TECHNISCHE
UNIVERSITAT
DRESDEN

Medium Modifications of Mesons

Chiral Symmetry Restoration, in-medium QCD Sum Rules

for D and p Mesons, and Bethe-Salpeter Equations

Dissertation
zur Erlangung des akademischen Grades
Doctor rerum naturalium

vorgelegt von

Thomas Uwe Hilger
geboren am 29.09.1981 in Eisenhiittenstadt

Institut fiir Theoretische Physik
Fachrichtung Physik
Fakultiat Mathematik und Naturwissenschaften
der Technischen Universitit Dresden

Dresden 2012



Eingereicht am 11.04.2012

1. Gutachter:  Prof. Dr. B. Kimpfer
2. Gutachter: Prof. Dr. S. Leupold



Kurzdarstellung

Das Zusammenspiel von Hadronen und Modifikationen ihrer Eigenschaften auf der einen Seite und
spontaner chiraler Symmetriebrechung und Restauration auf der anderen Seite wird untersucht. Es
werden die QCD Summenregeln fiir D und B Mesonen in kalter Materie berechnet. Wir bestimmen die
Massenaufspaltung von D — D und B — B Mesonen als Funktion der Kerndichte und untersuchen den
Einfluss verschiedener Kondensate in der Niherung linearer Dichteabhiingigkeit. Die Analyse beinhaltet
ebenfalls Dy und D Mesonen. Es werden QCD Summenregeln fiir chirale Partner mit offenem Charm-
freiheitsgrad bei nichtverschwindenden Nettobaryonendichten und Temperaturen vorgestellt. Es wird
die Differenz sowohl von pseudoskalaren und skalaren Mesonen, als auch von Axialvektor- und Vek-
tormesonen betrachtet und die entsprechenden Weinberg-Summenregeln hergeleitet. Basierend auf QCD
Summenregeln werden die Auswirkungen eines Szenarios auf das p Meson untersucht, in dem alle chiral
ungeraden Kondensate verschwinden wohingegen die chiral symmetrischen Kondensate ihren Vaku-
umwert behalten. Die komplementidren Folgerungen einer Massenverschiebung und Verbreiterung der p
Mesonanregung werden diskutiert. Ein alternativer Zugang basierend auf gekoppelten Dyson-Schwinger-
und Bethe-Salpeter-Gleichungen fiir Quarkbindungszustinde wird untersucht. Zu diesem Zwecke wird
die analytische Struktur des Quarkpropagators in der komplexen Ebene numerisch untersucht und die
Moglichkeit getestet die Anwendbarkeit auf den Sektor der schwer-leicht Quark Systeme im skalaren und
pseudoskalaren Kanal, wie dem D Meson, durch Variation des Impulsteilungsparameters zu erweitern.
Die Losungen der Dyson-Schwinger-Gleichung in der Wigner-Weyl-Phase der chiralen Symmetrie bei
nichtverschwindenden Stromquarkmassen wird benutzt um den Fall einer expliziten Symmetriebrechung

ohne spontane Symmetriebrechung zu untersuchen.

Abstract

The interplay of hadron properties and their modification in an ambient nuclear medium on the one hand
and spontaneous chiral symmetry breaking and its restoration on the other hand is investigated. QCD
sum rules for D and B mesons embedded in cold nuclear matter are evaluated. We quantify the mass
splitting of D — D and B — B mesons as a function of the nuclear matter density and investigate the
impact of various condensates in linear density approximation. The analysis also includes D, and D
mesons. QCD sum rules for chiral partners in the open-charm meson sector are presented at nonzero
baryon net density or temperature. We focus on the differences between pseudo-scalar and scalar as well
as vector and axial-vector D mesons and derive the corresponding Weinberg type sum rules. Based on
QCD sum rules we explore the consequences of a scenario for the p meson, where the chiral symmetry
breaking condensates are set to zero whereas the chirally symmetric condensates remain at their vacuum
values. The complementarity of mass shift and broadening is discussed. An alternative approach which
utilizes coupled Dyson-Schwinger and Bethe-Salpter equations for quark-antiquark bound states is

investigated. For this purpose we analyze the analytic structure of the quark propagators in the complex



plane numerically and test the possibility to widen the applicability of the method to the sector of
heavy-light mesons in the scalar and pseudo-scalar channels, such as the D mesons, by varying the
momentum partitioning parameter. The solutions of the Dyson-Schwinger equation in the Wigner-Weyl
phase of chiral symmetry at nonzero bare quark masses are used to investigate a scenario with explicit

but without dynamical chiral symmetry breaking.
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1 Introduction and motivation

Within the present standard model of particle physics the building blocks of matter are quarks and
leptons. These fermions interact via gravity, as well as weak, electromagnetic and strong interaction -
the four known forces in nature. Apart from gravity, these interactions may be described by virtue of
gauge field theories, where the interaction is transferred by gauge bosons. One such theory is quantum
chromodynamics (QCD) which is believed to describe the strong interaction. The gauge bosons of QCD
are called gluons. At the time when this thesis has been written, the last missing piece of the standard
model is the Higgs boson, which is predicted in order to explain the masses of the gauge bosons carrying
the weak interaction force. Moreover, the interaction of the Higgs boson with the fermion fields within
the standard model also gives rise to the bare masses of the quarks and some of the leptons. Recently, first
results of the Higgs boson search from the ATLAS and ALICE experiments at the Large Hadron Collider
at CERN have been presented [ATL, ALI], and physicists around the world are excitingly awaiting the
final announcements. However, the main contribution to the mass of matter that surrounds us has a
different origin. The mass of “usual matter” resides in nuclei composed of nucleons, i.e. protons and
neutrons. Nucleons belong to the hadrons and the fundamental degrees of freedom within an environment
below the deconfinement transition of QCD (to be explained later on) are hadrons. Hadrons are strongly
interacting, subatomic states of quarks and gluons, which interact via and form bound states by virtue
of the strong interaction. They may be cataloged by their spin. Bosonic hadrons are called mesons and
consist of an even number of valence quarks. Fermionic hadrons are called baryons and consist of an odd
number of valence quarks, see Fig. 1.0.1. Valence quarks are the quarks which determine the quantum
numbers of the hadron. The bare masses of quarks are well known from several experiments and gluons
are supposed to be massless due to the exact local SU.(3) gauge symmetry. But against naive intuition,
summing up all constituent masses of a hadron, one can not explain its mass, which would be expected
to be smaller than the sum of the constituent masses due to the binding energy. In contrast, the hadron
masses are much larger than the sum of their constituents masses.

Let us consider, for example, the nucleon. In the naive quark model it consists of three light quarks
with the sum of their bare current quark masses as obtained from several high energy experiments being
less than 20 MeV, while the nucleon mass is about 938 MeV [Nak10]. Hence, the masses are even of
different scales. In this special case, i.e. for nucleons, we might think of nearly massless quarks but
nucleons would still have a mass of several hundreds MeV. Another example is given by the D meson,
which consists of a charm quark with a mass of m, = 1.25...1.45 GeV and a down quark with a mass of
mg = 4...8 MeV [Nakl10]. However, the mass of the D¥ meson is about mp+ = 1.87 GeV [Nak10],
which is again larger than the sum of its constituent masses. This mass difference is a direct result of the



1 Introduction and motivation

Figure 1.0.1: Tllustrative picture depicting (from left to right) a p and w meson (left), a proton (middle)
and a D meson (right) in the constituent quark model. All hadrons are color-less, and the
confining interactions carried by the gluons are depicted by curly lines.

complicated structure of the strong interaction which binds quarks and gluons into hadrons. The given
examples tell us that genuine quark masses, as supposed to be generated by the Higgs mechanism in the
electro-weak sector of the standard model, are of minor importance in an explanation of the mass of
the matter around us. It is the strong interaction which has to be understood in order to understand our
“massive world”.

One of the main goals of hadron physics is to understand the origin of hadron masses in terms of their
underlying structure of quarks and gluons and the strong interaction, which binds them together to bound
states. As already pointed out, QCD is the accepted theory which describes the strong interaction at
quark-gluon level. It is a non-Abelian gauge field theory which provides basic features of the strong
interaction such as “asymptotic freedom” (basic details of QCD which are needed throughout this
work are reviewed in App. A.3). The phenomenon of “asymptotic freedom” means that in scattering
experiments at large momentum transfer a projectile, say an electron, being scattered off a proton behaves
as being scattered off almost free quarks. At low momenta, only the quarks are observed which constitute
the quantum numbers of the hadron. The thus observed quarks are the above mentioned valence or
current quarks and their masses, as measured in high energy experiments, are the so-called current-quark
masses. Indeed, it can be shown [Gro73] that QCD entails this feature as it tells us that the coupling
strength of strong interaction decreases with increasing momentum, such that in the limit of infinite
energy the quarks behave as free (in the sense of non-interacting) quarks. This also enables one to apply
perturbative techniques in the high momentum or small distance regime.

Another property of the interaction among quarks is that one can not observe isolated individual quarks.
Looking up free quarks in the particle data booklet [Nak10] reveals this circumstance with the simple
sentence: “All searches since 1977 have had negative results.” This feature of the strong interaction
is called confinement. In vacuum or in a strongly interacting medium, below a certain temperature or
chemical potential (i.e. density), quarks are always bound into hadrons as color singlets. Only above this
temperature and/or chemical potential quarks and gluons are the fundamental degrees of freedom. The
transition from hadronic to quark-gluon degrees of freedom is called the deconfinement phase transition.
May it be a strict law of nature that there are no free quarks or may it just be extremely seldom and

difficult to observe free quarks, any theory of the strong interaction must provide a confining mechanism
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in order to explain this “non-observation.” Unfortunately, a rigorous theoretical treatment of confinement
within QCD is still missing. Indeed, the (mathematical) rigorous establishing of a Yang-Mills theory
(non-Abelian gauge theory, e.g. QCD, without quarks) with mass gap and confinement is one of the seven
Millennium Prize problems stated by the Clay Mathematics Institute.

One of the most common and well-established techniques of quantum field theory is that of perturbation
series — an expansion in the coupling constant. If the coupling is sufficiently small the expansion is hoped
to be convergent and may be applied to evaluate quantities within the theory or to draw conclusions from
experiments. In case of the strong interaction the thus derived coupling increases with increasing distance.
This is in line with confinement as the attraction between quarks therefore increases with increasing
separations until the energy of the quarks is large enough to create quark—anti-quark pairs, such that it is
not possible to isolate a single quark. QCD reflects this by its non-Abelian character, which accounts for
the self-interaction of the gluons and causes the growing coupling. Along these lines the interaction of
the valence quarks with the sea-quarks (virtual quark—anti-quark pairs) and gluons account for the heavily
increased constituent quark mass addressed before, which is known as antiscreening or mass dressing.
However, since the coupling strength of the strong interaction grows with decreasing momentum (or
increasing distance), perturbative techniques are not applicable in a scenario of two quarks separating
from each other. Also for the task of calculating bound state properties one has to look for different

methods in order to perform calculations in the low momentum regime.

1.1 Dynamical chiral symmetry breaking

Apart from asymptotic freedom, which governs the high-energy domain, or color-confinement, which is
a low energy phenomenon, the dynamical (or spontaneous) breakdown of chiral symmetry (DCSB) is
another important low-energy property of the strong interaction. It is always noteworthy that symmetries
play a significant role in physics. By Noether’s theorem [Noel8] every differentiable symmetry guarantees
the existence of a conservation law. For example, energy-momentum conservation can be traced back
to translational invariance in space and time. A system where the symmetry is spontaneously broken
therefore strongly deviates from a system where the symmetry is realized.
For vanishing quark masses M — 0, the classical, i.e. not quantized, chromodynamical Lagrangian

E:zﬁ(z‘f)—M)w—iGﬁuG““, (1.1.1)

with Nt flavors, is invariant with respect to the global chiral SUR (N¢) x SUp(N;) transformations.
The quantity ¢ = (q1, ..., gn;) collects the Dirac spinors of Nt quark flavors, D= ¥ D,, denotes the
covariant derivative contracted with the Dirac matrix ,,, G;‘V is the gluon field-strength tensor, p, v, are

Lorentz indices, and A is a color index in the adjoint representation.

'In Eq. (1.1.1) the classical Lagrangian is given. For the canonically quantized Lagrangian see App. A.3. Canonical
quantization necessitates the introduction of gauge fixing and Faddeev-Popov ghost terms [Pas84]. These, however, do not
alter the transformation properties w.r.t. the chiral transformations discussed here.
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Focusing for the time being on the Ny = 2 light (massless) quark sector, the corresponding left-handed
transformations read for the left-handed quark field ¥, = % (1 — 75) 9 and the right-handed quark field

Yr =75 (1+7)¢
YL — e—”l‘%, YR — YR, (1.1.2a)

while the right-handed transformations are

YR — e‘ing@bR, YL — YL, (1.1.2b)

where & are the isospin Pauli matrices, and ¢ = (3) denotes the quark iso-doublet. Equation (1.1.2)
represents isospin transformations acting separately on the right-handed and left-handed parts of the
quark field operator ¢ = 1, + 1R, i.e. the three-component vectors gR and 91 contain arbitrary real

numbers. Gluons and heavier quarks remain unchanged with respect to the transformations (1.1.2).

Consider, for example, a quark current which has the quantum numbers of the p meson,” i.e. is given
by the vector—isospin-vector current
- 1- .7
P = 3 WY”EW (1.1.3a)

If a chiral transformation according to (1.1.2) is applied to ¢ and 1, it becomes mixed with the axial-

vector—isospin-vector current’

e (1.1.3b)

N

which has the quantum numbers of the a; meson. Indeed, experiments show that the vector current
(1.1.3a) couples strongly to the p meson, while the axial-vector current (1.1.3b) couples to the a; meson
[Sch05]. Therefore, p and a; are called chiral partners. As the Lagrangian (1.1.1) in the limit M — 0 is
invariant w.r.t. the transformations (1.1.2) on the one hand and, on the other hand, the currents (1.1.3)
are mixed by these transformations, the spectra of p and a; meson, in particular their masses, should
be degenerate if the chiral symmetry was realized in nature. The observed mass of the p meson is
m, = 775.5 MeV while the a; meson mass is m,, = 1260 MeV [Nakl10]. Such a significant mass
splitting is observed for many chiral partner mesons. Therefore, the symmetry must be spontaneously
broken.

In a quantized theory the realization of a symmetry is manifest in the invariance of its ground state,
i.e. the lowest energy state of the theory |(2), under the corresponding symmetry transformation. As
a consequence Q|Q2) = 0, where () is the generator of the transformation. This case is called the
Wigner-Weyl phase or realization. In contrast, the spontaneous breakdown of a symmetry is reflected in

the non-invariance of its ground state, i.e. Q|€2) # 0. This case is called the Nambu-Goldstone phase or

This means that the current has parity, charge, isospin and spin of the p meson.
*The choice |O1,| = 2|Or| = 2 explicitly reveals this mixing. See App. A.1.
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realization. The latter property is used to prove the so-called Goldstone theorem (see [Bur00, Kug97]
for details of the proof and its consequences). It states that in the case of a spontaneously broken
symmetry massless bosons must exist. These bosons where first found by Nambu [Nam60] within in
the treatment of superconductivity. Goldstone generalized this phenomenon to quantum field theories
[Gol61, Gol62]. The Goldstone bosons of QCD are the pions, which are pseudo-scalar mesons consisting
of the two lightest (i.e. almost massless) quark flavors up and down. Pions belong to the isospin
multiplet. The isospin singlet and the multiplet are degenerate due to the explicit breaking of the Ua (1)
symmetry by the axial anomaly (cf. App. A.2). While constituent quark models with quark masses of
=~ 300...400 MeV for up and down quarks may be employed to explain hadron masses, e.g. for the p
meson, on a phenomenological ground, the pions do not fit into such a scheme due to the spontaneous
chiral symmetry breaking.

Because the current quarks are not massless, which is referred to as explicit chiral symmetry breaking
(in contrast to the dynamical or spontaneous chiral symmetry breaking), the pions are neither. Neverthe-
less, their masses are m o = 135.0 MeV and m,+ = 139.6 MeV [Nak10] are small as compared to the
other hadrons.

The addressed property that the ground state of a theory is not invariant under a symmetry transforma-
tion of the Lagrangian may also be used to show that certain ground state expectation values are nonzero.
Regarding the example given above, this is true for the chiral condensate (1)¢)). The Wigner-Weyl phase,

in contrast, would require (/%)) = 0.

1.2 Hadrons in the medium

As we have already seen, the ground state of QCD has a complicated non-trivial dynamical structure due
to color-confinement and dynamical chiral symmetry breaking, which can not be explained perturbatively.
Indeed, the perturbative ground state |0), defined such that it is annihilated by all annihilation operators,
is invariant w.r.t. chiral transformations Q|0) = 0. Consequently, it is not possible to describe chiral
symmetry breaking effects on a perturbative basis. However, hadrons may be regarded as excitations
of the QCD ground state, and hadron properties are therefore directly linked to it. The non-degeneracy
of chiral partners and the small mass of the pions indicate that the dynamical breaking of the chiral
symmetry is responsible for the observed hadron mass spectrum. Any theoretical attempt to determine
hadron masses must incorporate this effect. Vice versa, comprehending this effect is a crucial step
towards an understanding of the origin of mass.

Similar to the deconfinement phase transition, the chiral symmetry is expected to be restored at higher
temperatures and/or densities, which is called the chiral transition. Thus, hadronic properties may be
modified if the hadrons are embedded in a strongly interacting medium. Such environments may be
found in the early universe, in compact stars or if the hadron is embedded in a nucleus (zero temperature
and low densities as compared to conditions at the chiral or deconfinement transition). Such scenarios are

experimentally investigated in heavy-ion collisions. Understanding of high-temperature and high-density
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vacuum

T medium

Figure 1.2.1: Tllustrative picture of a D~ meson in vacuum (left) and placed in nuclear matter (right).
Gluons are depicted by curly lines and “clouds” symbolize the non-perturbative ground
state illustrating creation and annihilation of quark—anti-quark pairs.

physics requires the understanding of medium modifications of hadrons.

Modifications of spectral properties are well known from the splitting of atomic or molecular spectral
lines when external magnetic (Zeeman effect [Zee97b, Zee97a, Zee97c]) or electric (Stark effect [Stal4])
fields are present. An example of a spontaneously broken symmetry which is restored at higher tempera-
tures due to a phase transition can be found in material science. For a ferromagnetic, antiferromagnetic
or ferrimagnetic* material the rotational invariance is spontaneously broken due to the spontaneous
magnetization of the Weiss domains, i.e. the parallel or anti-parallel alignment of neighboring spins.
Above a critical temperature, called the Curie temperature, the spontaneous polarization is lost and the
material becomes paramagnetic. The spins are disordered and the rotational symmetry is restored, cf.
[Kit86]. The strongly interacting medium in hadron physics acts as an external field which modifies the
quark-gluon interaction and, therefore, the ground state of QCD. This is reflected in the modification of
hadronic properties such as masses and/or widths, see Fig. 1.2.1. Hence, restoration or partial restoration
of a spontaneously broken symmetry may be signaled by the change of hadronic spectral functions.
However, considering the analog of a ferro- or ferrimagnetic material one may ask about other properties
apart from the magnetization of the material above the critical temperature.

Correspondingly, if the quarks where massless, the spectra of chiral partners where degenerate in
case of chiral symmetry restoration. In addition, one may ask about other hadronic properties such

as interactions among hadrons or, more simply, the spectral function of a single hadron. Furthermore,

*In a ferrimagnetic material the antiparallel aligned magnetic moments are unequal.
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—X X>— QOX XQQ —@)@»—

Figure 1.3.1: Representation of some QCD condensates by Feynman diagrams. From left to right:
quark, gluon and mixed quark-gluon condensate. Crosses symbolize condensation, i.e.
interaction with the ground state.

the explicit symmetry breaking should be accounted for. In this sense, one may ask about the mass of
the pion or any other hadron in the Wigner-Weyl phase. As already discussed above, the pion is the
(almost massless) Goldstone boson and has a nonzero mass only due to the explicit breaking of the chiral
symmetry, whereas its valence quarks acquire large dressed masses of several hundred MeV due to the
DCSB.

1.3 QCD sum rules

As hadrons are composite objects consisting of confined quarks and gluons, hadronic properties should
be related to the quark and gluon structure within the hadron, thus, to the non-perturbative properties
of the theory. Instead of calculating directly hadronic properties from first principles, a tool to relate
low-momentum properties of the hadron to its large momentum structure is provided by the method
of QCD sum rules (QSRs). But, its major draw-back is that it can not be derived rigorously from first
principles. Instead, heuristic arguments are used to set up the method which gains its reliability from the
successful description of hadronic properties. Indeed, QSRs have been applied very successfully to a
variety of mesons and baryons in vacuum and extended to in-medium situations.

The method was first developed in [Shi79d, Shi79b] and successfully applied to charmonium states
(mesons consisting of charm quarks only), as wells as to p, w, ¢ and K* mesons [Shi79a]. The p — w
mixing was also addressed in [Shi79c], and a technical guide has been published in [Nov84a]. Baryons
have first been dealt with in [lof81], see also [Dos89]. Apart from hadron masses, couplings, magnetic
moments and many other observables have successfully been obtained within this method (cf. [Col00]
for a modern perspective). Over the years, a variety of more or less didactic introductions have been
accumulated, such as [Rei84, Wey85, Raf89]. Many results of vacuum QSRs and references to the
corresponding publications are collected in [Nar89, Nar02]. A detailed and explicit evaluation for p
mesons is given in [Pas84].

The method of QSRs is based on dispersion relations, which are used to relate different energy regimes.
It introduces phenomenological parameters, called condensates (see Fig. 1.3.1), in order to parametrize
non-perturbative physics and to understand and to reproduce hadronic properties, e.g. hadron masses.
These parameters enter the theory as ground state expectation values of quantum field operators by virtue
of the operator product expansion (OPE) and, hence, are directly connected to the fundamental properties
of QCD and its ground state. The most famous among these condensates is the chiral condensate

(Qqq|€2), where q is the field operator of a massless quark, introduced earlier. Some condensates are
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order parameters of the chiral symmetry, meaning that they are zero if the symmetry is restored and, if
the condensates are nonzero, the symmetry must be broken. As a consequence, the difference of the
spectra of chiral partners should only depend on those condensates which are order parameters of chiral

symmetry.

Loosely speaking, a condensate can be read as a measure for the probability of a particle being
annihilated by a virtual particle from the ground state and, therefore, creating another real particle
somewhere else. A non-vanishing condensate indicates a particle interaction with the ground state.
Hence, the hadron appears much heavier than its QCD constituents, because not only interactions among
quarks transmitted by gluons or among gluons have to be considered but also interactions of these particles
with the ground state. The hadrons acquire an effective mass by the interaction of their constituents with
the ground state of QCD. This can be taken as a very simplified illustration of the mass effects mentioned
at the beginning of this chapter. Such a concept might be known from many-body physics and indeed
many concepts, such as the Lehmann representation or dispersion relations, are also subject to this field.
Furthermore, continuing in this illustrative language, the probability of a virtual light-quark pair creation
from the ground state must be much larger than the probability of a heavy-quark pair creation. Therefore,
the mass increase via the coupling of a quark to a condensate shall be much lower for a heavy quark
than for a light quark. The heavy quark may nevertheless emit gluons which in turn interact with virtual
particles of the ground state. This explains why the mass of the nucleon compared to its constituent
quarks is of a different scale, while the D meson is only somewhat heavier than its constituents. The
charm quark does not contribute to the mass acquirement. Moreover, we see that the appearance of the
heavy quark must require another treatment than the light-quark systems, because it is less affected by
non-perturbative effects. In this respect it also seems reasonable that D and D behave different when
embedded in nuclear matter. The nuclear medium breaks the charge conjugation symmetry. Therefore, a

cq state, where g denotes a light quark, is expected to be differently affected than a qc state.

QSRs play a twofold role. On the one hand, they are used to determine the condensates in order to
get valuable information about the structure of QCD and the strong interaction. On the other hand, they
are used to evaluate hadronic properties, like masses, in terms of the condensates. In the latter case one
does of course not attempt to derive non-perturbative effects, such as confinement and dynamical chiral
symmetry breaking, from first principles, but instead takes them as a matter of fact (nonzero condensates)

and relates them to hadron properties.

QSRs have been extended to finite temperatures [Boc84, Boc86] and densities [Hat92] for mesons and
nucleons [Fur90]. A comprehensive but nevertheless detailed treatise about applying QSRs to nucleons
in the medium can be found in [Fur92, Jin93, Jin94]. At small nonzero temperatures and chemical
potentials the medium dependence of the system under consideration is encoded in the condensates.
This enables one to perform in-medium investigations comparably easy and to systematically relate the
medium dependence of the condensates to the change of hadronic properties. On the other side one may
hope to relate medium modifications of hadrons to changes of QCD condensates, in particular to order

parameters of the chiral symmetry such as the chiral condensate. Therefore it is desired to find systems
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which are sensitive to changes of the chiral condensate.

The Brown-Rho scaling [Bro91] suggested the direct relation of the light vector meson masses in
the medium to the pion decay constant and, thus, via the Gell-Mann—Oakes—Renner relation with the
chiral condensate. Similar, Joffe’s formula for the nucleon [Iof81] relates the nucleon mass to squares of
the chiral condensate. Thus, light-quark systems seem to be appropriate probes either to determine the
medium dependence of the chiral condensate or to predict their masses in the medium using the medium
dependence of the chiral condensate only. Taking both scaling laws rigorously, a strict consequence
would also be the vanishing, or at least decreasing, of the hadron masses near the chiral transition. Vice
versa, decreasing masses are often considered as signals for chiral symmetry restoration. As already
pointed out, QSRs have been applied very successfully to light-quark hadrons such as the p and w mesons.
But as is already known since the early days of QSRs, the chiral condensate is actually numerically
suppressed, by the light quark mass, for these mesons [Rei85]. Instead, a subtle balance of gluon and
so-called four-quark condensates determine the p meson spectral density. Assuming vacuum saturation,
the four-quark condensates in turn may be factorized into squares of the chiral condensate, which arranges
for an enhanced impact of the chiral condensate. However, this assumption has already been questioned
in [Shi79a] even in vacuum and, therefore, also in the medium; at the chiral transition point it is of
course even more questionable. Not all four-quark condensates are order parameters of chiral symmetry
breaking and it is not necessarily consistent that these are factorized in terms of an order parameter.
Nevertheless, certain combinations of four-quark condensates may indeed serve as order parameters and
the medium modifications may be investigated w.r.t. changes of them. Such an investigation is part of
this thesis, with first results published in [Hil12b].

For mesons consisting of a heavy quark, such as the charm quark, and a light quark, e.g. the pseudo-
scalar D mesons, the chiral condensate is amplified by the heavy charm-quark mass. In vacuum this
has also been known for a long time [Rei85]. A delicate step thereby is the consistent separation of
large-momentum and low-momentum scales, which, in case of heavy-light quark mesons in contrast
to light-light or heavy-heavy quark mesons, is complicated due to the two different mass scales. The
resulting infrared divergences have to be absorbed. Thereby, the condensates mix under renormalization.’
While the vacuum treatment was finalized in [Jam93], the necessary in-medium relations where first
derived in [Zsc06], generalized in [HilO8] and published in its final form in [Zsc11]. First results for
heavy-light quark mesons have been published in [Rap11] and a concise treatment in [Hil09]. Further
investigations were also published in [Hil10a, Hil10c, Kam10, Hil10b].

A natural way to isolate order parameters is to investigate chiral partners. In the light-quark vector—
axial-vector channel the first chiral partner sum rules have been derived in [Wei67], where first and second
moment of the difference between the spectral densities of p and a; mesons have been related to the
pion decay constant as another order parameter of chiral symmetry. These so-called Weinberg sum rules
have been derived in the scope of current algebra in vacuum. Current algebra represents a general tool to

investigate the structure of a field theory in terms of its symmetries. It was developed prior to the advent

5This mixing is not to be confused with the mixing of condensates due to applications of the renormalization group equation
[Mut87].
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of QCD. Later on, the Weinberg sum rules have been generalized and extended in [Kap94] to nonzero
temperatures and/or densities including a third sum rule. These so-called Weinberg-Kapusta-Shuryak sum
rules have been derived within QSRs utilizing the OPE technique. It is part of this thesis to derive chiral
partner sum rules in the vector—axial-vector and scalar—pseudo-scalar channel for mesons consisting
of a heavy and a light quark at nonzero densities and/or temperatures. Early results of this work have
been published in [Hil10a, Hil10c], and improvements in [Hill1]; an additional investigation has been
initiated in [Hil12a]. Although the main results refer to heavy-light quark systems, the formalism may be

applied to any other hadron and general conclusions have been made.

1.4 Bethe-Salpeter-Dyson-Schwinger approach

Another non-perturbative method to evaluate hadron properties is based on the Poincaré invariant Bethe-
Salpeter equation (BSE). The equation was first proposed in [Sal51] and derived from field theory in
[GMS51], cf. [Nak69] for a general survey. It is an exact equation for two-body problems in a relativistic
quantum field theory. As it does not directly involve potentials but rather relies on the propagators and
vertices of the theory, it naturally incorporates recoil effects which would not be possible otherwise.
To the best of our knowledge it has, up to now, not been possible to rigorously prove that the non-
relativistic limit is a Schrédinger equation. Its non-perturbative character is manifested in being an
integral equation and, in case of diquark bound states, maintaining dynamical chiral symmetry breaking
and dynamical quark dressing. Thereby, an infinite number of interactions between the two particles
may take place. In its homogeneous form it describes bound states, where an infinite number of particle
interactions is mandatory. Otherwise, it is a scattering problem which can be addressed by using the
inhomogeneous BSE. As perturbative techniques rely on an expansion in the coupling and thus in the
number of interactions, it is also clear from this point of view that bound states are not treatable in
perturbation theory. The homogeneous BSE is an integral equation for the Bethe-Salpeter amplitude
(BSA). It can not be solved analytically for realistic interaction kernels. Due to its high dimensionality (16
dimensional in coordinate space, 4 dimensional in momentum space in the bound state rest frame) there
is no direct numerical solution at hand nowadays. Approximations have to be applied. Restricting the
exchange of interaction particles to one at a time corresponds to the ladder approximation. But even for
the ladder approximation there is only one model that can be solved analytically, the so-called Cutkosky
model [Cut54], see also [Nak69]. It is often referred to as a toy model, because it entails unphysical
states and gives the wrong limit for the ratio of the masses tending to infinity, i.e. one mass being much
larger than the other. Employing the bare interaction vertex is referred to as rainbow approximation.
In momentum space, the kernel depends parametrically on the bound state momentum and, in the rest
frame of the bound state, the equation has solutions only at discrete values of the bound state mass. The
BSA has no direct physical interpretation. Nevertheless it is a full description of the bound state and
observables, such as form factors and decay constants, may be evaluated by virtue of the BSA. Indeed, in

[Man55] it has been shown that, once the BSA is known, any dynamical variable which describes the
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transition between two bound states is calculable. The equation has been applied successfully to many

different problems such as the hydrogen atom [New55], positronium, excitons and the deuteron [Dor08].

Apart from the propagator of the particle which mediates the interaction between the constituents,
also the propagators of the constituents and the interaction vertex enter. These are two- and three-point
functions which, in a quantum field theory, are determined by their Dyson-Schwinger equation (DSE).
The DSEs where first given in [Dys49] by summing an infinite number of Feynman diagrams and
generalized to arbitrary quantum field theories in [Sch51a, Sch51b]. They represent an infinite coupled
system of non-linear integral equations for the n-point functions of a quantum field theory and represent
the equations of motion (EoM) for the Green’s functions. Therefore, they are often referred to as the
Euler-Lagrange equations of a quantum field theory. Indeed, the BSE can also be derived from the DSE
of a four-point function. Note, however, that the BSA itself is not an n-point function.

First applications of the relativistic BSE to diquark bound states have been made in [Mun92] and
reviews may be found in e.g. [Kug91, Rob00, Rob94, Rob07, Mar03]. While for many applications of
the BSE it is sufficient to employ the free constituent propagators, as for example in case of the deuteron,
the low-momentum properties of the strong interaction demand to employ the exact quark propagator.
Only the exact quark propagators (or appropriate models) are capable of generating the large dressed
quark masses that are required to explain the observed hadron masses, as well as the correct ultraviolet
limit of the quark masses as determined in high-energy scattering. As quarks obey confinement, it is
reasonable that the free quark propagator with bare current quark masses is not appropriate in describing
the low energy interaction among quarks which dominates the formation of bound states. Thus, the
quark DSE has to be solved, and the resulting propagators serve as an input for the bound state BSE.
It turns out, however, that it is not necessary to solve the gluon and ghost DSE or the DSE for the
interaction vertices. Instead, a phenomenological gluon propagator and the bare quark-gluon vertex may
be employed [Mar99]. Using the bare vertex and a phenomenological gluon propagator technically means
to work in quenched approximation, i.e. there are no dynamically generated quark—anti-quark pairs.
However, adjusting the parameters of the phenomenological propagator effectively includes these effects
up to a certain extend and provides therefore an appropriate tool to study hadron properties. Attempts to

include other DSEs and to go beyond rainbow-ladder truncation are published in [Fis08, Fis09b].

In [AlkO2] a very simple but nevertheless successful model was proposed which is capable of describing
the masses of a variety of mesons in the vector, axial-vector, scalar and pseudo-scalar channels for equal
quarks up to a bare quark mass of ~ 1 GeV. It turns out, however, that solving the BSE is inferred by the
analytic structure of the quark propagators in the complex plane. In order to solve the BSE for mesons, the
quark propagators have to be known in the complex plane, because of the not negligible quark dressing.
Indeed, such a complication does not exist for, e.g., the deuteron [Dor08]. Their evaluation in the complex
plane is possible by various methods, but singularities are found in any case. For the ground state of equal
quark bound states, the singularities do not infer the solution of the BSE, but for excited states they do.
This problem has been known for a long time without resolution [Mar92, Sta92]. Unfortunately, neither

the physical nor the mathematical nature of these singularities is known. In particular for heavy-light
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quark bound states, these poles infer the solution of the BSE. As a part of this thesis we will investigate
the analytic structure in detail and test a method to circumvent this issue. Some of the results given in the

course of this thesis have been published in [Dorl1, Dor10].

1.5 Experimental and theoretical status and perspectives

Chiral symmetry and its breaking pattern represent important features of strong interaction physics.
As mentioned above, the non-degeneracy of chiral partners of hadrons is considered to be a direct
hint to the spontaneous chiral symmetry breaking in nature which characterizes the QCD vacuum. In
fact, the distinct difference of vector—isospin-vector and axial-vector—isospin-vector spectral functions
deduced from 7 decays [Sch05, Ack99] gives one of the empirical and precise evidences for the breaking
of chiral symmetry. The low-energy strengths of the mentioned spectral functions, concentrated in
the resonances p(770) and a1(1260), deviate strongly from each other and from perturbative QCD
predictions. (For a dynamical interpretation of the two spectra see [Wag(08a, Leu(09a].) This clearly
exposes the strong non-perturbative effects governing the low-energy part of the hadron spectrum. The
spontaneous symmetry breaking is quantified by the chiral condensate (Gq), which plays an important role
in the Gell-Mann—Oakes—Renner relation connecting hadronic quantities and quark degrees of freedom
(cf. [GMS68S, Col01]).

Apart from the briefly described non-perturbative methods, other tools to explore the low-energy
regime of hadron physics and QCD are, e.g., lattice QCD, chiral perturbation theory, instanton models
and conformal field theory. In lattice QCD the theory is described on a discretized space-time. Chiral
perturbation theory relies upon the effective description of hadrons utilizing phenomenological parameters.
Of particular importance here is the vector meson dominance model. Instantons are classical, localized
soliton solutions of the EoM.

As pointed out QSRs offer a link from hadronic properties, encoded in spectral functions, to QCD
related quantities, like condensates, in the non-perturbative domain. A particularly valuable aspect of
QSRs is, therefore, the possibility to predict in-medium modifications of hadrons, supposed the density
and temperature dependence of the relevant condensates is known. Taking the attitude that this is the case,
one arrives at testable predictions for changes of hadronic properties in an ambient strongly interacting
medium. There is a vast amount of literature on the in-medium changes of light vector mesons, cf.
[Hat95, Leu98a, Ste06, LeuO1, Rup06, Pet98b, Pet98a, Pos01, Mue06, Kl1i96, K1i97, Tho08b, Tho05,
Rap00, Lut02, Rap09, Tse09, Hay10, Met08, Leul0] and further references therein. Vector mesons are
of special interest as their spectral functions determine, e.g., the dilepton emissivity of hot and compressed
nuclear matter. Via the direct decays V' — 71—, where V stands for a vector meson with g structure and
71~ for a dilepton, the spectral distribution of V' can be probed experimentally. Accordingly, heavy-ion
experiments are often accompanied by special devices for measurements of [T/~ = eTe™ or ut .
Addressed questions concern in particular signals for chiral restoration [Rap00]. Clearly, besides the

QSRs, also purely hadronic models have been employed to understand the behavior of vector mesons in
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Figure 1.5.1: Expected spectral changes of D mesons in a cold nuclear medium.

nuclear matter, cf. [Pet98b, Pet98a, Pos01, Mue06, Rap00, Lut02] for example.

Such hadronic models are also used in the strangeness sector [Waa96, Waa97, KaiO1, Bor05, TolO6a].
Here, the distinct behavior of kaons and anti-kaons attracted much attention, cf. [Sch06, For07, Cro00]
for experimental aspects. Similar to the K-K—pattern one expects a D-D—pattern as depicted in
Fig. 1.5.1. The upcoming accelerator complex FAIR at GSI/Darmstadt offers the opportunity to extend
the experimental studies into the charm sector [Frill]. The CBM collaboration [CBM] intends to
study the near-threshold production of D and J/1) mesons in heavy-ion-collisions, while the PANDA
collaboration [PAN] will focus on charm spectroscopy, as well as on charmed mesons produced by
anti-proton annihilation at nuclei. In the CBM experiments, charm degrees of freedom will serve
as probes of nuclear matter at the maximum compression achievable in the laboratory, at moderate
temperatures. Despite of this interest in D mesons and their behavior in nuclear matter, the literature on
in-medium D mesons is fairly scarce. While there is a variety of calculations within a hadronic basis, e.g.
[Tol08, Tol06b, Tol05, Tol04, Miz06, Lut06], or within the quark-meson coupling model, e.g. [Sai07],
the use of QSRs is fairly seldom and resides in unpublished form [Hay00, MorO1, Mor99, Zsc06].
In contrast, the treatment of vacuum D (and D;) ground states is performed in a concise manner
[Hay04, Ali83, Pfa06]. A re-evaluation of the QSR for D and D mesons is thus in order and part of this
thesis.

Weinberg type chiral sum rules for differences of moments between light vector and axial-vector
spectral functions have been developed for vacuum [Wei67, Das67] and for a strongly interacting medium
at finite temperature [Kap94]. As a part of this work the framework of chiral partner sum rules is extended
to the heavy-light quark meson sector in the medium for spin-0 and spin-1 mesons.

Medium modifications of mesons may be observed in, e.g., photo-nuclear reactions, cf. [Metl1] for a
recent review. One distinguishes between measurements which are sensitive to the production point and
those which are sensitive to the decay point. Short living mesons such as the p meson (with a lifetime of
4.5 x 10~2* 5) may be investigated by measurements which are sensitive to the decay point. The meson
line shape analysis determines the in-medium mass from the four-momenta of the decay products in the
limit of zero three-momentum. Such an approach requires that the decay products leave the medium
undistorted, i.e. without final state interactions with the nuclear medium. Therefore, as already discussed
above, decays into dileptons are the preferred decay channels. In momentum distribution measurements,
the momentum distribution with effective mass-shift is compared to those without such a mass shift.
When a meson leaves the medium, it must be on its vacuum mass shell. If the in-medium mass is lower

than its vacuum mass, the momentum distribution must be shifted downward due to energy-momentum
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conservation. Hence, the momentum distribution in case of a lowered in-medium mass differs from a
scenario without mass-shift. In contrast, long living mesons, such as the D meson (with a lifetime of
102 s) most probably leave the medium if they are produced at high momenta. In this case, methods
which are sensitive to the production point are preferable. Transparency ratio measurements determine
the absorption of mesons by a nucleus by comparing the cross section of the meson production per
nucleon with that of free nucleons. The effective reduction of the meson lifetime corresponds to an
increase of its width. Alternatively, the excitation functions of mesons should be altered in case of
changing effective masses. Consequently, if the effective mass of a meson decreases in the medium, the

production threshold should be lowered as well.

1.6 Structure of the thesis

This thesis is organized as follows. The method of QSRs is introduced in Sec. 2. DSEs and BSEs are
introduced in Sec. 6. The starting point for the introduction to QSRs is the current-current correlator.
Its analytic structure is investigated using a Lehmann representation. Subtracted dispersion relations in
vacuum and in medium are derived, relating large momenta to low momenta. The OPE is introduced as
an asymptotic expansion. DSEs are derived following [Rom69] by introducing external classical, i.e. not
quantized, sources. These allow to probe the response of the system w.r.t. external changes, i.e. variations
of the source fields. The resulting equation for the quark propagator is renormalized. The rainbow
approximation is introduced by approximating the quark-gluon vertex by its lowest order perturbative
contribution. BSEs are discussed by introducing two-particle irreducibility. By restricting the interactions
to one at a time, the ladder approximation is introduced.

The application of QSRs to pseudo-scalar mesons consisting of a heavy and a light quark is presented
in Sec. 3, and is close to [Hil09, Hil10a, Hil10b, Kdm10, Hil10c], where the main results have been
published. The extension of Weinberg-Kapusta-Shuryak sum rules to the in-medium heavy-light sector
in the spin-1 and spin-0 channel is demonstrated in Sec. 4 similarly to [Hill1, Hil12a]. The impact of
chirally odd condensates on the p meson is investigated in Sec. 5; the main results have been published in
[Hil12b]. In Sec. 7 the coupled Dyson-Schwinger—Bethe-Salpeter approach to heavy-light quark meson
masses and to light quark mesons in the Wigner-Weyl mode is given.

In App. A an introduction to Schwinger’s action principle in conjunction with symmetries and
Noether’s theorem in a classical, i.e. not quantized, setting is given, which serves as the basis for
symmetry considerations throughout this thesis. Poisson brackets are introduced and generalized from
constant time surfaces to arbitrary space-like surfaces. These are used to derive a classical algebra of
currents for infinitesimal internal transformations. Furthermore, the particular case of fermions and chiral
transformations is discussed. Order parameters are introduced in the scope of quantizing the theory.

App. B is an essay about Killén-Lehmann representations, symmetries and non-anomalous Ward
identities of current-current correlators and dispersion relations.

Technical details of QSRs are discussed in App. C. These include the Fock-Schwinger gauge in
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App. C.1, which is used to introduce the background field method as a tool for calculating an OPE.
Furthermore, Borel transformations, used to improve the convergence of the OPE and to enhance the
weighting of the lowest resonance of the spectral function, are reviewed and applied to in-medium
sum rules in App. C.2. A detailed evaluation of the OPE for heavy-light quark currents and the
associated renormalization of condensates by introducing non-normal ordered condensates can be found
in Apps. C.4 and C.5. Recurrence relations for the Wilson coefficients are derived in App. C.6. The
strategy of analyzing the sum rule is explained in App. C.7. Finally, a perspective on gluon condensates
at temperatures and densities close to the critical temperature is given.

In App. D explicit calculations of the in-medium OPE for chiral partner sum rules are exposed.
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2 Introduction to QCD sum rules

As known from quantum field theory, n-point functions play an important role in evaluating observables.
Many quantities can be calculated directly if an appropriate n-point function is known. The main object
of investigation within a QSR analysis is the current-current correlation function I1(¢) defined in vacuum

as the following two-point function

I(q) = i/d4x €192 () T [j(a:)jT(O)} Q) . (2.0.1a)

being the Fourier transform of the expectation value of the time-ordered product of two currents. The
quantity defined by Eq. (2.0.1a) is called the causal correlator. An extensive essay about correlators,
their analytic properties, symmetry constraints, non-anomalous Ward identities and subtracted dispersion

relations can be found in App. B. We will merely summarize the main results here.

For contour integrations in the medium, it is more convenient to use the retarded or advanced correlator
instead [Fet71]. Retarded (R) and advanced (A) correlators are defined as

Rig) =1 [t e @l0(0) [ja).5'0)] 10, .0.1b)

Alg) =1 [ateerm(@le(-s) [11(0).5@)]_19)., 010

where O(xg) is the Heaviside function, which obey the appropriate analytic structure. The spectral

density is defined as

pla) = - [ato e i) 510)]_19). (2.0.1d)

It may be regarded as a density of states which allows to express the correlator of an interacting particle
by a sum of (integral over) free correlators. For illustrative purposes a spectral function, chosen similarly
to the experimentally observed p spectral density, is given in Fig. 2.0.1. Only the causal correlator can be
evaluated in perturbation theory. On the other hand, the quantities defined in Eqgs. (2.0.1b) and (2.0.1c¢)
are related to the causal correlator via analytic continuation in the complex plane, which can be used in
conjunction with dispersion relations (to be introduced in Sec. 2.1) to determine the OPE. Furthermore,

the ground state expectation value has to be replaced at nonzero temperatures by the Gibbs average:

1

Q... 19 = ()= ST e AUH=LN) | (2.0.2)
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p(s)

5[GeV?]

Figure 2.0.1: Schematic view of a spectral density. A relativistic Breit-Wigner curve p(s) =~
1/ [(s = m?)? + m?T'?] has been used to model the resonance. The high energy tail is
the continuum contribution to the spectral density.

Here, Z is the grand canonical partition function, H stands for the Hamiltonian, 3 is the inverse tempera-
ture and N denotes some additive quantum number such as the particle number and p the corresponding
chemical potential. The ground state expectation value of an operator is the zero temperature and density
limit of (2.0.2).

The physical ground state |(2) at zero temperature satisfies

H|Q) = Eq|Q) , (2.0.32)
Q) =1, (2.0.3b)
a”|Q) #£0, (2.0.3¢)

with H being the full Hamiltonian of the theory and |Q2) the lowest eigenstate. The operator a~ denotes
an arbitrary annihilation operator which annihilates the canonical ground state |0) of free particles,
a~|0) = 0, used in perturbation theory. The latter one is, in contrast to the physical ground state |(2), the
lowest eigenstate of the free Hamiltonian. The state |0) is often referred to as the vacuum state, but in
order to prevent confusions we will only refer to it as perturbative ground state. Equation (2.0.3) reflects
the non-perturbative physics of the strong interaction, hence, it is referred to as non-perturbative, physical
ground state or simply ground state. As a simple example of a ground state which is not annihilated by an
annihilation operator recall the shifted harmonic oscillator. The sets of creation and annihilation operators
of shifted and unshifted harmonic oscillator are related to each other and an operator of one set can be
expressed by a linear combination of operators from the other set. The lowest energy state of the shifted
harmonic oscillator, which is the shifted lowest energy state of the unshifted harmonic oscillator, is of
course annihilated by its annihilation operators. It is however not annihilated by annihilation operators of
the unshifted harmonic oscillator. Throughout the literature, |(2) is often simply referred to as vacuum

state, with the meaning of zero temperature and density. In the course of this thesis the zero density, i.e.
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the vacuum ground state, and the finite density ground state are both denoted by |€2). It is understood
that the nonzero density ground state is a many-particle state. Although the vacuum ground state must be
understood as non-perturbative ground state it is defined to satisfy Ep = 0 and hadrons as excitations of
the ground state thus have an energy equal to their mass in the rest frame. The vacuum ground state is
Lorentz invariant and invariant under time-reversal and parity transformations. Note that weak interaction
processes violate invariance w.r.t. parity transversal [Wu57]. In contrast, the in-medium ground state is
only assumed to be invariant under time reversal and parity in its local rest frame. It is not invariant under
all Lorentz transformations, but expectation values calculated in this state, e.g. the above current-current
correlator II(g), indeed transform covariantly [Jin93]. As a result of (2.0.3a), the ground state is not

translational invariant but obeys
7)) = ePor|Q) | (2.0.4)

where P is the momentum operator and pg denotes the related momentum of the finite density ground
state. The latter one is a function of the medium four-velocity v,,. A brief discussion of the problem of
defining the medium four-velocity is given in App. B.3. Hence, application of the translation operator
results in a phase factor. However, expectation values w.r.t. |€)) are translationally invariant because
the phase factors cancel each other. Analogously, we also assume translational invariance of the finite

temperature medium and mean
(O(x)) = (O(x+ a)) (2.0.5)

for the Gibbs average (the zero temperature case is included in this notation).

The analytic structure of causal, retarded and advanced correlators and their relation to the spectral
density is investigated in some detail in App. B.1 utilizing their Kéllén-Lehmann representation [K4152,
Leh54]. We generalize the canonical treatment of spin-0 current operators, as in Eq. (2.0.1a), or traces
of correlators with tensorial rank-2 in Minkowski space, i.e. contracted Lorentz indices of two spin-1
currents in Eq. (2.0.1a), to the general case of non-contracted Lorentz indices of spin-1 currents. As a
result, we find that simple dispersion relations which relate the imaginary part of the correlator to its
real part can only be given if the correlator is symmetric w.r.t. its Lorentz indices. As a consequence the
causal correlators can not be expressed by advanced and retarded correlator only. Instead, one has

R (q) Auw(q) 1 ( Bao
II,.(q) = 1 —Me—ﬁqo + 1 f e — tanh ™! - Imp,.(q) , (2.0.6)

at nonzero temperature and density. In App. B.1 we show that the spectral density is real if and only if it
is symmetric w.r.t. Lorentz indices. Contracting the Lorentz indices gives the well-known representation
of the causal correlator at nonzero temperatures in terms of retarded and advanced correlators only. Note

that R and A have overlapping poles along the real energy axis for 5 # 0 (see App. B.1). At zero
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temperature Eq. (2.0.6) becomes

I, (q) = ©(q0) Ry (q) + ©(—q0) A (q) — sign(qo)Impy.(q) , (2.0.7)

clearly exposing non-overlapping pole contributions.

Furthermore, in App. B.2 we give a comprehensive analysis of symmetries and transformation
properties of the correlators assuming different combinations of translational invariance, invariance under
parity and time reversal or charge conjugation. These are used to decompose the tensor structure of the
correlators in Minkowski space. It turns out that retarded and advanced correlators are transformed into
each other if the ground state or the medium is translational invariant or invariant w.r.t. time reversal.
Assuming translational invariance and invariance w.r.t. time inversion and parity reversal, the spectral
density and the retarded, advanced and causal correlators are symmetric w.r.t. their Lorentz indices.
This gives rise to the well-known transversal and longitudinal projections. In case of parity violation,
an antisymmetric part contributes and has to be investigated separately. This important result allows
a decomposition into symmetric tensors of rank 2 in Minkowski space, as demonstrated in App. B.3.
Finally, in App. B.4 we derive non-anomalous Ward identities to express the longitudinal part in terms
of the trace of the correlator (in Minkowski space), and spin-0 correlators of the according parity and
condensates. These interrelations between correlators of different spins are required in order to separate
the spin-0 contribution from the spin-1 correlator when analyzing vector or axial-vector spectra. As a
byproduct we show under what conditions the longitudinal part is zero and demonstrate that current
conservation is not sufficient. In particular, for different quark flavors entering the currents, the Gibbs
average must be symmetric w.r.t. to these flavors. The results obtained in App. B are extensively used in
Sec. 4.

The current j(z) entering Eq. (2.0.1a), which describes a hadron in the low-energy region, is assumed
to be represented by a composite operator consisting of quark field operators in the Heisenberg picture. It
has to reflect the quantum numbers and valence quark content of the particle under consideration. The
correlator TI(q) can be understood as a function describing the propagation of a particle from 0 to x.
In the high-momentum regime, i.e. at small distances, it must reflect the quark structure and valence
quark content of the particle, while at low momentum, i.e. large distances, it is determined by hadronic
properties of the respective particle.

The theorem of Gell-Mann—Low relates matrix elements of interacting Heisenberg field operators
(“sandwiched” between interacting states, e.g. the ground state of the interacting theory |{2)) to expectation
values of interaction picture field operators, i.e. free fields, in non-interacting states (e.g. the perturbative
ground state |0)) [GMS51, Pas84]:

(O[T [j(@)s ) P 4] o)
= Z/ dloe (2.0.8)

<O’T [ei fd%fiﬁf?(y)} ’0)

where 2% (x) is the interaction Lagrange density and the superscript (0) indicates that all fields have to

int
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2 Introduction to QCD sum rules 2.1 Subtracted dispersion relations

(0)

nt

be taken as free fields. If the coupling strength g in .7, ” is small, the exponential may be expanded into
a series which is hoped to converge and may serve as a starting point for a perturbative treatment taking
into account a finite number of terms. Noticeable, the BSE has also been proven in [GM51].

The basic idea of the QSR method is to relate large-momentum properties of the correlation function
to properties in the region of small momenta [Shi79b]. Instead of deriving properties of hadrons which
are results of the non-perturbative character of the interaction from first principles of the theory, one
introduces non-vanishing ground state expectation values of quantum field operators as power corrections
to a perturbative expansion of Eq. (2.0.8) in each order of oy = g?/4, called condensates, in order
to reproduce the hadronic properties of the current-current correlator. In this sense, by introducing
condensates, a possibility is offered to implement non-perturbative physics. A clear separation of long
and short distances is mandatory. All the non-perturbative physics, i.e. large distance dynamics, must be
contained in the condensates. This separation is achieved within the scope of a rigorous OPE, whereas
the short distance dynamics is accessed via dispersion relations.

Either hadronic phenomenology is used to determine the condensates or known condensates are used to
predict and to understand hadronic properties. The condensates as expectation values of QCD operators

are accessible, e.g., in lattice QCD.

2.1 Subtracted dispersion relations

We will now relate the different energy regimes of the current-current correlator (2.0.1a) (in vacuum) or
(2.0.1b) (in the medium) to each other by using the analytic properties only. Thereby, as distinguished
from the treatment in the original articles of Kéllén [K&152] and Lehmann [Leh54], an approach is used
which exhibits the role of subtractions in detail and follows the treatment of [Sug61]. The treatment of
all correlators proceeds along the same line of arguments. In particular, only general analytic properties
which are common to the correlators are used. Therefore we restrict the discussion without loss of
generality to the causal correlator. However, a distinction between vacuum and medium is necessary, as
we carefully calculate explicitly subtracted dispersion relations for the in-medium case. All derivations

can be found in App. B.5.

Vacuum dispersion relation

In vacuum, the correlator is a function of ¢% , II(¢) — II(¢?) , and, thus, has poles which correspond to
the resonances and a cut which stems from the continuum contribution starting from a threshold s and
extends to infinity on the positive real axis. Therefore, one may use the contour given in the left panel
of Fig. 2.1.1 in conjunction with Cauchy’s integral formula to relate the correlator at ¢> off the positive
real axis to its discontinuities along the positive real axis. Indeed, for any contour I' and ¢? within the

contour, one may write

T(g?) = — /FH(S) ds . @.1.1)

T omi Jrs— 2
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Figure 2.1.1: Integration contours I in the complex ¢2-plane (left panel) and in the complex go-plane
(right panel). The parallel integration paths tend to the real axis (but do not coincide with
it), while the outer circle or half-circles tend to infinity.

