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Introduction

A dynamical system is a concept in mathematics where a specified rule describes the
time dependence of a point in a state space. The mathematical models used to describe
the motion of planets, the swinging of a clock pendulum in Newton’s mechanics, the flow
of water in a pipe, chemical reactions, or even the number of fish each spring in a lake
are examples of dynamical systems. A dynamical system is determined by a state space
and a fixed evolution rule which describes how future states follow from the current
state.

The history of dynamical system began with the foundational work of Poincare [117]
and Lyapunov [90] on the qualitative behavior of ordinary differential equations. The
concept of dynamical systems was then introduced by Birkhoff [18], followed by impor-
tant contributions by Markov [94], Nemytskii and Stefanov [107], Bhatia and Szegoe
[16], Smale [127], among others. The main goal of this theory is to study the qualitative
behavior of systems from geometrical and topological view points.

The concept of random dynamical systems is a comparatively recent development
combining ideas and methods from the well developed areas of probability theory and
dynamical systems. Due to our inaccurate knowledge of the particular model or due
to computational or theoretical limitations (lack of sufficient computational power, in-
efficient algorithms or insufficiently developed mathematical and physical theory, for
example), the mathematical models never correspond exactly to the phenomenon they
are meant to model. Moreover, when considering practical systems we cannot avoid ei-
ther external noise or inaccuracy errors in measurements, so every realistic mathematical
model should allow for small errors along orbits. To be able to cope with unavoidable
uncertainty about the ”correct” parameter values, observed initial states and even the
specific mathematical formulation involved, we let randomness be embedded within the
model. Therefore, random dynamical systems arise naturally in the modeling of many
phenomena in physics, biology, economics, climatology, etc.

The concept of random dynamical systems was mainly developed by Arnold [3] and
his ”Bremen group”, based on the research of Baxendale [13], Bismut [19], Elworthy [52],
Gihman and Skorohod [65], Ikeda and Watanabe [72] and Kunita [83] on two-parameter
stochastic flows generated by stochastic differential equations. Three main classes of
random dynamical systems are:

e Products of random maps: Let (Q2, F,[P) be a probability space and 6 : Q —
an ergodic transformation preserving the probability P. Let (X, B) be a measur-



able space. For a given measurable function v : 2 x X — X we can define the
corresponding random dynamical system ¢ : N x Q2 x X — X by

Hn—lwo...o w), ifn_17
@(n,w):{ ol ) e ) W

idx, otherwise.

The random dynamical system ¢ is said to be generated by the random mapping
1. Conversely, every one-sided discrete time random dynamical system has the
form (1), i.e. is a product of random mappings, or an iterated function system, or
a system in a random environment (see Arnold [3, pp. 50]).

e Random differential equations: Let (2, F,P) be a probability space and (6;)cr :
Q) — Q an ergodic flow preserving the probability P. Let f : Q x R? — R? be a
measurable function satisfying that for a fixed w € €2 the function (¢, ) — f(fiw, z)
is locally Lipschitz in x, integrable in ¢ and

1f (w, )| < a(w)llz] + B(w),

where t — a(fw) and t — [((0;w) are locally integrable. Then the random differ-
ential equation

= f(Qw, x)

uniquely generates a continuous random dynamical system ¢ : Ry x Q x R — R¢
satisfying

¢
pltws o+ [ Flbuwplsw)e) ds,
0
(we refer to Arnold [3, pp. 57-63] for more details).

e Stochastic differential equations: The classical Stratonovic stochastic differential

equation
m .
dzxy = fo(z)dt + Z fi(zy) odWi, tEeR,
j=1
where fy,..., fm are smooth vector fields, and W is standard Brownian motion

of R™ generates a unique (up to indistinguishability) smooth random dynamical
system ¢ over the filtered dynamical system describing Brownian motion (we refer
to Arnold [3, pp. 68-107] for more details).

For the gap between random dynamical systems and continuous skew products we
refer to the paper by Berger and Siegmund [15].

Lyapunov exponent or Lyapunov characteristic exponent of a dynamical system is
a quantity that characterizes the rate of separation of infinitesimally close trajectories.
The concept was introduced by Lyapunov when studying the stability of non-stationary
solutions of ordinary differential equations, and has been widely employed in studying
dynamical systems since then.



The fundamental results on Lyapunov exponents for random dynamical systems on
finite dimensional systems were first obtained by Oseledets [109] in 1968, which is now
called the Oseledets Multiplicative Ergodic Theorem. Originally formulated for products
of random matrices, it has been reformulated and reproved several times during the past
thirty years. Basically, there are two classes of proofs. One makes use of the Kingman’s
Subadditive Ergodic Theorem together with the polar decomposition of square matrices
(see Arnold [3] and the references therein). The other one relies on the triangularization
of a linear cocycle and the classical ergodic theorem for the triangular cocycles. This
technique was also used in the contemporaneous paper of Millionséikov [97] who inde-
pendently derived a portion of the multiplicative ergodic theorem, and then taken up
again by Johnson, Palmer and Sell [74] (assuming a topological setting for the metric
dynamical system).

Thanks to the multiplicative ergodic theorem of Oseledets [109], the Lyapunov spec-
trum of products of random matrices is well defined (under some integrability conditions)
and it is a generalization of the Lyapunov spectrum in the deterministic case and the
Oseledets subspaces are generalizations of the eigenspaces.

The study of the Lyapunov spectrum of linear cocycles is one of the central tasks of
the theory of random dynamical systems (see Arnold [3]). In various situations it is of
theoretical and practical importance to know when the Lyapunov spectrum is simple
and the Oseledets splitting is exponentially separated. Recently, Arbieto and Bochi [2],
Bochi [21], Bochi and Viana [22, 23], Bonatti and Viana [24] and Cong [36] have derived
some new results on genericity of hyperbolicity of several classes of dynamical systems
including smooth dynamical systems and linear cocycles. Let us mention here a result
of Cong [36] stating that the set of cocycles with integral separation is open and dense
in the space of all bounded GI(d,R)-cocycles equipped with the uniform topology. As
a consequence, a generic bounded linear cocycle has simple Lyapunov spectrum and
exponentially separated Oseledets splitting. In Chapter 2, we show that this result
cannot be extended to the case of unbounded cocycles. In particular, we construct an
open set of cocycles with simple Lyapunov spectrum but no exponentially separated
splitting.

Generic properties of Lyapunov exponents have recently been extended to continuous
time. Basse [14] has shown that for a C%-generic subset of all the 2-dimensional conser-
vative nonautonomous linear differential equations, either Lyapunov exponents are zero
or there is a dominated splitting. Dai [42] investigated the generic properties of contin-
uous linear skew-product systems. His results ensured that based on a uniquely ergodic
equi-continuous endomorphism the set of linear hyperbolic skew-product systems is open
and dense in the set of all skew product systems. In Chapter 3, using the approach in
Arnold and Cong [4] we obtain several generic properties of Lyapunov exponents of
linear random differential equations. Precisely, we are able to show that the Lyapunov
exponents are of the second Baire class. As a consequence, there exists a residual set on
which the Lyapunov exponents are continuous. In other words, generically the Lyapunov
exponents of linear random differential equations depend continuously on the coefficient.

Multiplicative ergodic theory becomes much more difficult when considering infi-
nite dimensional random dynamical systems, i.e. random dynamical systems on infinite



dimensional Banach spaces. Recall that for a finite dimensional linear deterministic
system the Lyapunov exponents are precisely the real parts of the eigenvalues of A (for
continuous time, & = Ax) or the logarithms of the eigenvalues of A (for discrete time,
ZTnt1 = Axy), respectively. Thus, the Lyapunov exponents are determined by the spec-
trum. Since the spectra of infinite dimensional operators in general have a considerably
more complicated structure than finite dimensional ones, it is clear that much less can
be expected for infinite dimensional random dynamical systems.

In his remarkable paper [122], Ruelle extended the classical multiplicative ergodic
theorem to compact linear random operators in a separable Hilbert space with a base
measurable metric dynamical system in a probability space. A typical example of these
maps is the time-one map of the solution operator of a stochastic or random parabolic
partial differential equation. In this case, one has to face the difficulties arising from
the fact that the phase space is not locally compact and the dynamical system may
not be invertible over the phase space. Ruelle’s results have been applied to study
certain stochastic partial differential equations and delay differential equations (see,
e.g., Mohammed and Scheutzow [102]).

Later, Mané [93] extended the multiplicative ergodic theorem to compact operators
in a Banach space, where the base metric dynamical system is a homeomorphism over a
compact topological space. A drawback of Mané’s results is that they can not be applied
to random dynamical systems generated by stochastic partial differential equations.
Besides the obstacles Ruelle encountered in a Hilbert space, one also needs to overcome
the problem that there is no inner product.

Thieullen [136] further extended Mané’s results on Lyapunov exponents to bounded
linear operators in a Banach space, where the base metric dynamical system is a home-
omorphism over a topological space which is homeomorphic to a Borel subset of a
separable metric space.

In [54], Flandoli and Schaumléffel obtained a multiplicative ergodic theorem for
random isomorphisms on a separable Hilbert space with a measurable metric dynamical
system over a probability space. This result is used to study hyperbolic stochastic partial
differential equations. Schaumloffel [124] extended the multiplicative ergodic theorem
to a class of bounded random linear operators which map a closed linear subspace onto
a closed linear subspace in a Banach space with certain convexity.

Recently, Lian and Lu [89] extended the multiplicative ergodic theorem to a general
setting, products of random bounded operators on a Banach space with a measurable
metric dynamical system over a probability space. Crauel, Doan and Siegmund [41]
used this result to study scalar difference equations with random delay. After that,
based on the multiplicative ergodic theorem results by Lian and Lu [89], differential
equations with random delay are investigated by Doan and Siegmund [45]. The work of
Crauel, Doan and Siegmund [41] and Doan and Siegmund [45] can be considered as the
first step towards a general theory of difference and differential equations incorporating
unbounded random delays. In Chapter 4 we extend the results in Crauel, Doan and
Siegmund [41] on Lyapunovs exponents of difference equations with random delay to
arbitrary dimension. Moreover, the coefficients are also random. In particular, we show
that the number of Lyapunov exponents of difference equations is always finite. Using



the materials in Doan and Siegmund [45], differential equations with random delay are
investigated in Chapter 5.

