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Abstract

Tunneling is one of the most prominent features of quantum mechanics. While the tunneling
process in one-dimensional integrable systems is well understood, its quantitative prediction for
systems with a mixed phase space is a long-standing open challenge. In such systems regions
of regular and chaotic dynamics coexist in phase space, which are classically separated but
quantum mechanically coupled by the process of dynamical tunneling. We derive a prediction
of dynamical tunneling rates which describe the decay of states localized inside the regular
region towards the so-called chaotic sea. This approach uses a fictitious integrable system
which mimics the dynamics inside the regular domain and extends it into the chaotic region.
Excellent agreement with numerical data is found for kicked systems, billiards, and optical
microcavities, if nonlinear resonances are negligible. Semiclassically, however, such nonlinear
resonance chains dominate the tunneling process. Hence, we combine our approach with an
improved resonance-assisted tunneling theory and derive a unified prediction which is valid from
the quantum to the semiclassical regime. We obtain results which show a drastically improved

accuracy of several orders of magnitude compared to previous studies.

Zusammenfassung

Der Tunnelprozess ist einer der bedeutensten Effekte in der Quantenmechanik. Wahrend das
Tunneln in eindimensionalen integrablen Systemen gut verstanden ist, gestaltet sich dessen
Beschreibung fiir Systeme mit gemischtem Phasenraum weitaus schwieriger. Solche Systeme
besitzen Gebiete reguldrer und chaotischer Bewegung, die klassisch getrennt sind, aber quanten-
mechanisch durch den Prozess des dynamischen Tunnelns gekoppelt werden. In dieser Arbeit
wird eine theoretische Vorhersage fiir dynamische Tunnelraten abgeleitet, die den Zerfall von
Zustéanden, die im reguldren Gebiet lokalisiert sind, in die sogenannte chaotische See beschreibt.
Dazu wird ein fiktives integrables System konstruiert, das im reguldren Bereich eine nahezu
gleiche Dynamik aufweist und diese Dynamik in das chaotische Gebiet fortsetzt. Die Theo-
rie zeigt eine ausgezeichnete Ubereinstimmung mit numerischen Daten fiir gekickte Systeme,
Billards und optische Mikrokavitdten, falls nichtlineare Resonanzketten vernachlissigbar sind.
Semiklassisch jedoch bestimmen diese nichtlinearen Resonanzketten den Tunnelprozess. Daher
kombinieren wir unseren Zugang mit einer verbesserten Theorie des Resonanz-unterstiitzten
Tunnelns und erhalten eine Vorhersage, die vom Quanten- bis in den semiklassischen Bereich
giiltig ist. Thre Resultate zeigen eine Genauigkeit, die verglichen mit fritheren Theorien um

mehrere Grofenordnungen verbessert wurde.
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1 Introduction

The exponential decay rates of radioactive substances were found experimentally by Elster
and Geitel [1] in 1899, three years after the discovery of natural radioactivity. One year later
Rutherford introduced the concept of half-life times [2]. The radioactive decay is a purely
quantum phenomenon. Due to the uncertainty principle for quantum particles the position
and the momentum cannot be specified at the same time with arbitrary precision as in classi-
cal mechanics. Instead, it is described by a wave function which is given as a solution of the
Schrodinger equation. The modulus squared of this wave function is a probability amplitude
for the distribution of the particle. This probability can be positive even in regions where the
classical motion is forbidden. For example this occurs for an energy barrier of finite height
which classically cannot be passed if the energy of the particle is too low. Hence, a quantum
mechanical particle may pass through such a potential barrier which is called quantum tunnel-
ing. This occurs for the a-decay which is described by the well-known Gamov formula [3-5].
Later, electron tunneling in solids was demonstrated by Esaki [6,7] in 1957 who discovered the
tunneling diode. In 1962 Josephson studied tunneling between two superconductors separated
by a thin layer of insulating oxide which serves as a barrier. He predicted the existence of a
supercurrent caused by the tunneling of electrons in pairs [8]. Today tunneling in individual
atoms and molecules can be observed [9-12| and Bose-Einstein condensates are used to study

the interplay of tunneling with effects caused by nonlinear interactions [13,14].

The theoretical description of tunneling in all its varieties is still a challenging open problem.
For one-dimensional time-independent systems, however, it is well understood. Therefore,
these simple systems provide a good starting point for the more complicated analysis of higher
dimensional problems. Classically, particles of low energy are trapped inbetween local maxima
of a potential V' (¢). One prominent example is the one-dimensional double-well potential which
consists of two symmetry related wells. The classical motion is confined to either side of the
wells. Quantum mechanically, however, a wave packet started in one of the wells performs Rabi
oscillations between the two sites with a frequency which depends on the width and the height
of the barrier and can be predicted using WKB theory [15]. The period 7 of these oscillations is
related to an energy splitting AFE of quasi-degenerate eigenstates localized in the right and the
left well, 7 = A/AFE. This energy splitting occurs due to the tunneling process which couples the

S/

classically separated wells. It decreases exponentially, AE ~ e~5/" with increasing height and

width of the barrier. This information is contained in the action S = [ v/2m(V (¢q) — E)dq. For
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small splittings AFE the period 7 goes to infinity and the tunneling process is suppressed. This
happens when the imaginary part of the action S divided by Planck’s constant h increases. To
study this behavior quantitatively we introduce an effective Planck constant heg = h/Sy which
is the ratio of Planck’s constant h and a typical action Sy of the system. When approaching
the classical regime, the action Sy increases such that heg will go to zero. This is called the
semiclassical limit. In this limit all tunneling processes have to vanish as they are forbidden in
classical mechanics. For the energy splittings AE in the double well potential this behavior is

predicted by its exponential decrease with heg — 0.

Tunneling not only occurs for potential barriers but whenever a system consists of classically
disconnected regions. Such regions exist for higher dimensional integrable systems due to
additional integrals of motion [16,17|. Here, the tunneling process can be described by means
of the WKB or the instanton approach [18,19]. Typical Hamiltonian systems, however, are not
integrable. They have a mixed phase space where regions of regular motion, also called regular
islands, and regions of chaotic motion, called the chaotic sea, coexist. While the classical motion
is confined to these regions, quantum mechanically the dynamically generated barrier can be
penetrated. According to the semiclassical eigenfunction hypothesis [20-22] the eigenstates
of systems with a mixed phase space are semiclassically concentrated either in the regular
islands or in the chaotic sea. For nonzero values of the effective Planck constant heg this
classification still approximately holds such that the corresponding eigenstates are called regular
or chaotic. However, each eigenstate has contributions in both regions of phase space, due to the
coupling between these regions. The corresponding tunneling process has been called dynamical
tunneling by Davis and Heller [23|. Finding a theoretical description of this tunneling process
is a challenging problem for systems with a mixed phase space and the main subject of this

thesis.

In order to study dynamical tunneling Tomsovic and Ullmo [24] considered a system whose
phase space consists of two symmetry related regular islands surrounded by a chaotic sea.
They observed that the energy splittings AF between two symmetry related regular states
are drastically changed compared to the integrable potential systems discussed before, due to
the appearing chaotic states. Under variation of external parameters or the effective Planck
constant the energy of such a chaotic state will come close to those of the regular doublet. If
this happens the chaotic state mediates the tunneling process between the two islands. The
two-step process coupling the regular state from one island to the chaotic state and then to the
other island dominates compared to the direct coupling of the two regular states. This leads
to an enhancement of the energy splittings and was called chaos-assisted tunneling [24]. The
spectrum of the regular and the chaotic states can be modeled by random matrix theory [25,26].
Hence, under variation of the effective Planck constant the distance between the energies of the
regular doublet and the closest chaotic state will vary in a random way. This leads to strong

fluctuations in the splittings AFE [27-30] whose variance can be predicted by random matrix



theory. The smooth exponential decrease of AFE in the semiclassical limit h.g — 0 found for the
integrable case no longer occurs. This was theoretically verified for optical microcavities [31]

and experimentally in microwave billiards [32, 33].

In Ref. [34] chaos-assisted tunneling has been studied in absence of reflection symmetry.
Moreover, it was shown that in addition to enhanced splittings AE the complete suppression
of tunneling can be observed if the chaotic energy influences the regular doublet such that it
becomes degenerate [35,36]. Furthermore, the random matrix ansatz has been generalized to the
tunneling-induced decay of quasi-bound states in open systems, which enabled the investigation
of the ionization of non-dispersive electronic wave packets in resonantly driven hydrogen atoms
[37].

Throughout this thesis we will consider the tunneling process from a regular region to the
chaotic sea which is characterized by tunneling rates . They describe the exponential decay
~ exp(—~t) of a wave packet initially localized in the regular island to the chaotic region. This
decay occurs at most until the Heisenberg time 75 = heg/A, where A is the mean level spacing.
The tunneling rates v are directly related to the energy splittings between symmetry related
regular states, AE = ~, discussed before. Under variation of an external parameter they will
also show the fluctuations of chaos-assisted tunneling. As we are not interested in the statistical
properties of these fluctuations we consider an averaged tunneling rate, where the pronounced

impact of avoided crossings between regular and chaotic states is negligible.

A reliable prediction of these averaged tunneling rates from the regular to the chaotic region is

a longstanding open problem. As the tunneling process is significantly determined by the phase-

Figure 1.1: Dynamical tunneling in systems with a mixed phase space: The purple arrows
indicate the tunneling process from a regular island (red lines) to the chaotic sea (blue dots)
with a tunneling rate ~.
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space structure of the system, semiclassical approaches which use this classical information
have been considered [38-41|. In the quantum regime, heg < A, in which the effective Planck
constant heg is smaller but of the same order as the area A of the regular island, fine-scale
structures in phase space such as nonlinear resonances or the hierarchical transition region
are expected not to affect quantum mechanics. Hence, the direct reqular-to-chaotic tunneling
process dominates, which couples the considered regular wave packet to the chaotic sea without
intermediate processes. In Ref. [42] a qualitative argument for the tunneling rates to behave
exponentially as v oc exp(—CA/heg) was given, where A is the area of the regular island and
C' is a non-universal constant. The constant C' has been calculated for various situations: For
a Wannier-Stark potential one obtains C' = 27 [43] and C' > 27 for rough nanowires |44, 45|.
Podolskiy and Narimanov [46] introduced an approach which claims a universal prediction of
direct dynamical tunneling rates given by C' = 2 — In4 in the semiclassical limit. As shown in
Ref. [47] a correct implementation of this approach actually yields C' = 3 —In4. However, even
this corrected prediction fails for generically shaped regular islands as it uses a transformation
to a harmonic oscillator which does not account for the variation of the rotation number from

the center to the border of the regular island.

One aim of this thesis is to obtain an analytical prediction of the direct regular-to-chaotic
tunneling process. For this we introduce a fictitious integrable system whose dynamics resembles
the regular motion in the originally mixed system as closely as possible and extends it towards
the chaotic sea, similar to the ideas presented in Refs. [28,46]. This leads to a tunneling formula
involving properties of this integrable system as well as its difference to the mixed system under
consideration. It allows for the prediction of tunneling rates from any quantized torus within
the regular island [48]. The successful application of this approach to quantum maps [48,49],

billiard systems [50], and optical microcavities [51] will be presented.

In the semiclassical limit, hog << A, the fine-scale structures of the classical phase space can
be resolved by quantum mechanics. Especially nonlinear resonance chains have an essential
influence on the tunneling process which cannot be described by direct tunneling. Due to these
nonlinear resonances quasi-degeneracies between regular states occur [52], leading to couplings
of these states which are located on different quantizing tori. This causes an enhancement of
the tunneling rates for states located in the center of the regular island as they are coupled
to higher excited regular states which have a larger tunneling probability. A quantitative
understanding of these coupling processes was obtained within the theory of resonance-assisted
tunneling [53-56]. It approximates the dynamics in the vicinity of a nonlinear resonance by a
pendulum Hamiltonian which can explain the couplings between the regular states. They cause
characteristic peak and plateau structures in the tunneling rates as observed for near integrable
systems [53, 54|, mixed quantum maps [55, 56|, periodically driven systems [57,58|, quantum
accelerator modes [43], and for multidimensional molecular systems [59, 60]. Quantitatively,

however, deviations of several orders of magnitude appear, especially in the experimentally



relevant regime of large effective Planck’s constant heg.

As a result, neither the direct tunneling process nor resonance-assisted tunneling alone pro-
vides an accurate prediction of tunneling rates in generic systems from the quantum to the
semiclassical regime. A natural conclusion would be that a more sophisticated semiclassi-
cal approach has to be considered which e.g. uses the complex-paths formalism introduced in
Refs. [38-41|. However, we show that by a combination of the direct tunneling process described
by the approach using a fictitious integrable system and the resonance-assisted tunneling theory
a prediction can be obtained which is valid from the quantum to the semiclassical regime. We
derive a unified framework for the determination of dynamical tunneling rates and consider
two improvements in the implementation of the resonance-assisted tunneling theory compared
to previous studies [61]. This leads to an excellent prediction of tunneling rates compared to
numerical data for one or multiple dominating resonances. It includes the regime where reso-
nances start to become relevant which is of crucial importance for the experimental search of

signatures of resonance-assisted tunneling.

This thesis is organized as follows: In Chapter 2 a short review of WKB theory is presented
and applied to static one-dimensional potentials with a double-well shape, in order to under-
stand one-dimensional tunneling in the semiclassical limit. Concepts introduced in this chapter
will turn out to be useful for the description of dynamical tunneling in systems with a mixed
phase space. For this purpose example systems with a suitable phase space are introduced in
Chapter 3. Especially one-dimensional kicked systems can be tailored to special needs. Their
classical dynamics can be visualized in phase space by a stroboscopic area preserving mapping
which can be easily quantized. With particular choices for the potential energy V' (¢) and the
kinetic energy T'(p) we are able to design models in which one elliptic regular island without
nonlinear resonance chains exists inside a homogeneous chaotic sea. The shape of this island can
be deformed to obtain a more generic situation. This allows for studying the direct tunneling
process without distracting effects caused by nonlinear resonances, partial barriers, or hierar-
chical regions. Furthermore, it allows to design systems which show one or multiple resonances
in order to study the implications of resonance-assisted tunneling. We also discuss the design
and the quantization of such mappings and numerical procedures suited to determine tunneling
rates. Systems which are commonly used in experiments in quantum chaos are two-dimensional
billiards and optical microcavities. We introduce their classical and quantum properties and
show how tunneling rates can be determined numerically. In Chapter 4 dynamical tunneling is
considered for quantum maps. First our approach using a fictitious integrable system is derived
for the direct tunneling process and applied to various example systems. Then its unification
with resonance-assisted tunneling is presented which shows excellent agreement to numerical
data. In Chapter 5 the direct tunneling prediction is derived for billiard systems and applied
to the mushroom, the annular, and the cosine billiard. Comparison with numerical data as

well as experimental data for the mushroom billiard is presented. For billiards with two par-
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allel walls, the tunneling of bouncing-ball modes which are localized on the marginally stable
bouncing-ball orbits is investigated. The tunneling rates show a power-law behavior in contrast
to the exponential decrease found for the mushroom and the annular billiard. The influence
of dynamical tunneling on the quality factors for whispering-gallery modes in the annular mi-
crocavity is considered in Chapter 6. Finally, a summary of the results of this thesis and an

overview of open questions is given in Chapter 7.



2 Barrier tunneling in one-dimensional

systems

Before we study tunneling processes in systems with a mixed phase space we consider one-
dimensional time-independent systems in which energy barriers may limit the classical motion of
a particle. These barriers can be penetrated quantum mechanically due to tunneling. According
to Bohr’s correspondence principle we expect a transition from quantum to classical mechanics
in the semiclassical limit. In the transition region signatures of classical trajectories can be found
in quantum spectra and eigenfunctions. As we are particularly interested in a description of the
tunneling process in the semiclassical limit the question arises if there exist certain methods
which allow to solve the Schrédinger equation in this limit. One possibility is given by the
WKB theory which is introduced in Section 2.1 according to the presentation in the textbook
of Landau and Lifschitz [15]. Tt is applied to the derivation of the Bohr-Sommerfeld quantization
and the Gamov theory. In Section 2.4 we present the double-well potential as an application

and in Section 2.5 we discuss a d-scatterer.

2.1 WKB method

In the following we consider a spinless particle of mass m which moves under the action of
a potential V' (q). We use dimensionless variables as introduced in Appendix A. In 1926
Wentzel, Kramers, and Brillouin developed an approach for the approximate determination
of eigenfunctions in one-dimensional time-independent systems which are separable. If the
de-Broglie wave length A of a particle is much smaller than the characteristic length of the
considered system, it has almost classical properties. One example is given by a constant
potential V(q) := Vj for which the eigenfunctions of the Hamilton operator

A A2

H(d.5) =% + V(@) (2.1)

are simultaneously eigenfunctions of the momentum operator with the eigenenergies £ = p?/2.
In position representation they are given by plane waves {(q|p) = %" /\/2wh.q. Hence, in the

case of weakly changing potentials we may use the following approach for the determination of
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the eigenfunctions v)(g) in position representation

(o) = A

eff

S <Q)) (2.2)

in which A denotes the amplitude and S(q) the phase factor which depends on the position q.

This approach can now be inserted into the time-independent Schrédinger equation in position

representation
h2e d?
_ e o) = 2.
(v - B) v -0 (23)

resulting in a differential equation for S(q)

1 /dS(q)\*  herd2S(q)

— | —= — E=0. 2.4

2(@)*21 a2 TV ! (2:4)

Semiclassically the effective Planck constant h.g goes to zero. Hence, for a semiclassical pre-

diction it is reasonable to expand the function S(q) into a power series in fieg

h. et

i)+

S(q) = S()((]) + ) Sz((]) + ... (25)

Approximate eigenfunctions are obtained by iteratively using the expansion of Eq. (2.5) in

Eq. (2.4). In zeroth order we obtain

Solq) = i/ V2(E—-V(g)dg=+ /p(Q) dq. (2.6)

The integrand is given by the classical momentum p(q) of the particle at energy E. Neglecting
all terms which are quadratic in heg the first order of S(q) is given by

S =t ( p(q) |> 27

with a prefactor c. Higher orders of S(g) in heg can be obtained in a similar way, yet they are

more complicated and provide no further semiclassical insights. Hence, up to first order in Aeg

the WKB wave functions are determined as

¥(q) = ;}q” exp (h%ﬁ/p(Q) dq) + %e@ (—éfp(@ dQ) (2.8)

inside the classically allowed region, in which £ > V(gq). The prefactor 1/4/|p(q)| can be
understood in the following way: The spatial probability density ¢*¢ is proportional to 1/|p(q)]
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which is equal to the probability density of a classical particle with energy E confined in a
potential V'(¢). Inside the classically forbidden region, £ < V(g), the momentum is purely
imaginary such that the exponents in Eq. (2.8) become real. We find

Y(g) = \/f;é—q”exp (—h;/lp(Q)ldQ) + \/|Z;(ZT)|6XP <htﬂ/|p(Q)|dQ)- (2.9)

The wave functions described by Eqs. (2.8) and (2.9) are exact solutions of the Schrodinger

equation for free particles and give a reliable approximation for weakly changing potentials. For
its applicability the second term on the left-handed side of Eq. (2.4) has to be small compared

to the first term, i.e.,

d 1 dX
- — | <1 2.10
3450(0) (2.10)

dg

d 1
dg p(q)

2T

’:heﬁ

’_1

in which ’ denotes the derivative with respect to q. The de-Broglie wave length is not allowed
to change considerably on the scale of its own length. This is equal to the requirement that

the potential has only small changes on the length scale of A
dv Vo
—~ =<1 2.11
S|~ < (2.11)

For small momenta but especially at the classical turning points for which p(q) = 0 the WKB
solution should not be used, as it diverges for |p(q)| — 0. The de-Broglie wave length tends to
infinity. Hence, it is not small compared to the variation of the potential V' (¢). Using uniform
approximations 62| this problem can be avoided. One approach for the semiclassical evaluation
of the Schrédiger equation is given by using a slightly modified potential U(q) ~ V'(¢), which
is chosen in such a way that divergences do not appear [63,64]|. However, in general it is
not possible to find such a potential U(q) for all positions ¢q. Hence, the modification of the
potential is restricted to the vicinity of the classical turning points, e.g. by expanding the
potential up to first order around a turning point [65,66]. In this region the Schrédinger
equation is identical to the Airy equation, whose solutions are the Airy functions Ai(g) and
Bi(g). Finally, the WKB wave functions in the different regions have to be matched such that
they are continuously differentiable. This fails if two turning points are too close together.
Alternatively, the integration paths may be continued into the complex plane to avoid the
divergences at the classical turning points. Here, however, the Stokes phenomenon has to be

accounted for which leads to exponentially diverging solutions [15].

We will now consider the situation of classically bounded motion at energy E, in between
two classical turning points a and b with a < 0. In the regions ¢ < a and g > b classical motion
is forbidden. This situation is depicted in Fig. 2.1. The bounded solutions of the Schrédiger
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a b q

»
>

Figure 2.1: The WKB solution inside a confining potential V' (q) (black line) at energy Ej
is shown in the classically allowed region /7 (red line) and in the classically forbidden regions
I and IIT (blue lines). At the turning points ¢ = a and g = b for which V(q) = Ey holds
divergences occur due to the zero denominator appearing in Eq. (2.14). For comparison the
exact eigenfunction of the system at Ej is presented as a gray line. While in the vicinity of
the turning points deviations to the WKB solutions are visible they vanish further away from
these points.

equation have to be square-integrable. They have to fulfill

/ ()P dg < oo. (2.12)

Hence, in the classically forbidden region the wave function results from the first exponentially
decaying term in Eq. (2.9) only, as the second term would violate Eq. (2.12). To determine
the unknown constants C', Cy, D¢, and Dy the wave functions defined on the different regions
I, I, and I1I have to be matched. For this purpose we study the wave functions in vicinity
of the classical turning points. To avoid the divergences at these turning points, the potential
V(q) can be linearized around ¢ = a and ¢ = b. In the vicinity of a the expansion reads
E—-V(q) = Fy(q — a), Fy=— ((ii—‘; < 0. (2.13)
g=a
The motion takes place under the action of a constant force for which the solution of the
Schrodinger equation is known. This allows to match the wave functions defined in the clas-
sically allowed and forbidden region at the turning points. Using these procedures two of the
constants C, Cy, Dy, and Dy are determined. We find C' := €4, " := Cy, D; = C'/2, and
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Dy = C"/2. Finally, for the WKB wave function at energy Fj it is found in first order in Aeg

;

o exp L /“ Ip(q")| dd’ q¢<a
2/1p(q)] fiet J ’
q
C . 1 T
Y@= T | /p(e/) d'+7]  asg<b (2.14)
' 1
————exp | —7— / Ip(¢) dg" | , q>0D
2/1p(q)] fres )

It remains to determine the two unknown constants C' and C’ which are fixed due to the
normalization of Eq. (2.14). As almost all of the weight of 1(q) is concentrated in the classically
allowed region, it is sufficient to integrate over |¢|? in the interval (a,b). In the semiclassical
limit Aeg will go to zero such that the sine function in Eq. (2.14) becomes a rapidly oscillating
quantity. Hence, its square can be approximated by its mean value 1/2. Using the frequency

of the classical motion w = 27 /T the constant C' is determined with

0o q
C? 1 T
1 = /qudq ~ sin? —/pq’ d¢' + = | dgq 2.15
J vl ™ | ) P9 (2.15)
C? / d C? e C’T(E C?
z—/—q:—/dt: (£) _ Cm (2.16)
2 J |p(9)] 2 s 4 2w(E)
such that
2
C = +/2 (2.17)
T

in which the positive sign is relevant for C' and C" = C or C" = —C'. The frequency w(F) is a
function of the energy.

Fig. 2.2 shows a comparison of the WKB solutions and the analytical eigenfunctions of the
harmonic oscillator, V(q) = w?¢?/2, for w = 1. While the divergences in the vicinity of the
turning points are visible, the affected region shrinks for higher excited regular states, which

here corresponds to the semiclassical limit.
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-2

Figure 2.2: The WKB solutions for the first four eigenenergies E;, ¢ < 3, in the harmonic-
oscillator potential are shown in the classically allowed region (red line) and in the classically
forbidden regions (blue lines) for fi.g = 0.4. At the turning points ¢ = a; and ¢ = b;
divergences occur due to the zero denominator appearing in Eq. (2.14). For comparison the
exact eigenfunctions of the system at energy FE; are presented as a gray line.

2.2 Bohr-Sommerfeld quantization

Using the Bohr-Sommerfeld quantization [15], to each bounded state a quantizing action is
assigned which corresponds to an area in phase space. Its derivation results from the WKB

solutions inside the classically allowed region. Using the abbreviations

q b
1 T 1 T
A — / / — B = ! ! — 21
heH/p(q)dq +7 and heﬂ/p(q)dq +7 (2.18)
a q
we find with Eq. (2.14)
/
¢ sin(A) = ¢ sin(B). (2.19)
p(q)] Ip(q)]

The constants C' and C’ are allowed to differ only in their sign. Hence, for the arguments A

and B we obtain

A+B=(m+1)mr, meN (2.20)
due to
sin(A) = sin((m+ 1)m — B) (2.21)
= sin(B)cos((m+ 1)w) = (—1)""!sin(B) (2.22)
= O = (-1)"C. (2.23)

The situation A = B is possible for p = 0 only which is not relevant. Furthermore, only

non-negative quantum numbers m are considered. By insertion of Eq. (2.18) into Eq. (2.20) we
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find

/p(fJ’) dg' + g = (m+ 1)m. (2.24)

a

1
A+ B =
* heﬂ

We obtain the Bohr-Sommerfeld quantization by replacing 2 ff = ¢ as

fm p(q) dg = 2mheg (m + %) = heft (m + %) (2.25)

in which the integral fcm p(q) dg determines the area enclosed inside of the phase-space tra-
jectory C,, of the classical particle. If we divide this area by heg we find approximately m
partitions. At the same time m denotes the number of bounded states which have an energy
smaller than the energy of the considered particle. Hence we can assign a phase-space cell of
size heg to each state |¢). For a visualization see Fig. 2.3. Trajectories which enclose an area

of heg(m + 1/2) in phase space are called quantizing tori and m is their quantum number.

The open question remains, which energy can be assigned to such a quantizing torus. As

presented in Appendix C.1 we find

E@®) = /bdA(b'> Ly (2.26)

LAy T@)

Figure 2.3: The phase space (q,p) of a one-dimensional time-independent system with a
confining potential is shown. The Bohr-Sommerfeld quantization states that each trajectory
which encloses an area of heg(m + 1/2) (rose area) supports an eigenstate of the system with
energy E,,. This area is obtained by integration along the momentum branches p;(q) (green
line) and p_(q) (blue line). The effective Planck constant describes an area in this phase
space which is marked by a small gray rectangle.
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This expression is valid for trajectories with two turning points a and b. It predicts the energy
as a function of the enclosed area A and the classical time-period of the motion T'. It is also

applicable to time-dependent one-dimensional systems as presented in Section 3.1.

2.3 Gamov theory

In the following we consider the scattering process of a particle at energy Fy due to an energy
barrier [67]. The classically forbidden region is limited by the turning points a and b, while for
q < a and q > b classical motion is allowed. This situation is depicted in Fig. 2.4. The WKB

solution within the region ¢ < a has the form

a

@Z)I(Q):LSin ! / p(¢)dg + 2. (2.27)

V1Ip(9)] Rest J 4

It can be decomposed into a wave which is incoming from the left and a wave which is reflected

at the energy barrier

C

I — eiA . efiA ’ A= 1
Yr(q) SN O ( ) -

/ p(q)dg + Z. (2.28)

Figure 2.4: Illustration of transmission through a potential barrier. An incoming wave v (q)
of energy Ey (red line) hits the barrier and decays exponentially to its inside (blue line) in
region II. An exponentially small amount of probability is transferred to region I1I which
depends on the width of the barrier (in between the turning points a and b) and its height.
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Both contributions have the same amplitude, which is valid only for broad and high potential
barriers such that the reflection probability is R &~ 1 and the transmission is T' < 1. If we
neglect the exponentially increasing term, the WKB wave function in the classically forbidden

region is given by

Yrr(q) = 2\/—

and the transmitted wave is outgoing to the right

q
1
5 [ ad (229)

q

Yir1(q) = eXp hiﬂ / p(q)dq" | . (2.30)

2 b

The WKB solutions have to be matched continuously at the turning points. Due to the condi-
tion Q/}[[(b) = w[[[(b) we find

C' = C exp

b
1
- / Ip(d)dq" | - (2.31)
The transmission probability 7" is determined using the probability currents

=t (w0 5 vto) (282

of the incoming and the transmitted wave, T = |j;|/|7;|, such that we obtain

T:—
o exp

/Ip )| dg | - (2.33)
Equation (2.33) allows to determine the transmission probability 7' through one-dimensional
potential barriers of sufficient width and height. It is determined by the imaginary action which
is obtained by integration of p(q) in the classically forbidden region. Hence, it will decrease
exponentially with increasing height and width of the barrier as well as in the semiclassical

limit Ay — 0.

2.4 Application to double-well potential

We consider the one-dimensional double-well potential which is used, e.g. in its symmetric
version to describe the inversion oscillations of the NH3 molecule. Furthermore, is has certain

similarities to higher dimensional systems which will be employed to study dynamical tunneling
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in Chapter 4. Hence, it is chosen as an example system to study the one-dimensional barrier-

tunneling process [68]. The potential energy is given by
V(g) =q" —¢* +rq (2.34)

in which the parameter x can be chosen as an arbitrary real number. For x = 0 the system
has a reflection symmetry with respect to ¢ = 0, while the double well is asymmetric for x # 0.
Particles which have an energy F < 0 are classically confined to the left or the right well.
For such particles we can neglect the quantum mechanical coupling between the two wells in
first order and separately apply the Bohr-Sommerfeld quantization to each of the wells. It
allows to find the quantizing tori Cy, in the left and Cg in the right well, which can be assigned
with an energy Ep(x) and Egr(x) due to Eq. (2.26). The corresponding states |¢) and |¢g)
which are localized in the left or the right well are constructed by means of WKB theory. As
the quantum numbers m; and mpg are irrelevant in the following derivations they will not be

explicitly mentioned.

Under variation of the parameter s crossings between the semiclassical energies Fr(x) and
Ep (k) appear at certain values of k. As an example we find F;, = Er for my = mpg if kK = 0.
Hence, in the symmetric case, k = 0, the WKB solutions with the same quantum number in
the left and the right well are degenerate. In the asymmetric situation this is not possible and
there only exist crossings with mp # mg.

The exact eigenfunctions of the double-well system are not limited exclusively to one of
the two wells due to the tunneling effect. In the vicinity of a crossing of EL(x) and Eg(x) the
corresponding eigenenergies of the real system E, (k) and E_ (k) exhibit an avoided crossing [69].
The minimal distance of the two energies is denoted by AE(k) := F_(k) — E, (k). Fig. 2.5
visualizes this behavior. Our aim is to determine the energy splitting AF/(k) semiclassically.
Hence, we choose k = Kk, such that at least one avoided crossing appears, which we will consider

in the following. We define

H = H(k=FKe), (2.35)
E+ = E+(/‘€ = K‘CI")7 (236)
E_ = E_(k=Fka), (2.37)
Ey:=FE,=FEr = EpL(k=ka)=FEr(k=FKe) (2.38)
We want to approximately solve the eigenequation
H|ipy) = Eslips). (2.39)

The WKB wave functions in the left and the right well, ¢;,(¢) and ¥r(q), are constructed such
that they decay exponentially into the other well. According to Tomsovic and Ullmo [24] this
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1
K"CI‘

\

Figure 2.5: Two eigenenergies £ and E_ of the double-well potential perform an avoided
crossing at ke, marked by the thick black line in (a). The corresponding WKB energies ER
(blue line) and FEy, (red line) cross at ke, at energy Ey. The energy splitting AE of E; and
E_ at K¢ is shown. The insets (b) and (c) show the WKB wave functions ¢y, and ¢r at
energy Fy in the left and the right well and their quantizing curves Cy, and Cg in phase space.
The eigenfunctions of the real system ¢4 and 1 _ are presented in (d) which are given as even
and odd linear combination of 1y, and ¥g at different energies £, and E_. The classically
allowed regions are limited by the turning points a’, b’ in the left and a, b in the right well.

can be achieved by the multiplication of the WKB solutions with arbitrary smooth functions,

vr(q) and pg(g), which account for the exponential decay. This procedure is identical to the

introduction of smooth potentials V1, (¢) and Vi(q) which are equal to V(¢) in the left or the

right well and fulfill the conditions V(q) > Ey and Vz(q) > Ey in the other well, respectively.

Hence, the states [¢;) and 1) are eigenstates of the systems Hj, and Hp which include just

one region of bounded motion

They fulfill the eigenequations

Hi|ir)
Hylvg)

= Eol¢r),
= Eo|vr)

(2.40)

(2.41)
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in which |¢1) and |¢r) are degenerate at Ey. In the semiclassical limit it is not relevant how
the potentials V;(q) and Vg(q) are continued into the respective other well. The eigenstates
|th+) of the system are given as linear combinations of the WKB solutions |¢1) and [¢g) in

lowest order
1

V2

in which we assumed (¢ |1r) < AE which is valid in the semiclassical limit. This assumption

V1) = —=(|vr) £ [¥r)) (2.44)

can be explicitly verified for a double well which consists of two joined harmonic oscillators [68].
Hence, the semiclassical eigenfunctions [¢;) and |¢g) are assumed to be orthogonal in the

following.

To determine the energy splitting AFE we consider the following expression

Be = (v |it]es) (2.45)
~ g (v v | B £ ) (2:46)
= ((oe|afun) + (vn|Bvn) + (on | A wn)  (vn |B]0:)) @247
= By = % <2E0 + <wL ’H - FILWL> + <wR ’H - FIR’ wR>
+9 <¢R }H - ﬁL‘ ¢L>> . (2.48)
One obtains

AE=—E —E, = -2 <¢R ‘H - fIL} ¢L> (2.49)
~ -2 <¢R ‘H‘ ¢L>. (2.50)

Furthermore, we consider the matrix elements
(vuym|[Bnm) = 3 (e £ oo | ] gr v (2.51)
Gl ) 2 ile))
_ %(E +E,) (2.53)
~ E (2.54)

The Hamilton operator projected onto the two states |11) which are involved in the avoided

crossing is given by a 2 X 2 matrix

A
R e 2.55
(2x2) — _AE . ( . )

2
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Hence, the avoided crossing is described by a two-level system. This assumes that the avoided
crossing is isolated and any other states are far away in energy. Equation (2.55) has a similar
form as presented in Ref. [24] but the off-diagonal elements show a different sign. This causes
the symmetric eigenstate |1 ) to have a lower energy than the antisymmetric state, £, < E_.
For the eigenvalues and eigenvectors of H, (2x2) we find

;%wmﬂm» with  Bi— BT 28 (2.56)

he) = 9
which is identical to Eq. (2.44). For the further analytical derivation we go to position repre-

sentation and consider the difference

A

V(@) HY(a) = 1 (@) HY-(q) = (Ey — B2 (9)9-(q)- (2.57)

As the eigenfunctions ¢4 (¢q) are not exactly known we integrate Eq. (2.57) in the interval [go, 00)

in which ¢g is an arbitrary position under the barrier, inbetween o' and a, see Fig. 2.5,

o0

(Ey —E.) / Vi(d)-(¢)dg = / dg' (w_<q’>ﬁ¢+<q’>—¢+<q’>ﬁw_(q’>). (2.58)

q0

Using
70 O T 2 (2.50)
we find |
AE:-%;jw(wwﬂ%gﬁ—mwﬂ%gﬁ) (2.60)
’ dy-_(q')

- @/}+(q')

q0

). (2.61)

After inserting Eq. (2.44) into Eq. (2.61) we obtain the final result for the energy splitting in

\ dq’

q

the double-well potential

W) o nd0u(d) ) (2.62)

AE = i N—=

y—

9 =40

which depends on the WKB solutions ¢,(q) and ¥r(q) and their derivatives.

This result can be obtained with an alternative approach. For this purpose we introduce a
hermitian operator © with the property: ©[¢) &~ 0 and O|¢g) ~ |¢g) [70]. Using the two-level
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system, Eq. (2.55), we find
A A AFE A A AFE
(][ 216 [0) = 55~ (o[ O] ) = (v 6] v)) = 5 263
The energy splitting is given by the matrix element in Eq. (2.63) which involves the localized
states [¢,) and [¢g). The operator © can be defined as a projector onto the right well which

can be modeled by a Heavyside step function ©(¢' — o). In position representation it follows

~D A
v al 1P sl _ hep | d r_ hegr | d I H
[H,@} = [2,@} = = [dq,,@(q qo)] + 2 dq,,@(q Q)| p  (2.64)
heg . .
= T (0 — ) +3(d — ) p) (2.65)

which together with Eq. (2.63) leads to

o0

a8 =2 (un|[1,6] vn) = # [ aaunte) (LT 1 ot ) v 260
= i () M v )| (267

It is identical to Eq. (2.62). Now we may use the explicit expression for the WKB solution
given by Eq. (2.14) in the classically forbidden region. The tunnel splitting is obtained as

Ap = M exp [ — ! / Ip(q')| dg’ (2.68)
s Pt /

in which w := \/wrwr, and wp 1 denote the oscillation frequencies in the two wells. The larger

the energy Ey, the smaller the integral in Eq. (2.68). Hence, the energy splitting increases with

increasing energy and decreases exponentially in the semiclassical limit A.g — 0. Note that this

expression for the energy splitting and the Gamov result of Eq. (2.33) vary by a factor of two

in the argument of the exponential. For situations with a large right well both are related by

Fermi’s golden rule

2

_ 2 p(Enny) (2.69)

AEmLHmR
’YmL—wnR - FI, &
(S}

2

in which 7,,, ., describes the tunneling rate from a state localized in the left well of quantum
number my, to the state mpg in the right well, pr(E,,,) is the density of states in the right well,
and AE,,, m, denotes the energy splitting. Equation (2.69) describes an exponential decay of

the initial wave function with 7y, —m, at most up to the Heisenberg time ¢ty = hegpr(Emy)-
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2.5 Application to /-potential

We study a one-dimensional system which consists of an infinitely high barrier at ¢ < —1 and
a d-peak of strength Uy at ¢ = 0. We may close the system by an additional infinitely high
potential barrier at ¢ > b or consider the situation in which V(q) = 0 for ¢ > 0, see the inset
in Fig. 2.6. We use h = 2m = 1. This system shows similarities to time-dependent or higher
dimensional systems which we will study in the next chapters and allows for an analytical
analysis as well as simple numerical simulations. It is particularly suited to compare different
numerical methods for the determination of tunneling rates. We consider (i) the time evolution
of a wave packet localized in the left well, (ii) the determination of avoided crossings under the
variation of b, and (iii) the determination of the poles of the scattering matrix for the open

system.

Let us start with the closed case. For —1 < ¢ < b the Hamiltonian is given by
H = p* + Upd(). (2.70)

Its eigenfunctions have to be zero for ¢ < —1 and ¢ > b. In the region I for —1 < ¢ < 0 and

the region /1 for 0 < g < b we use as an ansatz for the wave function

Yi(q) = Asin[k(q+ 1)], (2.71)
Yule) = Bsinlk(g— )] (272)

By integrating over an infinitesimal region including ¢ = 0 we find for the continuity conditions
at ¢ = 0: ¥7(0) = ¥;7(0) and ¥},(0) — ¥}(0) = Uptpr(0). Using A = asin(kb) we obtain

B = —asin(k) and the eigenenergies E,, = k2 are given implicitly by
0 = Uy sin(k,b) sin(k,,) + ky, sin(k,b) cos(k,) + ky, sin(k,,) cos(k,b). (2.73)

This equation has to be solved numerically. By integrating over the squared wave function from

z = —1 to x = b we find the normalization constant as

a= ! . (2.74)

\/ﬁ sin®(kb) (— cos(k) sin(k) + k) + 5 sin®(k)(— cos(kb) sin(kb) + kb)

After solving the implicit Eq. (2.73) to obtain the eigenvalues E,, = k? the eigenfunctions are

analytically known.

For the open system we make the ansatz

vr(q) = Asinfk(q+ 1)}, (2.75)
Urr(q) = e * 4 pehe, (2.76)
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At ¢ = 0 the same conditions hold as for the closed system discussed before. This leads to the

reflection coefficient

. Uo + ik + k cot(k)
ik — Uy — kcot(k)’

(2.77)

Now we may compare tunneling rates obtained by three different approaches: (i) We start a
wave packet in the left well and determine the overlap at time ¢ with the initial wave packet at

t = 0. For not too short times and sufficiently large b we expect

() (0)* ~ e (2.78)

and obtain v by an exponential fit. (ii) In the closed system eigenenergies corresponding to
states localized dominantly in the left well will stay almost unchanged under the variation of
b. The eigenenergies associated with states which are localized in the right well, however will
change. Therefore, under the variation of b we find avoided crossings between a state localized
on the left and states localized on the right. We numerically determine the energy splittings

AFE and use Fermi’s golden rule to obtain the tunneling rates
T 2
v = SUAET(E) (2.79)

in which

1

E) = ——
p(E) VE+ T

(2.80)
denotes the density of states in the right well. (iii) We determine the poles of the scattering
matrix in the open case. For this purpose we insert complex k-values into the expression of
the reflection coefficient, Eq. (2.77), and numerically determine its roots. The energies of the

resonances are now complex: F = Fy +iy/2.

Comparing the three numerical methods under variation of Uy we find agreement especially
for small tunneling rates, see Fig. 2.6. Furthermore we find that these tunneling rates decay
algebraically with Uy for sufficiently small . For a theoretical prediction of the tunneling rates
we consider a system which is open to the left and to the right with a J-scatterer at x = 0.

Here, the transmission probability is given by

1

U
T+152

1

T+ 3%

(2.81)
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To predict the tunneling rate we use

k
v~ Th=——( (2.82)

Ug
T+ 3%

which is in good agreement to the numerical data, see Fig. 2.6. In contrast to the exponential
decay which is found for solid barriers, see Eq. (2.33), the considered J-barrier accounts for

algebraically decaying tunneling rates.

10"

+ av. Cross.

x poles

10° “ o time evol.
g theory
Y
107!
1072
1073
10*4 _1| 0 q 1 b 1 1
50 100 200 U 400

Figure 2.6: Tunneling rates v under variation of the strength Uy of the d-barrier on a
double-logarithmic scale for the four resonance states of lowest energy in the left well. We
compare numerical data obtained by the evaluation of avoided crossings (plus symbols), poles
(crosses), and time evolution (circles) to the prediction of Eq. (2.82) (lines). The lower inset
shows the considered potential energy with a hard wall at ¢ = —1, the §-peak at ¢ = 0, and
the confining barrier at ¢ = b which does not exist for the open system.






3 Model systems with a mixed phase

space

In the last chapter we have studied the process of barrier tunneling in one-dimensional time-
independent systems which are integrable. The motion takes place on invariant tori. Now
we want to investigate more complex systems which are called mixed systems as they show
invariant tori as well as chaotic dynamics. Here the process of dynamical tunneling which
is the topic of this thesis occurs. Thus, we want to introduce systems which are well suited
to study this process. We restrict ourselves to systems with at most two degrees of freedom
as already here all essential features of the mixed dynamics can be observed and numerical
calculations are still feasible. Specifically, we consider kicked systems, billiards, and optical

microcavities, which will be shortly introduced in this chapter.

3.1 Kicked systems

Kicked systems are particularly suited to study classical and quantum effects appearing in
a mixed phase space as they can be easily treated analytically and numerically. In contrast
to time-independent systems where at least two degrees of freedom are necessary to break
integrability, one-dimensional kicked systems can show chaotic motion as the energy is not

conserved due to their time dependence.

3.1.1 Classical maps

We study time-periodic one-dimensional kicked systems described by the Hamilton function

H(g,p,t) =T(p) +7V(q) Y _(t —n7) (3.1)

nez

where T'(p) is the kinetic energy and V'(¢) is the potential. Some examples for the choice of
these functions are given below. The potential V' (g) is applied just once per kick period 7 at
t, = n7. In the mean time the dynamics evolves freely according to T'(p). Throughout this

thesis we will use 7 = 1. To investigate these kicked systems it is appropriate to consider
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Hamilton’s equations of motion

_ OH(g,p,t) 9T(p)
= =y, =Tw) (3.2)
b o= _am;(’]p’t) - _agé‘ﬁ S —t) = -V'() Y d(n—1). (3.3)

nez neL

We find that in between the kicks the momentum p stays constant and is changed instanta-
neously at the kicking times ¢,, = n. As the dynamics in between the kicks is integrable it is
sufficient to look at the dynamics of the system just once per kick period at ¢, = n + ¢, where
0 < € < 1. The continuous dynamical system described by Hamilton’s equations of motion
is reduced to a mapping F., which describes how the points (g,,p,) have evolved after one

additional period of time

(Qn-l—lapn-‘rl) = ﬁE(Qnapn) (34)

Such a map is called a stroboscopic map, see Fig. 3.1. For kicked systems the map F, can

be explicitly calculated by integrating Eqs. (3.2) and (3.3) over one period of the driving [71]

n+1+e n+1+e n+1 n+1+e
Qo1 = Gn = /Q(t)dtz / T'(p)dtI/T’(p)dH / T'(p) dt
n—+e n—+e n4+e n+1
= (1=¢T"(pa) + €' (pat), (3.5)
n+1+e n+1+e
Prs1—Dn = /p(t)dt:— / V() S 6(m—t)dt = ~V'(q(n + 1))
n-+e n-+te =
= V(g + (1 —=€eT (pn)). (3.6)

The phase-space coordinates (g,.1,pnt+1) result from the coordinates at the previous time

(@n, pn) through the mapping F,

£ ot = o+ (1= T (pn) + €T (posa),

Fe: (3.7)
Pt = Pn— V(g + (1= €)T"(pn)).

In the literature three specific values for € are commonly used. First, one can consider the
limes € — 0" which means that we evaluate the dynamics infinitesimally short after each kick

at t, = n. The mapping Fy =: F then has a simpler form

Gn+1 = Qn + T/(pn)a

3 |
Png1 = Pn—V <Qn+1)

(3.8)

which we will use throughout the thesis. Other common values for € are ¢ — 17 which evaluates
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Figure 3.1: Illustration of the stroboscopic mapping: The continuous trajectory in phase
space (q(t),p(t)) (black line) is evaluated for times t,, = n resulting in the phase-space points
p, = (Gn, pn) (red dots) which for the shown example form an invariant torus (rose line).

the dynamics before each kick and € = 1/2, the so-called half-free map, which explicitly shows

existing symmetries.

Before we take a closer look on the dynamics generated by such kicked maps we want to
specify the space on which they act. In Eq. (3.8) the phase-space variables (¢, p) are allowed
to take any real value. The maps we study in the following, however, are defined on a limited
area of phase space only, whose topology is a 2-torus T2. It is given as a product manifold
T? := S x S of two unit circles S' := {z € C||z] = 1} = {*™?| p € R}. All points (q, p) € R?

whose coordinates differ by elements in Z are identified
(¢,p)=(d\p) & a—d€Z p-p e (3.9)
A natural representation of T? is given by the unit square
T? =10,1) x [0,1) = {(¢,p) € R?| (¢, p) = (¢, p) mod 1} (3.10)

where opposing sides are identified. We use the abbreviation (¢,p) mod1 for ¢ mod1 and
p mod 1. An extension of the unit square to a rectangle of size (M,, M,), where M, € N and

M, € N will be used in this thesis. The representation of the torus is then found as

[0, My) x [0, M) = {(q,p) € R? | (g,p) = (¢, p) mod (Mg, M,)}. (3.11)

Here, phase-space points which differ by integer multiples of M, in position and M, in momen-
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tum are identified. The map F on the torus is finally obtained as

F(q,p) = F(q,p) mod (Mg, M,) (3.12)

where F : R?> — R2. The natural invariant measure p is the Lebesgue measure dy = dpdg.