Assuming ‘H(q2)} < ‘q2|N for ‘q2‘ — 00, where N € N is a finite and fixed number, and letting the

outer circle tend to infinity, we arrive at the /N-fold subtracted dispersion relation in vacuum

N—-1 (n)(o) 1 [ q2 NAHvac(S)
(q?) — 1 (A" == — ] —/—="ds. (2.1.2)
-3 e = (%)

| _ 12
n! T Jsy \S s—q

We have defined the discontinuities as
1
Anvac(qZ) — 27 lim [H(QZ + ZE) o H(qQ o ’LE)] ) (213)

The polynomial in Eq. (2.1.2) is called subtraction and is introduced to suppress the contribution of the

outer circle, which is polynomial as well, if the correlator does not vanish fast enough for ‘qQ‘ — 00.

Medium dispersion relation

In the medium the correlator is a function of all possible scalar products of the medium four-velocity v,
and the momentum g, i.e. I1(¢) = I1(q,v) — II(¢?, v?, qu). For a fixed medium four-velocity, it is a
function of gg. In contrast to the vacuum case, it has poles along the entire real energy axis and one may
therefore give a dispersion relation in the complex energy plane rather than in the energy-squared plane.
Applying Cauchy’s integral formula to the contour depicted in the right panel of Fig. 2.1.1 gives

(g0, 7) = {/de' (2.1.4)
21 Jr w — qo
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2 Introduction to QCD sum rules 2.2 Operator product expansion

The main difference to the vacuum case is that the correlator may be split into a part which is even (e)

and a part which is odd (o) in the energy qg

(g0, 7) = (g0, ¢) + qoI1°(q0, q) - (2.1.5)

Defining the discontinuities along the real axis as

1
All(w,q) = % lg% (w + i€, q) — I(w — i€, 7)] , (2.1.6)

the N-fold subtracted dispersion relation in the medium for the even part read

N-1
1§~ 19(0,9)
He 7) — — - A>3/ n 1 -1 n
(90,9) 27;) ()" (1+ (=1)")
Lo @ A+ )N+ 2 (- (-)Y)
= % n dw AH(wy Q)wN—l 02— qg (2.1.7a)
and for the odd part
N-1
o 7 1 H(n) O’J n— n
11%(q0, ) — 5 #(%) fa - (-1
2 n=0 n!
L[ L (L= (DY) £ ® (14 (—1)Y)

As can be seen from both equations, even and odd parts only depend on qg.

Dispersion relations are exact relations between the current-current correlation function at arbitrary
(complex) values of ¢ or ¢, respectively, off the real axis (positive real axis) and its values at the real
axis (positive real axis). This enables us to relate properties of the current-current correlation function at
real (physical) values of the energy g for the in-medium case and positive real values of the momentum
squared g2 for the vacuum case to the hadronic properties of the correlation function encoded in the

discontinuities along the real axis.

2.2 Operator product expansion

Applying the OPE [Wil69] relates the current-current correlator to the quark degrees of freedom encoded
in the respective currents. Intuitively, it is clear that such a relation can only be valid at large external
momenta ¢2. At low momentum the fundamental degrees of freedom are hadrons. In fact, the OPE has
only been proved in perturbation theory [Zim73]. Therefore, application of the OPE is restricted to the
high-momentum regime.

Consider the product of two local field operators j(z);(y). In the limit z — y this product is not well
defined. Instead, it is singular [Mut87]. This also holds true for the time-ordered product of two local
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2 Introduction to QCD sum rules 2.2 Operator product expansion

field operators, T [j (z)57 (y)] , as can be seen by applying Wick’s theorem to the time-ordered product®

T (@' w)] =@ w): +i@)5' W) @2.1)
[

introducing the free-field propagators and setting x = y. The singularities are contained in the free-
field propagators. In general, it can be shown that the square of a local free field operator diverges if
the operator has non-vanishing matrix elements between the vacuum and one particle states [Zim73].
Thereby the divergence is carried by the ground state expectation value. For matrix elements of two
interacting local field operators this can also be seen by investigating the Kéllén-Lehmann representation
(see Sec. B.1) in coordinate space for x — y. The same holds true for operator products which are not
time ordered. This is intimately connected with the canonical equal-time commutators (ETCs) of the

theory.
Wilson proposed [Wil69] that an operator product can be written as a sum of c-number functions
Cg(x — y), which are singular for x — y, and non-singular operators ¢. For the time-ordered product,

this expansion therefore reads
T j@)i' )| = Y. Cole - v)0, (2.2.2)
Z

where C'g(x—y) are the so-called Wilson coefficients or coefficient functions, being singular, and & being
finite in the limit x — y. Wilson’s proposal was strongly motivated by current algebra considerations
and Schwinger terms (see Sec. A.2). Indeed, the ETC of two local currents A and B is expected to be of

the form
[A(z0, 2 ), B(xo,§)]_ =D Cu(# = §)On(x), (22.3)

where 0, is a local field and C,, denotes Dirac’s delta distribution and derivatives thereof. Wilson
proposed that a similar expansion must hold for any operator product. In App. A.2 a brief discussion of
the interrelation between divergent operator products, Schwinger terms and OPEs is given. Approximate
scale invariance at small distances [Pok00, Col84] dictates the nature of the singularities, i.e. the behavior
of the functions C,,(Z — ¥/ ) at small distances [Pas84], and relates it to the mass dimension. Accordingly,
the operators &, can be ordered with increasing mass dimension dim,, (which can be determined for
free field operators via their canonical commutation relations [Pok00]) and the leading contribution has
the lowest mass dimension. We list here all operators and their mass dimension which are considered

throughout this thesis:

D, : dim, =1, (2.2.42)

%: ... : means normal ordering and indicates a Wick contraction. Note that normal ordering requires a unique splitting

of an operator into positive and negative frequency parts. For free fields, the EoM guarantee that this is possible. In general
this is not true for interacting fields [Rom69]. Normal ordering is therefore defined w.r.t. the perturbative ground state |0).
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2 Introduction to QCD sum rules 2.2 Operator product expansion

q : dim,, = % , (2.2.4b)
G » dimg, =2, (2.2.4¢)
and the operator products
qq : dim,, =3, (2.2.52)
¢Duq : dim,, =4, (2.2.5b)
G? . dim,, =4, (2.2.5¢)
qD.Dyq : dim, =5, (2.2.5d)
qo"%,q © dim,, =5, (2.2.5¢)
gATTqgAN'T'T'q : dim,, =6, (2.2.5%)

where the last term denotes, quite generally, four-quark condensates with flavor matrices A, A’, color
matrices 7', T and Dirac structures I', I, Possible Lorentz indices have been suppressed in the last term.

One can show that, if non-perturbative effects dominate the dynamics, a consistent separation of
large distance and short distance physics is necessary [Gen84]. This means that the non-perturbative
effects must be contained in expectation values of the operators ¢, while the coefficients are completely
determined by perturbative physics.

It is important to note that (2.2.2) can only be understood as an asymptotic expansion, i.e. it diverges.
The series is an approximation to the operator product, if truncated and only a finite number of terms is
taken into account [Shi79b]. A divergent series which is asymptotic to the operator product for z — vy,

i.e. an asymptotic expansion of the divergent operator product, has to fulfill [1tz80]

— [i(2)it ()] = g7 Colx —y)O

—0 Y Oras s 226
e Com(z—1) (220

where the Lh.s. converges weakly. In contrast to a Taylor expansion of a function f(z) at x = z(, where
the quality of the approximation increases with increasing number of terms that have been taken into
account, the asymptotic series of a, possibly divergent, function g(x) at x = x( has to be truncated at
some finite order N = N (z — x¢) to give the best approximation that can be achieved.” Taking more or
less terms into account, the approximation gets worse. We will use this property of asymptotic expansions
for the analysis of our sum rule.

As the OPE is an expansion at operator level, the coefficient functions are state independent. They
are completely determined by the structure of the operator product. This means that choosing a certain

current to express the quark structure of the considered particle completely determines the coefficient

7 A Laurent expansion would only be a possible expansion if the function g(z) has isolated singularities. Moreover, such an
expansion would mean that the series is convergent inside some ring around the singularity. Instead, an asymptotic expansion
can also be used to approximate functions g(x) which are well defined in some region, e.g. x > 0, have a divergence at
2 = 0 and are ill defined for < 0. In such a case it is impossible to find a Laurent series for the function g(z) atx = 0
with maximum radius of convergence being R > 0 [Win06].
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2 Introduction to QCD sum rules 2.2 Operator product expansion

functions. On the other hand, there might be different interpolating currents which describe the same
particle and, hence, lead to different OPEs. The nucleon, for example, may be described by various
interpolating currents such as the two ones given by loffe [Iof81]. Many other choices may be useful for
more sophisticated problems, e.g. [Bra93, Fur96, Lei97, Kon06]. The question whether a current with
specified quantum numbers couples to a certain particle or not, can not be answered a priori and has to
checked by explicit calculations.

Calculating matrix elements of (2.2.2) by using the non-perturbative vacuum ground state |€2) or the

in-medium Gibbs average, one obtains
(T [j (w)ﬂ(y)b = Colz —y){0). 2.2.7)
o

The matrix elements of the operators (&) on the r.h.s. of (2.2.7) are called condensates. Using the
perturbative ground state |0), only the unity operator gives a contribution to the sum, because all the
other matrix elements vanish. In regimes where perturbative QCD applies, e.g. for heavy quarks,
the condensates are comparably small and it may be a reasonable approximation to set them to zero.
Whenever non-perturbative effects are not negligible, perturbative techniques fail and, by (2.0.3), the
condensates acquire nonzero values. In this sense, by introducing non-vanishing matrix elements one is
able to deal with non-perturbative physics. From (2.2.7) we also see that the medium dependence must
be completely contained in the condensates, because the Wilson coefficients are state independent.® In
Fig. 2.2.1, the graphical representation of an OPE for a current-current correlator is shown. Although
the medium dependence shall be contained in the condensates, the matrix elements of the OPE differ
in vacuum and medium. However, this is not a result of vanishing Wilson coefficients. Rather, it is a
result of vanishing matrix elements of certain operators on the r.h.s. of Eq. (2.2.7) in vacuum, which
do not vanish in the medium. Therefore, the complete medium dependence is indeed contained in the
condensates, although the OPEs in form of Eq. (2.2.7) differ. Note that due to the different mass scales
in heavy-light quark mesons standard OPE techniques fail to properly separate long and short distance
dynamics as addressed in the discussion after Eq. (2.2.4). Additional renormalization of the condensates
is required and results in the famous operator mixing, see Sec. C.4.

For our purposes the condensates can be considered at this stage as phenomenological parameters
used to reproduce the properties of the correlation function in the non-perturbative, i.e. hadronic, region.
Knowledge of the current-current correlation function in the low momentum regime, i.e. the hadronic
properties of the particle under investigation, together with the dispersion relations reviewed in App. B
will result in restrictions for the correlator in the large-momentum regime. By virtue of the OPE, this
gives us valuable information about the condensates.’

Moreover, instead of reproducing hadronic properties, e.g. hadron masses, by explicitly deriving

non-perturbative dynamical effects of the theory, such as confinement or DCSB from first principles of

8This is true for low densities or temperatures. A full thermal field theoretic approach leads to a medium dependence of the
Wilson coefficients [Hat92]. This partly contradicts the separation of scales demanded by the OPE.
%Strictly speaking, a QSR gives us information about certain combinations of condensates.
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Figure 2.2.1: Graphical visualization of an OPE for a current-current correlation function including
(from top left to bottom right) the perturbative contribution, the chiral condensate, the
mixed quark-gluon condensate, the digluon condensate and a four-quark contribution
which stems from power corrections to the O(«) perturbative contribution. In the
latter case, the gluon carries hard momenta, while the gluons carry soft momenta in
case of the digluon and mixed quark-gluon condensate. Apart from the last condensate,
all condensates are power corrections to the lowest order perturbative term. In this
figure, double dashed lines correspond to exact propagators, double lines to perturbative
correlators and single lines denote free propagators. Crosses symbolize condensates.
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QCD, the existence of these effects is implicitly taken as granted by introducing condensates and relating
them to measurable quantities. As the condensates are expectation values of quark and gluon operators in
the ground state, they give us valuable information about the dynamical structure of the theory. They
can be read as particles, propagating in the ground state of QCD or the strongly interacting medium,
being annihilated by virtual particles and creating other real particles (the remaining virtual particles
become real) somewhere else. Although Feynman diagram techniques are applicable, throughout this
thesis they are merely used to visualize the formulas which are evaluated or as an intuitive notation in

order to indicate the terms that have to be inserted for further calculations.

However, because the operators ¢ appearing in the sum (2.2.2) are completely determined by the
theory, their matrix elements do not depend on the specific currents of the operator product. Of course, a
certain operator could be absent from the sum, if the corresponding Wilson coefficient vanishes due to
the structure of the currents, but the condensate itself is independent. Hence, the condensates may be
considered as universal parameters in the sense that their knowledge is not restricted to a specific sum
rule. Instead, parameters obtained from a certain sum rule or any other method are universal and valid for

any other sum rule.

In order to calculate the OPE, one may use the circumstance that it is an expansion at operator level.
Applying the Gell-Mann—Low equation (2.0.8) in conjunction with Wick’s theorem [Wic50, Gre92]
gives all orders of the strong coupling in a perturbative expansion but, strictly speaking, eliminates all

condensates due to the non-perturbative vacuum. However, as we are only interested in the Wilson
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2 Introduction to QCD sum rules 2.3 Sum rules

coefficients of the OPE, Eq. (2.0.8) may be applied without making use of the defining property of the
perturbative ground state, i.e. retaining matrix elements of normal ordered operators, and hence delivering
coefficient functions and non-singular operators. Formally, Eq. (2.0.8) serves to obtain the expansion
at operator level. Once at our disposal, the ground state expectation value or Gibbs’ average of this

expansion is evaluated, introducing the condensates as power corrections to the perturbative expansion

opr(g) = Y Co(a)(0) - (2.2.8)
%

The unit operator 1, which is the operator of the lowest mass dimension, thereby corresponds to the
genuine perturbative series. This approach is the basis for the background field method [Nov84b], where
the interaction with the ground state or the medium is modeled by a weak gluonic background field.
Strictly speaking, this interaction is therefore limited to soft gluons, whereas hard gluon contributions
arise due to gluon fields introduced by higher orders of the interaction. Details of this method are reviewed
in App. C.1. Other techniques are, e.g., the plane wave method [Nar02] and a recently developed method
based on canonical commutation relations [Hay12].10

Recapitulatory we recall that the singular behavior of operator products like j ()5 (y) for z — y gives
rise to the OPE (2.2.2), while the non-perturbative large distance behavior gives rise to the introduction
of nonzero condensates (O). The condensates are introduced in order to reproduce or to predict hadronic
properties, which can not be understood from a perturbative point of view. A graphical representation

can be found in Fig. 2.2.1.

2.3 Sum rules

The sum rules are set up by inserting the OPE into the dispersion relation. For the vacuum case the sum

rules read

N-1 H(Z) (0

Ioprr(g

n=

+o00 2\ N
_1 / ( ) Anph )ds+i / (q) Allope(s) 4 2.3.1)
T Jo T Jso s s—q

10Note first that this method actually circumvents an OPE in QSRs. And second, it originates from solid state physics, cf. e.g.
[Nol05].
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2 Introduction to QCD sum rules 2.3 Sum rules

where we introduced the threshold parameter sqo.'! Similarly, for the in-medium case the sum rule for the

even part read

N-1 H(n) 07 ped
L B D e 4 -1y

n=0

eOPE (QO » q

e N N
_ L 4w AT (. 7) ap (L (V) +9 (1= DY)
2 Jos PR R N -1 w? — 3
1 so +oo @y DN DL (1 ()N
+ = / +/ dw Allopg (w, 7) 31371( (=1) )2 wz( (=1) ), (2.3.22)
27 \ J_ st w w® — qj
and for the odd part
Mope(%.q) — 5— . | (0)" (1 = (=1)")
290 = n
1 s N 1— _1N +Q0 14+ _1N
= — dw ATlh(w, ¢) % ( (=1) ) 2( (=1) )
27“]0 Sq N-1 wz—qo
1 5o +00 NNy + D (14 (-1)N
— + dw Allopg(w, 7) 31{,[1( (=1) )2 wg (=1) ).(2.3.2b)
27“]0 —00 s w= — ()

The subscript “ph” indicates that a phenomenological model is used in order to relate condensates to
hadronic properties. The threshold parameters sq (s(jf) have been introduced to separate the continuum
contribution from the lowest lying excitations of the spectrum. Thereby we assumed semi-local quark-
hadron duality, which means that integrating the spectral strength above the threshold is well approximated
by an integral over Ilopg. It turns out that the perturbative contribution approximates the continuum
very well, cf. e.g. [Kwo08].

The major drawbacks of the QSR method are that, on the one hand, only integrated spectral densities
are probed and, on the other hand, only combinations of condensates enter. Possibilities of extracting
certain parameters of the spectral density or isolating particular condensates, e.g. a particular order
parameter, are therefore limited. In order to enhance the weight of the lowest excitation of the spectrum a
Borel transformation may be applied. It transforms the spectral integral as given in Egs. (2.3.1) and (2.3.2)
into the Laplace transform of the spectral density, i.e. the spectral density is integrated with an exponential
weight. As a byproduct the subtractions are eliminated. On one side, the Borel transform improves
the convergence of the OPE, as the result is nothing else but the Borel sum of the OPE. The Borel
summation is a technique to sum an actually divergent series. Details about the Borel transformation and
the resulting expressions are given in App. C.2. In some cases it might be useful to introduce a different
weighting which enhances other energy domains. An example is given by the GauBian sum rule [Raf97],
cf. [Ohtl1la, Ohtl1b] for the nucleon. Throughout this thesis, models for the spectral density, e.g. a

Breit-Wigner curve, have been employed to extract bound state masses and other parameters. During

""'The quantity s differs from the threshold parameter introduced in App. B.5 to characterize the regions of analyticity.
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2 Introduction to QCD sum rules 2.3 Sum rules

the last years the maximum entropy method has been applied to QSRs [Gub10]. However, although the
method was also successfully applied to nucleons [Ohtl1a] and charmonium states [Gub11], it fails to

give the correct width for the p meson [Gub10] and is not considered in this thesis.
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3 QCD sum rules for heavy-light spin-0
mesons in the medium*

As argued in Sec. 1.3 a careful re-evaluation of the D and D OPE is mandatory. The aim of the present
chapter is the analysis of these sum rules in cold nuclear matter. Extensions to B and B, D, and Dy and the
scalar D mesons are included. Even for the OPE up to mass dimension 5, there are conflicting results in the
literature concerning the open charm sector [Hay00, Mor01, Mor99, Zsc06, Ali83, Neu92, Nar89, Nar01].
While in [Hay0O] only the even part of the in-medium OPE up to mass dimension 4 has been used, we
present here the even as well as the odd in-medium OPE up to mass dimension 5. Moreover, a term
x (Ggo¥q), i.e. the lowest-order quark-gluon condensate, can be found in the literature with various
factors and signs already for the vacuum. As the subtle D — D mass splitting is of paramount experimental

interest, a safe basis is mandatory.

3.1 Operator product expansion

Employing the current operators j,+ = idysc, jp- = jTD + = iCysd we obtain the Borel transformed
(see App. C.2) OPE for the correlator given in Eq. (2.0.1a) up to mass dimension 5, in the rest frame of
nuclear matter v = (1, 0 ) (v stands for the medium four-velocity), in the limit my — 0 and sufficiently

large charm-quark pole mass m.,

# Mopp(w?®,d=0)] (M?)

1 o0 M2 D+
= / dse /M ImII (s,d=0)
mg

T per

3
et () + 3 (s~ ) (dgoga + (%

—_ 2
2M4 M? 12 7rG>

7 1. pPm? 2yg m? 2m?] as ((vG)2  G?
*Km*gm w3 )\ ) T3S\ e 1))

c : A\ [+ 1 -
+2 (;’;2 - 1) (d'iDod) + 4 (27;;4 — %) {(dng) - 8<dga%d>]> : (3.1.1a)

# MQpp(w®,7=0)] (M?)

2
—m2 /M2 ms 1 9 1
= e me/ (<de> —4 <2M4 — W) (d'D3d) — M2<dTgagd>> : (3.1.1b)

*The presentation is based on [Hil09, Hil10a, Kdm10, Hil10c, Hil10b].
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3 QCD sum rules for heavy-light mesons 3.2 Parameterizing the spectral function

where oy = g%/4m. (Analog relations hold for jpo(x) = itiysc with jpo(z) = jgo (x) = icysu.)
The calculational details are documented in App. C.4. Even (e) and odd (o) correlators are defined in
Eq. (B.5.18). The sum rules are set up according to the N-fold subtracted dispersion relations given in
Egs. (2.3.2) and, for the Borel transformed relations, (C.2.27). While the perturbative spectral function
ImHg; (s) (see [Ali83, Nar89] for an explicit representation in terms of the pole mass) is known for a
long time, discrepancies especially for Wilson coefficients of medium specific condensates exist. An
important intermediate step is the careful consideration of the operator mixing, which occurs due to the
introduction of non-normal ordered condensates and the corresponding cancellation of infrared divergent
terms o< m;2 and log m, (my is the light-quark mass) at zero and nonzero densities [HilO8]. This is
not to be confused with the operator mixing within renormalization group methods. In vacuum, our
expression differs from [Hay00] in the coefficient of ((cs/m)G?); [Ali83] reports an opposite sign;
[Mor01, Mor99] finds the same result. For the medium case [MorO1, Mor99] does not give explicit
results, while terms oc (dd), o< ((as/7)G2), o ((as/7)((vG)? /v? — G? /4)) have different coefficients
compared to [Hay00]. Higher order terms are partially considered in [Mor01, Mor99] and are found to
be numerically not important.

We stress the occurrence of the term m.(dd). In the pure light quark sector, say for vector mesons, it
would read mg(dd), i.e., the small down-quark mass strongly suppresses the numerical impact of the
chiral condensate (dd). In fact, only within the doubtful factorization of four-quark condensates into the
squared chiral condensate it would become important [ThoO5]. Here, the large charm-quark mass acts as

an amplifier of the genuine chiral condensate entering the QSRs for the D+ meson.

3.2 Parameterizing the spectral function

Especially in vacuum the spectral strength of the vector—isospin-scalar excitation exhibits a well-defined
sharp peak (the w meson) and a well-separated flat continuum. Assuming the same features for the
w meson in a medium gives rise to the often exploited “pole + continuum” ansatz. One way to avoid
partially such a strong assumption is to introduce certain moments of the spectral function, thus replacing
the assumed pole mass by a centroid of the distribution [Tho05, Kwo08].

For D mesons the sum rule includes an integral which arises from the dispersion relation over positive
and negative energies, see Eq. (C.2.27). Similar to baryons [Coh95, ThoO7], one may try to suppress the
antiparticle contribution corresponding here to D~. This, however, is not completely possible [ThoO8b].
Nevertheless, one can identify with the ansatz AIl(s) = 7Fy §(s — my) — mF_ d(s + m_), motivated
by the Lehmann representation of the correlation function (cf. App. B.1), the meaning of the even and
odd sum rules (C.2.27) with (3.1.1):

+
S0
e= / dww ATle " /M* — m+F+efmi/M2 tm_F e m/M? (3.2.1a)
-

0

+
S
0= / U dw ATle™#*/M* = pye=mi/M? _ p g=m? /M? (3.2.1b)
.

0
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With the decomposition m+ = m + Am and Fy = F' + AF the leading order terms of an expansion in
Am for the first and second lines become < Fme™™"/M* and (AF —2Am F%)e_mzﬂ‘/l2 meaning
that (3.2.1a) is related to the average D + D properties, while (3.2.1b) refers to the D — D splitting. If
one assumes for the moment being m4 and F to be independent of the Borel mass M, Eq. (3.2.1) can

be rewritten as

1 0e — ed
Am=—-———— 3.2.2
m=5e2 + 00’ ( 2)
/ 7\2
m = \/ Am2 — O (3.2.2b)
e® + 00

where a prime denotes the derivative w.r.t. 1/M?. Having fixed Am and m, AF and F are given as

1 e(m?+Am?)/M? .. 2mAm 2mAm

AF =g —— [<e_0Am)Smh(w> +OmCOSh(M?>} ’ R
1 e(m?*+Am?)/M? 2mAm . 2mAm

F = S — [(e — oAm)cosh( e )+ omsmh(7M2 )} (3.2.3b)

In order to gain further insight into the dependencies of Am and m on the different OPE contributions,
we expand (3.2.2) up to first order in the density n employing e(n) = e(0) + nde/dn|,—¢ and o(n) ~
ndo/dn|,=o, since o(0) must vanish to reproduce the vacuum sum rules where Am(n = 0) = 0 holds.
We remark that these expansions are exact for a linear density dependence of the condensates and if
st = ((sg)* + (sg)?)/2 as well as Asg = ((s¢)? — (sg )?)/2 are density independent and the Borel
mass M is kept fixed. This implies As? = 0 for all densities, because otherwise 0(0) = 0 cannot be

fulfilled. For small densities we get accordingly

do / do’
do 0) — e(0)d2
% dn’Oe ( ) 6( )dn 0 n, (3243)

/ e de| o/(0) — ¢(0)4<
m(n) ~ \/_ee<((?>> " ;\/_ e/<((()))) & ((1)(0)2 Wik, (3.2.4b)

which can be written as

1 %‘omQ(O) + %

Am(n) 5 o) On = aamn , (3.2.5a)
1 e m2(0) + 4
m(n) ~ m(0) 0 dn‘ome( 0)) dnlo,, (3.2.5b)

Equation (3.2.2) and the approximations in Eq. (3.2.5) offer a transparent interpretation. In vacuum
(n = 0), there is no mass splitting, of course; the mass parameter m(0) is determined merely by the even
part of the OPE. In first order of n, the mass splitting Am depends on both the even and odd parts of
the OPE, whereas only the even part of the OPE determines the mass parameter m, having the meaning
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of the centroid of the doublet DT, D~. If one is only interested in the mass shift of the doublet as a
whole, for small densities it is sufficient to consider the even OPE part alone, as was done in [Hay00].
However, for the mass splitting the odd part of the OPE is of paramount importance. In particular, it is
the density dependence of the odd part of the OPE alone which drives the mass splitting in first order of
n. Interestingly, the density dependent part of the chiral condensate, which belongs to the even part of
the OPE, enters the mass splitting in order n2. The chiral condensate comes about in the combination

me(dd). The large charm mass amplifies the numerical impact, as stressed above.

We remark that Eqs. (3.2.2) or (3.2.5) are a consequence of using a pole-ansatz for the first excitation.
The OPE and the special form of the continuum contribution to the spectral integral are encoded in e
and o. Likewise, the arguments following Eq. (3.2.2) merely use 0(0) = 0. The last requirement must
always be fulfilled in any sum rule and/or dispersion relation because, at zero density, the current-current
correlation function (2.0.1a) only depends on ¢? and, hence, the odd part (B.5.18b) vanishes. This can
also be confirmed directly from Eq. (3.2.1b), where sg = —s5, , due to particle anti-particle symmetry,
and AIl(s) — AII(s?), meaning that the spectral density in vacuum merely depends on the squared

energy, on account for o(0) = 0.

To arrive at a more general result, one may seek for a relation of m. to certain normalized moments
of TI(s) (or ratios thereof) independent of a special ansatz, as can be done in the case of vector mesons
[Tho05, Kwo08]. In this spirit one would be tempted to define [ 0 dwwATles2/M? _, my Fye /M
and fosar dw Alle=+*/M* _ F+e*m?+ /M? and analogously for m_ and F_. However, such a separation
of positive and negative frequency parts leads to multiple but different expressions for m4 which can
be fulfilled consistently only for special cases of II(s), as for the above pole ansatz. (This can be seen
by combining these relations with derivatives according to M ~2.) Therefore, one is left with either the
somewhat vague statement that Eq. (3.2.1) refers to D + D and D — D properties or one has to employ

another explicit ansatz for the function I1(s).

Alternatively, one can define moments which correspond to the integrals in Eq. (3.2.1)

+

Sp(M) = /0 dww™ ATl(w) e /M (3.2.6)

The odd and even OPE, 0 = So(M) and e = —S;(M), and their derivatives with respect to M ~2,
o' = —S3(M) and ¢’ = S4(M), can then be related via Eq. (3.2.2) to these moments. Thereby, new
quantities Am and 7 may be defined which encode the combined mass—width properties of the particles

under consideration:

1515 — 5053
Am :575% — SOSQ s (3273)
S2 - 5,55
== 3.2.7b
m4m S% — S()S2 ( )

2 . “— _
and m? = Am "~ +mym_. For the above pole ansatz, these quantities become Am = Am and m = m,
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i.e., they allow for an interpretation as mass splitting and mass centroid. The relations (3.2.6) and (3.2.7)
avoid the use of a special ansatz of the spectral function, but prevent a direct physical and obvious

interpretation.

3.3 Evaluation for D and D mesons

3.3.1 The pseudo-scalar case

We proceed with the above pole ansatz and evaluate the behavior of m4 having in mind that these
parameters characterize the combined D, D spectral functions, but need not necessarily describe the pole
positions in general. According to the above defined current operators, D stands either for D or D and
D for D~ or D°.

Because dm. /dM = 0 has been used to derive Eq. (3.2.2) we have to look for the extrema of m (M).
Furthermore, in order to solve consistently the system of equations defined by (3.2.1), the values taken for
m4 must be fixed at the same Borel mass M. Therefore, we evaluate the sum rules using two threshold

parameters
(sT)? = s3 + As? (3.3.1)

and demand that the minima of the respective Borel curves m (M) and m_ (M) must be at a common
Borel mass M. Hence, the thresholds are prescribed and offer the possibility to give a consistent solution
to Eq. (3.2.1). It is important to note that the consistent evaluation of 4 within this method is only
possible because Fy and m4 have extrema at the same Borel mass, as also dF /dM = 0 has been used.
The consistency is shown in App. C.7.

Analogously to the analysis in [Hay00], we chose the threshold parameter 53 = 6.0GeV?, which
approximately reproduces the vacuum case. At zero density we obtain for m4 a value of 1.863 GeV, rep-
resenting a reasonable reproduction of the experimental value of the D mass. The employed condensates
are parametrized in linear density approximation as (...) = (.. .)vac + (.. .)mean With values listed in
Tab. 3.3.1.

The density dependence of the mass splitting parameter Am and the D 4+ D doublet mass centroid m
are exhibited in Fig. 3.3.1. We observe an almost linear behavior of the mass splitting with increasing
density. At n = 0.15fm ™2 a mass splitting of 2Am ~ —60 MeV is obtained. The mass splitting has
negative values, i.e. m_ > m4 or mp > mp in line with previous estimates in [Mor01, Mor99]. For the
mass centroid m our result differs from the one in [Hay00], where a mass shift of the order of —50 MeV
is obtained, while we find about +45 MeV. At n = 0.15 fm? the splitting of the threshold parameters
is As3 ~ —0.3GeV? for the used set of parameters, and the minima of the Borel curves are located at
M ~ 0.95 GeV being slightly shifted upwards with increasing density.

While the mass splitting is fairly robust, we find a sensitivity of the centroid mass shift under variation

of the continuum threshold parameter s3. The above reported value of the mass centroid changes
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Table 3.3.1: List of employed condensate parameters. The condensates are given in linear density
approximation (...) = {...)vac + {- - .)mean. A discussion of these numerical values can
be found in [Coh95]; further remarks on <qT 909 q) are given in [Mor01, Mor99]. For the
strong coupling we utilize oy = 47/ [((11 — 2N;/3) In(p? /A )] with p being the
renormalization scale, taken to be of the order of the largest quark mass in the system, and
N being the number of quark flavors with mass smaller than y; A%CD =0.25GeV? is
the dimensional QCD parameter. The employed quark pole masses are m. = 1.5 GeV
and my, = 4.7 GeV [Nar01].

condensate vacuum value (- - - )yac density dependent part (- - - ) eq
(qq) (—0.245GeV)? 45/11
(267 (0.33GeV)* ~0.65GeV
(qgo9q) 0.8GeV? x (—0.245GeV)? 3GeV?
(q'q) 0 1.5
As (UG)Z G2
(7)) 0 —0.05GeV
(¢"iDoq) 0 0.18 GeV
(7 [D} — 390%] q) 0 ~0.3GeV?
(¢'Dgq) 0 —0.0035 GeV?
(¢'90%q) 0 0.33 GeV?

towards zero when lowering sg. In Fig. 3.3.1 we therefore also use a density dependent prescription
for the threshold s2(n) = s2(0) + n/ng GeV?2, where ng = 0.15 fm 2 is the nuclear saturation density;
+1/ny GeV? corresponds to the first Taylor coefficient ds3/dn(0). This simple choice enables us to
identify the uncertainties which might emerge due to the introduction of a density independent threshold.
As can be seen, the average mass shift may change in sign. In contrast, the result for Am shows only a

weak dependence on sZ.

The density dependence of AF' and F' are exhibited in Fig. 3.3.2. Although the uncertainties due to
variations of the density dependence of the continuum threshold s%(n) are rather large for both quantities,
the overall conclusion is the same as for the mass parameters. While F ranges from ~ —0.030 GeV? to
~ 0.050 GeV3, AF can be determined to be negative, ranging from ~ —0.004 GeV? to ~ —0.001 GeV?3.

However, the overall dependence on the threshold behavior seems rather large.

At this point a comment concerning the sign of (¢fgo%q) is in order. If one would use (¢fgo¥q) =
—0.33GeV?2n instead (this option is also discussed in [Coh95], <qTD(2)q> would acquire a value of
—0.0585 GeV? n accordingly) one would get a much larger mass splitting of about —180 MeV, which
is far beyond the estimates obtained in [Tol08, Tol06b, Tol05, Tol04, Miz06, Lut06]. Hence, we favor
the positive sign of (¢'go%q) as advocated in [Mor01, Mor99], too. The density dependancies of mass
splitting and mass centroid for this set of parameters are exhibited in Fig. 3.3.3. Clearly, further correlators
should be studied to investigate the role of the condensate (¢fgo%¢). In view of the strong influence of
this poorly known condensate, the D — D mass splitting may be considered as an indicator for its actual

value.

We emphasize the special evaluation strategy employed so far. Another possibility is, e.g., variation of
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Figure 3.3.1: Mass splitting parameter Am (left) and mass centroid m (right) for D, D mesons for
density independent threshold (solid line) and a density dependent threshold s3(n) =
52(0) 4 n/ng GeV?, where the dotted (dashed) curve is for the positive (negative) sign.
Note that the D — D mass splitting is 2Am.
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Figure 3.3.2: AF (left) and F (right) as evaluated from the QSR analysis. Line codes as in Fig. 3.3.1.
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Figure 3.3.3: Evaluation of the QSR for the mass splitting Am (left) and the centroid m (right) of
pseudo-scalar D and D mesons for (¢'goGq) = —0.33 GeV?n. Line codes as in
Fig. 3.3.1.
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Figure 3.3.4: Borel curves m. (M) for the D meson for two densities n = 0 (left), n = 0.15 fm 3
(right) and two values of the chiral condensate. Solid curves: chiral condensate from
Tab. 3.3.1, dotted curves: (left) doubling the chiral condensate or (right) doubling the
density dependent part of the chiral condensate; lower (upper) curves in the right panel
are for m4 (m_), while m = m_ for the vacuum case in the left panel.

s2 and As? so that m (M) develop a section of maximum flatness. Interestingly, this method leads to a
rather low threshold 3(2) ~ 4 GeV? and a low vacuum mass of about m = 1.6 GeV. In contrast, averaging
over the Borel curves in the interval [0.9M, 1.2Mj], around the minimum My, we find the values for
the mass splitting Am ~ —40MeV and the average mass shift to be of the same order as quoted above,
whereas the absolute value of the vacuum mass becomes m = 1.877 GeV.

Let us now further consider the impact of various condensates. The result for the mass splitting Am
strongly depends on the quark density (¢7q), whose density dependence is uniquely fixed. The odd
mixed quark-gluon condensate <qT goGq) and the chiral condensate (Gq) are the next influential ones for
the mass splitting. The density dependent part of the chiral condensate enters in order O(n?) gaining
its influence from the heavy quark mass amplification factor. The influence of the chiral condensate is
illustrated in Fig. 3.3.4. In a strictly linearized sum rule evaluation, the density dependent part of m.(Gq)
would be omitted for the mass splitting. However, numerically the influence of the chiral condensate is of
the same order as (but still smaller than) the above discussed condensate (q'go%q), which enters the odd
part of the OPE. As expected, the density dependence of the mass centroid is basically determined by the
even part of the OPE. The density dependent parts of the other even condensates are of minor importance

for the mass splitting. The shift of the centroid’s mass is anyhow fragile.

Digression: D; mesons

Within the given formulation and with the first evaluation strategy, one may also consider Dy and D,
mesons with the replacements

— ms = 150 MeV |
(qa) — (55) = 0.8(q9)vac + y{7q)med ;
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Figure 3.3.5: Am (left) and m (right) for D, and D, at s3 = 8.0 GeV? and for y = 0.5 (solid),
y = 0.25 (dotted), y = 0 (dashed).

(7909 q) — (3909s) = 0.8 GeV? (3s) ,
(q'q) — (sTs) =
(q'go9q) — (sTg0¥s) = < Tgagq%
(¢'iDoq) — (siDys) = 0.018 GeV n
(@ [Dg - ;9054] q) — (s [D?) - 89054] s) = y(q [Dﬁ - 89054] q)
(q' Djq) — (sTD2s) = y(q'Dq) .

The anomalous strangeness content of the nucleon is varied as 0 < y < 0.5 [Nav05]; lattice calculations,
for example, point to y = 0.36 [Don96]. The results are exhibited in Fig. 3.3.5. At n = 0.15fm > and
for y = 0.5 we observe a mass splitting of 2Am ~ 425 MeV and a shift of the mass centroid of about
+30 MeV. The splitting of the thresholds becomes As3 ~ 0.83 GeV?, and the minima of the Borel curves
are located at M =~ 0.89 GeV and are slightly shifted upwards with increasing density. The main reason
for the positive sign of the mass splitting is the vanishing strange quark net density (s's). The mass
splitting acquires positive values for (ss) < 0.4n (at y = 0.5). Mass splitting and the average mass
shift tend to zero for y — 0. In this case only the pure gluonic condensates, which enter the even OPE
and are numerically suppressed compared to other condensates, have a density dependence. Note that
these evaluations are, at best, for a rough orientation, as mass terms o mg have been neglected. The too
low vacuum mass of 1.91 GeV compared to the experimental value mp, = 1.968 GeV is an indication
for some importance of strange quark mass terms. Such mass terms o mg have been accounted for in
[Hay04] for the vacuum case. The complete in-medium OPE and sum rule evaluation deserves separate

investigations, as my introduces a second mass scale.
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Digression: Finite width analysis

Before proceeding with the QSR analysis for scalar D mesons we will comment on the finite width
analysis for pseudo-scalar D mesons. Investigating finite width effects within QSRs always meets the
problem of additional parameters which have to be fixed by the same set of equations. Hence, one
only is able to give the mass of the particle (which may be defined as, e.g., the center of gravity or the
peak position of the spectral function) as a function of its width (cf. Sec. 5 for an analog study w.r.t.
the p meson). In the case of D mesons, the widths of particle (4) and anti-particle (—) enter, and the
mass—width correlation of the particle is locked with the width of the antiparticle as well. Employing the
following Breit-Wigner ansatz for the spectral function

Fy sI'y F sI'_

ATI(s) = -+ O(s) + =
(5) T (s2—m3)?+ s2T2 () + T (52 —m?)? 4+ T2

O(—s) (3.3.2)

and determining m4., I'1 such that they fulfill Eq. (3.2.7) reveals this effect. A detailed analysis, as was
done for the VOC scenario of the p meson in Sec. 5, requires the coupled solution of Eq. (3.2.1) for m4
for a given pair 'y over the whole range of Borel masses, finding the minima of the thus obtained curves
m4 (M) and varying the splitting of thresholds in order to align the minima. Variation of the pair "
finally delivers the desired mass—width curves. As only the demonstration of the mass—width coupling
between particle and anti-particle is intended, we refrain from performing the full mass—width analysis.
Instead, we choose Am and 7 as determined from the zero-width analysis and solve Eq. (3.2.1) for m
for all pairs of I'y. at the Borel mass which corresponds to the minima of the Borel curves for m4 in
the zero-width analysis. For Am = —30 MeV and m = 1.915 GeV one obtains the results depicted in
Fig. 3.3.6.

2.10 T T T T 2.20 T T T T
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Figure 3.3.6: Mass—width correlations for m (left) and m_ (right) for different assumptions of widths
of the respective other particle. Am = —30 MeV, m = 1.915 GeV and F, = F_ are
assumed. For simplicity, the integration limits in Eq. (3.2.1) have been extended to o0
without including the continuum contribution, to avoid the influence of possible threshold
effects.
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3.3.2 The scalar case

The OPE needed here can be obtained by combining the OPE for pseudo-scalar D mesons and the OPE

for difference sum rules in Sec. 4:

B [Mopp(Q,4=10)] (M?)

1 3
= /st e s/M? Imﬂger( ,G=0)+ e me/M (mc ( Te e ) (dgoGd)
2

T oM+ M2

1 a; 9 7 ng 2vE m 2m2] as((vG)? G?
+12<7TG>+|:<18 31 M* 3)<M2 1) 3M2]<7r< 2 1)

+2 (m2 - 1> (dViDod) — 4< me m) [(JD§d> - é<Jgagd>D . (3.3.32)

M? 2M4 M?

BQ2—>M2 [HOOPE(Q2767: 0)} (MQ)
_ w4 m; 1 4 D2d) — X (dteoGd
e < > BYVE. 2 < 0 > M2 < gUg >

= e /M (K (M))n, (3.3.3b)

where ImH}?er is given in [Nar02] and m,. = 1.3 GeV is the charm quark mass. Note that we use a
different charm quark mass here. We remark again that our main goal is to predict medium modifications.

Therefore, parameters are chosen such that they reproduce the vacuum case.

Low-density expansion:

The primary goal of the present sum rule analysis is to find the dependence of Am and m on changes
of the condensates entering Eq. (3.3.3). However, also the continuum thresholds s(:)IE can depend on the
density, as discussed above for the pseudo-scalar case. The employed evaluation strategy, cf. App. C.7,
naturally provides a density dependent splitting of the threshold parameters, but the average of both
thresholds is still density independent. We will now include its medium dependence.

To study this influence, we consider Eq. (3.2.5) in detail using an asymmetric splitting of the continuum
thresholds As3 = ((s§)? — (sy)?)/2 and parameterize its density dependence by As3(n) = aasn +

O(n?). Up to order n, only s3(n = 0) and dASg enter Am (i.e. neither %

nor M’ ), whereas
0

sg(n = 0), g dSO 0
m and Am from Eq. (3.2.4).

and dM ‘ o enter m (not —‘ ) as can be seen from the derivatives needed to calculate

do e—s0/M? dAs? _

n _< o ()= | e () (334
0 e

do’ —s2/M? dA

£ :<—e —— solmITper(s() di” e MM RN (M) — m2K (M), (3.3.4b)
0 n=0
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@
dn

e~ so/M? ds2 1 [0 o dMT?
= (ﬂImeer(sg)di - / dsTmlTper(s)se s/M " (3.3.4c)
0 me n=0

d
+ B MpE(Q% 7=0)] (M?) (3.3.4d)

n=0

While Eq. (3.2.5) suggests that one can independently adjust m(0) to the respective vacuum value,

Eq. (3.3.4) evidences that furth ¢ has M, 94| 2 Ag2 98| apq 9090
g. (3.3.4) evidences that further vacuum parameters (such as M, 3~ 0> 50> DG T o and — - O)

enter the density dependence and have to be chosen consistently to the vacuum mass. That means, one

has to evaluate the complete sum rule, including consistently the vacuum limit.

Note that the Borel mass, at which the sum rule is analyzed, changes with the density, i.e.

d o dM=2 9 )
%%’[ opr] (M?) = (8n + dn8M2> 2 Mpg] (M?) . (3.3.5)

However, the derivative w.r.t. M ~2 of the perturbative term is still an integral with range of integration
being the threshold splitting Asg. Likewise, the derivative of the non-perturbative terms w.r.t. M 2
is still proportional to the density. Hence, both contributions vanish at zero density, and the density
dependence of the Borel mass drops out.

In linear density approximation of the condensates, A, is thus given as

QAm = —240) (gm%/M2 ([mQ(O) — mg} (K(M)) + <K’(M)>)
e—s0/M?
+Tolmnper(33) [m?(0) — s5] om) . (33.6)

which is dominated by the non-perturbative terms. We choose the Borel mass range and the thresholds
according to [Nar05].

As an estimate for the order of aas we rely on the splitting of the thresholds for the pseudo-scalar
channel and obtain ara s ~ 0.25 - 10 GeV L. It is an overestimation of the pseudo-scalar O(n) threshold
splitting as it would correspond to a linear interpolation of As% from the vacuum to nuclear saturation
density and, hence, includes higher order terms in the density. We choose aas ~ 10%...10% GeV~!.

The results are depicted in Fig. 3.3.7 for apns = +102 GeV~! (left panel) and for aps = +10% GeV~!
(right panel). In Fig. 3.3.8, auan, as a function of aa s is displayed for M = 1.37 GeV, the minimum of
the vacuum Borel curve for the scalar D meson.

Considering the results for the mass splitting of heavy-light pseudo-scalar mesons, e.g. D and B,
one could raise the question if the splitting is mainly caused by a splitting of the thresholds and, hence,
might be an artifact of the method which determines As3. From the above study we find that cas
indeed influences the mass splitting. A direct correlation in the sense of a correlation in sign can not be
confirmed. Furthermore, the results for D, mesons allow for a positive mass splitting if the net strange
quark density falls below a critical value. As the strange quark density enters through the vector quark

condensate, this already points to a suppressed influence of the threshold splitting on the mass splitting.
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Figure 3.3.7: Low density approximation of the mass splitting aa,,, as a function of the Borel mass.
Left: for aeas from —10? GeV~! (lower bundle of curves) to +10% GeV ! (upper bundle
of curves). Right: for aa, from —10% GeV~! (lower bundle of curves) to +10% GeV~!
(upper bundle of curves). The threshold values are s3 = 6.0 GeV? (solid black), 7.5 Ge V>
(dashed red) and 9.0 GeV? (dotted blue).
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Figure 3.3.8: aa,, as a function of aa for M = 1.37 GeV. For line code see Fig. 3.3.7.

Beyond low-density approximation

In the sum rule analysis of this chapter, the threshold splitting is not considered as a free parameter but

determined by the requirement that the minima of the Borel curves for particle and antiparticle are at the
same Borel mass.

Employing the condensates listed in Tab. 3.3.1, one obtains the results exhibited in Fig. 3.3.9. As
in Sec. 3.3, this analysis goes beyond the strict linear density expansion of m and Am and uses the
full solution (3.2.2) of the sum rule. The medium dependent part of the chiral condensate (the density
dependence of which is only in linear density approximation, as the other condensates too) enters the
mass splitting next to leading order of the density. The determination of the mass center m depends
strongly on the chosen center of continuum thresholds s? = ((sg )% + (s )?)/2 as indicated by the broad
range in the right panel of Fig. 3.3.9 when varying their medium dependence. In contrast, the splitting is
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Figure 3.3.9: Mass splitting parameter Am (left) and mean mass m (right) of scalar D* — D* mesons
with the pole + continuum ansatz as a function of density at zero temperature. For a charm
quark mass parameter of 7. = 1.3 GeV and mean threshold value s3(0) = 7.5 GeV2.
The curves are for s2(n) = s2(0) 4 &n/ng with &€ = 0 (solid), ¢ = 1 GeV? (dotted) and
£ = —1GeV? (dashed).

again fairly robust as evidenced by Fig. 3.3.7, where the difference between curves of different thresholds
is negligible.

A linear interpolation of the threshold splitting from vacuum to a density of n = 0.01 fm 2 gives
an estimate for the O(n) term aas ~ 7 - 10?2 GeV !, which justifies the range chosen in the previous

section.

3.4 Evaluation for B and B mesons

We turn now to BB and 5B mesons. The corresponding current operators are jg+ = ibysu or jgo = ibysd.
The antiparticles correspond to jg- = j; 4+ =uysbor jpo = j;o = id~ysb. The above equations and,
in particular, the OPE are applied with the replacements m. — my and mp+ — m= in order to take
into account the distinct heavy-light structure compared to the D meson case. The Borel curves m (M)
display, analogously to the case of open charm, pronounced minima at a Borel mass of about 1.7 GeV. We
utilize again the first evaluation strategy outlined in App. C.7. Numerical results are exhibited in Fig. 3.4.1.
We employ sg = 40 GeV? and obtain m = 5.33 GeV for the vacuum mass. One observes a mass splitting
of 2Am ~ —130MeV at n = 0.15 fm 3. The centroid is shifted upwards by about 60 MeV. The splitting
of the threshold parameters becomes AsZ ~ —3.4 GeV? and the minima of the Borel curves m. (M) are
shifted from M = 1.67 GeV in vacuum to M ~ 1.71 GeV at n = 0.15 fm~>. In case of B, B mesons,
the combination m;(dd) is expected to have numerically an even stronger impact than the term m..(dd)
in the charm sector. Indeed, the influence of the chiral condensate becomes even larger than that of
the odd mixed quark-gluon condensate (¢ go%q) at higher densities. The overall pattern resembles the
results exhibited in Fig. 3.3.4, but with shifted mass scale for m. The other evaluation strategies yield
the same results. Setting (¢'g0%q) = —0.33 GeV2 n, and, hence, (¢" D2q) = —0.0585 GeV? n, a mass
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Figure 3.4.1: Am (left) and m (right) for B and B at s2 = 40 GeV? and m;, = 4.7 GeV. For line
codes see Fig. 3.3.1. For density dependent thresholds, s2 = s2(0) 4 7n/no GeV? has
been used.

splitting of 2Am ~ —220 MeV and an average mass shift ~ 45 MeV would be obtained.

3.5 Interim summary

To summarize the results of this chapter, we have evaluated the Borel transformed QSRs for pseudo-scalar
mesons composed of a combination of a light and heavy quark. The heavy quark mass introduces a
new scale compared to QSRs in the light quark sector. The evaluation of the sum rules, complete up to
mass dimension 5, has been performed for D, D and B, B mesons with a glimpse on Dy, D, and the
scalar D*, D* mesons as well. Our analysis relies on the often employed pole + continuum ansatz for the
hadronic spectral function. Complications concerning a finite-width ansatz have been briefly discussed.
This is a severe restriction of the generality of the practical use of sum rules. In this respect, the extracted
parameters refer to this special ansatz and should be considered as indicators for changes of the true
spectral functions of hadrons embedded in cold nuclear matter. Particles and antiparticles are coupled —
a problem which is faced also for hadrons with conserved quantum numbers in the light quark sector
[ThoO8b, Coh95, ThoO7].

We presented a transparent approximation to highlight the role of the even and odd parts of the
OPE. Numerically, we find fairly robust mass splittings (for the employed set of condensates), while an
assignment of a possible mass shift of the centroids is not yet on firm ground. The impact of various
condensates is discussed, and (q7q), (¢Tgo%q) and (Gq) are identified to drive essentially the mass
splitting. While (gq) is amplified by the heavy quark mass, it enters nevertheless the sum rules beyond
the linear density dependence. A concern is the sign of the condensate (qfgo%q), vanishing in vacuum
but with poorly known medium dependence, which determines the size of the D — D mass splitting.

These findings, in particular for D, D, D,, D,, are of relevance for the planned experiments at FAIR.
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4 Chiral partner QCD sum rules*

It is the aim of the present chapter to present in-medium sum rules for the scalar and pseudo-scalar as
well as vector and axial-vector mesons composed essentially of a heavy quark and a light quark, e.g.
uc and de realized in vacuum as D*(1867), J© = 0=, D°(1865), J© = 0™, D{(2400)°, JZ = 0+,
D*(2007)°, JP = 1-, D*(2010)*%, J¥ = 17, D1(2420)°, J¥ = 1% (there is no confirmed charged
scalar or axial-vector state in the open charm sector) [Nak10]. As mentioned in Sec. 1.5, such open
charm degrees of freedom will be addressed in near future by the CBM [CBM] and PANDA [PAN]
collaborations at FAIR in proton-nucleus and anti-proton—nucleus reactions [Fril1]. Accordingly we are
going to analyze the chiral sum rules in nuclear matter.

Chiral symmetry is explicitly broken by nonzero quark masses (cf. Sec. 1.1 and App. A), but QCD
is still approximately invariant under transformations which are restricted to the light quark sector.
Although currents, related to mesons which are represented in the quark model as composed of a light
quark and a heavy quark, are neither conserved nor associated with a symmetry transformation, vector
and axial-vector currents still mix under a transformation which is restricted to the light quark sector.
Consider for example the infinitesimal rotation in flavor space ¢y — e~ *"®Ty) ~ (1 — it*@T) 1),
where t* € SU(N¢), I' = 1 for the vector transformations and I' = 5 for the axial transformations, and

©% denote a set of infinitesimal rotation parameters (rotation angles). The vector current transforms as
g =y = )T £ iy, 00 [t 7]y, (4.0.1)

where + (—) refers to the vector (axial) transformations and 7 denotes a matrix in flavor space. In the 3-
flavor sector ¢ = (1)1, 12, 13), where the first two quarks are light, the choice 6 = (©1,02,03,0,...,0)
and 2t* = A%, the well-known Gell-Mann matrices, clearly leaves the QCD Lagrangian invariant even
if the third quark is heavy. To be specific, let us consider 7 = (A* + i\%)/2, where the corresponding

current transforms as

g = ybs = g =gy - B (V107410303 + (01 4 i©2) Yalyuihs) (4.0.2)

Obviously, the heavy-light vector current mixes with heavy-light axial-vector currents if an axial trans-
formation, with I' = ~s, is applied. Analog expressions hold for spin-O0 mesons, and the result is
the same as in the spin-1 case, but with the replacements v, — 1 for the vector transformation and

iy [t T]_ — [t%, 7], for the axial transformation. Hence, a symmetry and its spontaneous breakdown

*The presentation is based on [Hill 1, Hill2a].
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4 Chiral partner QCD sum rules 4.1 Differences of current-current correlators and their OPE

in the light quark sector must also be reflected in the spectrum of mesons composed of a heavy and a
light quark. In particular, the splitting of the spectral densities between heavy-light parity partners must
be driven by order parameters of spontaneous chiral symmetry breaking.

Probing the chiral symmetry restoration via the change of order parameters requires a reliable extraction
of their medium dependence. As is known for the vacuum case, the chiral condensate is numerically
suppressed in QSRs in the light quark sector due to the tiny light quark mass, but occurs amplified by the
large heavy quark mass in QSRs involving a light and a heavy quark [Rei85]. Despite of the amplification
in terms of m.(uu), emphasized in Sec. 3, with m. and (zu) to be evolved to the appropriate scale, in
case of the D mesons, the dependence of the in-medium D meson spectrum on the chiral condensate is
not as direct as anticipated. This is clear in so far as there are always particle and antiparticle contributions
to the spectrum of pseudo-scalar states and one has to deal with both species. This accounts for inherent
suppressions and amplifications of different types of condensates due to the generic structure of the
sum rule in that case. Indeed, a precise analytic and numerical investigation points to competitive
numerical impacts of various condensates for the mass splitting of particle and antiparticle, whereas, the
determination of the mass center rather depends on the modeling of the continuum threshold (cf. Sec. 3).

In the difference of chiral partner spectra (Weinberg type sum rules) the dependence on chirally
symmetric condensates drops out. At the same time, the amplification of the chiral condensate by the
heavy quark mass is still present. This makes Weinberg type sum rules of mesons composed of heavy

and light quarks an interesting object of investigation.