Computational methods are a basic tool in investigation of dynamical systems, both
to explore what may happen and to approximate specific dynamical features such as
limit cycles and attractors and, more generally, invariant measures, see e.g., Stuart and
Humphries [134].

Invariant measures is a central concept in the theory of dynamical system, both
deterministic and random, and their investigation has been closely related to develop-
ments in ergodic theory, see e.g., Katok and Hasselblatt [76]. A variety of methods have
been proposed and implemented for computing invariant measures, see e.g., Dellnitz,
Froyland and Junge [43], Dellnitz and Junge [44], Diamond, Kloeden and Pokrovskii
[46] and Guder, Dellnitz and Kreuzer [68].

By discretizing the state space and replacing the action of generator by the transition
mechanism of a Markov chain, Imkeller and Kloeden [73] provided a method for com-
puting invariant measures of dynamical system generated by difference equations. For
iterated functions systems, which are important examples of random dynamical system,
Perrugia [114] introduced a general method of discretisation as a way of approximating
the attracting set and invariant measure. Using an extension of this construction, Froy-
land [56] and Froyland and Aihara [57] present a computational method for rigorously
approximating the unique invariant measure of an iterated function system which is
contractive on average. The advantage of this method is that it provides quantitative
bounds on the accuracy of the approximation. Using the same idea, Cong, Doan and
Siegmund [38] extended this method to infinite iterated systems which are contractive
on average. In Chapter 6, we go one further step to provide a computational method for
computing the invariant measure of a contractive on average iterated functions system
with place-dependent probabilities and an infinite iterated functions system which is
[-contractive on average - a notion which is more general than contractive on average.
With a rigorous method for computing invariant measures at hand, we also provide a
method for computing the Lyapunov exponents of products of random matrices which
serve as a main generator of random dynamical systems.

Invariant manifold theory for RDS based on the MET is an important part of
smooth ergodic theory. It was started in 1976 with the pioneering work of Pesin [115,
116]. He constructed the classical stable and unstable manifolds of a deterministic
diffeomorphism on a compact Riemannian manifolds preserving a measure which is
absolutely continuous with respect to the Riemannian volume. His technique is to cope
with the non-uniformity of the MET (random norms, e-slowly varying functions). This
technique is also used in Wanner [139] and Arnold [3] to construct invariant manifolds
for RDS on finite dimensional space. In chapter 7, we provide the Lyapunov norm
corresponding to a linear equation with random delay. This can be considered as the
first technical step toward the nonlinear theory of equations with random delay.

To conclude the introduction let us outline the structure of the thesis. Chapter 1 is
devoted to provide some fundamental aspects of random dynamical systems. We first
start with the notion of metric dynamical system. Based on a metric dynamical system
the notion of random dynamical systems is defined. Three important classes of linear



random dynamical systems, namely products of random matrices, random differential
equations and stochastic differential equations, are discussed. In the remaining part of
this chapter, one of the most important theorems for random dynamical systems, the
multiplicative ergodic theorem, is presented.

In Chapter 2, we deal with the generic properties of random dynamical systems
having dominated splitting. The notion of dominated splitting is discussed carefully
in the first part of this chapter. More precisely, we point out that in the definition of
dominated splitting the condition that the angle between the invariant subspaces are
uniformly bounded from zero plays an important role in deciding the robustness of this
notion. In the remaining part of this chapter, we construct an explicit open set of linear
random dynamical systems with simple Lyapunov spectrum but no dominated splitting.
Consequently, the set of all random dynamical systems having dominated splitting is
not generic. Moreover, unlike the case of bounded linear random dynamical systems
the continuity of Lyapunov exponents is not equivalent to the existence of a dominated
splitting.

The generic properties of Lyapunov exponents for random differential equations
is the main topic in Chapter 3. In this chapter, we first introduce the space of all
random differential equations satisfying the integrability condition of the multiplicative
ergodic theorem. On this space, we show that the top Lyapunov exponent is upper
semi-continuous. Consequently, the repeated Lyapunov exponents are of the first Baire
class. However, the Lyapunov exponents are only of the second Baire class.

Difference equations with random delay is the topic of Chapter 4. By introducing an
appropriate initial value space, we obtain random dynamical systems corresponding to
difference equations with random delay in infinite dimension. Under natural assumptions
on the random delay and coefficients we show that the generated random dynamical
system satisfies the integrability condition of the multiplicative ergodic theorem by Lian
and Lu [89]. The Kuratowski measures of the generated random dynamical systems are
explicitly computed. Consequently, the Lyapunov exponents for difference equations
with random delay are provided. It is also worth emphasizing that the number of
Lyapunov exponents for difference equations with random delay is finite. Difference
equations with constant delay and bounded random delay are also investigated in order
to see the link between classical results and our new results about infinite dimensional
random dynamical systems.

In Chapter 5, we extend the results of Chapter 4 to differential equations with ran-
dom delay. We first introduce the space of initial values. Second, we prove the existence
and uniqueness of solutions of differential equations with random delay. Based on these
results, the corresponding random dynamical system is defined. Checking the integrabil-
ity condition and computing the Kuratowski mueasure of the random dynamical system
leads to a multiplicative ergodic theorem for random differential equations with random
delay.

In Chapter 6, we provide a method to compute invariant measures for iterated func-
tion systems with place-dependent probabilities and infinite iterated function systems.
We start this chapter by introducing the notion of iterated function systems, iterated
function systems with place-dependent probabilities, and infinite iterated function sys-



tems. A short proof of an ergodic theorem for infinite iterated function systems which
are [-contractive on average is given. We then construct an approximating sequence of
finite iterated function systems. Using the method for computing the invariant mea-
sure of a finite iterated function system we obtain a numerical method to compute the
invariant measures of iterated function systems with place-dependent probabilities and
infinite iterated function systems. In the last section of the chapter, we apply the above
procedure to compute numerically the Lyapunov exponents for a special class of ran-
dom dynamical systems, products of random matrices. Several examples are provided
to illustrate the method.

Finally, in the first part of Chapter 7 we state and prove the MET for one-sided
RDS on Banach space. In the last part of Chapter 7, we construct the Lyapunov norm
corresponding to a linear equation with random delay. This work is the first attempt to
establish the nonlinear theory of equations with random delay.

This thesis contains new results, some are published with multiple authors in Cong
and Doan [37], Cong, Doan and Siegmund [38], Crauel, Doan and Siegmund [41] and
Doan and Siegmund [45]. Not all of the results of these papers are repeated here, but
only those to which I actively and critically made contributions.
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Chapter 1

Background on Random
Dynamical Systems

This foundation chapter is devoted to recall some basic definitions and facts about ran-
dom dynamical systems. For a more detailed discussion of the theory and applications
of random dynamical systems we refer to the monograph Arnold [3]. We pay particular
attention to the notion of the generator and Lyapunov exponent for random dynamical
Systems.

Throughout the thesis we will be concerned with a probability space by which we mean
a triple (Q, F,P), where Q is a set, F is a o-algebra of sets in {2, and PP is a nonnegative
o-additive measure on F with P(Q2) = 1. The time T always stands for the following
semigroups or groups :

- T=R: Two-sided continuous time.

-T=7:={0,+1,£2,...}: Two-sided discrete time.

1.1 Definition of Random Dynamical System

A random dynamical system is an object consisting of a metric dynamical system and a
cocycle over this system. We need a metric dynamical system for modeling of random
perturbations. We begin with a definition of a metric dynamical system.

Definition 1.1.1 (Metric Dynamical System ). A metric dynamical system' with time
T, 6 = (Q,F,P, (0)er), is a probability space (£2, F,P) with a family of transformations
0 : Q — Q,t € T such that

(i) it is an one-parameter group, i.e.
0o =idq, 6400 =044, for all t,s € T,

where idg is the identical map on £,

1 Metric Dynamical System(s)” is henceforth often abbreviated as "MDS”.



Chapter 1: Background on Random Dynamical Systems 10

(ii) The mapping (t,w) +— Ow is B(T) @ F, F measurable,
(iii) P =P forallt € T, i.e. P(6,B) =P(B) for all B€ F and all t € T.

A set B € F is called #-invariant (for short invariant) if ,B = B for all t € T. A metric
dynamical system @ is said to be ergodic under P if for any invariant set B € F we have
either P(B) =0 or P(B) = 1.

In the case that T is discrete, i.e. T = Z we use the notation (2, F, P, (0"),ez) instead of
the notation (2, F,P, (0)ier) which is usually used in the continuous time case T = R
to denote an MDS with time T. We refer to Cornfeld, Fomin and Sinai [39], Walters
[138] for the references and presentation of MDS and ergodic theorem. Now we give
several important examples of MDS.

Ezample 1.1.2 (Periodic Case). Consider the probability space (2, F,P), where  is
a circle of unit circumference, F is the o-algebra of Borel sets and P is the Lebesgue
measure on 2. Let (6;)cr be the group of rotations of the circle. It is easy to see that
we obtain an ergodic MDS (9, F, P, (6;)tcr) with continuous time.

Ezample 1.1.3 (Quasi-Periodic Case). Let Q be a d-dimensional torus, 2 = Tor?. As-
sume that its points are written as * = (x1,x2,...,24) with ; € [0,1). Let F be
the o-algebra of Borel sets of Tor? and P the Lebesgue measure on Tor?. We define
transformations (6;)iet by

bz = (z1 + tai(mod 1), x5 + taz(mod 1), ... ,xq + tag(mod 1)), t €T,

for a given a = (ay,as,...,aq). Thus we obtain an MDS. If the numbers aq,aq, ..., aq
are rationally independent, then this MDS is ergodic (see, e.g., Rudolph [119]).

Ezample 1.1.4 (Almost Periodic Case). Let f(z) be a Bohr almost periodic function on
R. We define the hull H(f) of the function f as the closure of the set {f(x +t),t € R}
in the norm || f|| = sup,eg | f(z)|. The hull H(f) is a compact metric space and it has a
natural commutative group structure. Therefore, it processes a Haar measure which, if
normalized to unity, makes H(f) into a probability space. If we define transformations
(0¢)ter as shifts

Org(x) = g(x + t) for all g € H(f),

then we obtain an ergodic MDS with continuous time. For details we refer to Ellis [49]
and Leviton and Zhikov [88].