Further discussions can be found in Refs. [72-74].

Let us now consider the famous Chirikov standard map [75] as an example for a kicked system
with a mixed phase space. Its Hamilton function is given by

K

% + = cos(2mq) Zé(t —n). (3.13)

nel

H(gq,p,t) =

In the kinetic energy we used m = 1 and the potential is periodic in position space with period

one. The associated mapping evaluated just after the kick F is found using Eq. (3.8)

Gn+1 = [Qn + pn] mod 17 (314)
K
Pnsl = |Pn+ o sin(¢y41)| mod 1. (3.15)

It depends on one free parameter K which is called kicking strength.
If we choose K = 0 the momentum is a constant of motion. It does not change under the
iteration of the map. Thus, the dynamics takes place on invariant tori p = const. and the system

is integrable. If K is changed to a small value larger than zero the integrability of the system

0.5 (E.L)
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Figure 3.2: Phase space of the standard map for (a) K =0, (b) K =24, and (¢) K =8. In
(a) the potential energy V(q) is zero such that the momentum p is a conserved quantity and
the system is integrable. The phase space is filled by invariant tori (red lines). The second
figure (b) shows a mixed phase space with regular motion (red lines), nonlinear resonance
chains (green lines), and a chaotic sea (blue dots). In this chaotic sea partial barriers exist,
which is reflected by the different densities of chaotic points. For large values of K as in (c)
the phase space is macroscopically chaotic.
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is destroyed. However, as explained by the KAM theorem [76], many invariant tori persist
under this perturbation. In between these tori, where the external frequency of the driving is a
rational multiple of the internal frequency of the unperturbed motion, sequences of stable and
unstable fixed points emerge which is described by the Poincaré-Birkhoff theorem [77]. The
stable fixed points of such a sequence form so-called nonlinear resonance chains (green lines in
Fig. 3.2) while in the vicinity of the unstable fixed points typically chaotic dynamics is found. If
we further increase the perturbation parameter K more and more regular tori break up and the
chaotic dynamics occupies more and more of the phase space. At K ~ 3 we have the situation
of one large regular region, which we call regular island due to its elliptic shape, surrounded by
a region of chaotic dynamics, which we in analogy call chaotic sea. Especially in the transition
region from regular to chaotic dynamics an interesting phenomenon appears: Around each
regular island of a nonlinear resonance chain the same scenario as described above takes place.
Again some tori persist while others are destroyed and form nonlinear resonance chains and
regions of chaotic dynamics. This behavior can be seen down to arbitrary small scales in phase
space. It is called self similarity. Furthermore, additional structures can be found in the chaotic
sea. Here, so-called partial barriers limit the classical flux between different regions of chaotic
motion caused by the stable and unstable manifolds of unstable periodic orbits or caused by
the remnants of regular tori, called cantori [78]. By further increasing K the regular islands
vanish and the motion seems to be completely chaotic. However, the chaoticity of the standard
map for large values of K is not proven. Note that in this thesis we characterize orbits as
“chaotic” if they fill a two-dimensional region in phase space and show a sensitive dependence
on initial conditions. The corresponding chaotic region in phase space might still contain tiny
regular regions which, however, are not relevant for the considered problems. The described
zoology of phenomena occurring in systems with a mixed phase space is depicted in Fig. 3.2

for specifically chosen values of K.

Linearized map and stability

A lot of insight on the dynamics of a map with a mixed phase space can be obtained by
considering its linearized dynamics, especially around fixed points or periodic orbits. The
linearized map (also called the monodromy matrix M) is derived for kicked systems using
Eq. (3.8) as

Oqni1  Ogqnia 1 T
M = 8?7211 82i11 - " / " (p/n) 1" ’ (316)
oo opr V(G + T (pn)) 1=V"(gn+ T (pn))T"(pn)
We find that the determinant det(M) equals one for arbitrary ¢, and p, such that these systems
are area-preserving. The area of a region of phase-space remains constant under the iteration

of the map. This reflects that we have no dissipation in these systems.
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A point (¢*,p*) is called a fixed point of the map F if it remains unchanged after the
application of F: (¢*,p*) = F(¢*, p*). A periodic orbit of period r is a fixed point of the map
F" which denotes the r-times application of F. The trace of the linearized mapping M at a
fixed point (¢*, p*) reveals its stability properties

Tr(M)=2-V"(¢"+ T (p))T"(p") (3.17)
with the residuum
R:= %rw). (3.18)

If the modulus of the trace of the monodromy matrix is smaller than two, |Tr(M)| < 2, the
fixed point is stable. The dynamics in the vicinity of this fixed point occurs on ellipses in
phase space as the application of M on phase-space coordinates (g, p) describes just a rotation
and squeezing of these points. Therefore, these stable fixed points are also called elliptic fixed
points. The dynamics in the vicinity of an elliptic fixed point is shown in Fig. 3.3. The elliptic
motion in phase space is determined by the lengths of the two half-axis a and b, by the tilting
angle 6 of the ellipse compared to the line p = p*, and by the rotation number w, of the orbit.
The rotation number w, is given by the ratio of the external driving period to the internal
oscillation period. If it is rational with w, = s/r, s, € N, the orbit is a periodic orbit of period

r. All the characteristic parameters of the ellipse can be calculated from the linearized map in

\ A

Figure 3.3: Illustration of the phase-space dynamics in the vicinity of an elliptic fixed point
(¢*,p*). The orbits are ellipses (red line) with the half-axis a and b, whose ratio ¢/ = b/a
is constant and defined by the linearized mapping. With respect to the line p = p* these
ellipses are tilted by the angle # and have a constant rotation number w,..
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the stable fixed point. We find for the tilting angle

1 Moy — My
0= 5 arctan <M12 — M21) (3.19)

and for the squeezing o’ = b/a

;M= Mo —c
o = \/||M12 M21|| +z with c¢= \/(Mu + Mo1)2 4+ (Mg — Myp)2. (3.20)
12 — Mai

The residuum of an elliptic fixed point is given by R = sin®(mw,) [79]. This relation and
Eq. (3.18) can be used to find a connection between the trace of the linearized map and the

rotation number

W, = %arcsin < %) = % arccos (Tr(;Vl)) . (3.21)
We find that the dynamics in the vicinity of an elliptic fixed point is completely determined
by the linearized map at that fixed point. If Tr(M) > 2 or Tr(M) < —2 the fixed point is
unstable and called hyperbolic or inverse hyperbolic, respectively. The dynamics in its vicinity
is typically chaotic. For |Tr(M)| = 2 the fixed point is called parabolic. By determining
the stability properties of fixed points of a map one can obtain a first impression on how the
structure of the phase space can be described. This will be useful when designing model systems

with a particularly simple phase-space structure, see Section 3.1.2.

Transport properties

The mixed phase space of kicked systems generically consists of regions of regular motion
surrounded by a chaotic sea. The transport properties of this chaotic region, such as its average
drift velocity [80], are important classically, e.g. to reveal if the chaotic dynamics is diffusive.
They are also relevant quantum mechanically and determine the appearance of dynamical
localization [81,82].

The velocity v is defined as

.- 9H(@.p.1)

o =T (3.22)

If we label the regular islands with ¢ = 1,2, ... their transport velocity is given by v;. For the

chaotic region with the phase-space volume Vg, we have

Uch =

/dqdpdtT'(p) with Vi, = /dqdpdt. (3.23)

FCh F(:h

1
Ven
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For each regular region i of volume V; we can calculate the parameters x; := V;v; and obtain
(T = (T = Vawven + Y ki (3.24)

where (T'), and (T'); denote the averaged kinetic energy along the upper or the lower KAM
torus which separates regular from chaotic dynamics. For the systems studied in this thesis
there exist no such upper or lower KAM tori such that the phase-space boundaries have to be
considered as their analog [80]. In our case, where the kicking period is unity, the phase-space
volumina V; are equal to areas in the stroboscopic phase-space section A; and the transport
velocity of the chaotic sea is given by

(T)u = (T)1 = 32; Avvi

with the area A of phase space between the two limiting tori and the transport velocities of the
regular islands v;. For the case of just one non-transporting regular island, v; = 0, of area A;
embedded in the chaotic sea and A = 1 the average chaotic velocity is obtained as
(T)u — (T)
Vop = ——————. 3.26

" 1— A (3:26)
Hence, we find transport within the chaotic sea only if the difference of the kinetic energies
along the limiting KAM tori or along the borders of phase space does not vanish. This has to
be considered when designing maps which should not show quantum mechanical localization
in the chaotic region. It is caused by classically diffusive and drift-free motion which occurs if

Vech = 0.

3.1.2 Examples

In this section we want to discuss certain example systems and their classical dynamics. The
choice of these example systems is motivated by their usefulness in studying the dynamical
tunneling process. On the one hand maps like the standard map, which has been introduced in
the last section, are commonly used for various investigations including the study of dynamical
tunneling. One final test of our theory for dynamical tunneling is given by its application to
such a generic system. On the other hand, as discussed in the last section, these systems show
the full variety of effects which exist in a mixed phase space such as nonlinear resonances, a
broad hierarchical transition region from regular to chaotic dynamics, and partial barriers in
the chaotic phase-space region. Hence, it is reasonable to start with simpler systems which do
not show all of these structures. By designing maps such that these features can be switched
on and off one-by-one it is possible to study their influence on the dynamical tunneling process

separately and confirm the assigned theoretical descriptions. This allows to identify certain



3.1.2  Examples 33

patterns appearing in numerical data with classical structures existing in the mixed phase
space.

According to these thoughts we will now introduce mappings starting from the most simplest
phase-space structure. Then we will introduce additional parameters which cause perturbations
to these mappings and more complicated features arise, as described above. We will be able to
tune our system such that none, one, or more than one relevant resonance chains appear, and
we can vary the size of the hierarchical region. It is also possible to construct single partial

barriers in the chaotic part of phase space.

Designed map F; with one regular island

Our first example F; shall be the most simple kicked system with a mixed phase space which
consists of one elliptic resonance-free regular island surrounded by a structureless chaotic sea,
similar to the system introduced in Ref. [83]. For this purpose we use our knowledge about
the linearized dynamics in the vicinity of a fixed point, described in Section 3.1.1. If this fixed
point is stable the linearized dynamics generates elliptic orbits in its vicinity whose rotation
number w, can be determined by Eq. (3.21). For an unstable fixed point the dynamics is
chaotic. By choosing the kinetic and the potential energy as a quadratic function in ¢ and p,
respectively, this linearized dynamics is extended to the whole phase space and the mapping is
either integrable or fully chaotic. To design a map with an elliptic regular island and a chaotic
sea at the same time we consider a compact phase space with ¢ € [—1/2 + kmin, —1/2 + kmax)
and p € [—1/2,1/2) where kpax — kmin = M, € N. Opposite sides are identified to describe
the mapping on a torus. This phase space consists of M, unit cells of volume 1 in g-direction
and one unit cell in p-direction. For each unit cell, labelled by k = knin, ..., kmax € Z, we
piecewisely define the potential v(q) as a quadratic function in ¢ such that in the central cell,
k = 0, a stable fixed point exists whose counterpart in the other cells is unstable. Hence, in
the cell £ = 0 we find a regular island while in the other cells we find chaotic dynamics. One

choice for such a kicked system is given by the kinetic energy

1

Hp)=—p"—3p, PEl-33) (3.27)

and the potential energy

r1 2 11
1 , E —3,5
wgy=q 20 o 9€lmm) (3.25)
%(q - k) , q€ [_5
where 1y and r are real parameters which define the structure of the phase space. Note that

the kinetic energy ¢(p) is not periodic, At := t(—3) — t(3) = 1. This is necessary to enable

a global transport in the chaotic region according to Eq. (3.26) as the considered phase space

contains just one non-transporting regular island. Without this transport the classically chaotic
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dynamics would be diffusive which leads to dynamical localization in quantum mechanics.

To study the classical dynamics of this system F; we consider the associated map, Eq. (3.8),

evaluated just after each kick. It requires the derivatives of the kinetic and potential energy

1
_ el 1
g = 4 e a€l > 2) X (3.30)
TQ(q—k) s QE[—§+/{7,§—|—]€),]€7AO.
These functions show discontinuities at p = £1/2 and ¢ = —1/2 + k which cause unwanted

effects such as eigenfunctions localized on these discontinuities in quantum mechanics. Hence,

we smooth the functions #'(p) and v'(q) by a convolution with a Gaussian of width e

1 <2
G.(x) = T2 3.31
(1) = 5= (331)
05 ——r— S (a) N (b) | (c)
p X DRI o . .
NS é:‘v ) J: : 2
e (CeE T |
—0.5 w T : .
5 T'(p) 0 —0.6 T(p) 0.0
V'(q) (d)
-9 i
0.0 .
V(g) ©
—0.5 | ‘ ]
-15 —0.5 0.5 q 1.5

Figure 3.4: In (a) the phase space of the mapping F; is presented for the parameters
r1 = 0.46, 7o = 4.185, R =0, Z = 0, € = 0.005, and M, = 3. The regular island is marked
in red while the chaotic sea is drawn in blue. The insets (b)-(e) show the kinetic energy
T(p), the potential energy V(q), and their derivatives T"(p) and V’(¢q). These functions are
presented discontinuously (black lines) and in the smoothed version (green lines). The gray
lines mark the positions for which V’/(q) or T'(p) are zero. At the crossings of these gray lines
in (a) the mapping has a fixed point which is stable in the central and unstable in the other
cells. The black dashed lines separate the different unit cells.
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and obtain the continuous functions

1
- 5 +Kmax

G.(p — o)t (x) dz, V'(q) = /_ G.(q —z)v'(z) dz. (3.32)

T'(p) = .
§+kmin

O L

The smoothed kinetic energy 7'(p) and the potential energy V' (q) is obtained by integration as
presented in Appendix B.1. If the parameter ¢ is small the convolution with the Gaussian does
only change the piecewise defined functions ¢'(p) and v'(q) in the vicinity of their discontinuities
such that the classical dynamics of the system remains almost unchanged. Fig. 3.4 shows the
phase space of this mapping for m = 0.46, ro = 4.185 (used throughout the thesis), and
e = 0.005 as well as the functions discussed above. We find one elliptic regular island in the

central cell £ = 0 surrounded by chaotic motion in the central and the other cells.

To understand this structure of the phase space we consider the fixed points of the piecewise
defined mapping F;. They are found to be stable or unstable according to the trace the

monodromy matrix

1 —2
M = (3.33)
iTl/Q 1F 27“1/2

where the upper sign belongs to & = 0 and the lower sign to k # 0. This matrix is constant for

each unit cell and its trace is found to be

With the choices 0 < r; < 2 and ro > 0 each fixed point in the central cell has to be stable as
|Tr(M)| < 2 and each fixed point in the other cells has to be unstable. Of particular interest
is the fixed point in the central cell. It is located at (¢*,p*) = (0,—1/4) and forms the center
of the elliptic island. The prediction of Eq. (3.21) for the winding number w, is valid for the
whole regular island due to the linear choice of the functions v’(¢) and #'(p). Hence, its shape
is elliptic. Its area is limited by the borders to the other unit cells or the border of phase space.
With the parameter M, the number of additional unit cells of completely chaotic dynamics can

be adjusted. This freedom will turn out to be useful in following numerical calculations.

After the convolution with a Gaussian the analysis of the linearized dynamics of F; remains
unchanged for fixed points far away from the border of the unit cells as e.g. for the fixed point
at (¢*,p*) = (0,—1/4) forming the regular island. However, in the vicinity of these borders the
functions 7"(p) and V’(q) are no longer linear functions. Hence, the dynamics of the regular
island at its border is changed and shows hierarchical structures, see Fig. 3.5(b)-(d). For small
values of the smoothing parameter ¢ the affected region will also be very small such that it
cannot be revealed quantum mechanically, unless the effective Planck constant heg is chosen

small enough. This is not the case for the parameters used for this system throughout the thesis.
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Figure 3.5: Comparison of numerically determined rotation numbers w,(¢* + ¢, p*) to the
prediction of the linearized dynamics w,(¢*,p*), Eq. (3.21). For the parameters presented in
Fig. 3.4 we show (a) the difference of these two quantities Aw, := w,(¢*+q, p*)—w,(¢*, p*) on
a logarithmic scale in the vicinity of the border of the regular island (red line). The appearing
dip around ¢ = 0.42 occurs due to a change in sign. In (b) we show the phase space of the
system. The blue dots in (a) and (b) are placed at the same g-values to show that only a
small region around the boundary of the regular island is considered. The magnifications (c)
and (d) reveal that due to the smoothing of the map a tiny hierarchical transition region
from regular to chaotic motion exists.

The deviations from the original dynamics caused by the Gaussian smoothing can be studied
with the frequency map analysis [84,85] which computes the rotation number w, of a regular
orbit. Using initial conditions from the center of the regular island to its border the results
of the frequency map analysis are compared to the constant rotation number of the piecewise
defined map. The result is given in Fig. 3.5(a) for r; = 0.46, ro = 4.185, and € = 0.005. It
shows that the deviations are negligible except for a small region at the border of the regular
island.

In conclusion, by using piecewise defined quadratic functions for the kinetic and the potential
energy with different prefactors r; and r, we designed a kicked system with one elliptic regular
island in the central cell while the dynamics in the other cells is completely chaotic and shows
no additional substructures. Hence, it is a convenient system to investigate the process of

dynamical tunneling as the regular region and the chaotic sea appear in the most simple form.

Extension of the mapping F;

We want to extend the designed system F; discussed above such that the regular island shows

a non-constat rotation number. This allows to study its influence on the tunneling process and
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we are able to force the appearance or disappearance of nonlinear resonances. As before, we
aim for a homogeneous chaotic sea and a small hierarchical region. These objectives can be
achieved by adding higher order terms to the potential energy of the system JF in the central

unit cell

o =] TFCTEC TR ac )
(g —k)? Q€[ TRy +k), kA0

l\DI»—I

(3.35)

where the parameters R, Z € R control the strength of the cubic and the quartic term. The

kinetic energy remains unchanged. For the derivative of v(q) we obtain

)
+ kL4 k), k#0.

MI»—I

(3.36)

, —rqg+RPF+Z¢ , qe|—
v'(q) =
TZ(q_k) ) q [

1
27
1
2

The continuous functions V'(¢) and V' (¢) are again obtained by the convolution of v/(¢) with a
Gaussian and integration afterwards. In Fig. 3.6 we present the phase space of this extended
mapping and show the kinetic and potential energy and their derivatives for ry = 0.266, ro =
4.185, R = 0.4, Z = 0, and € = 0.005. While compared to Fig. 3.4 the elliptic shape of the

island is lost, the position of its central fixed point and the chaotic dynamics in the other cells
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Figure 3.6: Same as Fig. 3.4 for the mapping F; with parameters r; = 0.266, ro = 4.185,
R =04, Z=0,e=0.005 and M, = 3. Due to the non-zero cubic term in the potential
V(q) the shape of the island is deformed compared to the previously discussed elliptic case.
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Figure 3.7: Numerically determined rotation number along the line (g,p) = (g, p*) for (a)
the parmeters presented in Fig. 3.6 and (b) for 11 = —0.71, R = 0.62, and Z = 0 (red lines).
While in (a) nonlinear resonances are very small and not recognized in the winding number
on the shown scale (b) shows a large 5:1 resonance (see insets in (a) and (b)). For orbits
started inside this resonance the rotation number is equal to 1/5. For comparison the blue
dots which are placed at the same g-values in the main plots and the insets are shown.

remains unchanged.

With the two parameters R and Z we can adjust the shape of the regular island and define
the range in which the rotation number varies from the center to the border of the regular
island. This allows to find situations where just one dominant resonance chain exists inside the
regular island, as presented in Fig. 3.7(b). This system will show resonance-assisted tunneling
without the additional effects from partial barriers or a large hierarchical region and allows
its undisturbed investigation. In addition, regular islands with more than one large resonance
chain or with only tiny resonances can be found. The rotation number w, is shown in Fig. 3.7
for two examples. Note that the parameter R breaks existing symmetries of the mapping and
that for too large values of R and Z the regular island is destroyed before reaching the borders

of the unit cell and thus has a larger hierarchical region.

Designed map F, with many regular islands

In Refs. [48,61,83,86,87| a kicked system similar to the one presented in the last section is used
which we call F5. It shows the same phase-space structure as the mapping F;. However, it has
one regular island in each unit cell localized around its central fixed point of the M,-fold map
at (¢*,p*) = (k,1/4). While each regular island has the same shape as those which appear in
the system Fi, here the regular islands are transporting. Each point localized in the regular

region of the kth cell will be mapped into the (k+ 1)st cell with periodic boundary conditions.
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Hence, the average velocity of orbits within the regular island is unity and using Eq. (3.25)
we have transport inside the chaotic region also for a kinetic energy 7T'(p) which is periodic in
p. Besides, the same parameters r;, R, and Z appear as in F; which manipulate the regular
islands in the same way as described before.

The piecewise defined derivatives ¢'(p) and v’(q) of the kinetic and potential energy are given
by

{(p) = 5+ sian(p)(1 - 2p). pel-4) (3.37)
V(q) = —k—ri(qg—k)+R(q@—k)?*+Z(q—k)? qec[-I4+F, % + k) (3.38)

and k = kwin, - - - » kmin + M, € Z, while t(p) and v(q) read

tp) = §+sign(p)(p—p2), pe[-11), (3.39)
v(q) = —kq— %(q —k)? + ?(q —k)® + %(q — k), qel-3+ki+k). (3.40)

In order to avoid the appearing discontinuities we smooth the functions v'(¢) and #'(p) with
a Gaussian G, as presented in the last section. The phase space of this system is shown for
M, =3, =065 R=7=0, and € = 0.015 in Fig. 3.8. It also presents the kinetic energy,

the potential, and their derivatives piecewise defined and smoothed as introduced above.

Standard map

We also consider the standard map, Eqs. (3.14) and (3.15), which has been introduced and
discussed in Section 3.1.1. It shows all phenomena which appear in a two-dimensional mixed
phase space and will be used as an example system to show that our theory for dynamical

tunneling is applicable to such generic systems as well.

Map F3 with a regular stripe

Another interesting kicked system was introduced by Shudo et. al in Ref. [41]. It does not show
a regular island as the maps considered before but a regular stripe in phase space. Adapted to
the considered phase-space unit cell the derivatives 7"(p) and V'(q) of the kinetic and potential
energy are given by
, 1
Vi(q) = ——(8maq+dy —dy
27

1
+§[87mq — w + dy] tanh[b(87q — qq4)]
1
+§[—87mq + w + dy] tanh[b(87q + ¢4)]), (3.41)

T'(p) = —gsin@wp) (3.42)
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Figure 3.8: Same as Fig. 3.4 for the mapping F5 with the parameters r; = 0.65, R = 0,
Z =0,e=0.015, and M, = 3. In contrast to the systems F; we find a regular island in each
cell which has its center at (¢*,p*) = (k,1/4).

with the parameters a, b, di, ds, w, g4, and K. The kinetic energy T'(p) is periodic

T(p) = -

cos(2mp) (3.43)

and equivalent to the potential of the kicked rotor while V(q) has to be found by numerical
integration. The map F3 given by Eqs. (3.41) and (3.42) is similar to the system F; discussed
above as it also cuts the integrable region by changing the function V'(q) at ¢ = 4q4/(87).
The smoothing is realized by the tanh-function and the smoothing parameter is b. For large
b > 1 inside the region ¢ < |g4/(87)| the potential energy depends linearly on ¢ such that the
winding number w, is constant, while for ¢ > |g4/(87)| we recover the behavior of the standard
map which is macroscopically chaotic for large K. Fig. 3.9 shows a phase-space portrait of this

system and the functions discussed above.

3.1.3 Classical perturbation theory

Further insight on our kicked systems can be obtained using classical perturbation theory. It
allows to construct a Hamilton function H,., which is integrable and whose dynamics resembles
the dynamics of a map with a mixed phase space in the regular region around an elliptic fixed

point. Such systems H,e; will be important when studying the dynamical tunneling process in
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Figure 3.9: Same as Fig. 3.4 for the mapping F3 with the parameters a = 5, b = 20,
di = =24, dy = =26, q¢ = 5, w = 1, and K = 3. In contrast to the systems F; and F»
discussed before we find a regular stripe (marked in red) surrounded by chaotic motion (blue
dots). In (b)-(e) the gray lines mark where the considered functions are zero and the stripe
for which V’(q) is constant. In this region the regular domain is located.

Chapter 4. Hence, we will present suited approaches for the determination of such systems and

discuss their limitations.

We start with a time-dependent non-integrable system H which is decomposed into an inte-

grable part Hy and a perturbation e H; whose strength can be varied by the parameter e
H(I,0,t)=Hy(I)+eH(I,0,1) (3.44)

in action-angle variables (I,0) which are marked in bold as the considered system can have
more than one degree of freedom. As Hj is integrable it solely depends on the actions I. Our
aim is to approximate H by such an integrable system which is determined as a power-series
expansion in the perturbation parameter €. In the case of one-dimensional systems this will be

achieved by a time-independent system.

The commonly used classical perturbation theory of Poincaré and Von Zeipel [88] is based on

a change of coordinates to new action-angle variables (I, 0) induced by a generating function



42 3.1 Kicked systems

S which depends on the old as well as on the new variables. The transformation to the new

coordinates reads

_ _85(0,I,t) = 05(0,1,1t)
00,1,t)= ) A I16,1,t)=— 90 (3.45)
where the transformation to the new Hamilton function H is given by
_ 9S(1,0,t
H(I,O,t):H(I,H,t)+%. (3.46)

If the new Hamilton function can be expressed as a power series in € the computation of the

2 can be

perturbation expansion is possible in arbitrary order. However, even the term with e
a complicated expression which conceals its physical content. If higher perturbational orders
are needed other methods should be used as e.g. the Lie transformation [88|. Its advantage is
that no functions which simultaneously depend on the old and the new phase-space coordinates

appear and that the theory is canonically invariant.

Lie transformation

Our aim is to construct the simpler system H which in the case of one-dimensional systems
is integrable and resembles the classically regular motion of H. Therefore, we first sketch the
derivation of the Lie transformation for autonomous systems of dimension d [88]. The vector
x = (q,p) describes the generalized position and momentum coordinates and represents one

point in phase space. We consider a generating function w(&, €) which satisfies the equation

_ d
dz da Ob  Oa Ob
— =T ith b| = — 3.47
gc ~[@ul with ol =) (8% o on, 6qi) (3.47)
where we introduced the Poisson bracket as [-,:]. Equation (3.47) generates a canonical

transformation for every e: & = &(x,€) where & are the new phase-space variables fulfill-
ing [Gi, ¢;] = [pi, p;] = 0 and [g;, p;] = J;;. Further we introduce an operator 7" which transforms
every function g which depends on the new phase-space variables & to a function f depending

on the original coordinates x: f = Tg. In particular, if g is identity we obtain
x=Tzx. (3.48)

To find the transformation 7" we introduce the Lie operator L := [w, -] with

dr

— =-TL 4
P (3.49)
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using Eqs. (3.47) and (3.48). For all canonical transformations the new Hamilton function H in
the new coordinates & has to be identical to the old Hamilton function H in the old coordinates
x which can be written using the operator T, H = T~'H. For time-dependent systems the
quantities w, L, and T will be time-dependent as well and following Ref. [88] the transformation

from the old to the new Hamiltonian function reads
H=T"'H —|—T1/de/T(e/)

0

ow(e€)
ot

(3.50)

To determine the perturbational expansion the quantities w, L, T, T~', H, and H are written as

a power series in €

w o= Y €w, (351) T = ) T, (353) H = ) ¢H, (355)
n=0 n=0 n=0

L = Y Ly (352 T = ) Tt (3.54) H = Y ¢H, (356)
n=0 n=0 n=0

Inserting Eqs. (3.52) and (3.53) in Eq. (3.49) we find

=
T, =—— ;::(]Tanm (3.57)
where L, := [w,,]. By differentiating TT~! a similar expression can be found for 7!
T = 1 n21 Ly Tt (3.58)
=0

Now we apply T to Eq. (3.50), differentiate with respect to €, and use the power series expansions

to get the final result for the perturbation theory of nth order

ow,,

ot

n—1 n
= ni, — ZOLn_mHm - Zl mT L Hy. (3.59)

By explicitly writing down the first term of the first sum and the last term of the second sum

this result can be transposed to a simpler form. Using Dy := % + [, Hp| we find

—

n—

Dow, =n(H, — H,) — Y (Lpn_mHpn +mT " Hp,). (3.60)
1

3
I

Using Eq. (3.60) and the initial values wy = Ly = 0 and Ty = 1 all coefficients w,,, T,, T;; !,

L, and H, of this so-called Deprit perturbation expansion can be iteratively calculated. This
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determines the new Hamilton function in the new phase-space variables H(Z). A detailed
example of this procedure is performed in the Appendix B.2 for the kicked system F; defined
in Section 3.1.2.

Using the Lie transformation for one-dimensional kicked systems a new time-independent
Hamilton function H(p, q) is found which is integrable, interpolates the regular dynamics of the
original time-dependent system, and extends it into the chaotic region. For these kicked systems
one can even show that the new phase space variables  are identical to the old ones & such that
T = 1. The obtained integrable Hamiltonian will be denoted as H,es(q, p) in the following. It
will be most relevant when studying dynamical tunneling processes. Especially the deviations
between the regular dynamics generated by H,., and the regular dynamics in the mixed system
H will be important. A major source for deviations is given by nonlinear resonance chains
which exist in the mixed system but cannot be reproduced by the Lie transformation. The
larger these resonances are the larger the deviations will be. A second cause for discrepancies
in the regular dynamics is found if the perturbation € is too large. The perturbation expansion
will then diverge after only a few orders and a good resemblance of the regular dynamics of
the given mixed system is not possible. For the maps F; introduced in Section 3.1.2, Fig. 3.10
shows the results of the Lie transformation compared to the original dynamics in the case of
only small existing nonlinear resonance chains (a) and a large 5:1 resonance (b). In the latter
case larger deviations are visible. As the Deprit perturbation expansion, Eq. (3.60), is generally
not convergent it is necessary to determine which order of this expansion is sufficient for a good
approximation of the original regular dynamics. Fig. 3.11 shows the difference of the dynamics
generated by H,es to the dynamics of the mixed system H introduced in Section 3.1.2 under
variation of the maximal used order N of the perturbation expansion. We find that for N > 8
this difference does not decrease anymore, such that a choice of N = 8 for this system is

sufficient. Similar considerations are possible for any other example system.

0.00

—0.25

—0.50 : :
-0.5 0.0 q 0.5

Figure 3.10: Comparison of the mixed phase space of the system Fj (gray lines and dots)
and the dynamics of the one-dimensional time-independent Hamilton function obtained by
the Lie transformation (red lines). We choose the parameters (a) r; = 0.266, R = 0.4, Z = 0,
e =0.005 and (b) 11 = —0.71, R =0.62, Z = 0, £ = 0.005.
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—
7
—
T
i~

o:\

[
[
¢ o ® o 0
) e © o o o o
10_5 1 1 1 1
0 4 8 N 12

Figure 3.11: Deviations between the dynamics of the mixed system F; and the integrable
approximation H,e obtained by the Lie transformation are visualized for two different regular
orbits (red and blue dots) in dependence of the order N of the Lie transformation. We show
the averaged difference (Ax)c of the orbit obtained by the mapping F; to that of Hyeg. It
decreases up to N = 8 and stays almost constant afterwards. The upper right inset shows
the phase space of the system and the two chosen orbits while the small insets illustrate the
deviations between the two systems for the orders N = 0,2, and 4.

Classical normal-form analysis

The aim of the normal-form analysis is the same as discussed previously for the Lie transforma-
tion. We want to approximate our system with a mixed phase space by a simpler system which
for example has an interpolating flow, more symmetries, or more constants of motion. We
discuss two-dimensional symplectic mappings F which have a regular region around a stable
fixed point at (¢*,p*) = (0,0) in phase space and want to find a nonlinear transformation of
coordinates ® such that the new mappings U in these new coordinates have a simpler form. For
the mappings U, which are in normal form, an integrable one-dimensional Hamiltonian function
can be found which interpolates the dynamics of I/ for non-integer times. We will discuss the

non-resonant and the resonant normal-form analysis.

In contrast to the Lie transformation, which performs a global approximation of the dynamics
of the mapping F, the normal-form analysis is based on a perturbation expansion around the
central stable fixed point. As discussed in Section 3.1.1 the dynamics in the vicinity of such a
fixed point can be entirely described by the linearized mapping M of F. The dynamics takes

place on elliptic tori. Using the Courant-Snyder transformation T

e ) i ( / )
= Y ] = T'= (3.61)
<—73 7 Vo

Sl S~
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the linearized dynamics generated by M can be described as a pure rotation R [89]

T MT =R with R— | @ s} (3.62)
—sin(w) cos(w)
By equating the coefficients the parameters «, §, and w can be determined
o= — M21 -1, [B= Mm , W = arccos Mu o+ Mo, (3.63)
sin(w) sin(w) 2

where w = 27w, is the winding number of the mapping F in the vicinity of the stable fixed
point, see Eq. (3.21). After the Courant-Snyder transformation the linearized dynamics is given

by a pure rotation in new coordinates (q,p) := T'(q, p)

(Z):R(Z). (3.64)

To simplify the following calculations we introduce complex phase-space variables z and z* in
which the rotation R is given by the multiplication with a complex phase factor. The new

coordinates read

z = q—ip, (3.65)
2t = q+ip. (3.66)

For the inverse transformation we obtain

1
q = §(z+z*), (3.67)
and Eq. (3.64) simplifies to 2/ = e“z. The Jacobi determinant of this transformation is

det(0(z, 2*)/0(q, p)) = 2i which can be included in the Hamilton function: H(z, 2*) = 2iH(q, p).

The described transformations will now be applied to a nonlinear mapping F. This separates

the linearized dynamics and we find

d=F(z,2) =24+ > [Fla(z,2") (3.69)

n>2

where [F], denotes all monomials of order n in z and z* which contribute to F. As F is

symplectic the determinant of the Jacobi matrix F; has to be unity

OF 0F" OFOF 3.70)

det(F) = 0z 0z 0z Oz
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The relation between the given mapping F and its normal form U is depicted in the following

diagram [90]

(&€ — (€,¢7)
U
where @ transforms the new complex phase-space coordinates (£,£*) to the old ones (z,2*).
This scheme can be formally compared with the transformation of a matrix into diagonal form.
However, F, U, and ® are no matrices but nonlinear mappings which satisfy the following

functional equation
O o Fod(E,67) =UEE). (3.71)

The transformation ® can be written as a power series in £ and &*

=06 E) =4 D [@a(6,€) with [Bln =) dra s (3.72)
k=0

n>2

As the linear part of the mapping F is already in normal form it remains unchanged under the

transformation ®. The new mapping U can be also written as a power series in £ and &*

E=UEE) =+ ) UL E) with U], =) wp i (3.73)

n>2 k=e

where o denotes that only specific terms will contribute to the normal form. They can be found
by symmetry considerations.

The one-dimensional torus is described by the real interval [0, 27) where the borders of this
interval are identified. We consider the symmetry group G, which is generated by e“. Its
elements are the transformations £ — e™¢ with £ € C. The group G, is equivalent to the
group of translations on a one-dimensional torus. If w/(2) is irrational subsequent applications
of e are dense on the torus and G, is the rotational group U(1). If w/(27) = s/r where s and
r are integer numbers without a common factor it only consists of r elements. The group G,
then is a discrete subgroup of U(1) with rotations of angle 27j/r, j =1,...,r.

The mapping U is in normal form if it commutes with the group G, which is equivalent to

to commuting with the generator of G,
U(eWE e er) = e“U(E, ). (3.74)

U is obtained by an expansion into a Taylor series where all monomials are in normal form.
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For a monomial £"¢*™ the condition
eiw(nfm)fng*m — eiwgng*m (375>

has to be satisfied. It can be written as w - k = 0 where w := (w,27) and k := (n —m — 1, —j)
with j € N. The normal form U of F is obtained by iteratively using the Taylor series of
Egs. (3.69), (3.72), and (3.73) with the functional Eq. (3.71). An explicit example for this

procedure is given in Appendix B.3.

Non-resonant normal form

If w/(27) is irrational the equation w - k = 0 is only satisfied for k = (0,0). Hence, only
monomials with n = m -+ 1 contribute to the normal form which allows us to write the mapping
U as

U =u(EE)E. (3.76)
By further including the symplectic character of U it can be shown [90] that it simplifies to
U = )¢ (3.77)

with the real function Q(££*). Hence, the non-resonant normal form is an amplitude-dependent
rotation with a nonlinear frequency (££*).
By evaluating the Hamiltonian flux a time-independent Hamilton function can be determined

which interpolates the dynamics of & and depends only on the monomials (££*)"

(N-D/2
Hral6€) =il +1 3, (660" (8.78)

where N specifies the maximal order of the expansion in &.

Resonant normal form

If w/(27) = s/r is rational the equation w - k = 0 is satisfied for n = m + 1 4 rl with j = ls,
[ € Z. Hence, more monomials contribute to the normal form than in the non-resonant case.

For the mapping U we find
U(E,€) =Y (€6 D ulfer™ +3 e (3.79)
n=0 1=0 =1

(+

n,l

where u'") and ugl_l) are the expansion coefficients of U.
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For the time-independent Hamilton function which interpolates the dynamics of U we obtain

up to order N =r

(r—1)/2 i iw,,*
€ Uy r—q

QTL *\ 1 o T *7 — T
Hiogl€.€) =6 1 ) (66" 4 SRt -~ (3.80)

r

n=1

It is identical to the non-resonant Hamilton function up to order » — 1. Beyond, further

corrections are necessary to describe the influence of the resonant behavior.

In addition the quasi-resonant normal form is considered where w/(27) is irrational but close
to a rational number w/(27) — s/r = € < 1 of low order r. The analysis can then be performed
as in the resonant case such that the quasi-resonant behavior is accounted for.

As for the Lie transformation above, we now want to compare the dynamics of the time-

independent integrable Hamilton function H,g, obtained by the normal-form analysis, with the

regular dynamics of the original system H with a mixed phase space. Fig. 3.12 shows such a

—0.5

Figure 3.12: Comparison of the mixed phase space of the system F; (gray lines and dots)
and the dynamics of the one-dimensional time-independent Hamilton function obtained by
the normal-form analysis (red lines) under variation of its maximal order N. We choose
for the parameters r1 = 0.481, R = 0.5, Z = 0, ¢ = 0.005. Up to order N = 4 we find
convergence while for larger N resonance structures appear in the integrable approximation
and move towards the center of the island.
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comparison for the systems F; with increasing order N of the normal-form analysis in the non-
resonant case. We find that already at NV = 4 a good approximation of the original dynamics
is found within the regular island. However, for larger orders N resonance structures appear
which are not present in the original mapping F which leads to deviations between the original
dynamics of H and that of H,,. By comparing the dynamics of the regular systems Heq
obtained using the Lie transformation or the normal-form analysis we find that the result of
the Lie transformation at N < 8 reproduces the original dynamics of H with a higher accuracy
than the normal form analysis at any order N. If applicable it should be preferred. However,
the procedure of the normal-form analysis gives insight into the structure of the considered
mapping and determines a Hamilton function H,e, of particularly simple form as it depends on
the terms ££* only. This provides advantages for its quantization. Using the quantum normal-
form analysis [91,92] might improve the accuracy of the results and should be an alternative

to be considered in the future.

Method based on the frequency map analysis

Up to this point we have studied the Lie transformation which determines an accurate regular
approximation H,e, of the original system H with a mixed phase space if its nonlinearity is
small enough. Additionally, we have considered the normal-form analysis which diverges rather
quickly with increasing order. For systems with a strong nonlinearity and many occurring
nonlinear resonances these two approaches may fail. Hence, we propose a new method which
is based on the frequency map analysis [84,85].

The frequency map analysis is suited to study the regular dynamics of a kicked system. As
mentioned in Section 3.1.2 it can be used to determine the rotation number w, of a quasi-
periodic orbit. In addition it allows a reconstruction of the given orbit and its interpolation to
non-integer times. It uses the given points of a regular orbit (q;, p;) with ¢ € N and expands

them into a Fourier series

N/2—1
Zi = q +ipy = Z Akei¢k62”ikwrt. (3.81)
k=—N/2

The real parameters A, ¢, and the rotation number w, can be determined using the iterates
(gt,pr). If all coefficients are determined up to the maximal order N, Eq. (3.81) interpolates
the given orbit for all ¢ € R. A remarkable feature of the frequency map analysis is its fast
convergence. Even 1000 iterations are sufficient to determine the rotation number of this orbit
with double precision. In case of close-by nonlinear resonances, however, its results are not
trustworthy.

We now consider a mapping F with a regular island which has a stable fixed point in its

center at (¢*, p*). We define a straight line u +— [g(u), p(u)] from the center of the regular island



3.1.3 Classical perturbation theory 51

to its border with the chaotic sea, such that the enclosed area A of the orbits started on this
line increases with increasing u and compute the expansion coefficients Ag(u), ¢r(u), and the
rotation number w,(u). These functions are continuous if we are not too close to a resonance.
They can be numerically interpolated and expressed as a power series in u. One possible choice
of the straight line is given by u — [¢* + u, p*]. Fig. 3.13 shows the rotation number w,(u) and

its extrapolation beyond the border of the regular island.

The area enclosed by a quasi-periodic orbit with initial condition [¢(u), p(u)] is given by

Alw) =7 Y kAg(u)’. (3.82)

k=—00

From this enclosed area and the rotation number w, (u) we can determine an energy associated

with this orbit as derived in Appendix C.1

u

E(u) :/dj;lfjfl)wr(u’) du’. (3.83)

0

With this equation we assign an energy F to each point (g, p) inside the regular island of the
phase space. To obtain the regular system H,e.(q,p) for the whole phase space this function
E(q,p) has to be extrapolated into the chaotic sea of H. This is done by expanding the numer-
ically determined triples (g;(u), pi(u), E(u)) in a two-dimensional Fourier series. The Fourier
coefficients ¢,,,, of this series are the solution of the corresponding least-squares minimization
with the given numerical data. As the final result we obtain a one-dimensional time-independent
Hamilton function H,es(g,p) which interpolates the regular dynamics of H and extends it into

the chaotic sea

N/2—1

Hreg(Qap) = Z Cmn €XP (27“ [m% + ni:|) (384)

mn=—N/2

where [, and [, determine the periodicities in ¢ and p-direction, respectively. The order of the

expansion is given by N.

Again we want to study the agreement of the dynamics induced by the regular system H,eq
and the mixed system H in its regular region. While for small orders N of the expansion large
deviations occur, they decrease with increasing order N. However, for large NV the continuation
into the chaotic sea becomes questionable. We find strongly oscillating behavior due to the
higher harmonics in the Fourier series. If we assume that a smooth continuation of the regular
dynamics to the chaotic sea is aspired, we have to find a compromise between good agreement
inside the regular region and the smooth continuation to the chaotic sea. Fig. 3.14 shows

the comparison of the dynamics of H and H,., for two different orders N. Furthermore, the
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Figure 3.13: As in Fig. 3.7 the rotation number w, is shown for orbits started on the
line (g,p*) for the system F; with parameters r; = 0.266, R = 0.4, Z = 0, and ¢ = 0.005
(red line). Here we extrapolate w, into the chaotic region (rose line) and interpolate the
exceptional behavior of w, at rational frequencies, see (b). In (c) the mixed phase space is
shown with the red line of initial conditions. In (d) we magnify a region in which a 10:1
resonance (green lines) with w, = 1/10 appears. The rotation numbers in this region are
shown in (b).
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Figure 3.14: Comparison of the mixed phase space of the system Fj (gray lines and dots)
and the dynamics of the one-dimensional time-independent Hamilton function obtained by
the frequency-map analysis (red lines) under variation of its maximal order N. We choose
the parameters r1 = 0.266, R = 0.4, Z = 0, ¢ = 0.005. For N = 5 (a) we find agreement
in the regular island and a smooth continuation of the dynamics of H,es to the chaotic sea
while for N =9 (b) this continuation shows unphysical oscillations.
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parameters [, and [, have to be chosen appropriately. We find that for this example N = 5 is

a good choice while the continuation of H,, into the chaotic sea is changed for N = 9.

Compared to the Lie transformation or the normal-form analysis this method involves more
parameters such as N, [,, [, which have to be chosen to some extent by trial and error until
a good regular approximation is found. Nevertheless, this method can be used for any kicked
system independent of its nonlinearity or appearing resonance chains which makes it more

flexible than the Lie transformation or the normal-form analysis.

3.1.4 Quantization

After discussing the classical properties of kicked maps we consider the corresponding quantum
systems in order to study quantum effects such as dynamical tunneling which is the focus
of this thesis. A quantum state [¢) is given by a normalized vector in a Hilbert space H.

Non-relativistically its time-evolution is described by the time-dependent Schrodinger equation
0 .
ihewr o [V(8)) = HIW(2)) (3.85)

where H is the Hamilton operator which for the case of our kicked systems is time periodic,
H(t+1) = H(t). The unitary time-evolution operator U(t,t,) maps the state [)(ty)) at time
to to the state |¢(t)) which has evolved from [i(to)) using Eq. (3.85) at time ¢

(1)) = U(t, to)|1h(te)) with U(t,ty) := Oexp | — hieﬁ / H(t')at’ (3.86)

where O is the time-ordering operator. For kicked systems with the Hamiltonian

H(q,p,t) =T(P) +V(§) Y 6(t—n) (3.87)

nel

the following semi-group property of the time-evolution operator is useful to derive U (t,to)
Ult,tg) = Ut, 1) Ulty, 1), Vit € R (3.88)

We are especially interested in the time evolution of a state after one period of the external
driving in analogy to the classical stroboscopic mapping [93]. If this mapping is obtained by
evaluating the kicked system just after each kick, as in Eq. (3.8), in each time period first

the free evolution takes place and subsequently the kick appears. The time-evolution operator
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~

U(1,0) with t = 1 and to = 0 can be decomposed into two parts

U:=U(1,0) = }SinéU(Hm—(S)Uu—é,é) (3.89)
) 1+6 . 1-0
= limOexp | — ' /]:I(cj,ﬁ,t) dt | Oexp | — : /ﬁ(cj,ﬁ,t) dt | (3.90)
6—0 eff heﬁ
1-6 §
— lim exp [ ——[V(q) + 20T(p)] ) exp [ ——T(p)[1 — 26] (3.91)
0—0 heff heff
i . 1 .
= exp | ——V(q) | exp | ——T(p) (3.92)
heff heff
= Uy Ur. (3.93)

It is decomposed into two unitary operators: The free evolution is given by Uy and the action
of the kick by Uy. It is most remarkable that each of the operators ¢ and p appears in one of
these two contributions only, which makes the quantization particularly easy. Note that the

split-operator method is exact here.