4.1 Differences of current-current correlators and their operator
product expansion

We consider the currents

3° (@) = @1(x) ga(x) (scalar), (4.1.1a)
i¥(x) = qu(x) ivs g2 () (pseudo-scalar), (4.1.1b)
dp (2) = @1 (2) Y g2() (vector), (4.1.1¢)
jf} () = @ (z) 570 q2() (axial-vector) (4.1.1d)

which are self adjoint in the case of equal quark flavors, and the corresponding causal correlators (cf.
App. B)

e (g) =i / a0 (T 157 () 5P1(0) ) (4.1.22)
i (g) = i / dt (T |GV ()N 0)]) (4.1.2b)

In the rest frame of the nuclear medium, i.e. v = (1, 0), and for mesons at rest, i.e. ¢ = (1, 6), the

48



4 Chiral partner QCD sum rules 4.1 Differences of current-current correlators and their OPE

(axial-) vector correlator can be decomposed as (cf. App. B.3)

qu.4 V,A auq V,A
A (q) = ( 22” —gw> Y (q) + ‘;2”H(L () (4.13)
with H(TV’A) (@) = 3 (‘1‘;—3” - g’“’) HEX,’A) (¢) and H(LV’A)(q) = q%q"q”HLX’A)(q) written explicitly
covariant. II1 contains the information about (axial-) vector degrees of freedom. IIy, refers to (pseudo-)

scalar states and can be related to the (pseudo-) scalar correlator (cf. App. B.4 for details).

We now proceed with the OPEs for ITX ¢ {H(Svp),H(V’A) = g“”HEX’A)}. We do not include the

a; corrections which would arise from inserting the next-to-leading order interaction term in the time-
ordered product of the current-current correlator. Such terms account, e.g., for four-quark condensates.
They are of mass dimension 6 and beyond the scope of this investigation. According to standard OPE
techniques (cf. e.g. [Nov84b, Shi79a, Nar02] and App. C), the time-ordered product can be expanded
into normal ordered products multiplied by Wick-contracted quark-field operators. Dirac indices can
be projected onto elements of the Clifford algebra, I' € {1,7,, 0., 19574, V5 }, Which provides an
orthonormal basis in the space of 4 x 4 matrices with the scalar product (A, B) = 1 Trp[AB]. Color
indices can be projected onto an analogously appropriate basis. Thereby, color and Dirac traces of the
quark propagator occur. Using the background field method in fixed-point gauge (cf. [Nov84b, Shi79a]
and App. C.1) one arrives, after a Fourier transformation, at

4
™ (q) = —i3/(;17£4<: Trep [$1 ()T Sa(a + I 2

EOIPD C0 g8 (1@ Top [P Sa() 1] Dis 1
N n=

+ @I'Trp [ITX S (—¢)I*] Dg, ¢ :)
=11 (g) + 1¥(q) (4.1.4)

where Dy, = D,, ...D,, (with an analog notation for the partial derivative) and quark fields and
their derivatives are taken at x = 0. For X denoting vector and axial-vector states, (FX )Z.j (FX ) =
(I‘ff )Z.j (FX’“) Kl is understood. H(O)(q) denotes the fully contracted (depicted in Fig. 4.1.1 (a)) and
1) (q) the 2-quark term (see Fig. 4.1.1 (b) for (1. ..1))), Tre p means trace w.r.t. color and Dirac
indices. To have the same structures in both quantities I1(°) and I1(?), we also project the matrix product
' ST x onto this basis (see App. D.1) which allows to consider the propagator properties in the space of

Dirac matrices for each quark separately:

4
H(P,S)(O) (q) _ (71)(P:S)Z' / ((2:171_]))4 <; iTrC [TI“D [SQ(Z) + Q)]TTD[Sl (p)}

+ (=) Tep[Sa(p + ¢)7,] Trp [S1 ()] + %TYD[& (P + @)oyw| Trp[S1(p)o™]
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4 Chiral partner QCD sum rules 4.1 Differences of current-current correlators and their OPE

(a) (b) m ()

ma mo mo

Figure 4.1.1: Feynman diagrams of (a) II(?) and (b) II®). (¢) is for I1(?) with two gluon lines attached
to the free propagator of quark 1. Double lines stand for the complete perturbative series
of the quark propagator (C.1.25), curly lines are for gluons, and circles denote non-local
quark condensates, while crosses symbolize local quark or gluon condensates.

+ (=) Tep [So(p + )157,] Ten [S1 (9)757"] +Trp[S2(p + ¢)75) Trp[S1(p)y5]] )
(4.1.50)

N0 (g) =~ [ S22 T Mol + 0TS 0]
HEDOA T [55(p )] T 51 (9)7#] (1) V) ST S5+ )57, Tep [ (p)57

—Trp[S2(p + ¢)¥5|Trp[S1(p)ys]] 1), (4.1.5b)

where (—1)(P"Y) = —1 for pseudo-scalar and vector mesons and (—1)(54) = 1 for scalar and axial-
vector mesons. Note that only the Dirac structure has been projected. Still the product of the propagators
in color space must be accounted for, which is indicated by the overall trace in color space. Apart from
the prefactors of each term, the result has the structure of a scalar product in the linear space spanned by
the Clifford base. ITX(2) (¢) in Eq. (4.1.4) may be simplified using Tab. D.1.2 in App. D.1. Also note that
I(V-A)0) and T1(V-4)(2) have no o, part as can be seen from Tab. D.1.2. Later on, this expansion allows

to identify and to separate certain parts in order to investigate their distinct properties, e.g. for mq — 0.

To obtain the OPEs for the difference of chiral partners II* =5 = IT” — II° and TTIV—4 =TIV — 114,

one can use (4.1.5) or directly project the occurring anticommutators. The result reads

4
P—50) (g) = — / (;1:;4@ %Trc {Trp[S2(p + ¢)] Trp[S1(p)]

+ éTrD [S2(p + ¢)o ] Trp[S1(p)o™”] +Trp[S2(p + @)vs] Tro[S1(p)ys]} ), (4.1.6a)

{H’UQ<B775}

s =SS LS Da o™ (Tl Suo) o
’ r

n

+ 3l0% (Trp [Ty (—q))) D, a2:), (4.1.6b)
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4 Chiral partner QCD sum rules 4.1 Differences of current-current correlators and their OPE

HV*A(O)(@ — i/(;ljrp;l(:QTrc {Trp[S2(p + q)] Trp[S1(p)]

—Trp[Sa(p + @)vs5] Trp[S1(p)ys]} i), (4.1.6¢)

7 {177;75}

mV-4@)(g) = — Z (_7;')2 Z <2§1§&nr3&" (Trp[I'S2(q)]) a1
: I

n

+ 3TO% (Trp[TS1(—q)]) Da,g2:) . (4.1.6d)

where the Clifford basis is modified now by the imaginary unit in front of ~5 for the vector—axial-vector
difference. The advantage is that we are left with three different types of Dirac traces for the quark

propagators in the P—S case and only two in the V—A case.

The perturbative series for a momentum-space quark propagator in a gluonic background field in
fixed-point gauge is presented in App. C.1. Its derivative is given by the Ward identity 0*S(q) =
—S(q)T*(q,¢;0)S(q), where I'*(q, ¢; 0) denotes the exact quark-gluon vertex function at vanishing
momentum transfer. I'#(q, ¢;0) = " holds for a classical background field meaning that the Ward

identity for the complete perturbation series has the same form as for free quarks [Lan86].

For the limit of a massless quark flavor attributed to g1, m1 — 0, one can show (see App. D.2) that
Trp[['Si(q)] = 0 for T' € {1,0,,,75} and ¢*> # 0. In this limit only the diagram in Fig. 4.1.1 (b)
gives a contribution to IT(?). The corresponding diagram for 1 <— 2 vanishes, because the sum over
Dirac matrices in (4.1.6) covers such elements where the corresponding traces vanish. Hence, for
chiral partner sum rules the often used approximation of a static quark, which results in vanishing
heavy-quark condensates, is not necessary since their Wilson coefficients vanish in the limit of the other
quark being massless. This means that, if one is seeking the occurrence of quark condensates in lowest
(zeroth) order of the strong coupling «s, at least one quark must have a nonzero mass. (Higher order
interaction term insertions cause the occurrence of further quark condensates proportional to powers of «,
cf. [Kap94, Leu07, Leu06b] for examples.) Hence, the structure of the OPE side of the famous Weinberg
sum rules for light quarks w.r.t. quark condensates is shown in all orders of the quark propagators and

quark fields.

For the completely contracted term (9 the situation is somewhat more involved. A superficial view
on Eq. (4.1.6) together with the trace theorem of App. D.2 may tempt to the conclusion that II(?) is zero
for chiral partner OPEs of heavy-light quark meson currents. On the other hand it is clear that only
matrix elements of chirally odd operators may enter the OPE, whereas gluon condensates are chirally
even. In this sense, the cancellation of 11 is in line with naive expectations. But with the introduction
of non-normal ordered condensates, also gluon condensates together with infrared divergences would
be introduced. Taking this as a heuristic argument for a nonzero II(?) raises the question of the precise
cancellation of these terms and terms added by introducing non-normal ordered condensates. Indeed,

from the in-medium OPE of D mesons (see App. C.4) it is known that the medium specific divergences
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4 Chiral partner QCD sum rules 4.1 Differences of current-current correlators and their OPE

are canceled because of the renormalization of (: cZ’yMDl,d :). But this term is chirally even (formally,
it is the matrix element of an isospin-singlet vector current, cf. Egs. (A.1.69) and (A.1.70c)) and does
not enter Eq. (4.1.6). Moreover, it is known that introducing non-normal ordered condensates in order
to cancel infrared divergent Wilson coefficients of gluon condensates leads to additional finite gluon
contributions. Clearly, these have to cancel out in case of chiral partner sum rules. Again, this can be
taken as a heuristic argument that only those mass divergences can remain in II(°) which are cancelled by
chirally odd condensates. Two questions have to be answered. Do all infrared divergences cancel out?
And does the renormalization procedure introduce chirally even condensates? Thus, a careful analysis is
mandatory to prove that the obtained results are infrared stable and that the renormalization procedure is

consistent.

In case of two light quarks, i.e. m12 — 0, the limiting procedure and the momentum integration
commute and, hence, oo = 0is obvious, because all non-vanishing terms drop out in the chiral
difference. If one of the quarks has a nonzero mass, the limiting procedure and the momentum integration
do not commute due to the occurrence of infrared divergences [Che82b, Tka83b, Gro95, Jam93, Hil08,
Zscl1], e.g. for the term depicted in Fig. 4.1.1 (c) which is proportional to the gluon condensate. As the
integration domains in Egs. (4.1.5) and (4.1.6a), (4.1.6¢) involve momenta p = 0, Tr[['S(p, m)| does not
converge uniformly for m — 0. Hence, the integration and the limit m — 0 cannot be interchanged. A
careful treatment is in order. In fact, a direct calculation of the perturbative contribution to chiral partner

OPEs, which is presented in App. D.3, shows that the infrared divergences are the only remaining terms.

All finite terms cancel out in the chiral difference. Hence, what remains in the chiral difference
are infrared divergent terms stemming from the free propagation of the heavy quark and the light
quark propagator with two gluon lines attached (see Fig. 4.1.1 (c)). These divergences have to be
absorbed by introducing condensates which are not normal ordered. In App. D.3 their cancellation
is demonstrated in detail. The separation done in Eq. (4.1.5) now allows for an unambiguous identi-
fication of the singular terms. Up to mass dimension 5, the only product of traces which contributes
in the limit mg — 0 to 119 is Trp[S;]Trp[Ss]. Indeed, up to order ! one can show that the contri-
bution — [d?p TrD[SéO) (p+ ) TrD[ng) (p)]:), which is the remaining term of Eq. (4.1.5) after the
limit 7y — 0 has been taken, is canceled by [dp Trp [S’éo) (q)] <TrD[S£2) (p)]). The latter quantity is
introduced by the definition of non-normal ordered condensates (cf. App. C.5)

(@0 D) q) = (GO [D,] q:) — i / (‘;Z;MTrQD [O [—ipu - z‘A“] Sq(p)b : 4.1.7)

resulting in a factor [(Trp [S%Q) (p)]) to the Wilson coefficient Trp [Séo) (q)] of the chiral condensate in
Eq. (4.1.4). Hence, in case of heavy-light mesons, first the integration has to be performed, then one has
to introduce non-normal ordered condensates according to Eq. (4.1.7), and afterwards the limit m; — 0

can be taken. In case of equal quark masses, m; = mo, the divergences cancel each other by virtue of

/ a'p (TrofS1P (0 + Q) Tro 857 ()] + Tro [ (0 + )] Tro S (9)]) = 0. (4.1.8)
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4 Chiral partner QCD sum rules 4.2 Chiral partners of open charm mesons

If two heavy (static) quarks are considered, only II(?) gives a contribution to the chiral OPE, whereas
for two massless quarks, both I1(?) and T1(?) vanish.

Putting everything together this means that for light quarks (m; 2 < Aqcp) in the chiral-difference
OPE the corresponding traces and, therefore, the corresponding Wilson coefficients vanish, while for
heavy quarks (m12 > Aqcp) the condensates vanish. To obtain quark condensates in order ozg the
two flavors must be of different mass scales, i.e. ¢1 € {u,d(,s)} is a light quark and g2 € {c,b,t} is
a heavy quark. Hence, to seek for condensates which are connected to chiral symmetry breaking as
possible order parameters in order o, a natural choice is to consider chiral partner mesons composed
of a light and a heavy quark. Given the above mentioned experimentally envisaged research programs
at FAIR [CBM, PAN, Fril1] we focus on open charm mesons. The presented formulas may be directly

transferred to open bottom mesons by m. — mg.

4.2 Chiral partners of open charm mesons

We now consider a light (g1 = ¢) and a heavy (¢2 = ¢.) quark entering the currents in Eq. (4.1.1), but the
presented formalism can be applied to arbitrary flavor content. Thereby, traces w.r.t. flavor indices are

introduced.

4.2.1 The case of P-S

For the P—S case we consider the pseudo-scalar D(0~) (D*, D° and D) and its scalar partners Dg(0%).
Of course, all the results also account for other heavy—-light (pseudo-) scalar mesons. (For open charm
mesons D, which contain a strange quark, however, the limit m¢s — 0 may not be a good approximation
and terms o< mg should be taken into account as well.)

Up to and including mass dimension 5, after absorbing the divergences in non-normal ordered

condensates, the OPE gets the following compact form

" 5(q) =" (q) — I1%(q) = I"®)(q) — 153 (¢)

(72)»” {170a<5}
!

= - > (¢D 5, O™ Trp[TS.(q)]a) | 4.2.1)
n T

where the sum over the elements of the Clifford algebra does not contain 75 up to this mass dimension

anymore. To evaluate the condensates in Eq. (4.2.1) in terms of expectation values of scalar operators,
Lorentz indices have to be projected onto g,,,, and €, in vacuum, whereas the medium four-velocity v,
provides an additional structure at finite densities and/or temperatures [Jin93]. Hence, new condensates
must be introduced which vanish in the vacuum. Thereby, temperature and density dependencies stem
from Gibbs averages of medium specific operators. The evaluation in the nuclear matter rest frame

v* = (1,0) for mesons at rest yields
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4 Chiral partner QCD sum rules 4.2 Chiral partners of open charm mesons

2

P-S(a) — 9l e o g el
(90) = 2(qq) o (909 q) (@ = m2)?
+ [(a90%q) — 8(aD3q)] _meds_ 4.2.2)
G -mp T

where we separated a medium-specific term (last line, (§go%q) — 8(qD3q) = (A)) vanishing in
vacuum and ¢ denotes either d or u quark field operators. Equation (4.2.2) reduces to the vacuum result
[Nar05, Hay04, Rei85] at zero density and temperature. The condensates (gq), (Ggo%q) and (gD3q)
may have different medium dependencies.

An odd part of the OPE of chiral partner sum rules does not appear up to this mass dimension. Although
there is no v, projection of the condensates for difference OPEs of chiral partner, it may arise from an
odd number of derivatives in Eq. (4.2.1).

The sum rule is set up according to Eq. (C.2.27) and after a Borel transformation (cf. App. C.2) the

result is

1 [t
/ dwe /M, AP S (w) = e me/M? [—2mc<qq>

71——00

mg‘ Me \ mi’ Me
+ <2M4 - MQ> (@9o9q) — (A) <2M4 - M2>] . (4.23)

It is instructive to cast Eq. (4.2.3) in the form of Weinberg type sum rules [Wei67, Kap94]. This can

be accomplished by expanding the exponential on both sides and comparing the coefficients of inverse
powers of the Borel mass. In such a way we can relate moments of the spectral P—S differences to

condensates via

1 [t
— / dw wAIIT S (W) = — 2m.(qq) , (4.2.4a)
™ —0o0
1 [t
= / dw W ATIP S (W) = — 2m3(Gq) + me(Ggo9q) — me (A) (4.2.4b)
™ —0oQ
1 [t
- / dww? ATIP S (W) = — 2m3(Gq) + 3m3(GgoDq) — 3m3 (A) + ..., (4.2.4¢)
™ —0o0
where “...” denote a neglected contribution of mass dimension 7. Combining the recurrence relations

derived in App. C.6 with the prescription to determine the required orders of the expansions within
the background field technique for given mass dimension shows that such a contribution must exist in
Eq. (4.2.4c). This generalizes the OPE side of Weinberg type sum rules to scalar and pseudo-scalar
mesons in the heavy-light quark sector for the first time.

If one attributes chiral symmetry to the degeneracy of chiral partners (i.e. the Lh.s. of Eq. (4.2.4)
vanishes) the vanishing of (gq) and (7D3q) = 3 ((ggo%q) — (A)) on the rhs. is required. In this
spirit, these condensates may be considered as possible order parameters of chiral symmetry. Note

that Eq. (4.2.4) also allows to consider the omitted mass dimension 7 condensate as an order parameter.
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4 Chiral partner QCD sum rules 4.2 Chiral partners of open charm mesons

Remarkably, the chiral condensate (Gq) of light quarks figures here in conjunction with the heavy quark
mass as parameter for chiral symmetry breaking in each of the moments (for vacuum, cf. [Nar05]). Of
next importance is (7D3¢q), again in combination with the heavy quark mass. The r.h.s. quantities must
be taken at a proper renormalization scale. Formally, in the chiral (i.e. strictly massless) limit for all

quarks the r.h.s. of Eq. (4.2.4) would vanish.

4.2.2 The case of V-A

In the same manner we proceed in the V—A case. From Egs. (4.1.6¢) and (4.1.6d) we obtain up to and

including mass dimension 5

IV=4(g) = I1¥(g) — 11*(q) = 1V () - 1*®)(g)

\n {ILJ:’Y5}

== (_nl.) 2 ). (@ D, TO™ Trp[DSy(q)an) (4.2.5)
’ r

n

where only the 1-projection survives. The in-medium evaluation results in

- 5 Me — mg mcq2
HV A(Q) = 8<QQ>M + 4<qgo'gq>(q02_7mg)3 - 4<A>(qg—7ﬂ(’ig)3 (426)

and together with Egs. (B.4.20) and (4.2.2) we obtain for the correlator containing the information about
the vector and axial-vector degrees of freedom

me

1
VA =TS+ e (& e AL 2.
T I G I @20

For vacuum, the result of [Hay04, Rei85] is recovered. The Borel transformed sum rule is given by

I
7T/ dw e~ /M? AH\T/_A(w) — e~me/M? [—2m6<qq>

—0o0

m3 m3 4 me
+oat29099) — (A) <2M4 - 3M2>]. (4.2.8)

The corresponding moments therefore are

—+00
% / dww ATV (w) = — 2m,.(qq) , (4.2.9a)
1 +oo VoA 4
- / dw w? ATIY M (w) = — 2m2(qq) — gmc<A> : (4.2.9b)
1 oo 5 V-A 5 3 11 3
7T/ dww’AllL™ % (w) = — 2m2{(qq) + m2(qgo4q) — gmc<A> +... (4.2.9¢)
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4 Chiral partner QCD sum rules 4.2 Chiral partners of open charm mesons

with the same meaning of *“...” as above. This second set of Weinberg type sum rules contains the same
condensates as the first set in Eq. (4.2.4) but in different combinations. Again, addressing chiral symmetry
to the L.h.s. one may consider the chiral condensate (gg) and (A) as possible order parameters. As the
P—S case allowed us to identify (7D3q) as order parameter, (Ggo%q) also qualifies as order parameter.

In addition,

+o0 _
1 / dwwATIY (W) = 0 (4.2.10)

T J—c0

follows from Eq. (B.3.6) but for the decomposition I1,,, = (quql, —q2 g,“,)fIT +ququf[L. This corresponds
to Weinberg’s first sum rule [Wei67]. Note that, in contrast to Weinberg’s original sum rule [Wei67], no
Goldstone boson properties appear on the right hand side of Eq. (4.2.10) because the heavy-light currents
involved in our case are generally not conserved. The Borel transformed sum rule for Il = Il /q? reads

1 [T 2/M2, AFV-A
/ dwe™"/ WAILL™ " (w)

2 2 /072 1 2 /072 m?2 ma
— (a2 [ = emmE/M ] = | emE/M? (4 c c
aa) - [ e (a9o9a) 5 |1 =€ RNYVERIIVE

1 [7 2 .
+(A) [ [1—em%/M2 <1+E§>]—emi/w££] (4.2.11)

m2 |3 4

and reproduces Eq. (4.2.9). Note that using I, instead of I, is more appropriate for the heavy-quark

limit which is considered in the following.

4.2.3 Heavy-quark symmetry

In the heavy-quark limit, m3 > ‘qQ

, the leading contributions in Eq. (4.2.7) are

2
mv-A ‘ ~ TIPS ‘ ~——(gq), 4.2.12
T P (q) P (q9) ( )
n
where p jmg = _rr% > (%) has been exploited. This result is in agreement with the expected

degeneracy of vector and pseudo-scalar mesons and of axial-vector and scalar mesons in the heavy-quark
limit [Isg89]. Actually the (Gq) parts of II"~5 and H)F/*A agree as one can check by comparing Eq. (4.2.3)
with Eq. (4.2.8).

4.2.4 Numerical examples

Using the condensates from Tab. 3.3.1 the r.h.s of Egs. (4.2.2), (4.2.8) and (4.2.11), i.e. the OPE sides,
are exhibited in Fig. 4.2.1 as a function of the Borel mass for vacuum and cold nuclear matter. The
Borel curves are significantly modified by changes of the entering condensates due to their density

dependencies, i.e. their magnitudes are lowered by approximately 30% of their vacuum values. It should
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Figure 4.2.1: The OPE sides of Egs. (4.2.2) (upper left panel, P—S), (4.2.8) (upper right panel, V—A)
and (4.2.11) (lower panel V—A) as a function of the Borel mass in vacuum (solid
red line) and at nuclear saturation density n = 0.15 fm~2 (dashed blue line) with

(A) =8 x 0.3nGeV?.
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4 Chiral partner QCD sum rules 4.3 Interim summary

be emphasized, however, that the density dependence is estimated in linear approximation. For the chiral
condensate (gq) it is known [Lut00, KaiO8] that the actual density dependence at zero temperature is not
so strong. One may expect accordingly a somewhat weaker impact of the medium effects.

For further evaluations, the hadronic spectral functions or moments thereof must be specified, e.g. by

using suitable moments as in [Zsc02, Tho05].

4.3 Interim summary

To summarize the results of this chapter, we present difference QSRs for chiral partners of mesons with a
simple quark structure. Focussing on the OPE of the current-current correlator in lowest (zeroth) order
of an interaction term insertion, only the combination of a light and a heavy (massive) quark yields a
non-trivial result: Differences of spectral moments between pseudo-scalar and scalar as well as vector
and axial-vector mesons for condensates up to mass dimension < 5 are determined by the combinations
me(qq), me(qgo9q), and m.({(ggo9q) — 8(qD3q)) (to be taken at an appropriate scale) which may be
considered as elements of “order parameters” of chiral symmetry breaking (see [Doi04] for a lattice
evaluation of the mixed quark-gluon condensate at finite temperature). Vanishing of these condensates at
high baryon density and/or temperature would mean chiral restoration, i.e. the degeneracy of spectral
moments of the considered chiral partners. Chiral partners of mesons with light—light or heavy—heavy
quark currents are non-degenerate in higher orders of «, as exemplified by the Kapusta-Shuryak sum
rule. The famous Weinberg sum rules generalized to a hot medium in [Kap94] refer to lower mass
dimension moments where the OPE side vanishes in the chiral limit.

Our results show a significant change of the OPE side when changing from vacuum to normal nuclear
matter density. This implies that also the hadronic spectral functions may experience a significant

reshaping in the medium.

58



5 The impact of chirally odd condensates on
the p meson*

The impact of chiral symmetry restoration on the properties of hadrons, in particular of light vector
mesons, is a much debated issue. As discussed in Sec. 1.3, in-medium modifications of hadrons made
out of light quarks and especially their possible “dropping masses” are taken often synonymously for
chiral restoration. However, experimentally the main observation of in-medium changes of light vector
mesons via dilepton spectra is a significant broadening of the spectral shape [Arn06, Ada08]. Such
a broadening can be obtained in hadronic many-body approaches, e.g., [Fri97, Rap97, Pet98c, Pos04,
Hee06, Her93, Cha93], which at first sight are not related directly to chiral restoration in the above spirit.
Pion dynamics and resonance formation, both fixed to vacuum data, provide the important input for such
many-body calculations. Clearly the pion dynamics is closely linked to the vacuum phenomenon of chiral
symmetry breaking, but the connection to chiral restoration is not so clear. For the physics of resonances
the connection is even more loose. There are recent approaches which explain some hadronic resonances
as dynamically generated from chiral dynamics [Kai95, Kol04, Sar05, Lut04, Roc05, Wag08a, Wag08b],
but again this primarily points towards an intimate connection between hadron physics and chiral
symmetry breaking whereas effects of the chiral restoration transition on hadron physics remain open.
As suggested, e.g., in [Rap99, Leu09b] the link to chiral restoration might be indirect: The in-medium
broadening could be understood as a step towards deconfinement. In the deconfined quark-gluon plasma
also chiral symmetry is presumed to be restored. All these considerations suggest that the link between
chiral restoration and in-medium changes of hadrons is more involved as one might have hoped.
Additional input could come from approaches which are closer to QCD than standard hadronic models.
One such approach is the QSR method (cf. Sec. 2). A somewhat superficial view on QSRs for vector
mesons seems to support the original picture of an intimate connection between chiral restoration and

in-medium changes. Here the previously popular chain of arguments goes as follows:

1. Four-quark condensates play an important role for the vacuum mass of the light vector mesons
[Shi79b, Shi79a].

2. The four-quark condensates factorize into squares of the two-quark condensate [Nov84al].
3. The two-quark condensate decreases in the medium due to chiral restoration [Ger89, Dru91].

4. Thus the four-quark condensates decrease in the medium accordingly.

*The presentation is based on [Hil12b].
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5 VOC scenario for the p meson

5. Therefore the masses of light vector mesons change (decrease) in the medium due to chiral

restoration.

Before we critically assess this line of reasoning an additional remark concerning four-quark conden-
sates is in order: In [Shi79b, Shi79a] it is shown that the vector meson mass emerges from a subtle balance
between the gluon and four-quark condensates. In that sense four-quark condensates are important. There
are, however, approaches (employing, e.g. finite energy sum rules) which deduce p meson properties
without using the four-quark condensates, see, e.g., [Kwo08]. In this case, one needs additional input to
determine the p meson properties (cf. the discussion in [Hat95]). In [Kwo08] this input is provided by
the assumption that the continuum threshold is related to the scale of chiral symmetry breaking. In the
following we use the original sum rule approach of [Shi79b, Shi79a]. Note that the different approaches
of [Shi79b, Shi79a] and [Kwo08] are not mutually exclusive.

In the previous line of reasoning (items 1-5) one seems to have a connection between chiral restoration
— descent of two- and four-quark condensates — and in-medium changes, no matter whether it is a mass
shift or a broadening [K1i97, Leu98b] or a more complicated in-medium modification [Pos04, Ste06].
However, at least item 2 and, as its consequence item 4, are questionable: Whether the four-quark
condensates factorize is discussed since the invention of QSRs, see, e.g., [Shi79b, Shi79a, Nar83, Laug4,
Ber88, Dom88, Gim91, Lei97, Bor06] in vacuum and for in-medium situations [Ele93, Hat93, Bir96,
Zsc03, Leu05a, ThoO5]. With such doubts the seemingly clear connection between chiral restoration and

in-medium changes gets lost.

Indeed, a closer look on the QSR for light vector mesons reveals that most of the condensates, whose
in-medium change is translated into an in-medium modification for the respective hadron, are actually
chirally symmetric (see below). Physically, it is of course possible that the same microscopic mechanism
which causes the restoration of chiral symmetry is also responsible for changes of chirally symmetric
condensates. For example, in the scenario [Par05] about half of the (chirally symmetric) gluon condensate
vanishes together with the two-quark condensate. These considerations show that the connection between

the mass of a light vector meson and chiral symmetry breaking is not as direct as often expected.

We take these considerations as a motivation to study in the present section a clear-cut scenario where
we ask and answer the question: How large would the mass and/or the width of the p meson be in a
world where the chiral symmetry breaking objects/condensates are zero? In the following we will call
this scenario VOC (vanishing of chirally odd condensates). Note that we leave all chirally symmetric
condensates untouched, i.e. they retain their respective vacuum values. We stress again that such a
scenario may not reflect all the physics which is contained in QCD. There might be intricate interrelations
between chirally symmetric and symmetry breaking objects. In that sense the VOC scenario shows for
the first time the minimal impact that the restoration of chiral symmetry has on the properties of the p

meson.
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5 VOC scenario for the p meson 5.1 Chiral transformations and QCD condensates

5.1 Chiral transformations and QCD condensates

For the p” meson we investigate the correlator
I, (q) =i / d'z e (T [j3(2)73(0)]) (5.1.1)

where the current jfj stands for j,Y’T (cf. Eq. (A.1.42a)) with 7 = 03 /2, o the isospin Pauli matrices and

j,‘iT =Jy 3 has been used. We use the sum rule as given in [Leu98b]

1 [ -
/ dss~L ATI(s) e*/M* = TI(M?), (5.1.2)
T Jo

where we denoted the Borel transformed correlator for brevity as f[(M 2). We consider a p meson at
rest, therefore, and due to current conservation and flavor symmetry (cf. Apps. B.3 and B.4), the tensor

structure of (5.1.1) reduces to a scalar II = %Hﬁ The Borel transformed OPE reads [Zsc04]

2y _ 2 Ci
II(M?) = coM +Z TG (5.1.3)
with coefficients up to mass dimension 6
1 g
w0=155 (1+ ?> , (5.1.42)
3
o =———(mi+mj), (5.1.4b)
82
1 - 1 s
e =5(1+ —CF)(mu@u) + mg(dd)) + — <‘1G2> + N, (5.1.4c)
24 \' 1
112
c3 = —8—17ras<04 ) — 4Ny (5.1.44)

with Cp = (N2 — 1)/(2N.) = 4/3 for N. = 3 colors. A mass dimension 2 condensate seems to be
excluded in vacuum [Dom09]. In Eq. (5.1.4) we have introduced the vector channel (V) combination of

four-quark condensates in compact notation

81

224«%1)%75)\ oP) (P s A o)) +

(0f) = 2 (e > ) (5.1.5)

f=u,d,s

112

with color matrices A*. (For a classification of four-quark condensates, cf. [Tho07].) It is also useful to
introduce the averaged two-quark condensate mq(qq) = 3 (mytu + mgdd) and mg = (my, +mq)/2.
These terms constitute the contributions which already exist in vacuum (and might change in a medium)
up to higher-order condensates encoded in ¢; for 7 > 3 which are suppressed by higher powers in
the expansion parameter M/ ~2. Additional non-scalar condensates come into play, in particular for in-
medium situations. In Egs. (5.1.4c) and (5.1.4d), only the twist-two non-scalar condensates [Hat93] are
displayed, N; = —2 i (ST, Dy, - - Dyytb) g#10 . .. g0, where the operation ST is introduced to

61



5 VOC scenario for the p meson 5.1 Chiral transformations and QCD condensates

make the operators symmetric and traceless w.r.t. its Lorentz indices. Twist-four non-scalar condensates
have been found to be numerically less important [Hat93, Hat95, Leu98a].

Using Eqgs. (1.1.2a) and (1.1.2b) one can show that the only objects in the OPE (5.1.3) with coefficients
(5.1.4) and (5.1.5) which are not chirally invariant!? are

(i) the (numerically small) two-quark condensate
and
(i) a part of the (numerically important) four-quark condensate (O} ) specified in Eq. (5.1.5).

The last term in Eq. (5.1.5) is a flavor singlet and, thus, invariant w.r.t. chiral transformations. Since
the first term in Eq. (5.1.5) is the product of two axial-vector currents, the most intuitive way to split
this four-quark condensate into a chirally symmetric and a chirally odd part is to add and to subtract the
product of two vector currents. Owing to the definition of vector and axial-vector currents in terms of

left- and right-handed currents (cf. App. A.1) one has
(1A o) (D 15X ) — (DA 0 ) (P Ao )
= (P sA 0% — Py AP P) (YA 0 + Pyt AT Y)
= —4(PrY N T YR) (PPN o) (5.1.6)
where we used the canonical ETC (cf. App. A.2). Therefore, we define the chirally odd condensate

8
112

(039%) PRy A O YR) (YL Ao yr) ) (5.1.7)

and the chirally even condensate

81
even\ _ -
(04 = 448

9

(@A) + (A0 )’) + oAy Y ) 5.18)

f=u,d,s

with (O)) = (O$"°") + (0999). The chirally odd part, which is the product of a left handed and a right
handed chirality current, <(9}fr> x gt j}j’”g j,% o° (omitting color indices), can indeed be transformed
into its negative by a proper chiral transformation and is therefore dubbed “chirally odd” condensate.
In general it is clear that any transformation which transforms the vector current into the axial-vector
current must generate a sign change for j}j‘ but not for j{; (cf. Eq. (A.1.55)). Therefore, any finite chiral
transformation which relates these particular parity partners and their spectral functions, results in a sign
change of (03494) but not of (O5"°"). Indeed, the quantity (O§'°") — (0344} is the specific combination

of four-quark condensates which enters the OPE for the a; meson — the chiral partner of the p.'> Tt

"ZNote that ¢; breaks the chiral symmetry explicitly. Its contribution is numerically completely negligible.

In App. A.1 we have shown, that any component of the chiral vector—isospin-vector current ;ﬂc with C' € {R, L}, can be
transformed into its negative by an appropriate chiral transformation, cf. discussion after Eq. (A.1.62). Thus, a transformation
may be applied which transforms the left-handed current into its negative but not the right handed, which results in a sign for
<(’)ffr>. Consequently, if chiral symmetry would be realized in the Wigner-Weyl phase, (5.1.7) must be zero.
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Figure 5.2.1: The mass parameter (M, s ) as a function of the Borel mass M for various values of
the continuum threshold s . The Borel windows are marked by vertical bars. The curves
are for ¢4 = 0, while the bands cover the range ¢4 = i(%"GQ)Q. Left panel: sy = 1.4,
1.3 and 1.2 GeV? from top to bottom with condensates from Tab. 3.3.1 and the four-quark
condensate as described in the text. Right panel: The VOC scenario (0$94) — 0 and
{(qq) — 0 for continuum thresholds s, = 1.1, 1.0 and 0.9 GeV? from top to bottom.

has been shown in [ThoO8a] that <(92dd> is an order parameter of the chiral symmetry (cf. App. A.2,
Eq. (A.2.31)), but can also be concluded from chiral partner sum rules in the light meson sector. Indeed,
the condensate (5.1.7) enters the Weinberg-Kapusta-Shuryak sum rules [Kap94], i.e. the OPE for the

chiral difference of vector and axial-vector mesons with two light valence quarks, in order « (cf. Sec. 4).

The last term in Eq. (5.1.8) is an isospin-singlet. In an isospin invariant system (cf. App. A.2), the first

two terms in Eq. (5.1.8) may be written as

((?EW%O?))\%)Q + (7/_"7u03>\a7p)2>
1 - _ _ _
= §<(¢R7ﬁ)\a¢R — YL TAYL)? + (PR PAYR + YLy FA L))
= §<(¢Rwﬂ%3)2 + (P TA"L)?) . (5.1.9)

The latter two terms are separately invariant w.r.t. left-handed and right-handed isospin transformations

as shown in App. A.1 (cf. Eq. (A.1.69)), i.e. they are chirally invariant.

It appears to be very natural that a four-quark condensate which breaks chiral symmetry can be related
to the square of the two-quark condensate which also breaks chiral symmetry. Indeed, it has been shown
in [Bor06] that the factorization of the four-quark condensate <(92dd> given in Eq. (5.1.7) is completely
compatible with the ALEPH data on the vector and axial-vector spectral distributions [Sch05]. Contrarily,

even

it is not so obvious that a chirally symmetric four-quark condensate like (O03"°") in Eq. (5.1.8) is related

directly to the chirally odd two-quark condensate (qGq).
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Figure 5.2.2: The mass parameter (M, sy ) for the optimized continuum threshold s as a function
of the Borel mass M for vacuum values of the condensates (upper curves) and the
VOC scenario with (0$94) — 0 and (gq) — 0 (lower curves). The Borel windows are

marked by vertical bars. The curves are for ¢4 = 0, while the bands cover the range
Cq = :|:<%G2>2.

5.2 VOC scenario for the p meson

Let us first describe briefly how we fix the numerical values for the QCD condensates. We note that the
non-scalar condensates, which appear in Eqgs. (5.1.4¢) and (5.1.4d), are chirally symmetric and vanish
in the vacuum, i.e. we can disregard them also for the VOC scenario. The chirally symmetric gluon
condensate is determined from the QSR for the charmonium [Shi79b, Shi79a] as <%G2> = (330MeV)™.
The running coupling has to be evaluated at the typical energy scale of 1 GeV. Following [Leu04] we use
as = 0.38. The chirally odd two-quark condensate is fixed by the Gell-Mann—Oakes—Renner relation
[GM68] (cf. App. A.2) my(qq) = —% f2m?2 with the pion-decay constant f; ~ 92 MeV and the pion
mass m, = 139.6 MeV [Ams08]. Using in addition m, = (my + mg)/2 = 5.5 MeV [Nar99] one gets
the vacuum value (Gg) = —(245MeV)>. For vacuum, the chirally odd condensate (O$4) has been
extracted from the experimental difference between vector and axial-vector spectral information [Sch05].
We use the result of [Bor06]: (O4),. ~ % (@q)2,.. To fix the vacuum value for the chirally symmetric
(OF¥°") defined in Eq. (5.1.8) one may resort to the vacuum p meson properties [Ams08].

For that purpose we rearrange Eq. (5.1.2) by splitting the integral fooo = fos T+ fsof and putting the
so-called continuum part to the OPE terms thus isolating the interesting hadronic resonance part below

the continuum threshold s . This allows to define a normalized moment [Zsc02] of the hadronic spectral

function
i [ ds ATI(s) e~/
m (M, 8+) = fs+ds AH —1e—s/M2 (5218)
coM?[1 — (1 +%) *8+/M2]_672_c73_ ca

— M>__ MT_2M© (5.2.1b)

C()[l — 6_8+/M2] + + T + 2]\/[6 + 6M8 ’
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where the semi-local duality hypothesis % fsofds S_IAH(S)e_S/ M? — co fsofds e=s/M? replacing the
continuum integral by the integral over the perturbative term, is exploited in Eq. (5.2.1b). The second line
emerges essentially from the OPE and “measures” how m is determined by condensates. The meaning
of the spectral moment (5.2.1a) becomes obvious for the pole ansatz [Shi79a]; generically, it is the s
coordinate of the center of gravity of the distribution AH(s)s*Ie*s/ M? petween 0 and Sy

To determine (O3"°") for the vacuum case we identify the average of m with the p vacuum mass.
The averaged mass parameter is determined by m(s4) = (Mmax — Mmin) f me m(M,sy)dM.
According to [Zsc04] the Borel minimum M, follows from the requirement that the mass dimension 6

contribution to the OPE is smaller than 10%:

564 770‘8<Oz‘1/>

81M
. <0.1. (5.2.2a)
87172 (1+9) M, + 3in (qq) + Wgﬁn<%02> 815)\%]“ mas(OY)

For the Borel maximum M ,,x we demand that the continuum contribution to the spectral integral is
smaller than 50%:

ﬁ (1 + as) MI%I&X —s4/M, max
7o ds ATI(s) s7Temo M 4 g (14 82) Macemo+/Miw

max

<0.5. (5.2.2b)

Both quantities do not depend on a certain parametrization of the spectral density, because the denominator
of Eq. (5.2.2b) is given by Eq. (5.1.2) in terms of the OPE. Note that in Eq. (5.2.2a) the continuum
contribution is not present. The threshold s; follows from the requirement of maximum flatness
of m(M, s, ) as a function of M within the Borel window. Employing this system of equations,
(O5¥") = (267 MeV)" is found from the requirement 7m = 775.5 MeV, i.e. we identify m with the
vacuum p mass. The Borel curves are exhibited in Figs. 5.2.1 (for different continuum thresholds) and
5.2.2 for the curves which are optimized for maximal flatness (upper solid curve embedded in the narrow
band). The corresponding averaged mass parameters in Fig. 5.2.1 are v = 781.1, 761.0 and 740.8 MeV

from top to bottom for ¢4 = 0.

Digression: Other moments

Formally, in order to obtain the OPE for spectral integrals of higher powers of s, i.e. AIl(s) — s"AII(s),
the n-th derivative of Eq. (5.1.2) w.r.t. —1/M 2 can be taken and moments similar to (5.2.1a) weighting
higher energy regimes of AIl(s) may be defined:

fs+ds sPAlTe—s/M?
f;*ds s 1Alle—s/M?
1 n+1

_ 2 1 M? n
- (TL+ 1)' COMQ [1 — e~ s+/M ZZi_O (S+/! ) } n+1 1 Zk 0 kl(;;Q)kt%rPl (5.2.3)

! _ 2 (s4/M?2)k c
n! M n + ktndl
Co [1 —e5+/ Zk:() al nl Zk 0 KI(M2) VE==s}
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The maximum number of terms of the asymptotic expansion of the spectral integral is limited in general by
accuracy requirements [Win06, Hin95] and in practical calculations by the knowledge about condensates
of higher mass dimension. Each derivative reduces the number of known condensates in the OPE
beginning with the lowest mass dimensions, whereas each spectral integral basically has a different
asymptotic expansion with different approximative properties. On the other hand the perturbative
contribution, and thus the contribution of the continuum, remains in the sum and is enhanced compared
to the non-perturbative corrections which is mirrored in the amplified weighting of the continuum in the
moments. Therefore, using other moments of the spectral integral is expected to significantly reduce
the numerical accuracy. Indeed, m = 453 MeV and s, = 0.92MeV? is obtained for n = 1 and
(O5¥e") = (267 MeV)S.

VOC analysis

Let us consider now the VOC scenario, where one sets the explicitly chiral symmetry breaking terms
to zero. Thus, here one only needs the above quoted vacuum values for the chirally invariant terms.
(0394) — 0 and (gg) — 0 but keeping the chirally symmetric condensate values causes a reduction
of M to 659.8 MeV and the continuum threshold becomes s, = 1.03 GeV? (in vacuum it was s, =
1.37GeV?), see lower curves in Fig. 5.2.2. We emphasize the large impact on the averaged spectral
moment 7 if (O4) is set to zero.

We have convinced ourselves on the robustness of the quoted numbers, in particular the drop of
m, e.g. against variations of the criteria (5.2.2) for the Borel window. For instance, requiring for the
r.h.s. of Eq. (5.2.2a) a value of 0.05 (0.20) instead of 0.1, one would get m = 753.8 (801.3) MeV for
the same condensates as before and a drop of m to 641.2 (685.0) MeV in the VOC scenario. (If the
condensates are not frozen to the previous case but fixed to reproduce m = 775.5 MeV, which gives
(O5¥n) = (276 MeV)® ((256 MeV)), the mass would drop to T = 678.6 (635.4) MeV in the VOC
scenario.) Analogously, requiring 0.4 (0.6) instead of 0.5 in the r.h.s. of Eq. (5.2.2b) one would get
m = 788.1 (764.8) MeV and a drop of m to 672.0 (649.7) MeV in the VOC scenario. (A drop to
m = 649.0 (670.0) MeV and (O$°") = (261 MeV)b ((272MeV)") if the condensates are fixed to
reproduce m = 775.5 MeV.)

To get an estimate of the possible importance of the poorly known next-order term c4 of mass
dimension 8 (cf. [Rei85]) we use, analogously to [Tho05], as an estimate the “natural scale” (%G2)2
motivated by dimensional reasoning. The Borel curves for |c4| = (% G?)? border the bands in Fig. 5.2.2.
Of course, this estimate is quite rough as ¢4 may contain also chirally odd condensates, whose change is
not accounted for in the VOC scenario. Nevertheless, it supports the robustness of the VOC scenario
which is characterized by a lowering of the spectral moment 77 by about 120 MeV.

Equation (5.2.1a) shows that the moment analysis is independent of the specific type of parametrization
if the condensates are known. In contrast, setting the moment equal to the experimental mass is equivalent
to a pole ansatz and, hence, fitting (O3"°") to a specific parametrization. However, if the experimental

mass is a good approximation to the moment (5.2.1a), then (O3"°") is in good agreement to results that
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would have been obtained from experimental data. In this case the VOC scenario for the moment is a
model independent result. Only the translation of the moment to the parameters of a certain spectral

function is model dependent.

5.3 Mass shift vs. broadening

While for a narrow resonance in vacuum the often employed pole + continuum ansatz is reasonable,
the spectral distribution may get a more complex structure in a medium [Zsc02, Ste06, Kwo08, Fri97,
Rap97, Pet98c, Pos04, Hee06, K1i97, Lut02]. In particular, one cannot decide, within the employed
framework of QSRs, whether the above observed reduction of m, and consequently 77, means a mass
shift or a broadening or both. To make this fact explicit, we use a Breit-Wigner ansatz for the spectral

function

All(s) = o <\/§>‘1 ( Vs(s) O(s+ — s) + mscpO(s — s4) , (5.3.1a)

T \Mmo s —m3)? + sI'2(s)

where the vacuum parametrization of the width is motivated by [Leu98b]

T'(s) = O(s — (kmx)*)o <ﬁ>b <1 - (km’f)?) (1 - (km§)2> o (5.3.1b)

mg S mg

The parameter £ determines the threshold of the p decaying into k pions. In vacuum itis k = 2. Fy
determines the height of the spectral function. At the same time it is the coupling of the vector current
to the p meson. As such it is also subject to in-medium changes and is given by inserting (5.3.1a) into
(5.1.2) (with (5.1.3) for the r.h.s)

coll — e s+/MI M2 4 H5 4 L 4 Gy o (5.3.2)
1 fos+ds 1 <\/§)a b s—le—s/M? . B

m \mo ) (s—m2)2+s2(s)

Fy =

mo

Note that in a strict vector meson dominance scenario (cf. [Sak73]) the quantity Fj would not be
subject of medium-induced changes in contrast to what we find here. This signals an incompatibility
between the sum rule approach and strict vector meson dominance as pointed out in [LeuO6a] for the
w meson and generalized to the w and p meson in [Ste06]. In an extended scenario of vector meson
dominance, however, the coupling of the vector current to the p meson, encoded in Fjy, can depend
on the density - and in addition also on the invariant mass squared s, as demonstrated, e.g. in [Fri97].
In-medium modifications of vector meson dominance have also been found in the framework of hidden
local symmetry [Har03].

The Borel analysis is performed as described above, but with (5.3.1a) and (5.3.1b) in the r.h.s. of
Eq. (5.2.1a) and w.r.t. mg. Each trial value of (O$"") delivers now a Borel window average 7 as a

function of the width T'g.!* A certain requirement for mmg(Ig) fixes (O57°"). Note that, in general, the

“More precisely, the moment defined in Eq. (5.2.1) with the distribution (5.3.1) has to be solved for mo = mo (M, sy ) for

67



5 VOC scenario for the p meson 5.3 Mass shift vs. broadening

Table 5.3.1: Results of the finite width VOC scenario.

(OS¥e™)§ [MeV] 267 172 242 244 261

o [MeV] 7755 7755 7755 7805 7743

. Iy [MeV] 0 1494 1494 1494 1573

= Mpeak [MeV] 7755 771.9 7705 7755  767.0

g Crwiv [MeV] 0 149.0 1479 1479  153.1
Fo[GeV4]  0.0362  0.0330  0.03985 0.0408  0.04626

s, [GeV?] 137 1.21 1.33 1.35 1.45

" 7o [MeV]  784.8 - 7803 7954 7959

é T [MeV] 1300 - 250.0  250.0  280.0

= Mpeak [MeV]  782.1 - 7703 7856  773.3

£ I'pwam [MeV] 1307 - 2483 2483  277.1
g Fo [GeV*]  0.03528 - 0.03179  0.0343  0.03931

sy [GeV?]  1.27 - 1.11 1.15 1.23

= o [MeV] 6598 1744  669.0 6820  715.0

3 Ty [MeV] 0 1494 1494 1494 1573

; Mpeak [MeV] 6598 1584 6648 6779  710.6

g Tpwau [MeV] 0 139.8 1488 1488  156.6
g Fy [GeV*] 0.01976 0.00005 0.01893 0.02036 0.02766

° sy [GeV?]  1.03 0.36 0.93 0.96 1.11

1 2 3 4 5

peak position Mpeak and the full width at half maximum I'pwy of the spectral function do not coincide
with the corresponding parameters mg (or ) and I'y of the ansatz (5.3.1a). For I'(s) = Iy = const.,
e.g., mo is determined by m% = \/ 4m? . +Tom2 .y — m?2 ... While for small T the peak position
Mpeak and my differ only by a few MeV (e.g. for the experimental values I'y = 149.4 MeV and
mo = 775.5 MeV one has I'rwnam = 147.9 MeV and mpeac = 770.5 MeV), they differ significantly

for larger values of I'y. Especially, keeping the parameter mg constant in the VOC scenario can cause a

strong shift of the peak position. Note that Eq. (5.3.1a) represents a distribution with peak position at
m2 and a full width at half maximum of [y, if (5.3.1b) is of the form I'(s) o I'g/+/s and a = 0. Fitting
(O£Y") may therefore be subject to a boundary condition for mpeax = Mpeak (70, o) instead of .
The strength F is determined by averaging Fy in (5.3.2) within the Borel window.

Three parametrizations, which are typically used throughout the literature, are given by
Ha=b=c=k=0,
which corresponds to the special form I' = I'y = const.,

(ii)y a=b=0,c=3/2and k = 2,

each Borel mass M and threshold s4. Optimization w.r.t. s; for maximal flatness within the Borel window delivers the
threshold and, thus, the Borel window average myg.
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Figure 5.3.1: Averaged mass parameter 7, (upper left), strength Fyy (upper right) and threshold s,

(bottom left) as functions of the width parameter I'y. Solid: VOC scenario, dotted: vac-
uum. The spectral density AII (bottom right) is plotted for the mass kept constant (solid),
the width kept constant (dashed) and the vacuum case (dotted). (05"°") = (267 MeV)®
as obtained from the moment analysis, the VOC scenario is for parametrization (i) and
constant Breit-Wigner parameters. The horizontal dashed-dotted line in the mass—width
panel marks the vacuum p mass. See column 1 of Tab. 5.3.1.
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Figure 5.3.2: The same as in Fig. 5.3.1 but for (O0$'**) = (172 MeV)° being fitted to I'y = 149.4 MeV,
mgo = 775.5 MeV using parametrization (7). In the VOC scenario parametrization (i) has
been used and the Breit-Wigner parameters have been kept constant. It is not possible to
keep T or mpeax constant. See column 2 of Tab. 5.3.1.

which is a p-wave with two-pion threshold, and by
(iii) a=b=0,c=1/2and k =1,

which is an s-wave with a one-pion threshold. For all cases, a sum rule analysis can be performed with
different assignments of the experimentally determined parameters of the p meson to the parameters
of Eq. (5.3.1a) or the shape parameters mpeak and 'ewpni. The results are summarized in Tab. 5.3.1,
columns 1-4, and displayed in Figs. 5.3.1-5.3.4. Note that the quoted values of the parameters, to be kept
constant in the VOC scenario, are larger than their respective vacuum values. In this respect the results
represent maximal broadening and lowering of the mass.

In Fig. 5.3.1, with numbers given in column 1 of Tab. 5.3.1, we use (O5"*") = (267 MeV)?, obtained
from the moment analysis of the previous section. The VOC scenario has been calculated using
parametrization (). Clearly, the anticipated lowering of the mass or the increasing of the width is found.
However, applying a certain parametrization of the spectral density raises the question if the extraction of
(O™} depends on the functional behavior of the assumed spectral density. In Fig. 5.3.2, with numbers

given in column 2 of Tab. 5.3.1, (O§V°") has been adjusted such that the Breit-Wigner parameters g
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Figure 5.3.3: The same as in Fig. 5.3.1 but for (05"} = (242 MeV)° being fitted to I'g = 149.4 MeV,
mgy = 775.5 MeV for parametrization (i7). In the VOC scenario parametrization (i) has
been used and the Breit-Wigner parameters have been kept constant. See column 3 of
Tab. 5.3.1.

and I'y of parametrization (i) equal the experimental values m, = 775.5 MeV and I', = 149.4 MeV,
respectively. The result for (O5Y") differs by a factor 14. As a consequence, it is impossible to obtain a
VOC scenario, employing the same parametrization, with constant mass, neither for 71 nor for mpeak.
For constant I'g the p peak almost disappears and exploring the mass—width relation up to I'g = 0, the
sum rule cannot be fulfilled at all. The reason is the special parametrization. Lower values of (O§"")
correspond to more strength at lower energies and vice versa. The chosen parametrization with constant
width is nonzero up to zero energy, which results in the very small value of (O§¥°"). In the VOC scenario,
where <(’)de> is set to zero, even more strength is required at lower energies. In this respect recall that the
factorization of four-quark condensates into squares of the chiral condensate corresponds to (OF"") = 0
in the VOC scenario and, hence, to an even stronger enhancement of the spectral density at low energies.

Because the p meson spectral function must have a threshold dictated by its decay channels into pions,
in [Leu98b] parametrization (ii) has been introduced. The spectral function has a two-pion threshold
and an energy dependent width. The choice (O5"°") = (242 MeV)° reproduces I'y = 149.4 MeV and
mo = 775.5 MeV. The results are shown Fig. 5.3.3 with numbers given in column 3 of Tab. 5.3.1. For
the VOC scenario, the parametrization (i) has been chosen. In Fig. 5.3.4 and column 4 of Tab. 5.3.1 the
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Figure 5.3.4: The same as in Fig. 5.3.1 but for (05"} = (244 MeV)® being fitted to I'g = 149.4 MeV,
Mpeak = 179.5 MeV for parametrization (if). In the VOC scenario parametrization (i) has
been used, whereas mpeak and I'g have been kept constant. See column 4 of Tab. 5.3.1.

same parametrization has been used but instead of fitting (O$Y°") such that the Breit-Wigner parameters
mg and I'g are set to the experimental p values, we require that the peak position mpeax e€quals its
experimental value.'> The obtained value (O§¥") = (244 MeV)® differs only slightly from the previous
case. For the VOC scenario we used parametrization (i). Requiring that peak position and I' are kept
constant in the VOC scenario gives slightly smaller mass shifts and broadenings as compared to fitting
the Breit-Wigner parameters. All cases have in common that they require an enhancement of the spectral
strength at lower energies which can be accomplished by a shift of the peak position or a broadening or a

combination of both.