Ezample 1.1.5 (Ordinary Differential Equations). Let us consider a system of ordinary
differential equation in R%:

dr; .
d—mt = fi(z1,29,...,2q), 1=1,2,...,d. (1.1)

Assume that the Cauchy problem for this system is well-posed. We define transforma-
tions (0;)icr : R? — R by 6,2 = x(t), where x(t) is the solution of (1.1) with z(0) = .



11 1.1 Definition of Random Dynamical System

Assume that a nonnegative smooth function p(z1,xs,...,2z4) satisfies the stationary
Liouville equation

d
0
Z ox; (p($1y1‘2, ... ,l'd)fi(l‘l,lﬂg, R ,:Ed)) =0 (1.2)
i=1 "

and possesses the property [pqp(z) dz = 1. Then p(x) is a density of a probability
measure on R%. By Liouville’s theorem we have

fOw)p(e) de = [ f(z)p(x) de
Rd R4

for all bounded continuous functions f(x) on R%. Therefore in this situation an MDS
is generated with Q = R%, F = B(R?) the Borel o-algebra of sets in R? and P(dz) =
p(x)dx. Sometimes it is also possible to construct an MDS connected with (1.1), when
the solution p of (1.2) possesses a first integral (e.g., if (1.1) is a Hamiltonian system)
with appropriate properties (see, e.g., Sinai [126] for more details).

Ezample 1.1.6 (Bernoulli Shifts). Let (€, Fo,Py) be a probability space and (2, F,P)
the probability space of infinite sequences w = (w;);ez, where w; € Qq,i € Z. Here F is
the o-algebra generated by finite dimensional cylinders

Ciyigim = {w|wi, € Cryk=1,2,...,m},

where C} € Fo and iq,19,...,4, € Z. The probability measure P is defined such that
P(Ciy do,....imn ) = Po(C1)Po(C2) ... Po(Cpy). We define transformations (6;)icz by (fiw); =
wiy; for all ¢ € Z,w € Q). Since

Htcil,ig,...,im = {w ]w,-k_t S Ck, k= 1, 2, A ,m},

the probability measure P is invariant under 6;. Thus we obtain an MDS. In the particular
case when Qp = {0,1} is a two-point set and Py({0}) = Po({1}) = 1/2, we have the
standard Bernoulli shift. In the general case we can interpret this MDS as one generated
by an infinite sequence of independent identically distributed random variables. We
refer the reader to Walter [138] for more details.

Ezample 1.1.7 (Stationary Random Process). Let { = (£(t))teT be a stationary random
process on a probability space (£, F,P), where F is the o-algebra generated by £. As-
sume that in the continuous time case (T = R) the process £ possesses the following
property: all trajectories are right-continuous and have limits from the left. Then the
shift £(t) — (0:8)(t) = &(t + 7) generate an MDS. See Arnold [3] and the references
therein for details.

In the framework of stochastic equations the following example of an MDS is of impor-
tance.

Ezample 1.1.8 (Wiener Process). Let Wy = (W', W2,..., W) be a Wiener process with
values in R? and two-sided time R. Let (Q, F,P) be the corresponding canonical Wiener



Chapter 1: Background on Random Dynamical Systems 12

space. More precisely, let Co(R, R?%) be the space of continuous functions w from R into
R? such that w(0) = 0, endowed with the compact-open topology, i.e. with the topology
generated by the metric

*\ . = 1 Pn (U.), UJ*) * *
plw,w”) == nz::l P+ pr(w, )’ pr(w,w*) = o w(t) = w*(t)]-
Let F be the corresponding Borel o-algebra of Co(R,R?), and let P be the Wiener
measure on F. We suppose that 2 is the subset in Cy(R, RY) consisting of the functions
that have a growth rate less than linear when t — +o0o0 and F is the restriction of F to
2. In this realization Wi(w) = w(t), where w € €, i.e. the elements of {2 are identified
with the paths of the Wiener process. We define an MDS 6 by

Ow(-) == w(t + ) — w(t) for all w € Q.

These transformations preserve the Wiener measure and are ergodic. Thus we have an
ergodic MDS. The flow (6;):cr is called the Wiener shift (for more details we refer to
Arnold [3, pp. 544-548]).

With the notion of MDS at hand, we are in a position to state the notion of random
dynamical system.

Definition 1.1.9 (Random Dynamical System [3]). A measurable random dynamical
system? on the measurable space (X, B) over an MDS (2, F, P, (6;)cT) with time T is
a mapping

p:TxQAxX—>X, (tiwx)r— ptw,x)

with the following properties:
(i) Measurablity: ¢ is B(T) ® F ® B, B-measurable.

(ii) Cocycle property: The mappings ¢(t,w) := p(t,w, ) : X — X form a cocycle over
(0¢)ter, i.e. they satisfy

0(0,w) =idx foralwe Q (if0eT),

o(t+ s,w) = @(t, Osw) o p(s,w) for all s,t € T,w € (,
where id x is the identical map on X.

Here ” o” means composition, which canonically defines an action on the left of the

semigroup of self-mappings of X on the space X, i.e. (fog)(z) = f(g(x)).

It is very useful to imagine an RDS as fiber maps on the bundle 2 x X. Figure 1.1
can be explained as follows: While w is shifted by the dynamical system @ in time s to
the point fsw on the base space 2, the cocycle ¢(s,w) moves the point z in the fiber
{w} x X over w to the point ¢(s,w)z in the fiber {A;w} x X over O,w. The cocycle
property can be clearly visualized on this bundle.

2»Random Dynamical System(s)” is henceforth often abbreviated as "RDS”.
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{0sw} x X

{QH,SUJ} x X

Figure 1.1: A random dynamical system is an action on the bundle 2 x X

Definition 1.1.10 (Continuous RDS [3]). A continuous or topological RDS on the
topological space X over the MDS (Q, F, P, (6;)ieT) is a measurable RDS which satisfies
in addition the following property: For each w € ) the mapping

o(hw, ) :TxX =X, (t,x)— o(t,w,x)
is continuous.

Definition 1.1.11 (Smooth RDS [3]). A smooth RDS of class C*, or a C*¥ RDS, where
1 <k < 00, on a d-dimensional (C*) manifold X is a topological RDS which in addition
satisfies the following property: For each (t,w) € T x  the mapping

@(tw) = go(t,w, ) X — Xa T = C,D(t,w,$)

is C* (i.e. k times differentiable with respect to z, and the derivatives are continuous
with respect to (t,x)).

Definition 1.1.12 (Linear RDS [3]). A continuous RDS on a Banach space X is called
a linear RDS, if p(t,w) € L(X) for each t € T, w € Q, where £(X) is the space of
bounded linear operators of X.

A mapping ¢ : T x Q — L(X) is said to be strongly measurable if for a fixed x € X the
mapping T x  — X defined by

(t,w) = p(t,w)z
is measurable.

Lemma 1.1.1. Let ¢ : T x Q — L(X) be a map satisfying the cocycle property, i.e.
©(0,w) = idx for all w € Q and

ot + s,w) = @(t,0sw) o p(s,w) for all s,t € T,w € Q,
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where X is a separable Banach space. Assume that ¢ is strongly measurable. Then ¢ is
B(T) ® F,B(L(X))-measurable. In particular, if X = R? then the mapping defined by

TxQxX >3 (tw,z)— pt,wer e X
is also B(T) ® F @ B(X), B(X)-measurable and is therefore a linear RDS.

Proof. Since X is a separable Banach space it follows that there exists a countable set
{z;}5°, which is dense in X. For a fixed T' € £(X) and € > 0, we define

Qr ={(t,w) e Tx Q: [Jp(t,w) =T < e}
This implies together with the fact that {x;}3°, is dense in X that
[ee]
O = ({(tw) : et w)zi — Tas|l < e|]}.
i=1
Using strong measurability of ¢, the set
{(t,w) : |o(t,w)x; — Tx;|]| < el|lx;||}  is measurable for all i = 1,2, ...,

which proves that Q7 is a measurable set. Hence, ¢ is B(T) @ F, B(L(X))-measurable.
For the remaining part of the proof, we deal with the case that X = R% Choose and
fix € R? and € > 0. Define

Q= {(t,w,y) €T x A xRE: |lp(t,w)y — z|| < €}

Our aim is to show that €, is measurable. Since ¢ is B(T) ® F, B(L(R%))-measurable,
there exists a sequence of mappings ¢, : T x Q — L(R?) of the form

on = xo. T, (1.3)
i=1
where Q; C T x Q are disjoint measurable sets and T; € L(R?) for i = 1,...,n, such
that
lim [ (t,w) — @(t,w)|l o@mey =0 for all (t,w) € T x Q. (1.4)

For each k > 1, we define

1
o= { () € Tx 2 X ga(tly — ol <2 - 1 }.

Clearly, we have Q}m - Q%x C.... We show that



15 1.1 Definition of Random Dynamical System

By the definition of €2, for each (t,w,y) € Q, we have ||¢(t,w)y — z|| < e — 1 for some
k € N. Due to (1.4) there exists N € N such that

1
llon(t,w)y — x| <€—E foralln > N,

which implies that (t,w,y) € M52y Upe; Q% , and hence Q, € U, N2y Une, QF . For
(t,w,y) € Upey N2y Une; Q% ., by the definition of the set QF , there exist k € N and a
sequence {ky, }°2; with lim, .o k, = oo such that ||¢y, (t,w)y —z|| < e— . This implies
together with (1.4) that (t,w,y) € Q, and therefore (1.5) is proved. As a consequence,
to prove the measurability of €2, it is therefore sufficient to show the measurability of
QF , for all n,k € N. From expression (1.3), we derive

" 1
O, = {twy eTxQxX | Zm(t,w)Ti(y) —z|[ <e— E}
i=1

= LnJ Q; x T'Z._l(Be_l(l‘)),
i=1

k

where BE_%(x) :={y € R?: ||z — y|| < e — £}, which leads to the measurability of Qfm
and the proof is completed. O

Remark 1.1.2. According to Lemma 1.1.1, throughout this thesis a strongly measur-
able mapping ¢ : T x Q — £(X) satisfying the cocycle property as in Definition 1.1.9 is
also called a linear RDS.

In the following lemma, some fundamental properties of RDS with two-sided time are
provided. The proof can be found in Arnold [3, pp. 7].

