the second order derivatives
of the solution to the Laplace equation (cf. [LUGS|) give

_ L L= _ _3
liayllog = ¥ liaglly g < ¥ (Naggllog + luazlyg) < Ce7H.
A triangle inequality completes the proof. O

As for 7! we now construct a splitting of %*" into three parts. One of them can be added
to an already existing one without deteriorating the corresponding bounds decisively.

Lemma 4.16
We can split %0 = u® + u™? 4+ u*Y2 where the separate parts satisfy

0Fu] < Ce27ReR(x),  [u2] + VEluld| < Cx(oony, (4.24a)
C
[u™?|l2 < Ce, |[u"?12 < CVEn(e)|, [u™?|a < NG (4.24b)
1_
0Fu™ 2| < Ce2 €Y (x) and |ul"?| + elull®| < CVEX (-0 1) (4.24¢)

where k € {0,1,2} and x1(x,y) is the characteristic function of I x R. Furthermore,
we have

Clin(e)|
N

[ufylle + l[ugy?ll2 < (4.24d)

Y
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4. Optimal Control in 2D

Proof
We define the separate terms via

n,2 _ 5(0,1)xR ~ 20
u - Q(U*,l—a*)XRu ’
~x0 n,2 *
urt —u” r<o
z0 .__ Y 9
™ = {0 o and
bl X - (o} b
*
yoL2 0, r<1—o0",
,&$0_un,2’ r>1—o*

with ¢* := —51In(e). Hence, we receive

C
[u™?ll2 < Ce,  Ju™?|12 < CVE[ln(e)| and  [lug?ll2 + [luyy’ll < —=

e
Furthermore, we can use the norm estimate for Laplace equation with @ = ™2 — 4 in
= (0*,1—0") x (0,1) with

a(a,y) = u*(2,0)(1 —y) +u™?(z, 1)y

n,2 * n.2 * n.2 * 1_0'*—1'
+ (w20, y) = u" (0", 0)(1 — y) — u" (o™ Vy) 5
1—20*
n,2 * n,2 * n,2 * r—o"
—|—<u 21— o, y) — u™2(1 — 0%, 0)(1 — ) — u™2(1 — & ,1)y>

1—20*

and obtain

loeylloer < Ol ls.0r + lige .00 + g2 o + gy .00 + a0 ) <

Sl

A triangle inequality yields ||u2§,2\|2,g < é‘|u27y2‘|2791 < %
In analogy to the proof of Lemma [£.13] we get

1_ C
faicum’ < (Cez k33($)7 ’UZ:O’ < OX(0,0%)5 \U$2\ < $X(o,a*)a

|Ohu*?| < Cez ket (x), [ult?] < CVex(-o-1) and  |upy?] < $X(1—a*,1)
for k € {0,1,2}. Note that the £2-norm of the y- and yy-derivative improves over
the £>°-norm, by using the facts u*°(z,y) = 0 for z > o* and u**%(z,y) = 0 for
r<l—o".

By definition we have uig(x, y) =0 for z > o*. Thus, we only consider the domain
Q := (0,0*) x (0,1) to acquire bounds for the mixed second order derivative. We split
ud| o = @+ @ with

a(z,y) = (1 - y)u™(z,0) +yu™(z,1)

+ (47(0,9) = (1= )u™(0,0) - yu(0,1)) ———

*
x o
€

1—e =
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4.2. Details of the Estimates

This construction provides

_ . C
ltaallyq < luzllog + aalla g < <

lyylly. < lugylly 6 + ligylly e < Clin(e)],  and @y = 0.
Using the variable transform & := z, § := /ey, Q := (0,0%) x (0, /€) we get

~ 3~ ~ 1.
ligglog == lgyllpq  llsellyq = &t ael o

Thus, the estimates above and a usual norm estimate for the second order derivatives
of the solution to the Laplace equation (cf. [LUGS]) give

. - 1 1/ ~ Clln(e)]
lelon = IEnllsq = 4175550 < <t (ITsl0 + IGsslha) < =

A triangle inequality completes the proof.
The mixed derivative of 4”12 can be estimated analogously. g

As a last step we recall the definition of the remainder

Lu” = _M_lp[jgwm (v + 0+ 07), u'[gq =0,
* — 1
L*v" =P (v’ +u” +u"), vr‘aﬂ:O

given in (£I0). So far it is an open problem to prove sufficient estimates for the remainder.
At least we have the estimate