Extracting (O3"°") from experimental data

As can be seen from the previous investigation, the extraction of (O§*") from the p meson sum rule
depends on details of the parametrization. In particular the low energy behavior of the parametrization

is of importance. Therefore a comparison to experimental data is necessary. In Fig. 5.3.5 the sum rule

Sof course, consistency demands also the fitting of the full width at half maximum I'rwmm to its experimental value, but
the numerical effort to do so is excessive. On the other hand the width is not too large so that the difference between both
quantities is expected to be rather small, cf. column 4 of Tab. 5.3.1, and the accuracy is sufficient for our purposes.
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Figure 5.3.5: Comparison of experimental data for the p meson spectral function obtained from 7 —
v + nm decays with the spectral functions obtained from a finite width QSR analysis
and best fits for parametrizations (i) and (ii). Triangles: data from [Sch05]. Dashed blue:
fit of parametrization (7); the obtained values are my = 780.7 MeV, I'g = 160.2 MeV
and Fy = 0.04834GeV*. Dashed red: fit of parametrization (i7); the obtained values
are my = 780.9 MeV, I'y = 162.4 MeV and Fy = 0.04884 GeV*. Dashed black:
QSR results for (O§¥°") = (172 MeV)° for parametrization (i) (see Fig. 5.3.2). Dotted
black: QSR results for (057°") = (242 MeV)® for parametrization (i) and fitted 7 and
'y (see Fig. 5.3.3). Dashed-dotted black: QSR results for (O5v**) = (244 MeV)® for
parametrization (i) and fitted mpear and I'g (see Fig. 5.3.4).

results for the vacuum cases are compared to the p spectral function obtained from the cross section
T — v + nr for even n measured by the ALEPH detector [Sch05] and two fits which correspond to the
above mentioned parametrizations (i) and (ii). These data do not suffer p — w mixing effects because
of charge conservation. The coincidence of the sum rule results with the experimental data is not very
good. As can be seen, although the low energy tail is reproduced fairly well, the high energy tail is not.
Furthermore, all three finite width vacuum scenarios have a too low Fp in common. Indeed, also earlier
sum rule analyses of the p meson, e.g. [Leu98b], give a too low value for F{y when the spectral density
is compared to these data. In [Leu98b] an experimental value of Fy = 0.017 GeV* ~ 0.0314 GeV* is
quoted. The vacuum sum rule results in [Leu98b] suggest Fy < 0.0087 GeV. A Breit-Wigner curve
fitted to the experimental data for these cases does not coincide with the sum rule results and gives
better agreement with the data. Nevertheless, the low and high energy tails still significantly differ from
the data. In all fits a value of Fy ~ 0.048 GeV* is extracted, which is larger than the quoted value in
[Leu98b]. Two conclusions may be drawn. First, the sum rule analysis using (i) or (ii) systematically
give too low values for Fy. This is independent of whether standard values for the chirally symmetric
four-quark condensate are used or if it is adjusted to reproduce the experimental mass and width of the p
meson. Second, standard parametrizations of the spectral function, i.e. (i) or (i), do not fit satisfactorily
the low and high energy tails. Unfortunately, because of the exponential weighting of the integrand in
Eq. (5.2.1a), Borel transformed sum rules are in particular sensitive to the low energy tail, which makes

it necessary to model this part very carefully, especially when condensates are to be determined.

We adjust (O$¥°") now in a two-step procedure. First, the experimental data for 7 — v + n7 for even
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n [Sch05] given in Fig. 5.3.5 is fitted with Eq. (5.3.1) by a = 0.84483, b = —0.33013, ¢ = 6.72793 and
k = 2 (two-pion threshold). Consistency demands to use the charged pion mass m, = 139.6 MeV. The
thus obtained parameters are my = 774.6 MeV, 'y = 157.3 MeV and Fy = (467 MeV)4 ~ 0.048 GeV*.
Note that with these parameter values the parametrization (5.3.1b) has no deeper physical motivation
(in contrast to, e.g., an s-wave or p-wave parametrization). The purpose is solely to obtain an adequate
description of the data. The quality of this description can be seen in Fig. 5.3.6. In a second step, the
Borel analysis is performed as described above. The requirement 7mg(I'g = 157.3MeV) = my, with

even

a, b and c as obtained from the fit, fixes (O5""). That is, the experimental spectral distribution is here
used explicitly, while the above momentum analysis refers only to the spectral moment 7, i.e., the
mean of the L.h.s. of Eq. (5.2.1a) is identified with the p peak mass. Any other parametrization, which
fits the experimental data, may be used, e.g. a spline. We obtain (O0$"°") = (261 MeV)", which is
somewhat smaller than the value obtained in the moment analysis but much closer to it than the above
obtained values for the finite width scenarios. This points to the model dependence of extracting QCD
condensates from hadron properties in such a manner. However, from the preceding investigations
we conclude that equating the moment (5.2.1a) to the p vacuum mass gives the best approximation to
(O3V™) compared to results obtained from using parametrizations which do not fit the experimental
data. We obtain F\yg = (464MeV)?* = 0.046 GeVS, which fits the experimental value. Note that this
is a nontrivial consensus. The thus obtained spectral function, exhibited in Fig. 5.3.6, is in agreement
with the experimental data and refers to a specific set of condensates and further parameters entering
Egs. (5.1.4) and (5.1.5) of the OPE from which Eq. (5.2.1b) is built up. This vacuum analysis evidences
that one needs a prescribed parametrization of the spectral shape when attempting to quantify medium
modifications. (The maximum entropy method, cf. [Asa01, Gub10], might overcome this restriction.)

We have chosen the option (iii) i.e. « = b = 0, ¢ = 0.5 (s-wave) and k = 1 (one-pion threshold!%) for
studying implications of the VOC scenario. Setting (O$4) = (gg) = 0 and repeating the Borel analysis
w.r.t. mg for given values of 'y one gets the correlation mg(I'y). Instead of m(Ig) we show however
the relation mpeax (I'rwan) With the reasoning given below Eq. (5.3.2).

For the VOC scenario, the curve mpeak(FFWHM) in Fig. 5.3.7 is significantly shifted away from
the vacuum physical point (mpeak, ['rwam) = (767.1 MeV, 153.0 MeV). If one assumed that chiral
restoration in the present spirit does not cause an additional broadening, one would recover the previously
often anticipated “mass drop”.

Figure 5.3.7 evidences, however, that an opposite interpretation is conceivable as well, namely pure
broadening with keeping the vacuum value of mpcax. The NA60 [Arn06, Ada08] and CLAS [Dja08] data
seem indeed to favor such a broadening effect. In fact, assuming that m e, does not change by chiral
restoration in the VOC scenario, the width is increased to I'g = 280 MeV (I'ewum = 277 MeV), see
Fig. 5.3.7. In this respect the broadening of a spectral function can be an indication for chiral restoration.

Figure 5.3.8 exhibits the spectral function ATI(s) as a function of s for the two extreme options above.

The solid curve depicts the broadening when keeping the peak at the vacuum position. The dashed curve

'6This is the threshold for a pion and a nucleon going to a dilepton and nucleon [Leu98b].
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Figure 5.3.6:

5 [GeV’]

p meson spectral function from 7 — v + nm decays with even n (squares, data from
[Sch05]) and a fit with Egs. (5.3.1a) and (5.3.1b) (dotted). The parameters are a =
0.84483, b = —0.33013, ¢ = 6.72793, my = 774.6 MeV, I'y = 157.3 MeV and
Fy = (467MeV)*. The vacuum sum rule analysis results in the solid curve.
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Figure 5.3.7: Peak position mpeai (left) as a function of the width parameter I'rwim and the strength

Fp (right) as a function of the Breit-Wigner parameter 'y for (05"°") = (261 MeV)S.

The vacuum case is evaluated using the parametrization obtained from the fit, the VOC
scenario is evaluated for parametrization (iii). Dotted lines mark the experimental values
Mpeak and I'pwin, determining the physical vacuum point (heavy dot). Line code as in
Fig. 5.3.1.
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Figure 5.3.8: Continuum threshold s, (I'g) (left) and the spectral density ImII(s) (right) in the vacuum
case (dotted curve) and in the VOC scenario for I'ewpunm = const (dashed curve) or
Mpeak = const (solid curve). Line codes as in Fig. 5.3.1.

is for the option of keeping the full width at half maximum at its vacuum value. From the perspective
of the employed QSR, both options are equivalent, as any other point on the curve mpeax (I'rwn) in
Fig. 5.3.7. The overall outcome seems to be that the Borel transformed QSR requires more strength of

the spectral function at lower energies.

Relation to experimental data

As pointed out above, our investigation strictly separates between in-medium effects caused by the
change of chirally odd condensates on the one hand and of chirally symmetric condensates on the other
hand. Only the former are considered in our considerations, the VOC scenario. Of course, physically it is
plausible that there are also in-medium effects which have no direct connection to chiral restoration. In
turn this means that a comparison of our VOC scenario with experimental data can only be qualitative.
In addition, experimental information about the current-current correlator emerges from the dilepton
production in heavy-ion collisions. Here, in general we do not have a fully equilibrated, static and
infinitely extended system but rather the time evolution of a cooling and expanding fireball of finite
size leading to a time dependent radiation of dileptons from the bulk and from the surface. To simplify
the anyway qualitative comparison we adopt the following strategy: In principle we would like to
compare to the high-precision data of the NA60 collaboration [Dja08, Arn(09]. In view of the mentioned
complications we compare to a model based on equilibrium many-body theory which describes the NA60

data very well. For that purpose we use the results of van Hees and Rapp [Hee06, Hee08].

Since our VOC scenario describes the point of chiral restoration (all chirally odd condensates put
to zero) we compare to the model for the assumed transition temperature to the quark-gluon plasma,
namely 175 MeV. We compare the width obtained in the VOC scenario to the width obtained in the

approach of [Hee06, HeeO8]. The p meson propagator is related to the spectral function in the vector
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meson dominance model [Rap00] by

(7

with the bare p mass mE,O) = 853 MeV and the p — 7w coupling g, = 5.9. Itis compared to the results

—ImD, = TmlT, (5.3.3)

obtained in the VOC scenario. As evidenced in Fig. 5.3.7 the sum rule does not allow to fix separately
both the peak position and the width of the spectral information of the current-current correlator. It
only correlates the two quantities. If we adjust the peak position to the one from [Hee06, Hee08],
Mpeak = 830 MeV, we find I'rwiy = 380 MeV in our VOC scenario which is smaller as compared
to the width of the many-body model from [Hee06, Hee08] I' ~ 500 MeV [Rap09]. We interpret this
as additional chirally symmetric in-medium effects on top of the effects which we can pin down, i.e.
the ones related to the chirally odd condensates and their in-medium change towards chiral restoration.
As already pointed out we deem it quite natural to have these additional chirally symmetric in-medium
effects. We note in passing that our simple one-peak parametrization (5.3.1a) cannot cover the subtle
resonance-hole in-medium effects [Fri97, Hel95, Rap97, Pet98c, Pos04, Lut02] which are seen in the
many-body approach of [Hee06, Hee08] as additional shoulders at low invariant masses. Some attempts
to connect sum rule considerations with the dynamics of resonance-hole excitations can be found in
[LeuO5b, Ste06].

5.4 Notes on w and axial-vector mesons

The current @y + dy*d has the quantum numbers of the w meson and is a chiral singlet w.r.t. SUR (2) x
SUL(2) chiral transformations. Consequently, the w meson does not have a chiral partner in a world with
two light flavors. Concerning three light flavors the current given above is a superposition of a member
of the flavor octet and the singlet. The octet members do have chiral partners and one may assign a
proper linear combination of the two f; [Ams08] mesons as the chiral partner of the respective linear
combination of w and ¢.

All considerations made in the following concern two light flavors. The OPE side of the w meson
including terms up to mass dimension 6 contains only chirally symmetric terms [Shi79b, Shi79a, Hat93]
— except for the two-quark condensate term oc mq(gq). This term, however, breaks chiral symmetry
explicitly by the quark mass and dynamically by the quark condensate. Considerations about symmetry
transformations, on the other hand, concern the case where chiral symmetry is exact, i.e. without explicit
breaking. Therefore the appearance of the term o m,(gq) is not in contradiction to the statement that the
w is a chiral singlet. Without explicit calculations it is clear that, in the VOC scenario, the w meson does
not change much of its mass since only the numerically very small term o< m4(qq) is dropped while the
chirally symmetric four-quark condensates do not change.

The current (1.1.3b) with the quantum numbers of the a; meson yields the same chirally symmetric

OPE parts as the p meson. The chirally odd parts are of course different, they are the negative of the
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ones which appear in the OPE for the p meson [Shi79b, Shi79a, Hat93]. In addition, the hadronic side of
the sum rule contains not only the a1, but also the pion. The latter contribution is oc f2. Both effects,
different chirally odd condensates and the appearance of the pion, lead to the fact that the sum rule
method yields a mass for the a; which is significantly different from the p meson mass [Shi79b, Shi79a]
— as it should be. In the VOC scenario the chirally odd condensates are put to zero. In addition, the
pion-decay constant which is an order parameter of chiral symmetry breaking [Mei02] also vanishes.
Then the sum rules for p and a; are the same. As expected the chiral partners become degenerate in the

VOC scenario.

5.5 Interim summary

To summarize this chapter, we have successfully extracted the symmetric part of the four-quark condensate
which enters the p meson QSR. In order to do so, we have directly used a spectral function measured in
the high precision experiment ALEPH [SchO5] instead of relying on certain parametrizations and the
corresponding parameters. In particular we found that equating the model independent moment m to
the p vacuum mass gives results which are in agreement to those obtained from a measured spectral
function. In contrast, the results obtained by employing common Breit-Wigner parametrizations disagree
to the result obtained from a measured spectral function. This is because these parametrizations fail
to describe the low-energy domain, which is exponentially weighted within Borel transformed QSR.
Along these lines we found that quite generally decreasing four-quark condensates correspond to an
enhancement of the spectral density at low energies and vice versa. Moreover, within a QSR analysis
common Breit-Wigner parametrizations fail to reproduce the strength as given by the measured spectral
density. The non-trivial reproduction of the strength by the employed method in conjunction with the
extracted value for the symmetric four-quark condensate may be considered as confirmation of both.
Two extreme and antagonistic statements concerning hadron masses and hadronic medium modifica-

tions could be raised:

(a) Basically all hadron masses are caused by chiral symmetry breaking. Consequently in a dense
and/or hot strongly interacting medium the masses of hadrons vanish at the point of chiral restora-
tion — apart from some small remainder which is due to the explicit breaking of chiral symmetry

by the finite quark masses.

(b) The observed in-medium changes can be explained by standard hadronic many-body approaches

and have no direct relation to chiral restoration.

Our findings do not support either of these extreme statements. If one sets the explicit chiral symmetry
breaking condensates to zero in the QSR for the p meson one sees a significant change of the spectral mass
moment. It neither vanishes (as statement (a) would suggest) nor does it stay unchanged (statement (b)).

In the VOC scenario we have kept the chirally invariant condensates at their vacuum values. Though,

an adequate restoration mechanism might also change these condensates, the VOC scenario allows a
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discussion of chiral symmetry restoration which is not interfered by additional medium effects. This
is clearly unrealistic for a true in-medium situation. In particular, the contributions coming from the
non-scalar twist-two operators are found to be sizable, e.g., for cold nuclear matter [Hat92]. Nonetheless,
our study indicates that the connection between the vacuum spectral properties and chiral symmetry
breaking or between in-medium altered spectral properties and chiral restoration is not direct. In principle,
one could imagine conspiracies between chiral symmetry breaking and non-breaking condensates such
that one of the extreme statements raised above becomes true. Such a conspiracy would be driven by
the underlying microscopic mechanisms which cause spontaneous chiral symmetry breaking and/or its
restoration. Clearly one needs a deeper understanding of these microscopic mechanisms.

We note that we talk about chiral restoration here as discarding chirally odd condensates from the
QSR and not about any other in-medium effect. This is the strength of the VOC scenario. Of course,
the statement that the broadening of a spectral function is an in-medium effect is a trivial statement. In
contrast, a possible connection between broadening and chiral restoration is non-trivial. The present

work demonstrates that such a connection exists.
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6 Introduction to Dyson-Schwinger and
Bethe-Salpeter equations

We now turn our attention to the DSEs and BSEs, which provide another non-perturbative tool to

investigate quark-antiquark bound states.

6.1 Dyson-Schwinger equations

Despite of the fundamental nature of DSEs in quantum field theory, there are not many textbooks which
deal with them. The derivation, which is outlined in the following, is based on the very extensive
and didactic treatise of [Rom69], in which the DSE is derived for the pion-nucleon system. A tighter
derivation which is closer to presentations found in applications of DSEs to the quark-gluon system can
be found in [Itz80]. The major difference is that [1tz80] employs the path-integral formalism, whereas
the derivation of [Rom69] directly relies on ground state expectation values of field operators in the
Heisenberg picture and avails methods and techniques developed in the scope of canonical quantization.
Both approaches are, however, equivalent and based on the same ideas. For the sake of a consistent
presentation of the concepts and derivation of relations in the course of this thesis, the path integral

formulation will not be used.

6.1.1 Derivation

We consider time-ordered ground state expectation values of unrenormalized bare field operators in the

Heisenberg picture

S(z,y) = —i(T [Y(2)d(y)]) (6.1.1a)
DB (z,y) = —i(T [AN(2)AZ(y)]) | (6.1.1b)

which represent quark and gluon propagators. The derivation of DSEs is based on Eq. (2.0.8) (relating
ground state expectation values of field operators in the Heisenberg picture to matrix elements in the

interaction picture) and

O'x)s =i [dyT [ﬁ"(m) ! (y)Y] , (6.1.2)

int
L 1 L 1
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where 0" is an arbitrary interaction picture field operator, %, is the interaction Lagrangian and

& =Pexp {z /.zg;t(x) d%} (6.1.3)

is the S matrix operator in the interaction picture. Dyson’s chronological P ordering is defined the same
way as the T ordering but without a sign for fermion operators. In what follows a primed operator denotes

an operator in the interaction picture.

Dyson’s trick is to introduce external classical source terms which are to be set to zero at the end and
which may interact with the corresponding fields. For that purpose we define the interaction Lagrangian

as
Lot = Lot — JHAT (6.1.4)

where J denotes the non-quantized external gluon source. With the Lagrangian (6.1.4) the S-matrix
(6.1.3) fulfills

(% = —iT [A}(2).7] . (6.1.5)
These are the main ingredients which are needed to derive the coupled DSEs for quark and gluon
propagators and the quark gluon vertex. Indeed, Eq. (6.1.5) in conjunction with the fundamental relation
(6.1.2), can be used to show that the functional derivative of an n-point function w.r.t. to an external
source in the limit of vanishing source is given by an (n + 1)-point function. Consequently, quark and
gluon propagators, as given in Eq. (6.1.1), may be obtained by the functional derivative of a one-point

function w.r.t. an external quark or gluon source, respectively:

0U(x)
Sz, y) = , 6.1.6
=150 ., (6.1.60)
50/ (x)
AB . 1
The external quark field is denoted by 7, and
_ 1500
1 46(0[.]0
;) (x) = O _ —i(A;)(x)) (6.1.7b)

(0[.710) 6.7}(x)

are the respective one-point functions defined as ground state expectation values of Heisenberg field
operators. Conversely, Eq. (6.1.6) may be considered as the definition of quark and gluon propagators. In
the absence of external sources and if the field carries some symmetry property of the ground state the

one-point function is zero. For nonzero external sources, in- and out-states are in general different and
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Figure 6.1.1: The quark DSE. Double lines denote exact propagators, single lines free propagators.
The curly line is the gluon propagator and the gray triangle stands for the quark-gluon
vertex function. The object within the dashed box is the quark self-energy.

one-point functions are not necessarily zero. Furthermore, they may be nonzero for broken symmetries.

Applying Wick’s theorem to the quark propagator (6.1.1a) (in order to do so, one has to apply
Eq. (2.0.8) and, hence, to migrate to the interaction picture) and using the EoM for the free quark Green’s

function leads to a differential-functional-differential equation for the exact quark propagator:

—id +ig

o ) 4
5T (z) +ig®,(x) +mo| S(z,y) = 6D (x —vy). (6.1.8)
Processing @l’j‘(x) in a similar manner gives a differential equation which is coupled to the quark propa-
gator and from which an integro-differential equation for the gluon propagator is obtained immediately
by a functional derivative w.r.t. to the gluon source. The vertex function is defined as the three point

function

155~ (z,y)
r4 =———7F 1.
(@Y, 2) g 00 (z) (6.1.9)

which allows to derive a non-linear integral equation for the quark propagator

S(z,y) = SOz —y) + /d4a:' SOz — 2)8(2!, 2")S (2", y) d*z" (6.1.10a)
depicted in Fig. 6.1.1 and with the quark self-energy defined as

S, 2") = —ig?tAy" /d4z dta’ S(x, 2"\ TP¥ (2, 2", z)Dﬁf(z, ). (6.1.10b)

The thus obtained equation is a non-linear Fredholm integral equation of the first kind. Moreover, due to
the infinite integration domain Eq. (6.1.10) is a singular integral equation. Unfortunately, the literature
about the theory of non-linear integral equations is fairly scarce and the situation is even worse in case
of singular equations. Essays about the solvability of non-singular non-linear integral equations can be
found in e.g. [Pog66]. However, even for these cases only sufficient requirements for the solvability are

given.
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Figure 6.1.2: The quark DSE in rainbow approximation.

6.1.2 Renormalization

Introducing the Fourier transforms of SO (z — ), S(z, y) and X(z, y), Eq. (6.1.10) can be cast into
S(p) = 5(p) + SO P)2(P)S () (6.1.11)
with the solution
S~ (p) =mo—p—=(p). (6.1.12)

Therefore, 3 is also called the mass shift operator and identifying mo — X(pag = mdag) = m serves
as a natural definition of the physical mass. Defining the mass shift of the renormalized Lagrangian as
dm = mg — m and expanding the quark self-energy about the mass-shell, cancels dm and gives the

dressed quark propagator in terms of the physical mass m as
S(p) = Zo[m —p— Zo%,] 7", (6.1.13)

where Z = [1 + 9%/9p|,_,,| " and B, = X — %(p = m) — 9%/0p|;_,, (p — m) have been defined.
Within multiplicative renormalization the renormalized propagator is defined as S(p) = Z2Sgr(p), which
can be shown to be finite and well defined in any order of perturbation theory. Consequently, the

renormalized quark wave function is defined as ¢ = Z21 / 2@0 R.

Analog relations hold for the gluon propagator and quark-gluon vertex. Furthermore, also ghost terms
have to be considered for the quantized Lagrangian of QCD. The gluon DSE couples also to the ghost
propagator, which fulfills its own DSE (see App. A.3). However, neither ghost nor gluon propagator

DSEs, nor the DSEs for the vertex functions will be considered within this thesis.

6.1.3 Rainbow approximation

Because S(z,y) is defined as integral kernel, the kernel S~!(x, ) is implicitly defined such that it is
the inverse operator w.r.t. to integration (and matrix multiplication). Thus, an explicit equation for the
operator S~!(z, y) in the presence of an external source can be found by deriving Eq. (6.1.10) following
the same steps but without the limit of a vanishing source and using the defining property of the inverse

integral kernel for S(z,y). From Eq. (6.1.9) it follows that the vertex function is directly related to the
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Figure 6.1.4: A selection of diagrams for radiative corrections of the quark propagator which contribute
to the solution of the DSE in rainbow approximation.

quark self energy

16%(z,u)

EW . (6.1.14)

I (2,y,2) = 7t 0 (@ — )W (z — 2) +
The well-known rainbow approximation of Eq. (6.1.10) is to neglect the second term in Eq. (6.1.14),
retaining only the lowest order contribution to the quark gluon vertex. The resulting equation is depicted
in Fig. 6.1.2. Performing an iteration gives Fig. 6.1.3 and illustrates the origin of the notion. A range of

diagrams which contribute to the quark propagator in rainbow approximation are shown in Fig. 6.1.4.

6.2 Bethe-Salpeter equations

Apart from the treatment of the previous section, DSEs may also be derived by virtue of arguments
which rely on the Feynman diagram technique and the notion of reducible and irreducible diagrams. To

exemplify this, the two-particle BSE is now derived in this way.

Figure 6.2.1: The exact four-point function is split into a part without interaction and a part which
contains interaction between the two particles. All lines represent exact propagators.

85



6 Introduction to Dyson-Schwinger and Bethe-Salpeter equations 6.2 Bethe-Salpeter equations

6.2.1 Derivation

The BSE is a 16 dimensional integral equation for the BSA. Derivations can be found in many textbooks
about quantum field theory, e.g. [Lur68, Rom69, Gre92, Sch61]. Let us start with an analysis of the

two-particle propagator defined as the four-point function

Ko (1, 22351, y2) = —(QUT [0 (20) 05 (22) 07 (y1)07 (12)] 192) (6.2.1)

where the sign is just convention. Different particles are denoted by A and B respectively and Greek
letters denote the spinor indices. Close to the QSR part of this thesis we are working with Heisenberg
field operators. Following [GM51] a perturbative expansion for the two-particle propagator is given by
Eq. (2.0.8). The diagrammatic representation is shown in Fig. 6.2.1. The diagram, which is labeled by
G contains all diagrams where an interaction between the particles takes place. Some examples of this
infinite sum are depicted in Fig. 6.2.2. We also note one diagram which describes a rather complicated

process and includes self-interactions. The corresponding equation reads

Kopuw (w1, 323 y1,y2) = iS4, (21, 41)iSE, (22, 42)
+ /d4y3 d*ys dys d*ys iS40 (w1, y3)iS By (22, ya)
X Gy (Y3, Y43 Y5, Y6 )iS i, (s, Y6 )iS 1, (Y1, y2) - (6.2.2)

The important observation now is that the diagrams occurring at the r.h.s. of the equation given in
Fig. 6.2.2, i.e. in G, can be categorized according to whether they are reducible or not. A reducible
diagram is defined as a graph which can be separated into two diagrams by cutting two internal fermion
lines, where each diagram has got two incoming and two outgoing fermion lines (see Fig. 6.2.3). Hence,
each reducible diagram can be expressed by a combination of appropriate irreducible ones. If we define
the sum of all irreducible diagrams as GG, we are able to express the exact four-point function K by
the infinite sum of all irreducible diagrams only. One obtains the diagrammatical equation depicted in
Fig. 6.2.4. The integral equation which corresponds to Fig. 6.2.4 is the DSE for K reading

Kopu (w1, 22, y1,y2) = =Sk, (21,5155, (w2, y2)
- /d4y3 d*ys d*ys d*ys S (21, y3) S5 (w2, ya)
X G (Y35 Y45 Y5, Y6) Kyt o (Y55 Y63 1, y2) - (6.2.3)
In coordinate space, it is an inhomogeneous 16 dimensional integral equation. In order to verify that
this equation indeed reproduces the equation depicted in Figs. 6.2.1 and 6.2.2 one has to investigate
the iterated solution of Eq. (6.2.3) or Fig. 6.2.4, respectively, which is depicted in Fig. 6.2.5. Clearly,

every irreducible interaction is included in G, while every reducible interaction is reproduced by an

appropriate combination of irreducible diagrams appearing somewhere in the second line of Fig. 6.2.5.
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Figure 6.2.2: Perturbative expansion of the two-particle propagator (6.2.1). All the lines stand for free
propagators.

e

Figure 6.2.3: Two-particle irreducibility. Left panel: reducible diagram. Right panel: irreducible
diagram.

The integration kernel G is also subject to the respective DSEs and apart from this rather artificially
looking diagrammatic construction, the integral equation (6.2.3) can also be rigorously derived within
the framework reviewed in Sec. 6.1.

The BSA and the adjoint BSA are defined as

XK,a8(21,22) = (QIT [0 (x1)05 (x2)] | K) (6.2.4a)
X (Y1, y2) = (KT [04 (y1) 0 (y2)] 1€ (6.2.4b)

where |K') is an arbitrary physical eigenstate of the momentum operator carrying the momentum K.
It can be a scattering stateas well as a bound state.Both quantities have 16 components in Dirac space.
Often, they are defined as matrices by transposing the second spinor, but as long as indices are used there
is no need to care about this. Unfortunately, the connection between them is non-trivial and not as simple
as one might think at the first sight. Indeed, by adjoining the BSA one gets the anti time-ordered product
of the adjoint spinors. Accordingly, the connection is not simply given by adjoining and multiplying
Eq. (6.2.4) by ~ from both sides. Instead, an analytic relation between both quantities is given in
[Man55].

With these definitions a complete set of physical eigenstates of the momentum operator can be inserted
into Eq. (6.2.1) and the homogeneous BSE for the BSA and the adjoint BSA can be derived from
Eq. (6.2.3) as

XK,op(T1,T2) = — /d4y3 d*ys d*ys d*ys S (21, 51) S5 (22, y2)

X Gorprurv (Y1, Y23 Y3, Ya) XK v (Y3, 9a) - (6.2.5)

87



6 Introduction to Dyson-Schwinger and Bethe-Salpeter equations 6.2 Bethe-Salpeter equations

Figure 6.2.4: The DSE for the exact four-point function K in terms of irreducible interactions encoded
in the infinite sum G. All lines stand for the exact propagators.

S
K - i
—_—

Figure 6.2.5: Iterated solution of Eq. (6.2.3) and Fig. 6.2.4.

Ql

Since the inhomogeneity in Eq. (6.2.3) corresponds to cases where the two particles stop interacting at
some time and the particles become free, i.e. to scattering states. To restrict ourselves to bound states
only, we have to neglect the first term in Eq. (6.2.3). This restriction to the propagator function represents
the claim that two particles which are bound never stop interacting. By this we also see that a finite
number of diagrams in Fig. 6.2.2 and, hence, in Eq. (6.2.2) is not sufficient to describe bound states.
Although the expansion of the four-point function (6.2.1) by means of perturbation theory and the integral
equation (6.2.3) are equivalent, the latter one is more powerful, providing a broader range of physical

applications.!”

6.2.2 Ladder approximation

In many applications of the BSE it is sufficient to include only a certain kind of interaction between
the two particles. The so-called ladder approximation only includes single particle exchanges within
the interaction kernel G. The resulting iterated diagrammatical solution has the characteristic shape of
a ladder, see Fig. 6.2.6. Strictly speaking, if the homogeneous BSE is considered, i.e. bound states, in
each of these diagrams an infinite number of interactions takes place and the “ladder” is endless. In
Fig. 6.2.7 an example for a diagram that is not included by the ladder approximation is shown. It has,
however, to be taken into account, e.g., for positronium bound states [Gre92]. For the deuteron the

SA’B

lowest-order perturbative contribution to the fermion propagators , 1.e. free propagators, are inserted

In fact, comparing the power expansion of the four-point function (6.2.1) and its integral equation (6.2.3), the differences
according to divergence or convergence of the one or the other are even more fundamental [GMS51].
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DD NN

Figure 6.2.6: Typical contributions to the homogeneous BSE in ladder approximation.

Figure 6.2.7: A diagram contributing to the BSE beyond the ladder approximation.

and give satisfactory results. However, due to the momentum dependence of the dressed quark mass, this
approximation is not applicable in QCD. Indeed, in [Sou05, Soul(Qb] the constituent quark model for
heavy quarks has been investigated in detail. Though undressed heavy quark masses yield very good
results for the masses of the bound states, the decay constants strongly disagree with experimental data.

The free fermion propagators are given in (C.1.15). For a yet unspecified interaction, the lowest-order

contribution to the irreducible interaction kernel in momentum space may be written as

—(0

G p, 1, K)aporsy = (2m) TATE, A0 (p — /) | (6.2.6)
where F((;Z’B) are the vertex functions and A(©) is the lowest order interaction particle propagator. The
vertex functions as matrices in Dirac space may be decomposed over {1,7,, <y, V5V, 75} and
represent the coupling of the interaction particle to the fermions. In Fig. 6.2.8, we give the diagrammatic
representation of the integral equation for the four-point function in ladder approximation.

The homogeneous BSE for the BSA in ladder approximation and momentum space thus reads

[$4 (0 K +p)] 0y [S7 (1-K = )] 350 Xrcor ()

4./
= - / ﬁA(O) (p = P )T 00T By Xk () - (62.7)
The momentum partitioning parameter is denoted by n = 4 = 1 — 7_, the bound state momentum is
K, and p is the relative momentum of the two constituents. If the mass dressing is negligible, e.g. for
the deuteron, a natural choice is given by the reduced mass n = u/m 4, with p = mamp/(ma +mp),
which represents the bound states rest frame. For obvious reasons, in case of diquark bound states, the
mass dressing renders this choice useless. However, due to the Poincaré invariance of the BSE any value
n € (0,1) may be chosen.

Equation (6.2.7) is a four dimensional integral equation for the 16 components of the BSA. Whether a
solution exists or not depends, beside other requirements, on the four-momentum K of the bound state.
Considered as an eigenvalue problem, Eq. (6.2.7) has solutions only for discrete values of the bound
state four-momentum. Unfortunately, the BSA does not have a direct physical meaning and calculating

observables from it requires knowledge of the adjoint BSA. Hence, in general, if no further restrictions to
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r

Figure 6.2.8: Diagrammatic representation for the BSE (6.2.3) and Fig. 6.2.4 in ladder approximation.

the time ordering are made and a simple algebraic relation between the BSA and its adjoint counterpart
is provided, one also has to solve the BSE for the adjoint BSA.

In any case, as Eq. (6.2.7) is solvable only for discrete values of K, solving the BSE for the BSA is
a problem of finding eigenvalues K and eigenstates y  to the operator defined in Eq. (6.2.7). Thus, a
solution at least provides the determination of the bound state mass Ky, if one is working in the bound
states rest frame. Because the BSE is Lorentz invariant and the BSA transforms covariantly, one is free
to choose any frame that is convenient to simplify calculations. Choosing the center of mass system does
not mean any loss of generality, but enables a direct determination of the bound state mass by solving the
eigenvalue problem defined in Eq. (6.2.7). Any other frame complicates the solution but may be useful
in the one or the other context [Mar06]. If it is desired to calculate observables, e.g. the electromagnetic
form factor, both functions are essential, the BSA in the rest frame of the bound state and in other frames.

The latter one can be obtained as the Lorentz transform of the first one.

6.2.3 Solving the Bethe-Salpeter equation in ladder approximation

In order to simplify notations, in what follows, we will use the matrix notation and introduce a redefined
BSA as

V(p) = —xx(p)C, (6.2.8)

with C' = 47972 being the charge conjugation matrix. Furthermore, we introduce the Bethe-Salpeter
vertex function (BSV) I'(K, p) as

Vi (p) = S* (0 K + p) T(K,p)S” (n-K —p) , (6.2.9)
where we have implicitly introduced

S(p)=cs'c, (6.2.10)

which means for the free propagator [S (0)]_1 = p + m. For the BSA these definitions translate to

Xx(p) = 84 (e K + p) T(K,p) [S® (K —p)]" (6.2.11)
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and

I'(K,p) =T(K,p)C . (6.2.12)

Transforming into the bound states rest frame, the BSE for the vertex-function of a bound state in ladder

approximation reads
d4p' NA A / /NGB N\ T°B
(27T)4A(p—p)r 54 (nyK +p)T(K,p")S” (n-K —p/) TP . (6.2.13)

Within a numerical approach, linear integral equations, such as Eq. (6.2.13), are matrix equations and the

(K, p) :i/

solution of a homogeneous linear integral equation may be obtained by solving the eigenvalue problem.
In the following, the matrix which corresponds to Eq. (6.2.13) is called Bethe-Salpeter matrix (BSM).
Similarly, the solution of an inhomogeneous linear integral equation may be obtained by matrix inversion.
Once the matrices are known, using modern computers and programs both tasks can be accomplished
fast and reliable in most cases without big efforts. However, the high dimensionality of Eq. (6.2.13)
(16 components of the vertex function and 4 momentum integrations), cause a large amount of work.
In order to solve the BSE, the Dirac structure of the vertex function I' is projected onto a set which
respects the quantum numbers and symmetries of the respective bound state. The resulting coefficient
functions are then expanded over hyperspherical harmonics. In case of the deuteron, one is left with a set
of coupled one-dimensional integral equations if the appropriate bases are employed for the expansions
[Dor(08, Hil08]. The other integrations can be done analytically, which results in analytical expressions
for the entries of the BSM. However, the quark dressing of QCD again prevents such a simplification.
Thus, for hadrons one is left with a set of coupled integral equations where the entries must be obtained

numerically.
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7 Dyson-Schwinger and Bethe-Salpeter
approach

In this chapter we apply the DSEs and BSEs introduced in Secs. 6.1 and 6.2 to quark-antiquark bound
states. Possibilities of an application to heavy-light mesons are investigated. For this purpose, the analytic
structure of the quark propagator in the complex plane is analyzed numerically and Poincaré invariance
of the BSE is used to avoid poles in the integration domain. As an extension of the investigation in Sec. 5,

the BSE is solved for the Wigner-Weyl solutions of the DSE at nonzero quark masses.

7.1 Dyson-Schwinger equation for the quark propagator

The renormalized Euclidean DSE in momentum space for the quark propagator in vacuum reads [Fis05]
(cf. Sec. 6.1, Eq. (6.1.10))

A g4

d
S0 = Za (i p+ Zumo) ~ 4 [ AT S @ e DGL =) (LD

where Z1, Z5 and Z,, are gluon, quark and mass renormalization functions, respectively. I'? (p, ¢) is the

ab
puv

The regularization mass scale is denoted by A and the renormalized quark mass in the QCD Lagrangian

quark-gluon vertex function, G%,(p — q) the gluon propagator. Bare quantities have the superscript 0.

is mo.

The gluon propagator may be decomposed by virtue of Eq. (B.3.3) and Tab. B.3.1 as [Rob%4]

G (k) = 6% [(g,w - q’;‘j) G(g?) + aqgg” GL(¢®)| = 67G,u (k) . (7.1.2)
The choice oo = 0 is called Landau gauge, the choice o = 1 refers to the Feynman gauge. As has been
argued in [Fra96], the rainbow-ladder truncation, which will be employed in the following, is numerically
reliable in Landau gauge. In particular, the rainbow truncation, i.e. the replacement of the quark-gluon
vertex by its tree-level counterpart 'Y, — igt’y,,, is not reliable for o # 0. In [Cha07, ZhoO8], where the
DSE approach has been used to study quark and gluon condensates, however, the Feynman gauge has
been used.

Recall that all n-point functions, e.g. quark and gluon propagators and quark-gluon vertex, satisfy their
own DSEs. They form an infinite set of coupled integral equations, relating n-point functions to (n + 1)-

point functions. A suitable truncation scheme must respect global symmetries of QCD, in particular
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chiral symmetry and its dynamical breaking. One such scheme is the rainbow-ladder truncation which

amounts to the replacement of gluon propagator and quark-gluon vertex by their tree-level counterparts.

The exact quark propagator in vacuum and Euclidean space may be decomposed by virtue of two

quark dressing functions as

o 1 —iy-pA(p) + B(p)
S(p) = [iv- pA(p) + B(p)] " = p>A%(p) + B2(p)

= —i7y - poy(p) + os(p) , (7.1.3)

where M (p) = B(p)/A(p) is the quark mass function and 1/A is called the quark wave function. The

two sets {0, 0, } and { A, B} are related via

Oy Os

__ % g% 7.14
p2o2 402’ p2o2 + o2 ( )

Any phenomenological ansatz for the gluon propagator must be capable of dynamically generating
sufficiently large dressed quark masses in order to reproduce the observed hadronic mass spectra. A
simple, but surprisingly successful ansatz, is a two-parameter function which models the infrared part of

the interaction, which is the most important part for diquark bound states [Alk02]

q2

2
gQGO(q) —_ 47T2Dq726_ﬁ ) (715)
w

Gluon propagator fo; and the function G are related via Eq. (7.1.2). The momentum dependence of
the coupling strength g is thereby effectively encoded in the gluon-propagator. In the chosen model, the
strength of the interaction is described by D, while w is a measure of the range of the interaction. Since
the effective interaction (7.1.5) is exponentially damped in the ultraviolet, the momentum integration in
Eq. (7.1.1) is well-defined and the renormalization constants may be set to one [Fis05]. Equation (7.1.5)

is a simplified version of the Maris-Tandy model [Mar99] (see also [Mar97])

‘»Q

2 2 20 Pk
gQGD(q):47T2D%e & 8Ty F'(k7)

w ln[T—F(l—i—AfQ ﬂ
QCD

where the second term ensures the correct ultraviolet asymptotics, which is dictated by perturbation

|

(7.1.6)

theory [Mar97]. We will not continue to investigate this model, since the effective quark-gluon interaction
is qualitatively well described by (7.1.5). With these conventions, the DSE for the quark propagator in
Euclidean space, Landau gauge and rainbow-ladder approximation for the effective interaction (7.1.5)
(or (7.1.6)) reads

4 [ d4
S7'p) =iy -p+mo+ 3 /(2@4 [9°G0, (0 — D] %S D)y - (7.1.7)

Since the employed interaction is rotational invariant w.r.t. spatial coordinates, Eq. (7.1.7) reduces to a

two-dimensional integral equation.
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For ¢ = p — [ one obtains

Qv \ v _ iv-lA(l)+3B(1) ~v-q 2iq-lA(])
<g“” 2 ) "SI = g ) T @ PR+ B (7.1.8)
Inserting (7.1.8) into (7.1.7) results in
S7Hp) = iv-p+mo
4 AU 5 iv-lA(l)+3B(l)  ~v-q 2ig-lA(l)
Py - 1.
"3 / et G-\ g e e regew) s 7Y

Noting that p,, is the only four-vector which the integral depends on, which allows to project v - [ =
(v-p)(l - p)/p* and, hence, to use
-1

i(q-D(v-q) =i(v-p) (p-1-12) 2

5 (7.1.10)
p

one can read off and collect the components which belong to different elements of the Clifford base.
Equation (7.1.7) thus defines a coupled system of non-linear, two-dimensional integral equations for the

propagator functions:

+1 dl l3
=14- / / ——dt V1 - 126G (p — 1)

A 1 (p—1t)(pt — 1)
X l2A2(l)+B2(l)p< +2pQ—|—l2—2plt> , (7.1.11a)
tla 13 B(1
= my +/ / ——dt V1 —2¢°G(p — l)l2A2(l) (_F)Bz(l) 7 A 111b)

where p - [ = plt. From Egs. (7.1.3) and (7.1.4), an analog system of coupled integral equations can be
read off for {0, 05} instead of { A, B}. The integrand is then linear in the functions to be solved for, i.e.
o, and o, but the system itself is still non-linear. For gauges which differ from the Landau gauge it is

easy to obtain the additional structures in Eq. (7.1.11) by noting

2iy - LA(I 4B(l
'VHS(Z)’VM = ZZA2(Z() L+B2(l§ )

(7.1.12)
However, it has to be checked whether the employed gauge and truncation scheme respect the global

symmetries of the interaction and features DCSB. In fact, as has been argued, e.g., in [Fis09a, Rob9%4,

Rob07, Rob00] and references therein, the ladder-rainbow truncation is such a scheme.
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7.1.1 Analytical angle integration of the infrared part of the potential

As has been noted in [Alk02] the main technical benefit of the choice (7.1.5) is that the angle integration in
(7.1.11) can be done analytically if the arguments of (7.1.5) are real. To see this, note that the Chebyshev
polynomials of the second kind C} form a complete orthogonal set in the space of functions over the
interval [—1, 1] [Abr72, Boy00]. Hence, the angle dependence of the potential gG°(p — 1) = gG(p, 1, 1)

may be expanded by virtue of
9G°(p,1,t) = ZD p,1)CA(1) (7.1.13)

The Chebyshev polynomials of the second kind are a special case of the Gegenbauer polynomials C; for
a = 1, which emerge when investigating four-dimensional spherical harmonics, sometimes related to as
hyperspherical harmonics, and which are a solution to the Gegenbauer differential equation [Erd55a].
The coefficient functions can then be evaluated by virtue of the appropriate inner product which has to be
chosen according to the polynomials. In view of the generic structure of the angle integration in (7.1.11),
it is convenient to chose the Chebyshev polynomials of the second kind rather than the first kind owing to

their orthogonality relation

+1
/ dt V1 — 2CL)CL (t) = ganm . (7.1.14)

-1
For the replacement /1 — 2 — < 1-— t2> the Chebyshev polynomials of the first kind CY, which
satisfy the according orthogonality relation, are the most convenient choice. Equation (7.1.14) defines

the coefficient functions as

Dy(p,1) = / dt /1 —t2CH (1) gG (p, 1, 1) . (7.1.15)
TJ_
Similarly, it is useful to define the expansion coefficients for gG°(q)/q* as
G(p,1,t
Zn(p,1) = / dt V1 — 20 (1) gp’l)’) . (7.1.16)
TJ_

In the following the coefficient functions will be called diagonal (D,,) and non-diagonal (Z,,) partial

potentials, respectively. For the special choice of the potential (7.1.5) it follows that
D —x
Zn(p,1) = 8m—e "Hy(2), (7.1.17)
w

where we have defined

+1
H,(2) = /1 dt /1 —t2CL(t)e* (7.1.18)
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with x = (p? + 12) /w? and z = 2pl/w?. By mathematical induction one can show that

Hy(z) = (n+ 1)7TI”+21(Z), (7.1.19)

where I, (z) are the modified Bessel functions of the first kind.

Equation (7.1.19) can be confirmed for n = 0 and n = 1. From Eq. (7.1.18) and the recurrence
relation of the Chebyshev polynomials Cy , | () = 2tCy(t) — C}L_, (t), the following recurrence relation

can be given for H,,:

Hy1(2) = Q%Hn(z) —H,-1(2). (7.1.20)

Using %Inﬂ(z) = 11,,(2) + 3In+2(2) the derivative of H,(z) by assumption (7.1.19) reads

an(z) =(n+1)w <18 w1 (2) — In+1(z)>

0z z 0z 22

—(n+ 1)7% <In(z) +Luia(2) —g n+1(z)> . (7.1.21)

Inserting Egs. (7.1.21) and (7.1.19) into (7.1.20) one obtains

s

Hyi1(2) = . <In(z) - 2(712_1)171“(2) +(n+ 1)In+2(z)> . (7.1.22)

Finally, using the recurrence relation I,,12(z) = I,(2) — 2(n + 1)I,+1(2)/z proves Eq. (7.1.19) by
mathematical induction. Hence, the integration in Eq. (7.1.16) can be performed analytically yielding the

final result for the non-diagonal partial potentials

D I
Zn(p,1) = (n + 1)8w27e*xM : (7.1.23)
w z
The diagonal partial potentials can now be easily evaluated by noting
,x 0
D, (p,l) = 8mDe xHp(z) — za—Hn(z) . (7.1.24)
z

Using Eq. (7.1.20) and the recurrence relation for the modified Bessel functions of the first kind, the

diagonal partial potentials are given by

2
Dy(p,1) = (n+1)87%De™® [W—

Ins1(z) — In(z)} . (7.1.25)

Having the analytical expressions for the partial potentials at our disposal, we note that the modified
Bessel functions of the first kind are strongly growing functions. Therefore, caution should be exercised

when the numerical implementation is addressed. It is clear that, if the implementation is limited to
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double-float numbers, the numerical difference of two very large numbers might differ significantly from
the true result. Despite of the exponential damping a careless treatment would lead to severe numerical
discrepancies. Furthermore, for complex arguments the strongly growing modified Bessel functions of
the first kind become rapidly oscillating Bessel functions of the first kind. This leads to difficulties in
solving the DSE in the complex plane.

Due to the success of Eq. (7.1.5) in evaluating many hadronic bound state masses, cf. e.g. [Alk02],
one might argue that most of the infrared part of the interaction is indeed contained there or must at least
follow a similar functional behavior. Thus, any refinement might be considered as a small disturbance to
the ansatz (7.1.5) featuring similar properties, e.g. rapid oscillations for large complex momenta.

As aresult of Egs. (7.1.23) and (7.1.24) the angle integration in Eq. (7.1.11) in case of the potential
(7.1.5) can be performed analytical, yielding [Alk02] coupled, non-linear, one-dimensional integral

equations:

1 edld A(l)
Alp) =1+ 3/0 472 12A2(1) + B2(l)

2
. [;Dl<p,z>+2p (1+;2> Zi(p, 1) — 1 (52Z0(p, 1) + Zo(p.1))| . (7.1260)

B ©dlP B
B(p) _m0+4/0 527 ) + B Do (7.1.26b)

In principle, any potential (7.1.2) may be split into a part which is of the functional type of Eq. (7.1.5)
and may be treated by virtue of Eq. (7.1.26) and a part which has to be treated numerically according to
Eq. (7.1.11).

7.1.2 Solution along the real axis

Equation (7.1.26), or Eq. (7.1.11) for more sophisticated potentials, can easily be solved along the real
axis by fixed-point iteration, see Fig. 7.1.1. The convergence of the iteration depends on the quark mass
and the initial function. If the initial function is constant, then the iteration converges faster for heavy
quarks.

For p — oo the quark mass function approaches its perturbative limit lim,,~, M (p) = mg. Further-
more, the solutions exhibit the anticipated dynamical mass generation for small momenta which cannot
be obtained within a perturbative treatment. As the most dominant energy domain for diquark bound
states is below 1 GeV, we find constituent quark masses of ~ 400 MeV for current quark masses of
5 MeV. However, as can be seen from Fig. 7.1.2 at least for the assumed potential (7.1.5), the systematic
of dynamically generated mass is non-trivial, because the lightest quark does not exhibit the largest
dynamically generated mass. For the chosen potential and parameters, we find a maximal dynamical
generated mass increase of the quark mass function M (p) at zero momentum for mg ~ 350 MeV. On

the other hand, the right panel of Fig. 7.1.2 shows that the quark mass function M (p) decreases faster for
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Figure 7.1.1: Solutions of the DSE (7.1.11) with the phenomenological potential given in Eq. (7.1.5)
for propagator functions A(p) (left panel) and M (p) (right panel) along the real axis for
w=0.5GeV and D = 16.0 GeV. Solid: mqg = 5 MeV, dashed: mg = 120 MeV, dotted:
mgo = 1.2 GeV, dashed-dotted: my = 4.5 GeV.

light quarks than for heavy quarks. Although for meson masses the low energy domain is more important
than the high energy domain, Fig. 7.1.2 shows that in view of a simple constituent quark model with
constant quark masses, the constituent masses will be generated by a subtle balance between maximal
mass gain at low momenta and the decreasing of the mass function at large momenta.

Considering the functions A and B as functions of p?, Schwartz’s reflection principle tells us that the
analytic continuation of A(p?) and B(p?) in the complex plane is subject to the condition A*(p?) =
A((p*)*) (and analogously for B), i.e. their imaginary parts are antisymmetric w.r.t. to p> — (p?)*.

Apart from the case mg = 0 the result does not depend on the trial function in case of a fixed point
iteration.!® For mg = 0 the initial choice By = 0 reproduces itself and converges to a different solution A
and B of Eq. (7.1.11) than for any other choice. In Fig. 7.1.3 both solutions are depicted. As M (p) =0
(and, as will become clear later on, (gg) = 0) this represents a chirally symmetric solution to Eq. (7.1.11).
From Fig. 7.1.3 we conclude, that DCSB affects the quark wave function only below 1.5 GeV.

7.1.3 Solution in the complex plane

As will be shown in Sec. 7.2 the quark propagator must be evaluated along and inside a parabola in the
complex plane in order to solve the BSE. Various approaches can be found in the literature and three of

them have been used by us to study the quark propagator in the complex plane.

Complex gluon momenta and solution along the real axis

The first method, cf. e.g. [Alk02], is to solve Eq. (7.1.11) along the real axis to very high precision by
fixed-point iteration. Having obtained a solution along the real axis, the propagator functions in the

complex plane can be evaluated by virtue of Eq. (7.1.11) for complex gluon momenta, see Figs. 7.1.4 and

8 Note, however, that there are, in general, multiple solutions to the DSE [LEOQ7].
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Figure 7.1.2:
1.5
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M(p)-m, [GeV]

Comparison of dynamically generated masses obtained from (7.1.11) with phenomeno-
logical potential given in Eq. (7.1.5) for w = 0.5 GeV and D = 16.0 GeV. Left panel:
lim,_,o M (p) — mo as a function of my. Riht panel: M (p) — myg as a function of p.

Line code as in Fig. 7.1.1.
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Figure 7.1.3: Solutions of the DSE (7.1.11) for propagator functions A(p) (left panel) and M (p) (right
panel) along the real axis obtained for different initial functions By(p) in the chiral limit
mo = 0 forw = 0.5 GeV and D = 16.0 GeV. Solid: By(p) = 0, dashed: By(p) # 0.
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Figure 7.1.4: ReA(p?) (left) and Im A(p?) (right) for mg = 5 MeV, w = 0.5 GeV and D = 16.0 GeV
in the complex p? plane.
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Figure 7.1.5: ReB(p?) (left) and ImB(p?) (right) in the complex p? plane for parameters as in
Fig. 7.1.4.

7.1.5. This method is reliable if the imaginary part of the gluon momentum is not too large. According
to the discussion given previous to Eq. (7.1.26) the integrand is a rapidly oscillating function in [ for
arguments with large imaginary part. Hence, numerical stability of the integration routine has to be
controlled carefully. Finally note that the assumption of the same functional form of the gluon propagator
for complex arguments as for real arguments is an ad hoc ansatz [Alk02]. However, the results are in

agreement to the other two approaches.

Complex gluon momenta and solution in the complex plane

The second method, cf. [Sta92], relies on analyticity of the integrand in Eq. (7.1.11), which allows to
perform a Wick rotation by an angle ©:

p — poe'®. (7.1.27)
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Figure 7.1.6: Solutions of the DSE (7.1.29) for real (left panel) and imaginary (right panel) part of the
quark mass function M (p) in the complex plane at angles © = 0 (dotted), © = 0.25
(dashed) and © = 0.5 (solid). The parameters are my = 5 MeV, w = 0.5 GeV and
D =16.0 GeV.

Obviously, the integrand has to tend to zero rapidly enough for |[p| — co. The angle defines the area
of analyticity of the integrand. Denoting the integrands of the DSE by Kx g = Ka B(p,[,t; A, B),
Eq. (7.1.11) reads'’

0o +1
A(p) =1+ / / didt Ka(p,1,t; A, B) , (7.1.28a)
0 J-1
0o +1
B(p) =mo + / / dldt Kg(p,l,t; A, B) , (7.1.28b)
0 J-1
which, by virtue of the Wick rotation (7.1.27), becomes
Alp = poe™®) =1+ / / dlp © dt Ka(poe'©,10e®,t; A, B) (7.1.292)
0 J-1
B(p = poe™®) =myq + / / dlp e'® dt Kg(poe'®,10e'®,t; A, B) . (7.1.29b)
0 J-1

Similarly, to the solution along the real axis, Eq. (7.1.29) can be solved by fixed-point iteration for
given trial functions A and B. Note that, in contrast to Eq. (7.1.11), the DSE is solved directly in the
complex plane and the solutions for A and B along the real axis are not needed. The results are shown in
Figs. 7.1.6 and 7.1.7. Performing the Wick rotation (7.1.27) requires analyticity in the enclosed domain.
As argued in [Sta92] one should therefore gradually increase the rotation angle in order to detect an
emerging singular behavior before the singularity enters the contour. However, no indications for an
irregular behavior of the functions A and B could be found within our investigation. Though, this does

not mean that the integration kernel K5 g is regular.