Theorem 1.1.3 (Basic Properties of RDS with Two-Sided Time, [3]). Suppose that T
is two-sided (i.e. T =R orZ). Let ¢ be a measurable RDS on a measurable space (X, B)
over an MDS (Q, F,P,0). Then for all (t,w) € TxQ, p(t,w) is a bimeasurable bijection
of (X,B) and

o(t,w) ! = p(—t, Hw) for all (t,w) € T x Q,

or, equivalently,
o(—t,w) = p(t,0_w) ™! for all (t,w) € T x Q.

Moreover, the mapping
(t,w,x) — o(t,w) z

18 measurable.

Remark 1.1.4 (RDS as a skew product). Given an RDS ¢. Then the mapping

(w,x) = (w, p(t,w)x) = O(t)(w, ), teT,
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is a measurable dynamical system on (2 x X, F ® B), which is called the skew product
of the MDS (2, F,P, (0;)ier) and the cocycle p(t,w) on X. Conversely, every such
measurable skew product dynamical system © of the MDS (Q,F,P, (6;)tcr) and the
cocycle p(t,w) on X defines a cocycle ¢ on its & component, thus a measurable RDS.

79 7

We can consequently use "RDS ¢”, "cocycle ¢” and ”skew product ©”, synonymously.

1.2 Generation

1.2.1 Discrete Time: Products of Random Mappings

Let ¢ be an RDS on X over 6 with time T = Z. Introduce the time-one mapping
Y(w) =p(lw): X — X.

By the cocycle property, the mapping ¥ (w) and the time-minus-one mapping ¢(—1,w)
are related by

p(=1Lw) = (1,07 w) ™ =y w) T,

so the mapping ¥ (w) : X — X is invertible for all w. The repeated application of the
cocycle property forwards and backwards in time gives

(0" 'w) o+ 0 th(w), n>1,
p(n,w) = ¢ idx, n=0, (1.6)
PO"w) o op(07 W), n < 1

This defines an RDS ¢ if and only if the mappings
(w,z) = P(w)r and (w,z) — P(w) 'z, (1.7)

are measurable. Moreover, the RDS ¢ is continuous or C* if and only if 9 (w) €
Homeo(X) or Diff*(X), respectively.

Conversely, let for each w an invertible mapping ¥(w) : X — X be given such that the
two mappings in (1.7) are measurable. Then ¢ defines via (1.6) an RDS. We say that ¢
is generated by .

Hence every two-sided discrete RDS has the form (1.6), i.e. is a product of (a stationary
sequence of ) random mappings, or an iterated function system, or a system in a random
environment.

To emphasize the dynamical perspective, we can write the discrete time cocycle p(n,w)
as the ”solution” of an initial value problem for a random difference equation

Tny1 = V(O "w)xy, ne€Z, xzye X.

The sequence of random points (¢(n,w)x),ecz in the state space X is the orbit of the
point = under the RDS ¢.
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Ezample 1.2.1. The cases X = RY, 1)(w) an invertible matrix, or 1(w) an invertible
affine mapping, are of particular importance.

(i) Linear RDS, products of random matrices: Let Gl(d) be the group of all nonsingular
matrices in R4*?, with matrix multiplication as composition. A linear RDS has thus the
form

A0 W) o0 A(w), n > 0,
D(n,w) =< Iy, n =0,
A0"w) o0 A0 w) T, n < 0,

where I is the identical matrix of dimension d and A : Q — GI(d) is measurable. The
theory of products of random matrices together with the multiplicative ergodic theorem
(see Section 1.3) is the core of the theory of RDS, with many fundamental papers such
as Furstenberg and Kesten [60], Furstenberg [61], Oseledets [109], Ruelle [120].

(iii) Affine RDS: Let ¢(w) = A(w)z+b(w) be the time-one mapping of the affine cocycle
. We have

o(Lw)r = AW +b(w), p(—1,w) = AB W)z — b(Ow)),
where A : Q — GI(d) and b: Q — R? are measurable. By induction,
®(n,w) (3: + S B+ 1,w)—1b(9iw)> . 0> 0,

o(n,w)r =< =, n =0,
D (n,w) (x — S B+ 1,w)_lb(9iw)) , n<o0,

where ® is the linear cocycle generated by A. Affine RDS are iterated function systems
in the classical sense. They are important for encoding and visualizing fractals (see
Chapter 6 for more details).

1.2.2 Continuous Time 1: Random Differential Equations

Let T = R, X = R? and 6 be an MDS. We establish a one-to-one correspondence
between RDS over 6 which are absolutely continuous with respect to ¢ and random
differential equations® driven by 0

jj‘t = f(@tw,act). (18)
The integral form of (1.8) is given by
t
pltwle=o+ [ f(Ouw.p(s.0)0) ds, (19)
0

which is valid in global, i.e. for all ¢ € R. If (1.9) holds, we say that t — p(t,w)x
is a solution of the RDE (1.8), or that the RDS generates . The following theorem

3Random Differential Equations is henceforth often abbreviated as ”RDE”.
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provides a sufficient condition for the generation of RDS by RDE. The proof can be
found in Arnold [3, Remark 2.2.3]. We first recall the following notions: Let C%! denote
the Fréchet space of locally Lipschitz continuous functions f : R — R¢ with seminorms

HfHO,l;K = sup ‘f(l’)‘ + sup ‘f(x)‘—_f(y)’
zeK z,yeK,x#y ]a; — y’

where K is a compact convex subset of R%. Let Lioe(R,C%Y) be the set of measurable
functions f : R x R — R¢ for which

o f(t,-) € CO! for Lebesgue-almost all t € R,

e for every compact set K C R? and every bounded interval [a,b] C R
b
[ 15 o at < o
a

Theorem 1.2.1 (RDS from RDE, [3]). Let f : Q x R — R? be measurable, consider
the pathwise RDE
:i?t = f(@tw,:nt), (110)

and for fired w let f,(t,z) := f(Qw,x). Assume that f,, € Lioe(R,C%') and
[f(w,2)[| < a(w)llz] + Bw),

where t — a(0iw) and t — [(0w) are locally integrable. Then (1.10) generates uniquely
a continuous RDS ¢ over 0.

Ezample 1.2.2 (Linear and Affine RDE). (i) Linear RDE: Let the measurable function
A Q — R4 gatisfy A € L1(P). Then f,(t,z) := A(f;w)x satisfies the conditions in
Theorem 1.2.1. Hence the linear RDE

j}t = A(Gtw)xt,
generates a unique RDS & satisfying

O(t,w) =1y +/0 A(Osw)P(s,w) ds

and .
det (t,w) = exp/ trace A(fsw) ds.
0

Moreover, differentiating ®(t,w)®(t,w) "t = I; yields

d(t,w) P =1Iy— /th)(s,w)_lA(st) ds.
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(ii) Affine RDE: Similarly, the equation
iy = A(Ow)z + b(6w), A,b e LYP),

generates a unique RDS. The variation of constants formula yields
t
ot,w)r = P(t,w)x +/ D (t,w)P(u,w) ' b(0,w) du
0
¢
= PO(t,w)r +/ O (t — u, Oyw)b(Oyw) du,
0

where @ is the matrix cocycle generated by @; = A(6w)z;. Consequently, the RDS ¢
consists of affine mappings.

In the next example, we compute explicitly the RDS generated from a nonlinear RDE.

Ezxample 1.2.3. Consider a scalar RDE of the following form
Ty = (1 + {(Htw)):nt — ZII?, (111)

where ¢ : Q — R is a random variable with ¢ € £(Q, F,P) and E¢ = 0. Equation
(1.11) can be solved explicitly and the generated RDS is

xt—l—St (w)

o(t,w)z =

Y

N

(14207 fj 245 )

where Si(w) := fot £(Osw) ds.

We now deal with the inverse problem of when for a given RDS ¢ on R? over 6 with
time T = R there exists an RDE #; = f (6w, ;) which generates .

Theorem 1.2.2 (RDE from RDS). Let ¢ be a continuous RDS for which t — ¢(t,w)z
is absolutely continuous for allt € R and (w,x). Then there exists a measurable function
QxR = RE for which for all (w,x)

t
Ptz =o+ [ Fluwols,w) ds
0
i.e. ¢ is a solution of iy = f(0ww,x¢). The function f is unique in the sense that z'ff 18

another generator then for all (w,z), f(6iw,x) = f(6w, ) for Lebesgue-almost t € R.

Proof. See Arnold [3, Theorem 2.2.13]. O

1.2.3 Continuous Time 2: Stochastic Differential Equations

An RDS can be also generated by a stochastic differential equation. We emphasize
here that in this situation, to obtain the cocycle we have to construct the probability
space, the dynamical system 6 (which is usually the shift operator). Because of the
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complexity of the stochastic case, we aim in this section only to discuss how a precise
affine stochastic differential equation generates an RDS and for more details we refer to
Arnold [3]. Let (2, F°, P, (6;):cr) be the canonical MDS describing R™-valued Brownian
motion W;(w) = w(t). Then the following equation

dry =Y (Ajzy+bj)odW], Aj e R b eRY
j=0

uniquely generates a global C°° RDS, which consists of affine mappings given by the
variation of constants formula

(t)r = ®(t) [ 2+ Y t(I)(s)_lbjode )
¢ ;0/0

where ® is the fundamental matrix of the corresponding linear stochastic dynamical
System

dr; = Z Ajzyio thj,
7=0

which is a linear RDS over 6.

1.3 Multiplicative Ergodic Theorem in R?

It is well-known that the dynamics of the autonomous linear system & = Az, z € R?,
is completely described by linear algebra, more precisely, by the spectral theory of A.
It might be surprise that an important class of nonautonomous linear systems, namely
those driven by an MDS has a spectral theory, with probability one. This is the content
of the celebrated multiplicative ergodic theorem* of Oseledets [109]. Our aim in this
Section is to state the MET for RDS on finite dimensional spaces. The version of the
MET for RDS on an arbitrary Banach space will be provided in the next section. In
order to obtain MET, we first start with some preparatory tools, singular values and
exterior powers.

1.3.1 Singular Values

Let R? be endowed with the standard scalar product and (e;)%_; be the standard basis.
Define

O(d,R) := {U € GI(d,R) : UU = I},

where U* denotes the transpose of U, the orthogonal group. We say for A € R%*? that

A=VDU

4” Multiplicative ergodic theorem” is henceforth abbreviated as ?MET?”
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is a singular value decomposition of A if U,V € O(d,R) and D = diag(dy,...,dq) with
0 <6g <--- < éy. Then 6;,1 = 1,...,d, are called the singular values of A. The
following lemma gives some fundamental properties of the singular values for a matrix.
Its proof can be seen easily in standard books about linear algebra (see e.g. Gantmacher

[64]).