Lemma 4.17
For pp > 7% we have

"+ " < C (e_ %Y+ e_\/g(l_y)) : (4.25)
Proof

Let us define
wi= VI e VECY =g
00,02

A maximum principle yields
r 2 T Y c0 2 r
[u"llw < —[[Lu" [l < CflvY + vl + —|[v" |l and
Y uy
2 2
0"l < =L0" [l < Cllu? + uM | + =]t |-
Y Y
Hence, we have
WHUJ> (Hv“vw”w) : ( 1 —2/(/~w)>
T <C with I := .
me <O +utl, YN

The condition assumed for p assures the inverse monotonicity of I' and we conclude

[u" e + 0"l < C. O
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4. Optimal Control in 2D

4.3. Computational Results

Although our analysis of the solution properties is not conclusive, we got some insights
in the solution structure. As stated before it is easy to adapt the convergence proofs of
Chapter 2] to the higher dimensional case, provided one has good estimates for the primal
and adjoint equation errors. At the moment we are not able to establish rigor proofs
of this convergence. In the following we illustrate the results and assumptions we have
derived in the previous section with some numerical computations.

We consider the example

(1 3
min  Sllu—ual3 + - lal3 ), g <a<a, (4.26a)

u,g \ 2 20
Lu:=—eAu+u,+2u=f+qin Q= (0,1)% u‘aQ:0 (4.26b)

with

f=a—2z—y*+e", (4.26¢)
ug = cos(m(z — y2)), (4.26d)
go = — (2 + 3cos(5y + 2v/z) + 5sin(10z) + 5z(1 — z)) /10, (4.26¢)
g = (7 — 4sin(62))/10. (4.26f)
Note we have p~ = % < 4 = ~? and hence our previously presented theory applies. We

emphasize that our example only uses very regular data f, ug, g, and gp. The irregularities
involved are only induced by the projection I, ,,1(¢). However, this problem is hard to
solve. Hence, we do not know an analytic solution. We circumvent the related difficulties
by using a reference solution u®, vf* computed on a fine mesh (N = 3500). All errors
presented below are computed with respect to this reference solution instead of the exact
solution.

In Figure[£.1] we present a plot of the solution. For better visualization we stretched the
layer parts. The upper two images show the state u® and the adjoint v¥. Clearly, we see
the strong layers. The third image depicts the optimal control ¢®. To get a better idea
where the control bounds are active, we changed the coloring in those regions to a blueish
shade. In the remaining domain, we applied a reddish shade.

In Chapter [2] we discussed several options of discretizing the optimal control problem.
There we noted that the results do not show big discrepancies of the various solutions. The
semi-discrete schemes were difficult to implement since integrals over nonsmooth functions
had to be evaluated. It is obvious that this difficulties increase in the higher-dimensional
case. Thus, in this chapter we only present results for the full-discrete scheme although
we have no convergence prove for the use of different meshes for u and v.

As we outlined in Remark 3] our analysis is not able to prove e-independent conver-
gence if the mesh is not refined in the region of the weak layers. Thus, we start using the
mesh depicted in Figure Recall that our incomplete estimates for the terms u" and v"

suggest the existence of characteristic layers of the form e~ V/(9)¥ and e~ V7/(2e) (1-v),
Therefore, we use, in contrast to Chapter [3] the mesh transition point o, = 2 275 InN.

The numeric results are presented in Figure 43l

As motivated by our analysis and the results attained in Chapter 2] we observe almost
first order convergence. Even the logarithmic factor |In(e)| in our analysis seems to be an
artifact of the proofs. Moreover we even get almost second order super convergence.
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Figure 4.1.: Plot of the reference solution ut, v and ¢® for ¢ = 1074

) U v, q
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O'y =2 7 11'1 N+—rN —-r-———
Q. Q, Qe Qe £y Qe
% On l—0,1 0 oy 1—o0,1
Op i= 2% In N

Figure 4.2.: Two-sided Shishkin mesh

Now we test our assumptions for the characteristic layers hidden in «" and v". To
this end we use the mesh transition point 7, := 2,/=InN = o, /V/?2 instead of o,. If
the analysis is sharp the superconvergence observed in the first calculations should be

reduced this time (for we have only e~ V/ (%)% — N _‘/é). The results of this second
computation are given in Figure L4l As we can see, we attain an e-independent second
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Figure 4.4.: Error of the bilinear FEM on a two-sided Shishkin mesh (cf. Figure [£2]) using
Gy = 2\/§IDN instead of o, = 2 % In N

order superconvergence again. This indicates that the terms uv" and v" admit a much
sharper bound. However, we also see that there is almost no difference in the errors
from the first and second computation. A direct comparison of the errors yields that the
computation using &, is better by about 3%. Thus, an overestimate of the layer width
appears to be relatively harmless.