Indeed, the integrands can even be written as Ka 5 = Ka 5(p,1,t)Fas(l, A(l), B(1)) and Eq. (7.1.11) is thus a Hammer-
stein equation [Ham30, Tri85].
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Figure 7.1.7: Solutions of the DSE (7.1.29) for real (left panel) and imaginary (right panel) part of the
quark wave function A(p) in the complex plane. Line code as in Fig. 7.1.6.

Despite of the advantage that Eq. (7.1.29) allows to solve the DSE directly in the complex plane,
the gluon momenta are still imaginary. Hence, the integrand of the momentum integration is again an
oscillating function for large complex momenta which leads to severe numerical complications. Because

of this, the method cannot be applied to arbitrary large angles.

Real gluon momenta and solution in the complex plane

In [Fis05] an approach has been proposed that allows to solve the DSE directly in the complex plane,
whereas only real gluon momenta are involved. Shifting the integration variable in Eq. (7.1.9) by

I — p — 1, using (7.1.10) and expanding over the Clifford base one obtains

+1d”3
p)=1+- / / —dt —126°GO(1)

Alp 1) Ll 2)
X (p — l)2A2(p— ) +B2(p_ ) <1 3pt+2t , (7.1.30a)
e 0 Blp—1)
B(p m0+4/ / —dt — 262G (l)(p—l)2A2(p—l) T (7.1.30b)

The integration now runs over the gluon momentum instead of the quark momentum. Note that the Wick
rotation (7.1.27) can also be applied to Eq. (7.1.30), but would lead to imaginary gluon momenta again.

Consider a contour given by

)\2

Ve — P M? i), (7.1.31)

z(A) =
which is plotted in Fig. 7.1.8. Its relevance for diquark bound states is revealed in Sec. 7.2. The crucial

point which allows the solution of the DSE by virtue of Eq. (7.1.30) is the insight that the arguments of

the quark propagator functions A(p — I) and B(p — [) which enter the integrand lie within the contour
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Figure 7.1.8: The contour (7.1.31) in the complex p?-plane with vertex at —n2 M2,

(7.1.31) for p? = z(\).
In order for a fixed momentum ¢? to lie within or on the parabola (7.1.31) the following condition has
to be satisfied:

|Imq2| < |Imz(A;)| with Rez()\;) = Req? , (7.1.32)

where equality implies ¢ on the parabola. With

Ay = 2nM v/Req? + n2 M? (7.1.33)

Eq. (7.1.32) translates to

(Img?)”

WEME n*M? < Reg” . (7.1.34)

Solving along the contour requires the propagator functions at arguments ¢> = (p—1)? = z +1? — 2\/zlt.

Hence,

Im (p —1)* = X\ — 2ltnM | (7.1.35a)
2 )‘2 2372 2 A
Re(p—1)? = ——— —?M? + 1 —1t—"— |, (7.1.35b)

A2 M2 nM
which fulfills Eq. (7.1.34) for all ¢ € [—1, +1] and, therefore, proves the statement. Applying a Wick
rotation (7.1.27) to Eq. (7.1.30) for the contour given in Eq. (7.1.31) results in a rotated parabola.
The fixed-point iteration along the parabola (7.1.31) can now be done in the following way. Given the
functions A,, and B,, along the contour C, where n refers to the iteration step, the functions inside of the

contour can be evaluated by virtue of Cauchy’s integral formula for an analytic function f

Fz0) = — idz 1(2) (7.1.36)

211 zZ— 20

provided A and B are analytic inside of the contour C. Thereby, the contour is closed at some p% > p%v.
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An improvement of the numerical implementation of Cauchy’s integral formula has been proposed
in [Ioa91] and first applied in the context of DSEs and BSEs in [Kra08]. The idea is to suppress the
numerical error, which occurs when zy approaches the contour C, by introducing the Cauchy formula
Z_IZO in the r.h.s. of Eq. (7.1.36). For arguments with Rep? > Rep%v the
functions may be fitted to their asymptotic form [Fra96, Fis05]

representation of 1 = 5= ¢, dz

N
2
Ap?) Py S (7.1.37a)
n=1
9, Rep?—o00 N b,
B(p?) = mwzﬁ. (7.1.37b)
n=1

Having evaluated the functions inside of the parabola, integration in Eq. (7.1.30) can be performed,

giving A,,4+1 and B,,;1 along the parabola.

The procedure works for all quark masses mq up to a specific value of the parameter
x =nM , (7.1.38)

which completely determines the parabola (7.1.31). The maximum xp,a.x depends on the quark mass.
The reason for the failure of this procedure can be traced back to poles of the integrands in Eq. (7.1.30),
namely for ¢, and o, in the complex plane. Note that so far no poles have been found for A and B,

which we therefore consider as regular.

Analytic structure of the quark propagator

One way to determine the position of these poles is to search for the roots of the denominator of o .

The denominator can be written as

p*A%(p) + B*(p) = (pA(p) + iB(p)) (pA(p) — iB(p)) = g*(p")9(p) , (7.1.39)

where we use the reflection property of the propagator functions (see Sec. 7.1.2), which therefore allows
us to restrict our studies to g. From Eq. (7.1.39) we see that a root of g(p) corresponds to a pair of
complex conjugated poles of the quark propagator. Furthermore, due to g(—p*) = —g*(p), the roots of
g(p) are symmetric w.r.t. to reflection at the imaginary axis. Hence, the analysis may be restricted to the
first quadrant of the momentum plane p. This is not the case in the squared momentum plane p?.

To locate the roots of g we partly follow the method used in [Mar92]. We enclose the domain where
poles are expected by a rectangular contour and apply Rouchés theorem, which states that if a function f

is meromorphic (has only isolated poles) along and inside of the contour C, then

1 [ f(2)
N—P_mjif(z)dz, (7.1.40)
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where N is the number of roots and P is the number of poles within C. Thereby it is assumed that g
does not have poles within the considered contour, which can be seen from Figs. 7.1.4 and 7.1.5. The

derivative of g w.r.t. p can easily be evaluated by means of Eq. (7.1.11) and is given by

Op

+1 3
a[pA =14- / / d” AtV -

l2A2 + B2(l)

2%p —1) <t+2(p_lt)(pt_l)> . (7.1.41a)

8 37?9 p? + 12 — 2plt

i 13 B(l) 0
/ / —dt V1 z2A2 5.9° G —1). (7.1.41b)

)+ B*(l) Op

The first equation can be transformed by virtue of

— i) (pt —1)
Y 20 _ 2(19
8pg Gp =) <t * p2 + 12 — 2plt

d (p—1t)(pt — 1)
—=2(p—1t) [ = D(¢° t+ 2 s o
w1 (e0e) (el
pt—1 (p—lt)t (p—1t)*(pt — 1)
D(p —1)2 —2
+D(p—1) <p2+l22plt+p2+l22plt P2+ 12— 2plt

> , (7.1.42)

For the potential given in Eq. (7.1.5) one has

;QQD(q2) = <q12 - u;) D(¢?). (7.1.43)
Having found one or more roots inside of the contour, the rectangle is divided into four smaller rectangles
and Eq. (7.1.40) is applied to each of them. The results are shown in Fig. 7.1.9 and Tab. 7.1.1 for up,
strange and charm quark masses. We conclude from the left panel, that the imaginary part of the lowest
pole is larger than mg + 500 MeV. Furthermore, as the Wick rotation (7.1.27) is performed within the
p-plane rather than the p2-plane, the lowest poles enter the corresponding contour, which makes an
account of the poles necessary. If the rotation would be performed in the complex p?-plane according
to p> — exp{iO} the poles would not enter the contour, because Repg < 0 for any pole. Apart from
the numerical information contained in Fig. 7.1.9 nothing is known about the analytic structure. It is
worth noting that a line in the p-plane with constant imaginary part corresponds to a parabola in the
p?-plane with direction as in Fig. 7.1.8, vertex at —(Imp)? and curvature (2(Imp)?)~!. Contrarily, a line
with constant real part corresponds to a parabola with vertex at (Rep)? and curvature —(2(Rep)?) L, i.e.

opposite direction as compared to Fig. 7.1.8.

By Eq. (7.1.31) the upper limit for Y, such that a pole at momentum py does not enter the parabola, is
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Table 7.1.1: Position of the poles and maximum values of x for various values of mg corresponding to
up, strange and charm quarks.

mo| GeV] 0.005 0.12 1.2

po[ GeV] 0.18124 +:0.53961  0.34927 + 40.75251 0.74982 + 11.9403
p3[GeV?  —0.25833 +i0.1956 —0.44428 + i0.52566 —3.20252 + i2.90973
Xmax| GeV] 0.53961 0.75251 1.9403

given by

Rep? Rep2\>  (Imp?\>
XQ——(;”)+\/< Zp0> +<H;p°> , (7.1.44)

which holds true for positive x2. Using p? = (Rep)2 — (Im]o)2 + 2i Rep Imp one can show that

x = Impy . (7.1.45)

Therefore, it is preferable to study the analytic properties within the p-plane rather than the p?-plane,
although the parabola is given in the latter one. Having found the pole with the lowest imaginary part in
the p-plane determines the maximum value . Consequently, having found one pole it is sufficient to
look for poles with lower imaginary part if the maximum Y has to be determined. If the position of a pole
is given in the p?-plane such a simple relation does not exist. Furthermore, in the p?-plane both, real and
imaginary parts, have to be known to decide whether a pole enters the parabola and, thus, is problematic

or not. Contrarily, knowledge of the imaginary part of the pole is sufficient in the momentum plane.

The minimum value of x for all poles determines the largest parabola where all poles are outside of the
parabola. Note that, for all x < x¢, all parabolas are in the interior of the parabola which corresponds to
Xo- For our choice of quark masses, these parabolas are shown in the right panel of Fig. 7.1.9. Note that
these parabolas only exclude the poles which we found focusing on a limited domain. In particular, the
charm quark is expected to have additional poles entering the integration domain of the depicted parabola.
In our analysis these poles correspond to larger Rep. As will become clear in Sec. 7.2, the parameter y
determines the maximum bound state mass which can be evaluated without introducing additional pole

handling.
The outcome of this study therefore is the following. Although the propagator functions A and B are

analytic in the complex plane and the Cauchy formula may be used to evaluate A and B inside of the
parabola provided they are known along the parabola, the integrands of the DSE with real gluon momenta
(7.1.30) possess singularities within the integration domain by virtue of o,, and o, see Fig. 7.1.10, which
leads to a failure of the iteration along the parabola. As will be demonstrated in Sec. 7.2 these singularities
also infer the solution of the bound state BSE. Therefore, an extensive study is in order. Apart from a
direct localization, the position of the poles may also be obtained by fitting the quark propagator along

the real axis to a complex conjugate mass pole parametrization in the complex plane, as was done in
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Figure 7.1.9: The roots of g(p?) in the complex plane for w = 0.5 GeV and D = 16 GeV. my = 5 MeV
(black squares), my = 120 MeV (red upwards triangle) and mg = 1.2 GeV (green
downwards triangle). Left: p-plane; right: p?-plane. The curves correspond to the
parabolas which meet the lowest poles of the respective quark flavor.
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Figure 7.1.10: The quantities |0, | (left) and |o| (right) in the complex p? plane. Parameters are mg =
MeV, w = 0.5GeV and D = 16 GeV.

[SoulOa]. This could be advantageous as the propagators can be determined along the real axis to very

high precision.

7.2 Bethe-Salpeter equation for mesons

Within a Poincaré invariant quantum field theory, two-particle interactions may be described by virtue of
the BSE. As discussed in Sec. 6.2, the BSE is a linear inhomogeneous Fredholm integral equation of the
second kind for the BSV I'(P, p). As distinguished from potential approaches to two-particle interactions,
recoil effects are naturally taken into account. For pure bound states the BSE becomes a homogeneous
one and may be considered as an eigenvalue problem for the integration kernel, having solutions only
for discrete values of the total momentum of the two-particle bound state. For two-quark bound states,

the quark and gluon propagators and the quark-gluon vertex function constitute the integration kernel.
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Employing the rainbow-ladder truncation, the Euclidean BSE for a two-quark bound state in momentum
space reads
4 [ d% ~ 90
(P, p) = —3 stl(kJr)F(P» k)Sa (k) [9°Go,(p—1)] (7.2.1)
where ky = ny P £ k, with k being the relative and P the total momentum of the two quarks; S(p) is
the quark propagator and [gQD(p . l)] v denotes the gluon propagator (and QCD coupling strength).
Using the charge conjugation matrix C' = iy we have defined
1 —iy-k— M?(k)

S(k)=cCST(p)C = YRS (7.2.2)

and implicitly used
Yu=CyyC =C?y,C* =1, (7.2.3)

The momentum partitioning parameter 7, with n = 7y = 1 — n_, is a free parameter which serves to
chose the frame we are working in. Note that, for constant constituent masses, the momentum partitioning
parameter 11, = M1/,/(m1 + my) is uniquely fixed by the constituent masses. Due to the momentum
dependence of the quark mass functions, n would depend on the momenta k. of both particles. One
therefore abandons the definition by virtue of the particles momenta and/or masses and defines it w.r.t. to
the relative momentum of the quarks and the bound state momentum. It therefore allows to choose the
frame in which the BSE is solved. As the equation is Poincaré invariant, the results must not depend on 7.
But as approximations and truncations are employed which may break the invariance, the independence
of the results has to be checked. In Eq. (7.2.1), the exact gluon propagator has been replaced by a
phenomenological one, which describes a one gluon interaction, and the exact quark-gluon vertex has

been replaced by the free one o< .

The BSV is a 4 x 4 matrix in Dirac space which can be expanded in a base which is complete in the
space of physical states for the system under consideration. In particular, the expansion has to reflect
the transformation properties of the bound state. The general structure of BSVs for bound states of
spinor particles has been investigated in, e.g., [Kub72]. Specifying parity and angular momentum, for a

pseudoscalar ' Sy state such a base is given by [Dor08]

nE)= % = TF) = 100w,
LE) = %95 = -T3FE) = —5%T30) . 24
T3(p) = %7075 = Tg(ﬁ) ; o
Tp) = fgs = T = 3Ll
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Table 7.2.1: Commutators and anticommutators of the elements of the base defined in (7.2.4) with q.

i) T (7) i (7) Ti(7)
[dl, 0 ~2|q] M) ~2q0T}(F) — 2E4TI(F) 14, 77) (571 (7)
[d)- 200T3(7) +204|T{@) 20T (@) 59, 47) T3 () 2007 (5)
and fulfills the orthogonality relation
dQ;
/ 2T [TTJT} = 5 (1.2.5)

with the infinitesimal solid angle d€)5 = sin ¢ df d¢. Their commutators and anticommutators with ¢
are given in Tab. 7.2.1. This base originates from BSE studies of deuterons, where it allows to reduce
analytically the four-dimensional integral equation (7.2.1) to a one-dimensional. Due to the momentum
dependence of the quark mass this is not possible in the case of mesons. However, it differs from the

standard basis used in Bethe-Salpeter studies of mesons, cf. e.g. [Rob07], where the basis is given by
T € {757 _Z.’.Y5P7 _i75ﬁ7 —75 |:P7 ]5:| _} . (726)

The two sets are related via

Ty :%T1 , (7.2.72)

=2iPyTy , (7.2.7b)
T3 =2i (poTo — |7|Th) , (7.2.7¢)
Ty =4|p | Py Ty . (7.2.7d)

In the scalar channel, the BSV may be decomposed over the basis given by

- St/ -
’E)= L = TE = Tis = wh = T,
- St/ -
E) = % = DG = T = —wlh = Ty,
L S - . (7.2.8)
(7)) = g0 = T35@) = Ty = Iz = T3,
- D~ ST/ -
0= f = - = Trs = Tt = T

which fulfills the same orthogonality relation (7.2.5).

By virtue of Eq. (7.2.5) the BSE in Euclidean space can be decomposed into a set of four coupled

linear integral equations

(7.2.9)

d4k‘ 92G0 p k)z Mz]gj(P k4> |k|)
9i(P;pa, [P]) = )

A1 kil)cl(kl)Ag(k‘g)Cg(kg)
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with the traces

Mij(p, k) = Trp |5 (5) v, Fr (ks )Ty (B ) By (k) — ?(sz‘T(ﬁ) GF1 (ki )Ty (k) Fy(k-)

(7.2.10)

With the sets given in Egs. (7.2.4) and (7.2.8), the traces for the scalar and pseudo-scalar BSE (7.2.9) are

related via the following prescription
M5 (M (p), Ma (k) = (=1)7F17%2 M(= M (p), Ma(K)) , (7.2.11)

which can be shown by virtue of Tab. 7.2.1. The elaborate and lengthy explicit evaluation of these
traces has been done using the algebra package HIP for Maple [Hsi92, Yeh92]. For the sake of brevity,

nominator and denominator of the quark propagator have been denoted by
C(k) =k*+ M*(K*), F(k)=—iv-k+Mk), Fk)=—iyv-k—M(k). (7.2.12)

Expanding the potential over hyperspherical harmonics

272
g2G0(p - k) = Z n+ 1Dn(p7 k) Z anm(th Qp>anm(Xk7 Qk) (7.2.13)
n Ilm
and
2,0 2
gG°(p—k) 1 27
— 3 Zn —Zn(p. ) %jznlm(xp,ﬁwzmm(xk,m), (72.14)

where cos x;, = p4/p defines the four-dimensional polar angle and

2

2

T

Ch(t) = T E Znim(Xps Ops Dp) Znim (Xks Ok Bk) 5 (7.2.15)
Ilm

with ¢ = cos X, has been used, allows to expand the g;’s into partial amplitudes

9i(P;p, Xp) = D Gim(P3P) Xonamr (Xp) - (7.2.16)

m=0

The equation to be solved, thus, reads
4 [*E3dk
gim(P,p) = =3 /0 ) > Aijurn(Pp k) gjn(P; k) (7.2.17)
7 n

with
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Figure 7.2.1: Parabolas and poles for asymmetric momentum partitioning (red and blue) in case of
different quark masses. The dotted line is for n = 0.5 and includes the pair of poles of
the light quark in the integration domain of DSE and BSE.

Table 7.2.2: Maximal bound state masses and corresponding momentum partitioning parameter given
as tuple (Mmax, 7(Mmax)) for different current quark masses. The momenta indicate the
integration contour for the respective quark. All masses are in GeV.

ks (L—mP —k
mo 0.005 0.115 1.05

2 0.005 (1.07922, 0.5) (1.28479, 0.42) (2.33122, 0.23147)

+ 0115 (1.28479, 0.58) (1.49036, 0.5) (2.53679, 0.29375)

Q& 1.05 (2.33122,0.76853) (2.53679, 0.70625) (3.58322, 0.5)

dQy
Aijmn (P, p, k) = /Mdtp L= dty — 7 oy

o GG (p = B) M (P, p, X s X0e) X (Xp) Xt (k)
A1 (ky)Cr(ky)Az(k-)Co(k-) '

(7.2.18)

Equation (7.2.17) can be solved as an eigenvalue problem for the Bethe-Salpeter integral operator,
which has solutions only for discrete values of the bound state momentum P. Numerically, the integral
operator in Eq. (7.2.17) becomes a matrix, which we call BSM. Once the BSM is obtained, eigenvalues,
eigenstates and determinants are easily calculated using modern standard libraries and are less time
consuming than the evaluation of the BSM itself. The propagator functions have to be known in
the complex plane within the region defined by k% = k? — n2 M2 4 2in. Mkt for k € [0,00) and
t € [—1,41], which is the contour analyzed in Sec. 7.1.3 for A\ = 2nMk. The analytic structure of
the propagator functions o, and o therefore restricts the analysis of the BSE if no additional schemes
of handling the poles are introduced. Considering light quarks, e.g. mg = 5 MeV or mg = 120 MeV,
bound states of equal quarks can thus be evaluated up to an energy of Py = 1.05 GeV or Py ~ 1.5 GeV,
respectively. The gap between the lightest bound state and the pole of the corresponding quark ensures
that the BSE can be solved.

As the position of the poles and, hence, the parameter y depends on the quark mass, the maximum

bound state mass to be evaluated depends on both quark masses, i.e. x1 and y2, and the frame, i.e.
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Figure 7.2.2: Maximal y as a function of the bare quark mass.

the momentum partitioning parameter 1. The quark mass determines the maximal parabolic domain
for the argument of the quark propagator in the complex g?-plane as obtained from the DSE. The
momentum partitioning parameter determines the required parabolic domains for the arguments of
the quark propagators within the BSE. Because the BSE is Poincaré invariant, we may choose 7 such
that Eq. (7.2.17) may be solved for the largest possible bound state mass without the pole entering the
integration domain of neither of the two quarks. For equal quark masses it is clear that n = 0.5 provides
the frame in which the largest bound state mass can be evaluated. However, from Tab. 7.1.1 we see that,
for heavy-light quark mesons, 7 may be changed in order to increase the maximal bound state mass, see
Fig. 7.2.1. In fact, demanding 1 /74 < X2/m— gives

=1-—1_, (7.2.19)
and the maximum bound state mass of two quarks for which the BSE can be solved reads
Mmax = x1+ X2 - (7.2.20)

For given valence quark mass the location of the poles directly translates by virtue of Eq. (7.1.45) to the
maximum accessible parameter by determining xmax(m0), see Fig. 7.2.2. For various combinations of
bare quark masses, chosen in view of the investigation presented at the end of this chapter, the largest
accessible bound state mass and the corresponding momentum partition are given in Tab. 7.2.2. However,
as in practical calculations the BSE is only approximately Poincaré invariant due to the truncation of the
expansion into Chebyshev polynomials, cf. Eq. (7.2.16), the results are not independent of the momentum
partitioning. The thus obtained results can therefore only be considered as a proof of concept and may be
improved by virtue of extra numerical effort. Indeed, increasing the number of Chebyshev polynomials
improves the stability w.r.t. variations of 1 [Alk02]. The dependence on 7 also depends on the considered
channel [Alk02]. Moreover, shifting the momentum partitioning results in increasing bound state masses

obtained as solutions of the BSE. This numerical n-dependence is particularly strong for large differences
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in the bare quark masses of the valence quarks. Therefore, the bound state mass, which would have been
obtained as a solution of the numerical BSM, might be larger than the bound state mass which would
have been obtained from the complete BSE and might even exceed the maximal bound state mass which
is calculable by shifting the momentum partition. However, the situation can in principle be improved by

according numerical efforts.

The bound state masses of scalar and pseudo-scalar mesons are evaluated for the potential (7.1.5) with
w = 0.5GeV and D = 16 GeV as follows. First, we evaluate the pseudo-scalar bound state mass curve
M., for equal quarks up to quark masses of m, = 1.125 GeV. The curve is used to determine the bare up
quark mass such that the pion mass m, = 135 MeV is reproduced. We obtain m,, = 5 MeV. This mass
is then used to fit the strange quark mass at the Kaon mass myx = 498 MeV and the charm quark mass
at the D meson mass mp = 1.865 GeV by evaluating the bound state mass curve M,,, for one quark
being fixed to the up quark. We obtain ms = 115 MeV and m, = 1.05 GeV. The thus obtained quark
masses may now be used to evaluate the bound state mass curves M, with one quark being fixed to the
strange quark, and M, with one quark being fixed to the charm quark. In this way the masses of s5
(hypothetical), sc (D) and c¢ (7).) states are predicted. The quark masses obtained in the pseudo-scalar

channel serve as input for the scalar channel.

In Fig. 7.2.3 the results for pseudo-scalar and scalar bound states are given together with the maximal
accessible bound state mass of the respective quark combination. The hypothetical pseudo-scalar ss state
is found at a mass of 693 MeV. The D; mass is mp, = 1.934 GeV, which fits the experimental value
1.968 GeV [Nakl10]. The 7. mass is m,, = 2.825 GeV. Experimentally, a mass of m,, = 2.980 GeV
[Nak10] is found. As can be seen, the method is in principle capable of determining the pseudo-scalar
bound state masses including states with charm quarks. This allows to predict three meson masses in the
pseudo-scalar channel for Dg, .J/1) and a hypothetical pseudo-scalar ss state. Note that the pseudo-scalar
meson mass becomes zero if both quark masses approach zero. Hence, the character of the pion as
the (massless) Goldstone boson of the strong interaction which only acquires a nonzero mass due to
the explicit symmetry breaking is fulfilled in the employed model. Concerning the parameters of the
interaction, w and D, this can be used as a constraint such that only one free parameter is left; i.e.
w = w(D). Indeed, for the chosen values w = 0.5 GeV, D = 16 GeV we have M = 0.1 MeV for both
bare quark masses being zero. Once the bound state mass has been evaluated, the BSV is known and
further observables are calculable. Hence, also the leptonic decay constant or other quantities can be used
to specify parameters of the model such as quark masses, range and strength of the phenomenological
interaction or any other more sophisticated model. Unfortunately, the mesons of the scalar channel are
too heavy to reach the charm quark sector for unequal quarks. Bound states with a strange or an up quark
can only be handled up to m, ~ 250 MeV. Furthermore, numerical instabilities trouble the solution
when the (expected) bound state mass is close to the maximal bound state mass. This can be traced back
to the numerical dependence of the bound state mass on the momentum partitioning parameter due to the
truncation of the Chebyshev expansion (7.2.16). The thus expected increased masses exceed the maximal

accessible bound state mass. Of course, the precise position of the poles depends on the interaction and
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Figure 7.2.3: Bound state masses in the pseudo-scalar (left) and scalar (right) channel for equal (black
solid) and unequal bare quark masses: up (red solid, m,, = 5 MeV), strange (blue solid,
mg = 115 MeV) and charm quark (green solid, m. = 1.05 GeV). The dashed curves
depict the upper limits of bound state masses for the respective quark combination. The
horizontal dotted lines are the experimental meson masses [Nak10]: m, = 135 MeV,
my = 498 MeV, mp = 1.865 GeV and m,, = 2.980 GeV. Dots mark the meson masses
which are used to fit the quark masses, circles mark internal consistency checks and
crosses mark predicted meson masses.

is altered for more sophisticated gluon propagators [SoulOa].

7.3 Wigner-Weyl solution

Experimentally, the pion dynamics and the pion mass in the Wigner-Weyl phase is not known. However,
calculations within the Nambu-Jona-Lasinio model at nonzero temperature and baryon density [Rat04,
Ber87] point to an (monotonically) increasing pion mass. Inspired by the investigation of Sec. 5 one may
employ the coupled Dyson-Schwinger—Bethe-Salpeter approach to ask for meson properties within a
chirally symmetric solution without incorporating medium effects and, hence, probing the effect of chiral
symmetry restoration on hadronic properties as such and disentangled from many-body effects. Similar
investigations have been done in [Bic06] and references therein for simplified confining models.

As pointed out in Sec. 7.1.2, the system (7.1.11) has multiple solutions. In particular, it obeys a chirally
symmetric solution if my = 0, which can easily be obtained by choosing B(p) = 0 as initial function for
the fixed-point iteration. It is called the Wigner-Weyl solution. It features M (p) = 0 with A(p) # 0. Itis
indeed a chirally symmetric solution, i.e. Eq. (7.2.9) gives the same BSM for scalar and pseudo-scalar
mesons and both mesons are degenerate in their mass, as can be shown in the case of zero bare quark
masses in a two-fold way. First, the chiral condensate, which is given within the employed model (7.1.5)

for the gluon propagator by [Zon03b, Lan03]

3
(:qq:) = ~5z |4 Bos(l), (7.3.1)
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is zero, because B(p) = 0. In the Nambu-Goldstone phase we obtain (: Gq:) = (—251 MeV)? for the
employed set of parameters, which is in agreement with the Gell-Mann—Oakes—Renner relation (A.2.27).
As it is an order parameter of DCSB, vanishing of the chiral condensate points to the restoration of the
symmetry. However, strictly speaking the vanishing of an order parameter, which is qualified as such
by means of Eq. (A.2.19), is merely a necessary but not sufficient requirement for the realization of a
symmetry. The realization of other symmetries may lead to a vanishing condensate as well. Second,
it can be seen as degeneracy of the solutions to the BSE for chiral partners. With the relation between
scalar and pseudo-scalar BSE given by Eq. (7.2.11), the only difference of the BSMs is due to sign
changes of certain traces and an additional sign according to M;(p) — —M;i(p) in all traces. As
M;(p) = Msy(p) = 0 the latter prescription is without effect for the BSM in the Wigner-Weyl phase, and
one is left with the following changes

M =-M, :(Ge{l,34}nje{2,4})V(i=2A5¢€{1,3}). (7.3.2)

Apart from the cases (i, j) = (4,2) and (4, 7) = (4,4) all of the affected terms are proportional to M;(p)
and are, thus, zero. For the other two cases it turns out, that the difference M, 5 — MZSJ is proportional to
M;(p) and therefore must be zero for M;(p) = 0, too, which proves the stated degeneracy. Since the
BSEs for scalar and pseudo-scalar mesons are identical in the Wigner-Weyl phase, the BSVs and, hence,
observables are too.

Having the propagator functions in the Wigner-Weyl phase for zero bare quark mass at our disposal,
see Fig. 7.1.3, one can solve the BSE in the Wigner-Weyl phase and obtain an explicit value of the bound
state mass. As in [Bic06], the lowest bound state mass where the BSE (7.2.9) can be solved is found at
negative squared masses M? = —0.1172GeV? = —(342.1 MeV)? and are therefore called tachyonic
solutions. As argued in [Jai07] the Wigner-Weyl solution corresponds to a maximum of the effective
action. Therefore, the squared mass must be negative and signals the instability of the chiral symmetric
ground state. An arbitrary small disturbance drives the system from the Wigner-Weyl realization to the
Nambu-Goldstone realization.

In the upper panels of Fig. 7.3.1 the two largest partial amplitudes of the Wigner-Weyl solution
are compared to the corresponding functions of the solution in the chirally broken phase. Note that
the largest contribution g19 remains almost unchanged, whereas g2 completely changes. The partial
amplitudes for g are shown in the lower panels of Fig. 7.3.1 and g3 and g4 are depicted in Fig. 7.3.2.
Note that, in the Wigner-Weyl phase, g» and g4 are identically zero to any order in the expansion over
Chebyshev polynomials, whereas gs turns out to be numerically zero. Nevertheless, it is very illustrative
to compare the partial amplitudes of scalar and pseudo-scalar mesons in the Nambu-Goldstone phase as
the pseudo-scalar amplitude is by magnitudes larger than its scalar counterparts for go. The contrary is
the case for g3 and g4.

In [Wil07b, Wil07d, Wil07c, Wil07a] the Wigner-Weyl solution and so-called noded solutions?? to the

2Solutions of the DSE in the Nambu-Goldstone phase do not have roots along the positive real axis. Solutions in the Wigner-
Weyl phase have one root (node). Other solutions have more than one node and are, therefore, dubbed noded solutions. In

116



7 Dyson-Schwinger and Bethe-Salpeter approach 7.3 Wigner-Weyl solution

. . . 0.002
0.001
. 0.000
=
< .0.001
5
-0.002
-0.003 : : :
0.0 0.5 1.0 1.5 2.0
p [GeV]
0.000 0.0000 frm———————————— -
ook T ] 0.0002F N e ]
I ] 00004} ;
2 -0.004 2
&: 0006 | &: -0.0006 - .
80 o0 -0.0008 | .
-0.008 .
-0.0010F .
-0.010 f-----" ]
: : : -0.0012 : : :
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
p [GeV] p[GeV]

Figure 7.3.1: The scalar and pseudo-scalar partial amplitudes g1 (upper left panel), g12 (upper right
panel), goo (lower left panel) and g2 (lower right panel) in the chirally broken phase
(blue dashed: scalar, red dashed: pseudo-scalar) and the Wigner-Weyl phase (black). For

g2; (lower panels), the scalar partial amplitudes in the Nambu-Goldstone phase have
been scaled (multiplied) by 10'°.
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Figure 7.3.2: The scalar and pseudo-scalar partial amplitudes gs; (upper left panel), g33 (upper right
panel), g41 (lower left panel) and g43 (lower right panel). Line codes as in Fig. 7.3.1. For
gs3 (upper right panel), the pseudo-scalar partial amplitude for the Nambu-Goldstone

phase in the right panel has been scaled (multiplied) by 10. For g4; (lower panels),

the pseudo-scalar partial amplitudes in the Nambu-Goldstone phase have been scaled
(multiplied) by 106,
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Figure 7.3.3: The propagator functions in the Wigner-Weyl phase. Solid black line: mo = 0 MeV,
dashed red line: my = 5 MeV, dotted green line: my = 15 MeV, dashed-dotted blue
line: mg = 30 MeV.

DSE have been used to discuss the chiral condensate beyond the chiral limit. Thereby, linear combinations
of the quark propagators have been introduced, which all generate identical condensates in the chiral
limit. However, due to the non-linearity of the DSE, a linear combination of solutions cannot fulfill the
corresponding DSE and, therefore, is questionable in its physical relevance. It has been pointed out, that
Wigner-Weyl solutions exist up to a critical quark mass, but cannot be obtained by a fixed-point iteration
method as they correspond to maxima in the effective action. Instead, Newton methods or improvements
thereof need to be employed. This allows to study a scenario without DCSB, but with explicit symmetry
breaking by small quark masses. Employing a Newton-Krylov iteration method to find Wigner-Weyl
solutions, a critical bare quark mass of mg" = 30 MeV has been found. Its value is model dependent
and may be interpreted as the maximum quark mass for which chiral symmetry may be restored. The
obtained propagator functions are shown in Fig. 7.3.3.

Having the Wigner-Weyl solutions for the quark DSE at our disposal, we are now able to study a
scenario only with explicit symmetry breaking in the scope of a coupled Dyson-Schwinger—Bethe-
Salpeter approach. Note that the thus obtained bound state mass may only be considered as a formal
solution, in the sense that it is the mass parameter at which the BSE has a solution rather than a state
which is realized in nature. Such a scenario may be useful to investigate the amount of mass splitting in
the parity doublet caused by finite quark masses. For the scalar and pseudo-scalar channel the masses are
shown in Fig. 7.3.4. They are complex over the whole mass region. Moreover, the pseudo-scalar bound
state mass M? is even decreasing. Finally, evaluating the formal splitting of scalar and pseudo-scalar
mesons at a quark mass of mg = 5 MeV yields |AM| = 1.6 MeV, which is tiny as compared to the
splitting due to DCSB (|AM| =~ 350 MeV). However, it is of the order of the mass splitting in the isospin
multiplet.

In view of the investigation of Sec. 5 the extension of the above presented analysis to the spin-1 channel

is in order. Furthermore, based on a phenomenological interaction which successfully describes the

analogy to vibrating strings, they are sometimes referred to as excited solutions [LEQ7].
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Figure 7.3.4: The bound state mass in the Wigner-Weyl phase for equal quarks in the pseudo-scalar
(black) and scalar (dashed) channel up to the critical mass mg" = 30 MeV.

hadronic spectrum, the solutions of the DSE in the Wigner-Weyl phase may be used to determine the
condensates, in particular the symmetric four-quark condensate <(’)2dd> , in the chiral symmetric ground
state. This provides us with a reliable relation between changes of chirally symmetric and chirally odd

condensates.
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8 Summary and outlook

This thesis is devoted to the determination of medium induced modifications of hadron properties. In
particular, we concentrate on changes of the mass and the spectral function of heavy-light mesons, such
as the pseudo-scalar D meson, and the p meson. The motivation is a quantitative prediction of possible
mass shifts and splittings which may be observed in upcoming experiments on the one hand and on the
other hand on determining the relation of medium modifications of hadrons to the anticipated restoration
of the chiral symmetry of quantum chromodynamics and its order parameters. Medium modifications of
mesons might be signals for the restoration or partial restoration of the chiral symmetry. Summarizing
the main findings we mention the successful quantification of the in-medium mass splittings of heavy-
light pseudo-scalar and scalar D mesons. Furthermore, chiral partner sum rules for heavy-light spin-1
and spin-0 mesons in the medium have been derived. It has been demonstrated that chiral symmetry
restoration indeed affects the p meson spectral function and that the observed in-medium effects may be
caused by a partial restoration of the chiral symmetry. However, it has also been found that in general
the relation of medium modifications of heavy-light mesons as well as the p meson is not as direct as
often anticipated. In particular the correlation of parameters which characterize the spectral function of a
meson to condensates which serve as order parameters of the chiral symmetry is rather intricate.

The in-medium sum rule analysis up to and including mass dimension 5, has been performed for the
heavy-light pseudo-scalar D, D and B, B and the scalar D*, D* mesons. In all cases a fairly robust
mass splitting (for the employed set of condensates) has been found, while the mass shift of the centroids
depends on the in-medium modeling of the continuum threshold. The chiral condensate (Gq) enters
the mass splitting in next-to-leading order of the density. Nevertheless, at nuclear saturation density its
impact is comparable to {(qTgo%q) due to the heavy charm quark mass. The leading contribution to the
mass splitting in case of up or down valence quarks in nuclear matter at saturation density, however, is
(q"q), which measures the net quark density. For Dy mesons it measures the net quark density of strange
quarks, which is zero in nuclear matter at saturation density, and results in mass splittings of opposite
sign as compared to D mesons. As the sign of the condensate (q'go%q) is not known, the size of the
D — D mass splitting may serve as an indicator for it.

We extended Weinberg-Kapusta-Shuryak sum rules in the medium for light quark spin-1 mesons to
heavy-light spin-1 and spin-0 mesons in the medium. While the only non-trivial contributions to the
former stems from power corrections to the O(«s) perturbative expansion and is of mass dimension 6, i.e.
a four-quark condensate, the chiral condensate enters the latter one as the lowest-order power correction
to the O(a?) perturbative term, i.e. it is of mass dimension 4, and is amplified by the heavy charm

quark mass. Indeed, the chiral condensate only enters chiral partner sum rules in O(a?) for heavy-light
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mesons. Addressing chiral symmetry restoration, m.(qq), m.(Gggo¥q), and m.({(ggo4q) — 8(qD3q))
may be considered as “order parameters”. Conversely, vanishing of these condensates in the medium
would mean the degeneracy of chiral partners. Evaluation of the sum rules at zero temperature and
nuclear saturation density exemplifies a significant change of the operator product expansion side, which,
consequently requires an according modification of the integrated spectral difference of chiral partners in

the heavy-light meson sector.

We have extracted the symmetric part of the four-quark condensate which enters the p meson QCD
sum rule in multiple ways. It turns out that equating the first moment of the spectral function to the p
mass, often abbreviated as pole-ansatz, gives values which are closer to the values obtained by directly
invoking experimental data than a common Breit-Wigner ansatz. The weakness of the latter one is the
modeling of the low-energy region, which is a crucial domain due to the exponential weighting of the
spectral function within Borel transformed sum rules. The vanishing of chirally odd condensates scenario
for the p meson exemplifies the impact of chirally odd condensates on the spectral function. We have
shown, that setting all chirally odd condensates to zero, requires an enhancement of the spectral function
at lower energies. However, there has been neither evidence for a vanishing of the meson masses at the

point of chiral restoration, nor that the observed in-medium changes are not linked to chiral restoration.

We applied the coupled Dyson-Schwinger—Bethe-Salpeter approach to diquark bound states for equal
and unequal quarks. In order to do so, an exhaustive investigation concerning the analytic structure of the
quark propagator in the complex plane, i.e. the position of its poles, was necessary. It has been shown that
in the complex energy plane the imaginary part of the lowest pole determines the maximal parabola in the
complex plane along which the Dyson-Schwinger equation can be solved. As this parabola is chosen such
that it corresponds to the integration domain of the respective quark within the Bethe-Salpeter equation,
the same quantity also limits the maximal accessible bound state mass. Concerning the lowest bound
state masses for equal quarks, the analytic structure is such that the singularities are always outside of the
integration domain. For unequal quarks, such as the D meson, it has been shown that the momentum
partitioning parameter provides a restricted possibility to increase the largest accessible bound state mass,
which in turn depends on the imaginary parts of the lowest poles of both quarks. This allows to evaluate
pseudo-scalar mesons for heavy-light quarks up to the D and D; meson. However, it also turned out that
the applied truncation of the expansion over Chebyshev polynomials and the associated breakdown of
Lorentz covariance of the Bethe-Salpeter equation, leads to limitations in the scalar channel, where the

meson masses are naturally close to the maximal bound state mass.

We used the possibility to solve the Dyson-Schwinger equation in the Wigner-Weyl mode for nonzero
quark masses up to a critical mass to study a scenario of explicit but without dynamical chiral symmetry
breaking within the BS approach. The determined bound state masses are complex and may therefore
only be regarded as formal solutions to the Bethe-Salpeter equation. For equal quarks the results gave an

impression of the tiny mass splitting of scalar and pseudo-scalar mesons due to finite quark masses.
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Outlook

On the basis of the operator product expansion techniques developed within this thesis, the evaluation
of the mass dimension 6 power corrections to heavy-light meson sum rules beyond the factorization of
four-quark condensates is seizable. An interesting aspect will be the cancellation of infrared divergences
introduced by gluon condensates in this mass dimension. Also the QCD sum rule analysis in the spin-1
channel for heavy-light mesons can be performed within the presented formalism.

The coupled Dyson-Schwinger—Bethe-Salpeter approach may be extended to spin-1 mesons. However,
these studies are yet restricted to vacuum properties of mesons as bound states of quarks and antiquarks.
Once the singularity structure of the approach is under control, the formalism can be extended to
finite temperature and density by introducing Matsubara frequency summations [Kap06]. Furthermore,
observables beyond the bound state mass, such as decay constants and form factors, should be considered.
Additionally, the gluon and ghost Dyson-Schwinger equations and the corresponding vertex equations
may be included. Asymmetric momentum routings for the quark Dyson-Schwinger equation and a
complex conjugate mass pole parametrization of the quark propagator may be applied to analyze and
understand its analytic structure in the complex plane. The Bethe-Salpeter equation may also be solved
in the Wigner-Weyl phase of heavy-light mesons and provides the possibility to investigate consequences
of the chiral symmetry restoration for these mesons.

As the Dyson-Schwinger equation approach allows to evaluate condensates, a possibility to check the
consistency of both methods and to systematically determine condensates and their medium dependence
is at our disposal. The Wigner-Weyl solution of the Bethe-Salpeter equation and the vanishing of chirally
odd condensates scenario for the p meson may be compared in the spin-1 channel. An interesting
combination of both approaches would be to determine four-quark condensates, in particular the chirally
symmetric condensate (O3"°"), in the Wigner-Weyl phase. This allows to check if the mechanism which

causes the restoration of chiral symmetry also affects these condensates.
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A Chiral symmetry, currents and order
parameters

As symmetries play a significant role in this thesis we will review basic ingredients of Lagrangian field
theory, which is a common framework to study symmetries within quantum field theory. Exhaustive
introductions to the topic can be found in e.g. [Wei95, Koc95, Koc97, Tre85, Sak73, Mos99, AdI68,
Che82a, Pok00, Gre96, Rom69, Gol50, Ryd85]. The subsequent outline not only distillates aspects
which are of importance for what is dealt with in this thesis but also gives a self contained derivation
of the fundamental relations and thereby follows a path which, to the best of our knowledge, has not
been presented in the literature so far. In particular we will emphasize the classical field theory part to
shed some light on algebraical equalities which both theories, classical and quantum field theory, have
in common. This will allow to identify more clearly such features of quantum field theory which do
not exist in a classical field theory. In particular, it allows to derive a classical algebra of currents. The
existence of such an algebra is not surprising. On the way we will generalize the constant time concept of
Poisson brackets to arbitrary space-like surfaces. It is clear, however, that only the constant time brackets
determine the canonical commutators or anticommutators in canonical quantization. Nevertheless, the
generalization clearly exposes the nature behind the specific role played by the time coordinate in the
context of Legendre transformations. Having a classical algebra of currents at hand, one may ask for the
difference between the classical and the quantum algebra of currents. The difference appears in form of
Schwinger terms and is intimately connected to the subject of anomalies, divergent operator products and
OPEs. As this is a fairly wide subject, we will merely review the main ideas and collect the rather scarce
literature on this complicated but nevertheless fundamental topic.

Later on, emphases is put on internal chiral transformations, their intimate connection to currents and
symmetries of the theory. Thereby we point out in detail the role chiral transformations and dynamical
chiral symmetry breaking play in the sector of heavy-light quark mesons. Furthermore, transformation
properties of and commutation relations between meson currents are derived for arbitrary flavor content.
In contrast to the well-known transformation properties and current-current commutation relations of
light-quark meson currents, relations for arbitrary flavor content are needed to investigate, in particular,
mesons consisting of a heavy and a light quark.

Apart from these developments, this appendix is not designed to give a comprehensive overview about
chiral symmetry breaking or even a complete treatise thereof, but rather tends to collect the main ideas
and relations which are necessary to guide the reader from a common base of knowledge to the theoretical

background of this work. This also includes an introduction to order parameters and QCD.
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A.1 The formalism for classical fields

Many algebraic properties of currents and charges already exist on the level of classical field theory.
This is clear, as the canonical quantization relies on the replacement of Poisson brackets of classical
fields by commutators of quantum field operators. In particular, symmetries are often considered by
virtue of the operator algebra whereas the classical Lagrangian is used. Quantization of classical gauge
field Lagrangians, such as the classical Lagrangian of chromodynamics, necessitates the introduction of
gauge-fixing and ghost terms. Although throughout this work emphasis is put on infinitesimal internal
transformations of the quark fields, which do not act on gauge fields, it is didactically advantageous
to see how the fundamental relations arise from a classical field theory by virtue of classical algebraic
relations rather than by virtue of quantum field theory commutators. Moreover, as we will see later on in

the context of anomalies and Schwinger terms, the operator algebra cannot be complete.

Equations of motion and infinitesimal transformations

Let the action be given as S = [pd*c £(¢,0,¢), with R a four-volume and & = Z(¢,0,¢) a
Lagrangian density of the c-number fields ¢ and their first derivatives 0,,¢ (possible additional indices,
e.g. flavor or color or Dirac indices, are suppressed).?! A set of infinitesimal transformations may be
specified by [Rom69]

0p(x) = ¢'(2") — o() (A.1.1a)
ot = —ah (A.1.1b)
() = ¢/ (z) — dl) (A.1.Ic)

where (A.1.1a) are the local and (A.1.1c) the total field variations. Clearly, two types of transformations
have to be distinguished. Pure space-time transformations (6¢p = 0), such as e.g. shifts or rotations,
and pure internal transformations (dx* = 0) which only act on the field degrees of freedom leaving the
space-time coordinates invariant, such as e.g. phase transformations or rotations in flavor space. Then, the
integral measure transforms by virtue of the Jacobian as dd'z = d'z’ — d'z = (,62") d*x, whereas
partial derivative and total field variation commute 9, (6" ¢(z)) = 620, ¢(x). Itis also useful to relate
local and total field variation: i.e. §¢(z) ~ 6*¢(x) + (9uh(x)) dz* for infinitesimal transformations.

The induced variation of the Lagrangian density is

_ (92 5, 9L s 0L s
= (8¢ a“a(am)) %6+ 0y (8(8@)5 ¢) + (0uZ) 02 (A.1.2)

2I'The discussion is restricted to the case of second order EoM for the fields. Otherwise the Lagrangian could additionally
depend on higher derivatives of the fields and a more extended investigation would be in order.
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and the action varies as

[ [(0Z 02\ |
55‘/3‘““ K&b 8“8(%))‘5 ¢+8“””}

_ [ (0Z 0% A / ,
_/dx<8¢ 8“8(8,@))5 o+ JdquM, (A.1.3)

where we have defined the associated Noether current j,,, the energy-momentum tensor 7#" and the

canonical conjugate momentum 7 as

gH = -TH 6z, + o, (A.1.4a)
T =7t (0¢) — g"" &L, (A.1.4b)
0%
= . (A.1.4¢)
9 (9uo)

Schwinger’s action principle then requires that the variation of the action is merely a functional of the

surface
0S8 = Flo1] — Flo2] . (A.1.5)

As the four-volume R and the local variation 6™ ¢ are arbitrary this requirement leads to the well-known
EoM, called Euler-Lagrange equations

0
o¢

Note that no boundary conditions for the variations have been introduced. The quantity F' is the generator

Bt = (A.1.6)

of the infinitesimal transformation defined as
Flo] = /do“ju , (A.1.7)

and we assumed in Eq. (A.1.5) for simplicity that the four-volume R may be bounded by two space-like

surfaces o1 2. For a constant-time surface the generator will be referred to as

Q) = /t d3z jo(z) . (A.1.8)

A non-space-like surface, i.e. time-like or light-like, leads to causality constraints of the boundary
conditions and one would have to take care for choosing them non-contradictory. On a space-like
surface, i.e. space-like separation of all points on the surface, instead each point lies in the exterior of

the light-cone of all the other points on the surface and causality guarantees a free choice of boundary
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conditions. The variation of a functional as given in Eq. (A.1.7) with respect to the surface o is [Rom69]

dF[o]
oo (x)

= Ouj" . (A.1.9)

An infinitesimal transformation (A.1.1) is called a symmetry transformation if it leaves the action
invariant, i.e. 65 = 0. According to Egs. (A.1.5), (A.1.7) and (A.1.9) this means that the generator F’
does not depend on the surface o. Hence, its variation w.r.t. the surface is zero, which is equivalent to the
conservation of the associated Noether current 9#j,, = 0. The generator I is then a constant of motion,
e.g. in case of a constant time surface it is time independent, 0; F' = 0. In [Rom69] the most common
symmetry transformations such as shifts, rotations and phase transformations and the corresponding

conservation laws (energy-momentum, angular momentum and charge conservation) can be found.

Poisson brackets

In the following Poisson brackets are introduced. They will allow to obtain a classical current algebra.
Consider the transformation given by constant shifts of the coordinates, i.e. dz* = €* = const. It follows
that 62 ¢(z) = —€*9,4(x) and ¢ (x) = 0. Poisson brackets are then defined such that they reproduce

the EoM. The generator becomes
Flo] = —€"P, (A.1.10)
with the energy-momentum four-vector
P,[o] :/dauT’”,j. (A.1.11)
o
Furthermore, consider the functional
G(t) = /d%%o(qb,mqb,i% (A.1.12)

i.e. a functional of a constant-time surface with density ¢°. Note that ¢° depends on the canonical
conjugate momentum which, in terms of Legendre transformations, is the slope of the density w.r.t. to the

time-derivative of the field. The time derivative of such a functional is

09" 094" 094" 094"

which can be expressed in terms of the functional derivative

0 0
5 o= 00007
on(w) on 5%

(A.1.14)
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with 7 being a field or a canonical conjugate momentum. On the other hand,

Py(t) = /d% Too = /d% (m00rp — L) (A.1.15)

is the Legendre transform of the Lagrangian density w.r.t. the time derivative of ¢ and fulfills

0

550 = 0o, (A.1.16a)
%pg s (A.1.16b)
o

Insertion into Eq. (A.1.13) gives the time derivative of the functional G(t)

(SG(SP() 6G (SPO
3
t) = < — | - A.1.17

Finally, the change of the functional G under infinitesimal shifts of the coordinates (A.1.10) is 6G =
—e%9,G. Thus, Eq. (A.1.17) may serve as a definition of the constant-time surface Poisson bracket. The

quantity G may, therefore, be written as

5G(t) = {G(t), F(1)}, . (A.1.18)

So far the presented treatment can be found in many textbooks, such as e.g. [Rom69, Rom65, Gol50].

We will now generalize it to arbitrary flat space-like surfaces . Consider the functional
Glo] = /daa G*(p,n 1,0 ) (A.1.19)
o
with the orthogonal projector
O™ = g™ —nfin?, (A.1.20)

satisfying O,,, O = O,," and n" being the surface orthogonal unit vector do, (z) = nq(z)do, n? = 1,
defining the surface, e.g. for a flat surface n,z® — 7 = 0. The surface element may be defined by
do, = dV/dx, = d*z/dz,. The notation in Eq. (A.1.19) means that ¢ depends on the component of
7% perpendicular to the surface element do“, i.e. parallel to n®. The remaining components of ¢ ,, lie in
the surface element do®. Orthogonality implies (nO)” = 0 and any four-vector V,, may be decomposed

viaV, =n, (n-V)+ 0,”V,. Hence, one obtains

9,Glo] =y, (n-a)/da (n-9) +OW8”/dU (n-9) . (A121)

g e

Because of the orthogonal projection in the last term, the derivative only acts on coordinates which lie

in the surface ¢ and have been integrated out. Thus, the integral does not depend on these coordinates
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anymore. This also exemplifies the special role of the time-derivative for constant-time surfaces. In

particular, no information is lost when applying the projected derivative to the functional G[o]

(n-0)Glo] :/da (n-0)(n-9) (A.1.22)

which is merely the formal notation of the trivial statement that the functional only depends on coordinates
perpendicular to the surface. Of course, one is free to derive the functional w.r.t. any coordinate, but only
the projection perpendicular to the surface gives a nonzero result. Furthermore, the functional derivative
of Gis

0Clol _ 3n-9) _ ey 2n-9)

A.1.23
on on on ( )

In particular, using O"*d(n - 7)/ 0¢ » = 0, because the components of the canonical momentum
perpendicular to the surface do not depend on field derivatives within the surface, the functional derivative

of the energy-momentum four-vector P, reads

0P,
(ngzEG] =-0,(n-m), (A.1.24a)
0P,
LGy (A.1.24b)
0Tq
The change of the functional G under infinitesimal transformations (A.1.10) is 6G = — (e0) G, which,
by virtue of Eq. (A.1.21) and the subsequent discussion, can be written as G = — (n - €) (n - 9) G and

evaluates to

(n-0)G|o]

o (D -y 2 O 0-0)(nem)
g

/ 0, (n- 8)¢/\+n( -
/da Ka” g)—omaﬁw)(nﬂ)mna(aﬂa)( 8)(n-7r)}
/
{G

“S\

da[ 5@?)52??] 5@?)}

e ore T 0
[o],n[o] - P}, (A.1.25)

In the second line an integration by parts has been performed. In the third line, Egs. (A.1.23) and
(A.1.24b) have been used. The derivation clearly exposes the necessity for both functionals being

evaluated at the same surface o, e.g. equal times for a constant-time surface. Equation (A.1.25) also

defines the Poisson brackets for two functionals Ao f doy, o/* and Blo f do, B*
/A B B 6A
A Bl = [d — ) A.1.26
{4, B}, / on [&M " 3¢ om, ( )
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It is clear that one has to take care of the correct order and matrix structure of the functional derivatives if
there are internal degrees of freedom such as color or flavor. For an arbitrary transformation the generator
fulfills

dF[o]

_ sA
" = ¢ (A.1.27)

and the variation of the fields can be written as

{¢(z), Flo]}, = 6 o(x) . (A.1.28)

Field and canonical conjugate momentum may be considered as functionals of themselves with parametric

dependence on space and time and the thus defined Poisson brackets fulfill per construction

{6(y).n-7(2)}, =B (0" (x —y),) , (A.1.292)
{n-m(@),n n(y)}, ={s(z), 6y}, =0, (A.1.29b)

where evaluation at the same surface means n - y = n - x, and the three-dimensional Dirac-distribution is
meant to act on the coordinates within the surface. This expression also directly follows from Eq. (A.1.28)
using {AB,C} = A{B,C} + {A, C} B, a fundamental algebraic property of the Poisson brackets. In
analogy to Egs. (A.1.25) and (A.1.28) a transformation given by its generator F'[o] is called canonical

transformation if
{G, F}U = 0G. (A.1.30)

Note the sign, as for a constant shift of the coordinates the generator is given by Eq. (A.1.10).

Infinitesimal internal transformations

An infinitesimal internal transformation is given by Eq. (A.1.1) with dz* = 0 and d¢ = §"¢. If the
transformation describes a symmetry of the system, using the Euler-Lagrange equations, a conserved

current 0*j ZL\ = 0 is given by
i =m0, (A.131)

where A labels the transformation.