Periodicity conditions

We want to consider the effect of a kinetic energy T'(p) and potential energy V' (q), which are
chosen such that e T®)/hes gnd e=1V(@0/hr are periodic functions, onto the quantum system
following Ref. [94]. It will allow to describe the quantum dynamics on the torus where also the

classical map is defined. The translation operator in phase space is given by

A~ i

T(q.p) = eFer P77, (3.94)

It shifts the phase space coordinates by ¢ in position and by p in momentum direction. Using

the operator identities

A B o eA+B e%[A,B]’ 395
eteB = Bt (3.96)

which are valid if [A, [A, B]] = 0 and [B, [A, B]] = 0 are fulfilled, Eq. (3.94) can be rewritten as

A~ i

T(q,p) = ¢ Far? ohe? o~ g ¥ (3.97)
= o T T(0,p) T(q,0) (3.98)
— et ® o her® gl (3.99)
= 7™ T(g,0) T(0,p). (3.100)
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The expression T'(8,0)|q) can be evaluated using §|q) = ¢|¢) and [q, f(p)] = thegf' (D)

iT(6.0lg) = qe ™"q)
— e R glg) +iha <—hi )5e‘n%ff‘5ﬁ|q>
eff
= 1(5.0)dlg) +3T(6,0)|q)
= (¢+6)T(5,0)|q) (3.101)

where T'(0,0)|q) is an eigenvector of § with eigenvalue g + & such that

7(6,0)lq) = |q + 6). (3.102)
Using Eq. (3.94) we find

(qIT(5,0) = (g — 4] (3.103)
With the relations [p, g(§)] = —ihes ¢'(¢) and p|p) = p|p) also the translation of 3 in momentum

direction can be evaluated

ST(0, B)|p) = peren”|p)

— < jlp) i hur 7 Gemor "|p)
= T1(0,5) plp >+ﬁT( 3)|p)
= (p+8)T(0,5)lp) (3.104)

where T'(0, 8)|p) is an eigenvector of p with eigenvalue p +  such that

7(0, 8)|p) = Ip + B)- (3.105)

Using Eq. (3.94) we find

(pIT(0,8) = (p— 3. (3.106)

The mappings presented in Section 3.1.2 are periodic in position and momentum direction
with the periodicities M, and M,. Hence, in analogy to the Bloch theorem [95] we find for all

wave functions |1))

(q+ My |v) = ™ {qlv), (3.107)
(p+Myl) = e (ply) (3.108)

with the Bloch phases 6, and §,. The choice of the sign in the exponents of Egs. (3.107) and
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(3.108) will be discussed below. If we use § = M, in Eq. (3.102) we find
lq + Mq) = T(M,,0) |q)

and therefore
(g + My = (q T"(M,,0).

It follows

(q+ My| ) = <Q‘TT<Man) )
(3~1:07) 020 <Q|1/1>

Equation (3.111) is valid for arbitrary (g|. Thus we find

TT(M,,0) [) = e*™ajp),
T (Mg, 0) [) = e 2™%y).

In analogy it is obtained

[p+ M,) =T(0, M) [p)
by using 5 = M, in Eq. (3.105). We find

(p+ M| = (p| T1(0, M),
and

71(0, M,)

¥)

(p+2glv) = (p

(3-238) o~ 2mi0p <p|1/}> .

Equation (3.116) is valid for arbitrary (p| and we obtain

710, M) [) = e ™),
T(0, M) [y) = e*%|y).

(3.109)

(3.110)

(3.111)

(3.112)
(3.113)

(3.114)

(3.115)

(3.116)

(3.117)
(3.118)

We will now separately consider the consequences of the quasi-periodicity in position and mo-

mentum direction.
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Quasi periodicity in position and momentum

We have

o 2mi% 2700 | ) (3.118)

e~ 2% 70, M,)|¢)
T(0, M,) e~ 2% |y))
(3.113) - -

T(0, M,) T(My, 0)|4)
eTer MM (M, 0) T(0, M,,)[4))

(3.98),(3.100)

(3.1:18) G%Mqu T(Mq’ 0) 827r1917 W})
B 2mi VIR o 5
— e eff € T(Mq,0)|w>
(3.113) ezni"”,;le’:" e2mi0p o= 1270 |4}y (3.119)

By equating the first and the last term in Eq. (3.119) with fieg > 0 it results

M, M,

———— =N with N € N, (3.120)
heff
and thus
M, M,
off = ————. 3.121
ff 27N ( )

The quasi-periodicity in position and momentum leads to an effective Planck constant hA.g which

is allowed to take only discrete values.

Quasi periodicity in position
Using Eq. (3.112) we find
<p’TT(Mq>0)’¢> = <T(Mq70)p’w>
- (i)

= ern ™1 (ply)
% (p|a)) (3.122)

which leads to

ehen MaP — 2mig Q2mim ity € 7, (3.123)
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The possible values of hqg given by Eq. (3.121) cause the discreteness of the momentum: p — p,,

M
D = Wp(qu) with m=0,...,.N —1. (3.124)

Hence, the quasi-periodicity in position causes the discreteness of the momentum.

Quasi periodicity in momentum

Using (3.117) we find

(a|71(0,21,)

) - (o)

- (e
e ™7 (gl))

e 20 (qly) (3.125)

(3.117)

which leads to
e P9 = 20 2Wn with € 7, (3.126)
The possible values of heg given by Eq. (3.121) cause the discreteness of the position: ¢ — ¢,

M
Gn = Wq(n+0p) with n=0,..., N — 1. (3.127)

Hence, the quasi-periodicity in momentum causes the discreteness of the position variable. The
signs of the exponents in Egs. (3.107) and (3.108) are chosen such that in Eqgs. (3.124) and
(3.127) the phases 6, and 6, appear additive.

Time-evolution operator in position representation

We want to evaluate the time-evolution operator in position representation such that its eigen-
functions and eigenvalues can be calculated [96]. As previously shown the Hilbert space H has
a finite dimension N due to the quasi-periodicity of the kinetic and potential energy. Let {|qx)}
and {|pn)}, k,n =0,..., N — 1, be the discrete and complete eigenvectors of the position and

momentum operator, respectively. They are related by the Fourier transformation F;

N-1

1 i
(@elp) = > (F)ulanla) = —= e (00500, (3.128)
7=0

%



3.1.4  Quantization 59

Using this relation and Eqgs. (3.127) and (3.124) the time evolution operator U can be explicitly

evaluated in position representation

Uk = <qxc U qn> - <Qk Uy Ur|q > (3.129)
N—-1N-1
- < ><q UT‘pz> (Pilgn) (3.130)
1=0 [=0
N-1
— k) % (k—n)(I+04) e hﬁ, (pl) (3131)

1=0
If the considered kicked system is defined on a torus [gmins Gmin + My) X [Pmin, Pmin + M,,) where
Gmin and ppin are not equal to zero, Eq. (3.129) has to be modified. The modified position and
momentum lattices read

@ = ——(k+nV+6,), k=0,...,N-1, (3.132)

z|2=|8

po= ~Ll+n®+6,), 1=0,...,N-1 (3.133)

where n” = [N Guin/ M, — 0,], ny) = [ NDmin/M, — 0,], and [z]| denotes the smallest integer
number larger or equal x. Hence, the parameters ngo and néo) shift the position and momentum
lattices by multiples of the lattice spacing according to ¢uin and puin. They are introduced
such that k£ and [ take values form 0 to N — 1. For the time evolution operator in position

representation we finally obtain

Ukn =

)

o T (k=) (140 +04) (= Fog T(P1) with (3.134)

(alp) = \/—IN en

<k+n£,°)+op><l+n<°)+eq>_ (3.135)

Due to the quasi-periodicity in position and momentum direction Uy, has to satisty Uy, =
Uk+nns+n- Note that V(g) and T'(p) do not have to be periodic. It is sufficient that the
exponentiated functions exp(—iV'(q)/her) and exp(—iT'(p)/hes) show these periodicities with
the periods M, and M, as required in the derivations performed in the last section. These
conditions may lead to restrictions in choosing the phases 6,, 0, or the effective Planck constant

hegr as presented below.

Restrictions for the example systems

Example system F;
The kinetic energy T'(p) of the system F; is not periodic with the period M, = 1. We find
AT =T(p) — T(pien) = 1/2 with T'(p) = T"(p + 1). Hence, the quasi-periodicity condition
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for T'(p) is only satisfied if

__i7T __inT __i7 i AT
e henr (p1) — e Tt (P14+N) — ¢ Tent (pl)eﬁeff

(3.136)

and therefore

T
—onj, jEL. (3.137)
eff

This requirement leads to a restriction of the allowed values of A.g and thus the dimension N

of Hilbert space

ATN N
- N. 3.138
M, 2M, < (3-138)

The ratio N/M, has to be an even number which for M, = 1 requires an even dimension N of
the Hilbert space.

Example system F;
The kinetic energy V' (g) of the system F> is not periodic with the period M,. We have to fulfill

i M,
e heffv(qk) = e heffv(qk+N)’ Wlth Qk — Wq(k’ + TL((IO) + Qp) (3139)

From Eq. (3.40) we find for the potential energy
kQ
Vig) = — 5~ kG+ V(G with ¢=k+q. (3.140)
It consists of a contribution depending on the unit cell & described by the first two terms in

Eq. (3.140) and the k-independent term V(§). Hence, we find

2

Vigesn) — Vigr) = Vg + My) — V(ge) = —7‘1 — g M, (3.141)
Using this expression in Eq. (3.134) we obtain

eiﬂNMq eQWiMqGP -1 (3142>

which restricts the possible phases 6, in dependence of N and M,

ML for N even and N odd, M, even
0, = ol (3.143)
oM, for N odd and M, odd
with [ =0,..., M,—1. These restrictions for the phase 6, can also be derived with an approach

based on the classical dynamics of the map, see Ref. [97].
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Eigenvalues, eigenvectors, and quasimodes

The eigenvalues and eigenvectors of U are determined by the eigenequation

Ulhn) = € o™ g5} = €97 [1h,) (3.144)

where |1,,) are the eigenvectors, €, denote the quasi-energies, and ¢,, the eigenphases which
we will also refer to as quasi-energies. As U is unitary the eigenvalues z, = e lie on the
unit circle, |z,| = 1. According to the semiclassical eigenfunction hypothesis [20-22] we expect
that semiclassically the eigenvectors |1,) are localized in those phase-space regions which a
typical classical orbit explores in the long-time limit. Hence, for our example systems they will
be located either in the regular island or in the chaotic sea. However, as these two regions of
different dynamics are quantum mechanically coupled the eigenvectors |1,,) will always have
a contribution in the other region of phase space which is typically small. Those eigenstates
of U which have a dominant contribution in the regular island are called regular states |t,,)
labelled by the quantum number m = 0, ..., my.c. The others are called chaotic. The regular
states are mainly localized on a classical torus inside the regular island which according to the

Bohr-Sommerfeld quantization (see Section 2.2) includes an area
1
Am = heff (m + 5) . (3145)

If A denotes the area of the regular island in phase space there will exist My = [ A/heg — 1/2]
regular states with quantum number m = 0, ..., Mya. Their quasi-energy can be semiclassi-

cally predicted [98] if the regular region is not transporting

Om = 2TTW,c,, (m + %) —2rN((T)e,, — (Ve,,)s (3.146)

where w, ¢, is the rotation number of the mth quantized torus C,, and (T')¢,,, (V)¢,, denote the
average of the kinetic and potential energy on this torus. Note that situations may occur such
that less than my. regular states exist. This phenomena is called flooding of regular states
and has been discussed in Refs. [86,87] in detail. However, for the examples considered in this

thesis it is not relevant.

The regular eigenstates [t,,) of U can be approximated by semiclassical regular states Vi)

which only have an exponentially decreasing contribution in the chaotic sea. They are also called

quasimodes. The error § of each quasimode is determined by ||| — 2z, [ )| = & with

reg reg
(Yreglbre,) = 1199]. For [¢7,) = |t,,) this error is zero. The construction of such quasimodes is
a difficult task for general kicked systems. One possibility is to find an integrable system H,eq
which interpolats the regular dynamics of the island. Semiclassical eigenstates of this system

can be determined and used as quasimodes. This procedure is discussed in Section 3.1.3. For
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mappings with an harmonic oscillator-like regular island such as the system F; and F, with
R = Z = 0, however, the eigenfunctions of the harmonic oscillator can be used. By rotating

and squeezing they can be adjusted to the regular island [94]. Finally we find

1
1 Re(o)\ 4 Re(o) o
m — H _ he 2 ]_4
) = o (D) [P | e (3.147)

with the the Hermite polynomials H,, and the complex squeezing parameter o. This result
is obtained using the tilting angle 6 of the elliptic island with respect to the momentum axis
and the ratio o’ of its half axes, determined from the linearized dynamics with Egs. (3.19) and

(3.20), see also Fig. 3.3. The squeezing o is given by

1

Relo) = L cos?(0) + o’ sin*(9)’ (3.148)
(o) = Re(o) <O_l - o—f) sin(6) cos(8). (3.149)

Husimi representation

We want to visualize quantum states |¢)) in phase space in order to compare the result to
classical phase-space structures. Therefore, we introduce the Husimi representation h(q,p)
which is given by the projection of the state |¢)) onto a coherent state |x,,) which shows the

same periodicity as the considered phase space. Its center is localized in the point (¢,p) €

[Qmina Gmin + Mq) X [pminapmin + Mp)

Map) = [(Xapl) (3.150)
N-1 2
= Z (Xawlar) (gk|?) (3.151)
k=0
N-1
- (ZN)i e~ TN (a?~ipq) eﬂN(—qi+2(q—ip)qk)
k=0
i ?
Rz <i7rN (Qk - ¢+ ip) i ) (k) (3.152)
where U3(Z|a) denotes the Jacobi theta function, defined as
U3(Z|ar) := Y et InZwith  Z,a € C, Im(a) > 0. (3.153)

nel

In Fig. 3.15 the Husimi representation of three characteristic eigenstates of the standard map
is presented for K = 2.4 and hes = 1/100.



3.1.4  Quantization 63
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Figure 3.15: Husimi representation of eigenstates of the quantized standard map for K =
2.4 and heg = 1/100. We show (a) a regular state mainly localized inside the central island,
(b) a state living inside a 4:1 resonance chain, and (c) a chaotic state. Red color represents
high values of the Husimi function while its low values are marked in yellow. For comparison
the classical phase space is shown in gray.

Quantization of classical Hamilton functions

In Chapter 4 we have to determine the eigenfunctions |tyes) of the quantum system which
corresponds to some integrable Hamilton function H,e.(q,p) in order to predict dynamical
tunneling rates. Hence, we present two numerical methods which allow the quantization of

such classical Hamilton functions H (g, p).

Discretization in position space
Let the Hamilton function be given as a power series of order N in g and p. After its sym-

metrization and quantization

N n N n
n— (A A 1 ~k An— n—k
H(g.p) = D> hinsd"p"™ = H@D) = 5D D hins(@D"" +5"7¢")  (3.154)
n=0 k=0 n=0 k=0

we introduce a discrete position lattice

G = i+ I (3.155)

with the minimal value g, and the spacing Aq = (¢max — Gmin)/M. We choose ¢uin and Guax
such that at these positions H (g, p) is much larger than the energies we are interested in. In
position representation the momentum operator is replaced by the derivative p = —iheffdiq. The

time-independent Schrédinger equation reads

i (q, —iheﬂdiq) ¥(a) = B(a). (3.156)
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On the given position lattice we approximate the derivative with respect to ¢ by difference

quotients. For the first derivative we obtain

Y(g + Aq) — (g — Ag)
2Aq

diqi/J(Q) + O(A¢?)

a
Vi1 — 1/12‘71’ Ag — Qmax — Qmin. (3.157)

2Aq M

Q

After expressing all appearing derivatives by difference quotients the Hamiltonian can be written
as a banded matrix in position representation. This matrix has dimension M with n occupied

diagonals where n depends on the maximal appearing order of the momentum operator

0 Yo o

B . (3.158)

0 Yy-1 Vm-1

By diagonalizing this matrix the approximate eigenvalues and eigenfunctions of the system are
obtained. Their error decreases ~ M~2. Note that this procedure becomes more elaborate if

higher orders of p appear in the Hamilton function.

Direct quantization

If the classical Hamilton function is periodic in p, H(q,p) = H(q,p + l,), this is also the case
for the corresponding quantum Hamiltonian. The periodicity in momentum direction implies a
quantization of the position coordinate. We restrict the discrete position lattice ¢; to the region
of interest [¢min, max) With the spacing Aq = heg/l,. The Hamiltonian in position representation

is given as a finite dimensional Matrix with elements
Hi; = (qi|H(¢.p)laj), i=0,....M—1. (3.159)

In order to evaluate this expression we symmetrically insert the identity operator in the mo-

mentum basis

pmin+lp

1 N N
Hy = 5 [ RGP + @A) e (3.100)
Pmin
pmin+lp
1 i
~ o / [H(gi,p) + H(g;, p)] eFer %9 qp, (3.161)
p
Pmin

By diagonalizing the matrix H;; we obtain approximate eigenvalues and eigenfunctions of the
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system H using classical information only. As a test we applied this procedure to the rotated
and squeezed harmonic oscillator, discussed above, whose eigenfunctions are analytically given
by Eq. (3.147). The numerically determined low-energy eigenstates of Eq. (3.161) showed
no deviations to the analytical result. However, as only classical data is used and the position

lattice is restricted tO [gmin, Gmax) an error of order 72 is expected for more generic systems [91].

3.1.5 Numerical methods for the calculation of tunneling rates

In this section we present numerical methods for quantum maps which determine tunneling
rates describing the decay of a quasimode from the regular region to the chaotic sea. The
numerical data obtained using these methods will be compared to the analytical prediction

derived in the next chapter in order to verify this analytical result.

Opening the system

The energy spectrum of a time-independent unbounded system is continuous. States which
exist for long times are called quasi-stationary [15]. The spectrum of such states is quasi-
discrete and consists of a number of energy levels of width I, := fieg/7,, where 7, characterizes
the life-time of the state. For ¢ — £o00o the quasi-stationary states are described by an outgoing

spheric wave. Hence, the solution of the Schrédinger equation yields complex eigenvalues
E, = Ey, —il',, Ey,, Iy € R (3.162)
For the time evolution of a quasi-stationary state we obtain

[n(t)) & 0 e Om R 45, (0). (3.163)

oIy,

The modulus squared of the wave function decays exponentially with e het ! = e ! where
Yn := 21, /heg denotes the decay- or tunneling rate of the state.

These concepts for open continuous systems can be transferred to our quantum maps. We
consider kicked systems whose phase space consists of one regular region surrounded by the
chaotic sea. This specific structure of phase space allows for determining tunneling rates nu-
merically by applying absorbing boundary conditions in the chaotic part of phase space. This
will affect the regular states as much as they are coupled to the chaotic region while the chaotic
states are affected more drastically. The quasi-stationary regular states will decay with a tun-
neling rate v which describes the coupling of this regular state towards the chaotic region if we
assume that the subsequent coupling from the chaotic region to the opening is a fast process.

We construct an open quantum map by

U = PUP, (3.164)
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where P is a projection operator. It has to be chosen such that it projects onto regions in
phase space which include the regular island and absorption occurs in the chaotic sea only. An
example is given by a sum of projectors on position eigenstates, P = ZZ; lg){q|, where the
regular island is located in the interval [qg, ¢1]. While the eigenvalues of U are located on the
unit circle the eigenvalues of U will move to the inside of this unit circle as U* is not unitary;,

see Fig. 3.16. The eigenequation of U* reads

U°[) = 27 (3.165)
with the eigenvalues

) (3.166)

If the chaotic region is transporting it is justified to assume that the probability of escaping the
regular island is equal to the probability of leaving through the openings located in the chaotic
sea. In generic systems, however, more complicated phase-space structures such as partial
barriers appear in the chaotic region of phase space. The additional transition through these
structures further limits the quantum transport such that the calculated decay through the
opening occurs slower than the decay from the regular island to its border with the chaotic sea.
This influence on the tunneling process can be suppressed by moving the absorbing boundaries

closer to the regular island.

()
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Figure 3.16: For the closed quantum map U all eigenvalues z lie on the unit circle. This is
shown in (a) in which the red symbols denote the eigenvalues corresponding to regular states
and the blue symbols represent chaotic eigenvalues. The eigenvalues of the open system Us
are presented in (b). They move to the inside of the unit circle. While the chaotic ones move
close to zero the regular eigenvalues stay in the vicinity of the unit circle. This behavior is
visualized in (c) where 1 — |z| is shown on a logarithmic scale over the polar angle ¢.
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We consider the time evolution of [¢%,) with U* and obtain

2Ty,

Tl || = & Fen = 7 (3.167)

It decays with a rate ,, = 2I',,,/hegr which is determined by the eigenvalues of Us. We find

I'm 5

|zm| =€ Pet =e 2. (3.168)

Hence, the tunneling rate ~,, is given by twice the distance of the corresponding eigenvalue z,,

from the unit circle (see Fig. 3.16)
Yo = —2108 || ~ 2(1 = |2]) (3.169)

for v,, < 1. To numerically determine the tunneling rates we have to find an appropriate projec-
tion operator P, diagonalize the resulting non-unitary operator U, and identify the eigenvalues
zm of U® which correspond to the quasi-bound regular states. Their distance from the unit cir-
cle determines the tunneling rates ~,, via Eq. (3.169). This implies that the eigenvalues of Us
can be ordered according to their distance from the unit circle, which allows a separation of

long and short-lived states corresponding to regular and chaotic states, respectively.

For kicked systems with quasi-periodic potential V' (¢) and kinetic energy T'(p) the time-
evolution operator is given as a finite dimensional matrix [96], see Eq. (3.134). Ignoring the

quasi-periodicity in position direction we obtain

i Pmin+ M, i i
Uk,n _ Mie— heﬁ,v(%)/ P dpe@(qk_q")pe_heﬁ’T(p) (3170)

p Pmin

with the position lattice

. 27Theﬂ‘
M

p

n (n+6,), n ez, (3.171)
and the Bloch phase 6,. The matrix Uy, is infinite dimensional and unitary. Now we restrict the
position lattice to a finite number of lattice points, e.g. in an interval [qo, ¢;]. The corresponding
truncated matrix, denoted by U*, is not unitary. It does not include information about periodic
boundary conditions in position direction. Any probability which would be mapped to g > ¢
or q < qo with the unitary map U is absorbed. The absorbing regions are visualized in Fig. 3.17

for a specific example.

This procedure which uses the eigenvalues of the non-unitary operator U* for the determi-
nation of dynamical tunneling rates is a fast and reliable method. It is commonly used for
quantum maps throughout this thesis. Note that for systems such as the mappings F5 in which

the regular island is transporting a section of the infinite dimensional matrix Uy, has to be



68 3.1 Kicked systems

used which includes this transport. For the system F, with a velocity v, = 1 it is given by
Uk+n/M,n in which & and n take values such that the position lattice is restricted to one unit

cell. This is visualized in Fig. 3.18.

(a)

0.5 0.5

—0.5 0 —0.5
—0.5 q 0.5 —0.5 q 0.5

Figure 3.17: The effect of one application of U to coherent states |Xq,p) centered in ¢,p €
[~1/2,1/2] is presented in (a). In the blue region the norm of U®|x,,) is close to one. States
localized in this region will decay slowly. In the white region this norm is close to zero
and states localized here will rapidly decay. This behavior is closely related to the classical
dynamics of the system Fj (b). After one iteration points in the green region will stay inside
the shown unit cell while points initially located in the blue or orange region will leave this
cell to the right or to the left, respectively. As U* does not respect the periodic boundary
conditions in g-direction all points in the orange and blue domain will escape which is exactly
the white leaky region in (a).

max

min

249

0 : n 249 150 n 199

Figure 3.18: Modulus squared of the matrix U in position representation for the mapping
F>. We show a section of M, = 5 unit cells and N = 250. To determine tunneling rates
of regular states localized in the transporting regular island we have to restrict this matrix
to one unit cell and consider its elements (A]k+N/Mq7n with k,n = IN/M,,...,(I +1)N/M,,
l€0,...,My;—1, and N/M, € N. These regions are marked in red in (a) and one of them
is enlarged in (b).
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Evaluation of avoided crossings

A commonly used method for the determination of tunneling rates is given by means of the
evaluation of avoided crossings. Exemplarily, we consider a quantum map U and determine the
quasi-energies ¢ of all eigenstates under variation of a system-specific parameter, e.g. the Bloch
phases 0, or ¢,. Now we follow the quasi-energy ,, of one chosen regular state, predicted
by Eq. (3.146), and determine the widths of the avoided crossings between this regular and
several chaotic states under variation of the parameter. Note that the semiclassical expression
for the quasi-energy of a state localized in the regular region given by Eq. (3.146) has been
generalized to transporting islands in Ref. [94]. It allows a numerically efficient determination
of the quasi-energy splittings Ay, ch = ¢@m — @en- The connection between these splittings

Appmch = 2(@Z)Ch|U|@/)m ) and the tunneling rate is given in Appendix C.3

reg

TYm = Z<wch‘0‘w$g> (3172)
ch
N

~ 4h<|A90m,ch‘2>ch (3-173)

where N, denotes the number of chaotic eigenstates of U. In Eq. (3.173) we average over all
determined avoided crossings to minimize the appearing fluctuations of the widths of the single
splittings (see Fig. 3.19).

The applicability of this method is limited by the following restrictions: For small dimensions

Figure 3.19: Part of the quasi-energy spectrum of the quantized mapping F; for the pa-
rameters r; = 0.46, R =0, Z =0, ¢ = 0.005, M, = 3, and 1/heg = 10 under variation of
4. Quasi-energies which correspond to chaotic eigenstates of U are marked in blue while the
quasi-energies of the regular states are colored in red. We find that the quasi-energies of the
ground state g and the first excited state ¢ remain almost unchanged under this variation
and perform avoided crossings with chaotic states (red-blue dashed lines).
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N of the Hilbert space only a few chaotic eigenstates exist. Hence, the average taken in
Eq. (3.173) includes just a few different splittings Ag,, . Consequently, the predicted tunneling
rates have a large statistical error. For large N the quasi-energies are more densely distributed
in p € [0,27). Therefore, resolving the single avoided crossings is more difficult and avoided

crossings which involve more than two states appear.

Time evolution of wave packets

A simple method to obtain a numerical prediction of the tunneling rates is given by the time-

m
reg

projects onto regions in phase space which include the regular island. We consider

evolution of a purely regular state |¢™ ) with a non-unitary operator Us = PUP. Here P

Put) = > [l (U°) e | (3.174)
n=0

for t € N which describes the probability of the time-evolved regular state within the regular
island at time ¢. At each time step probability of |¢7,) is lost in the chaotic region due to the

openness of the quantum map Us. Consequently, P,,(t) decays exponentially P, (t) ~ e 7

m
reg

admixtures from lower exited regular states (with smaller tunneling rate) their decay dominates

and the tunneling rates 7, can be determined by a fit of the numerical data. If [/ ) contains
for times ¢t > 1/7,,. If it contains admixtures from higher exited regular states (with larger
tunneling rate) their decay will be seen for small times (see Fig. 3.20). The presented method
works best for regular states |¢;;,) which resemble the corresponding eigenstates of the mixed
system U with high accuracy. It is particularly useful for Hilbert spaces of large dimension N

where diagonalizing the matrix U* would take a long time.

1 m =0 . 10° m =1 . m = 2 . m =3 .
P(t) e~ ot P(t) e~ it
107° . . .
e_’YOt
0.1 ' 10710 ' '
0 t 100000 0 t 100000 O t 100000 O t 100000

Figure 3.20: Time evolution of a purely regular state: We present P(t) as a function of ¢
obtained by Eq. (3.174) on a semi-logarithmic scale. The slope of the blue line in the left
plot determines the tunneling rate of the regular ground state m = 0 to the chaotic sea. For
the higher excited states m = 1,2,3 we find the same behavior for small times ¢, while for
larger times the decay of lower excited states with a different slope is found.
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Comparison of the methods

We compare tunneling rates obtained for the system F; under variation of the effective Planck
constant heg using the three methods discussed above. The results are shown in Fig. 3.21 for
states with quantum number m < 3. While the method of opening the system and the time
evolution produce similar results, the data obtained using avoided crossings shows deviations

which are, however, smaller than a factor of two. They arise due to the limitations of this

approach.
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Figure 3.21: Comparison of numerical tunneling rates under variation of 1/heg on a semi-
logarithmic scale obtained by opening the system (crosses), the evaluation of avoided crossings
(circles), and time evolution (plus symbols). We use the mapping F; with r; = 0.65, R =0,
Z =0, e =0.025 and consider the regular states m = 0 (black), m =1 (red), m = 2 (green),
and m = 3 (blue). The inset shows the phase space of the system.

3.2 Billiard systems

An important class of systems considered in quantum chaos are billiards which are given by
the free motion of a point particle inside a two-dimensional domain and elastic reflections at
its boundary. The classical dynamics is defined by the shape of this boundary. Similar to the
kicked systems described before it can be completely regular, chaotic, or mixed which is the
case we are interested in. While the theoretical description of such billiard systems is more
challenging compared to the mappings introduced in Section 3.1 they, however, are of major
importance. Billiard systems can be observed experimentally, e.g. using microwaves [100, 101]

or as mesoscopic quantum dots [102, 103].
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In this section we present classical and quantum properties of billiards with a focus on nu-
merical methods which allow to determine its eigenvalues, eigenstates, and dynamical tunneling
rates. The aim is to introduce the information necessary to understand the dynamical tunnel-
ing process in these systems and not to cover all details for which the reader should consult
Refs. [104-109] and references therein.

3.2.1 Classical dynamics

Billiards are dynamical systems given by a point particle of mass m which moves with constant
velocity inside a compact domain 2 € R2. It is elastically reflected at its boundary 9 such
that the angle of incidence and the angle of reflection are identical. The boundary consists of a
finite number of smooth components characterized by their curvature x which does not have to
be constant. For x < 0 the resulting dynamics is defocusing, for x > 0 focusing, and for k = 0
it is neutral. The singular points at which the different parts of the boundary meet are called
corners, see Fig. 3.22.

The Hamiltonian of the billiard system is given (with 2m = 1) by

2
P, q€
H(q,p) = { o, g2 (3.175)

in which g and p denote the two-dimensional position and momentum coordinates, respectively.

It describes the motion of a particle in a potential V(g) which is zero for ¢ € © and infinity

o

Figure 3.22: Sketch of a billiard system: In the interior ) a particle moves freely and
is elastically reflected at the billiard boundary 9 (red line). The angle of incidence x is
equal to the angle of reflection. The different smooth parts of the boundary are connected
at corners marked by black dots.
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outside. The phase space is given by
{(g.p) € A xR*} CR* (3.176)

which is four-dimensional. As billiard systems are time-independent the energy FE is conserved

and the motion takes place on three-dimensional hyperplanes in R*
Spi={(q,p) € AxR*|p’=E}. (3.177)
Due to the Hamilton function which is quadratic in p the scaling property
Yp =VEY ={(¢,VEp) | (g,p) € 1} (3.178)

holds. Thus it is possible to restrict the momenta to |p| = 1 and identify the quasi-energy

surface as follows
= {(g,p) QxR | |p| =1} ~Q x5 (3.179)

in which S; is the unit circle.

To completely describe the motion of the particle it is sufficient to consider the positions of
its incidents with the boundary 0f) and the direction of momentum after each reflection. Inside
the billiard it moves on straight lines which are determined by this information. Hence, the
billiard boundary provides a natural two-dimensional section of the phase space which can be

used to visualize the classical dynamics. This Poincaré section is defined as
P={x =(q,p) € X1 | q € 09, p € T(00) with (p, N(q)) = 0} (3.180)

in which IN(q) denotes the inward pointing normal vector in the point g € 99, T5(99) is the
tangent space in g, and (-,-) denotes the usual scalar product. The Poincaré section defines a
mapping P : P — P for the billiard dynamics which describes how the position and momentum
of each reflection at the boundary follows from the preceding one. A parameterization of P can
be obtained using the arclength s along 02 and the tangential projection p of the momentum

p after reflection
P:={(s,p)[s€[0,L], pe[-1,1]} (3.181)

in which L is the length of the billiard boundary. The reduced phase space of the Poincaré
mapping is similar to the stroboscopic phase space of kicked systems introduced in Section 3.1.2

as it allows for a two-dimensional visualization of the dynamics.

Depending on the shape of the boundary 0f) the classical dynamics of the corresponding
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Figure 3.23: Sketch of billiard systems used throughout this thesis: We present the config-
uration space with typical trajectories and a Poincaré section for the integrable (a) circular,
(b) elliptical, and (c) rectangular billiard, the chaotic (d) stadium and (e) Sinai billiard, and

the mixed (f) mushroom, (g) annular, and (h) cosine billiard. Regular trajectories are marked
in red while chaotic ones are depicted in blue.
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billiard can be regular, chaotic, or mixed. As the circular billiard has a radial symmetry
the angular momentum is conserved in addition to the energy. Due to these two constants
of motion it is integrable. The same situation occurs for the rectangular and the elliptical
billiard [110,111]. Figure 3.23(a)-(c) shows typical classical trajectories for these billiards and
the corresponding Poincaré sections. Each trajectory is confined to a two-dimensional torus
which appears as a one-dimensional line in the Poincaré section.

In contrast to these integrable systems, shapes exist such that the dynamics is completely
ergodic which means that for long times almost all trajectories fill the whole energy plane
with uniform measure [72] such that they fill a two-dimensional region in the Poincaré section.
Famous examples are given by the Bunimovich stadium [112,113], the cardioid [114], or the
Sinai billiard [106,115], see Fig. 3.23(d)-(e). A lot of effort has been taken to prove universal
features of these systems [106,112,113,116-120).

However, generic Hamiltonian systems have a phase space in which regular and chaotic
dynamics coexist. This behavior can also be modeled by billiards. We mention the cosine [121],
the annular [29,30,122|, and the mushroom billiard [123,124]. Fig. 3.23(f)-(h) shows the
geometries of these billiards with typical trajectories which in the Poincaré section form regular
tori surrounded by the chaotic sea. A particularly interesting example is the mushroom billiard.
It is constructed such that the regular and chaotic parts of phase space are sharply separated.
Inside the regular region no resonance structures appear and besides the bouncing-ball orbits
the chaotic sea has no additional structures. Hence, the mushroom billiard is similar to the
mappings F; with R = Z = 0 which show a resonance-free regular island. In contrast, typically
the phase space of the annular and the cosine billiard exhibits nonlinear resonance chains, a
relevant hierarchichal region, and partial barriers in phase space, as discussed in Section 3.1.1

for the standard map.

3.2.2 Quantum billiards

Quantum mechanically billiards are described by the time-independent Schrédinger equation

(in units A= 2m = 1)

_A@Z)n(q) = Enwn(q)a qefl (3'182)

with the Dirichlet boundary condition 1, (q) = 0, g € 9. In Eq. (3.182) A denotes the Laplace

operator in two dimensions

o* o

-4 9 1
5 T oy (3.183)

Equation (3.182) is identical to the eigenvalue problem of the two-dimensional Helmholtz equa-

tion which for example also describes the eigenvalues of a vibrating membrane or of a microwave
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cavity. This equivalence allowed for the simulation of quantum billiards by experiments using
microwave cavities [100,101,125-127]. One application is presented for the mushroom billiard
in Section 5.2.1.

The state of a particle is described by a wave function ¢)(q) € L*(€) in position representation
in which L?(Q) is the Hilbert space of square integrable functions on €. Due to the compactness
of Q the eigenvalues {E,} are discrete and can be ordered as 0 < F} < Fy < F3 < ---. The

eigenfunctions can be chosen real and form an orthonormal basis on L?((Q)

(Unltok) == /wn(q)wk(q) d%q = Opn. (3.184)
Q

In contrast to the kicked maps discussed in Section 3.1.4 we find infinitely many eigenvalues and

eigenfunctions. Any wave function ¥ (q) € L*(Q2) can be decomposed into the eigenfunctions

Yn(q)

U(g) =) cathul(q) (3.185)
n=1
in which ¢,, are the expansion coefficients
o = {nlv) = [ vnl@)ula) s (3.156)
Q

The time-evolution of the wave packet is obtained by

[e.e]

P(g,t) = coe (). (3.187)

n=1
Hence, the full quantum information of the billiard is included in the eigenvalues FE, and the
eigenfunctions v,,. Note that for billiard systems we choose A = 1 such that the semiclassical
limit, formerly given by the effective Planck constant h.g — 0, is now reached if the energies

tend to infinity, F,, — oo.

Spectral staircase function and density of states

A lot of insight on quantum systems can be obtained by analyzing their spectrum. One relevant
property is the spectral staircase function N(F). It counts the number of eigenstates with an

energy E, smaller than a given energy F

N(E) = #{n| E, < E} (3.188)
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and can be decomposed into a smooth and a fluctuating part N(E) = N(E) + Nyt (E). For
large E the smooth part is given by the generalized Weyl law [128§]

_ A L
N(E):EE—E\/E+C+... . (3.189)

Here, A denotes the area of the billiard and L is the length of its boundary. The constant C' is
determined by the curvature and by properties of the corners of the billiard [104]

C=> b))+ clay) (3.190)

in which I'; are the smooth pieces of the boundary and «; denote the interior angles of the

corners. The curvature terms b(I";) read

b)) = é//{l(s) ds (3.191)

where k;(s) is the curvature of I'; in dependence of the arclength s. The corner contribution is
given by

2 2

™ —« 1 /o a
= = — |- - — 0 < 2. 3.192
o) = = w (a 7r> ! <asen (3.192)

The derivative of the spectral staircase function is the density of states d(F). For its smooth
part d(E) we find

d(E) =~ ~m T mET (3.193)

For large E the density of states is independent of the energy E.

Eigenfunctions and random wave models

According to the semiclassical eigenfunction hypothesis [20-22| we expect that the eigenfunc-
tions 1, (q) of high energy will be localized in those phase-space regions which a typical classical
orbit explores in the long-time limit. Hence, for regular billiards they will localize on quantizing
tori while for chaotic billiards they are spread over the whole energy surface. Mixed systems
will show both of the two possibilities, i.e. states mainly localized on quantizing tori which we
call regular and states spread out over the chaotic sea which we call chaotic. However, due to
dynamical tunneling in between the classically separated regions they will have at least a small
contribution in the other region of phase space. Examples of such eigenstates are are presented
in Fig. 3.26 on page 86.

For regular billiards quasimodes can be constructed by means of WKB techniques [99, 129,
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130]. They approximate eigenfunctions of the billiard which appear isolated in the spectrum.
For quasi-degenerate eigenfunctions a linear combination of the quasimodes has to be used. If
applied to regular states in billiards with a mixed phase space, the WKB techniques do not
allow for calculating the quasimodes in the classically chaotic region which will, however, turn
out to be important in Chapter 5. Hence, these methods are not considered in this thesis.
Eigenfunctions of chaotic systems show universal features. For example Berry conjectured
[21] that their amplitude distribution is Gaussian, which has been found in many numerical
studies [131-133|. Hence, he introduced a model which describes such chaotic eigenfunctions
by a random superposition of plane waves. For the two-dimensional case on the region €2 it is
given by
9 N
¥(g) = Wl N 321 cs cos(ksq + ¢s) (3.194)

in which the ¢, are assumed to be independent Gaussian random variables with mean zero and
variance one. The wave numbers k, fulfill |k,| = v/E and are uniformly distributed on the
circle of radius vE. The phases ¢, show a uniform distribution in [0,27) and the prefactor

accounts for the normalization of the wave function such that

/z/ﬂ(q) dg = 1. (3.195)

The amplitude distribution P(%)) of a real state 1(q) is defined as follows

b

_. / P() du (3.196)

a

vol({g € [ ¢(q) € [a,b] CR})
vol ()

For random waves as introduced in Eq. (3.194) the central limit theorem states that for N — oo

the amplitude distribution is a Gaussian [21]

P(y) = \/;T7exp <—%22) (3.197)

in which the variance o2 is given by the inverse area of the billiard

1
2
= —. 3.198
7 T Vol(Q) (3.198)
Hence, in the sense of a Gaussian amplitude distribution the plane wave model, Eq. (3.194),
gives indeed a valid approximation of real chaotic eigenstates. The validity has been shown for

other statistical properties as well.

The random wave model presented in Eq. (3.194) fulfills no boundary conditions. It can be
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adapted to respect a Dirichlet boundary condition at x = 0 [134], where ¢ = (x,y). Hence, the

prediction for ¢)(q) has to be equal to zero on this line. This can be achieved with the following

model
N
W(q) = 2 Zc sin(k cos(Vs)z) cos(k sin(ds)y + ¢s) (3.199)
vol(Q)N <= ’ ’ ’
in which the angles 94 are uniformly distributed on [0,27) and k = |k| is the wave number.

Equation (3.199) has the following relevant statistical property

(@) = gy~ H(2ke) (3.200)

in which (-) denotes an ensemble average and Jy is the zeroth Bessel function of the first kind.
It fulfills Jy(0) = 1 such that the wave functions vanish at © = 0 and start to oscillate for
larger values of z. For x > 1 we find Jy(2kz) =~ 0 and the behavior of the plane wave model,
Eq. (3.194), is recovered.

In Ref. [135] it was shown that the solutions of the Schrédger equation in the vicinity of a
corner at g = (0,0) of angle § and energy E = k?* are given by

¥s(q) = Jzs(kr) sin (%s) (3.201)

in which we use polar coordinates ¢ = (r,¢) and s = 1,2,... . Using these basis functions

a random wave model can be found which respects Dirichlet boundary conditions of such a

v(g) =/ Vol Z css(q (3.202)

Again, the ¢, are assumed to be independent Gaussian random variables with mean zero and

corner of angle ¢

variance one and the normalization constant C' depends on # and has to be determined nu-
merically. No other random parameters appear. This makes the ensemble average {|¢(q)|*)

particularly simple. We obtain

(v (a) Vol j 2 Vi (3.203)

Note that this random wave model can also be applied to Dirichlet boundary conditions at a
straight line with § = 7 as discussed previously in Eq. (3.199). Fig. (3.24) shows a result of the

three random wave models.
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X

Figure 3.24: Amplitude of wave functions generated by different random wave models: In
(a) no boundary conditions are imposed, see Eq. (3.194), in (b) a Dirichlet boundary condition
holds at = = 0 (dashed line), see Eq. (3.199), and in (c) Dirichlet boundary conditions are
fulfilled at a corner of angle 3w/2 (dashed line), see Eq. (3.202). Positive amplitudes are
marked in red while negative amplitudes are shown in blue.

Eigenfunctions in phase space

In order to compare the properties of eigenstates to classical phase-space structures we con-
sider their representation on the Poincaré section given by the Poincaré-Husimi function [136].

Therefore, we have to calculate the normal derivative of v,,(q) along the boundary

0
A ¥n =N n 5 3.204
o V(@) Vin(q) (3.204)
where N = (N,, N,) denotes the unit normal vector on the boundary. In Cartesian coordinates
is given by
() = N (2,9) + Ny tnl,9) (3.205)
(9N n 7y T xax n ay yay n ay N

while we obtain for polar coordinates

0

) 0 ) 10
6—N¢n(q) = (N, cosp+ Nysin @)azpn(r, ©) + (=N, sin ¢ + N, cos @);%Qpn(r, ©). (3.206)

After the parameterization of the boundary with the arclength s, q(s) = (z(s),y(s)) =

(r(s),¢(s)), one finally obtains the normal derivative of 1,(q) depending only on one vari-
able s, 01, /ON(s).

This derivative can now be used to calculate the representation of the eigenstate on the

Poincaré section. Thus, we introduce the Husimi representation

I 2

h(s,p) = /ainn(s') elPEns’ o (s’ — 5) ds’ (3.207)
0
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in which
1
1 \* _.2
$o(s) = <W) e 17, (3.208)

o is the squeezing parameter (o ~ 0.076 [136]), k,, is the wave number corresponding to ¢, (q),

p € [—1,1], and s € [0, L]. For an example, see Fig. 3.26.

Analytical quantization of integrable billiards

To determine the eigenvalues and eigenstates of a billiard we have to solve the Schrédinger
equation (3.182) on  with Dirichlet boundary conditions on the boundary 0f2. Analytically,
this is only possible for integrable systems such as the rectangular, the circular, and the elliptic
billiard.

For a rectangular billiard of side lengths a and b the eigenfunctions are

Umn(q) = \/2a_b sin (m;m) sin (n—zy) (3.209)

and for the eigenvalues we find

E,. = {(%)2 + (%)1 . (3.210)

They are characterized by the two quantum numbers m = 1,2,... and n = 1,2,... which

determine the number of oscillations of the wave function in x and y-direction, respectively.

For the circular billiard of radius R the eigenfunctions in polar coordinates are

JmnT

) [A cos(myp) + Bsin(my)] (3.211)

in which J,, is the mth Bessel function of the first kind, j,,, is the nth root of this Bessel
function, and N,,, = \/2/7 /(Jm—1(Jmn)R) accounts for its normalization. The constants A and
B are zero or +1 where £ accounts for the sign of the angular momentum. Here, m = 0,1, ...
denotes the angular quantum number while n = 1,2, ... is the radial quantum number. The

eigenenergies are given by

j2
By = 2. (3.212)

For the ellipse the Schrédinger equation is separable using elliptic coordinates g = (£, 1) such
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that ¥(&,n) = R(§)¢(n) which leads to two Mathieu equations

d2
d—ni) + (d —2qcos(2n))p = 0, (3.213)
d’R

where d is the separation constant, ¢ = f2E/4, r, and r, are the lengths of the two half axis,
and f = /r2—r?. The angular Mathieu equation is solved by the even and odd angular

Mathieu functions

cem(n,q), m=0,1,2,...,
Pm(n) = \79) (3.215)
senm(n,q), m=1,2,3,...

while the radial solutions are given by the even and odd oscillatory Mathieu functions of the
first and second kind for ¢ > 0 [137]

MC%)(S,C]) or MS%)(gaq)a

Mci?) (€.q) or Msi (€,q). (3:218)

Rm(g, q) = {

The eigenenergies are found considering the Dirichlet boundary conditions. It demands that
the radial component R,,(&, q) vanishes at the elliptic boundary. For ¢ = ¢y, the nth zero of
the radial function R,,(&, gms) is located at the elliptic boundary and the eigenenergy is given
by Epn = k2, = 4¢mn/ f*. The eigenstates are finally obtained as

¢mn(§7n) = Nman(gann)QZ)m(naqmn) (3217)

with the normalization constant NV,,,.

Numerical quantization of billiards

Billiards with more complicated boundaries than discussed before have to be treated numer-
ically. Especially systems with a mixed phase space cannot be quantized analytically. There
exist several methods for the numerical computation of eigenvalues and eigenfunctions in two-
dimensional billiard systems. The boundary integral method is used most commonly throughout
the literature [138-140]. While it works for arbitrary shapes of the boundary 02 and does not
depend on specific basis functions its accuracy is not sufficient to determine the small level
splittings which are required for the prediction of dynamical tunneling rates. Hence, we choose
the improved method of particular solutions [141]. It is especially useful for the determination
of small energy splittings due to its high accuracy and speed. However, it cannot be applied to
arbitrarily shaped billiard boundaries and has to be adapted for each specific billiard. Never-
theless, it is the choice for the computation of low energy eigenvalues throughout the thesis. If

high energy eigenvalues are required the scaling method [142] is well suited. Alternatively, the
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plane wave decomposition [132,143] or scattering methods [144-146] have been considered.
We want to discuss the improved method of particular solutions in more detail. The main

idea is given by the decomposition of the eigenfunctions of the billiard v, into a set of basis

functions ¢; which fullfill the Schrédinger equation (3.182) on €2 but do not account for the

Dirichlet boundary conditions on 0f2

N

U =Y i (3.218)

j=1

Under variation of the energy £ we want to find the expansion coefficients ¢; such that the linear
combination ,, also fullfills the boundary conditions on 0f2 as the quantization condition. The
expansion of Eq. (3.218) is truncated at j = N such that the problem can be treated numerically
and we use polar coordinates in real space g = (r, ¢).