In Chapter Rlwe also discussed the case of only refining the strong layer part. Although
our analysis is too weak to give satisfying results (cf. Remark [L.5]) we present tests for this
case. We use one-sided Shishkin meshes as depicted in Figure for the discretization.
The attained numerical errors are given in Figure

Obviously, we attain an e-independent almost first order convergence, thus our decom-
position of the solution and the corresponding bounds seem not to be sharp enough. In
contrast to the expectations based on the results of Chapter [2]it seems as if we had second
order superconvergence. But at the lower end of the plot for € = 10~% we observe some
convergence break-down. To investigate if this is merely a numerical error in context of
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Figure 4.6.: Error of the bilinear FEM on one-sided Shishkin meshes (cf. Figure [£.5)

using a reference solution and not the exact solution for computing the errors we present
additional results in Figure [£.7]

The situation is not as obvious as in Chapter[2] but we see a range where the convergence
of the numerical solution u" measured in the £2-norm is diminished. This range starts
when the error is in the order of magnitude of ¢.
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Conclusions and Outlook

Recalling the central results of Theorem 2.3] Theorem BTl and Theorem we have seen,
that the solutions of optimal control problems with singularly perturbed differential equa-
tions as side constraints have a special structure. They exhibit not only an outflow bound-
ary layer and characteristic layers as one would expect knowing the results for singularly
perturbed differential equations but also a weak boundary layer at the inflow boundary.
Furthermore, we learned that the solutions lose regularity away from the boundary layers,
especially the derivative orthogonal to the convection direction. This is induced by the
projection to the admissible set.

Of course, there are open problems. For example, we have no sharp bounds for the
characteristic layer terms — neither for a single singularly perturbed differential equation
with low regularity inhomogeneity nor for the optimal control problem. Further research
is needed to get rigor bounds for these terms.

Nevertheless, we constructed adapted algorithms that show an e-independent conver-
gence rate for the considered problems. These algorithms have a very simple structure,
i.e. we only adapted the mesh according to ideas devised by Shishkin. In further investiga-
tions one should use the information we attained on the solution to construct even better
algorithms. Especially some stabilized methods could be considered.

Because the solution of the optimal control problem with box constraints for the control
is not very regular, it is not easy to construct higher order solving methods. In this
context it may be helpful to get more information on the behavior of the solution near the
boundaries of the active set. Such additional estimates could be useful for the construction
of adapted meshes near this boundary.
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A. Appendix

A.1. Integrals

In the following we derive for some of the more complex integrands the indefinite integrals.
Via substitution we derive

/e_AvB‘HCd:U:/Qge Aﬁdg——A— _A\/B—‘HC(A\/B——M—{-l)

/ —Az? d:c—/ € q¢ = 2\\//—Zerf (\/_3:)

—Az?4Bx .. efA _ Vme B
/e dr = 73 & de = \/Zerf<\/Zx 2\@),

1
/xeA12+B:de:/_ﬂ6£d£+ﬂ/eA12+Bmdx

1 ax2ym \/_Be4A < B >
N orf (VAz — —_ ),
2A 4A3 2vA

In(A—=2) [ In(A) +In(l -§) In(n)
[ [HEEEE g —mm + [ ay

=—In(A)In ( ) + dilog ( >

where 7 denotes the imaginary unit and A and B are positive real constants and dilog
denotes the dilogarithm (cf. [AS84]) defined by

dilog(x) = —/1 in_( i dt.