However, if the Lagrangian density is not invariant w.r.t. the considered infinitesimal internal transfor-
mation one may, of course, nevertheless define a current as in Eq. (A.1.31). Consequently, such a current

is not conserved and, using the Euler-Lagrange equations, its divergence is given by Eq. (A.1.2)

il =0t (A.1.32)
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Note, as discussed above, Eq. (A.1.32) does neither assume nor imply that A is a symmetry transformation.
As no boundary constraints for the variation of the fields on the surface have been introduced, the point
that the variation of the Lagrangian can be written as a total divergence does not imply invariance of
the action. Indeed, from Eq. (A.1.2) and the Euler-Lagrange equations it can be seen that for internal
transformations the variation of the Lagrangian can always be cast into a total divergence. However, as
has already pointed out before the current’s divergence must be zero in order to generate a symmetry
transformation. Also note that (A.1.2) can only be cast into (A.1.32) for internal transformations.
Finally, the classical algebra of currents and charges can be derived. Consider an infinitesimal

transformation of the type
My =T.¢, (A.1.33)

where T is an infinitesimal matrix acting on internal degrees of freedom, e.g. flavor or color. For a system
with, e.g., Nt flavors, such a matrix may be given by T, = €“t®, where t* € U(N¢) = U(1) x SU(Ny).
Then the Poisson bracket of two currents jf} and jf,\/ reads

{TL : jA(:C),n : jA/(y)}U = 5(3)(0“1/(:5 - y)u)n " [TGTE/], ¢
=G/ (O™ (z — y)y)n - jN - (2) . (A.1.34)

As the currents are linear in the infinitesimal parameters €, Eq. (A.1.34) also holds for currents con-
structed of non-infinitesimal matrices 7'. Integrating Eq. (A.1.34) w.r.t. O*"y,, gives the change of the

current j f}, induced by the transformation A, under the transformation A’

{n @), FA (n x)}o = - jA (1) = nosN A (2) | (A.1.35)
Though completely derived within a classical framework, these relations are algebraically identical to the
relations of current algebra [Tre85, Sak73, Adl68]. Of course, this is not surprising as the main idea of
current algebra is to derive an algebra of currents which are constructed of the fields and their canonical
momenta, which in turn fulfill the canonical commutation relations dictated by classical Poisson brackets.
In this respect, current algebra may be considered as the quantized version of an algebra already given
at classical level. Quantum effects, in the sense of different algebraic relations, show up as anomalies.
To finish our considerations, recall the fact that current algebra and results which can be derived from it

merely rely on general symmetry considerations and not on the special form of the Lagrangian.

Fermions and chiral transformations

The preceding results will now be applied to the specific case of free fermions, which is the relevant
example for the topic dealt with in this thesis. Introducing additional fields and interactions does not alter
the derived relations as long as the considered transformation leaves all additional terms invariant. This

is the case for, e.g., the coupling to photon or gluon fields. Therefore, all results remain valid for QCD.
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Let £ be the free fermion Lagrangian of N; quark flavors
L= (z‘é _ M) " (A.1.36)

where § = YuO*, ¢ = (q1,-..,qn;) and M = diag(m1, ..., mn;) a general mass matrix. Canonical

conjugate momenta are

1

T, = iy, = Zmﬁ”yu . (A.1.37)

For a constant-time surface, Egs. (A.1.29) and (A.1.37) give rise to the following Poisson bracket

{wi@) W} =@ (o), (A.138)

Zo=Yo

where the i, j are Dirac indices. It is clear that a relation like Eq. (A.1.38) can also be given for any
other space-like surface. Having the Poisson brackets at hand one can give the complete algebra of
currents without any specific knowledge about the transformation or about symmetry properties w.r.t.
this transformation. By virtue of Eqgs. (A.1.38) and (A.1.37) the currents associated with infinitesimal

internal transformations of the type (A.1.33) fulfill the algebra

{jﬁ(w), ira (y)}t = §O(Z — Pmo [Yor. Ty 0w T"]_ % - (A.1.39)

Integration w.r.t. £ or i gives the variation of one of the currents under the transformation induced by the
generator of the other current. Now, consider the infinitesimal vector and axial transformations in flavor

space

Ay itp = = e Oy~ (1 - i0%%)y (A.1.40a)
Ap ) — ) = e OB x (1 — 10U %5 )1) (A.1.40b)

where t* are the generators of U(Nf) = U(1) x SU(N¢) acting on the flavor indices of 1) and ©% are
arbitrary infinitesimal rotation angles. For brevity and because algebraically there is no difference, the
U(1) transformation is explicitly included. Later on, these transformations will show up as special cases
of a set of more general transformations, which are called chiral transformations. The variation of the

Lagrangian density reads

Ay : 6L = —i©@™p [t M]_1, (A.1.41a)
Ap i 0L = +i0%ys [t M) ¢ . (A.1.41Db)
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Note that adding terms o< 1;7”1/1, e.g. gauge field coupling terms, does not change Eq. (A.1.41). According
to Eq. (A.1.31) the following currents can be associated with (A.1.40)

T =Pyt (A.1.422)
JaT = Pys Ty - (A.1.42b)

Note the difference in sign for Eq. (A.1.42b) compared to the definition Eq. (A.1.31), which can be
seen from Eqgs. (A.1.37) and (A.1.40b). It is merely convention. The charge obtained from jé T is the
generator of the transformation which is adjoint to A 4; it gives a field variation which is the negative
of (A.1.40b). Colloquial phrased, the fields are transformed in the other direction. According to their
behavior under Lorentz transformations, (A.1.42a) and (A.1.42b) are currents with internal angular
momentum 1. Additionally, one can define the scalar and pseudo-scalar currents with internal angular

momentum O as

5T =T, (A.1.42¢)
F5T = ipysTeh (A.1.42d)

Generically, the currents (A.1.42) are denoted as
T =Py, (A.1.43)

with I'X € {1,473, V5Yus Yu} and where we omit the Lorentz index if X also stands for spin-0 currents.
The imaginary unit in the definition of the pseudo-scalar current is convention. Due to the special choice
of I'X the current fulfills ( j,)f’T)T = j,)f ’TT, thereby relating particles and antiparticles. According to
Eq. (A.1.32) the divergences are given by

i@“jﬁV’A)’T — 1; (75) [T, M]ZF ,¢ — (_i)(S:P)j(Svp)?[T’M]q: , (A144)

where the upper (lower) sign corresponds to the vector (axial-vector) current. For the moment being, 7
denotes an arbitrary infinitesimal matrix in flavor space 7 = ©%t%. As the transformations (A.1.40) are
infinitesimal, all variations, i.e. (A.1.41) and 6" in Eq. (A.1.40), are proportional to the transformation
parameters ©%. The same holds true for the corresponding currents, as well as their divergences.
Consequently, one can define currents j, = ©%jj;, for which the infinitesimal transformation parameters
cancel each other in Eq. (A.1.32), and Eq. (A.1.44) holds for an arbitrary rotation matrix 7 in Eq. (A.1.42).
Recall that Eq. (A.1.44) remains unaltered by the introduction of terms which describe the coupling of
fermions to gauge fields. Equivalently, Eq. (A.1.44) could be derived using the explicit form of the EoM.

However, the EoM of course depend on gauge coupling terms.
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Table A.1.1: Transformation pattern for the currents (A.1.42) under infinitesimal transformations

(A.1.40).
-V, 'A7 y 1
i T i T ]S,T ]Pﬂ'
, V.| AT / /
N T M T T S L
! A7 ,7 — . -V7 /7 — . ! y !
sar X T g Py st

The currents (A.1.43) transform under (A.1.40) (infinitesimal transformation) as (see Eq. (A.1.35))
(IS . SN S %q]} ([FX’,PX} [, 7] + [FX’,FX} [+, 7] i) b, (A.1.45)
+ —

where the upper (lower) sign refers to I'* " =1 @ = ~5), which specifies the transformation. The
complete transformation pattern for (A.1.42) is listed in Tab. A.1.1. Hence, A 4 mixes parity partner.
Moreover, if no flavor changing currents are considered, i.e. 7 < 1, Ay leaves all currents invariant and
A 4 only transforms spin-0 currents into each other.

The (anti) commutator in Eqgs. (A.1.41) and (A.1.44) is given by (no Einstein convention for dotted

indices)

(Ir M]3, = F (my T my) s (A.1.46)

for arbitrary but diagonal mass matrix. Current conservation for the vector (axial-vector) current, therefore,
holds if the masses m,., m; are equal (zero) if 7,5 is nonzero. The diagonal elements of the commutator
are always zero. Accordingly, the Lagrangian (A.1.36) is invariant w.r.t. axial transformations if M = 0
and w.r.t. the vector transformation if m, = mg for 7,54 # 0. Up and down quarks with their tiny
masses of a few MeV may be considered as approximately massless and, hence, represent a two-flavor
system which would be invariant w.r.t. axial transformations which are restricted to these two flavors.
Consequently, the current (A.1.42b) is conserved and the Lagrangian (A.1.36) is invariant. On the other
hand, vector and axial-vector currents are mixed. Hence, if the ground state of the strong interaction
would possess the same symmetry, vector and axial-vector states would be degenerate. This means that
the spectral densities (cf. App. B.1) are identical, because an axial transformation may be applied which
transforms one spectral function into the other. Obviously, this is not the case, e.g. the mass of the p
meson (vector state with 7 = ¢3 /2 and o' as Pauli matrices) is m, = 775.5 MeV, whereas the mass
of the chiral partner, the axial-vector a;, is m,, = 1260 MeV. This phenomenon is a manifestation of
the spontaneous breaking of the axial symmetry (symmetry w.r.t. axial transformations (A.1.40b)). The
explicit breaking of the axial symmetry due to the finite quark masses should lead to mass differences
which are small compared to the meson masses. In the example above the mass difference is of the same
order as the meson masses. Thus, the explicit symmetry breaking due to a finite quark mass cannot be
responsible for the mass splitting among chiral partners.

Let us consider now a 3-flavor system with a mass matrix of 2 light (i.e. light enough to be considered
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as approximately massless) and one massive flavor. Then, restrict the transformations to the two light

flavors, so that in flavor space the 8 rotation angles (t* = \%/2, \® the Gell-Mann matrices) are
6 = (61,0,05,0,...,0):
Ox 1 (3% . e 0
R : A.147
1 14D

These transformations clearly leave the Lagrangian with m; o =~ 0 approximately invariant. Specifying

now flavor changing currents with

(AT +i%) (A.1.48)

T =

N =

i.e. a current with one light (the first quark in this case) and one heavy quark j,i(’T = q1Yuq3, the

transformations (A.1.45) are given by

1 0 0 O3
t,7]_ =1t 7], = 30 0 ©1+ie; (A.1.49)
0 0 0
and the currents transform as
. _ . 1, . _
]X’T = q1Yuq3 — jX’T 3 (17,9303 + (©1 +102) @2I'vuq3) (A.1.50a)
) _ . T, ) _
P57 = qugs — 5T — 3 (@11'q303 + (O©1 + i1O2) @2I'gs3) (A.1.50b)

where I' = 1 (I' = ~y5) for the vector (axial-vector) transformation. Although, the heavy quark mass
explicitly breaks the invariance of the Lagrangian under general flavor rotations, invariance w.r.t. (A.1.47)
(for Ay and Ap) is preserved. Furthermore, the thus defined currents (A.1.48) are neither conserved nor
associated with a symmetry transformation, but they still mix under the transformation (A.1.47). The
situation is identically to the massless 2-flavor case and the missing of degenerate parity partner in the
heavy-light sector of the meson spectrum is a manifestation of the spontaneous breaking of the axial

symmetry in the light quark sector.

Left and right handed currents

To establish the connection to left and right handed chirality, define the left and right handed projectors

as

(1F7) (A.151)

1
P = —
L,R 2
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where the convention of [Ynd06] has been used. Then, the free Fermion Lagrangian (A.1.36) in terms of

left and right handed spinors 1, r = P, r%) can be written as
L = PrLiop, — oLMyr +L & R. (A.1.52)

Consider the separate U(N¢) = U(1) x SU(NV¢) transformations of left and right handed fields, also

known as the chiral transformations
U(Nt)Lr = UL)Lr X SUNE)LR : YLr = YL =€ Cbr"yp R, (A.1.53)

where the generators of SU(Vy), t* fora =1,..., Nf2 —1,and of U(1), t° = 1/2, again act on the flavor

indices.

The kinetic terms in Eq. (A.1.52) are invariant w.r.t. (A.1.53). Whereas the mass terms are in general

not, because of the independence of the transformation parameters ©r, and OR.

For infinitesimal transformations the change of the Lagrangian is
SL = —irhy, (OFt*M — MO%Lt*)yr + L <+ R. (A.1.54)

According to Egs. (A.1.31), (A.1.32) and (A.1.8) the well known currents of left and right handed
chirality

G = Ry R) (A.1.55)

may be defined; their divergences are
ia“jflL’R)’T = R TMYmrL) — YR MTYLR) - (A.1.56)

As left and right handed currents are eigenvalues of the chirality operator, v511, R = FL R, the actual
independent left and right handed transformations can be combined to the vector (axial) transformation
for ©f = OF = 07, (67 = OF = 09%):

a a s a a eiZQ%ta
V=1 + PR — P = eTOVA Y 4 eTIOVA yp = ' v . (A.1.57)
ef'L@?Ata'yg,w

Thus, vector and axial transformations are special cases of left- and right-handed transformations. From
Eq. (A.1.51) the currents (A.1.42a) and (A.1.42b) are given as jX’T = j{j’T +j5’7 and jﬁ’T = lej’T —jE’T.
Consider for a moment the two-flavor case, Ny = 2. Then Eq. (A.1.53) by virtue of the SU(2)

generators t* = ¢ /2, with 0% again the Pauli isospin matrices, becomes

e — Pl = (cos Oc _,9cd o 920> Yo (A.1.58a)
C
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_ Oc  .6cd . O
b — P = o | cos 22 +i2C% sin —-C | | (A.1.58b)
2 Oc 2
with ©¢ = |6¢| and C € {L,R}. The left and right handed currents (A.1.55) transform as
=0 - sin®¢ /= ~c . 2 O¢ O¢ 0 B¢ 2C
Jy —rcosOcy, + O (@c X Jy ) + 2sin 7@7%]“ , (A.1.59)
where juc = LC % is the left or right handed vector—isospin-vector current with components j f 7" and o

denotes the dyadic product. Thus a vector current transforms as

T e

-, ©Opo0y- Oro0Or-; sinOLz -
%COS@L(]'L{J—@%];J)-F o7 ji—i— or @LXJJJ + L—=R, (A.1.60)

A particular choice is

O, =20 =20, O=r. (A.1.61)

For the vector current this transformation gives

gy = e 2 (A.1.62)
This reveals the mixing of vector and axial-vector currents under the chiral transformation (A.1.53).
Definition (A.1.61) does not uniquely fix the components of éc, and for each component of the vector—
isospin-vector or axial-vector—isospin-vector current f,EV’A) there is a chiral transformation (A.1.53)
which transforms it into its chiral counterpart. Namely, any choice with (A.1.62) and ©% = 0 transforms
7 ,Y oy j,/} " Thus, the chiral transformations relate parity partners. To be specific and in order to

supplement the discussion of Sec. 5.1:

SU@) x SUE) = (¢77") x (e577) = (‘()1 _01> « <? _01) (A.1.63)
L R

V.o A

accounts for j," > — j, .
Analogously, any chiral current (A.1.55) may be transformed by virtue of (A.1.59) into its negative
by an appropriate chiral transformation. Thus, if the chiral transformations (A.1.53) are symmetries
of the theory, the exchange of chiral partners is a symmetry transformation as well and should not
alter observables. Besides the choice (A.1.61) there are other choices possible to transform vector into
axial-vector currents. Note that the particular transformation (A.1.61) cannot be a vector transformation

(A.1.40a), as the latter does not mix chiral partners.
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The choice © = éL = —éR is an axial transformation (A.1.40b) and yields

—,»V_éoc:)—}v éoé—)v Sin@—» 2A
n oz Ju

or n + g O XU (A.1.64)

le — cos ©

_l’_

This is the transformation law for vector—isospin-vector currents under finite axial transformations.”?> An

analog relation holds true for axial-vector—isospin-vector currents.

Setting cos © = 0,i.e. © = 5(2n + 1), n € N, gives

C:)OC:)—,» Sin@—» -
oz In t—g O (A.1.65)

vV
g

Again we conclude that each component of the vector—isospin-vector current may be transformed into

the component of an axial-vector—isospin-vector current by an appropriate chiral transformation, i.e.
gt = g (A.1.66)

is possible for all . The explicit transformation law for finite vector transformations is obtained from
6 =6y, = 6x:

- ~y ©00- ©0O.y sin®~ -

J,Y—>cos® I — g2 J,Y + o2 ],Y+ o ) XJ;Y' (A.1.67)
Again choosing © = 5 (2n + 1), n € IN, yields

- Go0O- sin® - -

iy = o2 iy o O xjy. (A.1.68)

An analog relation holds true for the axial-vector—isospin-vector current. Equation (A.1.68) tells us
that any component of an isospin-vector current can be transformed into any other component by an

appropriate choice of 6.

A particular construct of two equal chirality currents is ;f fc’“. According to Eq. (A.1.59) it transforms
under arbitrary chiral transformations (A.1.53) as
~0=

Joxte. 9o 2orou SO0 (2 w0\ (2 =c
Iy 7t —=cos®Ocy, 7N + o (@C X Jy ) (@C X j ’“)
C

. 4 Q¢ .
sm- = = 2 = - Sin©¢ - = -
+4 @%2 (@C-juc> (@C.]C,u)+200890 P jf-(@cX]c’u>
2 B¢
sin® =¢ /. . Lo
+4cosO¢ o2 2 (6(; “Ju ) (90 'jc’“)
C

220bviously, the thus obtained transformation is, according to the definition (A.1.40b), an axial transformation with angle
—Oa.
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in® sin2®—c - - = 2 2
455 g (i) 6o (e 70) (A1)
C

The forth and sixth terms are zero due to the vector product. Using e®cecde = gadgbe — gacsbd and

22 = (1 — cos 2x) /2 a straightforward calculation reveals that LC fc’“ — j;fj fc’“ is invariant under

sin
arbitrary chiral transformations (A.1.53). In particular it is invariant w.r.t. arbitrary vector and axial

transformations (A.1.40).

For completeness we also rewrite the currents (A.1.43) in terms of left and right handed fields:

T =drryr + R L, (A.1.70a)
§7T =idLysTYr + R L, (A.1.70b)
JuT =Py + R o L, (A.1.70¢)
G = Prsyudn + R L (A.1.70d)

A.2 The formalism for quantized fields

Introductions to quantum field theory can be found in many textbooks, e.g. [Rom69, Rom65, Wei95,
Wei96, Gre96, Pok00, Ynd06, Pes95, Kug97, Mut87, 1tz80, Kak93, Bjo65, Hat98, Bro92]. In the
following the focus is on quantizing the equal-time Poisson brackets in order to obtain the equal-time

current commutation relations (ETCCRs) and to introduce anomalies and order parameters.

Quantization of the Lagrangian theory within Schwinger’s action principle is done by the transition
from classical equal-time Poisson brackets to quantum mechanical commutators such that the Poisson
bracket (A.1.30) is the coefficient of the lowest order term in an expansion of the commutator in terms of
th (h = 1 throughout the thesis), i.e.

6.Q)_ =i{0,Q} =i0 (A2.1)

is demanded for all local operators ¢.>*> The quantity §¢ is the change of ¢ under the transformation
associated with the charge ) (see Eq. (A.1.8)). Explicit evaluation of (A.2.1) for field operators 1) or the
operator of the canonical conjugate momentum 7 in terms of the definition of the generator ) (A.1.8)
reveals its equivalence to demanding the canonical commutation relations (or anti-commutation relations,
both satisfy Schwinger’s action principle) of a field operator and the operator of its canonical conjugate

momentum (A.1.4c)

i [mo(0, ©), (20, )]y = 03 (T — 7). (A2.2)

BTo consider contributions of higher powers of 7 to the commutators is also known as deformation quantization.
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In particular,
i[P,,0(x)]_=0,0(x), (A.2.3)

for arbitrary operators ¢'(x) and the momentum operator P, given in Eq. (A.1.11) (see Eq. (A.1.13)),

which is equivalent to the EoM in the Heisenberg picture

Oz + a) = P20 (x)e P (A.2.4)
Moreover,
i [Q%7(0), (w0, )] =6 T(x), (A2.5)

where X indicates the type of transformation, e.g. X € {V, A} for (A.1.40), and 7 = ©%¢* specifies the
group parameter. Thus, regardless of the symmetry properties of the Lagrangian .# and the conservation
properties of (A.1.31), the currents and the corresponding charges fulfill

[ X X'

do "+ do = —%5(3) (& — §)mo <[FX, FX’L [7, T/]_> Wb, (A.2.6)

:| To0=Yo

with I" € {1, 75}, according to the transformation specified by X, and

[Pr, 0], = % (e, [+ [0 [n 7)) (A2.7)

has been used. The second term in Eq. (A.2.7) is always zero if I' € {1,~5}. All relations given in
section A.1 remain valid. Hence, the algebra given by the Poisson brackets remains valid when quantizing
the theory using canonical quantization. It consistently follows that the commutators only differ by their

parity structure, i.e.

X XA A X
r=T1': [jg(’ s } ) = 6®)(z — )50 T (A.2.82)
To=Yo
X X! L AT
41 |:jg(’ ,]5(’ } , = 5(3)(1‘—1/)]0 ] (A.2.8b)
To=%0

follows.

The ETCCRs (A.2.6) are the starting point for the so called current algebras [AdI68, Tre85, Sak73].
Their development preceded the invention of QCD and provided crucial insights and inspirations for
the theory of strong interaction [Caol0]. The algebra (A.2.8) can be extended by including spatial
components of the currents — either by definition, general arguments (e.g. Lorentz covariance) or on

ground of the canonical quantization within a concrete model, i.e. for a specified Lagrangian .Z.
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Digression: Schwinger terms

In any case, the thus defined algebra cannot be complete. Moreover, there is a striking difference
between the algebra of Poisson brackets and commutators of quantum field operators. The latter one is a
mapping which is directly related to the multiplication properties of the field operators, the first one not.
Therefore, one might suspect that multiplication of field operators may lead to divergences. Investigating
the Killén-Lehmann or spectral representation (cf. App. B.1) of the ETC of a temporal and a spatial
component, one finds that terms proportional to derivatives of Dirac distributions have to be introduced
in order to preserve positivity of the energy spectrum [AdI68, Tre85, Sak73, Rom69]. These terms are
called Schwinger terms and were first found to exist in [Got55]. Unfortunately, it is not possible to
make general (model independent) arguments about the nature of Schwinger terms, e.g. whether they are
c-numbers or not. To understand their existence note that, due to the canonical commutation relations
(A.2.2), the product of two field operators at the same space-time point is actually ill-defined, i.e. it is
irregular. If, instead of Eq. (A.1.42), the currents would have been defined as the limit of the product of
two infinitesimally spatially separated field operators [Sak73]

o (x) = lim (w0, E + T, T (w0, & — €) (A2.9)
e—0

then derivatives of Dirac delta distributions naturally arise in the commutation relations. This is the
so called point-splitting technique [Sch59]. Other definitions of point-splitting based currents, e.g. an
asymmetric splitting, may lead to different prefactors for Schwinger terms [Cha70]. Furthermore, the
definition (A.2.9) is not gauge invariant. Define [Tre85, Ynd06]

G (@) = limy (o, & + AT el fe=e 920N (0, 7 — 8 (A2.10)

which is gauge invariant for a = 1. Note, that in case of non-Abelian gauge field theories the gauge-
invariance ensuring insertion [exp {z’a [ g }} has to be path-ordered w.r.t. to the integration [Pes95].
This ensures, that the extra terms which emerge due to the non-commutativity of the gauge fields are
properly canceled when switching to other gauges. With this definition also higher derivatives of Dirac
distributions can contribute to the commutation relations. Other details and approaches have been worked
out in [Hel67, Bou70, Bar69, Fuj87, Bra68].

From Eq. (A.2.10) the divergence of the currents can be reevaluated. In particular, the divergence of
the axial-vector Up (1) current, which refers to the Ux (1) symmetry, gains an anomalous contribution,
the well known axial anomaly. Employing the OPE technique (see Sec. 2.2) in conjunction with the
background field method in Fock-Schwinger gauge (see App. C.1), the divergence of the axial-current in

point-splitting technique (A.2.10) for zero quark masses can be evaluated [Nov84b] and reads
. « S
gt = GG, (A2.11)

with the dual field-strength tensor éfl, = e,“,aﬁ Géﬁ. This anomaly breaks the symmetry explicitly.
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Thus, the axial U(1) symmetry, classically realized for zero quark masses, is not a symmetry of the
quantized theory. Moreover, it can be shown that if Schwinger terms exist in the commutator of two
currents, their time-ordered product is not Lorentz covariant anymore [Sak73]. Lorentz covariance is
restored by adding a so-called “seagull term” to the naive time-ordered product. This also accounts for a
formal redefinition of causal current-current correlation functions (see App. B) by means of the Lorentz
covariant time-ordered product. The seagull term is completely determined by and can be evaluated from
the Schwinger term. Also the non-anomalous Ward identity (cf. App. B.4) may not give the correct result
and an anomalous Ward identity can be derived. In order for the non-anomalous Ward identity to be true,
the Schwinger terms and divergences of seagull terms must cancel each other. The so-called Feynman
conjecture states this cancellation, but there are processes where it fails. An example for such a process
is 70 — 27 [Tre85, Ynd06, Wei96, 1tz80], see also [of06] for a review on the axial anomaly, where
Schwinger terms result in the so-called triangle anomaly.

Another anomaly is generated by the breakdown of scale-invariance due to quantum corrections

[Pas84]. Scale invariance of the classical massless theory defines the conserved dilatation current
-dil _ v
Ju = Tyx” (A.2.12)

with T}, being the energy-momentum tensor.?* Finite quark masses break the symmetry in the classical
theory, but for small masses it may be considered as an approximate symmetry — similar to the axial
transformation. Hence, the divergence of the dilatation current in the classical theory is 0* jgﬂ =T, =
1 M1). Quantum corrections, however, yield [Coh92]

T, "= —é (131]\7 — ng> %Gﬁyéﬂ”ﬁf‘ T oMY, (A2.13)
neglecting higher-order corrections in a.

The apparent relation between Schwinger terms and the singular behavior of operator products
immediately suggests a link to the OPE (cf. Sec. 2). Indeed, it turns out that the most convenient way
to evaluate Schwinger terms is by usage of the Bjorken-Johnson-Low (BJL) limit [Bjo66, Joh66] (see
also [Tre85]) in combination with the OPE [Shi99, Tre85]. If II(q) is the causal correlator of two field
operators A and B (cf. App. B) then the BJL definition of the ETC is [Tre85]

qo—00

lim qoll(q) = / d®z e~ ([A(0, %), B(0)]) . (A2.14)

In this manner, the most singular term in the OPE gives the Schwinger term. As can be seen from the
discussion presented so far, there exists an intimate connection between canonical quantization of a field

theory, Schwinger terms, anomalies and the OPE technique.

However, the discussion of Schwinger terms and anomalies (see e.g. [Tre85, Wei96, Adl68]), which

2% Actually, it is the Belifante energy-momentum tensor, which is obtained from the canonical energy-momentum and angular-
momentum tensor by requiring symmetry w.r.t. Lorentz indices of the energy-momentum tensor [Pas84].
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gives enlightening insights and a deeper understanding of quantum field theories, is beyond the scope of

this essay.

Equal-time current commutation relations

The ETC of a current and a divergence, which is not treatable within the methods of current algebra, will

be needed. Ignoring Schwinger terms the ETCs for the currents (A.1.43) evaluate to

- T
[jf“(sco,f% (3 @o. ) }
= 00— (T (1), (9@) (oL )t
~Ui(y) (Yol y) ¥5(2))
— 53 (& — ?j)%lﬂ(x) (’YOrfTVOF,},(/T/ _ VOFZ),(/T/VOFL)L(T) ()
— 5B (7 — Zj)?ﬁ(%) [VOFi(lT/T’ OF,)L(T} B 7,/}($)

- %5@” (& — ) (x) <[70Fff ) Vorﬂ N [T’ T/q

T0=Y0

+ [’mrff ,'yoF;i(’]_ {r, T’TL) W(z), (A2.15)

where [A, BCO|_ = [A,B]_C + B[A,C]_ = [A,B], C — B[A,C]_, and Egs. (A.2.2) as well as
(A.2.7) have been used. Technically, Schwinger terms dropped out when going from the first equality to
the second [BD71]. Taking the limit x — y in the above spirit is only allowed if the operator product
(x4 €)1 (z) is a smooth function in € at € = 0. As local operator products are highly singular objects,
this is clearly not the case. It is clear, however, that the ETCs (A.2.15) must reproduce the transformation

properties of the currents given in (A.1.45).

In order to show the consistency, only those commutators need to be considered where at least one
operator is the time-component of an axial- or vector current, specified by I'X ". This current induces the
transformation X'. For u = 0, Eq. (A.2.15) becomes

~X/, ! N . s
[]0 i ($0>$)7]§7T(x07y):|

1 !/ !/
= 55(3)(5— Pt (x) <[’70F5( ,’Yori(L [, 7]_+ [’Yofé( ,’Yori(]

(771, ) vie)

1, v X X'=V
= Loz gt | 0] e
2 - [75770]-_‘5(]4_ X' =A
(1,7 _ X' =V

— [75,’}’0F5(]_ : X, = A
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]17FX IX/:V
= 15(3) (@ - ﬂ)ibT(w) 0 [ Y ]+ [T/,T]i
2 —<—[’Y5,70]+F1),(—’Y0 [v5, T ] ) X' =A
Y H,Fi(_ SX/:V
+ 0[ ] . . / [T/’T]+ ()
—(— V5,7l T — 0 [75,1“,,]+> X' =A
r ’7FX :X,:V7F e
Lo gt {0 * [, 7]
2 Yo [FX/,Fi(]_ ZX/:A,F)(/:’Y5
F/FX :X/:V,F/:]l
I 'YO[ X' u], X [7_/’7_]+ @Z}($), (A2.16)
Y [Px TX], X' =ATx =7

where [A, BC], = [A,B]_C + B[A,C], =[A,B], C—BJ[A,C]_and [A,BC]_ = [A,B], C —
B[A, C], have been used. In case of the axial transformation a global sign has to be added, because the
charge of the axial current defined in (A.1.42b) is the negative generator of A 4 (A.1 40b).% Collecting

commutators and anticommutators in Dirac space, multiplying with ¢ and integrating w.r.t. Z gives

(@7 (@0), 557 (@0, )] = 6% G (w0, )

Il
|_F
IS
<
N
—

-
-
I—><I
N
i
_.|_
R
~
-
L,
N
=y
%
N—
<
>
[N}
—_
3

where upper (lower) signs refer to the vector (axial) transformation, proving the consistency.

Commutators involving currents of different parity transform as pseudo tensors. The opposite is the

case for commutators involving currents of the same parity:

. T . T/ t = Y 't -
O (7 w) | =0 -pn @), (A 218
To=Yo0
. T N T’ f = = S| Mr
0 @ier (1007 )] S CICr YAl Sy (A2.18b)
To=Yo

Only commutators involving currents with the same parity are considered throughout the thesis. Conse-

quently the r.h.s. of Eq. (A.2.18) must be of vectorial or scalar character, respectively.

Order parameters

In quantum field theory, a symmetry is spontaneously broken, if the ground state |{2) is not invariant
under the corresponding transformation, i.e. Q|2) # 0 or, equivalent, e’9®|Q) # |Q). This is also called
the Nambu-Goldstone realization of the symmetry, in contrast to the Wigner-Weyl realization where one

has Q|Q2) = 0. Using Eq. (A.2.1) the ground state expectation value (€2|0|(2) is an order parameter of

BCf. discussion after Eq. (A.1.43).
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symmetry breaking or restoration:
Qi[Q,0]_ 1) = (Q60Q) . (A.2.19)

If |©2) is symmetric, i.e. in the Wigner-Weyl phase, one has (Q2|i [Q, €] |2) = 0, and (Q2]|0|Q?) vanishes.
Conversely, (2[00|2) # 0 means that the symmetry must be spontaneously broken. Note that the
vanishing of Eq. (A.2.19) does not necessarily require the Wigner-Weyl realization, i.e. symmetry
restoration. In fact, the r.h.s. of Eq. (A.2.19) might be zero due to other symmetries such as parity
invariance or flavor symmetries (cf. [ThoO8a]). The ground state is assumed to be Lorentz invariant and

invariant w.r.t. parity transformations and time reversal. Owing to
Qo)1) = (Ut ouU|Q) , (A.2.20)

with U/ being time reversal, parity or Lorentz transformation, order parameters must also be Lorentz

invariant and invariant w.r.t. parity transformations and time reversal.?¢

Q, defined in Eq. (A.1.8) for the classical theory, it must be noted that the integral is ill-defined in the

Concerning the charge operator

Nambu-Goldstone phase: it diverges. However, due to the canonical commutation relations (A.2.2)
any commutator of a current with a local Heisenberg field operator is local, i.e. nonzero only in a
finite domain, and the space-integral is thus well-defined. Therefore, in the Nambu-Goldstone phase
Eq. (A.2.19) is understood to be the space-integral of the ETC of the current, which generates the charge,
and the operator &' [Kug97].

The most prominent example of an order parameter can be deduced from Eq. (A.1.45) in a two-flavor
system for the axial transformation of the pseudo-scalar current which can be taken from Tab. A.1.1.
Then Eq. (A.2.1) tells us that

(@ [QM (w0). 577 (@)] 19) = QS (@)]0) (A221)
is an order parameter of spontaneous chiral symmetry breaking. Choosing 7 — ¢®/2 and 7/ — ¢®/2 in
Eq. (A.2.21), o being again the Pauli matrices, gives the famous chiral condensate:

b 5ab

(@ [QAFJ(:UO), jP’UZ(:c)] 19 =~ (@) (@) (A222)

The formalism presented so far in this section already allows to derive the Gell-Mann—Oakes—Renner
relation [GM68]. Extracting the coordinate dependence of the matrix element (2| f} o (x)|7¢(q)), with
|7¢(g)) being a one-pion state with momentum g, by virtue of Eq. (A.2.4)*” and projecting the Lorentz

%Note that the time inversion operator is anti-unitary, see Eq. (B.2.3). Therefore, Eq. (A.2.20) must be modified for the time
inversion operator: (Q||Q) = (QU™*OU|Q)T. Hence, for U~ U = € the corresponding condensate must be real.
*"The ground state is assumed to be translational invariant.
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structure, one obtains

ab

Qe (2)|7(q)) = e 716" g £ (¢) | (A.2.23)

where the pion decay constant is defined as (no Einstein convention for dotted indices)

a
Ua cr-

3 (a7 (0)]a°(q) = Wmlq gn® (0)[7%(a) - (A.2.24)

ifx(q%) =

3m2

S

This definition may be justified by applying i0* to Eq. (A.2.23) and using Eq. (A.1.44). Thereby the

pseudo-scalar current is introduced, which has the quantum numbers of the pion [Ynd06]

ab p [ M]

can A%S c . Pl 5 c —igz - cbe
Qi T @) (@) = ol T @) = e ). (a229)
For a two-flavor system one has [o?, M| L= (mu+ maq)o® + (my, —mgq)6®31, and thus Eq. (A.2.21)

becomes

_igab T T Md My + Mg

(@ |@7 (o). ;

(@) 19 =

(W) — 735%’3@@0%% (A.2.26)

Inserting a complete set of covariantly normalized one-pion states 1 = Y [ mh (p)){(m¢(p)|
into Eq. (A.2.26), using Egs. (A.2.23) and (A.2.25) and performing the trace w.r.t. flavor indices, reveals

the Gell-Mann—Oakes—Renner relation
-m —|— m _ -
fom2 = =TT gy - T R gy = —(my i + mgdd) (A2.27)

Employing the standard values f, = 92.4 MeV, m, = 139.6 MeV, m,, = 4 MeV and mg = 7 MeV
[Nak10] gives a chiral condensate of (gq) = —(247MeV)3, where we defined the averaged chiral
condensate as (Gq) = (M) /TrM.

Another example can be obtained for a two-flavor system by considering the operator [ThoO8a]
T =i (A2.28)
It transforms under axial transformations as (cf. Tab. A.1.1)
[Q ler]:_Z(\/[TT], V! +]ATA[TT} ) ‘ (A.2.29)
Inserting the Pauli matrices 7 = 0%/2, 7/ = 0°/2, 7 = 0¢/2, results in

Z~|:Q7JC/2’JZZ/2,UI7/2:| _ _; ( caw]lYU j;/cr +€cbac AO’ .]1/ ) (A.2.30)
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abc

and contracting with €*°¢ yields

jeave [Qo°/?, JZ]?/?,O"J/Q} = — (jly;l)/ — jfjf) 7 (A2.31)

where the notation of vector—isospin-vector and axial-vector—isospin-vector currents of App. A.l is
used. Equation (A.2.31) clearly identifies (j#V ;VV — jﬁjf) as an order parameter of chiral symmetry
breaking.

As has been discussed below Eq. (A.1.68) in App. A.1, the components of an isospin-vector current
may be transformed into each other by a finite vector transformation. If the ground state is symmetric
w.r.t. the quark flavors it follows that expectation values are invariant w.r.t. isospin transformations,
because the components of an isospin-vector current can be transformed into each other by an appropriate
finite vector transformation (cf. App. A.1). Consequently, each component j)’ ot Vet jf AT PR

an order parameter.

Let us summarize the symmetry properties of the Lagrangian (A.1.36) under chiral transformations.
The classical chiral Uy, (Ny) x Ur(Nf) symmetry is broken explicitly by nonzero quark masses down to a
Uy (Vr) symmetry in case of equal quark masses and to a Uy (1) in case of unequal quark masses. If the
current quark masses and their differences are small, the Ur, (V) x Ug(Nt) is an approximate symmetry.
While the exact Uy (1) symmetry is always satisfied (it reflects the invariance w.r.t. phase transformations
and corresponds to the baryon number conservation) the approximate U, (1) symmetry of the quantized
theory is broken explicitly by the axial anomaly. Therefore, j,Y’]l is conserved in the classical as well
as in the quantized theory, whereas j f} s only partially (i.e. approximately) conserved in the classical
theory and not conserved in the quantized theory. The approximate SU A (/N¢) symmetry is spontaneously
or dynamically broken. Contrary to the Ux (1) current, the SU A (/N¢) currents are partially conserved if
the quark masses are approximately equal. This is referred to as partial conservation of the axial-vector
current. The SU 4 (V) transformations relate parity partners to each other. The spontaneous breakdown
of this symmetry results in the non-degeneracy of parity partner. For obvious reasons, the approximate
SUvy (N¢) symmetry is called flavor symmetry. It implicates conservation of the vector—isospin-vector
current. Contrarily to the SU 4 (/Vy) symmetry, the flavor symmetry is not broken spontaneously, which is
signaled by the approximate degeneracy within the isospin triplet of, e.g., the p mesons. The tiny mass
differences of a few MeV can be traced back to the explicit breaking of the flavor symmetry by unequal
quark masses. One might argue that the mass splitting of chiral partners caused by the explicit chiral

symmetry breaking by finite quark masses must be of the same order.

A.3 Brief survey on Quantum Chromodynamics

The chapter is finished by a short basic introduction to QCD. The focus is on the essential equations and
relations which are needed in this thesis. For a detailed essay on QCD, we recommend [Pas84, Mut87].

The Lagrange density of classical chromodynamics follows from the requirement of invariance w.r.t.
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local color gauge transformations and reads

1
- -G4GY, (A3.1)

zzzﬁ(iD—M)q,z) G

where we have introduced the following notation

Dzb(x) =9,1% — ig%jb(x) : covariant derivative, (A.3.2a)
ol = ANl gluon fields, (A.3.2b)
Gy = GﬁVtA = é [D,,D,] : gluon field strength tensor, (A3.2¢)

Yo quark field operators, (A.3.2d)

A_Lia

iy = 5)\ : generators of SU(V,), (A.3.2¢e)

A Gell-Mann matrices in case of N, = 3. (A.3.21)

Dirac indices are denoted by Latin letters ¢, j, k, - - -, Lorentz indices by Greek letters p, v, x, - - - and
color indices by Latin letters a, b, ¢, - - - . The generators t* satisfy
5AB

(4,15 =i fAB9C . o (1Y) =0, tr(tMP) = — (A3.3)

where fABC are the structure constants of the SU(N,) algebra. From (A.3.2c) one can show that
Gil, = 0,AL — 9,A% + gfABCAB AT, (A3.4)
and
A _ A
G,uu - _Guu : (A35)

The last term in Eq. (A.3.4) accounts for the gluon self-interaction, i.e. gluon-gluon, triple-gluon and
quartic-gluon interactions. /N, denotes the number of colors (/V. = 3 for QCD), and the index A refers to
the generators of SU(/V,). The quark field spinor v denotes the flavor multiplet, ¢» = (u,d, s,c,b,t)”. In
case of Ny = 2 it is called isodoublet. The mass matrix M is diagonal with the following entries [Nak10]

m, = 1.5t0 4.0MeV , (A.3.6)
mq = 3to 7TMeV (A.3.7)
ms = 95 + 25 MeV | (A.3.8)
me = 1.25 4 0.09 GeV , (A.3.9)
my = 4.20 + 0.07 GeV (MS mass) , (A.3.10)

or 4.7040.07 GeV (1S mass) (A.3.11)
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my = 174.2 + 3.3 GeV (direct observation of top events) , (A.3.12)
or 1723172 Gev  (Standard Model electroweak fit) . (A.3.13)

Because quarks are confined within hadrons and can not be observed as isolated free particles, the
determination of their masses depends on the theoretical framework used. Therefore, different values for
the bottom and top quark masses are quoted. The difference is of no importance for our calculations as

the top quark is not considered here; for the bottom quarks the difference is of minor impact.

The coupling strength of strong interaction, denoted by g, is defined as

g =Viray, (A.3.14)
47

(33 — 2N¢) In <A2 ¢ )
QCD

with N being the number of active quark flavors and AéCD the renormalization scale parameter of QCD,
usually determined to reproduce as(Myz) =~ 0.19 with M, = 91.1876 + 0.0021 GeV being the Z boson
mass. The running coupling in Eq. (A.3.15) is the one-loop result.

as(q?) = (A.3.15)

The Lagrange density (A.3.1) emerges from the requirement of invariance under the local gauge color

transformation

Y (2) = P (z) = [efigtA@A(m)rb (). (A.3.16)

By this one obtains the following transformation laws for color transformations

Dyi(x) = Dii(x) = e 9" 0a@ D yy(z) (A3.17)
D, — D, = ¢~9t"0a(0) p ci9t"0a@) (A.3.18)

Ay = o) = 9O g7, 1981 0A() | o~igt (0] | (igt O] (A.3.19)

G () = G, = 901G (1)c10t 04 ) (A.3.20)

The explicit EoM for the quark and gluon fields follow from (A.3.1) as

Dq = —imyq, (A.3.21)
“
(ID =1imgq , (A.3.22)
(D, 4] (x) = =gt > n(z)t yn(z), (A.3.23)
n=u,d,s,c

where summation over A is understood and we have defined

YD, =D, (A.3.24)
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"G, = o9 (A.3.25)

with spin matrices

{ .
Oy = 5 h;u 'YV] =1 (’Y//YV - g;w) . (A.3.26)

Exploiting these relations, one can show that the gluon field strength tensor fulfills the following useful

relations
2 A A 1
D =DD + 590% , (A.3.27a)
1
D%*q = <2gag — m2> q, (A.3.27b)

where we have defined
D?*=g¢"D,D, . (A.3.28)

Splitting up the Lagrange density into a free part % and a part containing the interaction, we define the

interaction Lagrange density as
L =2 — 2. (A.3.29)
The free, i.e. non-interacting, Lagrange density reads

Ly =1 (ié -M ) Y- % (0,47 — 0,Af) (# A% — v AP (A.3.30)

However, canonical quantization of the Lagrangian (A.3.1) requires the introduction of gauge fixing
terms in order to restore Lorentz covariance. Because the canonical conjugate momentum to the time-
component of the gauge field is zero, the canonical commutation relations cannot be fulfilled and Lorentz
covariance is lost. Therefore a gauge fixing term is introduced which eliminates the unphysical degrees
of freedom of the massless gauge fields. But as the resulting Fock space of states has negative norm and
unitarity is violated, Faddeev-Popov ghosts need to be introduced as well in order to preserve unitarity in
the Fock space of physical states, i.e. the probabilistic interpretation. The resulting quantized Lagrangian
is not gauge invariant anymore. In [Bec74, Bec75] the Becchi-Rouet-Stora transformation has been
derived, which leaves the Lagrangian invariant and may therefore serve as replacement of the local gauge
invariance requirement. The introduction of the Faddeev-Popov ghosts causes an additional complication
of the coupled set of DSEs of the theory. Apart from quark-gluon, gluon-gluon, triple- and quartic-gluon
interactions, also ghost-gluon interactions have to be considered (see Sec. 6.1.2). The QCD Lagrangian
reads [Pas84, Mut87]

153



A Chiral symmetry, currents and order parameters  A.3 Brief survey on Quantum Chromodynamics

£ =4 (iD - M)y~ iGﬁyGﬁ‘”
- % (0" AL) (D A%) = (0"0a) (8u0™) + gfanc (9"9™) 6P A, (A331)

where ¢ denotes the ghost field.
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B Correlation functions

The central objects within a QSR analysis, performed in the chapters 3, 4 and 5, are current-current
correlation functions. A detailed knowledge about analytic properties, relations among different current-
current correlation functions and symmetries is mandatory. In the following, these points will be
investigated and a comprehensive collection of the relations needed throughout this work is given.
Special emphasis is put on nonzero densities and temperatures. In-medium current-current correlation
functions are of particular relevance in solid-state physics, and a lot of the material collected here can be
found in standard many-body textbooks such as e.g. [Neg88, Fet71, Nol05]. We generalize this treatment
to the case of non-contracted Lorentz indices of spin-1 currents.

Different correlation functions of two current operators (A.1.43) with different analytic properties may

be defined, such as the causal correlator
T . ) . T . TT
57 (0) = i fatecs(r 5 @3 o)) (B.0.12)

the retarded and advanced correlators

RS (@) =1 [t 0[5 @), 557 0)) (B.0.1b)
AT (@) =i / d'z €70 (o) ( [jf’”(o)df”(w)b , (B.0.1c)

and the spectral density

oo (@) = — / 'z e’ [J‘ff’f(ﬂc),ji“T (0)}> : (B.0.1d)

T denotes time-ordering. In vacuum () denotes the ground state expectation value of the operator O. In

the medium, i.e. at finite density and/or temperature, it denotes the Gibbs average, which is defined as

(0 = % S (nleBH=N Oy (B.0.2)

where H is the Hamiltonian, /V is some additive quantum number, e.g. the particle number, and u the
corresponding chemical potential. The set {|n)} stands for a complete set of eigenstates of Py = H — N,
i.e. Py|n) = (E, — uN,) |n). The partition function is denoted by Z = Trexp{—3(H — uN)}. The
inverse temperature 3 = 1/kpT is the Legendre transform conjugate to the total energy of the system

[Zia09]. Strictly speaking it is the slope of the Lagrangian as a function of energy and thus its derivative
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w.r.t. energy. Likewise, —u is the conjugate to the total particle number. See also [Gol50] for details
and background of the Legendre transform. The space-time dependence of the currents is given by
Eq. (A.2.4)

5T (@) = e X (0)e e (B.0.3)

with P# = (H — NN, .ﬁ) the generator of translations. All considerations are for vector or axial-vector
currents with uncontracted indices. The cases of contracted indices or of scalar and pseudo-scalar currents

are special cases thereof.

B.1 Kallén-Lehmann representation and analytic properties

With these conventions the Killén-Lehmann representations [Kél52, Leh54] of causal, retarded and
advanced correlators for the bosonic currents defined in Eq. (A.1.43) are obtained by expanding each
expectation value of the Gibbs averages in (B.0.1) over the complete set of states {|n)}, often referred to
as inserting a representation of the unit operator, and using the integral representation of the Heaviside
function [Neg88]:

X,T
" (q) (2m)? T
R (@) b = ~C2 tim 3700 @ g+ i) (mlgE ) ol )

X.r e—0t —
AW’ ((D ’

efﬂ(E’mflu'Nm) eiﬁ(EWf*H’NTL)
8 - | . ®1D
qo — (En — Ep — )  + p i€ G0 — (Ep — Ep — p) { + b ic

Hence, the retarded correlator has poles below the real axis and the advanced correlator has poles above
the real axis. The causal correlator (2.0.1) is analytic neither in the upper nor in the lower energy plane.
We assumed p(N) = pu(N + 1) = p, i.e. the chemical potential is independent of the particle number,
which is justified in a grand canonical ensemble. Here and in the following we insist on explicitly
indicating the limiting procedure in order to prevent an erroneously interchanging of limits. The spectral

density becomes

P (@)
4
= —(2? S 6D (g — B + Bm) (I I0) ()5 [m) (e—mEm—wm) _ e—B(En—#Nn))
(277')4 (4) — _ X.r X ot —B(Em—puNum) 5
:_725 (q = Pr + Pm) (g7 In) (g7 m)e” PEm=m (1_6 q0> 7

(B.1.2)
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where we have used that only states with particle number V,, = N, + 1 contribute and hence p,, o —
Pm,o = Ey — Ey, — p. Note that in general Im,offf(q) # 0 due to the uncontracted Lorentz indices of
the currents. In terms of the spectral density the correlators can be written as

X, o0 T N
R (@) _ [T dw g (w.0)
X, T -
A" (q)

e—0t+ J_oo 2T qo —w L€

i xa +00 oy T w,q
=T (@) +p-V-/ do piws (. 4) (B.1.3)

2 oo 2T Qo —w

where we have used the Sokhatsky-Weierstrass theorem and “p.v.” denotes the Cauchy principle value
of the integral. From Eq. (B.1.3), Ry (q)* = Ap (¢) follows for gp € R. Using 1 — e % =

(1 + e~ %) tanh (x/2), real and imaginary parts of the correlators thus read

1157 (q) —tanh™! (%)
1 o0 dw Rer’T w,q
Re ¢ Ryi" (q) 3 + Imp;y" (q) + p.v. / 27T’“’_(w) (B.1.4)
X,r —0o0 q0
Ay (CI) —
and
5 (q) —tanh ™! (282 X
. 1 . 7 dw Imp” (w, 7)
Im< Ry (q) ¢ = 3 _ Rep); (q)+p.v./ g% (B.1.5)
AX’T —00 q0
o (q) +

Finally, we remark that without further assumptions it is not possible to give a dispersion relation
expressing the real parts of the two-point functions by their imaginary parts only, i.e. time and parity
reversal invariance and translational invariance, due to the nonzero imaginary part of the spectral density.

Eliminating the real part of the spectral density gives

Hff,f(q) 1 —tanh ™! (%) +o0 4 1 —tanh (’%")
w
Re} R (q) = + Impfff(q) +p.v. — _
2 us —w
X, —00 qo0
A (q) — -
" (w, q)
’ +0 4! Impi” (W', §
x | Im Rfff(w, 7) ¢ — p.v./ QM (B.1.6)
o oo 27 w—w
A (w, 7)
whereas eliminating the imaginary part we end up with
1157 () . —tanh™! (%) oo g 1 —tanh (%")
w
Im Rl)flf(q) == + Repfff(q) +p.v. — _
2 T™ o — W
X, —o0
A’ (q) - -
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]:[/),L{V’T(w’(j’) +00d /R X’T( / _,)
T — W € / w,q
x |Re{ R (w, ) —p.v./ 2—”“”—/ . (B.1.7)
X, T . —0o ™ w—w
A (w,q)

If the spectral function is real, Egs. (B.1.6) and (B.1.7) reduce to the well-known dispersion relations
which relate real and imaginary parts of correlators.

Considering the imaginary part of the spectral density we find

%. (oo (@) — P (@)")

o~ <<m|jff’7 n) (g fm) — (m[j7|n) (nng”|m>> , (B.1.8)

which is antisymmetric in its Lorentz indices. Similarly, the real part is symmetric in (y, v). From the
spectral representations we read off that the propagator and the correlators are symmetric if and only if the
spectral density is real, i.e. (m|jp " |[n)(n|ji i |m) € R. Assuming time and parity reversal invariance
and translational invariance, the spectral density is symmetric w.r.t. its Lorentz indices and, therefore,
real. Thus, all correlators are symmetric w.r.t. their Lorentz indices. This will be shown in App. B.2.2
Relating real and imaginary parts of the causal correlator to real and imaginary parts of advanced and

retarded correlator we obtain
Re 1 | Re
57 (q) = = R+ AT
{Im} () Q{Im}< AT (@)

e (@) o oo

Hence, the causal correlator in terms of retarded and advanced correlators is given by

(@) = 5 (R AR ()~ ot () (7 - 40 (@

28 Assuming translational invariance of the Gibbs average, relating real and imaginary parts of the spectral density to its
symmetric and antisymmetric contributions can directly be done from the definition:

(@) == [awe (175 @) = i (-a)
-/ d%e*w[ﬁf( 2,37 0))
/d are“” 3o ( x),jf”f(o)b

T

Hence, the real (imaginary) part equals the symmetric (antisymmetric) part:

{ e }pfff(q) = % (pfff(Q) + { ' }PfAT(Q))

as stated above.
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Rl (a) | AwT(a) oy (Bao R
=T oha + TRy — i tanh - Rep:,;"(q)

R;)J,(I}T(Q) AiL(IJT(Q) . tanhfl (qu> I X, T
2

1_cBawo " 1_ ePao mp,; (q) (B.1.10)

which distinguishes from the well-known expression by the imaginary part of the spectral density. It
features overlapping poles from the contributions of the retarded and advanced correlator above and
below the real axis, which complicate applications of contour integrals in the complex plane.

The zero temperature limit, 5 — oo, yields
I (0) = ©(g0) Ry (9) + ©(—q0) AT () — sign(qo) oy (q) , (B.1.11)

recovering non-overlapping pole contributions. Only for real, i.e. symmetric spectral densities, the

uncontracted causal correlator is given by retarded and advanced correlators only.

B.2 Symmetry constraints

Throughout this thesis, invariance w.r.t. time reversal and parity transformations and translational invari-
ance of the ground state or the medium are assumed. In this appendix subsection the inferences thereof
for the correlators and the spectral density are derived. Concerning these transformations, retarded and
advanced correlators transform identically, thus only the retarded correlator is discussed in detail. The
same relations hold for the advanced correlator. All results are summarized in Tab. B.2.1.

Within a nuclear medium, charge conjugation is not a symmetry operation. However, for the sake of
completeness it is included. For spinor fields, the charge conjugation C reads as C1)oC~! = —Ct),C =
Caglzg, where C' = iy is the spinor representation of the unitary charge conjugation operator C in
the canonical representation of the Dirac matrices [Pes95]. For the currents defined in Eq. (A.1.43), the

charge conjugation thus results in

Cin T(@)C = (CV); 4 (T4 7ab (¥C)
(G DR Wk
(—1)%55 (@), (B.2.1)

meaning that Cji" (2)C = (—1)% ( T ) if 7 = 7* is real. If the ground state or the medium is

symmetric w.r.t. charge conjugation C|(2) = |Q2), the correlators defined in Eq. (B.0.1) transform as

caif<q>=:i]/d4xemxf<xoxj5>< )iX (o))
— X (), (B.2.2)
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where f is an arbitrary function, e.g. the Heaviside function. As any of the correlators defined in
Eq. (B.0.1) can be built up from suitable functions folf (q), all correlators transform in the same way.
The effect of charge conjugation is to transpose the flavor matrix 7.