Lemma 1.3.1 (Singular Value Decomposition). Any d x d matriz A has a singular
value decomposition. Moreover, 0 < §q < -+ < 01 are necessarily the eigenvalues of
VA*A, and the columns of U* are corresponding eigenvectors of v/ A*A. In particularly,
I|A|| = 01, where || - || is the operator norm associated with the standard Euclidean norm
in RY, and |det A| = 61 ...8,.

1.3.2 Exterior Powers

Let E be a real vector space of dimension d and for 1 < k < d, let A*E, the k-fold
exterior power of E/, be the vector space of alternating k-linear forms on the dual space
E* (see e.g. Temam [135, Chap.V]). The space A*E can be identified with the set of
formal expressions

m
Ci(ugl) /\---/\u,(;)) with m € N,cq,...,cn € R, and ugl),...,u,(;) cF

i=1
if we compute with the following conventions:
1. ul/\---/\(uj+uj)/\---/\uk:(ul/\---/\uj/\---/\%Lk)—l—

Hup A Auf A A,

2. A ANcuj A Aug =c(ur A Aug A Aug),
3. for any permutation 7 of {1,...,k}

Up(1) A= AN Uy = sign(m) ug A -+ A ug.

The elements in A*E of the form uj A - - - Auy, are called decomposable k-vectors and the
set of decomposable k-vectors is denoted by /\IgE. Clearly, NFE = span(/\lgE). The next
proposition provides the fundamental properties of singular values of exterior power.

Proposition 1.3.2 (Singular Values of Exterior Power). Let A be a d x d matriz, let
A =V DU be a singular value decomposition and let 0 < §g < --- < §1 be the singular
values of A. Then

(i) NFA = (ANFV)(AREDY(ARU) is a singular value decomposition of AFA.

(ii) NED = diag(d;, ... 6, 1 < iy < --- < i < d). In particular, the top singular
value of A\FA is 81...0k, and the smallest is 64_j11 - .. 0q.

(iii) | AFA|| =61...0 and || ANFFA|| < | ARFAJ| AT A, 1 < kym < d withk+m < d.
Here ||-|| is the corresponding operator norm associated with the standard Euclidean
norm in R?,

Proof. See Arnold [3, Proposition 3.2.7]. O
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1.3.3 The Furstenberg-Kesten Theorem

We now present a theorem of Furstenberg and Kesten [60] which now bears their names.
Based on this theorem, the MET is a direct consequence. However, we first introduce
some new notations. For a probability space (2, F,P) we denote by L£}(Q, F,P) the
space of all integral measurable functions. For each f € £L}(Q, F,P) the number

Ef = /Qf(w) dP(w)

is called the expectation of the random variable f. For a real-valued function f : X — R,
where X is an arbitrary space, we define the function f*: X — R by

fH(z) zmaX{O,f(x)} for all z € X.

Theorem 1.3.3 (Furstenberg-Kesten Theorem). Let ® be a linear cocycle with two-
sided time over the MDS (2, F,P, (0;)terT)-

(A) Discrete time case T = Z: Assume that the generator A : Q — GI(d,R) of  satisfies
log* |Al| € £Y(0, F,P) and log" ||A7Y| € £Y(Q, F,P).

Then the following statements hold:
(i) For each k =1,...,d the sequence

W) =log| A*@(n,w)], neN,
is subadditive and fl(k)+ e LY, F,P).

(ii) There is an invariant set Q of full measure and measurable functions A0SR
with v®+ € £Y(Q, F,P) such that on Q

Jim log | A* (n,0)]| =1 (w),

and
19 (0w) = 1P w), A (W) <P W)+ (W),

7 *)(w) = E4* in the ergodic case. Further,
1 1
lim —Elog|| A¥ ®(n,-)|| = Ey®) = inf —Elog || A* ®(n,-)]|.
Jim —Elog| A" @(n, )| = By = inf ~Elogl| A" &(n, )|
(iii) The measurable functions Ay successively defined by
Al(w) + -+ Ak((d) = /yk(w)v k = 17 e >d7

have the following properties on Q:

Ag(w) = lim llogék(CI)(n,w),

n—oo N
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where 6k (P(n,w)) are the singular values of ®(n,w), and
Ap(fw) = Ap(w),  Ag(w) < -+ < My(w),

A (w) = EAg in the ergodic case. Further,

lim “E log 6(®(n, ) = EAy.

n—oo N

(iv) Define ¥ (n,w) := ®(—n,w). Then ¥ is a cocycle over =1 generated by A~* 07",
and on Q we have for k=1,...,d

_ o1 _
17 (w) = Tim —log || AF @(—n,w)| = 7P (w) 1D (w)
and !
Ay (w) = nan;O - log 0 (P(—n,w)) = —Agr1—k(w).
(B) Continuous time case T = R: Assume that o* € L}(Q, F,P), where

oF(w) := sup log™ ||®(t,w)™!| for all w € Q.
0<t<1

Then all statements of part (A) hold with n and N replaced by t and RT, respectively.

Using the Furstenberg-Kesten theorem, the spectrum of a linear cocycle can be well-
defined. It can be considered as an extension of the notion of spectrum of a constant
matrix.

Definition 1.3.1 (Lyapunov Spectrum). Suppose that ® is a linear cocycle over an
ergodic MDS 6 for which Theorem 1.3.3 holds. Then the functions A;(-),i = 1,2,...,d,
are constant on the invariant set () of full measure. Denote on €2 by

Ap < Apo1 <o <A,

the different numbers in the sequence Ay < Ay_1 < --- < Ay. Denote by d; the multi-
plicities of appearance of \; in this sequence. The numbers \; are called the Lyapunov
exponents of ®, and d; their multiplicities. The set

5(9, CID) = {()\27dz) S 1, v ,p}
is called the Lyapunov spectrum of ®.

Remark 1.3.4. Assume that ® is a linear cocycle with two-sided time over an ergodic
MDS (2, F,P, (6;)ter). Then ®(t,w) := &(—t,w) is a coycle over #~* and

SO, ®(—)) =—-5(6,®) :={(=Ni,d;) :i=1,...,p}.

We now give some explicit formulas of Lyapunov exponents of the products of triangular
matrices.
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Ezample 1.3.2 (Products of 2 x 2 Triangular Matrices). Let A : Q@ — GI(2,R), where

) ,  a(w) #0,b(w) #0.

These matrices form a subgroup of GI(2,R) and the cocycle on T = N over 6 generated
by A is

n—1
ap—1...00 k=0 On—1--- ak+1ckbk_1 N bo
<I>(n,-):An_1...A0: s
0 bo_1...bo

where ay, := a(0Fw), by, := b(6*w) and ¢, := c¢(6*w). The following facts are easily verified

(i) log™ ||[ATY|| € £1(Q, F,P) if and only if log |a|,log |b| and log™ |¢| € £LY(Q, F,P),
which we assume from now on in this example.

(ii) By the above assumptions and using the Birkhoff Theorem (see Appendix A), we

obtain
1 n—1
nlingo - Zlog lax| = Elog |a| =: a,
k=0
1 n—1
Jim — “log |by| = Elog|b| = 5,
k=0
hence

lim log|det ®(n, )| =~+® = Aj + Ay =: 2Ax = a + f.

(iii) The Lyapunov exponent of ®(n,w)i; is «, that of ®(n,w)e is [, and that of
®(n,w)i2 is less than or equal to max(a, 3). Therefore, by using Euclidean norm
we obtain

lim log |@(n,w)|| =~ = A1 = max{a, 5},

hence for o #
A1 = max{a, 3} > Ay = %(Ox + ) > A2 = min{«, G}.

For a = 8, A\1 = Ay = a = 8 with multiplicity d; = 2.

1.3.4 Multiplicative Ergodic Theorem

Theorem 1.3.5 (Multiplicative Ergodic Theorem). Let ® be a linear cocycle with two-
sided time over an ergodic MDS (Q, F,P, (0¢)teT)-
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(A) Discrete time T = Z : Let
A" w) o0 A(w), n >0,

D(n,w) =< Iy, n =0,
A(O"w) Lo 0 A7), n <o,

be generated by A : Q — Gl(d,R) and assume
log™ |A()| € LY F,P) and logt ||A7()| € £LYQ, F,P). (1.12)

Then there exists an invariant set ) of full measure such that for each w € €) the
following assertions hold:

(i) The limit lim, oo (®(n,w)*®(n,w))/?" =: W(w) exists. Furthermore, the different
eigenvalues of ¥(w), denoted by e* < --- < M, are almost surely constant.

(ii) There exists a splitting
R=Ei(w) @ ® Ep(w)

of R? into random subspaces E;(w) depending measurably on w with constant dimension
dim E;(w) = d; with the following properties: For i € {1,...,p}

o if P(w) : R — E;(w) denotes the projection onto E;(w) along F;(w) := &, Ej(w),
then
AWw)P;(w) = Pi(fw)A(w),

equivalently
A(w)Ei(w) = E;(Ow).

1
lim —log | ®(n,w)z|| =\ &« € Eij(w) \ {0}.

n—toon

(B) Continuous time T = R : Assume that a® € L} (Q, F,P), where

a*(w) := sup log™ [|®(t,w)™|.
0<t<1

Then all statements of part (A) hold with n,0 and A(w) replaced by t,0; and ®(t,w),
respectively.
1.4 Multiplicative Ergodic Theorem in Banach Spaces

In order to state the MET in Banach spaces we recall a measure of noncompactness
of an operator and its properties. Let (X,|| -||) be a Banach space and B a subset of
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X. Assume that A : Q@ — L£(X) is strongly measurable and define the corresponding
one-sided linear RDS @ : Ny x 2 — L(X) by

idx, ifn= 0,
O(n,w) = (1.13)
A" lw)o-- 0 A(w), otherwise.
The Kuratowski measure « of noncompactness is defined by
a(B) :=inf{d : B has a finite cover by sets of diameter d}. (1.14)
For each L € £(X) we define
[L]la = a(L(B1(0))),

where By (0) is the unit ball of X with center at 0. Furthermore, | -], is a multiplicative
semi-norm, i.e. for all Ly, Ly € £(X) we have

L1+ Lalla < [IL1lla + [ L2llas  [1L1© Lafla < [[LflallL2]la-

We introduce the following quantities
1
lo(®) := lim —log||®(n,w)||u
n—oo N

and 1
Kk(®) := lim — log ||®(n,w)]]

n—oo N

and note that they are constant P-a.s. due to the ergodicity of 6 and the Kingman
subadditive ergodic theorem (see Appendix B).