The original method of particular solutions [147] consists of taking N points (r;,¢;), ¢ =
1,..., N, which are randomly located on the boundary 02 and solving a set of linear equations
A(E)c =0 with the matrix A given by

A(E) = ¢j(ri, i, E). (3.219)

As the amplitude of each eigenfunction on the billiard boundary has to be equal to zero, an
eigenvalue is found if the determinant det(A(E)) = 0 is zero. This approach can be generalized
by using N, > N points on the boundary such that the matrix A becomes an N, X N matrix.
Then, an eigenvalue is found if the lowest singular value of this matrix is equal to zero.
However, the described method is delicate as spurious solutions may occur which are zero on
the boundary and in the interior of the billiard simultaneously. These solutions lead to predicted
energies which are not eigenenergies of the system. To solve this problem the improved method
of particular solutions [141, 148| additionally considers N, randomly chosen points inside the
billiard. Hence, the matrix A is a composition of one block Ap in which the basis functions
are evaluated at the boundary and another block A; where they are evaluated in the interior

of the billiard
Ap(E)

A(E)

It is a 2V, x N matrix. To find the eigenvalues of the system we orthogonalize this matrix A

A(E) = . (3.220)

using a QR-decomposition where () is orthogonal and R is an upper triangular matrix

QB(E)

AE=\ o)

R(E) = Q(E)R(E). (3.221)

We denote the range of A(FE) by A(F) which describes the space of basis functions evaluated
at the boundary 9Q and the interior € of the billiard. For u € A(E) there exists a v € RY
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such that
u=Q(E)v, |v| =1, v € RY. (3.222)

For the identification of a certain energy F as an eigenenergy of the billiard we consider the

vector 0 € RY for which @ € A(F) is minimal on the boundary

o(E) = @p(E)o|| = min [|Qp(E)v]. (3.223)

veRN |jv||=1
Numerically, o and o(F) are determined by the singular value decomposition of @ g(E) in which
¥ is the right singular vector of Qg (F) with the corresponding smallest singular value o(F).

Now let us consider the norm of & = Q(E)v
L= [[o]* = [lQ(E)I* = [Qs(E)I* + 1Qi(E)D]* = o(E)* + |Qr(E)0[* = [la]*. (3.224)

Spurious solutions as mentioned before can no longer occur as the vector u has approximately
norm one inside the billiard, if o(E) ~ 0. The eigenvalues F,, of the system are determined by
calculating o(F) under variation of F and by finding its minima o(E,,) = 0, see Fig. 3.25. The
distance of o(F,) from zero is a direct measure of the error of the determined eigenenergy FE,,.

The coefficients ¢ for the decomposition of the eigenfunction ), are given as
c= R(E)'%. (3.225)

Using these coefficients ¢ the eigenfunction 1, is found, see Fig. 3.26 for an example. Note that
degeneracies in the spectrum can be located by the evaluation of the second smallest singular
value. If a quasi-degeneracy occurs this second smallest singular value will show a minimum in
between the two energy levels, which allows to determine the corresponding two eigenvalues.
One of them is located at an energy smaller than the minimum of the second singular value

and the other is found at a larger energy, see Fig. 3.25.

An alternative formulation is given by the tension function ¢[u]

[[ulloe .
tlu| = , tmin(F) = min t|ul. 3.226
= (B) = min (3:220)
If tmin(E) is zero an eigenvalue E, is found. Its error is estimated by d - ¢\, (F,) in which d is
a constant [149]. For increasing energies the number of necessary basis functions N increases

which slows down the calculation (effort ~ N3). A good choice in the semiclassical limit is
given by N = 9k/4 [149].

The results of the described method of particular solutions substantially depend on the choice

of the basis functions ¢;. Particularly suited for the billiards studied in this thesis are the so-



3.2.2  Quantum billiards 85

0.6 O T T T T T

0.4

0.2

0.0

20 40 60 E 80 100
Figure 3.25: The smallest singular value o (solid line) and the second smallest singular value
(dashed line) is shown under variation of the energy E for an example billiard. Positions at

which the smallest singular value has a minimum are marked by red dots. They correspond
to eigenenergies of the system.

called Bessel-Fourier functions
¢;(r, ¢, E) = Jo;(VET) sin(jo). (3.227)

They are zero on a corner of angle 7/« located at the origin. Hence, an appearing Dirichlet
boundary condition of such a corner is already accounted for by the choice of these basis
functions. Examples are given by av = 2/3 for the mushroom billiard or o = 2 for each billiard
with a corner of angle 7/2 such as the desymmetrized stadium billiard. Furthermore, these
basis functions give the possibility to avoid singular behavior resulting from corners of angle
0 # w/n, n € N, which would otherwise result in a slow convergence of the method.

The basis functions, Eq. (3.227), are highly ill-conditioned leading to a large null space of A.
For large o(E) this singular value shows fluctuations under variation of F which makes the deter-
mination of the minima of o(F) more difficult. One method to avoid these fluctuations is given
by the regularization procedure. For this regularization we consider the QR-decomposition of

the matrix A. Calculating the singular values of R(F) leads to the representation
R(E)=U(E)S(E)V(E), (3.228)

in which S(E) contains the singular values of R(E) on its diagonal. We define a threshold
€ ~ 10713, sort the singular values oy > o9 > --- > ON(e) > €, and consider only those singular

values which are larger then e. We define the matrix U containing all left singular vectors of U
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with corresponding singular values o; > € and instead of Eq. (3.223) we solve

o(B) = [Qp(E)0T] = min [Qs(E)D| (3.220)
to find the eigenvalues of the system. With this procedure the large null space of the ill-
conditioned basis can be avoided and o(F) does not fluctuate under small variations of F.
However, by this regularization the eigenvalues F,, are slightly shifted [149]. Hence, we use the
regularization on a coarse energy grid to approximately find the the minima of o(E) and the

non-regularized procedure for the accurate determination of the eigenenergies F,,.

Figure 3.26: Modulus squared of a regular eigenfunction (a) and a chaotic eigenfunction
(c) of the desymmetrized mushroom billiard at energy E ~ 11596.3 (a) and E ~ 11836.9 (c).
The corresponding Poincaré Husimi function is mainly localized either in the regular region
of phase space (b) or in the chaotic sea (d). Here, we show only the part of the Poincaré
section which corresponds to the circular part of the boundary and use [ = 0.5 as the length
of the stem, a = 0.5 as its width, and R = 1 for the radius of the cap.
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3.2.3 Numerical methods for the calculation of tunneling rates

In Chapter 5 we want to study the dynamical tunneling process in billiard systems with a mixed
phase space. In order to verify our theoretical prediction it will be compared to numerical data.
Hence, in this section we introduce two approaches for the numerical determination of tunneling
rates. While the first method evaluates the widths of avoided crossings the second approach
uses scattering theory. The results of the two methods are found to be in good agreement for
the considered billiards.

Evaluation of avoided crossings

Similar as presented for quantum maps in Section 3.1.5 we find the tunneling rate of a regular
state by averaging over widths of avoided crossings between this regular and several chaotic
states. Numerically, we determine the spectrum in the vicinity of the considered regular energy
under variation of the boundary of the billiard. If we vary those parts of the boundary which are
located in the classically chaotic region of phase space only, the regular eigenenergies are almost
unaffected and remain constant while the eigenenergies of the chaotic states vary drastically.
Hence, avoided crossings of widths AFE; = F,.; — Eq,; appear, see Fig. 3.27. The tunneling rate
is given by Fermi’s golden rule

AE@ 2 7 Ac
v = 271'%%}1 A ?h<|AEi|2>i (3.230)

where we average over all numerically determined widths AE; and pg, is the density of chaotic

states which we approximate by its leading Weyl term, pu, ~ A /(47). The area Ay, is the
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Figure 3.27: The eigenvalues of mushroom billiards with stem width a = 0.5 and radius R =
1 are presented under variation of the height of the stem /. While the energy of the regular
state remains almost unaffected (red line) the chaotic eigenenergies vary drastically (colored
lines). This leads to avoided crossings between the regular and the chaotic eigenvalues with
splittings AE; (dashed lines). In the inset one of the avoided crossings is magnified.
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area of the billiard times the fraction of the chaotic phase-space volume.

Note that this method is applied to determine dynamical tunneling rates for most of the
billiards discussed in Chapter 5. Compared to quantum maps the computing time to obtain
an equal number of tunneling rates may increase by a factor of more than 1000. It can be a
challenging task to deform a part of the billiard boundary such that the regular dynamics is

unchanged and the numerical methods for the determination of eigenvalues are still applicable.

Scattering approach

In analogy to the approach of opening the system for quantum maps (see Section 3.1.5) we
consider a method presented in Ref. [150] which can be applied to determine tunneling rates
in billiards. It consists of attaching a lead to a part of the billiard and allows to calculate the
decay of a quasi-stationary state through this lead. If the lead is placed into a region of the
billiard in which the classical dynamics is completely chaotic, the regular states will appear
as such quasi-stationary states and their decay can be determined. Note that this approach
assumes that after tunneling from the regular island to the chaotic sea, the transport to the
lead is a fast process. This assumption is violated for example if partial barriers are relevant

in the chaotic part of phase space which limit the quantum transport.

Let H = p? + V(q) be the Hamiltonian of the given system which can also have a soft-wall

potential. The time-independent Schrodinger equation reads
(H = En)n(q) =0 (3.231)
or by means of the Green’s function
(P +V(g) ~ E)G(a.q, E) = d(qa —q). (3.232)

In spectral representation the Green’s function reads
o Un(@)¥n(d)
G "E) = g —re= 3.233

Now we cut the position space €) of the billiard by a one-dimensional line 02, into two regions
QF and Q. The vector g = (&, ) is decomposed into a part & which determines the position on
02, and a part n perpendicular to it. For potentials V' (q) which are continuous on the boundary
n = 0 we introduce H* = p?+ V. (q) in which Vi(q) = O(£n)V(q) + O(Fn)Vieaa (&, ). For the
sign +, which we use for our billiard systems, {2~ becomes an infinitely long lead and for the
— sign Q7 is the lead described by the potential Vieaq(&, 1) (see Fig. 3.28 for an illustration).
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Yo Y
Figure 3.28: Illustration of the transition from the closed and desymmetrized mushroom
billiard (black solid lines) to a scattering system. The billiard is cut at 9€2. (red dashed line)

into two regions Q7 and Q= such that Q= becomes an infinitely long lead (black dashed
lines). The first two transverse modes in this lead are shown in green.

The transverse modes in the lead are determined by

(97 + Viead (£, 0) — Ey) u(€) = 0 (3.234)

which for infinitely high potential walls in a distance a results in

(€)= \/gsin (%gl) : (3.235)

Their energies are E; = 721?/a®. The full lead modes read
1
Vi

where k; = /E — E; for open and k; = iy/E; — E for evanescent modes. In the vicinity of 0f2,.

the eigenstates of the systems H*y* = E*yT are given as superpositions of the lead modes

¢ (&) = —=du(€)e™ ", (3.236)

Vi) = ) i), (3.237)

Vi@ = ook + Spor. (3.238)
k

They have the form of scattering wave functions with a single incoming wave in channel [ and
a linear combination of outgoing waves determined by the scattering matrix S. The sum is not
restricted to open modes such that the usual unitary S-matrix is a subblock in S. Now we

represent the Green’s function in the vicinity of 92, in terms of the scattering functions *(q)

Clad) = 5 3 guti (@) (a0) (3239)
k,l
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(b (bl’ ik ln—n' ! ok o'k
G(q7 q,) = Z o€t 1n—n'l| 4 Z gny e im+io'kym (3240)
21 N4 \/_ l/ 0,0/ =+

in which the symbols > (<) are introduced to select the argument with the larger (smaller)
coordinate . For n < 7’ we write in matrix form g™+ = ¢S—, g~ = Stg, 1 + gt~ = ¢, and
g~ T =S5TgS™. Using g*~ =g~ we find g = (1 — S)~! in which S = S*tS~.

Evaluating the Green’s function we finally obtain

1-5"
iK =—(¢g"" I ——— 241
in which
K= L0 (0,0) (3.242)
w = maﬁaﬁ'g” V) :
Now we represent K by
K =aWwTt 24
W T HW, (3.243)
in which
1 d
Wit Yint (1) (3.244)
ke dn o |,
includes the first derivative of
vt = [ A€GH©vm(en) (3.245)
0.

with respect to 77 and describes the coupling of ,,(q) to the [th scattering channel. Summarized,
the final result reads [150]

M (§51m)
on

Wml = \/— df (bl

0

(3.246)

n=0

To determine the tunneling rate of the mth regular state we sum over the modulus squared of

the couplings to all open channels

Y 2 Y Wi (3.247)
l

For billiards with a hard wall boundary the potential is not continuous along each cut 0f2..

This difficulty can be solved if we start with a smooth potential and introduce a parameter
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0 such that for 6 — 0 the hard-wall billiard is recovered. Using this formal limiting process

Eq. (3.247) can be applied numerically.

We present the mushroom billiard as an illustration: For the cut we choose 0f). along the
z-axis in the stem at y = yo < 0. We numerically calculate a regular eigenfunction of the
billiard 1, and its derivative with respect to y. With Eq. (3.246) we determine the couplings
W, to the [th lead mode. The tunneling rate is then given by the sum over all couplings in
Eq. (3.247). For the mushroom billiard the result is independent of the actual choice of yj.
This does not hold for arbitrary billiards as partial barriers might exist in the chaotic part of

phase space which lower the determined tunneling rates.

Problematic is the usage of real eigenfunctions in Eq. (3.246). Their weight in the chaotic
part of phase space depends on the energy distance to the next chaotic state. In the most
extreme case, at an avoided crossing, half of the weight is located in the chaotic region and
the predicted tunneling rates are useless. Hence, we only consider parameter values for which
the next chaotic state is located at least the mean level spacing away from the regular energy.
These situations are obtained under variation of the length of the stem. This procedure is
applicable also to other systems and has been successfully implemented for the cosine and the
annular billiard. The most important advantage of this method compared to the evaluation
of avoided crossings discussed previously is the significant gain in computing time. It allows
a reliable and fast computation of resonance properties using only information of the closed

billiard systems.

3.3 Optical microcavities

Optical microcavities confine photons inside a dielectric medium due to total internal reflection
at its boundary. They are most relevant for various applications such as ultralow-threshold
lasers [151,152], single-photon emitters [153,154], or correlated photon-pair emitters [155]. We
consider two-dimensional cavities and describe the classical dynamics within the ray picture.
Depending on the shape of the cavity this ray dynamics can be regular, chaotic, or mixed.
Rays which do not fulfill the condition of total internal reflection escape to the outside. Hence,
optical microcavities are open systems in which the openness is related to the possibility of
refractive escape. We want to study the dependence of this escape on the classical phase-space

structure considering dynamical tunneling in Chapter 6.

In this section the classical ray picture for microcavities will be shortly introduced and we
discuss their quantum (wave) behavior which is described by the two-dimensional Schrodinger
equation for transverse magnetic polarization. For more detailed information the reader should

consult Refs. [156,157| and references therein.



92 3.3 Optical microcavities

3.3.1 Ray dynamics

We consider optical microcavities which consist of a two-dimensional compact domain 2 € R?
filled with a dielectric medium of refractive index ng > 1. It is surrounded by a medium of
refractive index ny which is usually air with ng = 1. For ng > ng light can be confined inside
the domain €2 due to total internal reflection at the optically thinner medium if its angle of

incidence x is larger than the critical angle .,

X > Xe := arcsin <@) . (3.248)
ng
If Eq. (3.248) is fulfilled the ray is elastically reflected at the boundary of the cavity 92 such
that the angle of incidence and the angle of reflection are identical. The boundary consists of
a finite number of smooth components which are characterized by their curvature . For k < 0
the resulting dynamics is defocusing, for k > 0 focusing, and for Kk = 0 it is neutral. The singular
points at which the different parts of the boundary meet are called corners, see Fig. 3.29. As
long as the light ray fulfills the condition of total internal reflection it can be described identical
to a classical particle moving in a hard-wall billiard, introduced in Section 3.2.1. Its energy is
conserved and its motion is limited to a three-dimensional energy plane. The Poincaré section
can be used to visualize its dynamics in phase space. If the angle of incidence is smaller
than the critical angle of total internal reflection the light ray escapes to the outside, without

considering ray-splitting effects. This critical angle is given by the lines p. = +ng/ng in the

no

no

o0

Figure 3.29: Sketch of an optical microcavity: It consists of the interior Q (gray region)
with refractive index ng and the exterior with refractive index ng. For ng > ng light can be
trapped inside the cavity by total internal reflection or leave the cavity due to refraction (red
lines). For x > x. the ray is assumed to be elastically reflected at the boundary 92. The
different smooth parts of the boundary are connected at corners marked by black dots.
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Poincaré section (p = sin x). Hence we may use the simplified picture of a cavity with hard wall

boundary conditions, which we find for ng — 0o, and consider the region |p| < p. as absorbing.

While the discussed ray-dynamics can explain many quantum mechanical features using
semiclassical approaches [158-162] it fails for certain situations and has to be corrected e.g. by
considering the Goos-Hénchen shift [163-165] and Fresnel filtering [164,166,167]|. These effects
are related to the fact that the dimension of the cavities are of the order of the wavelength of
the confined light such that the wave nature of light is relevant. They change the dynamics
such that it becomes non-Hamiltonian [168,169]. For our purposes, however, the ray picture is

sufficient.

Depending on the shape of the boundary 02 rays which fulfill the condition of total internal
reflection can show regular, chaotic, or mixed dynamics, see the discussion in Section 3.2.1
for hard-wall billiard systems and Fig. 3.30 which presents the classical Poincaré section of an
annular microcavity. Rays which show chaotic dynamics usually spread exponentially fast in
phase space and quickly violate the condition of total internal reflection. Of particular interest
are those chaotic trajectories which under forward or backward time evolution remain infinitely
long inside the cavity. They form the so-called chaotic repeller which has a fractal dimension.
Quantum mechanically, it is relevant for the exponent of the fractal Weyl law [170] and can be

used to obtain directional emission as well as high quality factors at the same time [171].

Figure 3.30: Poincaré section of an annular cavity with ng = 2 and ng = 1 for which
we applied hard-wall boundary conditions at the exterior boundary (same as Fig. 6.2(b)).
We find whispering-gallery motion and small regular islands (red) as well as chaotic motion
(blue). The critical angle of total internal reflection at p = +p. is marked by black dashed
lines. All points inside the strip |p| < p. will escape to the outside of the cavity.
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3.3.2 Wave mechanics

In order to describe the wave mechanics of an optical microcavity we consider the two Maxwell
equations [172,173]

VxE = —1%—? — ikH, (3.249)
C
10D

in which FE is the electric and H the magnetic field vector, ¢ denotes the speed of light in

~“t with a frequency w. The

vacuum, and we assume that all fields have the time dependency e
wave number k is given by k = w/c. Combining these equations we find the following wave

equations

Vx(VxE) = (ngk)’E, (3.251)
Vx(VxH) = (ngk)’H. (3.252)

Charge density can appear only at the surface of the dielectric components such that we have
VE = 0 in each domain of constant refraction index. If E is parallel to the z-axis this holds

even at the interfaces which is the case we focus on. For Eq. (3.251) we obtain
~V?E = n}k’E. (3.253)
It can be rewritten in a form similar to the Schrédinger equation
~V2E +k*(1 —nd)E = k*E (3.254)

in which a potential term k?(1 — n?) appears which in contrast to the time-independent

Schrodinger equation depends on the wave number k.

So far we have not considered any boundary conditions between the dielectric medium and
vacuum (or air). These boundary conditions depend on the polarization of E. We choose
the polarization such that E = e, is parallel to the z-axis with a perpendicular propagation
direction. This situation is called transverse magnetic (TM) polarization as the magnetic field
H is transverse to the z-axis. H has to be continuous for a dielectric insulator without current
flows. For the azimuthal component of the magnetic field in polar coordinates (7, ¢) one finds

1 i€

The tangential components of E are continuous at the interface which for TM polarization

applies to & itself. Hence, £ and 0€/0r have to be continuous at the interface. One finds that
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TM polarization leads to the same boundary conditions as are found in quantum mechanics.
In transverse electric (TE) polarization the same holds for the magnetic field H = He,.

We introduce a wave function ¢ (q) defined on the two-dimensional (z, y)-plane according to
E(q,t) = Re[y(q) exp(—iwt)] such that ¢ represents the time-independent z-component of the
electric field vector. For TM polarization Eq. (3.253) reads

—Vp = ndk*p. (3.256)

The boundary conditions are dependent on the experimental situation. In scattering exper-
iments the wave function is composed of an incoming plane wave of wave vector k and an

outgoing scattered wave. Its asymptotic form is
eikr

\/;

in which f(p, k) is the angle-dependent differential amplitude for elastic scattering. In lasers

1/} ~ ’l/}in + wout = eik:q + f(‘pv k)

(3.257)

the radiation is generated within the cavity such that we have no incoming wave
eikr

7

For real valued refractive index ng this situation leads to states that are exponentially decaying

w ~ wout = f(‘pu k)

(3.258)

in time. The life-time 7 of these resonant states which are also called resonances is given by the
imaginary part of the wave number, 7 = —1/(2cIm(k)), with Im(k) < 0 and we choose ¢ = 1.
The life-time 7 is related to the quality factor @ by @ = Re(w)7. The resonances are connected
to peak structures in scattering spectra [174] and were introduced in Refs. [3,175|. In contrast
to Eq. (3.189) for hard-wall billiards their counting function obeys a fractal Weyl law [170].
The wave equation (3.256) with outgoing boundary conditions (3.258) can be solved ana-
lytically only for special geometries such as the circular cavity, introduced in Section 6.1, or
the symmetric annular cavity [176]. In general, numerical methods have to be applied. While
wave-function matching methods are applicable for slightly deformed circular cavities [156] we
choose a boundary element method [177] which allows a determination of the resonances for
more general systems. Related to the boundary integral method for hard-wall billiards it re-
places the two-dimensional Eq. (3.256) by one-dimensional boundary-integral equations which
are evaluated on the discretized boundary 0f2. For dielectric cavities the wave function and its
normal derivative are continuous on d€2. The boundary element method has been extended to
this situation in Refs. [177,178]. Throughout this thesis this method will be used to determine
resonance states of dielectric microcavities and their decay rates v [179]. The interested reader
is referred to Ref. [177] for more details on the numerical implementation of the boundary

element method. An example is presented in Fig. 3.31.
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Figure 3.31: Ray and wave mechanics in the annular cavity: In (a) a regular whispering-
gallery trajectory is shown while (c) presents a corresponding solution of the wave equation
obtained by the boundary integral method [179]. The chaotic trajectory in (b) shows re-
fraction at the inner disk while the outer boundary is considered as a hard wall. A similar

looking chaotic mode is determined numerically and presented in (d) without using hard wall
boundary conditions.



4 Dynamical tunneling in quantum

maps

In Chapter 2 we studied the tunneling process in one-dimensional time-independent systems and
obtained smoothly decaying tunneling rates v when approaching the semiclassical limit. This
behavior can change drastically if higher dimensional or time-dependent systems are considered.
We study systems with a mixed phase space, in which regular and chaotic motion coexist. While
the classical motion is regular or chaotic at all times and separated by a so-called dynamical
barrier, this barrier can be penetrated quantum mechanically due to dynamical tunneling [23].
This has also been observed experimentally using cold atoms in periodically modulated optical
lattices [11,12].

The influence of chaotic dynamics on the tunneling process between separated regular regions
has been studied by Tomsovic and Ullmo [24,34]. Typically one observes enhanced tunneling
rates compared to the exponential behavior found for integrable systems. This enhancement
occurs if chaotic states are energetically close to the considered regular states and is called
chaos-assisted tunneling [24]. While the statistical properties of this tunneling process are well
understood, a quantitative prediction of the mean tunneling rate is still missing. The aim of
this chapter is to derive such a quantitative prediction of dynamical tunneling rates, describing
the decay of a regular state towards the chaotic sea.

In the quantum regime, heg < A, in which the effective Planck constant is smaller but com-
parable to the size of the regular island A, small features in the classical phase space, such
as nonlinear resonances inside the regular region, are expected to be irrelevant for quantum
mechanics. In this regime dynamical tunneling leads to a coupling of a regular state to the
chaotic sea without intermediate processes. Thus, we call this process direct regular-to-chaotic
tunneling. It has been investigated in Ref. [46]; however, the prediction is not generally ap-
plicable (see Section 4.1.4). Other studies in this regime consider situations where dynamical
tunneling can be described by one-dimensional tunneling under a barrier [43-45]; however, in
our opinion the general scenario is more complicated. In the next Section 4.1 we present a new
approach to direct dynamical tunneling from a regular island to the chaotic sea. The central
idea is the use of a fictitious integrable system resembling the regular island. This leads to a
tunneling formula involving properties of this integrable system as well as its difference to the

mixed system under consideration. It allows for predicting tunneling rates from any quantized
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torus within the regular island. We find excellent agreement with numerical data for quantum
maps if tunneling is not affected by additional phase-space structures in the chaotic sea, such
as partial barriers. The applicability to more general systems is demonstrated for the standard
map, see Section 4.1.4.

In the semiclassical regime, h.s < A, nonlinear resonances can be resolved by quantum
mechanics and dominate the tunneling process. In 2001 Brodier, Schlagheck, and Ullmo derived
the theory of resonance-assisted tunneling [53, 54| which describes the effect of such nonlinear
resonances on the tunneling process. It explains the characteristic peaks and plateaus which
appear in the tunneling rates due to quasi-degeneracies between regular states of different
quantum number. However, quantitatively deviations of several orders of magnitude arise when
comparing the theoretical prediction to numerical data. Especially in the initial regime where
resonances start to become relevant, which is of crucial importance to find the first experimental
signatures of resonance-assisted tunneling, it cannot be applied. To overcome these problems
we combine the approach for the direct tunneling mechanism using a fictitious integrable system
with resonance-assisted tunneling and obtain a unified theory which is valid from the quantum
to the semiclassical regime, see Section 4.2. Using two improvements to the original theory
of resonance-assisted tunneling we obtain quantitative agreement with numerical data for a
quantum map with one or multiple dominating resonances. Even for the standard map deep in
the semiclassical regime as well as in the experimentally relevant regime excellent agreement is

found.

4.1 Direct regular-to-chaotic tunneling

In the quantum regime, heg < A, in which the effective Planck constant heg is smaller but
comparable to the size of the regular island A, the direct regular-to-chaotic tunneling process
dominates. Here, nonlinear resonances and the hierarchical transition region are not resolved
quantum mechanically and have no influence on the tunneling process.

In Section 4.1.1 we derive a theoretical prediction for the direct tunneling process. Its results
depend on the choice of the fictitious integrable systems and we discuss its determination and
convergence properties in Section 4.1.2. We present a semiclassical evaluation of our approach
in Section 4.1.3. This leads to a formula predicting tunneling rates for systems with a harmonic
oscillator-like regular island which requires only classical information.

In order to compare our theoretical predictions to numerical data we choose example maps
which show only very small nonlinear resonance chains and a tiny hierarchical region, as dis-
cussed in Section 3.1.2. Hence, these structures will have no influence on the tunneling process
for a large range of Planck’s constant hez and we can compare our prediction to numerical
data far into the semiclassical regime. We will discuss the relation of our approach to previous

studies and consider generic systems such as the standard map in Section 4.1.4.
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4.1.1 Theoretical description

We consider quantum maps with a mixed phase space described by a unitary time evolution
operator U [98]. Classically, the phase space is divided into parts of regular and chaotic dynam-
ics, where we focus on situations of just one existing regular island in the chaotic sea. While
classically no transition between the two phase-space regions is possible, they are quantum me-
chanically coupled due to the process of dynamical tunneling. This coupling has consequences
for the eigenstates of the mixed system. While they are mainly regular or chaotic, i.e. concen-
trated on a torus inside the regular region or spread out over the chaotic sea, they do have
at least a small component in the other region of phase space. This is most clearly seen for
hybrid states (see Fig. 4.1(d)) which have the same weight in each of the components as they
are involved in an avoided quasi-energy crossing. For a wave packet started on a quantized
torus in the regular island coupled to an infinite chaotic sea the decay e 7 is described by a
tunneling rate v. For systems with a finite phase space this exponential decay occurs at most
up to the Heisenberg time 75 = heg/Aen, where Ay, is the mean level spacing of the chaotic

states.

The main idea for the derivation of our theory which determines direct regular-to-chaotic
tunneling rates ~ is the decomposition of the mixed system U into two main parts which
describe the purely regular and purely chaotic dynamics as well as a part which includes the
couplings of both phase-space regions, see Fig. 4.1. A similar approach has been presented in
Section 2.4 where we decomposed the Hamiltonian of the one-dimensional double-well potential
into two parts describing the dynamics in each well separately. For systems with a mixed phase
space this separation is a complicated task as the couplings cannot be easily extracted from the
mixed quantum map U. In order to find the decomposition we introduce a fictitious integrable
system U (a related idea was presented in Refs. [28,46]). It has to be chosen such that
its dynamics over one time unit resembles the classical motion corresponding to U within the
regular island as closely as possible and continues this regular dynamics into the chaotic region
of U, see Fig. 4.1(b). The eigenstates [ig,) of Ureg are purely regular in the sense that they
are localized on the mth quantized torus of the regular region and continue to decay into
the chaotic sea (Fig. 4.1(e)). This is the decisive property of |

predominantly regular eigenstates of U have no chaotic admixture. The explicit construction

reg)» Which in contrast to the
of Ureg and further properties are discussed in the next section.

With the eigenstates [(07) of Useg, Ureg|007) = ei¥Fs 4™ )| we define a projection operator

reg reg reg

TMmax

Preg = Y |0 ) (Wi, (4.1)
m=0

which semiclassically projects onto the regular island only. The number of appearing regular
states is limited by myax = [A/heg — 1/2] in which A is the area of the regular island and heg
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Figure 4.1: (a)-(c) The classical phase space corresponding to some quantum maps U, Ureg,
and Ugy, = PohU Py, (d)-(f) Husimi representation of eigenstates of such maps. Eigenstates
of U have a regular and a chaotic component, as illustrated in the strongest form of a hybrid
state (d). The eigenstates |11og) ([Yhch)) Of Ureg (Ucn) are purely regular (chaotic).

is the effective Planck constant. The orthogonal projector Pyp=1- Preg then projects onto

the chaotic phase-space component. For quantum maps U we obtain

A

U= (preg + Pch)U(preg + ﬁch) = preg[}vpreg + ﬁchUﬁch + PregUﬁch + pch[jﬁreg- (42>

The time evolution operator U is decomposed into a regular part pregU preg, a chaotic part
I5Chf] ISCh, and operators Pregf] Pch, Pchf] Preg, which couple the regular and the chaotic parts.
They include the relevant information on dynamical tunneling. We now approximate Eq. (4.2)

in order to diagonalize the regular part of U

U = PregUregPreg +
A n A

Prog(U = Useg) Prog + PenU Py + ProgU Py + PyU Py (4.3)
chUPch + Pregf]ﬁch + Pchf]ﬁreg- (44>

%
:U>
®
S)
&
e
®

The term f’reg(U — Ureg)Preg accounts for couplings between regular states localized inside the
same island, which are only relevant in the case of resonance-assisted tunneling. Here, they
can be neglected. For the regular part of phase space we use the regular eigenstates [¢],) of

Ureg as a basis, while for the chaotic component we may use an arbitrary basis |¢,) which is
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orthogonal to the states |¢72,) leading to

re>
g

Z ‘wch wch| (45)
ch

in which we sum over all Ny, = N — mp.x — 1 purely chaotic states, see Fig. 4.1(f) for an

example. In this basis the time evolution operator U has the following matrix representation

2 40

el¥res 0 Vo,0 Vo,1
s 1
0 e'¥res V1,0 V11
U~ - - (4.6)
Yoo V1o Wp,0 Wo,1
*
Vo1 V11 Wp,p W11

It is diagonal in the regular part due to neglecting the regular-to-regular coupling term preg(f] —
Ureg)f?reg. The coupling matrix elements v;,, in the off-diagonal blocks describe the coupling
between the mth regular and jth chaotic state while the shape of the chaotic part depends on

the chosen basis [ta,), with w; ; := (1%, |U[¢%.). Hence, the coupling matrix elements v, are

Uch,m = <1/}ch|U|’l/}reg> (47)

where [¢7) and |tba,) are orthogonal. The tunneling rate is obtained using

TYm = Z ‘Uch,m|2 (48)
ch

where we sum over coupling matrix elements v, between one particular regular state of
quantum number m and different orthogonal chaotic states, see Appendix C.3 for its derivation.
Using Eq. (4.7) in Eq. (4.8) we obtain

Y = [ P15 I = (L — Prog) Ulthieg) | (4.9)

as our main result. It allows for the determination of tunneling rates from a regular state
localized on the mth quantized torus to the chaotic sea. In Eq. (4.9) properties of the fictitious
integrable system Ureg and the chaotic projector Z5Ch =1- Preg enter. This projector allows to
apply the result even if U and Ureg show slightly different dynamics within the regular region,

as it projects out these differences. For the evaluation of Eq. (4.9) in Section 4.1.3 we use

Tm = ||U|77Z)reg> U‘Preg|wreg>||2 (410)
= [1U1¢te) = (PregUseg Pree + Preg(U = Useg) Preg) 12| (4.11)
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With the approximation Preg(U — Useg) Preg = 0 discussed for Eq. (4.4) we obtain

A~

Yo 2 (U — Useg) [ 1> (4.12)

The projector onto the chaotic region has been replaced by the difference U-— Ureg, (U — Ureg) R
(1- preg)f] . In contrast to Eq. (4.9) this approximation only predicts tunneling rates accurately
if U and Ureg show almost identical dynamics within the regular region of phase space.

In the following sections we will discuss the construction of the fictitious integrable system

Uveg and a semiclassical evaluation of the final result, Eq. (4.9). Finally, we will compare our

prediction of direct dynamical tunneling rates to numerical data.

4.1.2 Fictitious integrable system and convergence

The most difficult step in the application of our main result, Eq. (4.9), to a given quantum map
U is the determination of the fictitious integrable system Ureg. On the one hand its dynamics
should resemble the classical motion of the considered mixed system within the regular island
as closely as possible. As a result the contour lines of the corresponding integrable Hamiltonian
H,e, (Fig. 4.1(b)) approximate the KAM-curves of the classically mixed system (Fig. 4.1(a))
in phase space. This resemblance is not possible with arbitrary precision as the integrable
approximation cannot contain e.g. nonlinear resonance chains and small embedded chaotic
regions. Moreover, it cannot account for the hierarchical regular-to-chaotic transition region.
On the other hand the dynamics of Ureg should extrapolate sufficiently smooth to the chaotic
phase-space region of the mixed system. This is essential for the quantum eigenstates of Ureg
to have reasonable tunneling tails determining the wanted tunneling rate. Therefore, barrier
tunneling processes inside the regular system should be avoided. While typically tunneling
from the regular island occurs to regions within the chaotic sea close to the border of the
regular island, there exist other cases, where it occurs to regions deeper inside the chaotic sea,
as studied in Ref. [43]. Here Ureg has to be constructed such that its eigenstates have the
appropriate tunneling tails up to this region.

In the semiclassical limit a global approximation Ureg of the regular dynamics within the
mixed system including a reasonable behavior of its quantum eigenstates in the chaotic region
is not possible due to the increasing number of important resonance chains and the complex
nature of the hierarchical region. Similar problems appear for the analytic continuation of a
regular torus into complex space due to the existence of natural boundaries [16,38-40,53-55,70].
However, for the quantum tunneling problem at not too small A.g, where these small structures
are not yet resolved, an integrable approximation with finite accuracy is sufficient.

For the determination of Ureg we proceed in the following way: We employ methods of classical
perturbation theory to obtain a one-dimensional time-independent Hamiltonian H,e, (g, p) which

is integrable by definition and resembles the classically regular motion corresponding to the
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mixed system. Two examples for such an explicit construction will be discussed below. After

the determination of H,, (see also Ref. [180]) and its quantization we obtain the regular

“ifleg/Teit with corresponding eigenfunctions [¢™ ). For the numerical

quantum map Uy, = € rog)

evaluation of Eq. (4.12) it is convenient to replace Uregwgg) by e~ 1Em/he Yre,) and we use

Prog = 3 [Yhie,) (Y12, |, where the sum extends over m =0, 1, ..., Mpax.

Lie-transformation method

For the systems F; and F» the Lie-transformation method [88] introduced in Section 3.1.3 is

used for the determination of a regular Hamilton function, leading to

N k
Hieg(q,0) = > > hrad'p*™. (4.13)

k=1 =0

The coefficients hy,; are determined during the perturbation expansion, see Appendix B.2 for
an example. The order of the expansion N can be increased up to 20 with reasonable numerical
effort. Note that the Lie-transformation method provides a regular approximation H,., which
interpolates the dynamics inside the regular region and gives a smooth continuation into the
chaotic sea. At some maximal order N the series will start to diverge due to the existing

nonlinear resonances inside the regular island.

Method based on the frequency map analysis

For strongly perturbed systems such as the standard map at K > 2.5 the Lie-transformation
method may not converge. Therefore we introduced a method based on the frequency map
analysis [84] in Section 3.1.3, which is applicable to any periodically driven one-dimensional

system. The integrable approximation is determined by

N/2-1
Hreg(q p Z hk i ekaq/lq elep/lp (414)
kl=—N/2

It depends on the maximal order N of the expansion and the periods [, and [, in position
and momentum direction. If we choose [, and [, equal to the periodicities of the considered
map, the resulting integrable approximation, Eq. (4.14), will show the same periodicities. Note
that this method only uses the classical information obtained from the dynamics inside the
regular region of the mixed system. Its continuation into the chaotic sea has to be reasonably
smooth, such that no tunneling processes inside the regular system occur. Thus, the order of
the expansion in Eq. (4.14) should not be chosen too large as H,es(g,p) starts to oscillate in

the former chaotic region for large N and the determined regular states |1/, ) cannot be used

ree)
to determine tunneling rates with Eq. (4.9).
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Convergence

An important question is whether the direct tunneling rates obtained using Eq. (4.9) depend
on the actual choice of H,. and how these results converge in dependence of the maximal order
N of its perturbation series. There arise two main problems: First the classical expansion is
asymptotically divergent, which means that from some order N on the series fails in reproducing
the dynamics of the mixed system inside the regular region. Secondly, for the quantization of
H,y its behavior in the vicinity of the last surviving KAM torus must be smoothly continued
into the chaotic sea. Large fluctuations of H,, in this region lead to unwanted tunneling
processes making the use of Eq. (4.9) impossible.

Ideally one would like to use the classical measures introduced in Section 3.1.3, which describe
the deviations of the regular system H,e; from the originally mixed one, to predict the error
of Eq. (4.9) for the tunneling rates. However, these classical measures can only account for
the deviations in the regular region but not for the quality of the continuation of H,e, to the
chaotic sea. It remains an open question how to obtain a direct connection between these

classical measures and the tunneling rates.

The convergence of the integrable approximation can be studied by considering the tunneling
rates determined with Eq. (4.9) under variation of the perturbation order N. For the example
map F, with the parameters 1, = 0.26, R = 0.4, ¢ = 0.005 we find convergence up to the
maximal considered order, see Fig. 4.2(a), while for the standard map at K = 2.9 the rates
diverge rather quickly beyond N = 4, see Fig. 4.2(b). Hence, we choose the respective optimal

order for the comparison of Eq. (4.9) and numerical data.

a b
5 . |( ) T ) T ( T ) ! T
ol o]
Ynum ' ',ul “num :.
3 L - 3 F .': 7]
»
' ' ,’\
1 L i & o9 e.0.0-9-0-090-9-0 1 e o .
é o ¥
0 8 N 16 2 4 N 6

Figure 4.2: Tunneling rates determined with Eq. (4.9), normalized by the numerical value
for m = 0, heg = 1/32 vs order N of Hye. In (a) we choose the system F> with r; = 0.26,
R =0.4, Z = 0 and use the Lie-transformation for the determination of Hyez while in (b) the
standard map at K = 2.9 is considered for which we determine H,e; using the method based
on the frequency map analysis. For (a) the optimal order N = 10 is found while for (b) it is
N = 4 as the results diverge for larger N.



4.1.3  Semiclassical evaluation 105

In general, different classical methods are applicable to determine a fictitious integrable
system Ureg which leads to an accurate prediction of tunneling rates with Eq. (4.9). Hence,
the determination of Ureg is not unique. The quality of an integrable system can be estimated
according to the predicted tunneling rates. If different integrable approximations exist we
choose the system which leads to the lowest tunneling rates v as the true rates should represent

a lower bound of our theory.

4.1.3 Semiclassical evaluation

An analytical evaluation of the final result for the prediction of direct dynamical tunneling rates,
Eq. (4.9), is possible for certain situations. We define functions V(q) and T(p) by a low order
Taylor expansion of V' (q) and T'(p), respectively, around the center of the regular island. The
following derivation is promising if the resulting unitary operator 0‘7055 = ¢~ V(@)/hoit g =T (p) /et
has the following properties: The corresponding classical dynamics is not necessarily regular.
It is close, however, to a regular quantum map Ureg beyond the border of the island and can
therefore be used in Eq. (4.9) instead of Ureg. Within the island it has an almost identical
classical dynamics as U. Therefore (U — Uf/Uj:)W):’;g) has almost all of its weight in the chaotic
region and Eq. (4.12) can be applied. With the definitions

i
e lefr

[V(@-V(@)] (4.15)

)

=
(O}
I

+ev
+ér

=
My

= o sl O-T®) (4.16)

we evaluate the difference U — Ureg

A ~

U - Ureg ~ U\/UT — Uf/Uf 4.17
= U0 (OvUr - UpUy) U505 4.18

— Uy (OLOvUr 0L~ 1) U5 4.19
= Uy(év +ér + évér)Uz 4.20

and therefore Eq. (4.12) reads

Ym = NUplev +ér + ever] Uzt > (4.21)
The vector (U — Ureg)|1/1;’;g) is decomposed into three contributions Ap|i,) = Ur/éTUTWJZZg%
Ry |e,) = Uﬁév(jﬂ@/ﬁg% and Ryr|ir,) = UﬁévéTUfWﬁZg) which are visualized in Fig. 4.3

for an example system. We find that typically the third contribution is negligible. Also the
mixed terms including 47 and Ay which appear in Eq. (4.21) can be neglected. Now we have
to evaluate Eq. (4.21) in which only the terms ||&y ¢, )||? and ||#7|¢™,)||? remain. We obtain

reg reg
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Yo A ) (4.22)
— (i UL OL U 2r U5 v, ) + (Vi | ULel OL 020 U7 | v ) (4.23)
_ <¢;gg OLeher Uz ;gg> +< e |ULel ey Us )wreg> (4.24)
— (i ULt erOg| vin, ) + (i, [ 0501 Opel & UL 0507 | i ) (4:25)
= <¢pgg UlelérUs w;gg> + <w;2g Upélév UL )wreg> (4.26)
N-1 ~
6 T(ps) =T
= Z< reg eheffT(p) pk)>2 1 —COS< (pk>heﬂ (pk)>]
k=0
(e
N—-1
—i= V(@) V(ar) — V)
+ < reg |€ et ’qk>2[1—cos< kheﬁ i
k=0
. <qk et @ :Zg> (4.27)
N-—1 -~
P T (i) T(px) — T(pr) —T(py)
= kaoe efpr < reg |pk> [1 —COS< b heﬁ i P <p }wreg
= T Vi) = Vi)
— 1 k k) — k T
+2 kzoe o L\ < reg|qk> [1—COS< e )] <q wreg (4.28)
b
05 (a) : (b) | i () — ax
-
v
—0.5 ' . . min
—0.5 q 05  —05 q 05  —05 q 0.5

Figure 4.3: Husimi representation of the vectors (a) Ar[iys,), (b) Av|iieg), and (c)
Ry |ieg) for the system Fy with ry = 0.46, R =0, Z = 0, and £ = 0.005 for m = 0.
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From Eq. (4.28) we finally find

N Vig) — Vg
Vm A2 ()| [1—008< o )]

23 o)’ ll_cos (T(Wh‘ﬂ”pk))]. (4.29)
k=0 ©

In the semiclassical limit the sums over discrete position and momentum values in Eq. (4.29)

can be replaced by an integral

Gmint+Mq ~
Vm ~ 2 / dg ;Zg(q)}Q [1 — cos (_V(q) — V(q))

heﬂ
pmin+Mp ~
49 / dolom (2 11 T(p) —T(p)
pluz ) 1 cos =2 (430

where ¢uin and pni, denote the minimal position and momentum coordinate in phase space,
respectively, and we have M, unit cells in position and M, cells in momentum direction. The
contributions which appear in Eq. (4.30) are visualized in Fig. 4.4 and agreement with the

direct evaluation of Eq. (4.9) is presented in Section 4.1.4.

If an analytical WKB-like expression for the regular states |12, ) is known, Eq. (4.30) can

reg

qb (a)

2 .
1 / 1 1
0 — —

0.50 q 0.55 0.50 q 0.55

Figure 4.4: Illustration of the contributions appearing in the first term of Eq. (4.30). The

exponentially decaying regular wave function |¢jc,(q)/ wﬁgg(qb)P is presented as a black line

while 1 — cos([V(q) — V(q)]/Begr) is shown in blue. The product of these two functions is
depicted in red. It is zero inside the regular island for ¢ < ¢, and has its maximal contribution
near the border of this island at ¢ =~ ¢. In (a) we use m = 0, heg = 1/30 and in (b) m = 15
and heg = 1/100.
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be evaluated further. This is the case for the mappings F; and F; yielding a tilted harmonic
oscillator-like island embedded in a chaotic sea for R = Z = 0. In normal coordinates its
regular system has the form H,e(p,q) = p*/2 + 02¢*/2, where o denotes the ratio of the two
half axes of the ellipse, see Eq. (3.20). The eigenfunctions 1, (q) of Hye, are given in position
representation by means of the WKB theory as

q

a0 = oo (5 [ taian ) (431)

with the classical turning points ¢,, and the normalization constant C'. The momentum p at

the border of the regular island g, is denoted by p, := p(qs). We write

@) = e (—i [ wtaniar ) e (< [Tanar) - aa)
~ it e~ [l o) (1.3

~ i wew (~ - ). (4.3)

The difference of the potential energies AV (q) = V(¢) — V(q) should vanish in the regular
region. Its most important contribution arises near the border of the regular island, as the
regular wave function exponentially decays into the chaotic sea, see Fig. 4.4. Therefore AV (q)

can be approximated using a Taylor expansion in linear order around g,

AV (q) = c(q — a). (4.35)

Assuming AV = 0 inside the regular island and using that Hyes(p, q) = Hyeg(p, —q) we insert
Eqgs. (4.34) and (4.35) into the first term in Eq. (4.30) and find

Y = Al |00 ()] / el (1~ cos (@) da (4.36)
0
= crhea |0 ()] (4.37)

where = (¢ — @) /her a0d Trax = (Gmax — @b)/Per- A similar result is obtained for the second
term in Eq (4.30). In the semiclassical limit . — 00 and the integral I = 7w¢;/2 in Eq. (4.36)
becomes an heg-independent constant. The tunneling rate is given by the square of the modulus

of the regular wave function at the border of the regular island. With Eq. (4.31) we obtain

Cohe 2 b
V= ‘2 ~ exp (—h / Ip(CJ’)IdCJ’), (4.38)
Qm

p (Qb)| eff

in which we use C' = /2w/ for the normalization of the WKB-function and ¢y = ¢yw/27. For
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the Hamiltonian of the harmonic oscillator the classical turning points ¢,, = v/2E,, /o with the
eigenenergies E,, = hego(m + 1/2) and the momentum p(q) = \/2E,, — ¢>0? are known. Using
these expressions in Eq. (4.38) we finally find

e 24 L+ B
ym—cﬁm exp(—h—eﬂlﬁm—amln<m>}> (4.39)

as the semiclassical prediction for the tunneling rate of the mth regular state, where «a,, =
(m + 1/2)(A/heg)™t, Bm = V11—, and A is the area of the regular island. The heg-

independent prefactor ¢ = co\/7/(Ac) =~ 1 is given by a rough semiclassical estimate below.