Using these integrals and integration by parts we obtain

—Az? _ _i —Az? i —Az? _ _i —Az? \/_
/ dor = 2A +/2Ae dx = 2Ae A2erf(\/_x)

2 2 B2
9 Az?4Ba B §_ B¢ B e e
/xe dx_/<A+A3/2+4A2 _Ae dé

_ T B 7A:132+B{L' \/—6 2
_—<ﬂ+m>e 8A5/2 (2A + B*) erf \/Zﬂ:—ﬁ

Next, we recall the definition of the exponential integral (cf. [AS84])

T t
Ei(x):f %dt
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where { denotes the Cauchy principal value of the integral. We derive

b Az Ab ¢ Aa ¢ b
e e e
—dx = —d¢ — —d¢ = |Ei(A
a T ! —00 5 5 —00 3 5 [ 1( x)] r=a
where we assumed A, B >0, b > a > 0.
Last but not least, we have
Lemma A.1
We have
5 1
/ —In(€)et de = 1 (Ei(As) —~° — In(A) — es In(s)) =: F(s) (A1)
0
where v¢ = 0.58 denotes FEuler’s constant.
Proof
First we note
1 eAS
F'(s)=— (Ei/(As)A — Ae?®In(s) — )
A s
1 As As
=7 (es — Ae®In(s) — es ) = —e™In(s).

Also we have by the series expansion of Ei the relation

. Angn
Alim F(s) = lim | v¢ + In(As) + —~¢ —In(A) — e In(s
(s) s\o<7 (As) ; gl (4) ())

S0 nn!
1 As\2
T As — i s =1i (1_6 )
= limy (1n(s) = *n(s)) =l 7o = o e
1. —2(1—e)Ae

= 0. U

T A sl\r% eAs + AseAs
A.2. Properties of Bessel Function

From [AS84] we know
K,(s) :/ e cosh(vt) dt.
0

Since the integrand is positive we have K, (s) > 0. Using cosh(z) > 1 = cosh(0) for all
x > 0 we can deduce

Ky(s) = / e~sooshlt) 4y < / e~ cosh(t) dt = K (s).
0 0

Also from [AS84] we know
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for s > 0. Hence, we have

K (s) <1 _ %) < \/ges <1 _ é - %) < \/ges (1 _ 8%) < Ko(s).

Thus, we can estimate for t := /s% + 2, ¢ > 0 and € > 0 as follows

ooy [ Rl 2K D) < (-2 K o)
L DA

A.3. Jump detection for numerical integration

IN A

We consider the integral
b
Tiap) = / f(x)dz

where f is piecewise smooth but has a finite number of jumps at unknown locations. As
a basic integration algorithm we use an adaptive Simpson rule to evaluate I up to a given
precision &, where the adaptivity is guided by an %—strategy (cf. [Herld]). Our goal is
to add an automatic detection of jumps of f, thus enabling us to integrate to a given
precision. Note that f is bounded in the bounded set (a,b) since it is piecewise smooth.

The main idea to handle a jump is to locate it in an sufficiently small interval (z;, x,,) C
(a,b) and then proceed using

I* — /$u f(x) de ~ (mu _ xl)w —- I*N,

E* = I = IV = (2y — )| f (@) — fay)] =2 E*V.
For a sufficiently small interval width h* := x,, — x; the error £* will be small since f is
bounded. Obviously, the same is true for the estimate E*% .
Next we consider the problem, how to detect a jump. For the adaptive Simpson rule we

have to evaluate f in the mesh points z; := a + ih € [a,b]. We want to use this function
values for the jump detection to reduce the overhead of our algorithm. We define

Ai = [f(z:) — f(zig2)| and 6= [f (@) — f(@ip1)].
For a smooth integrand and small A it is reasonable to expect
A; = 26; (A.2)

since we have A; = 2hf'(€a;) and §; = hf'(&s;) for En; € (x4, xi42) and & € (w4, @igq)
and therefore £a; =~ &5;. In contrast we would expect

A~ ~|lim f(z)— lim f(z A3
| Jim, /@)~ lim_ /(@) (A3)

in the vicinity of a jump at x* € (z;, z;41). Thus, the algorithm decides to expect a jump
if we have

A; < eln%;lnl(;i = \/5(51, (A4)
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i.e. the quotient is more like 1 than 2.

In case this rule indicates a jump, we refine the corresponding interval and search again
for a jump until either the rule (A.4]) does not apply anymore or the error estimator E*N
has a sufficiently small value E*V < <. For the intervals (a,2;), (@4, b) we call recursively
the adaptive routine with the error bound §

Note that the improvement to the pure %—strategy comes from the fact that we allow a
much larger error to be accepted in the vicinity of the jump compared to the pure recursive
call of the adaptive Simpson rule (¢ € O(h)).
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