Remark 1.4.1. (i) If ®(w) : X — X is a compact operator for P-a.e. w € Q then
lo, = —o00.

(ii) Since ||L||o < ||L]| for all linear operators L € L(X) it follows that [,(®) < k(D).

Now, we cite a short version of the MET for RDS on a separable Banach space from Lian
and Lu [89] in the ergodic case.

Theorem 1.4.2 (MET in Banach Spaces, [89]). Let (2, F,P,0) be an ergodic MDS
and X a separable Banach space. Assume that A : Q — L(X) is strongly measurable,
injective almost everywhere, and the integrability condition

10g+ HA()H € Ll(Q7f7]P>)

holds. Let ® : Ng x X — X denote the one-sided RDS generated by A as in (1.13).
Then there exists a O-invariant subset Q C Q of full measure such that exactly one of
the following alternatives holds:

() K(®) = la(®P).
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(II) There exists k € N, Lyapunov exponents Ay > --- > A\ > [o(®P) and a splitting
into measurable Oseledets spaces

X=FEi(w)® & Ex(w)® F(w)
with finite dimensional linear subspaces Ej(w) and an infinite dimensional linear
subspace F(w) such that the following properties hold:
(1) Invariance: ®(w)E;(w) = E;(fw) and ®(w)F(w) C F(6w).
(i) Lyapunov exponents:

1
liI}:l Elog |®(n,w)v||=A; forallve Ejw)\{0}andj=1,...,k.

(i1i) Ezponential Decay Rate on F(w):

. 1
lim sup —log [[®(n, w)[p) | < la(®P)

n—+oo N
and if v € F(w) \ {0} and (®(n,0 "w)) " v exists for all n > 0, which is
denoted by ®(—n,w)v, then
1
liminf —log || ®(—n,w)v|| > —la(P) .
n—-+oo 1N
(III) There exist infinitely many finite dimensional measurable subspaces Ej(w), in-
finitely many infinite dimensional measurable subspaces Fj(w) and infinitely many
Lyapunov exponents

A > Ay > > 1(®)  with lim A = lo(®)

j—too

such that the following properties hold:
(1) Invariance: ®(w)E;j(w) = Ej(fw) and ®(w)F;(w) C Fj(0w).
(7i) Invariant Splitting:

X=E(w) @& o Ew) ®Fjw) and Fjw)=Ej(w)® ).
(i4i) Lyapunov exponents:

1
lig - log ||®(n,w)v|| = A; forall v e E;(w) \ {0} .
(iv) Ezponential Decay Rate on Fj(w):
. 1
lim —log [@(n, w)| 7y ()| = Aj+1

n—-+

and if v € Fj(w) \ {0} such that ®(—n,w)v exists for all n € N then

1
N | B o
lim inf = log [|®(—n, w)v| = =Aj+1
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The next theorem is the MET for continuous-time RDS in Banach spaces.

Theorem 1.4.3 (MET for Continuous Time Linear RDS in Banach Spaces, [89]). Let
O : Ry xQ — L(X) be a continuous-time linear RDS and X be a separable Banach
space. Assume that ®(1,-) : Q@ — L(X) is strongly measurable and ®(1,w) is injective
almost everywhere, and

sup log* [|@(s, )|,  sup log*[|®(1 —s,05)| € £L1(Q, F,P). (1.15)
0<s<1 0<s<1
Define
1
lo(®) := lim glogH(I)(s,w)Ha
and

1
K(®) := lim glog”(I)(s,w)H.

Then there ezists a O -invariant subset Q C Q of full measure such that all statements
of Theorem 1.4.2 hold with n € N replaced by t € Ry.



Chapter 2

Generic Properties of Lyapunov
Exponents of Discrete Random
Dynamical Systems

2.1 The Space of Linear Cocycles

Let (Q,F,P,0) be an ergodic MDS. Throughout this chapter, we assume additionally
that the probability space (€2, F,P) is a non-atomic Lebesgue space, i.e. any measur-
able set of positive probability in 2 includes a measurable subset of a less but nonzero
probability. A measurable mapping A from the probability space (£, F,P) to the topo-
logical space Gl(d,R) equipped with its Borel o-algebra is called a random linear map.
A generates a linear cocycle (see also Section 1.2.1) over the dynamical system 6 via

A" w) o0 A(w), n >0,
Dp(n,w) =< I, n =0,
AO"w) o0 A0 Tw) T, n < 0.

Conversely, if we are given a linear cocycle over 0, then its time-one map is a linear
random map. Therefore, we usually speak of a linear cocycle A, meaning the cocycle
® 4 generated by A. The above construction applies to any topological group G in place
of GI(d,R) (in particular, G can be a Lie subgroup of GI(d,R), for instance Si(d,R)).
For simplicity of notation we denote by ||-|| both the standard Euclidean norm of R% and
the operator norm of linear operators of R?. We shall look at linear cocycles as linear
operators of R? and identify them with their matrix representations in the standard
Euclidean basis of R¢.
The MET of Oseledets [109] (see also Theorem 1.3.5) states that if A(-) satisfies the
integrability conditions

log* [|A() 1] € £1(, F, P), (2.1)

then the cocycle ® 4 has Lyapunov exponents A, < --- < A\; with multiplicities d,, ..., dq,
which are independent of w due to the ergodicity of #, and the phase space R? is de-

29
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composed into the direct sum of subspaces F;(w) of dimensions d; corresponding to the
Lyapunov exponents A;, i = 1,...,p, i.e.

11111 n"og||®a(n,w)z|| = N <= z € E;(w)\{0}.

The above splitting is called Oseledets splitting of ® 4, and the subspaces F;(w) are
called Oseledets subspaces of ® 4, they are measurable and invariant with respect to A,
ie, A(W)F;(w) = F;(fw). The Lyapunov spectrum of A, {(\;,d;),i = 1,...,p}, is
said to be simple if p = d . The cocycle A is called hyperbolic if none of its Lyapunov
exponents vanishes. We note that the statements of the MET hold on an invariant set
of full P-measure. Since we deal with discrete-time cocycles we can always neglect sets
of null measure, and we shall identify the random mappings which coincide P-almost
surely, and when needed we assume w.l.o.g. that the assertions of the Oseledets theorem
hold on the whole of 2.

Denote by G(d) the set of all GI(d,R)-valued random maps. Let Gro(d) C G(d) denote
the subset of those random maps which satisfy the integrability conditions (2.1) and
Goo(d) C G(d) the subset of those random maps which are essentially bounded together
with their inverses. Clearly, Goo(d) C Gro(d). We define a metric p,,1 < p < oo, on
G(d) such that (G(d), pp) can be considered as a version of the Ly,-norm on LP(Q, F,P).
For A, B € G(d) set

5,(A, B) := (fQ [A(w) — B(w)|[P dP(w) + fQ |A(w)™t — B(w)7tP d]P’(w))% ,

00, in case at least one of the above integrals does not exist,
for 1 < p < 00, and for p = oo put

000 (A, B) := esssup || A(w) — B(w)|| + esssup || A(w)™" — B(w)™!.
we wel

Set

5P(A7B)(1 + 517(‘47 B))_l if 5P(A7B) < o0,
pp(A, B) = { .
1 if 4,(A,B) = .

The following lemma ensures that (G(d), pp) is a metric and provides some fundamental
properties of this metric.

Lemma 2.1.1 (Arnold and Cong [4, 5]). Let 1 < p < oo and pp : G(d) x G(d) — R be
the function defined as in above. Then the following statements hold:

(1) pp is a metric on G(d), hence on Gic(d) and Goo(d).

(ii) If A € Gic(d) and B € G(d) with py(A, B) < 1, then B € Gic(d). In particular,
Grc(d) are both py-closed and pp-open in G(d).

(11i) (G(d), pp), hence (Gro(d), pp) is complete.
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Remark 2.1.2. (i) We note that for A,B € G(d) and 1 < p < p’ < oo we have
dp(A, B) < 6, (A, B), hence p,(A, B) < pyy(A, B). Therefore, the topology generated by
pp is finer than the topology generated by pp.

(ii) Being complete spaces, (G(d), pp), (Grc(d), pp) and (Goo(d), pp) are Baire spaces (see
Theorem C.0.9).

The angle between two non-vanishing vectors z,y € R? is defined by

(z,y)

—0 €
lllyl

The (minimal) angle between two subspaces Ey, By C R? is defined by

L (z,y) := arccos [0, 7]. (2.2)

L(Ey, By) == inf{L(z,y) |0 £z € E,0 £y € By} €0, g]. (2.3)

Throughout this chapter, we are only interested in p,, norm and for a better presentation
we use the notation p to indicate poo.

2.2 Uniformly Hyperbolic Linear Cocycles

2.2.1 Exponential Dichotomy

Definition 2.2.1 (Exponential Dichotomy). A linear cocycle A € G(d) is said to admit
an exponential dichotomy if there exist positive numbers K > 0,a > 0 and a family of
projections P, of R% depending measurably on w € Q such that for P-a.e. w € Q the
following inequalities hold:

[®A(n,w)Pu®a(m,w)" | < Ke ™™™ forall n > m,

[®4(n,w)(Ig — P)®a(m,w)" Y| < Ke*™™  forall n < m.

Remark 2.2.1. (i) If A € G(d) has an exponential dichotomy with positive constants
K, o and a family of projections P, of R%, then the angle between the subspaces P,R%
and (I; — P,)R? is bounded away from zero by a positive constant which is independent
of w € Q.

(ii) The random subspaces F;(w) := P,R? and Ey(w) := (I — P,)R? are invariant with
respect to A, i.e., Py (n,w)F;(w) = E;("w) for alln € Z, w € Q and i = 1,2.

(iii) Exponential dichotomy is also called uniform hyperbolicity.

Now we turn to the notion of cohomology of linear cocycles which is the notion of random
basis change for the linear cocycles.

Definition 2.2.2. Two linear cocycles A, B € G(d) are called cohomologous if there
exists a measurable map L € G(d) such that for almost all w € 2

A(w) = L(Bw) ™t 0 B(w) o L(w).
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In the following lemmas, we study the relation between cohomology and exponential
dichotomy of linear cocycles.