The prediction, Eq. (4.39), gives excellent agreement with numerically determined data over
10 orders of magnitude in v (see Fig. 4.8). Let us make the following remarks concerning
Eq. (4.39): The only information about this non-generic island with constant rotation number
is A/hes as in Ref. [46]. In contrast to the resulting Eq. (4.9) derived in the last section it does
not require further quantum information such as the quantum map U. While the term in square
brackets semiclassically approaches one, it is relevant for large heg. In contrast to Eq. (4.30),

where the chaotic properties are contained in the differences V(q) —V'(¢) and T'(p) —T'(p), they

appear in the prefactor ¢ via the linear approximation of these differences.

The prefactor ¢ in Eq. (4.39) can be estimated by

™ W
=4/——=1 4.4

where the integral I can be evaluated analytically in the semiclassical limit

I ~ /OO e~ 2l (1 — cos(éx)) dz (4.41)

2p(@)] — 4lp(@)P? + &

This result can be compared to the numerical evaluation of Eq. (4.30) which does not include
the above approximations and depends on h.s. We find good agreement between the two

quantities.

In the semiclassical limit the prediction of Eq. (4.39) decreases exponentially. For Ao — 0

the values a,, go to zero and 3, to one, such that v ~ e 24/7

f remains which reproduces
the qualitative prediction obtained in Ref. [42]. We find that the non-universal constant in
the exponent is 2 which is comparable to the prefactor derived in the corrected version of
Ref. [46,47] which is given by 3 —In4 ~ 1.61. However, our result shows more accurate
agreement to numerical data and does not require an additional fitting parameter, as presented

in Section 4.1.4.



110 4.1 Direct regular-to-chaotic tunneling

4.1.4 Applications

We want to apply our theory for the direct regular-to-chaotic tunneling process, Eq. (4.9), to
example systems and compare its predictions to numerical data. The different approximations
of Egs. (4.29), (4.30), and (4.37) in the semiclassical derivation performed in Section 4.1.3 will

be verified as well as the final semiclassical result, Eq. (4.39).

System F; with harmonic oscillator-like island

As a first example we consider the kicked systems F; introduced in Section 3.1.2 with R = Z =
0. These systems have a mixed phase space with one harmonic oscillator-like regular island
of constant rotation number surrounded by a structureless chaotic sea. Hence, the tunneling
process from the regular island to the chaotic sea cannot be disturbed by nonlinear resonances
or partial barriers in phase space and the direct tunneling process dominates far into the
semiclassical limit. Thus, these systems are perfectly suited for a comparison of the numerically
determined tunneling rates to our theoretical prediction. For the fictitious integrable system
Ureg we use the Hamiltonian of a harmonic oscillator which is squeezed and tilted according to
the linearized dynamics in the vicinity of the fixed point located in the center of the regular
island, see Section 3.1.4. Its eigenfunctions are analytically known, according to Eq. (3.147).
This integrable system can even be written as a quantum map, which is given by extending the
quadratic kinetic energy T'(p) and the potential V' (q) from the vicinity of the stable fixed point
to the whole phase space. With this regular quantum map we are able to evaluate Eqs. (4.29),
(4.30), and (4.37). Also the analysis of the final semiclassical result Eq. (4.39) is possible.

Figure 4.5 shows the prediction of Eq. (4.9) compared to numerical data obtained by applying
absorbing boundary conditions at ¢ = +1/2. We find excellent agreement over more than 10
orders of magnitude in . In the regime of large tunneling rates v deviations occur which can
be attributed to the influence of the chaotic sea onto the regular states. For large v these states
are located on quantizing tori close to the border of the regular island and are affected by the
regular-to-chaotic transition region which cannot be predicted by our theory. However, the
deviation to numerical data is smaller than a factor of two.

Starting from Eq. (4.9) we derived Eq. (4.29) which can be applied if Uy, is constructed as
a kicked system which resembles the regular dynamics of the originally mixed quantum map
and extends it considerably into the chaotic region of U. In the semiclassical limit the sum
in Eq. (4.29) can be replaced by an integral which leads to Eq. (4.30). Fig. 4.6 shows the
comparison of numerically determined tunneling rats to the results of Eqgs. (4.29) and (4.30).
While Eq. (4.29) shows excellent agreement small deviations to Eq. (4.30) are visible. They
occur as the considered values of heg are not located in the deep semiclassical regime. For the
tunneling process in the considered system with the parameters r; = 0.46 and ¢ = 0.005 the

first contribution in Eq. (4.29) is relevant. The second contribution can be neglected. This also
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holds for the evaluation of Eq. (4.37) which shows agreement to numerical data, as presented
in Fig. 4.7. As a last step we compare the results of the semiclassical prediction, Eq. (4.39), to
numerical data in Fig. 4.8. Due to the numerous approximations performed in the derivation
of this formula stronger deviations are visible in the regime of large tunneling rates while the

agreement in the semiclassical regime is still excellent.

Podolskiy and Narimanov also derived a prediction for the direct regular-to-chaotic tunneling

process. In the semiclassical limit they obtain for the ground state [46,47,56]

(3-In4) (4.43)

5 __A

Yo = c-hige "e
in which the free fit-parameter ¢ appears. Figure 4.8 shows the comparison of this prediction
(dotted line) to numerical data for the considered kicked system F;. While Eq. (4.43) shows
qualitative agreement, especially in the semiclassical limit deviations are visible. The predicted
prefactor of 2 which appears in the exponent of Eq. (4.39) is found to be more accurate than

the prefactor of 3 — In4 derived by Podolskiy and Narimanov.

Under variation of the parameter r; one finds situations in which the numerically determined
tunneling rates show additional oscillations on top of the dominating exponential decay with
1/heg. This appears more prominently when increasing the smoothing parameter . An example
for this behavior is presented in Fig. 4.9. For the parameter r; = 0.737 the rotation number
is determined by the linearized dynamics as w, ~ 0.207 according to Eq. (3.21). It is close
to the rational value of 1/5. Due to the drastic modification of the kinetic energy 7'(p) and
the potential V' (¢) at the border of the regular region, a large number of unstable periodic
orbits exist in the chaotic domain close to the regular island including orbits of period five.
They affect the regular states located on quantizing tori close to the border of the regular
island. The oscillations in the tunneling rates can be qualitatively understood by considering
the quasi-energy spectrum under variation of heg as presented in Fig. 4.9. It shows that the
quasi-energy of the (m + 50)th regular state is located close to that of the mth state when it
starts to exist. For larger values of 1/hqg the difference between the two quasi-energies increases.
Similar to resonance-assisted tunneling, which is discussed in the next section, we find couplings
between the states |¢7,) and [¢7%") due to unstable periodic orbits in the chaotic region of
phase space. The strength of these couplings depends on the trace of the linearized mapping of
the period-five orbit. It is small for large values of the parameter ¢ for which this orbit is located
close to the border of the regular island and has a relevant influence on the tunneling rates. For
small values of ¢, however, its trace is large which weakens the couplings and the oscillations
vanish. The theoretical prediction of these oscillations is still an open problem and might be

found by extending the resonance-assisted tunneling theory to unstable periodic orbits.

To summarize, we have demonstrated that our prediction of dynamical tunneling rates shows

excellent agreement to numerical data for systems with a harmonic oscillator-like regular island.
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Figure 4.5: Dynamical tunneling rates from a harmonic oscillator-like regular island to the
chaotic sea for the kicked system F; with r;y = 0.46, R = 0, Z = 0, and ¢ = 0.005: We
compare numerical results (dots) and the prediction following from Eq. (4.9) (lines) vs 1/heg
for the quantum numbers m < 12. The insets show Husimi representations of the regular
states m = 0 and m = 5 at 1/heg = 30 and the phase space of the system.
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Figure 4.6: Dynamical tunneling rates for the system used in Fig. 4.5: We compare nu-
merical results (dots) and the prediction following from Eqs. (4.29) (solid lines) and (4.30)
(dashed lines) vs 1/heg for the quantum numbers m < 12. The inset shows the ratio of
Egs. (4.29) and (4.30) vs 1/heg which goes to unity in the semiclassical limit.
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Figure 4.7: Dynamical tunneling rates for the system used in Fig. 4.5: We compare nu-
merical results (dots) and the prediction following from Eq. (4.37) (lines) vs 1/heg for the
quantum numbers m < 12. The inset shows the phase space of the system.
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Figure 4.8: Dynamical tunneling rates for the system used in Fig. 4.5: We compare nu-
merical results (dots) and the prediction following from Eq. (4.39) (lines) vs 1/heg for the
quantum numbers m < 12. The prediction of Eq. (4.43) [46,47] is presented for m = 0 with
a fitted prefactor (dotted line). The inset shows the phase space of the system.
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Figure 4.9: Dynamical tunneling rates from a harmonic oscillator-like regular island to the
chaotic sea for the system F; with 1 = 0.737, R =0, Z = 0, ¢ = 0.01 (top): We compare
numerical results (dots) and the prediction following from Eq. (4.9) (lines) vs 1/heg for the
quantum numbers m < 7. Appearing oscillations can be explained with the influence of an
unstable fixed point of period five close to the border of the regular island which is shown
in the upper inset (gray dots). It causes near degeneracies in the spectrum (bottom) which
lead to enhanced tunneling rates (marked by gray arrows).
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System F; with deformed island

However, such a situation with a harmonic oscillator-like island is nongeneric. In typical systems
the rotation number will change from the center of the regular region to its border which has
a non-elliptic shape. Such a situation can be achieved using the kicked system F; or Fy with
the parameter R # 0. For most combinations of the parameters r; and R resonance structures
appear inside the regular island. They limit the h.g-regime in which the direct regular-to-chaotic
tunneling process dominates. Hence, we choose a situation in which the appearing nonlinear
resonances are small such that their influence on the tunneling process is expected only at large
1/heg. Even for such systems with small resonance chains the application of our theory using
a fictitious integrable system becomes more involved since we cannot use the simple harmonic
oscillator as the integrable system Ureg. Also its eigenstates [¢],) are not analytically known.
Hence, a full semiclassical analysis such as Eq. (4.39) is not available. Nevertheless Egs. (4.9),
(4.29), (4.30), and (4.37) can be applied.

We determine the fictitious integrable system by means of the Lie-transformation method
described in Section 3.1.3. It is quantized according to Eq. (3.161) and its eigenfunctions can be
determined numerically. If we compare the resulting regular eigenfunctions to the corresponding
eigenstates of the mixed system U we find deviations in the regular phase space region of the
order of 1075, Note that these small deviations are irrelevant as the projector 1-— preg which
appears in Eq. (4.9) cancels these contributions.

Similar to the case of the harmonic oscillator-like island a regular kicked system Ureg can be
found by extending the potential energy of the central unit cell to the whole phase space. It
reads V(q) = —r1¢%/2 + Rg®/3. As the regular states appear in Eqgs. (4.29), (4.30), and (4.37)
as a factor only, their deviations from the real eigenfunctions in the regular region are negligible
and these equations can be evaluated. Fig. 4.10 shows a comparison of numerically determined
tunneling rates (dots) to the prediction of Eq. (4.30) yielding excellent agreement for tunneling
rates v = 107!, For smaller values of v deviations occur due to resonance-assisted tunneling
which is caused by a small 10:1 resonance chain. This resonance is presented in the lower inset
of Fig. 4.10 and leads to increasing tunneling rates as described in Section 4.2. The prediction
of Eq. (4.43) [46,47] (dotted line) shows large deviations to numerical data which confirmes our
expectation that Eq. (4.43) should work for harmonic oscillator-like islands only.

A WKB-like expression for the direct tunneling process can also be found for the distorted
island at hand. The eigenfunctions of an arbitrary integrable Hamiltonian H,., can be deter-

mined semiclassically by [181]

OH..,\ 2 T AR
50 = Y erila) in wiich vola) = (25) Cew (oo [natrar | wan

«

In this equation g, denote the classical turning points, p,(q) the branches of the momentum at
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Figure 4.10: Dynamical tunneling rates from a distorted regular island to the chaotic sea
for the kicked system Fy with vy = 0.26, R = 0.4, Z = 0, and € = 0.005: We compare
numerical results (dots) and the prediction following from Eq. (4.9) (lines) vs 1/heg for the
quantum numbers m < 5. In addition the prediction of Eq. (4.43) [46,47] is presented for
m = 0 with a fitted prefactor (dotted line). The insets show Husimi representations of the
regular states m = 0 and m = 5 at 1/heg = 50 and the phase space of the system. Gray dots
in the lower inset mark the position of a small 10:1 resonance.

energy E,,, and the constants ¢, appear. It can be used for the further evaluation of Eq. (4.37).
However, it does not allow for an analytical evaluation as in the case of the harmonic oscillator-

like island, discussed previously.

Quasi-integrable systems

In Ref. [43] the authors studied the dynamical tunneling process from one regular island to
the chaotic sea in a near-integrable system. This limiting case can also be modeled with the
example systems F; and we can apply our theory. Furthermore it allows to study the influence
of the chaotic dynamics on the dynamical tunneling process. We show that for systems with
equal regular regions properties of the chaotic dynamics can have a drastic influence on the
tunneling rates. A quasi-integrable system is given by the mappings F; with small values
for the parameters r; and R, such as r; = 0.05 and R = 0.1. To apply our theoretical
prediction, Eq. (4.9), we use the Lie-transformation method as described in Section 3.1.3 to
obtain the fictitious integrable system. In the quasi-integrable case it is sufficient to consider

the zeroth order of this perturbation expansion which has no mixed terms containing ¢ and p
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simultaneously. By neglecting linear terms in p, changing the sign, and by division with two
we obtain
PPl 1 3

Hieg(q,p) = 75 + 5w'a” = gl (4.45)
in which w = m The potential of the integrable approximation H,. has the form of
a harmonic oscillator with a cubic perturbation. The direct dynamical tunneling process is
described by one-dimensional barrier tunneling through the potential V' (q) = w?¢?/2 — R¢®/6.
Hence, the determination of tunneling rates is possible using WKB theory. By insertion of
Eq. (2.14) into Eq. (4.37) we find

b
2 Rg?
Ym R exp | — / \/——q + w?q¢? — 2F,, dq (4.46)
Peft 3
qm
in which ¢, denote the classical turning points inside the potential well, g, the turning points
outside the potential well, and the eigenenergies FE,, can be approximated by those of the

harmonic oscillator for low energy eigenstates
1
E,, = hegw <m + 5) : (4.47)

A more accurate prediction of these eigenenergies is possible using time-independent perturba-
tion theory in which —Rq?/6 is the perturbation.

The considered near-integrable example systems allow to study the dependence of the tun-
neling process on properties of the chaotic phase-space region. If we use the mapping F; as
originally defined in Section 3.1.2 a smoothed discontinuity appears in V’(q) at ¢ = 1/2. For
q > 1/2 the dynamics is completely chaotic. This can be included in our integrable approxima-
tion, Eq. (4.45), by setting the potential equal to zero for ¢ > 1/2, see Fig. 4.11(b). Hence, in
this situation the upper boundary of the integral appearing in Eq. (4.46) is given by ¢, = 1/2.
The results of this theoretical prediction are compared to numerical data in Fig. 4.11(a) showing
excellent agreement.

If we do not apply the discontinuity in V'(¢q) at ¢ = 1/2 but extend V'(q) = —r1q + Rq?
to the whole phase space, the integration in Eq. (4.46) has to take place in between the two
turning points visualized in Fig. 4.11(d), with ¢, > 0.5. Hence, the theoretically determined
tunneling rates will decrease compared to the previously discussed situation. This can be
verified with numerical data as presented in Fig. 4.11(c). Compared to Fig. 4.11(a) the slope
of the exponential decay has decreased and tunneling is suppressed while the phase space is
unchanged at first glance. The area and the shape of the regular island are identical in the
two considered situations. However, the dynamics in the chaotic region of phase space changes.

While in the case of the smoothed discontinuity the chaotic dynamics is homogeneous for



118 4.1 Direct regular-to-chaotic tunneling

1072 . B
y
107¢ L 0.002
10710 L[ 0.000
1014 L — ' ' —0.002
10 50 90 1/heg 130 0.5
_ (d)
10 2 T T T
E
Y
Vig)
107¢ L 0.002 | -
SPRACTHEUA IR SO . N N . i N En,
IO S 0.000 | \
10~ ~0.002 S S
10 50 90 1/heg 130 —0.5 00 Im o5 B 4

Figure 4.11: Dynamical tunneling rates from a near-integrable regular island to the chaotic
sea for the kicked system F; with r1 = 0.05, R =0.1, Z =0, € = 0.005 with a discontinuity
at ¢ = 1/2 (a) and without (c): We compare numerical results (dots) and the prediction
following from Eq. (4.46) (lines) vs 1/heg for the quantum numbers m < 2. The insets
show the phase space for the two cases which look almost identical. In (b) and (d) the
approximate one-dimensional potentials V' (¢q) used in Eq. (4.46) are presented with the inner
(outer) turning point ¢, (¢») at energy E,,.

a b
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Figure 4.12: Husimi representation of the vector (U — Ureg)\w$g>: In the case of a smoothed
discontinuity at ¢ = 1/2 (a) it is located at this position. Without this discontinuity (b) its
maximal weight is located deep inside the chaotic region near the value g, which is the outer
turning point of the one-dimensional potential presented in Fig. 4.11(d).
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g > 1/2, in the second case chaotic orbits follow the regular trajectories for a long time until
they become chaotic. This effectively enlarges the area of the regular island which explains
the decreasing tunneling rates, see also Fig. 4.12. Hence, in general it cannot be sufficient
to consider the properties of the regular island for the determination of the direct tunneling
rates. For the presented near-integrable system the varying chaotic dynamics could be described
within the integrable approximation which allowed a theoretical prediction for the tunneling

rates, which is an open problem for more generic systems.

Standard map

As a next step we want to apply our prediction of direct dynamical tunneling rates to the
standard map. For K in between 2.5 and 3.0 it has a large generic regular island with a
relatively small hierarchical region surrounded by a 4:1 resonance chain. Absorbing boundary
conditions at ¢ = £1/2 lead to strong fluctuations of the numerically determined tunneling
rates as a function of heg, presumably due to cantori. Choosing ¢ = £1/4, which is closer to
the island, we find smoothly decaying tunneling rates (dots in Fig. 4.13). Evaluating Eq. (4.9)
for K = 2.9 gives good agreement with these numerical data (see Fig. 4.13). Here we determine
H,e, by first using the frequency map analysis [84] for characterizing the properties of the regular
island. This information is used to find the optimal two-dimensional Fourier series of order N
for H,eg, as described in Section 4.1.2. With increasing order /N of the expansion the tunneling
rates following from Eq. (4.9) diverge (see Fig. 4.2). Hence, for the predictions in Fig. 4.13 we
choose N = 4 which is the largest order before the divergence starts to set in. Note that due to
the large nonlinearity at K > 2.5 classical perturbation theories as e.g. the Lie transformation
method are not able to reproduce the regular dynamics of the standard map around the central
island. They start to diverge before a reasonable agreement is reached. Using the frequency
map analysis a better result can be achieved. Nevertheless its accuracy is inferior compared to
the mappings discussed previously in which the Lie transformation is applicable. Hence, the
purely regular eigenstates |¢/;,) show relevant deviations to the corresponding eigenstates of the
mixed system inside the regular island. These deviations are compensated by the application
of the projector (1 — Py) in Eq. (4.9). However, this projector depends on the number of
existing regular states m.x which grows in the semiclassical limit. If my., increases by one

P,es suddenly projets onto a larger region in phase space. This explains the steps seen in the

theoretical predictions of Eq. (4.9) shown in Fig. 4.13.

Mapping F3 with regular stripe

Another interesting kicked system was introduced by Shudo et. al [41]. It does not show a
regular island as the maps considered before but a regular stripe in phase space. Adapted to

the considered phase-space unit cell it is given by Eqs. (3.41) and (3.42) with the parameters
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Figure 4.13: Dynamical tunneling rates for the standard map (K = 2.9) for m < 2:
We compare the prediction of Eq. (4.9) (lines) and numerical results (dots), obtained using
an absorbing boundary at ¢ = +1/4 (gray-shaded area of the inset). The prediction of
Eq. (4.43) [46,47] is presented for m = 0 with a fitted prefactor (dotted line).

a, b, di, ds, w, q4, and K. The kinetic energy T'(p) is periodic with respect to the phase space

unit cell.

The map given by Eqs. (3.41) and (3.42) is similar to the system Fj as it also destroys
the integrable region by smoothly changing the map functions, here V'(q) at |q| = qq4/(87).
For |¢| < q4/(87) the potential term is almost linear while it tends to the standard map for
lg] > qq/(87). In Ref. [41] this map is used to study the evolution of a wave packet initially
started in the regular region by means of complex paths. However, it can also be used to
predict tunneling rates by means of Eq. (4.9). The fictitious integrable system is determined
by continuing the dynamics within |q| < ¢4/(87) to the whole phase space. The resulting
integrable map is defined by the functions

Viig) = —% (w + % - %) ; (4.48)
T'(p) = _8£7T sin(27p). (4.49)

For sufficiently large b the dynamics of the mixed map inside the regular region is equivalent to
that of the regular map. Thus Eq. (4.9) can be applied and we compare its results to numerically
determined data. As for the standard map, absorbing boundary conditions at ¢ = +1/2
lead to strong fluctuations of the numerically determined tunneling rates as a function of hg,

presumably due to dynamical localization. Choosing ¢ = 4+1/4, which is closer to the regular
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Figure 4.14: Dynamical tunneling rates from a regular stripe to the chaotic sea for the
kicked system F3 with a =5, b = 100, d1 = —24, d2 = —26, w = 1, g4 = 5, and K = 3:
We compare numerical results (dots) and the prediction following from Eq. (4.9) (lines) vs
1/hegr for the quantum numbers |m| < 4. The inset shows the phase space of the system.
Absorbing boundary conditions are used in the gray region for the numerical determination
of tunneling rates.

stripe, we find smoothly decaying tunneling rates. In Fig. 4.14 these results are presented,
showing excellent agreement. Note that due to the symmetry of the map there always exist two
regular states with comparable tunneling rates except for the central state m = 0. These two
states are located symmetrically around the center of the regular stripe. While the theoretical
prediction using Eq. (4.9) is identical for such two states the numerical results slightly differ
due to the different chaotic dynamics in the vicinity of the border of the regular region (see
inset in Fig. 4.14).

4.2 Unification with resonance-assisted tunneling

In the last section we studied the direct regular-to-chaotic tunneling process. It dominates in
the quantum regime, hog < A, for which nonlinear resonance chains do not affect the tunneling
process. Yet, in generic systems these classical structures will have an essential influence on the
tunneling process in the semiclassical regime, heg << A. The influence of such resonances is de-

scribed within the theory of resonance-assisted tunneling [53-56] which shows qualitative agree-
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ment to numerical data obtained for quantum maps [55], periodically driven systems [57, 58],
quantum accelerator modes [43], and for multidimensional molecular systems [59,60]. However,
especially in the experimentally relevant regime of large Planck’s constant deviations of many
orders of magnitude appear. Hence, neither the direct tunneling prediction nor resonance-
assisted tunneling alone is able to predict dynamical tunneling rates from the quantum to the
semiclassical regime.

In this section we combine the mechanism of direct tunneling with an improved resonance-
assisted tunneling theory to obtain a unified prediction which is valid from the quantum to the
semiclassical regime [61]. Considering two improvements to the original theory of resonance-
assisted tunneling we are able to predict dynamical tunneling rates which are in excellent
agreement to numerical data for a system with one or many dominating resonances. Further-
more, we present criteria which allow to determine the transition point between direct and

resonance-assisted tunneling and the heg-regime in which each appearing resonance is relevant.

4.2.1 Theory of resonance-assisted tunneling

The existence of nonlinear resonances leads to an enhancement of the tunneling rates caused
by quasi-degeneracies of regular states localized inside the same island [52|. These quasi-
degeneracies can be qualitatively understood by considering the rotation number w, of the
resonance. If we study an r:s resonance, its rotation number w, is rational with w, = s/r,
i.e. during r periods of the external driving the orbit rotates s times around the central fixed
point. This rational rotation number leads to quasi-degeneracies between the regular states with
quantum number m and m + [r (I € N) as the quasi-energies ¢,, and ¢, are equal modulo
27, see Eq. (3.146). These quasi-degeneracies enable tunneling steps from the initial regular
state to the chaotic sea mediated by higher excited regular states which show a faster decay
towards the chaotic region. Thus, the tunneling rate of the initial regular state is enhanced.
Quantitatively, a theory was derived [53-56] which describes this resonance-assisted tunneling
process. In the following a modified version of its derivation will be presented which includes the
unification with direct tunneling described by the theory using a fictitious integrable system,
which was presented in the last section.

The influence of a nonlinear resonance onto the regular island is described by a perturbative
approach. The classical Hamilton function is decomposed into an unperturbed part Hyeg(!)
which is integrable and resonance-free and the perturbation V (1, 6,t) which induces the reso-

nance
H(I,0,t) = Hyey(I) + £V (1,0,1). (4.50)

Here we use action-angle variables (I, #) and ¢ is the perturbation strength. The unperturbed

system H,e; describes the same fictitious integrable system which we have discussed in the last
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section. If a resonance condition is fulfilled the frequency of the external driving w = 27 is a

rational multiple of the internal oscillation frequency Q([) = dH,e/d1, i.e.
7€.s = Sw, (4.51)

where r and s are integers and Q,..; := Q([,.s) = 27w, (I,.5) is the winding number at the action
I,.s of the r:s resonance. Close to such a resonance classical perturbation theory diverges,
caused by appearing small denominators in the perturbation expansion. This problem can be
avoided by first using a canonical transformation to a corotating frame in which the new system
rotates with the frequency of the resonance. We introduce a new angle variable ¢ := 6 — €,..,t
which is constant under the time evolution of H,e,(/) at I = I, and changes slowly in its

vicinity. Using the new action-angle variables (I, ) the Hamiltonian has the following form
H(I,9,t) = Hyeg(I) — Qs + eV (1,9,1) (4.52)

where the perturbation reads

V(I,9,8) = V(I,0 + Q.. b). (4.53)

As the new angle 9 varies on time-scales which are much larger than the period of the external
driving, adiabatic perturbation theory can be applied to Eq. (4.52) in order to eliminate its
explicit time dependence. Therefore, we apply a canonical transformation (I,19) — (I,) to new
action-angle variables leading to a transformation of the Hamiltonian H — Hyeg r:s. In lowest
order adiabatic perturbation theory performes a time average of V over r driving periods. For

the new effective Hamilton function one finds

Hreg,r:s(j_a Qg) - greg(j_) - Qr:sI + ‘7(1_’ ’5) (454)

The new action-angle variables (I,7) are introduced by a generating function G

- 0G -

I = I+55(0,0.0), (4.55)
v o= 19+88—([;(I_,19,t), (4.56)
G, 0,t) = — / t (5\7(.7,19,15’)—\7(.7,19)) dt'. (4.57)

Using the Fourier decomposition of the perturbation

V(I,0) = i Vi (1) cos(krd + ¢y, (4.58)
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and the second order expansion of the unperturbed system ﬁreg around the action I,., of the

resonance the time-independent effective Hamiltonian reads

(I - ]r:s)2

Hreg,r:s(la 19) - M.

+ Y Vicos(krd + ¢r,). (4.59)
k=1

The inverse derivative of the frequency w to the action I at I = I,., is denoted by M,., :=
(° Hyeg/AI?) 7 (I,.5), Vi = Vi(I,.s), and we neglect the bar and tilde. In Refs. [53,54] it
was shown that the coefficients V, decrease exponentially with k such that it is sufficient to
consider V7 and neglect the other terms. The resulting Hamiltonian describes a mathematical
pendulum |53, 54, 88|

I—1.)°
Hreg,r:s(la 19) - ( T.S)

T + 2V,..; cos(rd + @) (4.60)

with 2V,., ;== V] and ¢ := ¢;.

Using the described approximations we have managed to map the dynamics in the vicinity
of a nonlinear resonance in a mixed regular-chaotic system to the dynamics of the integrable
pendulum which can be evaluated more easily. If we further assume ¢ = 0 the remaining
parameters I,..,, M,.;, and V., can be determined directly from the classical phase space of
the mixed system without introducing the action-angle variables (I, 1) [55,182]. As derived
in appendix B.4 the missing parameters I,..s, M,.;, and V., result from the area A}, enclosed

enclosed by the inner separatrix of the resonance, see

f

by the outer separatrix, the area A,

(>

Figure 4.15: Illustration of a 5:1 resonance chain inside a regular region. The area enclosed
by the inner separatrix is called A, (green) and the area enclosed inside the two separatrices

AA,.s (red). We have At = AA,.s+ A, .
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Fig. 4.15, and the trace of the linearized mapping M,., at resonance

1
I, = 4—(A+. + A, (4.61)
D S 16(A+ - A;S), (462)
2‘/7'18 1 TrM'r‘:s
M. = 2 arccos ( 5 ) . (4.63)

With this information the pendulum Hamiltonian, Eq. (4.60), is now completely known for each
appearing r:s resonance. In order to understand its implications on the tunneling process it has
to be quantized using time-independent perturbation theory, where Hreg (I I.)%/2M,., +
Q,. SI is the unperturbed part with I = 1hegaﬁ and 2V, cos(m9 + ¢) is the perturbation. This

perturbation causes couplings between the states [¢]t,) and [¢75") from the unperturbed basis

(Ul | Hregres | V) = Viese'®. (4.64)
Applying time-independent perturbation theory we find that the eigenstates |7, ) of the full
system Hregﬁs contain admixtures of the unperturbed states |1/1§Z§ ”’), [ €N,
Wit rs) = [Wieg) + ATDN0RT) + ATDATSIE) + - (4.65)
in which the coefficients A;:lsg are defined by
(rs) V,.s€'? (4.66)

mlr Em — Lm+lir + l'rhefor:s

and E,, denote the eigenenergies of the unperturbed system ﬂreg. Note that Eq. (4.65) is valid
only if the condition Agfz < 1 is fulfilled for each [. The divergence which appears if the
energy denominator in Eq. (4.66) is equal to zero does not appear in the real system, in which
the two coupled states of energy E,, and E,,;; will form even and odd linear combinations

with equal weight on the two classical tori. The unperturbed energies are given by

(Im - [r:s>2
E,=——""4Q.s1,, 4.67
M (467
with the quantized actions
1
L, = hegt (m + 5) . (4.68)

The existence of a resonance in a regular island therefore provides a mechanism which couples

to higher excited states |¢/™F""). These higher exited states are

reg

the unperturbed state |¢77,)

localized closer to the border of the regular island and have an enhanced tunneling rate to the
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chaotic sea. As the eigenstate [/ of ﬁreg,m contains admixtures of these higher excited

reg,r: s)

states |1y Iry its tunneling rate ~,, will be enhanced compared to the tunneling rate of the

unperturbed state [¢2,) which is determined by direct tunneling only. This effect is called

rog!
resonance-assisted tunneling.

As the final step we want to derive a prediction for the tunneling rates from the mth excited

regular state |17 to the chaotic sea including resonance-assisted tunneling. In analogy to

)
reg,r:s
the last section, Eq. (4.8), these rates are given by

Z‘ wch‘Uh/}regrsH : (469>

Using the perturbative expansion for the states |11z, .,

) obtained in Eq. (4.65) we find

= 3| WalO + AGD alOlym) + | (1.70)
ch

= 3 {0 + 1AGD P Ol P

ch

+2Re (A5 (| U lva) (WalO0™) ) + . ) (4.71)

The first term in Eq. (4.71) is given by the direct tunneling rate ¢ = S [(¢en|U |ibre ) P
of the mth unperturbed state derived in the last section while the second term includes the
direct tunneling rate of the (m + r)th unperturbed state 7% _,. The mixed term in Eq. (4.71)
is estimated by the following inequality

N 2
(Wen|Ureg) — AG (WUl )| 20 = (4.72)
(Wl 2+ 1S L [O07 ™) 2 2 2Re (G20 |0 Vb O™y ) - (4.73)

It shows that this mixed term is smaller than the sum of the two leading terms in Eq. (4.71).
It is especially important if these two terms are equal. However, for most values of the effective
Planck constant they will be of different orders of magnitude such that the mixed term is
negligible. The same is true for all higher order mixed terms appearing in Eq. (4.71). Hence,
we neglect these mixed terms and arrive at our final result for the tunneling rate of the mth

regular state to the chaotic sea
’Ym = ’Ym + |A(TS | /Ym—i-r + |A n S)An: §r| 7m+27" e (474)

The first term of Eq. (4.74) describes the direct tunneling process from the mth quantized torus
to the chaotic sea with the rate v¢ neglecting any influence from nonlinear resonances. In the

second term the matrix element A%f) describes one resonance-assisted tunneling step from the



4.2.1  Theory of resonance-assisted tunneling 127

mth to the (m + r)th quantized torus via an r:s resonance while the factor 7%, describes the
subsequent direct tunneling into the chaotic sea. The last term accounts for two resonance-
assisted and one direct tunneling step. The three terms are visualized as insets in Fig. 4.17
in the heg-regime where they are most relevant. In the case when we have no contributing
resonances at all, as discussed in the last section, all terms are zero except the first one and

tunneling is consistently described by the direct tunneling process. Note that the divergence
(r:s)

m,lr
Here the maximal possible tunneling rate is given by 7, = ¢, +ir/2 under the condition that

m+Ir
reg

which appears if the energy denominator in the coefficients A becomes zero is unphysical.

the unperturbed state |1):F") exists inside the regular region.

Let us discuss the relation of our result to previous studies of resonance-assisted tunneling.
The derived Eq. (4.74) is similar to an equation presented in Ref. [54, Eq. (7)], where instead
of tunneling rates from the regular island to the chaotic sea phase splittings Ay between
symmetry related regular states are used. In Appendix C.2 we show that these splittings and
our tunneling rates v are directly related quantities. In contrast to Ref. [54, Eq. (7)] which was
derived for nearly integrable systems, our result, Eq. (4.74), is also applicable to generic mixed

regular-chaotic systems far from integrability by introducing the direct tunneling rates <.

m
reg

In Ref. [55] the coupling of the initial regular state |¢,) to the chaotic sea is described by

an effective coupling matrix element

1
max ws
V:a - ‘/r's : 4.75
! . E Em - Em-Hr + hefor:slr ( )
in which [ = 1,.. ., lax and m—+ . denotes the maximally existing regular quantum number.
The tunneling rate is obtained as
Vi 2
Y = ( H) . (4.76)
heff

Note that this equation describes the term in Eq. (4.74) which includes the maximal possible
number of resonance steps at the considered value of Planck’s constant. Yet, this does not have
to be the dominant contribution. Furthermore, the final step to the chaotic sea is approximated
by another resonant step V,.,. This assumption leads to a prediction for the tunneling rates
which depends on classical properties of the regular island only and does not include the direct
tunneling rates v%. In the semiclassical limit, when more and more resonances contribute,
the final direct tunneling step is negligible compared to the many other contributions and the
prediction of Eq. (4.76) can be used. However, in the regime where only a few resonance
steps occur it cannot reliably reproduce tunneling rates, as here the direct tunneling rates are

relevant, see Fig. 4.17, which shows deviations of several orders of magnitude.
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4.2.2 Improvements of resonance-assisted tunneling

In this section we want to consider two improvements to the original theory of resonance-assisted
tunneling described above. On the one hand, the quadratic approximation of the unperturbed
energies, Eq. (4.67), fails if the nonlinearity of the system is too strong, which occurs especially
for resonances close to the border of the regular region. We propose a method to compute a
more accurate prediction of the semiclassical energies E,,. On the other hand in the last section
the coupling-matrix elements V., are assumed to be action independent. In reality they will,
however, dependend on the actions of the regular states which are coupled by the resonance.

We calculate the lowest order correction of this action dependence V,.4(1).

Improved semiclassical energies F,,

In Refs. [53,54] the unperturbed system H,e, is approximated quadratically for each resonance
around its action I,.,. Accordingly, the coupling between unperturbed states whose quantizing
action is close to the action of the resonance I,, = I,., is well predicted. If, however, states with
quantizing actions further away from I,., are involved, the quadratic approximation fails. This is
especially the case for resonances located at the border of the regular island. Here, the rotation
number, which is directly connected to the semiclassical energies via Eq. (3.146), changes more
rapidly than in the center of the regular island, where the quadratic approximation is valid for

a larger range of actions.

To account for these deviations, higher orders have to be considered in the evaluation of
the semiclassical energies E(I). This can be done in different ways. As a first step, we use
the integrable approximation H,e, of the mixed system H which is obtained e.g. by the Lie-
transformation or the method based on the frequency-map analysis. For this purpose, we
define a straight line u — [p(u), ¢(u)] from the center of the regular island to its border with
the chaotic sea and compute the enclosed areas A(u) = 271 (u) of the quasi-periodic trajectories
that result from a set of initial conditions along that line. For each initial condition we know
the regular energy E(u) = H,eg(p(u), q(u)) and obtain the improved dispersion relation E([).
This procedure works best if the trajectories of the integrable approximation H,. resemble
the regular orbits of H with a high accuracy, which is only the case if the existing resonance
chains are small compared to the size of the regular island. For large resonances the integrable
approximation H,., will not accurately reproduce the regular orbits of H and the prediction of
the semiclassical energies F(I) will become inaccurate. In such cases a more accurate procedure
consists in directly using the classical information of the kicked system H. We compute the
enclosed areas A(u) and rotation numbers w,(u) of the quasi-periodic trajectories that result

from a set of initial conditions along the line w — [p(u),q(u)] described above. With this
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information we calculate the unperturbed energies

Fu) = / Y wr(u')dﬁfﬁl) (4.77)

0

as derived in Appendix C.1 and obtain E(I) through A(u) = I(u)/27.

The energy denominators in Eq. (4.66) are given by the improved unperturbed energies

Em - _m-‘,-lr + hefor:slT- (478)

This leads to an accurate prediction of the position of the resonance peaks in the tunneling
rates with respect to the effective Planck constant, which occur if this energy denominator is
equal to zero. A comparison between the results using the improved semiclassical energies and

results for the original quadratic approximation is presented in Figs. 4.18 and 4.22.

Improved couplings V.,

In Refs. [53,54] the action dependence of V., is neglected by using V,.s(I) ~ V,.5(I,.s). This
assumption is accurate for actions in the vicinity of the resonance I = I,.;. In the semiclassical
limit, when many resonances are involved in the tunneling process, the quantized tori coupled
by one specific resonance will be close to its action I,., and the action independent assumption
of V.., is valid. However, for large heg corrections are necessary. Here, couplings of states with
quantizing actions far away from I,.., occur and higher order corrections to V,., have to be
considered.

Following a derivation from Ref. [183] we start with a time-dependent system H which

consists of an integrable part H.,., and a time-dependent perturbation V'

H(q,p,t) = Hieg(q,p) + V(q,p,1). (4.79)

We introduce action-angle variables (1, 1) with respect to the center of the regular island (¢*, p*)
such that Hyeg(q,p) = Hyeg(I) and use alternative variables P = —v/2Isind, Q = /21 cos .
The unperturbed part then reads

Hreg(QuP) = Hreg (%(P2 + QQ)) ) V(Q7p7 t) = V(Qa P7 t)7 (480>
with
p(Q.P) = Y puP'Q, (4.81)
k,l=0
9(Q.P) = Y quP'Q. (4.82)

k,1=0
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As the transformation (g, p) — (@, P) is analytical we may write the perturbation V' as a power

series in the new coordinates () and P

V(Q, Pt Z Via(t)PFQ! (4.83)

k,1=0

Using
k . . k
PF = V2I ( (8”9 —e_”9 )

l
Ql _ \/ﬂl <% (eiﬁ+eiﬁ)) _

DO | =

k
oo (L),

k'=0

l
ei”?m( : ) (4.85)
l/
1'=0
we find the perturbation

V(I,ﬁ,t) _ i%l(t)f kZZ k—i—l 2Kk"—21")9 ( ]l;> (;,) (486)

k,l1=0 =01l'=
_ Z V" ein? (Z Coe(1) ) (4.87)

as a power series in I. For the integrable approximation of the resonance dynamics in the

corotating frame one obtains

[ - [r's 2
Hiegrs(1,0) = % + 2V,.5(I) cos(rd + @) (4.88)
with
V;"!S(I) = ]% Z 77“ka ~ Wr:s]%- (489)
k=0

As the perturbation term V,.s(I) explicitly depends on the action we use a different quantization
scheme than in the original derivation of resonance-assisted tunneling. For the quantization we

introduce the ladder operators @ and a' which are related to the action-angle variables
Vie® = /hoga!, e VI = \/fega. (4.90)

With these operators the operators of the new phase-space coordinates ( Q P) can be defined

A j-A 9 j he €
:\ge“uelﬂ\g: QH(aua), \[ \[—u/ Tat—a) (4.91)
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and the effective pendulum Hamiltonian reads

1 1 2 r
Hieg s = T {hﬂr (a*d + 5) — I} + W, shZ (a7 +a') . (4.92)

For the matrix elements of this operator between two unperturbed states [¢7;,) and |1/1]’r"gé> one

obtains
< $g|f{reg,r:s|¢$é> = E7715771,771’ + Vm,m’ém’,m—i—r + Vm,m’dm’,m—r (493)
with
% P g + hO) 41 (4.94)
€m = 2]\4—74:8 eff | T 9 ris| m = €m ris | T 2 ) :

and the coupling-matrix elements

r [(m41r)! r m!
me r — I/Vrzsﬁf2 — Vm m—Ilr = Wr;shQ -_— . 4.95
ym+l eff m) ) l eff (m _ l’f‘)' ( )
With V., ~ L%SWT:S we finally obtain for the improved coupling-matrix elements
_ A (m/ +r)!
mylr __ iﬂ
‘/r:s - V;":S (Ir:s) m/! (496)

with m’ = m + (I — 1)r. We find that the improved coupling-matrix elements depend on A
and on the quantum numbers of the involved unperturbed states |¢/[7,) and [¢75" Iry. For large
hegr the coupling-matrix elements increase while for smaller h.g they decrease as hle?f/Z. Using
the improved couplings V™" in Eq. (4.66) we find that for actions near I,.; the result stays
approximately unchanged while for quantizing tori further away, the plateau and peak values of
the tunneling rates are adjusted. This leads to a more accurate prediction of tunneling rates as
is shown in Figs. 4.18 and 4.22. In the semiclassical limit more and more resonances contribute
to the tunneling process and the actions of the coupled regular states will be closer to the action

of the relevant resonance. Hence, the improvement of the couplings V. is less important.

4.2.3 Multi-resonance effects

Up to this point we have considered the effect of one dominating resonance onto the tunneling
process. In a generic system, however, infinitely many resonances exist inside the regular region

which might simultaneously contribute to the tunneling process. Consequently, the mth regular

state |¢je, ,.s) has contributions from unperturbed states |7,

reg,ris ) whose quantum number differs
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from m by integer multiples a; of the order r; of the contributing r;:s; resonances

) = > > AN

N<Mmax {az} a;

n (4.97)

reg/*

With this perturbed state [¢7g, ) we can use Eq. (4.69) to determine a prediction for the
tunneling rates ,, in this multi-resonance situation. We arrive at a prediction similar to

Eq. (4.74) in which more terms appear corresponding to the contributing r;:s; resonances

2

Y =m0 DO [[AE A (4.98)

n<Mmax {GrL} a;

where
n=m+ Z a;ri, (4.99)

i labels all relevant resonances, and {a;} denote the possible combinations of these resonances.
As more and more resonances become important in the semiclassical limit the possible number of
contributing combinations of resonances increases exponentially in Eq. (4.98). Multi-resonance
couplings occur, see Fig. 4.16, in which first one or more steps are made with one resonance

and afterwards further steps with other resonances. If different tunneling steps lead to the

n

Tg), these contributions may interfere as these terms are inside the modulus

same final state |
squared in Eq. (4.98). This may lead to constructive or destructive interference depending on
the phases ¢. However, these phases ¢ cannot be determined from the classical phase space in
general. Only if additional symmetries exist the phases are known to be zero or m. Such an
example is given by the standard map or the systems F; with R = 0.

For the evaluation of Eq. (4.98) two most relevant questions occur: Which resonances con-
tribute to the tunneling process at a given heg? And which combinations of these resonances
dominate the tunneling process? If an answer to these questions is found the number of con-
tributing terms in Eq. (4.98) can be reduced significantly and the dominating resonance-assisted
processes are found.

Let us consider the first question, namely which of the resonances contribute to the tunneling
process for a certain value of the effective Planck constant h.g and which do not. I.e. where is
the transition between the direct tunneling regime, hog < A, where the considered resonance is
not important, and the resonance-assisted tunneling regime, h.g << A. Also the question which
resonance dominates the tunneling process if more than one is relevant has to be answered.

For an r:s resonance to be important it requires that the (m + r)th quantized torus exists

inside the regular island, i.e.

A 1
Dot 2

(4.100)
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Figure 4.16: Sketch of tunneling steps in the multi resonant case: We choose a regular island
with a dominating 5:1, 11:2, and 6:1 resonance chain and consider the ground state m = 0.
For large heg the direct tunneling contribution ~§ is relevant. For smaller heg tunneling steps
including the 5:1 (green) or the 6:1 (red) chain occur which include a final tunneling step to
the chaotic sea with the direct tunneling rates 7¢ or 7¢. For even smaller heg a tunneling
step with the 11:2 resonance (blue) or a two-step process including the 5:1 and the 6:1 chain
leads to the same final state m = 11 which has a direct tunneling rate v, .

such that a coupling between the mth and the (m + r)th state is possible. Already from this
simple criterion we find that resonances of high order r will be important in the semiclassical

limit only, while resonances of small order r may be relevant in the quantum regime as well.

In order to determine when a resonance starts to become relevant we consider the position
hgf}ak of the first peak in the tunneling rate ,, caused by the r:s resonance. It arises when
Eq. (4.66) diverges for E,, — Ey i + Thegfd.s = 0. Using the quadratic approximation for

Hoeg (D), we find
A, r 1

— = -+ = 4.101
gk — M9 TS (4.101)

with A,.; := 271,.;. Thus, the first peak appears when the r:s resonance encloses about m+1/2
quantized tori. It appears for the largest values of h.g when its order r and the considered
quantum number m is small and when its enclosed area A,. is large. However, we should keep
in mind that in order to see the peak in the tunneling rates, m + r states have to exist inside
the regular island at hA*™*. If the improved semiclassical energies E,, are known h*** results

from the divergence of the improved energy denominator in Eq. (4.66).

Nevertheless, the influence of the resonance may appear much earlier than 1/ hgf}ak. We define
the transition point 1/hLF between the direct and the resonance-assisted tunneling contribution
when the first two terms in Eq. (4.74) are equal. Using v/2M,.V,.. = AA,.;/16 [55] where AA, .,

is the area enclosed between the separatrices of the r:s resonance, we obtain

A147":5 A147’:5 ’ygLJrr(h:ie}?) ]‘ _ 128
rhig Avs | vm(hE) (h};?; Jhpek 1) -

(4.102)
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This criterion explicitly involves the size AA,.; of the r:s resonance chain measured with respect
to r Planck cells and to the area A,.; enclosed by the resonance, as well as the ratio of the
direct tunneling rates from the (m+r)th and the mth quantized torus. As the left-handed side

res

of Eq. (4.102) is expected to display a monotonous increase with 1/hLs towards the singularity
at 1/ hgfefak, resonance chains with a large area AA,.; will lead to a lower transition point 1/h%F
at which the crossover from direct to resonance-assisted tunneling appears. While e.g. the first

peak of the 5:1 resonance in Fig. 4.18 appears at 1/ hgfefak ~ 130 it dominates the tunneling

res ~u

process already at 1/h%F ~ 35 which is even before the contributions from other resonances set

1m.