Before proceeding with the investigation of the symmetry properties of the correlator functions, recall

that the time reversal operator 7 is an antiunitary operator [Kug97], i.e.

(T, To) = (1, 0)* = (¢,1), (B.2.3)

where an appropriate notation for the scalar product has been used in order to underline the difference
to a unitary operator. Requiring invariance of a state |¢) = 7 |¢), the expectation value of two current

operators becomes

Tol5X7 ()75 (0)T]9)
TOITT X () TT 15257 (0)T19)

(D757 ()37 (0)]6) =
=
= (AT (@) TT 557 (0)T9)
= (-
= (-

D* (= 1) (@55 (—o x)aif”<o>|¢>*
DA (=) {0]7X 7 (0)557 (—0, 7)) - (B.2.4)

A dotted index is not summed and

+1 =0
(1) = H . (B.2.5)
1 ip=1,2,3

The implications of the ground state or Gibbs average symmetries for each correlation function are now

derived and summarized in Tab. B.2.1.

Spectral density
e parity reversal P:
P (@) = — / dtet ([ 557 (@), 57 (0)))
— (1 [ dtae ([ o, -2), 557 O)])
= (1D [ et [ g, 7). 525 (0)])
= (=D*(=1)¥pp" (90, =) - (B.2.6)
e time reversal 7:

P @) = = [ dtee (7@, )]

160



B Correlation functions

B.2 Symmetry constraints

= _(_1)H(_1)-”/d‘*xeiq%[ji“(o),jf’”(—xo,f)b

= (1) [t wm D [ (g, ), 55 0)])

v X7t -
= (=)= (—q0,7) -
e translational invariance S:
T iqr - X, T Xt
P @ == [ dtee (7@, )]
= [ateem 5 (o 0]

X .7t
=—p,) (=)

Retarded correlator

e parity reversal P:

R (@) = (-0 [ daer @) [j 0, ~7), 557 O)])

= (1)1 [ e D0 ) (15 (a0, 7),557 O]

= (-D*(~1)"R" (90, ~7) -

e time reversal 7 :

R (@) = (~1A(-1)%1 [ dlae0(e0)([557(0). 55 (~a0.0)])

= (1)1 [ dtaeltmmn e ) [ (0).55 ()]

= (-D*(—-1)Y AT (—q0.7) -
e translational invariance S:

RS (@) = [ dtzer 0[50, (o))

_ / dtze ™ 0(~a0) (| 5;57(0), 557 (2)])

ot
= AN (—q) .

(B.2.7)

(B.2.8)

(B.2.9)

(B.2.10)

(B.2.11)

Note the interrelation between retarded and advanced correlator in case of time reversal and translational

invariance.
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Causal correlator

e translational invariance S:

57 (q) = i [ dlac (1 557257 0)])
~if d4xem<T[' "5 (o))
— i [ dtae 97O (-0)iF (O (0) + O (2)50)

=i [ dtaeon(r 57 @) )
=115 (—q) . (B.2.12)

e parity reversal P:
T v iqx - X, T ’TT
157 (@) = (-1 (-1 [ dee® (1[5 (o, 255 (0))

= (1) [ atae o T [ @) o))
= (=DM (=D*I07 (g0, — ) - (B.2.13)

e time reversal 7 :

157 (0) = (<1 (1)1 [ doe® (@i (055 (0. 7)
+O(-20)j ¥ (~a0,7)757(0)
= (1 (-1)11 [ el mn T O () (0157 (2)
+0(a0)X (@)X (0)
= (1)1 [ dtaelCmn i 55 @57 )

v t -
= (=DH(=DYTLST (=q0, ) - (B.2.14)
If 7 = 7*isreal,i.e. 7 = 7T, and provided the state in (B.2.12) is symmetric w.r.t. charge conjugation
C|Q) = |2), then

0, (¢) =u(—q) . (B.2.15)
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B Correlation functions B.3 Decomposition

Table B.2.1: Symmetry properties of the correlation functions for assumed symmetries of the ground
state in vacuum or of the set {|n}} in the medium.

o (q) R (g) 157 (g)
S —pi (—q) AN (—q) %" (—q)
P (UMDY (@0, —7) (DM DYR (a0, —@) (DM (=155 (0, —q)
T DY Cand) AT Cand) DD (0. )
c o () R (q) 5" (q)
PT —o (=) A% (—q) 5" (—q)
X,rt - Xt o Xt o
SP  —(—=D¥(=1)Ypi" (—qo0,q) Avi" (—q0.9) (D" (=D)L, (=90, Q)
ST (~1M(=1)%p0 (a0, ~7)  (=D*(=1)¥Roi" (g0, ~7)  (~1)*(~1)IL7 (g0, —7)
PTS Pyl (q) R (q) 1L (q)

B.3 Decomposition

Instead of treating directly tensorial quantities it is more convenient to deal with Lorentz invariants.
Thereby, independent contributions to the current-current correlators are disentangled. In general, a
rank-2 tensor in four-dimensional Minkowski space can be decomposed into 6 independent algebraic
invariants. Four of them belong to the symmetric part, A, ..., D, and two to the antisymmetric part,
F and F'. The current-current correlation functions depend on the external momentum ¢ and on the
medium’s four-velocity, which is encoded in the Gibbs average.

A system at nonzero temperature and/or (baryon) density is characterized by a heat-bath vector v,
which can be normalized by v? = 1. The heat bath is at rest in a reference frame with @ = 0. Defining
the medium velocity v, in relativistic field theory is constrained by the tight relation between mass and
energy. To employ the heat flux among different fluid elements, as is usually done in non-relativistic
problems, suffers from this ambiguity, cf. [Ran09]. For a system with a conserved current j f ,e.g., the
baryon current, one can use v, X j 5 (Eckart choice) which locks the velocity to the charge flow [Ran09].
For a thermal system without conserved currents one must lock the flow with energy-momentum flow
(Landau choice, cf. [Ran09]).

In a strongly interacting medium, the coefficients fl, cee D, E, F are functions of ¢2,v? and ¢ - v. The

most general decomposition reads

C

~ - U,
M (a) = 9w A+ Gua B+ =57

+ (quvy +vuq0) D + (quvy — vuqy) E + e‘“’aﬁqavg F. (B3.1)

However, it is more appropriate to introduce a decomposition, with coefficients A, ..., D, which dis-
tinguishes transversal and longitudinal states relative to the four-momentum ¢. Additionally, the 4-

transversal part can be decomposed into a part which is transversal and one that is longitudinal to the
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Table B.3.1: Contraction table of the projectors defined in Eq. (B.3.3).

PL;M/ PT;U/ L e

PL 1 0 0 0
Pl 0 3 12
Ly 0 1 10
T 0 2 0 2

three-momentum ¢, cf. e.g. [Kap06]. In the frame where the medium is at rest, the three-momentum can
be expressed as
_ v-q

Vy =V, — —5 qu -
© © 2 4u
q

(B.3.2)

Introducing the four-longitudinal, the four-transversal, the three-longitudinal and three-transversal projec-

tors as
L _ udv
=2, (B.3.3a)
P =g, — Wl _, _ pL (B.3.3b)
w = Guv 2 Guv w -9
Ly = ”';12’” : (B.3.3¢)
v,U
Ty = g — q‘;g” - =P~ Ly, (B.3.3d)

the properties given in Tab. B.3.1 can be confirmed. The decomposition thus reads

(3 _ _
M, (q) = P10y + Ph L, + Ly 1 + (4,0, + ,q,) D
+ (quby — Uuqy) E + a5 F . (B.3.4)

The coefficients IIT and fI(L3) carry the information about the four-transversal degrees of freedom referring
to vector or axial-vector components which can be decomposed into three-momentum transversal and
three-momentum longitudinal states [Gal91]. The coefficient IIy, is related to the four-longitudinal states
referring to a scalar or pseudo-scalar component. The coefficient D encodes the mixing between three-
momentum longitudinal (axial-) vector states and (pseudo-) scalar states occurring due to broken rotational
invariance for an excitation (hadron) moving with nonzero velocity in the medium [Wol98, Chi77]. Thus,
the spin is no longer a conserved quantum number.

Introducing three-transversal part H(f ) = $T#11,,,, and three-longitudinal part H(L3) = L*11,, the

invariants are given by

My =1 (B.3.5a)
I, = P51 (B.3.5b)
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) = 1ip + 1Y (B.3.5¢)
= 2 (¢"0” +v"q") U (q) , (B.3.5d)
E= ;WHW(@ , (B.3.5¢)
F= —;an(q) . (B.3.50)

Equations (B.3.5a) and (B.3.5¢) reflect the fact that the three-longitudinal part has to be subtracted from
the four-transversal part in order to obtain the three-transversal part, see (B.3.3d). If the correlator
is symmetric w.r.t. its Lorentz indices, one has © = F' = 0. In cases of parity violation, F’ gives a
non-vanishing contribution [Gre92].

Antisymmetric contributions to the correlator exist for parity violating processes as, for example,
in weak interaction processes. These are not considered here. In the following, let the correlator be
symmetric. In the rest frame of the medium v = (1,0 ) and for the mesons at rest ¢ = (go, § = 0), one
has v, = 0 and the correlator is decomposed solely into four-longitudinal and four-transversal parts. The

decomposition is therefore given by

I, (q) = PLIIr(q) + PhIIL(g) (B.3.6)

with IIp(q) = %PEVH“”(q) and Iy, (q) = P/I;VHW (q), both written explicitly covariant.

B.4 Non-anomalous Ward identities

The currents j5 and ;¥ are supposed to carry the quantum numbers of scalar and pseudo-scalar mesons,
respectively, meaning that () |2) is a state with the respective quantum numbers. The issue is more
complicated for j)f and jﬁ. In vacuum, current conservation leads to the transversality of the causal
correlator. Thus, according to Eq. (B.3.3), the OPE has to be performed merely for the trace of the
correlator. Furthermore, in this case only spin-1 contributions enter. In a medium and for non-conserved
currents the situation is more involved. In this section, the non-anomalous Ward identity relating spin-1

and spin-0 correlators are derived and conditions for the transversality of spin-1 correlators are given.

Consider the causal correlator of two mesonic (bosonic) Heisenberg field operators A,, and B, (to be

identified with 75" and 57
Myufa) =i % (T (4,)BO)). B4

with the same conventions as in Egs. (B.0.1). In a symmetric medium (symmetric w.r.t. the participating

flavors) Iy, vanishes for A, or B, being conserved as will be seen later on.

To relate the four-longitudinal part of the (axial-) vector current to the (pseudo-) scalar current consider
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the correlator
M, (q,p) = i2 / d'a dhy e e P (T [A, (2) By ()]) (BA42)

Extracting the coordinate dependence of the second operator, using the translational invariance of the

medium or the ground state and substituting * — x -+ y one arrives at

M, (q.p) = 2 / db dty 97 =0T (A, (2) B, (0)))
_ 2 / d*z € (2145 (p — g)(T [A,(2) B (0)])
= i(2m)*6™ (p — @)1 (q) (B.4.3)

and hence

"’ (g, p) = i(2m)* 6™ (p — ¢)¢"¢" I, (q) , (B.4.4)

where we set p¥ = ¢ due to Dirac’s delta distribution on the right hand side. The partial derivatives of

the time-ordered product read

oL T [i0k A, () B, ()] +1 . [Ao(7), By (y)]
A,(z)B, — 10(xo —
{@'ag}T[ w(@) Bu(y) {T[A#(x)iagBu(y)]} +{ } (o= w0) {[Au(w),Bo(y)]}

(B.4.5)

and

10430, T [A,(2) B, (y)] = T [0 Ay (2)id}) By (y)] — % (996 (xo — y0)) [Ao (=), Bo(y)]
—i6(z0 — yo) ([104 Au(x), Bo(y)] — [Ao(2), 10, B, (y)]) . (B.4.6)

The transversality therefore reads

T (q) = i / dl (—i0"e'®) (T [Ay(2) B, (0)])
_ 2 / d'z €% (OMT [A, () B, (0)])
—i / At 9 (T [i0" A, (2) B, (0)] + i (x0) [Ao(x), B, (0)]) (B.4.7)

and, using translational invariance of the Gibbs average,

P (g) = i / Al (—id2e®) (T [A,(0)B,(~2)))
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= [ate QT (4,008, (~2)

=i / dz e'*(T [A,,(0)i0 By (—)] + i6(x0) [A,,(0), Bo(~2)])

= / Az e (T [A,(0) (—i8” , B, (—x))] + i6(0) [A,(0), Bo(—)])

=i / d*z €' (T [A,(2)id" B,(0)] + i6(x0) [Au(x), Bo(0)]) (B.4.8)

where an additional sign in the first term occurs. We also find

¢"p" 1, (q, p)
= [dtedly (i0ke) (ioje ) (T4,(0)B,(0)
= —i? / d*a dty €9~V (T [A,(2) By (y)])
= 42 / d'z dly e’ e "PY(T [i0} A, (2)idl B, (y)]
—i* (026 (zo — v0)) [Ao(x), Bo(y)]

— i0(20 — yo) ([10%4 Au(), Bo(y)] — [Ao(x),i0y Bu(y)]))
= 2 / d'z d'y " e PY(T [i0 Ay(2)id) By (y)]

+i%8(x0 — yo)e T [Ao(x), Bo(y)]

—i0(zo — yo) ([104 Au(), Bo(y)] — [Ao(2), 8} Bu(y)]))
= 42 / d'z dly e'?"e V(T [i0} A, (2)idl By, (y)]

+i%6(z0 — o) (iqo + 02) [Ao(z), Bo(y)]

—id(z0 — yo) ([i04 Au(x), Bo(y)] — [Ao(2), i, B, (y)])) . (B.4.9)

In the second line we assumed vanishing currents (or expectation values thereof) at the surface of the
integration domain z = +o0. Using 8%Ag(z) = 0 A, (z) — 0L A; () gives

¢"p" (g, p)
= —? /d4ZL‘ d*y e'4%e=PY(T [i@gAH(:n)iBZB,,(y)]
+16(x0 — o) (—qo [Ao(x), Bo(y)] + [i04 Ay(x), Bo(y)] — 0% [As(x), Bo(y)])
— i6(xo — yo) ([i04 Au(z), Bo(y)] — [Ao(z), 0y B, (y)]))
= 42 / d'z dly e'®"e V(T [i0) A, (2)idl B, (y)]

+i6(zo — yo) (—qo [Ao(z), Bo(y)] + [Ao(x), i) By (y)] — 0, [As(x), Bo(y)]))
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= 42 / d'z dly e’ e PY(T [i04 A, (2)idl By (y)]
+id(zo—10) (—qo [Ao(x), Bo(y)] + [Ao(),i04 By (y)] + i (—iq") [Ai(x), Bo(y)]))
= —i? /d4x dty e'1%e=PY(T [i0 A, (x)idl By (y)]
+i8(x0 — yo) <_qu [Au(@), Bo(W)l,, ., + [Ao(@). i@;’By(y)]m:yo)) . (B.4.10)

The first and third terms on the right hand side of this equation vanish if 9¥ B, = 0 holds.

Identifying A, and B, with the currents (A.1.41a) and (A.1.41b), inserting the divergences (A.1.44),

the current-current commutators (A.2.18) and ignoring Schwinger terms gives

g p’1iy ™ (q,p |7, 7")

_ 2 /d4x dby iz e—ivy T [j(S,P),[T,M}:F(x)j(S,P)7[T’,M];:(y):|

+isW(z — y) (_quj/‘jv[w’f] (@) T js,[T,[M,T'T]:FL(x))

=) (q,pIr, M1, [, M) ) +i(2m) '8 (g—p) (-4 g Sty

(B.4.11)

In the last step we used translational invariance of the ground state or the medium. Comparing Eqgs. (B.4.4)
and (B.4.11) leads to the non-anomalous Ward identity which relates the causal correlator of spin-0

currents to the longitudinal parts of the spin-1 current-current correlator:

¢’V (q|r,7')

=150 (g fim g, 7)) - e T R, (B.4.12)

Accordingly, following the same steps as in the previous case and assuming current conservation,
Eq. (B.4.8) results in

"IN (g

') = (Y (0 ‘ [77 T/T] )> . (B.4.13)

Consequently, the causal correlator is transversal if the current is conserved and the expectation value of

the vector-current is zero. Current conservation alone is not a sufficient condition for transversality.

Following the same steps, the non-anomalous Ward identities for advanced and retarded correlator can

be derived. A careful evaluation for the retarded correlator yields

¢"¢"RY ™M (q |,

= ¢ / iz [(—iom)ei] @(xo><[j,&VvA>”<x),jﬁV’A“’*(m )
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=i [z ()57 @), 5V (0)])
=i [dtwen {is(-ao){[i"7@). 5 0)])
+0 (o) {105V (@), VD 0)]) }
— i / atz e fio(wo){[j§ N7 (@), 5N 0)]) ]
ti / dz €9739” O () [jLV’A)’T(fB), Jgmt (0)] )
=i fate o fistan - T )

+ 1 / d*x ele®

. o - (V,A), 7
i6(wo){ 10”557 (@), 567 (0)])

—N—

+0an) [0 (@), 077" 0]

S,[T’Jf,[MJ]:F]:F

=i T ) fate e finen) o )0 @)
+0(an) [0 @), 077" )]
_ _qu<jl\//»[7',f’f]_>j:<jfy[f’f,[M,T]1]ﬂF>_|_R(S,P) <q ‘[7_7 M]¥’ [T/7M]:F> (B.4.14)

and analogously for the advanced correlator

q"q" AL (gl )

=i / d'a [(—io")(=i0")e ] ©(=ao) ([ (0), 517 (@))

.Sv[T/Tv[MvT}

V,[T,’T’T] 7) - <]V

= —¢"{(jv x]ﬂ + AGP) <q ‘[r, M]_, [T/,M]¥) : (B.4.15)

We turn now to an Ny = 2 flavor system. Let heavy-light meson currents be given by 7 = 7/ =
(ol +i0?)/2, where o = 2t are the Pauli matrices, which gives (4.1.1). The diagonal mass matrix can be
written as M = (Cyos 4+ Ca1)/2 and the commutators fulfill [7, M|+ = FC(y a7, [T, 7] = T(Vih),
[T, [M, TT]HFLF = :FC(V’A)T(V’A), where we have defined Cyv = m; — mo, Cao = my + ms and
7V = o3, 7% = 1. Note that ¢; is attributed to a light-quark field (e.g. up or down quarks) and g2 to a
heavy-quark field (e.g. charm or bottom quarks). With these relations the longitudinal part of (B.3.6) is
given by

¢ N (q) = ¢TI (g) = &y A TP (q) — (930 + Cry a7V Dy)  (B.416)

’

with ¢ = v,¢". (Equation (B.4.16) also holds in a three-flavor system with two light quarks and one

massive quark.)
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The statement of Eq. (B.4.13) can now be specified. 11y, is zero if the current j,f( " (y) is conserved, i.e.
m1 = me for vector currents or m; + meo = 0 for axial-vector currents (first and third term on the right
hand side of Eq. (B.4.16) vanish), and the difference of light and heavy net quark currents being zero, i.e.

(vpgo>y) = 0, which is only true in a medium which is symmetric w.r.t. the quark flavors of the meson
(V,A)

current. If Iy, is zero, the transversal projection I1 ™ (q) is proportional to the trace of the correlator
H(TV’A) (q) =— g“”H/(LY,’A) (q)/3. Otherwise the trace TI(V-A) = g“”HS,f’A) (q) contains pieces of (axial-)

vectors and (pseudo-) scalars. The pure (axial-) vector information is encoded in H(TV’A) (q) for which

one obtains
(V,A) C(2V,A) Sp) , 1,7, 3 Cva) - (V,A) vr(V,A)
Iy, ™ = 5 >/ + —2<zpqa Py + — (Y1 VM) — gt HW’ (B.4.17)
q q q

which relates H(TV’A) to the trace of the correlator and II(S"). For m; and mo being arbitrary quark

masses, the chiral difference IT" ~5(¢) and the sum TI5*T () enter the chiral difference q“q”HX,j Ag)

and, hence, H\T/*A. The expectation value of the quark current cancels out in any case:

A — 1 <m% +mj P-S 4 9MM2 pp4s
3 q? q?
2 HV—A

+?Om@mﬁ+mx@m»+ 2 ).(B4m>

If one quark mass is zero, m; — 0, one obtains the relation
q“q”HXV_A(q) = —m%HP_S(q) —2mo(q1q1) (B.4.19)

and therefore

_ m2 _ 1 _ 2mo
H\T/ A(Q) = —ﬁHP S(Q) - gHV A(CI) - 575<Q1Q1> . (B.4.20)

The last term contains the interesting combination of light-quark condensate and heavy-quark mass.

B.5 Subtracted dispersion relations

In this section, the proofs of Eqs. (2.1.2) and (2.1.7) are given. As pointed out in Sec. 2.1, the derivation
is done for the causal correlator. Due to Lorentz covariance of the current-current correlator and due to
the Theorem of Hall and Wightman (cf. for example [Rom69]), I1(q) is merely a function of all possible
scalar products of the Lorentz vectors it depends on, i.e. ¢ for the vacuum case and ¢ and v, for the
in-medium case, where v stands for the medium four-velocity. If we consider vacuum sum rules, I1(q)
therefore only depends on ¢2, TI(q) = I1(¢?).

However, considering in-medium sum rules, the ground state also depends on the medium four-velocity

v,. Hence one has I1(q) = II(g,v) = II(¢? v% qv). For fixed medium velocity the current-current
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correlation function remains a function of gy and ¢, and we can not make further restrictions to the pole
structure. Thus, II(g) is analytic in the complex energy plane apart from the real gp-axis.

In the following subsections we relate the values of the current-current correlation function for complex
values of g (or ¢?) to its values on the real axis (positive real axis), i.e. to its pole structure and hence,
due to (B.1.1), to the excitation energies of the considered particle. This enables us to relate hadronic
observables to properties in the domain of large Euclidean momenta, determined by the quark structure.
Due to the additional dependence of the current-current correlation function on the medium velocity

these relations differ in vacuum and medium.

B.5.1 Vacuum dispersion relations

By the analytic structure of the correlation function, Cauchy’s theorem enables us to give an integral
representation for it, called dispersion relation [Fur92, Sug61]. Therefore, we use the analyticity of IT(¢?)
for the vacuum case in the area surrounded by the contour exhibited in the left diagram of Fig. 2.1.1.

For ¢ off the positive real axis, ¢> ¢ R* U {0}, one gets the identity
1 I1(s)
27t Jr s — q?
1 [T T(s + ie€) ds % /0 II(s — ie)

I(¢%) = ds (B.5.1)

ds

omi o s N

+1]{ I(s) Cds + — ! f 11(s) ds (B.5.2)
2mi J. s — ¢> 2 s—q?

where the last integral is for the integration over the outer circle for the radius tending to infinity, and the

third one is for integration on the semicircle at the origin. The limit 7 — 0 is to be understood. Thus, the
integral over the semicircle becomes zero.

One can now show that the contribution of the integral over the infinitely large circle is a finite
polynomial in ¢? if and only if |II(¢%)| < ‘qQ‘N for |¢*| — oo, where N € N is a finite and fixed

number [Sug61]. Because }qQ‘ < |s|, if s goes along the outer circle, one can write
1 1/*\"
— =) ; (S> . (B.5.3)
n=0
By making use of the boundary condition for I1(¢?) the integral over the outer circle reads

f{ Sn+3 Qs — f: ((12272” f” Hs(s) "

n=0

2
}[ d¢> Z an(q (B.5.4)

1
211 s—q

o
N
which is a finite polynomial in ¢2. This polynomial is not equal to the so-called subtractions, which we
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will introduce later on. The exact dispersion relation in vacuum then reads

AHV&C
M(g?) = = /0 e AIT™(s) 4o 4 Z gl (B.5.5)

with AITV®¢ defined in Eq. (2.1.3). If I1(¢?) does not vanish fast enough when {q2} approaches infinity,
the boundary condition is essential and adequate to an elimination of the contribution of the infinite
circle by subtracting a finite polynomial in ¢2. It is important to note that the coefficients a,, are not
proportional to the derivatives of I1(¢?) for ¢> = 0 even if II(¢?) is analytic in an open circle around
the origin (unless the circle is the infinite circle itself, which would require infinite excitation energies
in (B.1.1)) [Sug61]. Because of the pole structure along the real axis, the current-current correlation
function is not analytic inside the infinite circle and Cauchy’s theorem is therefore not applicable to
the integral over the infinite circle. Instead, in [Sug61], the authors show that the contribution from the

infinite circle can be expressed by the boundary values of I1(¢?) along the real axis.

However, there are several methods to get rid of the polynomial contributions. One possibility is to
take the (N + 1)-st derivative of (B.5.5). The polynomial is canceled and one gets

N+1 o] vac
<d) M(¢?) = <N+1)!/O (AH () . (B.5.6)

dq2 T s — q2)N+2

Of course, we also could have done this right at the beginning in (B.5.1) and by the boundary condition
the integral over the outer circle would be zero. This method is called the method of power moments

M,,(g?); the n-th moment is given by

1/ d\"
Mn(qQ)—m<dq2> (g% . (B.5.7)

We mention this method just for completeness. It will not be considered anymore throughout this thesis.

However, if I1(¢?) is also analytic in an open (finite) circle around the origin we can give a dispersion
relation which has no polynomial contribution of the infinite circle. In this case, the lower limit for the
integration along the positive real axis effectively starts from a lower boundary threshold s(,?° because
the integrations above and below the positive real axis cancel each other up to the threshold due to
analyticity. Now, the dispersion relation can be obtained from (B.5.1) by subtracting a polynomial of
degree N — 1, with coefficients oc I1(™(0). Here, the derivatives are solely calculated from (B.5.1),

which means that we use the contour given in the left panel of Fig. 2.1.1.

In order to clarify the difference between the subtractions and the polynomial coefficients a,, in (B.5.5),

we emphasize that the derivatives I1() (0) used as coefficients for the subtractions are not calculated

®The quantity so corresponds to the lowest-lying excitation energy.

172



B Correlation functions B.5 Subtracted dispersion relations

from an integral over the infinite circle, in contrast to the polynomial coefficients a,,, i.e.

N-1 N-1
(0 1 [0 2
I(q?) — z_;) n!( )(qz)" =5 /1“ S_(Sq)zds — Z_;) (gﬂ)z/p Sn(fz ds. (B.5.8)

Again by using the standard expression for geometric series

N-—1 [e%) n N o n N
1 ()" 1 /(¢ 1 /(¢ ¢ e 1
mex -1 (5) - (5) B(0) -(5) = e

n=0 n=N n=0

one ends up with

= 1™ 1 AN 1
M(g*) - ) n,( 2y = 27TZ/F (i) . _(Sq)st. (B.5.10)
n=0 ’

The integral over the infinite circle vanishes due to the boundary condition of the current-current

correlation function:

1 (‘f)N I(s) dSZi(q2)”+N7{ ) qs . (B5.11)

210 Joo \ S s — q2 < 2mi sN+ntl
n=

The N times subtracted dispersion relation in vacuum finally reads

N-1 N
17(") (0) 1 [ q2 ATIvac (8)
@) - X = [T(T) S
o0 2\ N vac
_1/ <q> All gi)ds, (B.5.12)
T Jso S s—gq

where the coefficients of the polynomial are well known functions. The N-th derivative of (B.5.12)

eliminates the polynomial.

B.5.2 In-medium dispersion relations

The in-medium case proceeds in a similar way, but with the difference that the dispersion relation may
only be given in the complex gy plane and the real axis is explicitly excluded. Using the integration

contour given in the right panel of Fig. 2.1.1 and the analyticity of II(qo, ¢) in the area surrounded by the
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integration contour we get

. 1 M(w,q
H(QOaQ) = ./F(Q)dw

271 w—qo
1 tooqI i€, 1 T I(w — i€, q
_ L [revien,,, 1 T lesien,
271 w—qo 2mi J 1o w — qo
1 (w,q
+'7{ ©.0) g, (B.5.13)
21 Joo w—qo

for fixed ¢. Following the same arguments as for the vacuum case, the dispersion relation for the

in-medium case is

R 1 [T AH (w,

T J - w —qo

where the polynomial again corresponds to the contribution of the infinite circle and AIl(s, ) is defined
in (2.1.6). If I1(qo, ¢) is analytic in an open (finite) area at the origin, the integration along the cuts at
the real axis effectively starts from thresholds 30 80 30 Again, a subtracted dispersion relation may be

derived which does not contain polynomial contributions arising from the integral over the infinite circle:

N=1 o), _ = o N-1 n
)~ 32 =00 L e (350 (2) L
! n=0 n=0

n=0
1 q0 N H(qu‘)
= — — ——dw . B.5.15

2711 /F (w ) w —qo u ( )

The integral over the infinite circle is zero again due to the boundary condition, giving the N-fold

subtracted dispersion relation in gg:

O)N All(w, 7) 1/50_ (@)Nwdw (B.5.16)

————dw +
W —4qo TJooo ‘W W —qo

For purposes which will become evident later on, it is more convenient to work with a dispersion

relation in g3 rather than a dispersion relation in go. Therefore, the current-current correlation function

I1(qo, ¢') is split up into its symmetric and anti-symmetric part w.r.t. qo

(M(go ) + (g0, 7)) +

II(q0,q) = 5

(M(qo,q) — (—qo0,q)) - (B.5.17)

N

3This corresponds to an energy gap between the lowest-lying particle state and the lowest-lying antiparticle excitation.
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Even (e) and odd (o) contributions may be defined as

(I(q0,7) +11(—q0,¢)) = °(—q0,q) , (B.5.18a)

DN =

II(q0, 7) =

Ho(QO?i) = (H(QOa(T) - H(_QOa(j)) = HO(_Q()’(T) ’ (B518b)

=
KQ | =

0

where the energy factor in front of I1°(q, ¢') is convention. Summation and subtraction of the dispersion
relation (B.5.16) for II(qo, ¢') and II(—qo, ¢') result in the following separate dispersion relations for the

even part I1¢(qo, ¢) of the current-current correlation function

(a0, ) - £ 3 B2OD 1 oy
n=0
-5 mdeH(w,q*)w?SNl (H(_”Nlj_qjqél_(_lw) (B.5.19)
and for the odd part of the correlation function
YR
n=0

Both functions, I1¢(qo, ¢') and 11°(qo, ¢'), only depend on qg, in line with their definition (B.5.18). Hence,

one may write

(g0, 7) = 11°(¢5, 7) + qo11°(q5, 7) - (B.5.21)

The not subtracted dispersion relations can be obtained from these expressions by setting N = 0. At
this point we remark the similarity of the vacuum dispersion relation and the even in-medium dispersion
relation, which can be seen by substituting w? = ¢ in (B.5.19). This is not the case for the odd in-medium

dispersion relation (B.5.20).
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C In-medium operator product expansion for
pseudo-scalar heavy-light mesons

This appendix starts with the preparation of basic ingredients for the evaluation of an OPE in the heavy-
light meson sector. The Fock-Schwinger gauge and its application to the background field method are
presented. Furthermore, several essential relations for the quark propagator are derived. The Borel
transformation is introduced and applied to the subtracted dispersion relation obtained in App. B.5. The
projection of ground state expectation values or Gibbs averages of quantum field operators onto invariants
is performed for all quantities which are met within the evaluation of an OPE for heavy-light mesons up
to and including mass dimension 5. For heavy-light pseudo-scalar mesons the in-medium OPE evaluation
in terms of normal ordered condensates is given in detail. The relation between normal and non-normal
ordered condensates is derived in general and evaluated explicitly for the condensates which are required
for the in-medium OPE of heavy-light pseudo-scalar mesons. The cancellation of infrared divergences is
demonstrated and recurrence relations for the Wilson coefficients are derived. We explain our strategy of
analyzing the QSR and show the discrepancy. Finally, the trace anomaly of QCD (A.2.13) is applied to
the evaluation of condensates at high densities and temperatures. The results of App. C.5 are extensively
used in Secs. 3, 4 and D.

C.1 Fock-Schwinger gauge and background field method

In this section, we discuss the Fock-Schwinger gauge, which enables us to give simple expressions for
gluon fields and quark propagators. These are used to develop techniques for the calculation of the OPE.
This section follows closely [Nov84b].

The Fock-Schwinger gauge reads

(zh — af)) o, (x) = 0. (C.1.1)

Usually one chooses zf, = 0. Obviously, this gauge is not translation invariant. The invariance is broken
due to the special role of zy. Therefore, a shift in space-time would destroy the gauge condition. But,
as we will see, this condition is crucial to the techniques used in the calculations performed afterwards.

Hence, we must restrict ourselves to one selected frame. By Eq. (C.1.1) we can write

0= 0. (v A (y) = Al (y) + ¥ 9, AT () - (C.12)
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Furthermore, using Eq. (A.3.4) one obtains
YO AL =y Gl + 1y 0L AL (C.1.3)

where the non-Abelian term in Eq. (A.3.4) vanishes due to the gauge condition (C.1.1). Together with
Eq. (C.1.2) one ends up with

A(y) +y 8, A% =y Gl (C.1.4)

Substituting ¥ = ax” and inserting (C.1.4) again leads to

% (oA, (ax)) = am”Gfu(ax) : (C.1.5)

Integration over o from O to 1 finally yields
1
Aﬁ(aﬁ) = /0 da OéxVGf#(Oé(L') . (C.1.6)

We observe that the Fock-Schwinger gauge (C.1.1) enables us to express the gluon fields in terms of the
gluon field strength tensor. Expanding the gluon field <7, in Eq. (C.1.1) in z yields

at (Z L B Dy, . aan%(o)> -0 (C.1.7)

n=0

for all x. Therefore
xha® . x%0q, .. Oy, 9, (0) = 0. (C.1.8)

As a direct consequence of the last equation one can show that

2 (Oay - OanGu) g = .. 2% (Day -+ Do) gy - (C.1.9)
Thus, the gluon field strength tensor in Eq. (C.1.6) may be expanded for small x
1
o, (x) :/0 doaxr’9,,,(ax)
1 OO a™
= / da az” Z ﬁxo‘l 8 (Oay -+ Oanbp) oy
0 n=0
1 > al
- /0 daaz”y —r2 2% (Day - DawBou) g - (C.1.10)
n=0

Integration over « yields the covariant expansion for the gluon fields in terms of the gluon field strength
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tensor only:

‘,El/

EAGEDY mmal o2 (Day - Do) ey - (C.1.11)

n=

The Fock-Schwinger gauge also provides a covariant expansion for the quark fields:

V() = i %xal o (Bal .. Ban\y> , (C.1.12a)

yrd =0

_ 1 _

T(@)=S —a% ...z (UD,, ... Da . (C.1.12b)
=0 k! ( k 1)x:0

The method used to simulate the non-perturbative vacuum and medium effects of the physical ground
state is the background field method. A propagating quark interacts with the virtual particles emerging
from the ground state. These particles can be modeled effectively by a quantized vector field which is
shifted by a classical weak gluonic background field. The interaction is described by a propagation within
this field. As it is a weak field, it is possible to give a perturbative expansion of the quark propagator in

terms of the coupling strength:

iS(z,y) = iSV(z —y)

+ Z /z’S(O) (z — 21)igA(21)iS O (21 — 29) ... igA(2,)iS D (2, —y) d21 ... dz,, (C.1.13)
n=1

where S (x — y) denotes the free propagator satisfying

~

(i0y —m)SO(z —y) = 6W(z —y) . (C.1.14)
The expansion is depicted in Fig. C.1.1. If we think of the gluons as emerging from the ground state, the
fields can be understood as operators acting on the Fock space and creating an additional gluon. Thus we

use a classical expansion for the quark propagator.

The Fourier transformed free propagator reads

SO (p) = /d4:cep SO (g) = g (C.1.15)
Using Eq. (C.1.14) one can show that (C.1.13) satisfies
(i0s + gA(w) = m)S(w,y) = W (z —y) , (C.1.16)

confirming that S(x) is indeed the propagator of a quark in a weak gluonic background field. In order to
ensure the gauge condition (C.1.1), one has to permit shifts in space-time. Hence, one is not allowed to

perform the transformation & — 2’ = x — y. This means that, as a result of the gauge, the propagator

179



C In-medium OPE for heavy-light mesons C.1 Fock-Schwinger gauge and background field method

iS(z,y) iSW(z —y) iSO (z — 2) iSO (z —y)

R R

gA(2)

gA(z1) gA(z2)

Figure C.1.1: Perturbative quark propagator in a weak glounic background field. The gluons are
supposed to emerge from the ground state.

does not depend solely on the differences of the coordinates, i.e. + — y. Thus, S(x,y) and S(xz — y,0)

are different quantities. Let us introduce the Fourier transformed expressions

S(p)_/d‘*xeimS(x,o), (C.1.17)
S(p)z/d‘*xe—imS(o,x), (C.1.18)
Au(p) = / d*z e A, (2), (C.1.19)

where we also introduce the quantity S (p) in order to ensure the gauge condition. We first calculate the

Fourier transform of A, () giving

Au(p) = T;)(—i)”“m (Bm . ..Ban%u(o)> (8%9“1 ...aané(“)(p)) . (C.1.20)

where O denotes a derivative with respect to the momentum. The transformed expression of Eq. (C.1.13)

thus reads

o0

S(p) =SV p) +> (9" (p)
n=1

dk dik, - )
) /(27r)14 e k) SO (k) A(ky — ks) ... SO (k) . (C.1.21)

By integration by parts we observe for an arbitrary function f (k)

d*k
oo =11 = A ). (€1.22)
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where we have defined

A, =>" A (C.1.23)

n=0
with
AO) :ig%yay :

(=i)"*g

) — 7Y I
A n!(n + 2)

(Day - - - Do, ,,(0)) 8V 0% ... 9% (C.1.24)

which is here a derivative operator. This enables us to give a more comfortable expression for the
perturbative quark propagator. Successive integration by parts of the momentum integrals in Eq. (C.1.21)
and using Eq. (C.1.22) yield

Sp) =Y _ S (p) (C.1.25)
n=0

with

A) SO x ... x SO (p) (VA) SO (p). (C.1.26)

Here the derivatives contained in ('yfl) act on all functions to the right of them. Moreover, performing
the same steps for S(p), one can show that S(p) = S(p). Although (C.1.13) is not translational invariant,
the Fourier transform of S(z,0) and S(0, =) are identical. Equation (C.1.26) reveals that the n-th order
propagator term S(™ can be obtained by applying the operator —S(©) (7/1) to the (n—1)-st term S (n=1),
Therefore, Eq. (C.1.26) is a formal solution of the Dyson-Schwinger like equation

S =50 _g50~45 (C.1.27)
which may formally be written as
_ ~1—1
S [S“)) Yy ’yA} . (C.1.28)

The corresponding expression for S(p) in terms of A,, reads

S(p) =S%(p) + i(—l)”S(O) (p) <7<Z> SO ) x ... x SO (p) <7<Z> SO (C.1.29)
n=1

n
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C In-medium OPE for heavy-light mesons C.1 Fock-Schwinger gauge and background field method

which is equal to (C.1.25) because the partial derivatives commute. Employing a very useful formula for

further calculations

0

—8O(p) = =5 (p)1* 5O (p), (C.1.30)
Oopp

which can be confirmed by a direct calculation, we write out the first terms of (C.1.26) in lowest order of

the gluon field fl“

p+m
5(0) (p) ol (C.1.31)
SW(p) Zig%u(o)s(o) )" SO (p)r” SO (p), (C.132)
2
S®(p) = (zg) %1, (0)G\ (0)THA(p) | (C.1.33)

where we have defined

T (p) = SO (p)y SO (p)y” SO (p)1 SO (p)7* SO (p)
+ 5O (p)4 SO ()1 SO (p)y SO ()4 SO (p)
+ SO ()1 SO )y SO (p)7* SO (p)r SO (p) . (C.1.34)

The OPE of the current-current correlator may now be obtained by applying Wick’s theorem to the time
ordered operator product T [j(z) il (0)] in terms of quark fields. While pure quark condensates directly
enter by virtue of Wick’s theorem, gluonic operators and gluonic condensates enter via quark-gluon
interactions of the current-quarks with the background field. On the one hand, the perturbative expansion
of the quark propagator contributes and, on the other hand, the covariant expansion of the quark fields
(C.1.12) together with the field equations (A.3.23) of chromodynamics contribute.

Having established the above formalism, it is easy to relate the mass dimension of a power correction
to the expansion of the quark propagator. Note that the mass dimension of a condensate is composed
of the operators of the condensate and of prefactors which originate from the EoM for the quark fields,
i.e. mass factors. Therefore, one has to separate operators which act on the Wilson coefficient and
contributions to the condensate in the above treatment. The differential operator A has mass dimension
1 (in all orders, of course). However, the partial derivatives entering each term of Eq. (C.1.23) act on
the propagators of contracted, i.e. not condensed, quark fields and, hence, only contribute to the Wilson
coefficients. Thus, each term A of the expansion of the gluon field contributes with n + 2 to the mass
dimension. Analogously, the covariant derivatives of the quark-field expansion (C.1.12) contributes to
the condensate, whereas the coordinate factors act as partial derivatives in the Wilson coefficient after the

Fourier transformation has been performed. The following prescription can be established:

n P
. 3
dimy, = Sn+ § 1 mi + ) 1 kp(2+1,) (C.1.35)
1= p=

182
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where n is the number of not contracted quark field operators, m; is the order of the quark field ¢ w.r.t.
the expansion (C.1.12), k,, is the order of quark propagator p w.r.t. the expansion (C.1.25), i.e. it is the
number of gluon insertions (or interactions) of the respective quark, and [,, is the order of the gluon field
w.r.t. the expansion (C.1.23). P is the total number of quark propagators. Given a mass dimension, the

required orders of expansions can be determined from Eq. (C.1.35).

If we restrict ourselves to small distances in Eq. (2.0.1a), a restriction to large momenta is required.
Nevertheless, unlike the expectation that perturbative methods are adequate in this energy regime, in
particular for the example of D mesons, non-perturbative effects will prohibit us from a pure perturbative
treatment even in the high energy regime. Details about this effect and about calculating the OPE by

applying the background field method can be found in App. C.4 for the example of the D meson.

C.2 Borel transformed sum rules

In Sec. 2.3 we mentioned the possibility to cast the integrals in Egs. (2.1.2) and (2.1.7) into the Laplace
transform of the dispersion integral and, hence, enhancing the contribution of the lowest resonance by
an exponential weight. The according transformation is the Borel transformation [Wid46], which is an
algebraic form of the inverse Laplace transform. Considering the OPE, which is an asymptotic expansion,
i.e. a divergent series, the Borel transformation transforms the series into its Borel sum by suppressing
the coefficients factorially [Wei96]. Therefore, it improves the convergence of the expansion and is thus

a suitable tool for summing the actually divergent series.

The Borel transform of a function f(Q?) is defined as [Fur92]

@4 < d

AUIOC) = lim =
e n!

_dQ2> f(Q%), (C2.1)

with Q? > 0. Sometimes [Nar02] a slightly different definition is used

, . 2\n+1 d n+1
A [f1 (M?) = legﬁz (QTB! (—ng) F(Q%), (C.2.2)

and the connection between both is given by

Bf] (M?) = M>Z' [f] (M?) . (C.2.3)

In order to spell out the Borel transformed sum rules, we have to give the transformed expressions
for typical functions which appear in the OPE. For simple functions f, e.g. f(Q?) = (Q*)"InQ? or
f(Q%) = 1/(Q? + m?)™, the transformed expressions can be calculated directly from Eq. (C.2.1) by
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C In-medium OPE for heavy-light mesons C.2 Borel transformed sum rules

using general rules for the n-th derivative, e.g. the Leibniz rule

(i)n(““) = i (Z) (dd;jnu> (dfn:v) : (C.2.4)

m=0

As can be seen from (C.2.1) all functions which are merely finite polynomials in Q2 vanish under Borel
transformation. For more complex functions, direct calculations are rather difficult. Instead, one can use
the connection between the Borel transformation and the Laplace transformation [Wid46]. The Laplace

transform of a function g(¢) is defined as [BroO1]

o0
Lg](s) = / e Stg(t)dt . (C.2.5)
0
Here g(t) is assumed to be piecewise smooth for ¢ > 0 and to be bounded by ¢! for t — oo; g(t) < e
for some o > 0. The integral converges for Res > « and is an analytic function in s in that area.

The beneficial point is that an inverse operation to the Laplace transformation is given by Post’s

inversion formula (see chapter VIL.6 in [Wid46])3!

o(t) = lim ~ (@)"H ~£lg) (9)}(") : (C.2.6)

n—oon! \ ¢ t

where [...]™ denotes the n-th derivative. Setting ¢ = 1/M? and n/t = nM? = Q? one obtains

1 . Q)" a "
9 <M2) = QQ}%Q ( ,3! <— dQ2> Llg] (@) - (C2.7)

Comparison with (C.2.1) shows that the Borel transform obeys
RBf] (M?) = g(1/M?), (C.2.8)

if the function f is the Laplace transform of g [Raf81]. This gives explicit expressions of Borel transforms
for a broad range of functions once they are given as the Laplace transforms of other known functions.
Moreover, we can now safely use well known properties of the Laplace transformation to simplify many

calculations. For example, the momentum shift

1

f(s—a) < eg(t) (C.2.9)

3! Another representation of the inversion of the Laplace transform is given by the Bromwich integral

c+ioco
o(t) = = / e L[g] (p) dp

2mi c—1i00

for t > 0 and c greater than the real part of all singularities of £ [¢] (p).
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gives for the Borel transformation
B [1(@Q +m?)] (M?) = e M B [1(Q%)] (M) . (C2.10)

It is this property of the Borel transform which introduces the exponential damping and transforms the

dispersion integral into a Laplace transform.

Although, by the above criteria, the Borel transformation can be performed for a broad range of

functions, we merely need the transform of one type of functions during this work, namely

1 1

f(s) = o (I s)PH ° (C.2.11)

If Reaw > —1 and Res > 1, then f(s) is the Laplace transform of the transcendental function p(t, 3, @)
[Erd55b]

& 1 1
—st
/0 e ut,B,a)dt = prasy 7(1 s)ﬁ T (C.2.12)

where p(t, 3, ) is defined by the following integral representation

[e'e) xa—i—ltﬁ dt
”(x’ﬁ’o‘):/o T(B+1T(att+1)

(C.2.13)

By repeated integration by parts one can cast this into a form that is more convenient for further

calculations:
. d n—1 potu
s—na) = ()"0 [ — —— C.2.14
=) =0 (1) et B (C2.14)
withn = 1,2, ---. In particular, one obtains
:L.OZ
-1 = — C.2.15
,LL(.Z', ,CV) P(Oé + 1) 9 ( )
a IMa+1)
-2 =—|—1 —_— C.2.16
Hw,=20) = T { m+r(a+1)] (€2.16)
with
1 "1
/ —
I'(n) = —(n—1)! nJ”E_;k] (C.2.17)

and vg being the Euler constant defined as

"1
e = lim <Zk—lnn> . (C.2.18)
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From Eq. (C.2.12) we are now able to represent the Borel transform of (C.2.11) without performing too

many elaborate calculations by means of the initial definition of the Borel transformation (C.2.1)

1 1 9 1
% |:(Q2)a+1 (an2)5+1:| (M ) =H <W7/8aa> . (C.2.19)
In particular, for 5 = —1 and @ = n — 1 the result reads
1 2y _ 1 1 1
and for § = —2and o = n — 1 we get
B ! In Q? (MZ):,u i—2n—1
(Q2)n M27 )
1 1 5 1 "1
T (n— 1) (M2 In M o E + ; A (C.2.21)

Note, due to the factorial prefactor in Eq. (C.2.20), the Borel transform of an expansion in z = Q2 is

indeed the corresponding Borel sum.

The Borel transformation may now be applied to the subtracted dispersion relations (B.5.12), as well
as to (B.5.19) and (B.5.20). As the OPE is only valid for large space like momenta, i.e. ¢> < 0, one may
substitute ¢> = —Q?. Furthermore, the limiting procedure in the definition of the Borel transformation is
not in conflict with the OPE. Indeed, the limit in Eq. (C.2.1) can be interpreted as approaching infinite
momenta Q?(n) by virtue of different slopes M2. For the dispersion relation in vacuum we get

LSO

2 2\n
Hopr(Q°) — Z o (-Q7%)
n=0
1 S0 2\ N AIL 1 +oo 2\ NV AIL
= / & Lh(j’)ds - / _@7) Allore(s) 4 )
T Jo s s+ Q T Js s s+ Q2
For the in-medium dispersion relations we introduce qg = —Q?. This is equivalent to considering

imaginary values of the energy qg. For the even part one obtains

N-1 ) n »
1= I(0,9)
H%PE(QQ,Q) ) Z S

n=0

1 53 Allp(w, 7) Foo Allopg(w, 7)
- [7? /30 dw w2p+ Q? (/ / ) w? + Q? ]

. ((@w (14 () g CR <_1>N>> 2o

(@)™ (1 + (-1)")

n!

oN-T oV
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while the odd part reads

N-1 () n ~
1= 1L(0,7)
H%PE(Q2,Q) ) Z St

n=0
|1 sg Allph(w, @) Foo AHOPE(w q)
= |- dw —————=
T Jss w2+ Q2 w24 Q2

. (“Q)N/ 0= 0+ % @) - cazm

(@) V2 (1 (-1

n!

whN-1 w

Application of the Borel transformation (C.2.1) to the vacuum dispersion relation (C.2.22) yields

e
efs/MQ (—s)N 2
- [ > } (M?) = e=3/M" (C.2.24)

where we have used that only the term oc 1/Q? survives the Borel transformation. Hence, one finally

ends up with

1

S0 400
% [Mopr(Q?)] (M?) = = / e=/M* ALy (s) ds + % / e~ 5M* Allopg(s) ds . (C.2.25)
0 S0

™

In the same way, we obtain for the in-medium dispersion relation (C.2.23a) by applying the Borel

transformation (C.2.1) with respect to Q>

(M%)

P [(—Q2)N/2 !

w1 21 Q2

_ e g [(Q2 [ w?ml (M7)

w1 Q2
—w?/M? _ . 2\N/2
:(—1)N/2‘BWN_1 93[( 23 (M?) = (=1)Nwe /M | (C.2.26)

where we have used that, due to the factor (1 4 (—1)%) in the first term of the last line in (C.2.23a), N/2

can only have integer values. The same holds true for (N + 1)/2 in the second term. Thus, we arrive at

% [Wope(Q®, 7)) (M?)

sJr —+00
1 / dw ATIp (w ( / / )deHOPE(w q)] e /M? - (C.2.27a)
™ S

0
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For the odd part we use (C.2.24) and obtain

% [Mope(Q®, 7)) (M?)

1 53 1 S(; +oo 2 2
= [/ dw ATlp (w, §) + — (/ +/+ ) dw AHOPE(w,q)] e~ /MT - (C.2.27b)
™ Js7 ™ —00 EN

0

As a byproduct we find that the subtraction terms in Eqs. (2.1.2) and (2.1.7) as well as the contribution
from the infinite outer circle in Eqgs. (B.5.4) and (B.5.14) for the non-subtracted dispersion relations are
eliminated under Borel transformation since they are polynomials in (2.

+
As discussed in Sec. 2, we are interested in the low-lying strength encoded in fssf dw Allwe—w*/M?
0

+ —
and f:ﬂ dw ATle=#*/M? while the continuum parts encoded in ( o+ fsﬁoo> dw ATlwe—«*/M* and
0 0

( ff(go + fsgoo> dw Ale=*/M* will be merged into the perturbative OPE part IT,er(w) (see Eq. (3.1.1))
according to the semi-local duality hypothesis;>? sac are the corresponding continuum thresholds.

In Sec. 2.1 and App. B.5 we review the method of subtracted dispersion relations. They enable us to
suppress polynomial contributions to the dispersion relations from the integral over the infinite circle
and ensure the convergence of the dispersion integral. From the definition of the Borel transformation,
we see that all functions vanish which are merely polynomials in Q?. Hence, by applying (C.2.1) to the
dispersion relations (B.5.14) or (B.5.5) one gets rid of the polynomial contribution from the outer circle
integral. Thus, we do not need to consider subtracted dispersion relations and could have started from the

non-subtracted dispersion relation.

C.3 Projection of color, Dirac and Lorentz indices

Condensates are expectation values or Gibbs averages of quantum field operators. They reflect basic
properties of the QCD ground state or the strongly interacting medium and are assumed to be color
singlets, Lorentz invariants and invariants under parity transformations and time reversal. Expectation
values or Gibbs averages which are not invariant under parity transformations and time reversal are
supposed to be zero. In the following description we adopt the method described in [Jin93] and list the
projections that are needed throughout the thesis.

Up to mass dimension 5 we meet the following structures

(q':), (@D ¢y, ((@aDuD,)" ),

(GHGEY, (a9 . (C3.1)

The meaning of various indices is explained in App. A.3. The last structure is invariant under color

rotations. The generators of U(/V.) form a complete set of matrices in color space. Dirac indices are

3The semi-local duality hypothesis states that the integral of the continuum is well approximated by an integral of the
perturbative part.
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projected onto elements of the Clifford algebra. The projection of Lorentz indices accounts for different
condensates in vacuum and medium.
In the following, a list of the in-medium projections up to mass dimension 5 is given. Terms that violate

time reversal or parity invariance are omitted. The EoM (A.3.27) have been used whenever possible.
(i) Condensates of mass dimension 3:

(:qq:) = Gag:), (C3.2)
(qmug:) = (:q0q:) 5 - (C.3.3)
A condensate of the type (: go,,q :) occurs neither in vacuum nor in a medium since there is no

possibility to create an antisymmetric structure in the Lorentz indices u, v. Condensates of the type

(:qv57.9:), (:@y5q:) can not be projected onto structures that are invariant under parity transformations.

(ii) Condensates of mass dimension 4:

mqvu

(:qDuq:) = —(:qbq:)i= 5=, (C.3.4)
.m
<:€77uDVq:> = _<:qq:>ZquuV
_ ‘%.* . .7A(U‘D) . 1 . UMUV
iy (qa) + (:qo—5 q->} 3 (g,w 4= ) , (C.3.5)
045 B (G GP
<'GAVGE)\ > - 96 (g,u,ﬁgu)\ - gy)\glm) <:G2:> - ﬂ< < ) - 4> :>Su1/ﬁ)\ .
(C.3.6)

Again, terms of the form (: ¢v5v,D,q:), (: ¢ysDuq:) do not have a projection due to the requirement
of parity invariance. The same holds true for (: §o,, Dq:), which can only be contracted with €k o

giving an odd term with respect to parity.

(iii) Condensates of mass dimension 5:

m2 1
<:unDVq:> = _<:qq:>7qguu + < qgo%q > guu
m2 1 vD 1 VU
) [f<:qq:>8<:qga%q:>+<:q( D 0| & (g — 222 (©3)
(:qvuDvDag:)
| 20,00, 1
— 2ol (0DPes (P~ L s+ 0t + ) )
1, _. U, U, _ U, UV
- L taiart (S )+ I g (P u,)
img , _ 20,V,Vq
+ gquQ(UD)Q» <l‘v2 — Uwlua — 'Uag/,w> (C.3.8)
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<ZQ’75'7uDuDo¢q:>

1 Z AN . — A . —
— —@Euuaﬁvﬁ [2(:qvgan:> + zmi(:qvq:) + Zm2<ZQ(UD)q:>} , (C.3.9)
_ 7 -
(:qopwDaDpq:) = oz (9pa9vs — Gus9va) (:q909q:)
Lli, - _(vD . _(vD)?
—3 {8<:q9054q:> —mq<:qv( Q)q:> —z(:q( 2) q:>] Suvas » (C.3.10)
% v
1 3 o
(0170 a:) = ——5 (40909 ) eawor” | (C3.11)

V2

6
_ 1
<:qg0aﬁgm/q:> = <:qgagq:>ﬁ (ga,u,gﬂu - gaugﬁ,u)

(vD) 2. _(vD)?