Lemma 2.2.2. Suppose that A € G(d) admits an exponential dichotomy with positive
constants K, o and a family of projections P, of R?, and A is cohomologous to B € G(d)
by a bounded cohomology L which has bounded inverse, i.e. A(w) = L(0w) ' B(w)L(w)
for P-a.e. w € Q. Then B also admits an exponential dichotomy. Furthermore, we have

|®5(n,w)Qu®r(m,w)™ | < KMMye ™™  foralln > m,
1®5(n,w) (I — Qu)®p(m,w) " | < KMMye®™™  foralln <m,

where

Qu = Lw)P,L(w)™", M :=esssup||L(w)[l, My :=esssup||L(w)"].

weN we

Proof. A direct computation yields that
Pp(n,w)Qu®p(m,w) ! = L(0"w)P A(n,w)P,® 4(m,w) 1 L(I™w) L.
Therefore,
1D 5(n,w)Qu®p(m,w) || < KM Mye™ =™ for all n > m.
Similarly, we also have
1D5(n,w)(Iy — Qu)Pp(m,w) || < KM My ™™ for all n < m,
which completes the proof. O

Lemma 2.2.3. Suppose that A € G(d) admits an exponential dichotomy with positive
constants K, and a family of projections P, of RY. Then A is cohomologous to a
block-diagonal cocycle

o[ AW 0 i N

by a cohomology L € G(d) satisfying that

esssup || L(w)]| < K72, esssupHL(w)_lﬂ < V2.

weN weN
Moreover,
@5 (n—m,0"w)|| < 2K %e~on=m) for alln > m,
@5, (m —n,0"w)"t| < 2K%™ for alln < m.
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Proof. Choose orthonormal bases in the random subspaces imF,, and ker P,,, and com-
pose from them a random basis {fi(w),..., fs(w)} of R%. Define a random linear map-
ping L : Q — GI(d) by the formula

Lw)filw)=1¢, i=1,2,...,d,
where {e1,...,eq} is the standard Euclidean basis of R?. Put
A(w) := L(Aw)A(w)L(w) "

Clearly, A has the block-diagonal form as stated in the lemma, where d; = dim(imP,))
and dp = dim(ker P,). We now estimate ||L(w)| and ||L(w)~}!||. By the definition of
L(w) we have

|L(w)z||* = | Pz + ||(Ig — Po)z| for all z € RY, (2.4)
which together with the fact that || P, ||, ||I4 — P,|| < K implies that
esssup ||L(w)|| < Kv2.

weN
From equality (2.4) we derive
IZ(w)" ] 1L (w) " ] <9
[l [P L(w) " al|? + [|(Ja = Po) Lw) '] —

which proves that || L(w)™!|| < v/2 almost surely. By the construction of L(w) we obtain
that

P:= L(w)P,L(w) ™' = ( 181 8 > .

Note that the matrix Z(w) commutes to P and we thus obtain

H@A(n,w)P@g(m,w)_IH = [[®z (n—m,0"w)| for all n > m,
H@A(n,w)(ld — P)@g(m,w)_lﬂ = ”(I),Kg (m —n, H"w)_IH for all n < m.
Hence, the remaining part of the proof is a direct consequence of Lemma 2.2.2. O

The property of exponential dichotomy is robust under small perturbations. The proof
of this statement for deterministic dynamical system can be found e.g. in Coppel [33],
Ju and Wiggins [75]. Although the statement for RDS is used by many authors, as far as
we know there is so far no proof in the literature. For sake of completeness, we provide
a proof of the theorem on the robustness of exponential dichotomy for RDS. We follow
the proof in Coppel [33, Chapter 5.

Theorem 2.2.4 (Robustness of Exponential Dichotomy). Let A € G(d) be a linear
cocycle exhibiting an exponential dichotomy with positive constants K, and a family of
projections P, of R%. Set

6% = min{ ¢ —1 @ a } 25)
' 256 63/2K% 6V2K3e—a + 24v2K e | ‘
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Then any cocycle B € G(d) satisfying that § = esssup,cql||B(w) — A(w)|| < 6 also
exhibits an exponential dichotomy with the exponential rate B determined by

242K Te=5
1 —6v2K3e~as |

£ := min {a — 6V2K3e%8, o0 —

Furthermore, the projections Q., of the exponential dichotomy of B satisfy

T2K6¢%§
—1—36K5%e>§"

— P <
esiggp\\Qw wll < =5

Proof. Let B € G(d) satisfy that § = esssup,,cq|B(w) — A(w)|| < §*. To simplify the
formulas throughout the proof let us introduce the following constants

e o 12V/2K%e 225

= K% , = .
" 2 _1 ) 1 —6V2K3e—a§

For convenience, we divide the proof into several steps.
Step 1: Transfer the linear cocycle A to a block-triangular form: According to Lemma
2.2.3, A is cohomologeous to a block-diagonal cocycle

Ty [ Aw) 0 i AN
A(w) = ( 10 ./12(0.)) > ) Az S g(dl),l - 1727

by a cohomology L € G(d), i.e. A(w) = L(Aw)A(w)L(w) !, satisfying that

esssup ||L(w)|| < V2K, esssup || L(w)7Y < V2, (2.6)
wel we

and for P-a.e. w €  the following inequalities hold
||¢g1 (n—m,dmw)| < 2K? e~ =) for all n > m, (2.7)

[® 5, (m — n,0"w) Y < 2K%2e*T™) for all n < m. (2.8)

In other words, the linear cocycle A admits an exponential dichotomy with the expo-

Ia, 0 > We define

nential rate o and the projection P := ( 0 0

B(w) = L(Aw)B(w)L(w)™', A(w) = B(w) — A(w).
From inequality (2.6), we derive

esssup ||A(w)| < 2Kesssup || B(w) — A(w)| = 2K34. (2.9)
wen wel

Step 2: Transfer the perturbed linear cocycle B: For any matrix E € R? we put

{E}, = PEP+(I;— P)E(I;— P),
(B}, = PE(I;—P)+ (I~ P)EP,
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so that {E}, +{E}, = E. Obviously, the matrix {E}, commutes with P, ie. {E}, P =
P{E},, and | {E}, || < V2||E|. We look for a bounded cohomology S € G(d) which
has bounded inverse such that

S(0w)B(w)S(w) ™! = Aw) + {A(w)S(w)_l}l = B(w). (2.10)

In other words, we show that B and B are cohomologeous by a cohomology which is
bounded together with its inverse. For this purpose, let B denote the Banach space of
matrix-valued functions f : Z — R%*? with the sup norm

1f1lB := sup || f(n)]-
nez
Let B% (0) denote the closed ball with radius % centered at 0. For each w € () we define
a mapping T;, : B%(O) — B% (0) by

n

Tof(n) = Y @z(n,w)P®5(k,w) " (Ia— f(E)AO  w)(Ig+ f(k— 1)) -

k=—0c0
(I)K(k - 17w)(Id - P)@g(n,w)_l _
_ Z ® 5(n,w)(Iqg — P)® 5(k,w) " (Ig — FONA@O W) (I + f(k—1)) -
k=n+1
@ 5(k — 1,w)P® 5 (n,w) .

From the definition of 7, inequalities (2.7), (2.8) and (2.9), we get

for all f € B%(O),

N —

T fIl < 169(1 + [ £[)* <

which implies that the mapping T, is well-defined. We now show that T, is a contraction.
Consider f,g € B% (0). It is easy to prove that the following identity

(Ig—F)M(I4+F)—(I4—G)M(144+G) = (G-F)M+M(F-G)+(G—-F)MG+FM(G—F)
holds for all M, G, F € R¥4. As a consequence, the following estimate

1(Za— (kDA w) (Ig+ £ (k—1)) = (Ia— g (k) A(OF w) (Ig+g(k - 1))|| < 6K3]f —g]|
holds for all f, g € B% (0). Therefore, a direct estimate yields that

|70 f = Togll < 481l f —gll - forall f,g € B, (0).

Hence, T, is a contraction on the closed subset B1(0) of a Banach space. Consequently,
2

by the contraction principle, the equation T,,f = f has a unique solution denoted by

fw- Obviously, the function f,, depends measurably on w and satisfies

esssup || fu|| < 367. (2.11)
weN
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Note that for all f € B%(O) we have
Tyr, f(n) =T,g(n + k) for all n, k € Z,
where g : Z — R4 is defined by g(n) = f(n — k). As a consequence, we get
for,(n) = fuoln+ k) for all n, k € Z (2.12)
We define a random linear mapping S : Q — Gi(d) by
S(w) = (Ig+ fu(0)~* for all w € Q. (2.13)

From the fact that || f,(0)|| < 1, we derive that

3
esssup ||S(w)|| <2, esssup|[S(w)7Y| < =, (2.14)
wen wen 2
which together with inequality (2.9) and relation (2.10) implies that
esssup || B(w) — A(w)|| = esssup |[{A(w)S(w) "'} < 3V2KS. (2.15)

we weN

Since f,, is the fixed point of T, it follows that

fo(n+1)A0"w) — Z(G”w)fw(n) = {(Id — fu(n+ 1))&(9”01)(](1 + fw(n))}2 . (2.16)
Moreover, f,, satisfies
Pf,(n)P=0, (14— P)fu(n)(Iy— P)=0.

Hence, f, = Pf, + foP. Therefore, we get

{(a= fotn + DAE ) Lo+ L)}, = {BE"W) L+ L)}, -
Lol + D {AEW) Lo + o)} -

Together with (2.16) this implies that

A0 ) fulm) + {BO"0)La+ foln)) ) = fuln+DA@E") +
+fuln+ 1) {BE"W) La+ fo) }
which leads that
(Lo + fuln+ 1)) (A0"0) + { A0 W) (s + fu(n) } ) = BO"w)(La+ fu(n).

This together with (2.12) and (2.13) proves that the cohomology S(w) satisfies relation
(2.10). By combining Step 1 and Step 2, we obtain that two linear coycles B and B are
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cohomologeous by the cohomology S o L. Furthermore, by using (2.6) and (2.14), we

get
1S(w) o L)l < 2V2K, |[L(w) ™ o S(w)™| < 32ﬁ (2.17)

Step 3: Show that B admits an exponential dichotomy: Since the matrix B (w) commute
with P it follows that B(w) is of the form

= El(u)) 0
B = ~ .
@) ( 0 By(w) )
Hence, we get
||<I>§(n,w)P¢§(m,w)_1H = [[®5,(n—m,0"w)| for all n > m,

[@5(n,w)(Ig — P)@Bg(m,w)_lH = |[|®p,(m—n, 0"w) 7L for all n < m.