With the quantities hgfefak and hLg the first peak in the tunneling rates and the transition point
from direct to resonance-assisted tunneling can be individually calculated for each appearing
r:s resonance. If hgg is smaller than the considered value of the effective Planck constant heg
the corresponding resonance can be neglected. Going from the quantum to the semiclassical
regime we find that the first contributing resonances are of small order r and enclose a large
area AA,.;, which is generically the case for resonance chains near the border of the regular
island. For such resonances the first peak in the tunneling rates at hgfefak might not be visible as
at hgfefak less than m +r states exist inside the island. Nevertheless, these outer resonances may
provide the final coupling towards the chaotic sea especially in the semiclassical limit and have
to be considered. A more simple scheme for selecting relevant resonances where the tunneling
rates 7¢ are not required works as follows: We choose the sequence of resonances with smallest
order r and determine the position hg&ak of their first peak in the tunneling rates. If hg&ak < heg
the resonances are ignored otherwise taken into account. Here it may happen that too many
resonances are considered which do not contribute to the tunneling process. Yet, it is a simple
procedure, while the question which of many resonances dominates far inside the semiclassical

regime cannot be quantitatively answered by our criteria.

Let us now consider the second question. If we know which resonances contribute to the
tunneling process at a certain value of heg, which combinations of tunneling steps appearing
in Eq. (4.98) are relevant? The dominating combinations of steps can be determined if the
action dependence of the rotation number w,.(I) is known. It can easily be determined with the
frequency map analysis [84]. With its knowledge we search for degeneracies in the semiclassically

predicted eigenphases of U using

Pm(hett) = onlher) (4.103)
1 1
21w, (1) (m + 5) mod 27 = 27mw,(I,) (n + 5) mod 27. (4.104)

Under variation of heg different final states |¢/},,) will be degenerate with the initial unperturbed

state [¢7,). These are the final states which contribute to the tunneling process and we consider

such combinations of coupling steps {a;} in Eq. (4.98) which lead to the final state |[¢,).

reg
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Combinations of steps leading to non-occurring final states do not have to be considered.
However, different combinations of steps may lead to the same final state. To decide, which
of them dominates is a non-trivial task. Semiclassically it is found that tunneling steps occur
< Ilys, < Iy, < -+ -, from the

center of the regular island to its border with the chaotic sea. If multiple combinations fulfill

which consecutively use resonances of increasing action, I, .

these criteria and lead to the same final state all of them should be considered.

4.2.4 Applications

In the last section we derived Eq. (4.98) which allows the unified prediction of dynamical
tunneling rates combining the direct tunneling approach using a fictitious integrable system with
resonance-assisted tunneling. We now predict dynamical tunneling rates with this Eq. (4.98)
using the direct tunneling rates v¢ from Eq. (4.9) which describe the decay of the regular states
by ignoring the influence of resonances. In addition we consider the improved global energies
E,,, and the action dependent couplings V;., from Eq. (4.96). The predicted tunneling rates
are compared to numerical data obtained for the kicked systems Fj described in Section 3.1.2
and the standard map. Furthermore, we compare our theory with the previously existing
predictions of direct and resonance-assisted tunneling individually, and visualize the effects of
the two considered improvements to resonance-assisted tunneling.

The parameters r1, R, Z, and ¢ of the kicked systems F5 introduced in Section 3.1.2 can
be chosen in such a way that only one large nonlinear resonance chain exists inside the regu-
lar island. We present a situation where one prominent 5:1 chain exists which dominates the
tunneling process for 1/heg > 20. Fig. 4.17 shows a comparison between the theoretical predic-
tion of Eq. (4.98) (solid line) and numerical data (dots), obtained by opening the considered
kicked system Fy at ¢ = £1/2. In contrast to the sole application of direct tunneling with
Eq. (4.9) (dashed line) or resonance-assisted tunneling according to Eq. (4.76) (gray line) we
find excellent agreement over more than 10 orders of magnitude in 7. The phase space of the
system is depicted in the inset of Fig. 4.17. It shows one dominant 5:1 resonance inside the
regular island. All other resonances are small and do not contribute to the tunneling rates for
the shown values of heg. We find that the direct tunneling rates ¢ following from Eq. (4.9)
explain the numerical data for 1/heg < 20. For larger 1/heg the 5:1 resonance is important and
gives rise to two characteristic peaks corresponding to the coupling of the ground state m = 0
to m = 5 and m = 10. Our theoretical prediction excellently reproduces the peak positions
and heights.

As a next example we consider a situation where three dominant resonances exist, namely
a H:1 resonance near the center of the regular island, an 11:2, and an outer 6:1 resonance, see
the inset in Fig. 4.18. Here, multi-resonance couplings occur and the tunneling rates from the
torus m = 2 are determined with Eq. (4.98) by a summation over all relevant r:s resonances.

For example the peak at 1/heg =~ 84 in the tunneling rates is caused by the coupling of the
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Figure 4.17: Dynamical tunneling rates « from the innermost quantized torus (m = 0) of
a regular island with one dominant 5:1 resonance for the system F5 with r; = 0.74, R = 0.2,
Z =1, and € = 0.002. Numerical data (dots) is compared to the prediction of Eq. (4.74)
(solid line) and previous results in the quantum regime due to the direct tunneling process
(dashed line, Eq. (4.9), Ref. [48]) and in the semiclassical regime due to resonance-assisted
tunneling (gray solid line, Eq. (4.76), Ref. [55]). The lower inset shows the phase space. The
upper insets illustrate the dominant tunneling steps for three values of heg.

state m = 2 to the 18th excited state via the 5:1 and the 11:2 resonance. In Fig. 4.18 we
compare numerical data (dots) to the prediction of Eq. (4.98) and find very good agreement.
For comparison we also show the rates (dotted line) that result from using Eq. (4.98) together
with Eq. (4.66) without the improved unperturbed energies E,, and couplings V,.,. We still
find overall agreement to the average decrease of the tunneling rates with 1/heg. However,
the reproduction of the positions and heights of the individual peaks requires to use a global
approximation for the unperturbed energies and to take into account the action dependence of

the coupling matrix elements.

In Fig. 4.19(a),(b) we show a comparison of numerical data (dots) to the results of Eq. (4.98)
without the improved unperturbed energies E,, and couplings V., (dotted lines), using only
the improved unperturbed energies E,, (solid line in (b)), and only the improved couplings
(solid line in (a)). The result using both improvements is presented in Fig. 4.18 (solid purple
line). This allows to visualize the effect of each improvement on its own. While the improved
energies account for the correct positions of the peaks in the tunneling rates with respect to

1/heg, the improved couplings adjust the overall value of the tunneling rates but do not affect
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Figure 4.18: Dynamical tunneling rates v from the quantized torus m = 2 of a regular
island with three dominant resonances for the system F5 with ;1 = 0.72, R =0.45, Z = 1.2,
and € = 0.002. Numerical data (dots) is compared to the prediction of Eq. (4.98) (solid
line). For comparison the direct tunneling contribution (dashed line, Eq. (4.9), Ref. [48]) and
the result of Eq. (4.98) without the improvements of the unperturbed energies E,, and the
couplings V., is presented (dotted line). The inset shows the regular island of the system

and the dominant 5:1, 11:2, and 6:1 resonances which cause tunneling steps as indicated by
labels.

the position of the peaks. We find that a reliable prediction of tunneling rates is only achieved
when using both of the improvements. In Fig. 4.19(c) the prediction of Eq. (4.98) including
only the direct tunneling contribution and the first term caused by the 5:1 resonance is shown
as a red line. Also the sum of the direct tunneling contribution and the first term caused by
the 11:2 resonance is shown as a blue line. While the 11:2 resonance is responsible for the first
peak in the tunneling rates at 1/heg ~ 50 it does not cause the initial deviations from direct
tunneling around 1/heg &~ 35. They occur due to the 5:1 chain as presented by the red solid
line. While this resonance is already important at 1/h.s ~ 35 its first peak appears far away
at 1/heg &~ 130. This shows that resonances can be relevant even before their first peak in the
tunneling rates appears as discussed in Section 4.2.3. The prediction of Egs. (4.101) and (4.102)
for 1/ hgffak describing the position of the first peak and 1/h%F describing the transition point
between direct and resonance-assisted tunneling are shown in Fig. 4.19(c) by red circles for the
5:1 and green circles for the 11:2 resonance. They correctly predict that the 5:1 as well as the

11:2 resonance is relevant for 1/heg 2 40. The 6:1 resonance is located in the chaotic region
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Figure 4.19: Dynamical tunneling rates as presented in Fig. 4.18 (green dots and lines): In
addition (a) shows the results of Eq. (4.98) including only the improved couplings V;. (black
solid line) and (b) only the improved energies E,, (black solid line). In (c) the direct tunneling
rates (dashed line) and their sum with the first resonance-assisted contribution of the 5:1 (red
line) and the 11:2 resonance (blue line) is presented. We find that the first deviations from
direct tunneling are caused by the 5:1 resonance while the first peak appears due to the 11:2
chain. The prediction of Eqs. (4.101) (empty circles) and (4.102) (filled circles) are presented
for the 5:1 (red) and the 11:2 resonance (blue).

of phase space. Hence, Eqgs. (4.101) and (4.102) are not applicable to predict its relevance.
However, we find that it contributes to higher order multi-resonance steps as can be seen by
the labels in Fig. 4.18.

In order to convince the reader that the presented predictions are not just exceptionally
excellent results we consider a parameter variation from the case presented in Fig. 4.17 with one
dominating resonance to the case shown in Fig. 4.18 with three relevant resonances. For each
of the parameters 1, R, and Z we choose ten equidistant steps in the intervals r; € [0.74,0.72],
R €[0.2,0.45], and Z € [1.0, 1.2]. Following the plots in Figs. 4.20 and 4.21 from top left (a) to
bottom right (j) the 5:1 resonance moves towards the center of the regular island such that its
tunneling peaks are shifted towards larger 1/heg. In (e) the 11:2 resonance enters the regular
island which explains the emanating smaller peaks in the tunneling rates. This resonance also
moves towards the center of the regular island and its peaks move to smaller 1/heg crossing the
peaks of the 5:1 resonance in (i). The 6:1 chain is relevant in (i) and (j). It is responsible for
the sequences of peaks located close-by at a small region in 1/heg ~ 115. For all the systems

(a)-(j) we find excellent agreement between the numerical data and our theoretical prediction.

The paradigmatic model of quantum chaos is the standard map introduced in Section 3.1.1,
which for K = 3.5 has a large generic regular island with a dominant 6:2 resonance. Further-
more, one finds a relevant 14:5 and an 8:3 resonance. Fig. 4.22 shows the comparison between
high-precision numerical data, obtained from the splitting of the eigenphases of the quantum
propagator computed for different periodicity conditions [54], and the prediction of Eq. (4.98)
far into the semiclassical limit. We find quantitative agreement over 30 orders of magnitude

< 30 beyond which several regimes

~

in 7. The direct tunneling process is relevant for 1/heg
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Figure 4.20: Dynamical tunneling rates v from the quantized torus m = 0 of a regular
island for the system F» under parameter variation (a)-(j) from (a) m = 0.74, R = 0.2,
Z =1 (Fig. 4.17) to (j) 1 = 0.72, R = 0.45, Z = 1.2 (Fig. 4.18 for m = 0). Numerical
data (dots) is compared to the prediction of Eq. (4.98) (solid purple line). The contributing
resonances change from (a) the 5:1 chain only to (j) the 5:1, 11:2; and the 6:1 chain.
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Figure 4.21: Dynamical tunneling rates v from the quantized torus m = 2 of a regular
island for the system F3 under parameter variation (a)-(j) from (a) ry = 0.74, R = 0.2,
Z =1 (Fig. 4.17 for m = 2) to (j) r1 = 0.72, R = 0.45, Z = 1.2 (Fig. 4.18). Numerical
data (dots) is compared to the prediction of Eq. (4.98) (solid purple line). The contributing
resonances change from (a) the 5:1 chain only to (j) the 5:1, 11:2, and the 6:1 chain.
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for the tunneling rates caused by different resonances are identified. We attribute the small
deviations below the prediction of Eq. (4.98) to destructive interference of different tunneling
sequences leading to the same final state. For this example we also consider the resonance-
assisted prediction, Eq. (4.76), which does not use the direct tunneling rates. If we include the
two improvements of the semiclassical energies E,, and the couplings V., it gives comparably
good results as the full prediction of Eq. (4.98) for 1/hes 2 200, see Fig. 4.22 (gray line).
For smaller values of 1/h.g deviations of many orders of magnitude are visible. This shows,
that in the far semiclassical regime the direct tunneling rates are not necessary while in the

experimentally relevant regime they cannot be neglected.

As a last example we consider the system introduced in Ref. [43] which is the standard map
with an additional linear term {)q entering the potential energy V(gq). For the parameters
K = 1.329 and 2782 = 0.5336 one regular island appears which has a larger 6:1, 7:1, 8:1, and
a smaller but relevant 19:3 chain. While the authors of Ref. [43] considered the contribution

of the 6:1 and the 7:1 resonance separately, see Fig. 4.23 gray lines, we use our prediction,

4 . .
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10—12

10720
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107%

0 100 200 300 400 1/h.g 500

Figure 4.22: Dynamical tunneling rates v from the innermost quantized torus m = 0 of the
regular island for the standard map at K = 3.5. Numerical data (dots) is compared to the
prediction of Eq. (4.98) (solid purple line). For comparison the direct tunneling contribution
(dashed line, Eq. (4.9), Ref. [48]), the result of Eq. (4.98) without the improvements of the
unperturbed energies E,, and the couplings V., (dotted line), and Eq. (4.76) without using
the direct tunneling rates but including the two improvements is presented (solid gray line).
The inset shows the regular island with the dominant 6:2, 14:5, and 8:3 resonances and the
arrows indicate the regimes where they start to become relevant.
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Eq. (4.98), which includes contributions of all four relevant resonances and find very good
agreement (solid purple line). Using the direct tunneling rates we avoid artificial steps in the

results which appear in the predictions of Ref. [43] (gray lines).
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Figure 4.23: Dynamical tunneling rates « from the innermost quantized torus (m = 0) of
a regular island for the system considered in Ref. [43| with K = 1.329 and 27Q = 0.5336.
Numerical data (dots) is compared to the prediction of Eq. (4.98) (solid purple line) and
previous results due to resonance-assisted tunneling (gray lines, Ref. [43]). The dark gray
line considers the 6:1 resonance while the other line includes the 7:1 chain only. The lower
inset shows the phase space. For the prediction of Eq. (4.98) we consider contributions from
the 6:1, 7:1, 8:1, and 19 : 3 (not shown) resonance chain.



5 Dynamical tunneling in billiard

systems

In this chapter we extend our approach for the prediction of direct regular-to-chaotic dynamical
tunneling rates to billiard systems with a mixed phase space. Such billiard systems can be
accessed more easily in experiments and they are relevant for applications [100-103]. We study
the mushroom [123] and the annular billiard [29,30]. In both cases the phase space shows
regular regions due to the whispering-gallery motion in the circular part of the system. These
regions do not include nonlinear resonance chains. Hence, the direct tunneling mechanism is
expected to be relevant far into the semiclassical regime F > 1. A more generic system is the
cosine billiard for which we present the first numerical evidence of resonance-assisted tunneling
in billiard systems. We also apply the theory using a fictitious integrable system to bouncing-
ball modes and obtain tunneling rates which semiclassically decrease like a power law. Finally,
we consider nanowires with one-sided disorder in a perpendicular magnetic field to reproduce

the result for dynamical tunneling presented in Refs. [44,45].

5.1 Direct regular-to-chaotic tunneling

For the derivation of a theory which predicts direct regular-to-chaotic tunneling rates for billiard
systems we proceed similar to the case of quantum maps, see Section 4.1. The aim is to
decompose the mixed system, which is now described by a Hamilton operator H instead of a
time evolution operator U, into two main parts which show purely regular and purely chaotic
dynamics as well as a part which includes the couplings of both phase-space regions. In order
to find this decomposition we introduce a fictitious integrable system ﬁreg in the same way as
described in Section 4.1.2. It has to be chosen such that its dynamics resembles the classical
motion corresponding to the mixed system H within the regular island as closely as possible and
extends this regular dynamics into the chaotic region of H (similar as in Fig. 4.1(b) for quantum
maps). The eigenstates |t)yeg) Of H reg are called purely regular as they are localized on quantizing
tori in the regular region and, in contrast to the eigenstates of H, decay into the chaotic sea.
Note that there are only a few integrable billiards such as the circular, the rectangular, and
the elliptical billiard. Hence, the construction of ﬁreg is a more complicated task compared

to the case of quantum maps. While a general procedure to obtain ﬁreg for arbitrary billiards
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is still under development, we can use the three integrable systems for various applications as

discussed below.

With the eigenstates [¢)yeq) of I:Ireg, ﬁregh/}reg) = FEreg|treg), we define a projection operator

preg = Z |¢reg><¢reg| (51)

reg

which semiclassically projects onto the regular island. Hence, only such regular states |t¢)yeq)
are considered which localize on quantizing tori inside the regular region of H. As the energy
spectrum of a billiard consists of infinitely many eigenvalues, the sum in Eq. (5.1) also includes
infinitely many contributions. The orthogonal projector Pu=1 —ﬁreg projects onto the chaotic

phase-space component. For the decomposition of H we find

A~ ~ A~ ~ A~ A

H= (Preg + Pch>H<Preg + Pch) = p1"egﬁlpreg + Pchﬁpch + Pregﬁpch + pchf{preg- (52)

Using similar transformations as presented in Section 4.1.1 with Egs. (4.3), (4.5), and (4.6) we

find for the coupling matrix elements in position representation

Uch,mn = /¢ch(q)H ;Zg(Q) d2q (53)
Q

in which ¥73%'(q) and ¥, (q) are orthogonal, in two dimensions the regular states are character-
ized by two quantum numbers m and n, and we choose h = 2m = 1. The tunneling rate v,,,
is obtained using Fermi’s golden rule

Ach

Ymn = 27T<|'Uch,mn|2>ch Pch ~ 7<|'Uch,mn|2>ch (54)

where we average over coupling matrix elements v, between one particular regular and
different chaotic states of similar energy. The chaotic density of states p., is approximated by
the leading Weyl term pu, =~ A, /(47) in which Ag, denotes the area of the billiard times the

chaotic fraction of phase space.

For the applications presented in Section 5.2 we want to use random wave descriptions as a
model for the chaotic states ¥, (q) which are not orthogonal to the regular states 11ey (q). For

such non-orthogonal states the derivation presented in Appendix D.1 leads to modified coupling

matrix elements

Uchmn = /wch(q)(f{ - IA{reg) :;g(Q) d2q (55)
Q



5.2 Applications 145

Equation (5.5) can now be used in Fermi’s golden rule, Eq. (5.4), and we obtain

2> (5.6)

ch

Ach
2

Ymn =

<\ [ vatat - i@

which is our main result for billiard systems. It involves properties of the fictitious integrable
system ﬁreg and the difference H — ]:Ireg. It predicts direct dynamical tunneling rates from any

regular state to the chaotic sea. For its application we have to find a suitable integrable system

A~

H,es, its cigenstates ¢

mn
reg

random wave description such that the average which appears in Eq. (5.6) becomes an ensemble

(q), and a model for the purely chaotic states ¥, (q). We choose a

average over different realizations of this random wave model. In the following we will predict
direct dynamical tunneling rates using Eq. (5.6) and compare these results to numerical data

for example systems with a mixed phase space.

5.2 Applications

In this section we want to apply our final expression, Eq. (5.6), to certain billiard systems in
order to predict direct dynamical tunneling rates and compare the results with numerical data.
For the mushroom billiard additional experimental data is considered which has been obtained
by Vidmar and Robnik by means of microwave experiments in the group of Stockmann in Mar-
burg. Furthermore, we consider the direct regular-to-chaotic tunneling process in the annular
and the cosine billiard, for which we determine the fictitious integrable system by a perturba-
tion of the boundary. For the Sinai, the stadium, and the cosine billiard we study the coupling
of bouncing-ball modes to the chaotic sea and find a power-law behavior of the tunneling rates
in the semiclassical limit. For a two-dimensional nanowire with one-sided disorder in a per-
pendicular magnetic field we find agreement of our theoretical prediction to an existing theory.
Finally, for the cosine billiard we present numerical evidence of resonance-assisted tunneling in

billiard systems.

5.2.1 Mushroom billiards

We consider the desymmetrized mushroom billiard, i.e. the two-dimensional autonomous system
shown in Fig. 5.1(a), characterized by the radius of the quarter circle R, the stem width a, and
the stem height {. This billiard was introduced by Bunimovich [123] and is of great current
interest [124, 148, 184-186] due to its phase-space structure which shows sharply separated
regular and chaotic phase-space regions. There is no hierarchical regular-to-chaotic transition
region and there appear no resonance chains inside the regular island. The regular trajectories
show whispering-gallery motion which is not allowed to cross the small quarter circle of radius

a. Each trajectory which crosses this line is chaotic, see Fig. 5.1(d). The chaotic component of
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phase space was proven to be ergodic [123]. Hence, this billiard fulfills all requirements which
are necessary for the application of Eq. (5.6) and the direct tunneling process dominates for all

energies E. The results of this section are published in Ref. [50].

In order to apply Eq. (5.6) to the mushroom billiard we have to construct a fictitious inte-

mn
reg

grable system I:Ireg, determine its eigenstates (g), and find a model for the purely chaotic

states ¥ (q). In the following analysis we set R = 1. A natural choice for the regular system

H,e is the quarter-circle billiard, see Fig. 5.1(b). According to Eq. (3.211) its eigenfunctions

are analytically known

mn

veg (75 ) = Nown i (Jran) si0.(M00), (5.7)

in polar coordinates (r,¢). They are characterized by the radial (n = 1,2,...) and the az-

Figure 5.1: (a) Schematic picture of the mushroom billiard showing the coordinate systems
used in the theoretical derivation of the direct dynamical tunneling rates. (b) Auxiliary
billiard Hrem;. (c) Experimental desymmetrized mushroom billiard with radius R = 19 cm,
stem width @ = 10 cm, and stem height [ = 0...25.7 cm. The antenna is located 4 cm
below the top and has a distance of 0.75 cm from the vertical wall. (d) Poincaré section at
the quarter-circle boundary (relative tangential momentum p vs arclength s) showing regular

and chaotic regions with illustrations of trajectories.
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imuthal (m = 2,4,...) quantum numbers. As we are considering the quarter-circle billiard
m is allowed to take even values only. Here .J,, denotes the mth Bessel function, j,,, the nth
root of Ju, Npn = \/8/7/Jmn—1(jmn) accounts for the normalization, and E,,, = j2, are the

eigenenergies.

Using the Hamiltonian H of the mushroom and ﬁreg of the quarter-circle billiard in Eq. (5.5)
to determine the coupling between the regular and the chaotic states, an infinite potential

difference H — ]:Ireg = —oo occurs while ¥ = 0 in the stem of the mushroom for y < 0 at the

reg

same time. In order to avoid this undefined product “—oo - 0” we introduce a finite potential
at y <0, see Fig. 5.1(b),

HY(q.p) = P+ V(@) (5.8)
0, 2+ <1, 2,y>0
Vig) = { W, y<0,0<z<1 (5.9)
0, otherwise

and consider the limit W — oo in which the quarter-circle billiard is recovered. For finite W
the regular eigenfunctions fggw(q) of ﬁfevg decay into the region y < 0. To describe this decay

we make the following ansatz

Vreaw (T, y) = Yrogw(z,y = 0) exp(Ay). (5.10)

Since these regular eigenfunctions and their derivatives have to be continuous at y = 0 we

obtain

Oyiegw (2, y = 0)

A= (5.11)
reew(@,y =0)
in which A follows from the Schrédinger equation as
N=W-EY (5.12)

and EY is finite. In the limit W — oo and by extending the lower limit to —oo we find
w w
/ dy —eM = — — 1 (5.13)

such that

—e™ — i(y). (5.14)
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Evaluating Eq. (5.5) for the coupling matrix elements we obtain

a 0
Uch,mn = V&Enoo/‘dx/dwah<$7y)<_W)w;Zg,W(xay) (515>
0 2
— [ devaley =085 ey =0 (5.16)
0
a - |
= —Nmn/dchh(:p,y:O)EJm(jmnx). (5.17)

0

Due to the limiting process only an integration along the line y = 0 remains which connects the
quarter circle billiard to the stem of the mushroom. At this line deviations between H and H,eg
emerge. Equation (5.16) contains the derivative of the regular wave function perpendicular to
this line. The largest contribution of the integral in Eq. (5.17) appears at the corner of the

mushroom at = = a. Here the regular eigenfunctions ¢;g;" are largest.

We can generalize this evaluation of Eq. (5.5) if H,eg is given by a hard-wall billiard in the
following way: If the billiard region e, of Hiyep fulfills Q. C Q we define 02Y := 084\ 012,
integrate in Eq. (5.16) along 002", and use the derivative of the regular eigenfunction perpen-
dicular to the integration path. For Q C (2, we define 092" := 0Q\ OS2, and the derivative of
the chaotic states perpendicular to 02" enters in Eq. (5.16).

In order to evaluate Eq. (5.17) we have to use a random wave description to model the
chaotic states 1, (q) which respects the Dirichlet boundary conditions in the vicinity of the
corner at x = a. For this random wave model we use polar coordinates q = (p, ?) as introduced
in Fig. 5.1(a) such that the corner of angle 37/2 is located at (0,0). The Dirichlet boundary
conditions at this corner are accounted for using Eqs. (3.201) and (3.202) with an angle § =

37/2. The final chaotic wave function is

Yen(p, V) = 4/ 3j - chj%s (kp) sin (%ﬁ) (5.18)
M s=1

in which z—a = pcos(¥) and y = psin(v). The coefficients ¢, are independent Gaussian random

variables with mean zero, (cs) = 0, and unit variance, (cs¢;) = d5. Equation (5.18) fulfills the
Schrédinger equation at energy E = k? and the prefactor is chosen such that (|1 (p,9)]?) =
1/Aq holds far away from the corner. Note that we do not require these chaotic states to decay
into the regular island, as Eq. (5.17) is an integral along a line of the billiard where the phase
space is fully chaotic and that near the boundary, but far away from the corner, one recovers
the behavior 1 — Jy(2k|z|) [121,134]. Inserting this Eq. (5.18) into Eq. (5.17) at energy j2, and
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¥ = 7w, we obtain the coupling matrix elements

[8 & r . . 2r \'m )
Uch,mn = _Nmn 37(;}1 Z Cs / JQ—; (jmn(a - .T})) S (?3> ;Jm(]mnx) dz (519>
- 0

s=1

which give a prediction of the tunneling rates using Fermi’s golden rule, Eq. (5.6),

oo a 2

r| [ de , .
Yo = M>NZ E / — J2s (Jmn(a — ) I (Jmn) (5.20)
s=1 0

in which the prime at the summation indicates that the sum over s excludes all multiples of
three. The remaining integral can be solved analytically [137, Eq. 11.3.40], leading to the final
result

8 OO’ m+2§s(jmna)2

Ymn = —

m o—1 Jm—l(jmn)2 .

(5.21)

This gives a prediction of direct regular-to-chaotic tunneling rates of any regular state ¢y07" to
the chaotic sea in the mushroom billiard. The sum has its dominant contribution for s = 1 and

evaluating Eq. (5.21) up to s < 2 gives sufficiently accurate predictions.

It is worth remarking that a very plausible estimate of the tunneling rate is given by the
averaged square of the regular wave function on a circle with radius a, i.e. the boundary to
the fully chaotic phase space, yielding 7% = N2 J,.(jmna)?/2. Surprisingly, it is just about a
factor of 2 larger for the parameters we studied. In Ref. [148] a related quantity is proposed,
given by the integral of the squared regular wave function over the quarter circle with radius
a. This quantity, however, is too small by a factor of order 100 for the parameters under

consideration.

The eigenvalues and eigenfunctions of the mushroom billiard are determined by numerically
solving the Schrodinger equation. Because of its superior computational efficiency we have
chosen to use the improved method of particular solutions [141,148|, see Section 3.2.2, allowing
a determination of the energies £ with a relative error ~ 107, Analyzing the widths AE;
of avoided crossings between a given regular state and typically 30 chaotic states we deduce
from Eq. (3.230), 7 ~ Aa(|AE;|?);/8, the tunneling rate where we use Ay, = la + [arcsin(a) +
av/1 — a?]/2 as derived in Appendix D.2. Note, that some pairs of regular states are very
close in energy, e.g. iy — Eig2 & 10~*, such that their avoided crossings with a chaotic state
overlap, making a numerical determination of the smaller tunneling rate unfeasible within the
presented approach. Fig. 5.2 shows the tunneling rates 7,,, for fixed radial quantum number
n = 1,2,3 and increasing azimuthal quantum number m, comparing the theoretical prediction,

Eq. (5.21), with numerical results for a = 0.5. We find excellent agreement for tunneling rates
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Figure 5.2: Tunneling rates of regular states with quantum numbers n = 1 (black), n = 2

(red), and n = 3 (green) vs k for a = 0.5 comparing the prediction of Eq. (5.21) (connected

by solid lines) and numerical data (dots). The insets show the regular eigenfunctions w%ezél

and ¢§e4g}3. In addition the asymptotic prediction of Eq. (5.27) is presented (dashed lines).

Ymn Over 18 orders of magnitude. The small oscillations which appear in the numerical data on
top of the exponential decay might be related to the two-level approximation which we use for

their computation. It is not valid if two regular states are close in energy.

To further check our prediction we determined the tunneling rate of the regular state (m,n) =
(30,1) under variation of the stem width a. The results presented in Fig. 5.3 show a decrease
of this tunneling rate which appears faster then exponential with 1 —a. Again we find excellent
agreement to numerical data. Note that the accuracy of the numerical method used for deter-
mining eigenenergies of the mushroom is best for a ~ 0.5 and declines for larger or smaller a.

Hence, the evaluation of avoided crossings including 4% (7, ) for a < 0.3 is a difficult task.

Another interesting question is how the tunneling rates behave for regular states close to
a classical torus described by a quarter circle in the cap of the mushroom with radius r;.
We characterize the regular states with the following criterion: The corresponding classical
trajectory has the angular momentum |L| = v/Er,, which in the semiclassical limit is equal to
the quantum number m. Thus, we use m/j,, ~ r; (with E = j2 ) to find the combinations
(m,n) which lead to regular states closest to the classical torus at r,. The resulting behavior
of the tunneling rates is presented in Fig. 5.4 for r, = 0.6 and r, = 0.8. A comparison of these

predictions to numerical data shows excellent agreement.
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Figure 5.3: Tunneling rates of the regular state ¢§£g’1 vs the stem width a: We compare
the prediction of Eq. (5.21) (connected by solid lines) and numerical data (dots). The insets
show the regular eigenfunction wfeog’l at a = 0.34 and a = 0.74.
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Figure 5.4: Tunneling rates of regular states localized closest to a classical torus of radius
re = 0.8 (black) and r, = 0.6 (green) vs k for a = 0.5: We compare the prediction of
Eq. (5.21) (connected by solid lines) and numerical data (dots). The insets show the regular

. . 52,2 9288 223 192,25
eigenfunctions Yreg , Yreg close to 1y = 0.8 and rég”, Yreg ~ close to ry = 0.6.
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For fixed azimuthal quantum number m and increasing radial quantum number n the tun-
neling rates increase. This behavior is presented in Fig. 5.5. Again we find excellent agreement

between the predictions of Eq. (5.21) and numerical data.

Finally, we want to compare our theoretical predictions to experimental data which was
obtained by Vidmar and Robnik using microwave experiments at the group of Stéckmann in
Marburg. Fig. 5.1(c) shows the mushroom billiard used in the microwave experiment. Spectra
have been taken as a function of the stem height [ of the mushroom in the frequency regime 3.0
to 13.5 GHz, corresponding to values of kR between 11.9 and 53.8. Fig. 5.6 shows part of the
obtained spectra in a small kR window. Note that R # 1 for the experiment. As the energies
of the regular states in the quarter circle do not depend on the stem height, they appear as
straight horizontal lines, whereas the chaotic states are shifted to lower energies with increasing

stem height [, reflecting the increasing density pq, of chaotic states.

mn

reg With quantum numbers n between 1 and 5 and m between

For each of the regular states ¢
8 and 32 all accessible splittings at avoided crossing Ak have been determined by means of a
hyperbola fit (Fig. 5.6). From this we get the energy splittings AE = 2kAk of the correspond-
ing quantum system and by averaging over all avoided crossings, Eq. (3.230), we deduce the
tunneling rate 7,,, of each regular state (m,n) to the chaotic sea. Apart from the results for

n = 1 they are in very good agreement with the theoretical prediction, Eq. (5.21), see Fig. 5.7.

In the experiment the resolution of avoided crossings is limited by the line widths of the
resonances due to wall absorption and antenna coupling. In the studied frequency regime
the line widths were about Av, = 0.01 GHz, corresponding to Ak,R =~ 0.04. From the
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Figure 5.5: Tunneling rates of regular states with quantum number m = 70 vs k for a = 0.5

comparing the prediction of Eq. (5.21) (connected by solid lines) and numerical data (dots).

The insets show the regular eigenfunctions Q,Z)Zgg and Q,Z)Zgg’w
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Figure 5.6: Part of the evaluated experimental resonance spectra of the mushroom mi-
crowave billiard vs stem height [. The horizontal line corresponds to the eigenfrequency of
?,/)rlgg’g', the crosses mark the extracted resonances. The inset shows a magnification of one
avoided crossing, including a hyperbola fit (solid line), and the numerically obtained regular
and chaotic states involved in the crossing.
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Figure 5.7: Dynamical tunneling rates from the regular region to the chaotic sea for quantum
numbers n < 4 vs kR for a mushroom billiard (a/R = 10/19): theoretical predictions
(connected by solid lines) from Eq. (5.21), experimental results (crosses), and numerical data
(dots). The dashed line denotes the lower limit of the experimental resolution. The inset
shows the experimental setup.
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hyperbola fit of the avoided crossings all splittings AkR larger than 0.1Ak, R could still be
resolved, corresponding to tunneling rates v between 0.001 and 0.024, see Fig. 5.7 (dashed
line). Further experimental complications are caused by the antenna, giving rise to an additional
splitting [184], which is proportional to the product of the involved wave functions [i(q,)| at
the antenna position g,. For the three rightmost data points of n = 1, see Fig. 5.7, |1/1:’;g1 (qa)] is

particularly large, which explains the deviations between experiment and theoretical prediction.

Asymptotic expansion of tunneling formula

We want to evaluate Eq. (5.21) in the semiclassical limit for large energies F in order to
understand the exponential behavior which is visible in Figs. 5.2 and 5.4 with increasing wave

number k. The leading term in Eq. (5.21) reads

. 8 Jm-{—%(jmna)z

7 T Jm—l(]mn)2 ( )

First we consider its numerator and use Ref. [137, Eq. 9.1.63] for non-integer arguments of the

Bessel function

2
2 _ jmna
e m+%exp((m+3) 1 <m*>>
Ty 2 (Jmn@) < < (5.23)

m+ 3 , 7\ "
14+4/1— (—ﬂg)
3

For large m we could also use m + 2/3 ~ m + 1. Equation (5.23) provides an upper bound of

Jm+2/3(Jmna). Numerically it has been confirmed, that a good approximation is given by

1 _ exp (Th\/l - a%m)
Jm-i-%s(jmna) ~ azn m
g (1 T agm>
1
= —5exp (fn [ln A, — 10 (1 +41— a%m) ++1- a%m]) ,  (5.25)

m3

(5.24)

where m = m + 2/3 and a,,, = jmna/m = /Epna/m. The denominator of Eq. (5.22) can be
approximated for n = 1 using Ref. [137, Eq. 9.5.18]
1

m

Tt Gon) = T Gyan) & —1.1131m 3 s — (5.26)

wlv

For the tunneling rates we finally obtain

o 2 S exp (2m [111 tym — In (1 /1o agm> /1o agm]) . (5.27)
T
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We find that for fixed radial quantum number n and increasing azimuthal quantum number
m = kp, the tunneling rates decay exponentially with k. Fig. 5.2 shows the comparison to
Eq. (5.21) assuming that Eq. (5.26) also approximately holds for n > 1. We find agreement
within a factor of two. The prediction of Eq. (5.27) is similar to Eq. (4.39) which has been
obtained for a quantum map with a harmonic oscillator-like regular island. It resembles the
similarity of this system to the mushroom billiard, which both show no resonance chains in the

regular island and the transition from regular to chaotic dynamics is sharp.

Mushroom billiards with elliptical hats

We extend the prediction of tunneling rates for the mushroom billiard with Eq. (5.21) to
mushroom billiards with elliptic hats. Their geometry is presented in Fig. 5.8(a). The procedure
to obtain a prediction of direct regular-to-chaotic tunneling rates using the approach with a
fictitious integrable system works in the same way as for the mushroom billiards with a circular
cap. However, we use the elliptical billiard as the integrable system H,.,, see Fig. 5.8(b).

For the elliptical billiard we find two types of regular dynamics: rotational motion along the
boundary in analogy to the circular billiard and oscillatory motion motion near the symmetry

line z = 0. In Cartesian coordinates the ellipse is described by
LY (5.28)

in which r, and 7, denote the lengths of the two half axis. In the following we consider r, > 7.
The distance of the foci from x = 0 is given by f = \/r2 —r? and we introduce hyperbolic

Tb
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Figure 5.8: (a) Schematic picture of the mushroom billiard with elliptic cap showing the
coordinate systems used in the theoretical derivation of the direct dynamical tunneling rates.
(b) Auxiliary billiard Hremfg. (c) Poincaré section at the elliptic boundary (relative tangential
momentum p vs arclength s) showing regular and chaotic regions.
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coordinates

x = fcosh(§)cos(n), (5.29)
y = fsinh(§)sin(n). (5.30)

In these coordinates the Schrodinger equation is separable and the eigenfunctions and eigenval-
ues of the elliptical billiard can be obtained as presented in Section 3.2.2. In the following we
consider a desymmetrized mushroom billiard with an elliptic cap such that the regular system

]:Ireg is given by a quarter ellipse. Thus, its eigenfunctions, see Eq. (3.217), are given by

e (€:1) = Nin M3 (€, o) 5€m (1, Gorn) (5.31)

where ¢,,, is the nth zero of the mth odd oscillatory radial Mathieu function of the first kind
Ms® and se,, denotes the mth odd angular Mathieu function. The quantum numbers are
m=2,4,... aswellasn =1,2,..., N, accounts for the normalization, and the eigenenergies
result from E,,,, = 4¢m./ >

We use the same random wave model for the chaotic states as before, see Eq. (5.18), and

obtain the tunneling rates

a 2

D o I RIF AR LX) (5.52)
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Figure 5.9: Tunneling rates from regular states with quantum numbers n = 1 vs k for

a=0.7,r, =1, and 1, = 0.8: We compare the prediction of Eq. (5.32) (connected by solid

lines) and numerical data (dots). The insets show the regular eigenfunctions ¢r1§g’1 and Q,Z)Eegg’l.
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Its results are compared to numerical data which is obtained as discussed in the last section.
For the parameters r, = 1.0, r, = 0.8, and a = 0.7 we find excellent agreement, see Fig. 5.9.
The theory is expected to predict reliable tunneling rates only for situations in which no
oscillatory motion occurs due to the attached stem. Il.e. only the regular whispering gallery
motion remains. This is the case for a > f. Otherwise tunneling from the rotating to the

oscillating part has to be additionally predicted.

5.2.2 Annular billiards

We consider the desymmetrized annular billiard characterized by the radius of the large semi-
circle R = 1, the radius of the small semi-circle a, and the displacement of this semicircle w,
see Fig. 5.10(a). In contrast to the sharply separated regular and chaotic dynamics in the
mushroom billiard, the phase space of the annular billiard is more generic. Again we find
regions of regular whispering-gallery motion but a more complicated chaotic sea appears in
which additional regular islands and partial barriers may be located, depending on the choice
of @ and w. This structure leads to the existence of so-called beach states which are localized in
the chaotic sea but close to the border of the regular region, influencing the dynamical tunneling
process. These beach states were described by Doron and Frischat [29,30] who also studied
the dynamical tunneling process in annular billiards. In contrast to our theory their prediction
of tunneling rates required fitting with a free parameter. In this section we want to apply the
approach using a fictitious integrable system to find a prediction of direct dynamical tunneling
rates which describe the decay of whispering-gallery modes into the chaotic sea.

To determine these direct dynamical tunneling rates in the annular billiard we proceed similar
to the case of the mushroom billiard. We have to evaluate Eq. (5.5) for the coupling matrix
elements ey m, and then use Fermi’s golden rule, Eq. (5.6), to determine the tunneling rates.

In the first step the regular system ﬁreg and its eigenstates g, have to be defined. Similar

(a)

—1

| ——>| |

R w a d 0 S L

Figure 5.10: (a) Schematic picture of the desymmetrized annular billiard showing the
coordinate systems used in the theoretical derivation of the direct dynamical tunneling rates.
(b) Poincaré section at the semi-circle boundary (relative tangential momentum p vs arclength
s) showing regular and chaotic regions for R = 1, a = 0.15, and w = 0.45.
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to the mushroom billiard a natural choice of this regular system ]:Ireg is the semi-circle billiard
which exactly reproduces the whispering-gallery motion in the annular billiard. Its eigenstates

are given by
reg (7 9) = N (G ) sin(mep) (5.33)

in polar coordinates (r, ), where .J,,, denotes the mth Bessel function, j,, is the nth root of
I, and N,p,, = \/m /Jm—1(Jmn). The regular states are characterized by the radial quantum
number n = 1,2, ... and the azimuthal quantum number m = 1,2,... . Hence, the tunneling
rates describing the decay of the regular state 7.7 (r, ) will be labeled by 7.

Evaluating Eq. (5.5) in order to determine the coupling matrix elements vey n between
the regular and the chaotic states, an infinite potential difference arises within the small disc
of radius a between the Hamiltonian H of the annular and ﬁreg of the semi-circle billiard,
H-— [:Ireg = 00. At the same time for the chaotic states 1), = 0 holds in that region, which
leads to an undefined product “co - 0”. Similar to the approach presented for the mushroom
billiard we circumvent this problem by considering a finite potential difference W for which
at the end the limit W — oo is performed. Since 2 C ), we have to integrate along the
semi-circle of radius a and consider the derivative of the chaotic states 1, (q) perpendicular to

this line

™

Uchmn = /adﬁ Optben(p = a,9) Yiog (p = a,9) (5.34)
0
= alN,,, / dd 0,0en(p = @, ) I (Jrmn) sin(me) (5.35)

0

in which we introduced the polar coordinates (p, ) such that x = pcos(¥) +w and y = psin(¥}).
Only the integration over ¥ from ¥ = 0 to ¥ = 7 along the small semi-circle of radius a remains.
Note that the regular eigenfunctions are given in polar coordinates (r(p, ), o(p,?)), while we
integrate along p = a, see Fig. 5.10(a). Along this line the regular wave function is largest near
the point (p,9) = (a,0) for w > 0. Hence, we use a random wave description to model the
chaotic states ¥, (p, ) which respects the Dirichlet boundary conditions on the line y = 0 and
on the small semi-circle of radius a.

For this random wave model we use polar coordinates (p, ¥) as introduced in Fig. 5.10(a) such
that the center of the small disk is located at the origin. A random wave model which accounts

for the Dirichlet boundary conditions on the small disk and the line y = 0 is constructed

by [187, §25]

255 oy T Yalke) — T (k)Y )

Vanlp: V) = —== V' Js(ka)? + Y, (ka)?

, (5.36)

s=1
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in which the ¢, are Gaussian random variables with (c;) = 0 and (cs¢;) = 0. Furthermore, Y
denotes the Bessel function of the second kind. The normalization constant 2 has been obtained
numerically, such that (J1w|?) = 1/Aq, holds far away from the boundary. The chaotic states
defined by Eq. (5.36) fulfill the Schrodinger equation at arbitrary energy E = k*. Similar to
the mushroom billiard we do not require the chaotic states to decay into the regular island, as
Eq. (5.35) is an integral along a line of the billiard which is not hit by any regular whispering-
gallery trajectory. Near the boundary, but away from the small circle, one recovers the behavior
(|Yen|?) = 1 — Jo(2k|p — a|) [121,134]. Using the radial derivative of 1 (p,9) at p = a we find

\/2:_}1 Z cssin(s)Rg(ka), (5.37)

aP"vz)ch(p = a, 19) =

in which J1(ka)Ys(ka) — Js(ka)Ysi1(ka) = 2/(mka) [137, Eq. 9.1.16] and

2
Rs(ka) = . 5.38
(ka) Tkay/Js(ka)? + Yy(ka)? (5.38)
With this result we calculate the tunneling rates at energy £ = 52,
- 2
Yo = 2N2,0%52, > " Ri(jmna)® / A9 sin(s9)J,, (Gonr (9)) sin(me(9)) | . (5.39)
s=1

0

mn

This is our final result predicting the decay of a regular state g,

located in the regular
whispering-gallery region to the chaotic sea. In Eq. (5.39), in contrast to the result for the
mushroom billiard, Eq. (5.21), the term s = 1 is typically not the most important contribution.
Here the corresponding s increases with energy. Note that this formula depends on the radius a
of the inner semi-circle. For not too small a and fixed distance d to the large disk the tunneling
rates slightly decrease with increasing a which leads to a difference of at most a factor two. In

contrast to the prediction presented in Refs. [29,30] no fitting is required.

The numerical determination of tunneling rates using avoided crossings is more difficult for
the annular billiard than in the case of the mushroom billiard. In order to affect the chaotic
but not the regular component of phase space we increase the radius a of the small inner
circle and shift its center such that its rightermost value a + w is constant. This procedure
drastically affects the chaotic states while the regular whispering-gallery modes remain almost
unchanged. However, under this parameter variation the phase space structure in the chaotic
region changes from macroscopically chaotic to a situation in which additional regular islands
and partial barriers appear.

Fig. 5.11 shows the comparison of the theoretical prediction of Eq. (5.39) to numerical data
for a + w = 0.6, n < 2, and increasing m. We find qualitative agreement over 18 orders of

magnitude. However, deviations of several orders of magnitude appear for some data points
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Figure 5.11: Tunneling rates from regular states with quantum numbers n = 1 (black),

n =2 (red), and n = 3 (green) vs k for d = 0.4 comparing the prediction of Eq. (5.39) (solid

lines) and numerical data (dots). The insets show the regular eigenfunctions 1/;33; and zp;f’ég’?’.

while others agree with the theoretical prediction.

The fluctuations of the tunneling rates occur most likely due to the existence of so-called
beach states. These are states which exist in the chaotic region of phase space and look similar
to regular states though no quantizing tori can be associated with them [29,30]. Numerically we
determine the tunneling rates by evaluating avoided crossings between the whispering-gallery
modes and chaotic states which change their energy under variation of the shape of the billiard,
as discussed before. Beach states almost behave like regular states and their energy only
slightly varies if we change the boundary of the billiard. Hence, we do not always include their
contribution in the numerically determined tunneling rates. In such situations tunneling to
chaotic states further away from the regular island is considered as the beach states effectively
enlarge the regular region. Equation (5.39), however, predicts tunneling rates directly to the
border of the regular island. It does not account for a virtually enlarged regular region due
to beach states. Hence, it agrees to numerical data only if avoided crossings between beach
states and the whispering-gallery modes are included. Otherwise the numerically determined
tunneling rates are too small.