(:q0 2 q:) — §<:q 2 q:>] SaBuw (C.3.12)

1 2my
+ [w(.qga%q.> —i—g

where we have defined

VB, vpRv VaU VU
Sasur = (gaugﬁu ~ Jow9pu — 2 (gozu 52” ~ Jow i;‘ + 985 — g@%)) . (C3.13)

We have explicitly separated the medium specific contributions from the vacuum projections. Medium
specific contributions are either condensates that contain the medium four-velocity v or combinations of
condensates that appear in vacuum and medium. The latter ones are always written with angled brackets.

Applying vacuum projections to the medium specific terms makes them zero in the vacuum limit.

Note that Eq. (C.3.11) is actually not a projection and is valid for any four-vector. It is proven in the

following. Due to Lorentz covariance we write
(V570G q:) = A€auov? . (C.3.14)
Our aim is to determine the Lorentz scalar A. Using Eq. (A.3.26), we can write for any four-vector v,
00" Y, = WY V'Y G (C.3.15)
Expanding the product of Dirac matrices in terms of the Clifford algebra, one obtains
VI = g + g I 4 gy + i o (C.3.16)
Due to the EoM (A.3.23) and by the definition of the gluon field strength tensor, one can show that
(:dv'y"G,,d:) = 0. (C.3.17)
Altogether, this gives the relation

(:d0ct G, d:) = —(:dV5YeGud:) e v, . (C.3.18)
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Contracting Eq. (C.3.14) with €***? and using €***“e,,,,” = 6g°7, proves Eq. (C.3.11).

C.4 Operator product expansion for the D meson

In the following the OPE for heavy-light pseudo-scalar mesons is performed up to and including mass
dimension 5 power corrections to the lowest-order term of the perturbative expansion. First, one applies

Wick’s theorem to the current-current correlation function I1(q), with the current operators for the D
7 t

meson, jp+(z) = id(z)ysc(z) = j(x), and the D~ meson, jp-(z) = ic(x)ysd(r) = j,(2), in

lowest order of the perturbative expansion
I(q) =i / d4z 92T {j(m)jT(O)b (C4.1a)
=1 (q) + I (q) + TW(q) . (C.4.1b)

Due to Eq. (A.2.4) the D current-current correlator (C.4.1a) is related to the D~ correlator by " (q) =
I1P” (—q). The OPE is performed for the D+ meson. The label will be dropped in the following. The
labels (0) and (2) denote the number of non-contracted quark fields, i.e., the number of quarks which
participate in the formation of a condensate. The II¥) term does not contribute because it contains only
the soft contribution of all operators. There is no flow of hard momenta. Expanding the quark field
operators according to Eq. (C.1.12) and performing n integrations by parts for the n-th order term gives
the n-th derivative of Dirac’s delta distribution. Therefore, at large |q2 |, i.e. in the OPE domain, there
is no contribution from IT¥). Also, this term would lead to four-quark condensates which are of mass
dimension 6. In general, for mesons four-quark condensates only contribute in first (or higher) order of
as. Otherwise the diagrams would be disconnected and no momentum could flow through it as for the
o™ term.
The first term in (C.4.1b), I1(°)(¢), reads

() =—i / d*z €% (: Tre p [1554(0, 2)v5Se(2, 0)] ) (C.4.2a)

:Hper(q) + 12 (Q) : (C.4.2b)

It consists of the purely perturbative term II,e:(¢) and of I152(g), which is the result of inserting the
next-to-leading order propagator with the lowest order term of (C.1.23), and accounts for pure gluon
condensates. Inserting higher orders in the quark propagator and/or the gluon field in (C.4.2a) leads
to higher dimensional gluon condensates, such as (G®), or, by usage of the EoM, quark and mixed
quark-gluon condensates. These are either of higher mass dimensions or higher orders in as.

The second term in (C.4.1b), H(Q)(q), is simplified by the assumption of vanishing charm-quark
condensates (:¢...c:) = 0. This is motivated by the large charm-quark mass and the assumption that
a heavy quark only interacts with the vacuum by emitting or absorbing gluons and not by annihilating

with other heavy quarks. Hence, heavy quarks are considered as static or quenched quarks and only light-
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Figure C.4.1: Feynman diagrams for the perturbative contribution IIP¢*(g). The fourth contribution
can be obtained from the third by the replacement d <> c. Dashed: the D meson, solid:
free quark propagator, curly: free gluon propagator.

quark condensates remain. This becomes evident in the scope of the renormalization of condensates and
absorption of infrared singularities. Indeed, introducing non-normal ordered condensates, heavy-quark

condensates cancel out by virtue of the heavy quark mass expansion.

The perturbative contribution IT,e:(¢), consists of the lowest order quark propagator insertion in
(C.1.25), i.e. the one-loop diagram (see Fig. C.4.1). Additionally, the order o} contribution, i.e. two-loop
diagrams, may be taken into account. It can be determined in terms of a two-fold subtracted dispersion
relation [Ali83, Rei80, Bro81] (see App. B.5), where the imaginary part of I, (¢) is obtained by means
of the Cutkosky cutting rules [Cut60, Das97]. In the MS-scheme (cf. e.g. [1tz80]) it is infrared convergent

and reads in Feynman gauge for the gluon propagator and mq — 0

9 . [ m? s s
oo () o () ()
2 2 2 2
+ 3 In Me +1n i + Me (22 + Me (2 . (C4.3)
2 s —m? s —m? s m2 s —m? m?2

Here, the Spence function is denoted as Lip(z) = — [’dt ¢ In(1 — ¢).

3 o 2)\2 o 2)\2
Imeert(s):&r(s Smc) o (s Smc)

For the gluonic contribution there are three terms, each stemming from a different number of back-
ground field insertions to the quark propagators (see Fig. C.4.2). We work in lowest order of the expansion
(C.1.23). The three terms which have to be calculated at the one-loop level to obtain all contributions

which are relevant for the vacuum gluon condensate (: %G?:) entering Il 52 (q) read:
d'p - )
Me2(q) = Y [—i / i Tren [7555” (PS5 (0 — Q)} :>] , (CA.4)
i+j=2

where the leading order gluon field is inserted. The following four integrals are needed to evaluate the

loop integrals [1tz80]

/ dp 1 1 T'(n+k-2) oLkl ey
(2m)4 [(p_q)2+m?l]n [p2+mg]k (4n)?2 T(n)T(k) nth—2 , M3, mz) ,

(C.4.5a)
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/d4p Pu _ G T4k =2 gk 020
(2m)4 [(p — g2+ m?i]" [p? + mg]k (Am)?2 T(n)T(k) n+k—2 d>Me) s
(C.4.5b)
d4p Pu Pv Guv 1 F(n +k— 3) n—1,k—=1, 2 2 92
— — I ’
/%VW—W+%WW+@ﬁ(MV2mmm»n%%@”WW
v k - 2 n
+ quq (n+ )I+1k 1( 27m37m2)’ (C45C)

(4m)? T(n)L(k) 2

/d4 PuDv Pk
@M [(p— 9)? +mg]" [p? +m2"
_ Guv 9 + Gurx Qv + Guk Qu EF(TL—F]{—?)) Ink 1

(4m)? 3 T TR s me)

qu v gk F(n +k— 2) In+2,k—1
@m? )Tk -2

+ (¢*,m3,m?).  (C4.5d)

Equation (C.4.5d) can be obtained from Eq. (C.4.5¢) by applying a partial derivative w.r.t. ¢". The master

integral is given by

1 X

i 1— J

199 (g2, m3, m / da (1-a) - (C.4.6)
J a(l-a) @+am?+(1-a)m?]

It is not possible to set my = 0 from the very beginning, because the results are infrared divergent. On
the other hand, the expressions are rather cuambersome for both masses being nonzero. In order to obtain

meaningful expressions, one may use

1+1z

1
arctan z = % In - (C4.7)
to obtain
_ 1 2
arctan < q_i_md> =5 In med , (C4.8)
md i q

which is a source of mass logarithms. Another source of terms o In mg arises from a slightly different

expression, namely

2 2 _ 2 B
g tme —my maz0 arctan(i) , (C4.9)

arctan

\/2q2m?l +q* + 2¢>m?2 + m? — ngm?l + mfl

which is not well defined. Expanding the fraction in m, and keeping only the lowest power, which is the
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me

Figure C.4.2: Feynman diagrams for the gluon condensate contribution e’ (¢). Line codes and
meaning of crosses as in Fig. C.4.1.

dominant contribution for my — 0, leads to

2 2 2 2.2
msZ—m ~0 1 m
arctan | ¢ ¢ tme d md:o—.lnqid% (C.4.10)

2 2
\/2q2m§ +¢* + 2¢*mZ + m¢ — 2mZm7 + my 2@+ me)

The last expression corresponds to the infrared term for the medium specific contribution, i.e. it is absent

from the OPE in vacuum. Upon projecting color, Dirac and Lorentz indices, the following result can be

verified
Qs o 11 1m. 1 1 m?
II =(—G )| "5 —=— lon
c(4) = T ) < 24> —m2  12mgq® —m2 24 (¢ — m2)?
Y ) i Y ) N R W
T\ 02 1 )7\1 v2 6q2 q2 —m2  6¢2 (¢ — m2)?
1 2 1 2
_2< 2m022+2 2 ln<mg>
9q (q - mc) q= —mg me
o (@t ) ()
-—— + In({-———"F=]| . (C4.11)
9> \(¢* —m2)*  ¢*—m3 q? —m?
The first line is the vacuum contribution, while the term o< (: <= ((”vif — %2) :) is a medium specific

condensate. It vanishes in vacuum and is the symmetric and traceless part of the operator ¢,,,%,3.

One immediately observes terms o< m;l and « In mfl. These are terms which diverge for mqy — 0.
They origin from the infrared part of the loop diagram with two gluon lines attached to the light-
quark propagator, which results in three light-quark propagators with the same momentum because the
background field is soft and does not transfer momenta (right panel of Fig. C.4.2), and are therefore
called infrared divergences. Moreover, terms of the form In(Q?/4?) and In(m?2/u?), which cannot be
made small at the same time for Q? >> mg, occur when calculating I1(?). As pointed out in [Tka83b],
they are remnants of the large distance behavior, i.e. they origin from the small momentum contribution
to the loop integrals. Their occurrence breaks the clean separation of scales, which is a necessary feature

of every OPE, and must therefore be absorbed into the condensates.

In [Tka83b], the author argues that these logarithms do not occur when the Wilson coefficients are
calculated within a minimal subtraction scheme. Moreover, they can be absorbed into the condensates if

one re-expresses normal ordered condensates, which naturally emerge if one applies Wick’s theorem when
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mq mq mq
V5 g Y5 V5
V5 V5 V5
me
me me g

Figure C.4.3: Feynman diagrams for the quark and mixed quark-gluon condensate contribution T1(?)(g).
Line codes as in Fig. C.4.1. Crosses symbolize creation or annihilation of quarks or
gluons by virtual particles, i.e. condensates.

calculating Wilson coefficients perturbatively, by so-called non-normal ordered ones. This procedure
has been known for a long time, cf. [Spi88, Che95, Jam93, Nar89] and references therein. An explicit
formula could not be found in these references. Therefore, we elaborate the in-medium case.

After expanding the light quark fields and performing the Fourier transformation one obtains the

general expression

o0 K
ICINESY (_1;') ( (Jﬁm ..ﬁak)“ (4501 ... 0% So(q)7s) db:) . (C4.12)
k=0
As in Eq. (C.4.2) one can now insert higher orders in the quark fields, the heavy-quark propagator and/or
higher orders of the gluon background field. In order to consider all mass dimension 5 contributions to the
OPE in (C.4.12), k + 1(2 + m) < 2 must be fulfilled, according to Eq. (C.1.35). The order of the quark
field expansion is k, [ is the number of gluon field insertions and m the order of (C.1.23). Hence, there
are four terms in (C.4.12), namely (k, [, m) € {(0,0,0),(1,0,0),(2,0,0),(0,1,0)} and three terms in
(C.4.2), which contribute to the OPE up to mass dimension 5. The diagrams for these terms are shown
in Fig. C.4.3. Note that due to the additional medium structures there is no one-to-one correspondence

between Eq. (C.4.12) and Feynman diagrams unless one introduces further building blocks.

Before going into details, we present the contribution of (C.4.12) to the OPE up to mass dimension 5.

Separating the contribution of the free quark propagator from the sum in (C.4.12) one arrives at

() — i (=0 [<; (czﬁal . ﬁak) d:)o™ ... o™

k! q* —m?

—(: ((Jwgal o gak> d:)o" ... 5%‘1”}

2 2
q _mc

+ i 3 Cif, (@D - Do) (350 .. aaksé”(q)%)i; &), (C413)

k!
k=0 I=1

where we use that the free propagator S (q) = qngQ

® 1. is the unit operator in color space and
does not contain Lorentz indices. In the first sum, we project color and Dirac indices, whereby the only
non-vanishing traces over Dirac indices correspond to the projection of the free heavy-quark propagator

onto {1,7,}. Like in [Coh95] we recognize that the coefficients for terms which emerge from the

195



C In-medium OPE for heavy-light mesons C.5 Absorption of divergences

insertion of the free propagator fulfill certain recursive relations. We will deepen this fact and give
recursive relations for the Borel transformed Wilson coefficients in vacuum and medium. Obviously, this
is also true for terms which emerge due to the insertion of higher order propagators.

For the above quoted tuples (k,l,m) which account for mass dimension 5 terms we obtain the

following result at tree level

( +
ma 1. - (svD vg)? 1
+[12d<:dd>_3<2 U(vz )d3>]2<2 4(1)(12) )(QQ—mg)z
m2  _ —(vD)? vg)’ Me
T + gedtha) - grtdiosas] a (o - aEE ) e
- (vg) 1 mame my
— {xdod:) ’Ug (qz—mg (qLdmg)2 ((12*:{”3)2

+ (;J{;gagd:>(zz (g (cf - (1;(12)2> 7 _lmg)s T2 _1m2)2>

C

+ Gdlivpyd:) Y (2( ma___8 <q2— (UQ)2> 1t ) . (C414)

¢> —m2)* 3 vt ) (2 = m2)’

Again, we explicitly separated the medium specific terms from terms which are also present in vacuum.
The latter ones are merely the chiral condensate (: dd :) and the mixed quark-gluon condensate (: dgo¥d.:).
All the other condensates or medium specific condensate combinations, which are written in squared
brackets, vanish in vacuum. At this point of the evaluation we have to keep terms o< m, which appear
when applying the EoM, because they will be necessary to cancel the infrared divergences or give a finite
contribution in the limit my — 0 after absorption of the divergences. The limit my — 0 will be taken in

the next section after the absorption of these divergences.

C.5 Absorption of divergences

In order to ensure a consistent separation of scales, the infrared divergent terms have to be absorbed into
the condensates, such that the Wilson coefficients are determined only by the perturbative dynamics,
whereas the non-perturbative dynamics is parametrized by the condensates. In [Che82b, Tka83a, Gor§83,
LS88] it has been shown that the Wilson coefficients are polynomial in the mass only if they are evaluated

within a minimal subtraction scheme. Normal ordering is not such a scheme. As already noted above, all
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the mass logarithms can be merged into the condensates by re-expressing normal ordered condensates
by non-normal ordered ones. We use the following relation between normal ordered and non-normal
ordered condensates

4 ~

ﬁ@ran [ﬁ [—Z’pu - iAu] S(p)b ; (C.5.1)

which we will evaluate up to one-loop level. The operator &' [D,,] is a function of the covariant derivative,

(@O[D,]q) = (36 [D] q:) — @/

the gluon fields and possible Dirac structures. The index p stands as label for all possible Lorentz indices.

The proofs partly follows [Gro95]. One applies Wick’s theorem to the time-ordered product
T[q(0)0 [Du] q(y)] =:q(0)0 [Dy]q(y): —i :Tre,p (€ [Dy] S(y,0)): (C5.2)

inserts the Fourier transform of the operator function & and sets y = 0. As € in Eq. (C.5.1) is now
a derivative operator acting to the right, the order of Lorentz indices is important. This equation
reproduces the vacuum expressions but also gives the correct ones for the in-medium case, i.e. all the
mass singularities are absorbed into the condensates. Equation (C.5.1) may be defined as the relation
between normal ordered and physical condensates. A renormalization scale dependence naturally occurs
upon introducing non-normal ordered condensates and delineates the region between perturbative and

non-perturbative physics.

Up to the considered order in o the following set of equations is obtained in the MS scheme

_ _ 3 3 ,U/2 1 Qg 2
=(:qq:) + — In—+1]|— — 5.
(qq) <qq>+4ﬂ2mq(nmg+ ) 12mq<7TG>, (C.5.3a)
_ _ 1 p? s o
Gq) =(: Gq:) — —myln —(—G C.5.3b
(ago9q) =(:a909q:) — 5mq nmg<7r ) ( )
= 3 e . 3 4 /1’2 uv ,0s o
<q’yuZDVQ> :<q’YMlqu> + quguy <1n7’n3 + 1> — E<?G >
1 Uy p? 1\ as ((vG)? G?
+1g (9w = 15 )(“mg 3> <7r< 2 1) (€339
FiD,iDug) =(qiDiDyg )+ g (1 4
(qiDiDyq) =(:qiDyi VQ->+@QW nmfg‘f‘
2
mq BT as
+16g’w<nmg 3><7TG>
2 2 2
Mg (O [ 2 s ((G)T 6T
2 (g,w 4 ) (m it 3) (= < = =) (C.5.3d)

Note that S(p) is merely the product of S(?)(p) and (yA), where each (y.A) accounts for two additional
Dirac matrices, cf. (C.1.30).

When working in lowest order of the expansion (C.1.23), (:¢v.q:), (: (jiBuq 5, and (: 77570 G uwq:)

are not renormalized due to the following reason. In order to get a non-vanishing integral, the in-
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Table C.5.1: Comparison of vacuum Wilson coefficients entering Eq. (3.1.1a) with the literature. In
[Hay00] only operators up to mass dimension 4 were considered.

(dd) (36 (dgs09d
Eq. (3.1.1a) —me = -1 (1_%%)%
Ref. [Hay00] —Mme -k Aﬂ;%
Ref. [Mor01]  —m, - ~3 i (1= 1 55) me
Ref. [Hay04] — —m. 5 (3 7%) 1 (1-3 ) m.

tegrand must be even in p, requiring an even number of Dirac matrices. Therefore, it is clear that
Jd*pp,Trep [S(p)] = 0 and similar terms are also zero. Each flu accounts for one additional Dirac
matrix, and by this [ d*pTrep [A#S (p)} is zero. Hence, only if the number of Lorentz indices (i.e. the
sum of Dirac matrices and covariant derivatives in the condensates) is even, physical and normal ordered

condensates differ.

The last two equations differ in vacuum and medium and account for the proper cancellation of
mass logarithms in the medium. One immediately recognizes the operator mixing, which affects the
pure gluonic vacuum and medium condensates. Moreover, for vanishing normal ordered condensates,
Eq. (C.5.1) leads to the well-known heavy-quark mass expansion, first suggested in [Shi79b] (further
terms are calculated in [Gen84]). This is why there are no heavy quark condensates. Introducing non-
normal ordered heavy quark condensates to perform the renormalization of the normal ordered ones and
inserting the heavy-quark mass expansion, cancels all heavy-quark condensates and effectively means

setting the normal ordered condensates to zero.

Inserting the non-normal ordered condensates into (C.4.14) one obtains the desired infrared stable
Wilson coefficients and the limit mg — 0 can safely be taken. From a physical point of view, the
OPE is only meaningful if the my; — 0 limit is well defined. Any infrared divergence represents a
sensitivity of the OPE to small momenta. These, however, are cut off by confinement at the typical QCD
scale Aqcp < mg. Therefore, any OPE must be finite and infrared stable. The final OPE up to mass

dimension 5, in the rest frame of nuclear matter v = (1, 0) and for the meson at rest ¢ = (o, 0) reads

_ m - 1 m3 m
IT°(qo :00q2+ddc—dga%< st - )
o) =colan) + (M g = o805 \ G =iy ¥ i
Qs o 1 1 oy mz 1
_ (=8 I d"1Dyd)2
R AL (e e

as ((v@)?  G? 71, p? 2 m?
Zs = I P BT T
Jr<7r( v? 4 ) 18+3nm2+3n g3 — m?
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Table C.5.2: Comparison of medium specific Wilson coefficients entering Eq. (3.1.1b) with the litera-

ture.
. Qs G 2 2
(i Do d) (2 (192 — )
m2 2 2 m2 m2
Eq. 3.1.1a) 2(Mg _1> (%+%lnuM4c _%7E> (ﬁ%_l) 2w
1|14 _1m2 | 1m m2 m2
i 3[3—61\42+2M6+<1—M2>1H(4m2)+
Ref. [Hayoo] 2 (5 — 1) 212
m2/M? -9 —1 m2 ¢ d 1—et
e yvE-Ings+ [ dtiH
0
(dD2d) — —(dgo9d) me L Me (C.5.42)
Y 0— . .
300 ! @ —m2P " (G —m2)?
and
HO(q2) <de>; <dTD2d>4 ( mi n 1 )
’ g —m? NG -m2P T (@ - md)?
—(dTgo%d)———— . C.5.4b
(@ godd) e (C540)

We separate the even and odd parts of the OPE according to I1(qo,q) = %(q3,q) + qol1°(¢3, ),
and c((q3) denotes the perturbative contribution to the current-current correlator with subtracted mass-
singularities. In Tabs. C.5.1 and C.5.2 the Borel transform of Eq. (C.5.4a), given in Eq. (3.1.1a), is
compared to results reported in the literature. There is no odd OPE given in the literature.

C.6 Recurrence relations

As stated in section C.4 the Wilson coefficients of condensates which differ only by the degree of the
non-local quark field expansion, i.e. they emerge from the same order propagator and gluon field insertion,
fulfill certain recursive relations. We illustrate this for the example of the first sum in (C.4.13), which
corresponds to all diagrams with a free heavy-quark propagator and the light-quark line being cut in order

to form a light quark condensate, i.e. to all orders of the expansion (C.1.12).

Let us start with the vacuum case, because there is no odd part. The first sum in (C.4.13) reduces to

-3 [

=0

(dﬁal. ﬁm) Yoo .. .aaqu’fiCmg

( 2l+1

n
(2l—|- ) <d7ﬂgal' §a2l+1> D0 L. -80&2“1% . (C.6.1)

q _mc
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The projection of the Lorentz indices of the non-local condensates has the following well known form
(: <J§al . gam) d:) = a190109---Jon_1ay + permutations of {a, ..., aq} , (C.6.2)

where the coefficients a; can be found by solving the system of linear equations which emerges from
contracting (C.6.2) with each product of metric tensors that appears on the r.h.s. The key observation
now is that inserting (C.6.2) into (C.6.1) gives the same result for all permutations in (C.6.2). One ends

up with

q) = ; (2[)' 20 \Ypn q2
(_Z‘)Zl—l—l

2 2m?
=y il B 2
2+ 1)!B2l+1 (8u(9 ) <q2 — mg (@ — mg)2>] , (C.6.3)

where we explicitly performed one partial derivative in the second term and A (B) denote the sum of the

coefficients a; (b;). Furthermore, we employ the following identity

_9 90
N 0qu Og*

2
(¢*) = [88 +4¢° (a) ] (@) =0f(q%) (C.6.4)

Buauf((f) 8q2 aqz

which can be proven for functions f = f(g?) by the chain rule. If we define the following sequence of

functions

Ci(q?) = 5lq2"f—cmg = 8'Colq?) = D11 (¢?) (C.6.5)
and use

aCy(¢*) = WO&“(&) +4n(n+1)C5(¢) (C.6.6)

we recognize that each function C;(¢?) must be a polynomial in Cy(q?):

2l+1
Ci(®) = > aCi(a®) . (C.6.7)
n=Il+1

Application of O then gives the following recurrence relations for the coefficients ag )

o) = 4(n —1)(n—2) (1a "Vta ’?) (C.6.8)

with the boundary conditions o™ — 0, a!?"* — () and the initial values ago) =1, al(o) =0Vl # 1.

Actually, if there is only one nonzero initial value satisfying the boundary conditions, the boundary

200



C In-medium OPE for heavy-light mesons C.6 Recurrence relations

(@)

conditions are automatically fulfilled for all av,”.

In the same way we define

2042
Ci(?) =0'C(q*) = Y alCy(d?) (C.6.9)
n=I[+2
and employ the initial values &go) =1, 541(0) = 0 VI # 2, whereas the recurrence relations remain the

same (of course, the boundary conditions change with changing initial values but remain similar to the
first case and will be satisfied automatically).

Inserting these expressions into (C.6.3) we end up with

00 20+1
H%):Z[ Ay Y oy

=0 n=Il+1
(—i)2l+1 9 21+1 2142 l
—mBmH — > af )-2 ) alcy(e? (C.6.10)
) ¢ n=l+1 n=I[+2

This expression can easily be transformed into Euclidean space using Cf(¢?) — (—1)"m?/(q% + m2)".
Finally, application of 2 [C{(¢%)] (M?) = e~m/M mn [[(n — 1)/(M2)"!], where the translation

property of the Laplace transformation is employed, the Borel transformed result reads

00 20+1 n
(2) _ —mZ/M? n (l me
I(g) = Z [ Az Z (n — 1)I(M2)n1

=0 =141
. 2141
(—Z 20+1 2 0 mn
_ 73 _ _1 n C
@20 +1)! 2 e gl;l( Jam (n —1)I(M2)n-1
20+2 mn
_zn;z o 1)!(M2)n1>] . (C6.11)
This can be written as
22 = [ (=)
I (q) = e me/M Z [((2l))' Agey(M?)
1=0 ’
—i 2041 2) ~
“@ynBan (e ) -2 0r) )
0 — 2l — 20+1
= e /MR [((25))1 Agey(M?) + 22511)'32”1@ (MQ)] : (C.6.12)

=0

2
Here, we defined d; (M?) = —2 (Cl(M) —¢ (M 2)) Using the recurrence relations for the coeffi-

me

cients ag ) (dg )) and the respective boundary conditions, the following recurrence relations can be given
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for the coefficient functions defined above

0 2 4 0
e (M?) =4 [8M2 A"}J (M) = — [mg_ 81/M2] o (M?)
4 ) B +1 )
=3 | 5m| ) @O0 (C.6.13)

for ¢; (M 2) as well as & (M?) and d; (M?). The boundary conditions now read ¢ (M?) = —me,
& (M?) = s and do (M?) =2 (14 55 ).

In a similar way we proceed with the in-medium case. The first step is to separate the even (e) and odd
(o) parts of the OPE:

H@)e(q):i{ (=07 (dﬁn. Dy ) )0 oo

q* —m?

2
c

)!
( 2l+1
@)

ql"
2l + 1 (d’yp,gal . EOAQZ+1> 80&1 ‘e 80&2[+1 q2_7m

} , (C.6.14a)

w=3[5"5 @3&1. D) e g e

— 20+ 1)! g% — m?

(=i q"

( l) (d’y'uﬁal . 5a2l) 80&1 e 8a2l m . (C614b)
&

Concerning the projection of Lorentz indices of the condensates the main difference to the vacuum case

is the appearance of another Lorentz structure which has to be included referring to the medium velocity

v,. Hence, the general form of the in-medium Lorentz projection reads

. 2[+1
(:(dﬁal..ﬁaz,ﬂ) =3 3 aﬁvm. s, Gor0s - - Goatr 10w (C.6.15)
m= 1H€Km

where the first sum runs over the numbers of occurring factors v, starting from at least one factor in
the case above and from m = 0 in case of an even number of indices on the 1.h.s., the second sum runs
over all permutations of the indices o = {ax, ..., @941}, where m indices have been assigned to v,
o = a/{K1,...,km} and a, is the corresponding coefficient. Of course, only coefficients which belong
to an odd number of factors v can be nonzero in the above case.

Analog to the vacuum considerations, contraction of (C.6.15) with 9%t ...J%*+1 gives identical

expressions for terms with the same number of factors v,

l

(dﬁal. %aml) ) =3 A9 (00) (v)>" (9,0 " (C.6.162)
n=0
l

(dﬁal. 50@1) DO L 00 = A% (00)° (9,0%) (C.6.16b)
n=0
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where we defined the sum of coefficients which belong to the same number (2n + 1) of factors v,, as
D e Kum(a) Or = A? . For the second expression it is clear, that it must contain an even number of factors
(v0).

Considering condensates which are projected onto 7,,, i.e. <d’7,u$a1 . gak) , and contracted
with 0! ... 3%, two different structures appear within each sum over k. Dependmg on whether £ is
even or odd these are (v0)™ (6?) N (%ﬁ, for k = 21+ 1, and (v0)™ ! (0?) e
k= 21 Fortunately, we have (v0) 8 "

for

vq
q2 m2a

= 0? o i oz and the contracted partial derivatives applied

m2
to 2 mz can again be factored out from the sum over all permutations x with m = 2n factors®? of the

medlum velocity:

(dr}/ﬂ%al . goz2l+1) aal ... 0% ZL

qa —mg
I+1 . q#
o e 2n 2\t—n
= nE_O Bn (’U@) (3 ) 8uq2_7’rn(2: y (C617a)

2
c

(d%ﬁal. ﬁa%) o gem 4

q—m

l
_ Z o 1 [ a2\ l—n—2 q"

') = BL°) Unfortunately, we had to use the special form of the Dirac

Again, we defined 3, c (o)
trace of the heavy quark propagator multiplied with ~,, which occurs in this propagator order, whereas

the considerations which led to (C.6.3) do not rely on this.

Putting all together, we arrive at

ZA@ 2"7, a au)l nc« (q2)

I (q) = Z [
=

2 l+1 . . o [ Co(¢?
_E2z)+1)! 5 (v0)*" (9,0")' 22(%56)—03 () ||+ (€6.18a)
) 1 ( i) & 2n+1 l-n 2
wlI®(q) =3 mz A9 (v0)*" (9,07 Co (¢7)
=0
iy 2
J(;l;' ZB;; (00)*" ! <aua“>’—"—22<c°n§q)—08 (q2)>] - (C6.180)
" n=0 ¢

One now easily recovers the functions C;(¢%) and Cy(¢?), which are already known in the vacuum

case. In order to proceed we make explicitly use of the rest frame of nuclear matter, v = (1, 6) and the

¥m = 2n + 1 for an odd number of Lorentz indices, respectively
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considered meson at rest, ¢ = (qo, 6), to obtain

j 25(25+1) o .
gici(a) = ZE D i) + 45+ )i (@) (C.6.19)
leading to
o 742
0'Cha3) = K (q5) = Y £Co(ap) (C.6.20)
k=j+1
with
i 2k —1)(2k — i
g = CEZDORZD) poba - 1) - 2) Y (C621)

and initial and boundary conditions given by

- k<itj-1,
=1, fl=0: (C.6.22)
% +j+1<k.

Inserting (C.6.5) and (C.6.20) into (C.6.18) we obtain

0 2(l1—n)+1 i+2n
nel =3 |G S o S kg
=0 n=0 i=l-n+1 k=itn
(—i)2 & 2—m)=3 (l n—2) i+2n
ROES DI B DD D Ae (C
n=0 i=l—n—1 Me k—itn
2(l—n) Qd(l n— 2) i+2n
B S ock@) ||, (€623
i=l—n Me k=i+n
s 2l+1 2(l-n)+1 (i i+2n
) 7,1 k-+1
Z 2l+1 Z > VY C (@)
= i=l—n+1 k=itn
(7i)2l ! 2(l-n)-3 (l n—2) i+2n
_ (2l)' ZQBO Z Z fl;r;l’bm C§+1( 0)
- n=0 i=l—-n—1 Me k=i+n ¢
2(l—n)-2 (l n—2) i+2n
- YR Zm Ci (@) || » (C.623b)

i=l—n k=i+n ¢

where we eliminated a factor gg in (C.6.23b). After a rather elaborate calculation, which proceeds

analogously to the vacuum case, one can give the following expressions
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& —q 21
n@e(g) =3 [<(2£! S A, (M)
=0 n

(Cle Q,n(Mz) _516—2,n(M2))] ’ (C624a)

(

20 l
(2?)| > 2B (¢ g, (M?) =& 5, (M?))] , (C.6.24b)
I 2

where the coefficient functions satisfy the recurrence relations

. 4 (3  m? 1 9 .
cf n(M?) =02 (2 toet MQal/MQ) 11 (M?), (C.6.25a)
0 4 (1 m2 1 0 o
Cl,n(MQ) :W <2 + e + WW) clfl,nfl(M2) (C.6.25b)

with the initial Copditions ciO(M?) = ¢f(M?) and cﬁo(MQ) = Zfl:ﬁ_l a§”#§w>“ o (M?) =
Z?fﬁrl dgl) %, for both types of functions cl(i;o) (M?) and El(i;o) (M?). The expressions for the
initial conditions of the odd coefficient functions are the same as for the even coefficient functions. But

because there are no odd condensates in vacuum the corresponding coefficient can be discarded.

C.7 Sum rule analysis for heavy-light mesons

Equation (3.2.1) is nonlinear in the masses mL. In order to express m4 in terms of the functions e
and o one must assume that m and F; are Borel mass independent, which allows to eliminate F .
In vacuum, where m = m; = m_, explicit equations for m and F’' can be derived immediately. In
the medium, however, the nonlinear coupling of the equations necessitates more advanced solutions
of Eq. (3.2.1). As discussed in Sec. 3.2 right below Eq. (3.2.1), approximate solutions for m4 and
F may be obtained by assuming that mass-splitting and splitting of F; are small, as was done in
[Hay00, MorO1, Mor99, Zsc06]. It turns out that such an approximation is not necessary and in the
following a nonlinear coupled system of equations for m is derived, which can in principle be solved
numerically. Furthermore, we find an analytic solution of the nonlinear coupled system of equations
giving explicit equations for my and F%.. These equations will in turn be used to show the consistency of
the strategy which is applied to analyze the sum rule.

To begin with, Eq. (3.2.1) can be written as

(M +m_)Fpe ™M = (M) + m_o(M), (C.7.1a)

(my +m_)F_e ™M — o(M) — myo(M) . (C.7.1b)
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Assuming dmy /dM = dFy/dM = 0 and taking a derivative of (C.7.1) w.rt. 1/M 2 and dividing
each resulting equation by the corresponding equation of (C.7.1) eliminates F and yields the following

system of coupled, nonlinear equations for the masses m4 in medium

s _ @) +m—ggjio(M) C.7.2
T e(M)+m_o(M) ’ (C.7.22)
d d
_m2— _ dl/]MQ €(M) — M4 dl/JMQ O(M) (C72b)
e(M) —myo(M)

As already stated, Eq. (C.7.2) uniquely determines m.+ and can in principle be solved numerically.
However, the relation will be used to show the consistency of the employed evaluation strategy.

In the limit of vanishing density, the vacuum sum rules are deduced from Eq. (C.7.2). In this case, one
has o = 0 and e reduces to its vacuum expression. From Eq. (3.2.1b) and the Borel mass independence
of my and F, my = m_ and F. = F_ follows. The r.h.s. of Eq. (C.7.2) reduces to de/dM*Z, which
is the known vacuum sum rule [Raf84].

Rewriting these equations as polynomials in the masses m and m_

d d
0=—mie(M)—mim_o(M)— dl/MQe(M) —m_ RIVIYE o(M), (C.7.3a)
0 = —m?e(M) + m*m_o(M) — dl;iwe(M) + m+(JWo(M) , (C.7.3b)

subtracting (C.7.3b) from (C.7.3a) on the one hand and summing the products of (C.7.3a) with m_ and
(C.7.3b) with m_ on the other hand, one derives the following system of linear equations for Am and

m4ym—

d

0= —2Ame(M) —mim_o(M) — WO(M) , (C.7.4a)
A d d

0=-mym_e(M)+2 mdl/M2 o(M) — dl/M2€<M) . (C.7.4b)

Here, the following quantities have been introduced
1 1

Am = §(m+ —m_), m= §(m+ +m_). (C.7.5)
Therefore, one has

my=m=+Am, m?>=Am?>+mim_ (C.7.6)
and Eq. (C.7.4) can be solved w.r.t. Am and mym_:

d d
A = Lo ame) — eM)g5moM) , (C.7.7)

2 e2(M) +0(M)dl/@ﬁo(M)
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e(M)We(M) + (WO(M)) ’

mim_ = — (C.7.8)
CQ(M) + O(M)dl/dWO(M)
Given m, the strengths F1. may be evaluated by virtue of Eq. (C.7.1)
Py = emi/M? CEME0 (C.7.92)
my +m_
— (mEam)?/M2 € + (m ¥ Am)o : (C.7.9b)

2m

which can be transformed into Eq. (3.2.3).

In deriving (3.2.2) we made use of dm. /dM = 0. Therefore, it is convenient to adjust the continuum
thresholds such that my and F. are Borel mass independent. Unfortunately, varying the threshold
parameters in order to require maximal flatness of the Borel curves leads to too small vacuum masses of
~ 1.6 GeV. Thresholds s? = (sT)? ~ 6 GeV? are commonly chosen in vacuum [Nar01] and reproduce
the vacuum D meson mass of ~ 1.9 GeV. Furthermore, a careful consideration of current and pole mass
of the charm quark is necessary, cf. e.g. [Nar05, NarO4]. As the focus of this work is put on medium
modifications, the center of the thresholds 3%, defined in Eq. (3.3.1), and the charm quark mass is chosen
such that the vacuum mass is reproduced. To satisfy the requirement of Borel mass independence, the
common evaluation strategy is modified. At finite densities, (s(j):)2 stays fixed to the vacuum value, while
we demand that the minima of the respective Borel curves m_ (M) and m_ (M) shall be at a common
Borel mass M by varying the splitting of the thresholds As3. These minima are taken as the physical
parameters m+. As a byproduct, As% becomes density dependent.

It must now be clarified whether the strengths Fy have their minima at the same Borel mass M, as

demanded by the initial assumption. Indeed

d m2/m2_ € £0

F m3 (Mp) (e £ mo) + €' (Mp) £ md]| , (C.7.10
37 +( )M:MO e [mZ(Mo) ( +0) + €' (Mo) £ m0] " ( )
where a “prime” denotes a derivative w.r.t. M ~2 and m/, | My = 0 has been used. Inserting Eq. (C.7.2) it

follows that F is extremal if m is extremal.

C.8 Condensates near the deconfinement transition

As discussed in Secs. 1 and 2 the method of QSRs may, in principle, be applied to high densities and
temperatures provided the medium dependence of the condensates is known. At finite temperatures and
zero densities the in-medium condensates may be obtained from, e.g., lattice QCD. Also the Dyson-
Schwinger approach is in principle capable of determining condensates at nonzero temperature and
densities [Lan03, Zha05, Zon03a, Cha07]. However, there are many more possibilities, cf. e.g. [Jin93],
and one of the most interesting one is given in [Coh92], which is used in the following to determine

gluon condensates at large chemical potentials and temperatures next to the deconfinement transition.
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Figure C.8.1: Temperature dependence of the gluon condensates (C.8.1a) (upper curves) and (C.8.1b)
(lower curves) at y1, = 0 (left panel) and u, = 270 MeV (right panel, same line and
color code as in left panel).

According to the consideration in [Mor0O8] one may relate the gluon condensate at finite temperature
to the QCD trace-anomaly (see Sec. A.2.13) for Ny = 3 flavors and the equation of state via

<%G2)T = <%G2>0 - S(e —3p), (C.8.1a)
s((vG)?  G? 3as
(= <(Uv2) - 4>>T =22 e+p). (C8.1b)

whereas contributions from light quarks to (C.8.1a) have been omitted in a first step, as we focus on the
continuation to finite densities. The energy density e and the pressure p are accessible by QCD lattice
evaluations [Baz(09] at large temperatures but zero chemical potential. In [Mor(08] these relations where
used to analyze the charmonium QSR above the critical temperature. This is possible because hadrons
consisting of heavy quarks only, such as charmonium, only depend on gluon condensates, as heavy-quark
condensates are supposed to be zero or at least small enough to be negligible or can be evaluated by virtue
of the heavy-quark-mass expansion in terms of gluon condensates. Such quarks are called static quarks.
However, energy density and pressure may be extrapolated to finite baryon densities by employing
the Rossendorf quasiparticle model [Sch08, Sch09b, Sch09a] which is here adjusted to [Baz09]. Both
condensates (C.8.1) are depicted in Fig. C.8.1 in the region near 7. at quark chemical potential 1, = 0
(left panel) and p1; = 270 MeV (right panel); energy density and pressure have been employed from the
quasiparticle model which allows for a thermodynamically consistent extrapolation to finite densities.
The curves for the condensate (C.8.1a) are flattened with increasing lattice temporal extend /NV-; [Mor08]
is reproduced by the p4 action [Baz09] for N, = 6. On the other hand, the condensate (C.8.1b) seems
not to be affected by such a choice. At nonzero densities, the gluon condensate for <%G2)T drops
signiﬁcangly due to the non-vanishing chemical potential. The symmetric and traceless gluon condensate
(s WG G2

s T)> is much less influenced by density effects. These effects have to be studied in detail

for the J /1, which depends essentially on the considered gluon condensates [Mor08].
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As mentioned above (see also Eq. (A.2.13)), finite current quark masses modify the trace of the energy
momentum tensor to [Coh92] (Ny = 3)

9o
T B — _
® 8T

Gf}yG’X' + mytu + mgdd + mgds + ..., (C.8.2)

where higher order o terms have been neglected. (The contributions of heavy quarks can be absorbed
into the first term by using the heavy-quark mass expansion.) A precise analysis would hence also have
to include the density and temperature dependence of the quark condensates. However, as the chiral
condensate is supposed to vanish above 7, due to the restoration of chiral symmetry, it is justified to
neglect their influence on the gluon condensates in Eq. (C.8.1). Furthermore, if light quark contributions
can be neglected in specific QSR evaluations due to their numerical suppression by light-quark mass
terms, it is consistent with neglecting such terms in Eq. (C.8.1), too. This offers the avenue towards the

evaluation of QSRs near/above the deconfinement transition at nonzero baryon densities.

209






D Chiral partner QCD sum rules addendum

D.1 Dirac projection

Consider the trace over Dirac indices Trp[S275{S1, 75 }], which naturally arises in TT*=5:(0), To write
this as a product of two simpler :[raCf:s, one can project the commutator {S,v5} = >, AOO with
coefficients A5 = $Trp[{S, 75 }0], O being an element of the Clifford algebra. A similar expression
applies for Trp[S2v5{7,S17",v5}], which is the corresponding expression in TIV=*(%), with coeffi-
cients listed in Tab. D.1.1. Alternatively, the coefficients for projecting ' ST = 20 AOO, where
I e {1, 75,794,757} are given in Tab. D.1.2. Note the occurrence of 75 in the A#<" coefficient.
Equation (4.1.5) can be derived by using

N = %ewaﬂaaﬁ : (D.1.1)

which leads to

2
> e,uzzaﬁeuun)\TrD [510@5} Trp [520'/1)\]

N | .

Trp[S1950u ] Trp [Soys01"] = <

= (1) (2 (0 - 579)) T [s10°7] T 20

Trp [S10uw] Trp [S20t”] . (D.1.2)

Equation (D.1.1) is obtained by expanding y50*” over the Clifford basis. Obviously, the only non-

vanishing trace is that for o,:

1 , 1/i)? ,
ZTI'D |:750'M O'aﬂi| = Z <2> T‘I‘D |:’75[’7M77 nyavfyﬁ]]

Table D.1.1: Coefficients of the projection of {.S, 75 }.

AO {Sa 75} {’7#37“775}

Ay 2 Trp [Ss) —2Trp[S7s]

AY 0 0
APV %TI"D [SV5O‘“<V] 0

Al 0 0

As $Trp[S] 2Trp[S]
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Table D.1.2: Coefficients of the projection of I'“ ST ¢.

re 1 s Vu V5 Vu
Aﬂ %TI‘D [S} iTI“D[S] TI“D[S] —TI‘D [S]
AY %TrD[S'y,,] —%TrD[S'y,,] —%TrD[S’y,j] —%TI"D[S’)/V]
Ar<v ITrp[Sot<v]  1Trp[So#<Y] 0 0
AL GTepSysy)  —{Tol$9s%] 5 TrolSys7)  3TinlSs7
As 11rp[S7s5] 1 1rp[S7s5] —Trp[S7s] Trp[S7s)
1/i\?

:4@) (di)clilons

:3.226/!1/0&

_ jehwad (D.1.3)

where the antisymmetry of the Levi-Cevita symbol has been used.

D.2 The perturbative quark propagator

According to Eq. (C.1.26), the perturbative quark propagator in momentum space in a weak (classi-
cal) gluonic background field can be written as S(p) = >.°° ;S (p) with S (p) = —SO) (p) x
<’y/~l> S (”_1)(1)) and conventions given in Sec. C.1. By expanding the operator —I'S(O)4# over the

Clifford basis the following recursion relation is obtained for the traces of each propagator term

Trp [P0 (p)] = % S [IT5O )] 3 (D G (0)) 07 Ty [TV ()]
I/ k
(D.2.1)

For the sake of a concise notation we have defined [)Ofkg,w = — g% (Doé1 oo Do 0) and
. .

% = §* .. 9. Successive application of (D.2.1) reveals that the trace of each term (") (p) can be

written as

Trp[T'S™ (p)]
=(-1)" <le)n Z (ﬁaﬁngunun> (Daﬁlgmul> Z TTD[FnFS(O)(p)’Yun]

E1yeorskin Ty,...Ty
X <(a”naa’?n Trp [T 1 DaS© (p)y 1] ... .. (0”1 8% Trp [[;.5© (p)]>>> . (D22)
The sum runs over elements of the Clifford basis. With these reduction formulas only traces of the

free propagator S(®©) = (p + m)/(p> — m?) need to be considered. Moreover, the single traces form

a chain making the sum over I'; dependent on traces surviving from the sum over I';_;. In the limit
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m — 0 and p? # 0 we have Trp[['1S()(p,m = 0)] = 0VL # ~,. Hence, from the last trace in
Eq. (D.2.2) only v, is passed to the next trace. For the latter one we therefore have Trp[I';I'2S ©) (p,m =
0)yu] = 02 ¢ {Va,75Ya}. As Trp [75’Yarn5(0) (p,m = 0)y,] = 0V, € {7Va,¥57a} also holds,
each sum merely contains -, and v57,. Finally, we obtain for the first trace in the second line of
Eq. (D.2.2) Trp [T, TS (p,m = 0)y,] = 0VT ¢ {Ya,7V57a}, which means that Trp[T'S™ (p,m =
0)] =0VI ¢ {7v.,75vu}. As this is true for all orders of the perturbative sum, we can conclude that
Trp['S(p,m = 0)] =0V & {7, v57u}-

The same property follows from a different representation of the propagator traces (D.2.2). Upon

projection of each S(0) in S (") onto elements of the Clifford base the trace reads

Trp [FS(”) (p)]

1y
= Z Trp {I‘S(O)fyl“l“l R Fn_lfyﬂnfn} Z [Dagl g’ulyl} e [Da;ngunyn]
Ty,...0n Eiyekin
n 1/ n(a
o (—1Y" (origen, T L@ ] (g gor, Tro [ G+ m)[) (D.2.3)
A P2 — m? 2 — m2

For m = 0 and p? # 0, only <, remains in the sum over the Clifford base. Thus, only for I' € {v,,, v5v,}
there is an even number of Dirac matrices in the trace of the first line of (D.2.3). For I ¢ {~,, 57, } the

trace is zero.

D.3 Cancellation of IR divergences

This section documents the cancellation of infrared divergences for chiral partner OPEs in Eq. (4.1.6). For
the contributions to (4.1.6a) up to and including mass dimension 5, which restricts the quark propagator
to next-to-next-to-leading order and the gluon field to lowest order (cf. App. C.1 Eq. (C.1.35)), the

following traces are evaluated

Trp [S(O)(p): - p24_me, (D.3.1a)

Trp [S@ (p)’yg,aw,: —0, (D.3.1b)
Trp [S“)) (p)’y5: —0, (D.3.1¢)
Trp [S(l)(p): —0, (D.3.1d)

Trp [S(l)(p)'yg,ow: - —igm%w,\g’“, (D.3.1e)
Tip [$D (p)s] = 0, (D3.1)
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2 _g.2 MpuPa v
It is not necessary to consider traces of the second order quark propagator with 5 and o,,,: Up to mass
dimension 5 they can only be multiplied with their lowest order counterparts (D.3.1c) and (D.3.1b),
which are zero. A combination of second and first order propagator leads to mass dimension 6 terms.

Using (D.1.2) the following contributions have to be considered

HP—S(O) (Q)

d’p 0 (0) 2 (0)
— i [ ity T Tl o + [P 0]+ T (5O + )Tl )]

T[S (p-+ TS5 (5)] + 5 Trn[SE (b + o Tro [Sfﬁ(p)a“”]} ). (D32)

Due to Trp[S(©~5] = Trp[S(M~s5] = 0 for arbitrary quark masses there is no +5 contribution up to this
mass dimension. Likewise Trp[S(®V)y50,,] = Trp[S™)] = 0. Lorentz invariance requires that terms
which contain only one gluon field are zero. Therefore, a first order quark propagator must be combined
with a propagator of at least the same order. Keeping both masses finite these four terms give rise to the

following integral

) = i / (;1;}))4 v % (p+ 31)7;0— me p;h—n jnﬁTrC e
R
* 922 0+ ;L;Zc— m? [p? ég_m;zg]ﬁlp“paGﬁuGBa”ch [t447]
+ 942 [(p+ ;)Z% 22 [p? - o m2J2 G, GP T [t1¢7] ). (D.3.3)

Analyzing the integral in Euclidean space reveals the following results in terms of the integral (C.4.6).
The first term is mdmcI (q mfl, 2). The second gives rise to two terms which are oc mgm, x
Ig’?’(qQ7 m3, m2) and o mdmCI3’ (¢, m3, m2), respectively. The last term is o mdmcI2 Y(¢? ,m2,m?).
These terms are all zero in the limit my; — 0. On the other hand, the third term does not vanish for
mq — 0. It gives rise to a term o mdmclg’o (¢2, mz, m?), which diverges with mgl. Using (C.3.6) the

required projection of the gluon fields reads

ghe

vhv® vG)? 2
T (6%~ ;<gﬂa—4“ ><:<< ) —i>;>. (D3.4)

v2

(0P GLGE ) =

Note that the diagonal elements of (D.3.4) are vacuum specific, whereas the medium specific contribution

is traceless. The integral of the third term of Eq. (D.3.2) can be evaluated in Euclidean space:
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/ d4p mqme (p - q)u(p - Q)V
@mt(p—q?-—mi*  p*-m2

W.R. 2mMcMmg

3 (4m)?

%13,0,2((123771377”2)+2quqa13,2,3(q2,m?z,mz) . (D.3.5)
2

Here, the relation I5 o 3 — 214 0.3 + I3 0,3 = I3 2,3 has been used and “W.R.” indicates that a Wick rotation
has been performed. By virtue of L, (¢%, m2, m?) — Lj;x(q?, m?2, m?) the corresponding integral of the

second term in Eq. (D.3.3) can be derived. The limit mgs — 0 for both terms in Eq. (D.3.5) is

11
li I Zmim?) = ——— D.3.6a
o Mg 3,02(¢°, mg, m) g @+ m2 ( )
lim mglz23(q, m3,m?) =0, (D.3.6b)
mq—0

where Eq. (D.3.6a) reveals the famous infrared singularity from vacuum D meson sum rules (cf.
Eq. (C.4.11)). As the medium specific contribution to (D.3.4) is traceless with respect to Lorentz
indices and, due to the vanishing of the second term in Eq. (D.3.5), there is no medium specific infrared
divergent term. Hence, the only terms that have to be absorbed into the condensates by virtue of the
introduction of non-normal ordered condensates are vacuum specific. This is in line with the cancellation
of (: J’yuD,,d :) in Eq. (4.1.6) which would have to absorb the medium specific divergences. Moreover,
infrared divergent terms which enter through the medium specific gluon condensate, therefore, must be

part of the ~y,, or 57, parts of the quark propagator.

Owing to Egs. (D.3.4), (D.3.5) and (D.3.6) the limit my — 0 of (D.3.2) in Euclidean space is

_ i [ d*
=50 g) = -3 / —(%I;A:Tm[sg“)(wq)]ﬂc,D[S§2><p>]:> (D3.7)
R 1., Qs
pi —61<:?GQ:>1370,2(q2,m3,mg)mcmd (D.3.8)
1., Qs 9 M 1
= ——17(:— % . . 9
6@( 7rG >md€[2+mg (D.3.9)

To arrive at the first equality we use the fact that the lowest order quark propagator is a unit in color space

and the additional imaginary unit stems from the Wick rotation.

The normal ordered chiral condensate in lowest order of the light quark mass enters via the following

expression

_ !

2<:Jd:>TrD [Sc(q)] - (D.3.10)

(2)
H< _d> (Q)

Here, Trp [S:(q)] is the Wilson coefficient of the chiral condensate. Expressing the normal ordered

condensate by the non-normal ordered condensate (cf. Eq. (C.5.1))

(:dd:) = (dd) +i/(;1j?;4<:Trc7D [Sa(p)]:) (D.3.11)
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leads to

4
1, (@) = @) Tro [S:(0)] + 3T [5.00))1 [ 52

(2m)*
Despite the striking similarity, revealed by the projection onto elements of the Clifford basis in Egs. (4.1.5)

and (4.1.6), of the third term in Eq. (D.3.2) which has to be canceled and the additional term in

Eq. (D.3.12), a general proof cannot be given and the necessity for a precise evaluation is obvious.

(: Trep [Sa(p)]:) - (D.3.12)

Upon insertion of (C.5.1) and in the limit my — 0 the anticipated cancellation of infrared divergences in

terms of light quark masses is revealed

—_

(dd)Trp [S(q)] — 2 e L %oy (D.3.13)

1@ () WE Clme 1
(@) = 6mgq>+m2"

< 2
Adding (D.3.6) and (D.3.13) the infrared divergent term cancels out. Furthermore, Eq. (4.1.6) and the
explicit evaluation [HilO8] of the renormalization of normal ordered condensates shows that, in chiral
partner sum rules up to and including mass dimension 5 in the limit m4 — 0, only the chiral condensate
mixes with other condensates by virtue of introducing non-normal ordered condensates. Thus, apart from
the term which cancels the infrared divergence no additional chirally even terms enter and the final OPE
is chirally odd.

So far, the investigation was carried out for the spin-0 case. Fortunately, as the only formal difference
between the spin-0 and spin-1 cases is the cancellation of the projections of quark propagators onto the
tensor 0, in the spin-1 case, see Eqs. (4.1.5) and (4.1.6), from the previous evaluation it is clear that the

terms of interest are the same in both cases up to mass dimension 5.
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Acronyms

BIL
BSA
BSE
BSM
BSV

DCSB
DSE

EoM
ETC
ETCCR

OPE

QCD
QSR

VOC

Bjorken-Johnson-Low
Bethe-Salpeter amplitude
Bethe-Salpeter equation
Bethe-Salpeter matrix

Bethe-Salpeter vertex function

dynamical/spontaneous chiral symmetry breaking

Dyson-Schwinger equation

equations of motion

equal-time commutator

equal-time current commutation relation

operator product expansion

quantum chromodynamics
QCD sum rule

vanishing of chirally odd condensates
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