The influence of the beach states can be visualized by summing up the Poincaré-Husimi
representations of chaotic states which cross the considered whispering-gallery mode. If beach

states exist which do not cross the whispering-gallery mode, this sum will be localized far away



5.2.2  Annular billiards 161

from the regular region while otherwise it will reach the regular-chaotic border. We find cases
for which the sum of Husimi representations has pronounced contributions in the vicinity of
the classical border of the regular island. For example for m = 19, 27, 34,41 and n = 1,
the numerically determined tunneling rates agree with the analytical prediction in Fig. 5.11.
Here, the couplings of all relevant states are considered. For m different from these values the
influence of the beach states on the tunneling process is not included numerically such that

deviations from our theoretical prediction arise.

As a further test of this reasoning we determine tunneling rates varying the parameter d.
For increasing d the whispering-gallery region grows such that beach states will become regular
states and new beach states will appear. Hence, we expect oscillations on top of the exponen-

tially decaying tunneling rates. This can be seen in Fig. 5.12 exemplarily for (m,n) = (61, 1).
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Figure 5.12: Tunneling rates from the regular state with quantum number (m,n) = (61,1)
under variation of d: We compare the prediction of Eq. (5.39) (connected by solid lines) and
numerical data (dots). The insets show the sum of all Poincaré Husimi representations (for
the semi-circle) of chaotic states which are considered to numerically determine the tunneling
rates for (a) d = 0.32, (b) d = 0.34, (c¢) d = 0.36, and (d) d = 0.38. For (b) and (c) we
find relevant contributions in the vicinity of the border of the regular region (dashed lines).
Hence, existing beach states are included and the numerical data matches our prediction.
For (a) and (d) this is not the case. In (e) the spectrum is presented in the vicinity of Eg;
(horizontal line). We find an avoided crossing with a beach state (see the red dashed line as
a guide to the eye) at d ~ 0.35 which forms a horizontal line for d > 0.4.



162 5.2 Applications

The sum of Husimi representations of all considered chaotic states is presented in Fig. 5.12(a)-
(d) under variation of d. They show contributions near the border of the regular region for
d =~ 0.35 where a crossing of the considered regular state with a beach state occurs in the spec-
trum, see Fig. 5.12(e). Here, the numerically determined tunneling rates match our prediction.

This has some analogy to resonance-assisted tunneling [53-55]. If the beach state is en-
ergetically close to the considered regular one, couplings between the two states lead to an
enhancement of the tunneling rate. Beach states which are energetically far away do not couple
and therefore the size of the regular region is effectively enhanced, lowering the tunneling rate.
In the theoretical prediction the effective enhancement of the regular region is not considered,
and thus, it only matches with the numerics if the beach states are energetically close. In
contrast to the theory of resonance-assisted tunneling the beach states are not localized in the
regular but in the chaotic region of phase space. It remains an open task, how to include the

influence of beach states into our theoretical prediction.

5.2.3 Dynamical tunneling of bouncing-ball modes

We consider the Sinai, the cosine, and the stadium billiard which all include a rectangular
region in which so-called bouncing-ball motion occurs perpendicular to two parallel parts of the
boundary. Classically, such trajectories have zero measure. Quantum mechanically, eigenstates
of the billiards are observed which resemble the classical bouncing-ball motion located on the
line p = 0 in the Poincaré section. Such eigenstates are called bouncing-ball modes. An
interesting question concerns the coupling of such states to the rest of the chaotic region and
therefore their tunneling rates v to this domain. If there are bouncing-ball modes for which
~v — 0 in the semiclassical limit we can show their semiclassical existence. Due to the quantum
ergodicity theorem [188] the bouncing-ball modes have to be a subset of all eigenstates of
density zero. Hence, their number up to energy E will be described by a fractal Weyl law,
Nyp(E) = CE?, in which C is a constant and the exponent ¢ is restricted to 1/2 < § < 1.
In previous studies this exponent was predicted to be 6 = 3/4 for the stadium [189,190] and
d = 9/10 for the cosine billiard [190].

In this section we will apply our theory for direct dynamical tunneling using a fictitious
integrable system to bouncing-ball modes and predict their tunneling rates to the chaotic com-
ponent. The situation differs from the examples discussed before as the bouncing-ball motion is
of measure zero and hence no regular island can be associated with it. Nevertheless, our theory
is applicable with a slightly changed notation: The fictitious integrable system is called Hyy,
with its eigenstates 1y, and eigenenergies Ey;,. The desymmetrized Sinai, cosine, and stadium
billiards are arranged as shown in Fig. 5.13(a)-(c) such that a rectangle of height Ly and width
By appears on the left which is opened to the right.

To determine direct dynamical tunneling rates for bouncing-ball modes in these billiards, see

Fig. 5.13(e) for an example, we have to evaluate Eq. (5.5) for the coupling matrix elements
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Figure 5.13: Schematic pictures of the desymmetrized (a) Sinai, (b) cosine, and (c) sta-
dium billiard. The bouncing-ball regions are marked in gray and they are limited by green
dashed lines. In (d) we show a classical trajectory near a periodic bouncing-ball orbit until
it enters the circular part of the desymmetrized stadium billiard with Ly = 1, By = 1 and
(e) depicts a corresponding bouncing-ball mode. For all example systems (a)-(c) the width
of the rectangular bouncing-ball region is denoted by By and its height by Lg.

Uch,mn and then use Fermi’s golden rule, Eq. (5.6), to determine the tunneling rates. As the
first step the fictitious integrable system H,;, and its eigenstates 1y, have to be defined. The
simplest choice is the rectangular billiard of width By and height L, which exactly reproduces

the bouncing-ball motion in the considered billiards. Its eigenstates are given by

i 4 . (mnx\ . [Tmy
iz, y) = Bl sin (?0) sin ( I ) . (5.40)

They are characterized by the two quantum numbers n = 1,2,... and m = 1,2,... which

describe the number of oscillations in x and y-direction, respectively.

As Qpp, C 2 we find the coupling matrix elements between the bouncing-ball modes ¥{}" and
the other chaotic states 1o, by integrating along x = B, and using the derivative of ¢} in

z-direction

Lo

Uch,mn — /dy wch<x = BOu y) axw&n(x = BO7y) (541)

[ 4 ™my
— = B 42
BoLs B /dywch T = 0719) Sm( Ly ) ) (5 )
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see the similar derivation in Section 5.2.1 for details.

We apply two different random wave models which describe the chaotic states ¥, (q). First
we use the random wave description which does not account for any boundary conditions,
described by Eq. (3.194). At z = By it reads

N
Z cs cos(ky sin g + kBycos U, + ps) (5.43)

s=1

2
N Ach

Yen(z = By, y) =

in which the ¢, are Gaussian random variables with (c;) = 0 as well as (c;¢;) = dg and the

angles ¥, and @, are uniformly distributed in [0, 27). For the coupling matrix elements we find

0
C, al / Tmy
Vch,mn = ¢s | dy cos(kysind, + @) sin ( ) 5.44
h \/m Szl ) ( 1% ) LO ( )

where we changed the z-coordinate such that the constant term kB cosd, in Eq. (5.43) van-

ishes and the prefactor is given by C, = BOSLO%Z' The integral in Eq. (5.44) can be solved

analytically and we obtain

Ch o~ Lomm|—cos g, + (—1)™ cos(kLO sin, + %)]
Uch,mn — Cs
h’ VNAy - —m2m? 4 k2Ly? sin® 9,

1

(5.45)

The tunneling rate is given by Fermi’s golden rule, Eq. (5.6), which includes the variance of
the coupling matrix elements vep m,. We perform an ensemble average over realizations of the
random wave model by replacing the sum in Eq. (5.43) by integrals. Due to the independence

of the Gaussian distributed random variables ¢, one gets

2m 2
11 Lomm]|—cos ¢ 4+ (—1)™ cos(kpn Lo sin ¥ + ¢)]
mn = ——02/ /dﬂ 5.46
7 2 42 —m2m?2 + k2, Lo® sin? ¥ (5.46)
0 0
(—=1)™ cos(kpmn Lo sin 9)

= Con’ / dv 5.47
o —m2m? + k2, L sin® )2 (5.47)

in which C, = LoC,,/ V4r. In Eq. (5.47) divergences appear in the integrand. Hence, we
consider its numerator and denominator separately. The numerator has four roots which
cancel with the roots of the denominator at ¢, = arcsin[27l/(k,,Lo)] and m — @), where
[ = +m/2 for even m and | = +(m/2 — 1/2) for odd m. The denominator has roots at
U = arcsin[rm/(kpnLo)], m — U, 20 — Oy, and 7 + ¥,,,. They are equal to the roots of the

numerator if m = [. For m > n we find 9,, — 7/2. We approximate

m2m?  n?n? min?

Ly Bj Lj

(5.48)
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and therefore k,,, Lo ~ mm. The tunneling rates simplify to

2

c? 1 —(=1)™cos(mmsin?)
Yo = = / dv — . (5.49)

0

The integrand can be split into four equal integration intervals from 0 to w/2. At ¥ = 7/2 the

denominator has a root. We expand the integrand around ¢ = /2

~ -m‘n°+ —=m-m

1—(=1)™cos(mmsindg) 1 , 5, 1 2(
cos* v 8 16

0—%)2+.... (5.50)

As a first order approximation we take only the constant m?n?/8, which can be integrated
easily. Note that we approximate the complicated integrand by means of a constant function.
Here we accumulate a large error compared to the previous approximations. The integration
region is shortened to [V, 7/2] with ¥, = arcsin(l — 2/m). This root can be expanded for

large m

m

arcsin (1 - 3) T2 V2 (3)3 (5.51)

which leads to our final result for the tunneling rates for m > n

o égz . 27TLO 77,2
The tunneling rates show a quadratic dependence on the quantum number n and decay with
Vv/m. A numerical estimate of the error in Eq. (5.50) leads to an additional prefactor of 1/v/2

(5.52)

B V2rLy n?

Alternatively we may use a random wave model, which accounts for the two boundary con-

(5.53)

ditions at y = 0 and y = Lg. For the bouncing-ball modes we use Eq. (5.40) as before and the

chaotic states are described by

0

N £ A
Yn(z,y) =2 Szl Cs Sin (L—y) sin(k, s(x — Bo) + ¥s), (5.54)

where the ¢, are Gaussian distributed random variables with mean zero and variance o,, which

depends on s and still has to be determined. The wave number in z-direction is given by
kes = /Epp — kI, = \/Ebb — m2s2/L3. For the tunneling rates we find

mn2Loom,

5.5

Ymn =
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Only the term with s = m remains due to the integration over the two sine functions. The oy

have to be chosen in such a way that all angles a; have the same probability. With

Fas * 4+ nL§/B]
Qo 1= arctan (k‘—) = arctan (\/m + n2 o/ 5o — 1) (5.56)
Y,s §

and Spax < \/ m?2 + n2L%/ B3 we find for the variances o

Os_1 — Q41 2

g, = Bol” %z (5.57)
2 s
g+ g1 2
s=s = ——, 5.58
O- max 2 7T ( )
(T astasp ) 2
Og—1 = <2 5 ) — (5.59)

For large m we assume m = sy, and thus

1 1 I 2 272/ B2
Om = ;(am + Q1) = = [arctan (:zBOO) + arctan (\/m (—;n_ 134 " - 1)] (5.60)
1 2 nLO
Sl N . 5.61
70 ( m * mBO> ( )

Finally the tunneling rate to leading order is

. \/§7TLO n2

which is the same result as given by Eq (5.53).

Q

(5.62)

We determine tunneling rates numerically by evaluating the widths of avoided crossings
between the bouncing-ball modes and other chaotic states. Therefore, the parameter By is
varied. This variation slightly affects the tunneling rates. Yet, this effect is negligible for
tunneling rates of states with large energy due to the increasing density of states.

Figures 5.14, 5.15, and 5.16 show the comparison of the theoretical prediction of Eq. (5.62) to
numerical data obtained for the Sinai, the cosine, and the stadium billiard for the parameters
By =1 and Ly = 0.6. For the Sinai and the cosine billiard we find agreement within a factor of
two while in the case of the stadium billiard larger deviations are visible. These may originate
from the choice of the fictitious integrable system which only roughly describes the bouncing-ball
modes. While in the rectangular model the eigenstates are zero for x > By they will continue to
decay into this region in the mixed systems especially for the stadium billiard which shows no
corner of angle 7/2 at © = By. Note that the improved adiabatic model presented in Ref. [191]
is not able to give a more reliable prediction.

Equation (5.62) allows a determination of the number of bouncing-ball modes Ny, (E) which



167

5.2.3  Dynamical tunneling of bouncing-ball modes

10

o1 -0 . . . . . . . . .
70 120 170 k220

Figure 5.14: Tunneling rates from bouncing-ball modes in the Sinai billiard with quantum
numbers n = 1 (black) and n = 2 (red) vs k for By = 1 and Ly = 0.6: We compare the
prediction of Eq. (5.62) (connected by solid lines) and numerical data (dots). The insets show
the bouncing-ball modes with quantum numbers (m,n) = (10,1) and (m,n) = (39, 2).
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Figure 5.15: Tunneling rates from bouncing-ball modes in the cosine billiard with quantum
numbers n = 1 (black) and n = 2 (red) vs k for By = 1 and Ly = 0.6: We compare the
prediction of Eq. (5.62) (connected by solid lines) and numerical data (dots). The insets show
the bouncing-ball modes with quantum numbers (m,n) = (7,1) and (m,n) = (39, 2).
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Figure 5.16: Tunneling rates from bouncing-ball modes in the stadium billiard with quan-
tum number n = 1 vs k for By = 1 and Ly = 0.6: We compare the prediction of Eq. (5.62)
(connected by solid lines) and numerical data (dots). The insets show the bouncing-ball
modes with quantum numbers (m,n) = (7,1) and (m,n) = (36, 1).

have an energy smaller than F. In particular, we want to predict the exponent § of the fractional
Weyl law Ny, (E) = CE°. Thus, we include bouncing-ball modes which have a tunneling
rate smaller than a given threshold, v < 7. Their number is estimated using Eq. (5.62),

En &~ m?n? /L2, and by replacing the sum over all states by an integral

EX. (5.63)

This prediction estimates the same number of bouncing-ball modes for each of the considered
billiards and an exponent § = 2 for which indeed 1/2 < § < 1 holds. Compared to numerics
and the prediction in Ref. [190], however, it is too small. One reason for this discrepancy could
be that Eq. (5.62) is valid only for m > n and that for larger n its n-dependence might change

to n® with a < 2. For such a generalized tunneling formula we find

1 1
B3va\® 1 1 [Lo\>*"" i
Npp(B) ~ | L= — | — I 5.64

bo(E) (7TL0> 22lai+1(7r) (5.64)

The exponent 6 = 3/4 for the stadium billiard is obtained by o = 1 and § = 9/10 for the
cosine billiard is found for @ = 5/8. Note that for &« — oo we recover § = 1/2 as in the

one-dimensional situation.
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5.2.4 Two-dimensional nanowires with a magnetic field

In Refs. [44,45,192] a two-dimensional nanowire with one-sided surface disorder, see Fig. 5.17(a),
was studied in the presence of a homogeneous magnetic field B perpendicular to the wire.
In contrast to wires with two-sided disorder showing completely chaotic dynamics or wires
with no disorder showing only regular dynamics the considered nanowire exhibits a mixed
phase space, see Fig. 5.17(b). Orbits which do not hit the upper surface are regular skipping
orbits while those which are reflected at the upper boundary are chaotic. Hence, dynamical
tunneling between the regular and the chaotic region of phase space occurs which gives rise to
exponentially increasing localization lengths ¢ with increasing Fermi wave number kg of the
electrons, as found in Ref. [44]. The phase space of this system shows a sharp transition from
regular to chaotic dynamics. There are no resonance chains inside the regular island and the
hierarchical region does not exist. Therefore our theory which describes the direct regular-to-
chaotic tunneling process is applicable. It predicts tunneling rates v which are directly related
to the localization lengths £ o 1/ and we want to compare these results to the prediction
derived in Refs. [44,45].

The nanowire is attached to two leads of width W = 1 and the surface disorder is simulated
by assembling the disordered boundary from L rectangular elements of width [ = W/5 whose
heights are uniformly distributed in the interval [W — §/2, W + /2] with § = 2WW/3. The
heights are allowed to take M = 20 different values including the limits of the interval. For
increasing values of the Fermi wave number kr we adjust the magnetic field B such that the
cyclotron radius 7. = hkp/(eB) remains constant and choose r. = 3W. This leaves the classical

dynamics unchanged such that the crossover from the quantum to the semiclassical regime can

Figure 5.17: Schematic picture (a) of a magnetic wire with one-sided disorder to which
leads of width W are attached. The wire is composed of rectangular elements of length | and
a uniformly distributed height in [WW —§/2, W +6/2]. For the tunneling process contributions
(1) along the vertical and (2) along the horizontal parts of the upper boundary are relevant.
In (b) a Poincaré section (y,py) at fixed 2 shows a large regular island (red lines) and the
chaotic sea (blue dots).
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be studied by kr — oc.

In order to apply our theory for the direct dynamical tunneling rates v using a fictitious
integrable system we have to consider a closed billiard. It is obtained by closing the wire of L
modules at the positions where the leads are attached. The tunneling rate is given by Fermi’s

golden rule, Eq. (5.6), using the coupling-matrix elements between regular and chaotic states

Veh,m = /d:p dy @Z)Ch(x,y)(]:I — ﬁreg)@bfgg(:p,y). (5.65)
)

Similar to the examples discussed previously we have to find a fictitious integrable system ﬁreg
which resembles the regular part of the phase space and extends it into the chaotic sea. A
reasonable choice is a billiard of length LI with a boundary at y = 0 but which is open up
to y = oo. It shows exactly the same regular phase space as the wire with one-sided disorder
and is completely integrable. Its eigenfunctions w;’;g(:c,y) can be determined numerically as
sketched in the Appendix D.3, where m is the quantum number in transversal direction. Using

this regular system and its eigenstates in Eq. (5.65) gives

Ve = / ds Ot (2(s), y()) ¥ (1(5), y(s)). (5.66)

c

In analogy to the annular billiard the derivative of the chaotic states Onten (2(s), y(s)) in normal
direction along the disordered surface C, which is parameterized by s, appears as the wire with

one-sided disorder is completely located inside the integrable system: (2., O €.

The upper boundary C of the nanowire is composed of horizontal and vertical parts, see
Fig. 5.17(a). As the regular wave functions ¢, (z, y) decay exponentially in y-direction we have
to account only for such L/M elements of C which are located closest to the lower boundary
at y = W — §/2. The boundary of each relevant element i is composed of one horizontal part
with o € [il, (i + 1)I] at y = W — /2 and two vertical parts with y € [WW — 0/2, ymay] at x =il
and x = (i + 1)[. Since the results are invariant under shifts of the z-coordinate we have L/M
independent contributions. Furthermore, we assume that we can calculate the tunneling rates
for the different contributions separately and that the final tunneling rate results from the sum

of all these contributions. This assumption has been verified numerically.

Let us first consider the vertical contribution to the coupling-matrix elements ve,, where

the z-coordinate is fixed. According to Appendix D.3 the regular states are given by

1
VIL

in which Z,,(y) is numerically determined by solving the matrix equation (D.23) with W > 1.

Vieg(@,y) = —=""" 2, (y) (5.67)

For the chaotic states ©u,(z,y) we employ a random wave model with Bessel functions such
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that the Dirichlet boundary condition at z = 0 is fulfilled

Yen (1, ©) \/_ Z s(kpr) sin (scp — gs> (5.68)

The coefficients ¢, are Gaussian random variables with mean zero and (cs¢;) = d5;. The deriva-

tive of 1 (2, y) with respect to x at x = 0 gives

Hence, the contribution of the vertical part of the boundary to the coupling-matrix element is

VI

~

s=1

2 1 & [T (key)s
,UCth:\/A—ch—ch/ m(y) dy. (5.70)
0

Here we adjusted the y-coordinate such that W — §/2 = 0 and yyax — 00 which is valid in the
semiclassical limit. By inserting Eq. (5.70) in Fermi’s golden rule, Eq. (5.6), the contribution
to the tunneling rate from the considered vertical boundary is found. In the whole wire 2L/M
such contributions exist which describe the direct regular-to-chaotic tunneling contribution %(,P

of all relevant vertical boundaries

2

4D MZZ / kFy)Zm(y)dy . (5.71)

We find that %(,P is independent of the total number of elements L of the wire which is in
agreement to the theory for the localization length derived in Refs. [44,45].

For the horizontal contributions we consider the regular wave functions w?gg(x,y) at y =
W —§/2:
model respecting the Dirichlet boundary at y = W —0/2 is used and we change the y-coordinate

w2,y =W —6/2) =: Zyoe*=m. For the chaotic wave function a random wave

such that W — 6/2 = 0. The random wave model is given by

N
1 /32 |
= - i(kpzcosVstps) o .
valn.y) = 7=\ N ;Cse sin(kpy sin d,) (5.72)

where the coefficients ¢, are Gaussian random variables with mean zero as well as (cs¢;) = 0
and the angles ¥, and g are uniformly distributed in [0, 27). The derivative of e, (z,y) with
respect to y at y = 0 reads

N
1 /2 :
= — = : i(kpzcosVs+ps)
Oythen (2, y = 0) Nz Nk:F SEZI cssindg e : (5.73)



172 5.2 Applications

Hence, we obtain for the contribution of one horizontal part of the boundary to the coupling-

matrix element

l

1 2 1 . )
Ve = Zmo——1| —kp——Y cysind, e [ dg ellkrcosdsthem)z 5.74
i = Znor ke g 3 / (5.71)

Averaging over the different realizations of the random wave model results in

2w

1 11 , 2 — 2 cos(lkp cosV + lky m)
Ve |Den = | Z m2—k2——/d1951n219 Sl
e B = 2o S (ke cos D + ka)”

. (5.75)

Next we use Eq. (5.75) in Fermi’s golden rule, Eq. (5.6), to find the contribution to the tunneling
rate from one horizontal boundary. In the whole wire there are L/M such contributions which

in addition describe the direct tunneling contribution ¥ of all relevant horizontal boundaries

2T 2 —2cos (lkp |cost + Eom

(2) s 1 L2 ke

Y = ‘ZO,m‘ W d¥ sin” ¥ B 3 . (576)
: (cos U+ ,:—;")

The total tunneling rate is given as the sum of the two contributions, Eq. (5.71) from the

vertical parts of the boundary and Eq. (5.76) from the horizontal parts of the boundary,
T =1 1D (5.77)

We want to compare this result for the dynamical tunneling rates 7,, to the semiclassical
prediction of localization lengths &, for the wire with one-sided disorder. The derivation of this
semiclassical theory is performed in Ref. [45] and the result is given in Appendix D.4. For the

connection between tunneling rates and localization lengths we find

Va2, 5.78
M= e T e (5.78)

where v, ,, is the velocity of the mth mode in 2-direction, 2m. = h = 1, and the additional factor

[ accounts for the scaling of Eq. (D.24) with [. The localization length &, is proportional to
the inverse of the tunneling rate 7, [193]. Fig. 5.18 compares the localization lengths obtained
by our approach using Eqs. (5.77) and (5.78) (solid lines) with the prediction of Eq. (D.24)
(dashed lines) showing good agreement within a factor of two. Note that a comparison of
the prediction, Eqs. (5.77) and (5.78), with numerical data [44] (not shown) gives a better
agreement than Eq. (D.24).

Despite this good agreement we find that our result, Eqgs. (5.77) and (5.78), shows an es-
sential difference in its dependence on the length of the elements [ compared to Eq. (D.24).
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Figure 5.18: Localization lengths of transversal modes in the magnetic wire with one-sided
disorder for the mode numbers m < 3 vs kp/m for [ = 0.2, W =1, § = 2/3: We compare the
prediction of Egs. (5.77) and (5.78) (connected by solid lines) and Eq. (D.24) (connected by
dashed lines).

While the localization length given by Eq. (D.24) is constant for increasing [, such that the
corresponding tunneling rates decrease linearly with [, the contribution 7,(5) in our prediction
remains unchanged. The prefactor 1/l in Eq. (5.76) is compensated by the integral which in-
creases linearly with [. Hence, for large [ deviations between the two theories appear. They
can be understood qualitatively. The approach using a fictitious integrable system assumes
that tunneling into the chaotic region may occur while the electron moves inside a part of the
wire of width W — §/2 and length [. However, the classical dynamics within such an element
is completely regular. Couplings between regular and chaotic modes can only occur in the
vicinity of the transitions between different elements of the wire in a region Az ~ 1/k, ,,. This
leads to a modified version of Eq. (5.74) where [ in the integral is replaced by 1/k, ,, such that
Eq. (5.76) decreases linearly with I. Hence we find agreement to the semiclassical prediction of

the localization lengths, Eq. (D.24).

5.2.5 Cosine billiards

In this section we present the first steps in the understanding of the dynamical tunneling
process for cosine billiards and discuss open issues of our theoretical approach. We consider
the desymmetrized cosine billiard which is characterized by the width [ and the height h of
the rectangular region as well as the amplitude a of the cosine boundary, see Fig. 5.19(a). For
the considered parameter values the cosine billiard shows a generic phase-space structure, see
Fig. 5.19(c), with a regular island, a large transition region to the chaotic sea, and partial

barriers within the chaotic component. This complicates the application of our approach as
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it cannot describe the effects of the additional phase-space structures. The geometry of the
billiard can be chosen such that one regular island without prominent resonances or with a

large 4:1 resonance chain appears.

We apply our approach using a fictitious integrable system to find a prediction of direct
dynamical tunneling rates which describe the decay of regular states into the chaotic sea. Here
we face a severe difficulty: There is no integrable billiard system resembling the regular motion
of the cosine billiard. An approach which constructs H,.; using soft-wall potentials is currently
under investigation. Hence, we present a simpler method determining a hard-wall billiard
system which resembles the regular motion of the cosine billiard and partially extends it into
the chaotic region of H. Note that the classical dynamics of such a system H,, is not necessarily
regular. Yet, it has mainly regular dynamics beyond the border of the island and can therefore

be used in Eq. (5.5) to predict dynamical tunneling rates with Fermi’s golden rule, Eq. (5.6).

For the construction of H,,, we use a second order Taylor expansion of the cosine-shaped
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Figure 5.19: (a) Schematic picture of the desymmetrized cosine billiard which consists of a
rectangular region of width [ and height A. The amplitude of the cosine boundary is denoted
by a. In (b) we use a second order Taylor expansion of the cosine-shaped upper boundary at
x = x. for © > x.. This billiard resembles the regular island of (a) and considerably extends
it to the chaotic sea. In addition Poincaré sections at the horizontal lower boundary (relative
tangential momentum p vs arclength s) are shown in (c¢) and (d) for the cosine billiard (a)

and the modified billiard (b).
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upper boundary at x = x. such that it reads

h +a+ acos (7?71:) for = <=z, (5.79)
cot+c(x—m) oo (w—x)? for x>, (5.80)
in which
co = h+a+acos <W70> : (5.81)
o = _“TW sin <7er> , (5.82)
am? TT,
2 =~ cos ( l ) : (5.83)

The free parameter . determines the position from which on the upper boundary is modified.
Classical trajectories which hit the upper boundary at x > . will behave differently compared
to the original cosine billiard. We introduce z, as the position coordinate of the cosine boundary
which a regular orbit can maximally reach. Ideally, we would like to choose x. > x, such that
the classically regular dynamics of H and H,., are identical. However, the regular island of H,eg
has to be considerably larger than that of H such that its regular eigenstates decay into the
chaotic region of H. This requirement is fulfilled only for z. < x,.. While the size of the regular
island increases with decreasing . the classically regular motion of the two systems differ more
and more. We choose 0.3 < z,. < 0.35 while z,, =~ 0.6 for the parameter values [ = 1.3, h = 0.8,
and a = 0.12 of the cosine billiard, see Fig. 5.19(b) and (d).
To determine the tunneling rates we have to evaluate the coupling matrix elements, Eq. (5.5),
given as
e = [ e (o5) (5)) Db (n(5) () . (5.84)
el
in which s parameterizes the upper boundary 02" of H,s for x > x.. Due to €, C 2 the
normal derivative of the regular wave function with respect to this boundary appears. We
introduce the quantum numbers m = 1,2,... and n = 1,2,... which label the number of
oscillations in vertical and horizontal direction, respectively.
For the chaotic states 1, (q) we use the random wave model of Eq. (3.194) which does not
account for any boundary conditions. In Eq. (5.84) we integrate along the upper boundary of

H,e, starting at x = x, such that we consider only parts of the boundary which are located in

<\ [ o ats). ) iz (a(5). () > . (585)

s(zr) ch

the chaotic component. For the direct tunneling rates we obtain

Ach
2

Ymn =

This equation has to be evaluated numerically as there is no analytic expression for the regular
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states 9oy - We compute the regular eigenfunction 7,7 (q) at energy Byt of ]:Ireg and perform
the ensemble average over different realizations of the random wave model in Eq. (5.85). The
leading contribution of Eq. (5.85) arises at the lower boundary of integration s(z,) as the regular
states decay exponentially with increasing x.

In Fig. 5.20 we compare the prediction of Eq. (5.85) with numerical data which is obtained
by evaluating avoided crossings between regular and chaotic states under variation of the right
vertical boundary. If we use the classically determined position of the border of the regular
region, x, &~ 0.6, for the lower limit of integration in Eq. (5.85) the tunneling rates are predicted
too large (a), while we find better agreement e.g. for x, = 0.65 (b). This might be explained
by the occurrence of beach states which effectively increase the size of the regular region.
Nevertheless, it remains an open task to find an improved method for the construction of a
fictitious integrable system in the case of generic two-dimensional billiards.

Up to this point we have only considered the direct regular-to-chaotic tunneling process for
the cosine billiard and for the other billiards discussed in the previous sections. However, the
cosine billiard shows a large 4:1 resonance chain in the regular region of phase space for the
parameters [ = 1, h = 0.36, and a = 0.1, see the inset in Fig 5.21(a). Hence, we expect
resonance-assisted tunneling to be relevant. We search for signatures of resonance-assisted
tunneling by numerically determining the eigenenergies of the regular states with quantum
number (m,n) and indeed find avoided crossings between states of quantum number n and
n + 2. Due to the desymmetrization of the billiard the states which couple differ by 2 in n
while for the full cosine billiard this difference is 4. Hence, we can identify the 4:1 resonance

as the reason for the couplings of the regular states. Note that for the geometry discussed

previously, which shows no 4:1 resonance, such couplings are not found. Due to these couplings
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Figure 5.20: Tunneling rates from regular states in the cosine billiard with horizontal
quantum number n =1 vs k for = 1.3, h = 0.8, a = 0.12, 2. = 0.3, and (a) =, = 0.6 or (b)
x, = 0.65. We compare the prediction of Eq. (5.85) (connected by solid lines) and numerical
data (dots). The insets show the regular eigenfunctions (a) 1/)%;’1 and (b) w?ﬁél. The Poincaré
section is presented in Fig. 5.19(c).
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we expect resonance-assisted tunneling to dominate the tunneling process for large energies,
see Section 4.2. Fig. 5.21(a) shows that peaks appear in the numerically determined tunneling
rates at the positions for which the avoided crossings occur, see Fig. 5.21(b). To obtain this
numerical data we attached a stem to the cosine billiard at = > 0.5, see the inset in Fig. 5.21(b),
such that the regular dynamics remains unaffected and structures in the chaotic sea such as
partial barriers are destroyed. The tunneling rates are obtained by evaluating widths of avoided
crossings under variation of the length of the stem as in the case of the mushroom billiard.
Hence, we have presented numerical evidence for resonance-assisted tunneling in two-dimensio-
nal autonomous billiard systems. In the future we would like to extend the theory derived in
Refs. [563-55] to these higher dimensional systems and find a prediction which explains the

presented numerical data.
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Figure 5.21: Numerically determined tunneling rates from regular states in the cosine
billiard with horizontal quantum number n = 1 vs k for [ = 1, h = 0.36, and a = 0.1 (a).
The Poincaré section of its lower boundary shows half of a 4:1 resonance chain (inset). In (b)
we present the distance |AFE| between the energetically closest regular eigenstates of quantum
number n = 1 and n = 3 (black line) and between n = 1 and n = 5 (red line). At wave
numbers k& where these distances have a minimum, a peak is found in the tunneling rates as
appears for resonance-assisted tunneling. The inset shows the used cosine billiard to which
an additional stem is attached for z > 0.5 such that partial barriers in the chaotic sea are
destroyed.






6 Quality factors of optical

microcavities

Optical microcavities in which photons can be confined in three spatial dimensions are a
subject of intensive research as they are relevant for applications such as ultralow-threshold
lasers [151,152], single-photon emitters [153,154|, or correlated photon-pair emitters [155]. Es-
pecially whispering-gallery cavities such as microdisks [194-196|, microspheres [197,198], and
microtoroids [199] have been investigated as they can trap photons for a long time near the
boundary by total internal reflection. The corresponding whispering-gallery modes have a very
high quality factor (), which makes these cavities a candidate for the devices mentioned above.
While the microdisk emits the photons isotropically, cavities with deformed surfaces may ad-
ditionally lead to directed emission [158,171,200-209]. A particularly interesting geometry is
the annular cavity [171], a microdisk with an air hole, as it allows for unidirectional emission
and high quality factors simultaneously which for most applications is desirable.

In this chapter we connect the quality factors ) of optical microcavities to the concept of
dynamical tunneling [23]. We provide an explicit prediction for the quality factors of whispering-
gallery modes in the annular microcavity extending the approach for direct regular-to-chaotic
tunneling which uses a fictitious integrable system, presented in Section 4.1.

For that purpose we first introduce the circular microcavity which serves as the fictitious
integrable system. This circular cavity is an open system and its resonant states decay due to
a quasi one-dimensional barrier-tunneling process. In the annular cavity this barrier tunneling
competes with dynamical tunneling in which the regular modes couple to chaotic modes which
have a short life-time. We compare the theoretical predictions with numerical data. The results
of this chapter are published in Ref. [51].

6.1 The circular microcavity

Let us consider the circular microcavity [173] with refractive index nq inside and ng outside
the cavity of radius R. Classical trajectories started inside such a cavity are reflected at the
boundary due to total internal reflection if their angle of incidence y fulfills sin xy > ng/ng. In
the Poincaré section of the corresponding closed billiard system the escape of the particles is

given by an absorbing boundary at |p| < ng/ng.
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We want to find the solutions of the wave equation (3.256) which in polar coordinates (7, )

reads

—AY(r, ) = n(r)’k*P(r, ¢). (6.1)

The wave function 1 can be separated into a radial and an angular component ¥ (r,¢) =
R(r)¢(¢) and we obtain

w7 (Fa— ) B0 = 5 (5 pm0e)) = neP#2 —comst. . (62)

The angular part

a2 (p) = —m’(e) (6.3)

leads to ¢(p) = Ne™¥ where m € Z and N accounts for the normalization. The radial part

= (G + 135 ) RO+ Vial ) RO = R (6.4

describes the motion of a particle in the effective potential

2

Ves(r) = K(1 = n(r)?) + = (6.5)

in which m denotes the angular quantum number. Here an additional centrifugal potential
term appears due to the conservation of angular momentum. For ng > n( this potential forms
a metastable well in which resonance states are located, see Fig. 6.1. The leakage through
this one-dimensional well induces their decay and leads to resonances with a finite life-time.
However, as the kinetic energy term in Eq. (6.4) contains a first derivative it cannot be directly
compared to the usual Schrodinger equation. In Ref. [173] it was shown that metastable states

inside this potential exist for

m

m
< e( ) < TL()R

e (6.6)

which places the metastable level below the top of the barrier such that its decay can occur by

tunneling only.

States with the lowest possible Re(k) for fixed m localize closest to the boundary of the cavity
at r = R. They are located deep inside the metastable well and hence have a long life-time.
This life-time will further grow with increasing azimuthal quantum number m which enlarges
the height of the tunneling barrier. As discussed in Chapter 2 for the one-dimensional case

we expect exponentially decreasing tunneling rates v1q through this barrier with increasing m,
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Figure 6.1: Sketch of the effective potential Vg for a circular microcavity of radius one. At
the boundary r» = 1 the potential jumps due to the change of refractive index. Resonance
states are located in the metastable well with wave numbers in between ki, = m/ng and

Emax = m/no which limits the maximal radial quantum number n for each m. For ny < ng
and increasing ng more and more long-lived resonances will exist.

which was indeed confirmed in Ref. [173] using a WKB approximation

1
— —(2m—1)a ,2m tanh(a) 6.7

in which

1 (1 + /1= Re(k)? /m2> | 68)

a=—In
2 1 —+/1—Re(k)?/m?

Hence, for the circular microcavity the escape of resonant states 714 is completely described by
one-dimensional barrier tunneling from the metastable well of the effective potential, Eq. (6.5),

to the outside.

We now want to solve the radial equation (6.4). Its solutions are given as

R(r) = { AmJm(nakr), ref (6.9)

H,(nz)(nokr) + SmH,(&)(nokr), r>R

in which the incoming wave is described by a Hankel function of the second kind H,s%)(nokr) and
the scattered wave is given by a Hankel function of the first kind SmH,%)(nok'r’) with a certain
scattering amplitude S,,. The coefficients A,, describe the amount of probability entering the
cavity. If the radiation is generated within the cavity (e.g. for lasers) no incoming waves appear.

The radial solutions and their derivative have to be continuous at the interface of the cavity at
r=R~R

ApJm(nokR) = HP(ngkR) + S, HY (ngkR), (6.10)
ApnJ! (ngkR) = H® (ngkR) + SpHY (nokR) (6.11)
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which leads to

HP (nokR) + Sy HY (nokR)

P 12
5 T (nakR)Hy (nokR) — Juu(ngkR) Hyt (nokR) (6.13)

Jon(nokRYHY (nokR) — J', (nakR)H (nokR)

At a resonance the scattering matrix has a pole such that S, diverges. Hence, we have to find
roots of the denominator of S,, for complex k& = Re(k) + iIm(k). We obtain the resonances

Ky from numerically solving
1641 (160K R) HY (nokn R) = 1o Jun (g kimn R) HE) (0K R).- (6.14)

As an initial guess for the complex wave numbers k,,,, we choose k,;, & jmn/no — Ak which are
the eigenvalues of the circular billiard in a dielectric medium of refractive index ngq shifted by
a small positive number Ak. It accounts for the decreasing wave numbers due to the openness
of the real cavity. As a resonant state we consider ¢[00 (1, ©) = R(7, kmn) dm ().

The imaginary part of the wave number is connected to the decay rate of the resonant states.

Using

E=FE, - i% = n2(Re(k) +ilm(k))? (6.15)

and ng = 1 we find for this decay rate

v = —4ndRe(k)Im(k). (6.17)

6.2 Direct regular-to-chaotic tunneling in the annular

microcavity

A particularly suited example to study the influence of a mixed phase space onto the quality
factors () is the annular cavity. Its geometry is given by the radius R of the large disk, the
radius Rs of the small disk, and the minimal distance between the two disks d, see Fig. 6.2(a).
Without loss of generality we choose R = 1. Under the variation of the two parameters d
and Ry the dynamics inside the cavity changes drastically from completely regular behavior
when the two disks are concentric (d = R — Rs) to mixed regular-chaotic behavior for the
general excentric case. This is clearly visible for different trajectories in the Poincaré section,
see Fig. 6.2(b). The large disk has an effective refractive index ng while inside the small disk

and outside of the cavity the refractive index is unity, no = 1. For the visualization of the
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ray dynamics we used an annular cavity with hard wall boundary conditions at the outer disk,

neglecting ray-splitting effects.

The annular cavity has been studied extensively in the context of quantum chaos [176], op-
tomechanics [210], avoided resonance crossings, and resonant tunneling [211]. For applications
it is of high interest as it allows for unidirectional light emission from high-() modes which has
been predicted in Ref. [171] and has been confirmed in recent experiments [208]. The closed
system with perfectly reflecting walls, i.e. the annular billiard, is a paradigm for dynamical
tunneling 29,30, 122|, see also Section 5.2.2.

The quality factor () of a mode in an open cavity is related to the corresponding resonance

with complex wave number k = Re(k) +ilm(k) via

Q=-— . (6.18)

Figure 6.2: (a) Annular cavity with R = 1, Ry = 0.22, and d = 0.33. (b) Corresponding
Poincaré section (s,p = siny) for ng = 2.0, where s is the arclength along the boundary
and y is the angle of reflection. Between the critical lines (dashed) with [p.| = 1/nq is the
leaky region, where the condition for total internal reflection is not fulfilled. In (c) we show
the circular cavity, in (d) its completely regular phase space, and in (e) the resonant mode of
quantum number (m,n) = (7,1). In (f) we present a wave function generated by a random
wave model which respects the change of refractive index at the boundary of the small disk.
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In the annular cavity the quality factor @) of a regular mode has two contributions

L_1 1
Q Qu Qdyn.

(6.19)

Here Q14 accounts for the coupling of the regular mode to the continuum which is described
by a quasi one-dimensional barrier-tunneling process as in the case of the circular cavity, see
Section 6.1. It can be predicted by means of a WKB approximation, Eq. (6.7), or using
the numerically determined decay rates of the modes in the circular cavity. Note that for
this contribution the mixed phase-space structure induced by the small disk is irrelevant. The
second contribution, Q4yn, is given by dynamical tunneling from the regular mode to the chaotic
sea, which for |p| < p. is strongly coupled to the continuum, see Fig. 6.2(b). Here we assume
that there are no further phase-space structures within the chaotic sea that affect the quality

factor. A priori it is not obvious, which of these contributions will dominate.

In the following we want to derive a prediction for the direct regular-to-chaotic dynamical
tunneling contribution Qgyn of regular modes in optical microcavities. Therefore, we employ
the approach using a fictitious integrable system which is described in Chapter 5 for hard-wall
billiards. It uses Eq. (5.5) to determine the coupling-matrix elements between purely regular
and chaotic modes and Fermi’s golden rule, Eq. (5.6), to predict dynamical tunneling rates. The
presented approach can be extended to open cavities in the following way: (i) As a fictitious
integrable system H,., we choose a cavity such that it resembles the regular dynamics of H.
The quantum system has resonance states tre,. (ii) As a model for the chaotic resonances
Y a random wave model will be used, which in addition fulfills the relevant cavity boundary

conditions. (iii) The tunneling rate v determines the quality factor Qayn by

2Re(k)*n},

an:
Y v

(6.20)

for which we used Egs. (6.17) and (6.18).

We now want to apply this approach to the annular microcavity. To evaluate Eqs. (5.5) and
(5.6) we have to find an appropriate regular system H,e,. For the annular cavity a natural
choice is given by the circular cavity as it reproduces the regular whispering-gallery motion of
the annular cavity correctly and extends it into the chaotic region of phase space, see Fig. 6.2(c)
and (d). The whispering-gallery modes are labelled by the two quantum numbers m and n.
Rewriting the mode equation (3.256) as an eigenvalue equation H 1 = ki the Hamiltonian of

the annular cavity can be introduced as
H=-V*+[1 —n(z,y)?]k? (6.21)

where the refractive index n(x,y) is ng inside and 1 outside the cavity as well as in the disk of
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radius Ry. For the regular system ﬁreg we choose the circular cavity

A~

Hreg = _v2 + [1 - nreg<x7 y)Q]k2 (622)

where the refractive index nye (2, y) is ng inside and 1 outside the circular cavity. Thus, H and
H,eg differ only inside the small disk of radius Ry with H — Hyey = (n3 — 1)k® and the integral
in Eq. (5.5) reduces to an integral over the small disk. For the regular states inside the circular

cavity we choose, as in the numerical studies, the even eigenmodes

Ureg (1,0) = Ny Jim (nokmnr) cos(mep) (6.23)

where kp,, are the complex resonant wave numbers, according to Section 6.1, and " is

normalized to one with the numerically determined normalization constant N,,,.

To model the chaotic modes 1y, within the small disk we employ a random wave description
[21], which has been extended to systems with a mixed phase space [212]. While this model
accurately describes the random behavior in a medium with constant refractive index, it cannot
account for the change of refractive index at the border of the small disk at p = R,. We extend
a boundary-adapted random wave model [134] to account for this boundary condition. This is
essential especially for low Re(k) as then all chaotic modes decay inside the small disk, which
cannot be reproduced by the usual random wave model. Hence, we construct the chaotic states
Ve, as a random superposition of modes of a circular cavity of radius Ry with refractive index
1 which is surrounded by a medium with refractive index ng. As follows from Eq. (6.9) these

modes, at a fixed complex wave number k,,,, and within the small disk, are
Vs(p, V) = AgJs(kmnp) cos(s?), p < Rs. (6.24)

The chaotic states ¢4, are then constructed by a random superposition of these modes

1 o0
C ) s¥s 5 7 625
Yen(p, ¥ \/—;cw p, 9 (6.25)

see Fig. 6.2(f) for an example. Here the coefficients ¢, are Gaussian random variables with mean
zero and (cs¢;) = 0. The random waves, constructed in such a way, fulfill the normalization

condition (|te|?) = 1/Aaq required for the annular cavity.

Using the fictitious regular system and the random wave model for the chaotic states we

obtain the coupling matrix elements

R> T
o = [ [ pdpdd i (o,0) 0~ 12,022 0.0 (6.26)
0 0

by an integral over the small disk. In contrast to the hard-wall billiards discussed in the last
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chapter where integrals along one-dimensional lines appear for the coupling matrix elements,

here we integrate over a two-dimensional area. For the tunneling rate this results in

1 o
Yo = 5 N (16 = 1) [ > ol (6.27)
s=1
where "
I mn :/ / pdpdd i (p, 9)Jm(nakm.r) cos(mey) (6.28)
o Jo

with r = r(p,¥) geometrically related to ¢ = ¢(p,?), see Figs. 6.2(a) and (c). With Eq. (6.20)

we finally obtain the dynamical tunneling contribution to the quality factor

N (0 = D22 35 L mal?

(6.29)

of whispering-gallery modes in the annular microcavity for each quantum number m and n.
Now we compare our theoretical prediction for the quality factor, Eq. (6.19), in the annular

microcavity with numerical data [179] using the boundary element method [177]. Fig. 6.3

shows the inverse quality factors at fixed quantum numbers m = 19 and n = 1 under variation

of the distance d between the small and the large disk. The barrier contribution 1/Q14, see

1/Q
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Figure 6.3: Inverse quality factors 1/@Q for the annular microcavity with refractive index
no = 2.0 and Ry = 0.22. Shown is the theoretical prediction (solid line), which is the sum
of the barrier tunneling contribution (dotted line) and the dynamical tunneling contribution
(dashed line, Eq. (6.29)), and numerical data (dots) for angular quantum number m = 19
and radial quantum number n = 1 vs the hole position d. The insets show the resonant state

at d =0.2475 and d = 0.33.
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Section 6.1, is independent of the distance d. It is dominated by the dynamical tunneling
contribution 1/Qayn, Eq. (6.29), which decreases exponentially with d, as expected from the
increasing regular phase-space region. We find excellent agreement of the prediction and the
numerical data.

As a further test we consider the quality factors for fixed radial quantum number n = 1
and increasing angular quantum number m = 7,...,21, comparing the theoretical prediction
with numerical results, see Fig. 6.4. For small Re(k) we find that barrier tunneling from the
whispering-gallery modes to the continuum is relevant while for large Re(k) the dynamical-
tunneling contribution dominates. Again our prediction shows excellent agreement with the
numerical data. Moreover, we point out that our theory allows to determine quality factors for
large Re(k), where numerical methods fail. The boundary element method cannot compute the
quality factors of quantum numbers n = 1 and m > 21 reliably as the exponentially increasing
quality factor requires an extremely fine spatial discretization.

In the derivation of the dynamical tunneling contribution 1/Qay, to the quality factor we
assumed that there are no further structures in the chaotic part of phase space such as small

regular islands or partial barriers. If this assumption is not fulfilled the tunneling rates 7, as

1072
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Figure 6.4: Inverse quality factors 1/@Q for the annular microcavity with ng = 2.0. Shown
is the theoretical prediction (solid line) which is the sum of the barrier tunneling contribu-
tion (dotted line) and the dynamical tunneling contribution (dashed line, Eq. (6.29)), and
numerical data (dots) for m = 7,...,21 and n = 1 at d = 0.33 and Ry = 0.22. The insets
exemplarily show the resonant states of angular quantum number m = 7 (left) and m = 21

(right).



188 6.2 Direct regular-to-chaotic tunneling in the annular microcavity

well as the quality factors are modified. This can be demonstrated when choosing d = 0.33,
Ry = 0.22, and increasing ng from 2.0 to 2.3. At ng = 2.0 no additional structures are visible in
the chaotic part of phase space above the critical line (see Fig. 6.2(b)). At ng = 2.3 the critical
line p, is shifted to smaller values and a period-three island chain is now located above p., see
the inset in Fig. 6.5. These structures presumably cause the oscillations of the numerically
determined quality factors around the theoretical prediction which are visible in Fig. 6.5.

To support the conjecture, that the island chain is responsible for the oscillations, Figs. 6.6(a)
and (b) display the incident Husimi functions [213], representing the wave analogue of the
Poincaré section (see also [136]), of the mode m = 14 (near the minimum of the oscillation)
and m = 18 (near the maximum). In the former case the island chain is clearly a barrier for the
mode. The mode cannot penetrate the leaky region so easily which increases its quality factor.
In the latter case the island chain seems to have no strong influence on the mode. While the
average behavior of the quality factors is still well predicted by Eq. (6.29), these oscillations
cannot be explained by our theory. The interesting task to predict tunneling rates through
more complicated phase space structures in the chaotic sea remains as a future challenge.

In summary, we have presented a theory for the intrinsic optical losses of annular microcav-
ities. Our theory gives an analytical expression for the quality factor which is in very good

agreement with the full numerical simulations of Maxwell’s equations.

Figure 6.5: Inverse quality factor 1/@Q for the annular microcavity. Shown is the theoretical
prediction (solid line) which is the sum of the barrier tunneling contribution (dotted line)
and the dynamical tunneling contribution (dashed line), and numerical data (dots) for m =
7,...,21, n=1at d =0.33, Ry = 0.22, and nq = 2.3. The inset shows part of the Poincaré
section of the classical phase space, where the critical line p = p,. is marked (dashed line).
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Figure 6.6: Husimi functions [179] (gray scale and contour lines) of the modes with angular
quantum number (a) m = 14 and (b) m = 18 superimposed onto part of the Poincaré section
of the classical phase space, where the critical line p = p. is marked (dashed line). The radial
quantum number is n = 1 and the refractive index is ng = 2.3 as in Fig. 6.5.






7 Summary and outlook

In this thesis we have studied the dynamical tunneling process in systems with a mixed phase
space. Depending on the value of the effective Planck constant heg different mechanisms domi-
nate this tunneling process: When the effective Planck constant is smaller but comparable to the
area of the regular region, heg < A, the direct regular-to-chaotic tunneling mechanism [42,43,46]
is relevant. In the semiclassical regime, hog << A, nonlinear resonances lead to enhanced tunnel-
ing rates. They form typical peak and plateau structures and are qualitatively described by the
theory of resonance-assisted tunneling [53-55]. Both of the regimes were studied in this thesis.
We derived a quantitative theory which predicts dynamical tunneling rates from the quantum
to the semiclassical regime. It includes the intermediate regime in which resonances start to
become important. This is of particular relevance for the experimental search of signatures of
resonance-assisted tunneling. These results are expected to have an impact on various fields
in physics in which dynamical tunneling plays a role, such as atomic and molecular physics,
optical microcavities, cold atoms in engineered optical potentials, and electronic mesoscopic
physics.

In the quantum regime, heg < A, fine-scale structures of the phase space such as nonlinear
resonances are not resolved by quantum mechanics and the regular-to-chaotic tunneling mech-
anism is relevant. To describe this tunneling process we introduced the fictitious integrable
system H,eg. It allows to decompose the mixed system H into one part which accounts for the
uncoupled regular and chaotic dynamics and another part which accounts for their coupling.

This leads to a formula
ve = | Pen(H — Hyeg) |00 | (7.1)

which predicts the direct tunneling rate 72 of the mth regular state [Yre,) to the chaotic
sea [48,49]. For quantum maps we replace H and H,e, by U and Uyeg. In Eq. (7.1) the fictitious
integrable system ﬁreg enters. It has to be chosen such that its dynamics resembles the regular
dynamics of the original mixed system H as closely as possible and extends it into the chaotic
sea. The determination of this system is the most delicate problem in the application of this
approach. While for quantum maps the Lie transformation, normal-form analysis, or methods
based on the frequency map analysis can be used, a general procedure which computes ﬁreg for
billiards or optical microcavities is still missing. The tunneling rates predicted by Eq. (7.1) are

determined mainly by properties of the regular component while chaotic properties only enter
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via the projector Py, onto the chaotic sea. Hence, it assumes a structureless chaotic sea and
does not include effects caused by partial barriers inside the chaotic region.

In Chapter 4 dynamical tunneling rates have been determined numerically and compared to
the results of Eq. (7.1) for different examples of quantum maps. We found excellent agreement
over several orders of magnitude in 7. For a harmonic oscillator-like island embedded in a
chaotic sea it was even possible to derive a semiclassical expression for the tunneling rates which
depends on the area of the regular region and the effective Planck constant only [48,49,94].
Furthermore, in Chapter 5 we applied Eq. (7.1) to billiard systems where we used random
wave models to describe the chaotic states. For the mushroom billiard our prediction is in
excellent agreement with numerical and experimental data [50]. However, deviations occur
for the annular billiard which can be explained by the appearance of so-called beach states
which effectively enlarge the size of the regular island. For the cosine billiard we presented a
first numerical method for the determination of ﬁreg and studied the coupling of bouncing-ball
modes to the chaotic sea. Finally, we confirmed our prediction of direct dynamical tunneling
rates using the annular microcavity in Chapter 6 [51].

In the semiclassical regime, h.gs << A, fine-scale structures of phase space can be resolved
by quantum mechanics. Especially nonlinear resonances have an important impact on the
dynamical tunneling process which is qualitatively described by the theory of resonance-assisted
tunneling [53-55|. Hence, Eq. (7.1), which considers only the direct tunneling mechanism, is
not applicable to generic systems with a mixed phase space in the semiclassical regime. In
Section 4.2 we derived a unified framework that combines the direct regular-to-chaotic and the

resonance-assisted tunneling mechanism and obtained

TYm = ‘A(TS ‘ 7m+r + |Am7" m2r| fym—i—Zr Tt (72)

Beyond the direct tunneling contribution ¢, there are additional contributions: They consist of
resonance-assisted tunneling steps within the regular island and, in contrast to previous studies
[43,55], a final direct tunneling step to the chaotic sea. Using two important improvements for
the amplitudes Ag;z)r excellent quantitative agreement with numerically determined tunneling
rates is found on the level of individual resonance peaks. This also highlights the validity of
the underlying direct and resonance-assisted mechanisms [61]. We therefore expect that these
mechanisms leave characteristic traces in semiclassical approaches based on complex classical
trajectories [38,39], and allow for predicting dynamical tunneling rates also in more complicated,
multidimensional quantum systems. A first numerical evidence of resonance-assisted tunneling
in billiard systems was presented for the cosine billiard in Section 5.2.5.

In the future our theory allows for further applications: It can be applied to study the
level-spacing statistics of systems with a mixed phase space. Deviations from Berry-Robnik
statistics [214] can be quantitatively explained [215] using our prediction of dynamical tunneling

rates. Furthermore, we want to understand the influence of partial barriers in the chaotic part
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of phase space on the tunneling process. In the quantum regime these partial barriers act like
complete barriers, while semiclassically they do not limit quantum dynamics. This transition
and the behavior in the quantum regime, where tunneling through the barrier occurs, is of
particular interest.

Another question is how to determine the fictitious integrable system H reg fOT generic billiards,
which resembles the classically regular motion of H and extends it into the chaotic sea. In
general it will not be in the class of billiard systems. This will allow for the prediction of
tunneling rates and is essential for the extension of the theory of resonance-assisted tunneling
to two-dimensional billiard systems. A further open task is to apply our approach using a
fictitious integrable system to determine tunneling rates in higher dimensional systems. Here
it is of particular interest how the classical Arnold diffusion competes with quantum tunneling.

Finally, it is aspired to obtain a complete semiclassical treatment of Eqgs. (7.1) and (7.2) also
for systems with a generic regular island. Ultimately, the theory should predict tunneling rates
and their dependence on the effective Planck constant h.g directly from classical properties of
the regular island, such as its size, shape, or winding number and properties of the chaotic sea,
such as unstable fixed points, partial barriers, and transport properties. The most promising
approach seems to be the complex-path formalism which has been successfully applied to study
the tunneling tails of a time-evolved wave packet in mixed regular-chaotic systems [38-40].
Using the stationary-phase approximation a semiclassical expression for U can be obtained
similarly to the Van Vleck-Gutzwiller propagator. In addition to the real paths appearing in
this propagator, complex paths are used to describe the decay into the classically forbidden
domain. Using these semiclassical expressions in Eq. (7.1) might give further insight into the
dynamical tunneling process.

These questions show, that the topic of dynamical tunneling offers many interesting challenges

for the future.






A Dimensionless variables

Throughout this thesis we perform calculations in dimensionless variables which are given as
multiples of typical quantities of the considered system. In this appendix we will introduce
such dimensionless variables for a one-dimensional time-independent system with a potential
energy V' (q). In position representation the Schrédinger equation is given by
R? d?
(3 + V(@) vl = Eua) (A1)

2m dg?

We use gy as the typical length and Vj as the typical energy such that we obtain for the new
dimensionless length and energy variables: G := q/qo, E = E/Vp, and V(§) := V(§)/Vo. The
precise choice of ¢y and V depends on the considered system. With these new dimensionless

quantities the Schrodinger equation reads

(~gmiaracs + V(@) 940) = B (A2

By introducing the effective Planck constant heg := hi/\/mVyq3 we obtain a completely dimen-

sionless Schrodinger equation

h2e d* - - .
—= a5 V(@) ) ¥(@) = Ev(q). (A-3)
2 dq
Let us consider the harmonic oscillator potential V(q) = mw?q®/2 as an example. We

introduce the typical time ¢y as to := y/¢im/Vj such that @ := wty and V(§) = @2¢?/2 is the

potential energy. For the dimensionless eigenenergies of the harmonic oscillator we find
- . 1
E, = heg® <n + 5) ) (A.4)

The time-dependent Schrédinger equation using ¢ = t/t, reads

N T O
o\ @m g7 V@1 = e 520(@ ) = HY(3.1) (A5)
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For normalized wave functions it holds

_ 7dq|¢(q,t)l2: 7dc})¢3(d,5))2 = (G0 = Vo (gt (A.6)

The typical momentum p, := /mV, is expressed using the previous definitions. With its help

we obtain the classical Hamilton function in dimensionless form
- ]32 -
1G5 =25+ 7). (A7)

Throughout the thesis we will use only the new variables and we neglect the tilde in their
notation. The effective Planck constant heg = 2mwheg goes to zero in the semiclassical limit as the
typical lengths ¢y and energy scales Vj increase. For billiard systems and optical microcavities
we use a different set of dimensionless variables. For such systems we set h = 1, 2m = 1, and

choose a typical length g such that the semiclassical limit is reached for £ — oc.



B Classical kicked systems

B.1 Smoothing of designed discontinuous mappings

In Section 3.1.2 we explained how classical kicked systems can be designed such that their
phase space shows a simpler structure than the phase space of commonly used systems such
as the standard map. By discontinuously glueing together piecewise defined functions the
derivatives of the kinetic energy t'(p) and potential energy v'(q) were obtained. With this
designing procedure we can control the size of the regular island, its shape, the existence of
nonlinear resonances, as well as the existence of partial barriers in the chaotic sea, and the size
of the hierarchical region. However, for quantum mechanics continuous systems are preferred.
A continuous mapping is obtained by the convolution of the discontinuous functions #'(p) and

v'(¢q) with a Gaussian of width e
P2 q2
T'(p) = / G.(p — x)t'(z) dz, V'(q) = / G.(q — x)v'(x) dz (B.1)
p1 q1
where the Gaussian is given by

1 22
Ge(z) = We 22 (B.2)

and q1, g2 as well as p1, py are the borders of phase space in position and momentum direction.

The functions #'(p) and v'(q) are piecewise defined and given as a power series

f(z) = Z ap fr(z) = Z apx" (B.3)

where the function f(x) represents t'(p) or v’(q). As the convolution is a linear operation we
can individually apply it to each term f,(z) in the power series and then sum up the results.
This will be demonstrated for the first four terms which are required for the maps F; and Fs.
With the abbreviations

Y—Uh Y—Y2
erf; := erf , erfy := erf , B.4
' < V2e ) i < V2e ) (B4)

2 y— ) 2 y —y2)?
exp; := \/;exp (—%) , expy 1= \/;exp (—% , (B.5)
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where erf denotes the error function, we find for the smoothed functions

Y2

1
faoly) == /Ge(y — )2’ dzr = 3 lerf; — erfs] (B.6)
Y1
and similarly

1

faaly) = 2 e exp; —e exp, +y(erf; —erfy)], (B.7)
1

faa(y) = B [5(91 +y) exp; —€(y2 + ) exp, +(?/2 + 52)(eff1 — 6Tf2)} ) (B.8)
1

fasw) = 5[y +yi+25" +y)eexpr (v + 45 + 28" +y ) expy +
y(y* + 37 (erf; — erfy)] . (B.9)

Here y; and ys enclose the region on which each piecewise function is defined. The continuous

version of Eq. (B.3) now reads

e}

foy) =Y anfan(y). (B.10)

n=0
It can be differentiated to arbitrary order in y.
For quantum mechanics we need to find the smoothed versions of the kinetic energy ¢(p) and

the potential v(q). As they are also given by a power series they are found by integration of

the functions f¢,(y) with respect to y

Fooy) = [ Jealw)dy = 5 elexp, —expy) + (o~ yets — (= plert]  (B.L)
and similarly

Faaly) = i [e(y +y1) expy —e(y + y2) expy +

(v +&® —yi)erfy — (y° + & — y3)erfy)] (B.12)
Foaly) = é ey + i +yyr + 26%) expy —e(y” + y5 + yyo + 26%) exp, +

(v + &> —yi + 3e%y)erfy — (v° +&° — ys + 3%y )erhy)] | (B.13)
Fasly) = % [e((Byr +5y)e® + (11 + ) (¥* + 7)) exp; —

e((Byz+5y)e” + (y2 + ) (¥ + 13)) expy +

(3e* + 6%y” — yi +yh)erfy — (3e* + 6%y — ys + y*)erfy] . (B.14)

For the evaluation of the linearized dynamics the functions ¢’(p) and v”(q) have to be
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smoothed as well. They result from the differentiation of fe ,(y) with respect to y

dfeo(y 1
faofy) = LE) —  fexp, — exp) (B.15)
and similarly
1
dfa1(y) = % [y1 €xXp; —Yo €Xpy +eerf; — cerfy)] (B.16)
1
dfaaly) = 5o (w1 +22%) expy —(ys + 2¢%) expy +(2ye) (erfy —erfy)] (B.17)
1
dfaaly) = 52 (Bl +y)e* + 1) exp —(3(y2 +y)e” + ya) expy +
3e(y® + £%)(erf; — erfy)] . (B.18)

Application to example system F;
For demonstration we want to show how the mapping JF; after the convolution with a Gaussian
is obtained and determine the potential and kinetic energy. The discontinuous functions #'(p)

and v'(q) are given by

1 1 1

t'(p) = —2(p—k)—§ for pe l—§+k,§+k), (B.19)
_ Ra? + Za3 ’ c _l’l

v'(q) = nat R+ 20 a€ ] fQ) . (B.20)

where k labels the phase-space unit cells in ¢ and p-direction. By equating coefficients we find
for the kinetic term t'(p): ag = —1/2, a1 = =2, ay = a3 = 0, p; = —1/2, and py = 1/2. Using

these relations the smoothed function 7"(p) is found to be
1
7(0) = Y- [~ 3ol ~ 1) - 2esto— )] (B.21)
k

For the kinetic energy one obtains

1
T(p) = Z {—éFG,O(p —k)—2Fqq1(p— k:)] + const. (B.22)

k

and for its second derivative we find

1(5) = Y- |~ 3calp — K) — 2dfaslp - )| (.23)

k

By equating coefficients we obtain for the potential term v'(¢) in the central cell &k = 0: ag = 0,

a; = —ry, as =R, a3 =27, ¢ = —1/2, and g2 = 1/2. For the other cells the coefficients a,, are:
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ap = as = az = 0 and a; = 5. Using these relations the smoothed function V’(g) is found

V'(q) = —rifea(q) + Rfce(q) + Z fas(q) + Z [rafei(q — k)] (B.24)
k20

For the potential energy we obtain

V(q) = —r1Faa(q) + RFea(q) + ZFas(q) + ) _ [r2Fea(q — k)] + const. (B.25)
k#£0

and for its second derivative we find

V(g) = —mdfca(q) + Rdfc2(q) + Zdfc3(q) + Z [rodfc,i(q — k)] .- (B.26)
k20

In this form the kicked system F; is evaluated classically as well as quantum mechanically in
this thesis. By choosing small values of € the dynamics of the discontinuous system is mainly
reproduced, see Section 3.1.2 for further discussions. In the same way as presented here, the

mapping F, introduced in Section 3.1.2 is smoothed to obtain its continuous version.

B.2 An example of the Lie transformation

We want to present how the first two orders of the Lie transformation are calculated for a
one-dimensional kicked system H(q,p,t) as it is the method most commonly used throughout
this thesis to determine the fictitious integrable system H,e,. A similar example is presented in
Ref. [54].

First we eliminate the explicit time-dependence of the kicked system by introducing new vari-
ables 0 := 2nt/e and I := —eH (q,p,t)/(2m). With Hy(I) := I and Hi(q,p,0) :== H(q,p,0)/2m

a new time-independent two-dimensional Hamilton function is defined as
H(q,p,0,1) = Ho(I) + eHi(q,p,0). (B.27)

Hence, time-independent perturbation theory can be applied to this two-dimensional system.
Now we want to find the generating function w which canonically transforms the Hamilton
function H to the new phase space variables g, p, 0, and I. The power series expansion of
Eq. (B.27) is used in the recursion relation (3.60). Through the trivial dependence of H(q, p, 6, I)
on the action-angle variables (I,6) many terms in the Deprit perturbation series, Eq. (3.60),

vanish. It remains

ow,,
2 =nH, | — ZLn mHm — T H. (B.28)
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This expression is integrated with respect to 6

9 n—1 0
1 _ _
0 m=1 0

The (n — 1)th coefficient of the new Hamilton function H is determined by an average over 6

n—1
1 _
H, 1(q,p) =~ LymHp1 +T75H ) (q,p). B.30
1(a,p) ”<m§:1 1+ T >(qp) (B.30)
For the generating function one obtains

o n—1
1 _
=5 { Ly Hypy + Tn‘llH} d¢’ (B.31)
™
0 m=1

W,

where we used the following abbreviations

2

(a) (g.p) = %/a(q,p,ﬁ)de, (B.32)
{a}(q,p,0) = alq,p,0)—{a)(q,p) (B.33)

The perturbation expansion shall now be determined for a periodically driven system

H(q,p,0) = Ho(q,p) + K(0)V(q). (B.34)
We define
Ko(6) = o / (KYO)0,  Koff) = o / (K1} (0)d0. (B.35)

The zeroth order of the new Hamilton function reads

Ho(q,p) = (H) (¢, p) = Ho(q, p) + (K) V(7). (B.36)

In first order we find for the generating function

wile.p0) = —5- [ {H} (@.0.0)d0 = K0V (0 (B.37)



202 B.2 An example of the Lie transformation

with 77! = L, and for the new Hamilton function

_ 1 _ oV 0H,
Hi = {(LiHy+T'H) = ————— (K. B.
1 2< 1 0+ 1 > aq— 8p < 1> ( 38)
In second order perturbation theory we obtain
1 : oV OH
0) = —— [{LH+ T HY A0 = 2—— Ko (0 B.
wsla.p0) = —o [ Lo+ T H} a0 = 250 S0 Ka(0) (5.39)
0
2V OH, ’H 2H
Ly, = 2KK,(0) 8_V8 0§+8_Va 02_8_1/8 Oﬁ 7 (B.40)
0q%> Op Jp  0Oq 0qOp dp  Oq Op? Jq
_ 1 1
T,' = 5L2+§L§ (B.41)
and finally for the new Hamilton function
_ 1 _ _
Hy, = §<L2H0+L1H1+T2‘1H> (B.42)

= 3 (0 e ) 200 - k) (S0) Sl

2 2 2 2
() (aV(aHO) LV <a HOaHO_aHOaHO)) (B.43

032 \ 9p )  9g \ogop 9p  Op* Iq

This iterative procedure can be continued and the new Hamilton function is found as a power

series expansion in the perturbation parameter ¢ which is here equal to the period of the driving
e=1

H(g,p) = Ho(@.p)+(EK)V(@)+ > € Ha(q.p). (B.44)

The result of Eq. (B.44) can now be evaluated up to second order for the specific example of

the kicked system F; introduced in Section 3.1.2 with the Hamilton function

H(g,p,t) = — (p2 + g) + n%ém —1) <q; {—rl + 2—?“’}) (B.45)

and Z = 0 for simplicity. The functions Hj, K, and V can be determined by comparison
of Eq. (B.34) with Eq. (B.45) using 6 = 27t. We find K(0) = > ., 0(0/2m —n), Ho(p) =
—p* —p/2, and V(q) = —r14*/2 + Rq®/3. For the functions K; () and K5() one obtains

Ki(0) = 1—%, (B.46)
K@) = 2 _r (B.47)

Am  8x?’
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After calculating the first two orders of the perturbation expansion for the new Hamilton

function H using the Lie transformation we find

_ B 1 1 1
H(gp) = -p - 50— 57“1(12 + gRq?’
€ 1 o1,
+§ —2qrip — 20N +2¢°Rp + 51 R

62

1
+5 (—2r%q2 — 2R — yi 4RGP

1
— 4rp® — 2rp + 8Rgp® + 4Rgp + éR(j) . (B.48)

The relation of the new phase-space variables to the old ones is given by the operator T,

(¢,p) = T7Y(q, p). Using the power series expansion of 7! up to second order we find

q = G+ (—rq+RG) t(e—1), (B.49)

1 1
p = p—(e=1) (-nd+Rq) + 5 (n —2Rq) <2p — 5) t(e—1). (B.50)
If we consider the kicked system shortly after or before the kick only the times ¢ € Z are relevant
and € = 1. Hence, the old and the new phase-space variables are equal and Eq. (B.48) can
be directly evaluated without any change of coordinates. This behavior remains when going
to higher orders of the perturbation expansion and is a great advantage of this method as the

computationally extensive change of coordinates is not required.

From Eq. (B.48) it is found that the linearized dynamics of the kicked system in the vicinity of
the fixed point (¢*, p*) in the center of the regular island is not correctly reproduced. However,

this linearized dynamics is analytically known and described by the Hamilton function

Hin(q,p) = ag® + bgp + cp” (B.51)
with the parameters

w sin?()

a = 50' (COSQ(Q) = ) : (B.52)
i 1

b = wo'cos()sin(6) (1 - ﬁ) , (B.53)

w , cos?(6
c = 50' (51112(0) + a’2< )) : (B.54)

Hence, all terms which contribute to the linearized dynamics can be eliminated from Eq. (B.48).
These are the terms which do not contain the parameter R. They can be replaced by Eq. (B.51).
The parameters o', 0, and w = 27w, result from Egs. (3.20), (3.19), and (3.21). Note that this
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procedure of eliminating terms in the perturbational result is not applicable for any kicked
system. It is a uniqueness of the considered system that for R = 0 the regular island displays
the linearized dynamics only. Nevertheless, it has proven to be useful in order to increase the

accuracy of the perturbational result in this case.

B.3 An example of the normal-form analysis

In this appendix we present how the non-resonant normal-form analysis can be applied to a
simple symplectic mapping, see also Ref. [90]. The main issue is finding the solution of the

following functional equation
Fodb=>ool, (B.55)

where F is the given symplectic mapping, U is this mapping in normal form, and ® transforms

the new complex phase-space coordinates (£, £*) to the old ones (z, z*).

For an explicit application we consider the Hénon map [216]| for simplicity. Using the complex

variables z and z* it is given as

Z/ = f(Z, Z*) = eiwz =+ Z Z fk,nfk zkz*n—k = ei“’ (Z — i (Z + Z*)2> . (B56)

n>2 k=0

The remaining coefficients of the mapping F are fog = foo = —ie/4 and f1; = 2f50. For the

map in normal form U we find

E=UEE) =6+ DD g, 8¢ = U (B.57)

n>2 k=0

and the transformation ® from the new to the old phase-space variables is

p=0 () =6+ ) bpnkFETT =6+ (9], (B.58)

n>2 k=0 n>2

By inserting Eqgs. (B.56), (B.57), and (B.58) into the functional equation (B.55) this func-
tional equation can be iteratively solved in arbitrary order to determine the mapping U in
normal form [89]. The first non-trivial order is the second one, as the first order describes the
analytically known linearized dynamics around the central fixed point which is given by the

rotation e with the winding number w = 27w,. For the second order we first consider the
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left-hand side of Eq. (B.55) and find

[Fod,(¢,&) = [e¥D(£,8) +[Fl, (@, 0], (B.59)
e [®], (€,€7) + [Fly (€,€7) (B.60)
= v (<Z52,0§2 + @118 + ¢0,2§*2) + fo0&® + f11€€" + f0,2§*2- (B.61)

Similarly, for the right-hand side we obtain

[@ol],(§,€) = U E)+ [P, U, U, (B.62)
= U2,o€2 +u 88"+ 100,25*2 + eziw¢2,0§2 + $1166° + 8_21w¢0,2§*2- (B.63)

The coefficients of I can be determined by expanding the equation U (£, &%) = ¢ €€)¢ up to

second order. As €2 does only depend on the products ££* many coefficients are zero

U e = 98¢ (B.64)
= e +ie“ Qe + 0 (I€). (B.65)

We find that usg = w11 = w2 = ugp = u12 = o3 = 0 and ug; = ie“(y. By equating
Egs. (B.62) and (B.64), using the coefficients f; ; and the following relation

(" —1) " =2 - écot (%w) (B.66)

the transformation ® is found in second order

Yoo = é (cot (37&)) +i) , (B.67)

b1 = i (cot (%) + i) , (B.68)
P20 = % (— cot (%) + i) . (B.69)

The third order of the normal-form analysis leads to a contribution of the mapping U in

normal form. Again we consider the right-hand and left-hand side of Eq. (B.55)

[Fodl;(£,€) = ei“" [@]5 (£, &) + [[F, (@, 7)), (B.70)
= —5¢M (6 (a0 + 05) + €% (d11 + 61, + a0+ 5

+ £¢*? (<Z50,2 + @50+ P11+ ¢’f,1) + & (<Z50,2 + ¢§,O)) ) (B.71)

(Dol (§,€) = U E)+ [P, UUY) + [@; (U U, (B.72)

= 308” + 01876 4 €1 2 + e P03 + uan 2T (B.T3)
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With these last two equations the coefficients of the transformation ¢ are found in third order

as well as the first non-zero coefficient of the mapping in normal form

i 1 w 3w
(b(],g = 1_66_41“’7—1 |f30t (5) — cot <7):| s (B74)
i 1 w 3w
- o - B.
12 e l?)cot(z)—i-cot(z)], (B.75)
i 1 w 3w
P30 = 16 e2w _ 1 [COt (5) — oot (7)] ’ (B.76)
ey, — w 3w
Qy = —de“uy; = T {3(30’5 <2> + cot ( i )] ) (B.77)

In addition we have to find the coefficient ¢, ;. It is partially determined by requiring that

the mapping F is symplectic. The symplectic condition reads

0% 00*  0O* 0D

— - = B.78
o o¢ o€ o (BT

Using the power series of ® in third order we find
Re (¢21) = |l = @20 (B.79)

Hence, the imaginary part remains undetermined and can be set equal to zero. As our result

we find the mapping ¢/ in normal form in third order

iw

S, = e - i§6 [3 cot (g) + cot (37“’)] £2¢* (B.80)

n<3

as well as the interpolating time-independent Hamilton function following from Eq. (3.78)
_ . . . i w 3w . .
o (6,6) w6 = 3 (3ot () +eon () [P 40 ee). sy

Using ¢ = ®7!(2,2*) in Eq. (B.81) the integrable one-dimensional Hamilton function H,eq
is transformed back to the original phase-space variables (z,z*) such that it interpolates the
dynamics of the original mapping F. This procedure can be performed to arbitrary order in &
and can be applied to other mappings. For the mapping introduced in Section 3.1.2 the resulting
terms would be far more complicated such that using symbolically calculating programs such
as MAPLE is reasonable.
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B.4 Calculation of the pendulum parameters V,., I,..,, M,.,

The Hamilton function of the pendulum, Eq. (4.60), approximates the dynamics of a mixed
system in the vicinity of an r:s resonance chain. It can be easily quantized. Using quantum
mechanical perturbation theory the effects of the resonances on dynamical tunneling rates can
be predicted within the theory of resonance-assisted tunneling, see Section 4.2. Therefore, it
is necessary to obtain the parameters I,.,, M,.,, and V,., appearing in the Hamilton function
of the pendulum. In Refs. [43,56] these parameters are determined via Eqs. (4.61), (4.62),
and (4.63) from the areas enclosed inside and outside of the separatrix Al and A, as well as
the trace of the linearized mapping at resonance, see Fig. B.1. Here we want to derive these

equations.
We consider the Hamilton function of the pendulum in the corotating frame

1
2MT:S

H(I,9) = (I — I.5)* + 2V, cos(rd). (B.82)
It describes r regions of bounded motion which are separated from the unbounded motion by
a separatrix. On this separatrix the potential V() = 2V,.;cos(rd) has maxima. For these
maxima we find

dv d?v

@ = —2‘/;157“ Sin(T’lg) = 0, W <0 (B83)
which leads to ¢ = 2kx/r, k € Z, for the angle variable ¥. For these values I = I,.; and the

energy of the dynamics on the separatrix is given by

Es =2V, s cos(2km) = 2V,.5. (B.84)
I
== = -1
0
0 ™ 9 2w

Figure B.1: Phase space of the Hamilton function, Eq. (B.82), of the pendulum. We show
the area enclosed by the inner separatrix A, (green) and the area of the 5:1 resonance chain
AA,.s (red) with Af = A+ AA,.. The action of the resonance is denoted by I,.s.
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Now we insert Eq. (B.84) into Eq. (B.82) and find

1 2
2V,.s = m(] — I,.5)* + 2V,.s cos(rd), (B.85)

such that for the action on the separatrix it follows

I.(9) = Lg £ 2¢/M,..V,.s[1 — cos(rd)]. (B.86)

The areas A and A, enclosed by the outer and inner separatrix are invariant under canon-
ical transformations. Hence, they are identical in the original phase-space variables and in the

action-angle variables (I,4). They are calculated as

27
AL+ AL = / (Ir:s + 2/ M, Vs [1 — COS(W)]) do + (B.87)

0
21

/ ([ /My Vi [1 — cos(m?)]) 4o (B.88)

0

= Aml., (B.89)
21
AL - AL, = /4\/Mr;sVr;s [1 — cos(rv)] dv (B.90)
0
= 16V 2M,:sVys. (B.91)

Hence, we have derived Eqs. (4.61) and (4.62) presented in Section 4.2.

The derivation of Eq. (4.63) is more involved. First we consider the Hamilton equations of

motion for the system of Eq. (B.82) using [ — [,., — [

. OH I
= — = B. 2
v ol M, (B-92)
: OH ,
I= 55 = 2V,.srsin(r1). (B.93)

Equations (B.92) and (B.93) can be linearized in the vicinity of the resonance around 9 =

(2k + 1)7/r and combined to an ordinary differential equation of second order
U+ w2 =0, (B.94)

with wg = 71/2V,.s/M,.s. This differential equation (B.94) is of harmonic-oscillator type. With
the initial conditions J(0) = ¥y and I(0) = Iy we find for the solution of the differential
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equation (B.94)

J(t) = gcos(wot) + sin(wot), (B.95)

r:sW0
I(t) = —M,.swosin(wet) + Iy cos(wot). (B.96)

The monodromy matrix M,.; in resonance is determined by the linearized mapping iterated r
¥ J(0
I(r) 1(0)

1 .
Mg = < coswor) o S0 (o) ) . (B.98)

—M,..swo sin(wer) cos(wor)

times. Using

it is obtained

For the trace of the linearized map we find

2V,.
Tr(M,.s) = 2 cos(wor) = 2 cos <T2 j\?s> : (B.99)

After further manipulations we derive Eq. (4.63) as

2V _ 1 arccos (%) : (B.100)







C Quantum maps

C.1 Semiclassical energies of kicked systems

As a kicked system is time-dependent the energy is not a conserved quantity. However, we may
construct a regular system H,,, which approximates the regular dynamics of the mixed system
H, as discussed in Section 3.1.3, where the energy is conserved and fixed for each trajectory.
This energy shall be approximated by a procedure using the classical dynamics of the mixed
system. The following derivation assumes a map whose regular orbits have just two turning
points ¢; and ¢;(q;) which are located at positions where dp/dg = £o00. At these points the two

real branches of the momentum p.(q, ¢;) meet which is shown in Fig. C.1.

We want to find the energy F(qr) associated with a specific classical orbit in dependence of

its turning point gr. For that purpose we consider the enclosed area A(g;) of the orbits

qt

Alg) = / (04 (0 ) — p-(a.4))) da. (1)

q;(qt)

Figure C.1: Phase space of a regular island: We show the two turning points (q;,p;) and
(g¢,pt) of the torus given by the two momentum branches pi(q,q;) (blue and green line).
The area enclosed by these branches is denoted by A(g).
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It is differentiated with respect to the upper limit ¢; of the integration

qt

dA(q) , L dg(q) / Op+(q,q)
= — 7d
i P+(a, @) — r+(q;, @) m +/ 9 q
q

dg,(q:) [0 (¢,q)

) (gt p_(q,
. - _ 2D g 2
p—(a, @) +p-(q;, @) da, / 90 dg (C.2)

!

qi
As the two branches of the momentum p. are identical at the turning points, it just remains
qt

dA(g:) oy (q,q:)  Op_(q,q)
7dqt = /< B4, — 94, )dq. (C.3)

a

The energy F is described by a one-dimensional time-independent Hamilton function £ =
H (q,p(q,q)) as discussed in Section 3.1.3. If we consider the derivative of the energy with

respect to the turning point ¢;, using Hamilton’s equations of motion, we obtain

dE OH  9p+(q, qt)
b C.4
dg Op+(q:q) O (G4)
_ Op+(q, qt)
- 'U:I:(qv qt) 8qt (05)
where vy is the velocity of rotation. Using Eq. (C.5) in Eq. (C.3) we find
dA(q) TdE [ 1 1
a
= — — d C.6
dg /th <U+(ant) U-(Qaqt)) ! (C5)
qt
dE dE
= — (T + T = —T'(q). C.7
g, (T (at) (q)) dgs (q:) (C.7)

By integrating Eq. (C.7) from ¢* to gr where ¢* is the position of the stable fixed point in the

center of the regular island it follows

Bar) = B@)+ [ S0 (©8)
= /dgé?t)wr(qt)dqt. (C.9)

In Eq. (C.9) we assumed that the energy in the central fixed point is zero, F(¢*) = 0. The
energy E of a regular orbit with turning point gy can finally be determined with Eq. (C.9).

For that purpose one requires the enclosed areas A and the rotation number w, as a function
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of ¢;. The semiclassical prediction of the energy thus solely depends on quantities which are
directly accessible from the mixed system. Note that the determination of the area enclosed by
an orbit is not possible inside a resonance chain. Such orbits should not be taken into account.

Eq. (C.9) is used to find a fictitious integrable system H,e, as explained in Section 3.1.3.

C.2 Phase splittings and tunneling rates

In Refs. [53,54,56] the splitting of regular eigenphases is computed and compared to a the-
oretical prediction in order to understand the dynamical tunneling process. These splittings
are obtained by changing the periodicity conditions of the quantum map and determining the
difference Ap = 27 AFE /hqg of the eigenphases, where AFE is the corresponding energy splitting.
In contrast, we use the tunneling rate v describing the decay of a wave packet from the regular

region to the chaotic sea. We want to show that both quantities, Ay and ~, are related.

Using quantum mechanical perturbation theory the energy splitting AFE is determined by

2
AE~ 1

N ———— 1
E._E (C.10)

resulting from a 3 x 3 matrix model [24] which describes the coupling of two regular states with

energy F, via a chaotic state of energy F,. with a coupling matrix element v

E. v 0
H=| v E. v (C.11)
0 v E,
if |v|? < |E, — E.| holds. For the phase splitting Ay we obtain with Eq. (C.10)
2 |uf? Lo v
- ~ Lo ~ L (C12)

7o heff|Ec_Er| - heff 27

We find that the splitting Ay between the eigenphases of a regular state with different peri-
odicity conditions is related to the tunneling rate v from the corresponding quasimode to the
chaotic sea with a prefactor of 1/(27). Here we used that the energy denominator |E, — E,| is
approximately the inverse of the local density of states p(FE.) and Fermi’s golden rule for the
connection to 7 in the last step. This result agrees with numerical calculations where phase

splittings Ay showed agreement with our numerically determined tunneling rates.
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C.3 Tunneling rates and coupling matrix elements

In Chapter 4 we used Eq. (4.8) which connects the tunneling rate of a purely regular state [¢g,)

to the coupling matrix elements v, = (Yen|U|¥2,) between this regular and and different
purely chaotic states. We want to derive this equation.

The considered purely regular state |¢!7,) decays exponentially in time with the tunneling

reg>
rate v, at most up to the Heisenberg time 7y = heg/A where A is the mean level spacing.

Therefore
(| U [ ) |P = &7t (C.13)
holds for ¢ < 7. For closed systems the norm of |¢7,) after the application of U is unity
L= (e |UTUWe,)- (C.14)

Now we insert the completeness relation in the basis of the orthogonal purely regular and

chaotic states

3
=]

ax

ﬂ = | reg wreg‘ + Z ‘wch wch‘ (C15)
n=0
and obtain
]' = Z( reg|UT|wreg>< reg|U|77Z)reg Z reg|UT|wCh QZ}Ch|U|wreg> (C16)
n=0

If the direct regular-to-chaotic tunneling process dominates resonance-assisted tunneling is
not relevant such that we neglect coupling matrix elements between different regular states,
(1 reg|U [ Vi) ~ 0, for m # n. The remaining coupling matrix element of equal quantum

number m = n is given by Eq. (C.13) which yields
L=e 4+ |[(YalUlfe) . (C.17)
ch
For ~,, < 1 we finally obtain

Z\ (then|Ulthreg) (C.18)

which is the relation used in Chapter 4, Eq. (4.8). Note that this equation can also be derived

from Fermi’s golden rule adapted to quantum maps.
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D.1 Coupling matrix elements of non-orthogonal states

For the applications presented in Section 5.2 random wave descriptions are used as a model for
the purely chaotic states ¢a(g) which are not orthogonal to the purely regular states ¢ (q).

In such a case, in which

X _/wCh reg q§£0 (Dl)

we may use our approach for the direct tunneling rates with a small modification. In order to

apply Fermi’s golden rule, Eq. (5.4), we introduce orthonormal states @Z)reg( ) = Yli(q) and
Yen(q) == (Yen(q) — x¥reg (@))//1 — [X[?, leading to

/ Jen(@)m(q) g = 0. (D.2)

For small |x|? we find for the coupling matrix elements up to first order

Uch,mn — /wch reg )d2q (D3)
_ T mn 2
_ W / ben(q) — xtmn ()] By (q) dig (D.4)
~ / wch H wreg Egg / wCh reg q (D5)
- / Gen(@) (] — Floog) ™ (q) g (D.6)
Q

In Eq. (D.5) we used the approximations 1/4/1 — |x|? = 1 and

/ G (g) Fym(q) d2g ~ B (D.7)

Q

In contrast to Bq. (5.5), H — H,e, enters in the coupling matrix elements, Eq. (D.6).
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D.2 Derivation of A, for the mushroom billiard

We want to show how the area Ag,, which is the area of the billiard times the fraction of the
chaotic phase-space volume, is determined exemplarily for the mushroom billiard. The phase
space of the mushroom billiard, see Section 5.2.1, is given for a fixed energy by {(r,¢,v) :
(r,) € Q, 9 € [0,2m)}, in which (r,¢) are polar coordinates in position space and ¥ denotes
an angle which determines the direction of momentum. Hence, Ay, is given by the chaotic

phase-space volume divided by 2.

All trajectories which enter the stem of the mushroom or cross the line r = a in the cap are
chaotic. Additionally the region r > a contains regular and chaotic dynamics. We denote its

contribution to Aq, by I and obtain for the mushroom billiard
T 9
Aa = 2la + 50 +1. (D.8)

The probability P(r) of finding a chaotic trajectory in the cap for r > a is dependent on the
radial coordinate r only
2
P(r) = — arcsin (ﬂ) : (D.9)

T r
as can be seen with the help of Fig. D.1. For each position inside the area r > a the chaotic
trajectories can be identified as they cross the line r = a. In Fig. D.1 an example is shown where
they are located inside the red cone. Hence, we perform an integration over the momentum
coordinate ¢ of the phase space yielding 49 in which 1’ is given by trigonometric relations as
¥ = arcsin (%) With its multiplication by 4 and division by 27 we obtain Eq. (D.9).

Figure D.1: Sketch of the mushroom billiard: All classical trajectories which enter the stem
or the small circle of radius a (dashed line) are chaotic. Trajectories which cross a point in
the cap of the mushroom (blue dot) are chaotic when they evolve inside the red cone of angle
219, Otherwise they are regular.
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Now we integrate over the region r > a in the cap of the mushroom and find

™ R
I = //rdrdcpP(r) (D.10)
0 a
1
= R%arcsin (%) +avVR?—a?— §7Ta2. (D.11)
Inserting this expression into Eq. (D.8) we finally obtain
Ag = 2la + [R2 arcsin (%) +av R? —a? (D.12)

as the the area of the mushroom billiard times the fraction of the chaotic phase-space volume.

For the desymmetrized mushroom used in Section 5.2.1 this result has to be divided by two.

D.3 Eigenmodes of a wire in a magnetic field

We consider a two-dimensional wire which is infinitely stretched in z-direction and has a width
W in y-direction. Perpendicular to this two-dimensional plane we apply a magnetic field B.
Our aim is to derive the effective quantum dynamics for an electron in this system [217]. In

three dimensions the Hamiltonian is given as

B 2me, 922 2m,

( h2 O? N L <7—3V n qA) + V:aff(z) + V(l‘, y)) ¢(x’ Y, z) = E@Z)(l’, Y, Z) (D13)

Here A = —Buye, is the vector potential, Vig(z) denotes the confinement potential in z-

direction, V' (z,y) describes the confinement by the wire, and m, is the mass of the electron.

For the two-dimensional electron gas after separating out the z-component in the wave function
we find

o 1 (ho ?

————— 4+ — | —=— —¢B V =F . D.14

( om0y 2m, ( ' y) +Vi(z,y) | ¥(z,y) = EY(z,y) (D.14)

The following commutators hold if V(z,y) = V(y): [ps, H] = [ps, H] = [ps, ps] = 0 such that

the wave function can be further separated: ¢ (z,y) = X (x)Z(y). As the potential V(y) does

not act in z-direction the x-dependence of the eigenfunctions will be given by plane waves.
With p(z,y) = bk, )(z,y) we find X (z) = 1/v/k, e*»* and the Hamiltonian reads

(271” Py + q;jz (y - Zlg) + V(@/)) Z(y) = EZ(y). (D.15)
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With w. = ¢B/m, and yo = hk,/qB we find

MW

<%;ﬁ§+ QE(y—mf+4«w)Z@):EZ@) (D.16)

which is the eigenequation for a harmonic oscillator with an additional potential V' (y). For a

free particle with V(y) = 0 the solutions Z(y) are the eigenfunctions of the harmonic oscillator

1 _ (y=yp)? _
Im(y) = —=——==c Eh1<y yo) (D.17)
with the magnetic length [, = \/%/qB, the mth Hermite polynomial H,,, and E,, = hw.(m +
1/2).

Now we consider a wire of width W such that V (y) is zero in y € (0, W) and infinity outside.

We decompose Z(y) into a Fourier series
. (nTY
Zy) =Y ansin (57 D.18
=Y eusin (7 (D.18)

with the expansion coefficients a,, n = 1,..., Npax, Where numerically n,,.x is chosen such
that the coefficients a,, have decayed sufficiently. Inserting this expression into the Schrodinger
equation (D.16), integration with fOW dysin(kry/W)2/W, and using the substitutions z =
ym /W, zo = yom /W results in

Bk’
where
. 2w2 %
Fu. = m;uicg / dz(z — 20)*(cos(n — k)z — cos(n + k)z) (D.20)
T

0

which can be solved analytically. One obtains

21172 — 4
e _ Mmew>W (1 B @) cosm(n —k) cosm(n+k) n Yo  Ank . (D.21)
" 2 W (n—k)? (n + k)? W (n? — k?)?
o2 | T ((1—@)34—3/—8)
ook e W weow) o) (D.22)
n 71.2 6 4]{;2

By diagonalizing the system

2 kr\?
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we find the expansion coefficients {ay},, of the modes Z,,(y) in y-direction at one specific value
of yo. For electrons with the Fermi energy Er we have to find yq,, for each transversal mode
labelled with m, by numerically searching for the root E(yo ) = Er. This gives the quantized
modes Z,,(y) in y-direction. It implies that the wave number in z-direction is also dependent
on the mode number, k, ,, = yo,mqB/h. For small m the modes are concentrated around y = 0.
Thus, yo,m will be close to —r. such that k, ,, ~ kr. Note that yo,, which is the center of the
classical cyclotron orbit is negative for small m such that the particle is reflected at the lower

boundary y = 0. In the limit W — oo we find a wire with just one boundary at y = 0.

D.4 Semiclassical description of localization lengths in

wires with one-sided disorder

In Ref. [45] a semiclassical derivation of the mode localization lengths &, for a two-dimensional
wire with one-sided surface disorder in a perpendicular magnetic field is performed. These
results will be reported in this section. For large kr or small heg = 7/(kpW) the localization

lengths in units of the width [ of the elements of the wire are found to be

3

(1= duhy] ) (D.24)

Em = (amhe}% — bm) exp <hCo

eff

in the case of a constant cyclotron radius r. = hkp/(eB) with the dimensionless parameters

15 A (2+A)C
= 23713 M | —= D.2
b ¢
= — M 14+ ——— D.2
m TZm Mm( + (A+g)2)7 ( 6)
4y/2m A 3 A
— 14+ —_= D.2
0 3 (3 ( "0 g) ’ (b-27)
Zm €3
dy = ——m &% D.28
2373 A ( )
where A =1—-9/(2W), ¢ =r./W, 2, is the mth root of the Airy function, and
o, = /AiQ(z) dz. (D.29)
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