We now estimate [|®5 (n —m,0™w)|. W.o.l.g. we assume that m = 0 and consider
n > 0. Since

D5 (n,w) =25 (n,w) + Z - (n—k—1,0""w)(B; (0*w) — Zl(ﬁkw))fbél(k‘,w)

it follows together with(2.7) and (2.15) that

n—1
$p < 2K2e7" 4+ 6V2K36 Z e—an—k=1)g
k=0
where sy, := |[®5 (k,w)|. Using the discrete Gronwall lemma (see e.g. Popenda [118]),

we obtain
s, < (2K? 4 6V2K3e%6)(1 + 6V2K3e5)" L,

which implies together with the inequality e* > 1 + x for all x > 0 that the following
relations

|05, (n—m.0"w)]| < 2KZeerOVER

< 2K 2 Bln—m)
hold for all n > m. To prove the fact that B admits an exponential dichotomy we
need to estimate additionally the term || @5 (m — n,0"w)"Y for all m > n. W.lo.g.
we assume that n = 0 and consider m > 0. From inequality (2.8), we derive that
| Ao(w)~t|| < 2K2e~. This together with (2.15) implies that

5 ~ 12V/2K%e™2%§
B 14 1)< = .
H 2(”) 2(”) H 1_ 6\/5??36_0‘5 g
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Since

[y

m—
@AZ(m,w)_l + q>§
k=0

-1

Op (m,w) (k,w) " (Bay(0Fw) ™! — Ay (Fw) ™) -

2

D (m—k—1,08 1)t
2

A
it follows together with (2.8) that

m—1
bt < 2K2e70™ 4 2K 2y Z e~ am=k=1)y,
k=0

where tj, := ||, (K, w)71||. Using the discrete Gronwall lemma (see e.g. Popenda [118]),

we obtain
e, < (2K2 4 2K2e%y) (1 4+ 2K2e%y)™ 1,

which implies together with the inequality e > 1 + x for all x > 0 that the following
relations

@5, (m —n,6Mw) ™| 9 ¢ 2e(—a+2K %) (m—n)

IN

< 92— B(m—n)

hold for all n < m. So far we have proved that the linear cocycle B admits an exponential
dichotomy with positive constants 2K?, 3 and the projection P.

Step 4: Note that B and B are cohomologous. By virtue of Lemma 2.2.2, the lin-
ear cocycle B admits an exponential dichotomy with the exponential rate 8 and the
corresponding projections @, are determined by

Qo = S(W)L(w)PL(w) 'S(w)™! = S(w)P,S(w)™ .
Therefore, by (2.13) and the fact that ||P,|| < K we have

1Qu = Pull < 2K(Ifu(O)]l + I £fo(O)* +...)

< T2Kn ,
- 1-36n
where we use (2.11) to obtain the last estimate and the proof is complete. O

Remark 2.2.5. (i) Let A € G(d) be alinear cocycle exhibiting an exponential dichotomy
with the exponential rate o and the projections P,,. Since
24V2K7e™*§ 72K%e*)

lim

pr— pr— 0
1 — 6VaK3eos 7 sm0e2 — 1 36K5e0

lim a — 6vV2K3e*5 = lim o —
6—0 0—0

it follows together with Theorem 2.2.4 that for any € > 0 there exists § > 0 such that if
B € G(d) and esssup,,cq||A(w) — B(w)|| < 0 then B admits an exponential dichotomy
with the exponential rate 8 and the projections @, satisfying

o — [ <e, esssup||Q. — Pl <e.
weN
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(ii) Let A € G(d) be a linear cocycle exhibiting an exponential dichotomy. Since

esssup | Aw) — Bw)| < p(4, B)
weN

it follows together with Theorem 2.2.4 that there exists § > 0 such that any cocycle
B € G(d) satistying p(A, B) < § also exhibits an exponential dichotomy.

(iii) Let A € G(d) be a linear cocycle exhibiting an exponential dichotomy. We want to
investigate and compute the following quantity

Tdich (4) = inf {|]A]| : A+ A does not admit an exponential dichotomy} .

Theorem 2.2.4 ensures not only that 7g4;.,(A) > 0 but also provides an explicit lower
estimate on 7 g;cp, (4)-

2.2.2 Exponential Separation of Bounded Cocycles
Definition 2.2.3. Let A € G (d) and

RI=E(w) @ - ® Ep(w), k>2, (2.18)

be an invariant splitting of A, i.e. for almost all w € Q and any ¢ = 1,...,k we have
A(w)E;(w) = E;(6w). Splitting (2.18) is called exponentially separated if there exist
positive numbers «, K > 0 such that for any n € N, w € Q, and any ¢ =1,...,k — 1 the
inequality
—na | H(I)A(n7w)y”

Iyl

holds for all 0 £z € E1(w) ® - @ E;j(w) and 0 £ y € Ej1(w) @ - - @ Eg(w).

Ke

The notion of exponential separation given in Definition 2.2.3 (for discrete-time bounded
cocycles) is equivalent to the notion of domination introduced by Viana and his co-
workers [22, 23, 24] for classical dynamical systems on compact manifolds and cocycles
over them. It is also a random version of the notion of exponential separation of ordinary
differential equations which originated from the works of Bylov, Coppel, Sacker and Sell,
Palmer and Siegmund (see [27, 33, 123, 111, 113]). For linear cocycles there is also a
notion of integral separateness introduced by Cong [36] which is a random version of the
notion of integral separateness of linear systems of differential equations and is equivalent
to the notion of exponential separation (see Bylov, Vinograd, Grobman and Nemytskii
[27] for the case of ordinary differential equations). Although these terms are equivalent
in a sense, for linear cocycles we prefer the term exponential separation which has a
longer history and emphasizes the ”separation” of invariant subspaces.

Note that, like exponential dichotomy, in case of bounded cocycle, exponential separation
implies boundedness away zero of the angle between invariant subspaces of the splitting
(see also Bochi and Viana [22]).
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Proposition 2.2.6. If A € Goo(d) has an exponentially separated splitting
R = By(w) & - & Eg(w),

then for any i = 1,...,k — 1 the angle between E;(w) and Ei1(w) @ -+ ® Ei—1(w) ®
Eit1(w)®- @ Eg(w) is bounded away zero by a positive constant independent of w € .

Proof. Put
Fi(w):=FEi(w)® - ® Ej(w) and Git1(w):=Eip1(w) ®--- @ E(w).
Further,

M := esssup || A(w)|| + esssup |[A™H(w)]| < oc. (2.19)
we wel

Let m be a positive integer such that 2Ke™™* < 1, where K, a are the constants provided
by the definition of exponential separation of A. Let = € F;(w) and y € G;11(w) be
arbitrary unit vectors. Since

[®a(m, w)z]| < Ke*™(|®4(m, w)y|

it follows that
2@ a(m,w)zl| < [[Pa(m,w)yl.

Hence,
2|@a(m,w)z| < [Pa(m, w)z|| + [|Pa(m, w)(y — )|,

which implies that
[®a(m,w)z| < [@alm, w)lly — 2|
Consequently, together with (2.19) we obtain
ly =2l = [[®alm, )|~ [@a(m,w)7H ™
> M

which implies £(z,y) > M~?™. In other words, we have

A(Fi_1(w),Gi(w)) > M 2™, (2.20)
Now, let z € E;j(w) and h € F;_1(w) ® Gi+1(w) be arbitrary unit vectors. Then there
exist u € Fj_1(w) and v € Gj11(w) with [Ju|| = ||v]| = 1 such that
h = aju + asv for some aq,as € R.

Clearly, max {|a1|, laz|} > 1/2. W.Lo.g. we can assume that |a;| > 1/2. A direct com-
putation yields that

a9 1
[h =zl = lalllu+—=v——2]
al al

|aal[u+ ], (2.21)
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where r := (“—21) - lz) € Gi(w). Since u € F;_1(w), ||u| =1 and (2.20), we have
a1 ai

|{(u,r)| < cos (M_2m) Il

Therefore, we get

Jutr|® = 1+2(u,r)+|r|?
> 1—2cos (M_Qm) I + ”7‘H2
> sin (M_2m)2,

which together with (2.21) and the inequality sinz > § for small x implies that ||h—z|| >
M=2m /4. Thus, £(E;(w), Fi—1(w)®Gyy1(w)) > M~2™ /4 and it completes the proof. [

The property of having an exponentially separated splitting is also robust.

Proposition 2.2.7 (Robustness of Exponential Separation of Bounded Linear RDS).

If A € Goo(d) has an exponentially separated splitting then there exists € > 0 such that

any cocycle B € G(d) satisfying esssup ||[A(w) — B(w)|| < € also has an exponentially
Q

we
separated splitting. Moreover, for a small € > 0 the exponentially separated rate and the

splitting of the exponential separation B are close to those of A.

The proof of this proposition is analogous to that of robustness of exponential dichotomy
in Theorem 2.2.4 above (see also Bochi and Viana [22]).

Corollary 2.2.8. If A € Go(d) has an exponentially separated splitting then there exists
e > 0 such that any cocycle B € G(d) satisfying p(A, B) < € also has an exponentially
separated splitting.

Remark 2.2.9. Corollary 2.2.8 is in fact equivalent to Proposition 2.2.7 because in
Goo(d) the distance defined by esssup ||A(w) — B(w)|| is equivalent to p. To see this, use
wel

the formula B(w)™ — A(w)™! = B(w) ! (A(w) — B(w)) A(w) ™"
2.2.3 Exponential Dichotomy is Strictly Stronger than Exponential

Separation

Theorem 2.2.10 (Exponential Dichotomy Implies Exponential Separation). Suppose
that A € G(d) admits an exponential dichotomy with constants K > 0,a > 0 and a
family of projections P, of R%. Then the invariant splitting

Rd = El(w) S¥ Eg(w),

where By (w) := P,R? and Fy(w) := (I — P,)R?, is exponentially separated.
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Proof. As noted in Remark 2.2.1, the spaces E1(w) and Es(w) are invariant with respect
to A. For any nonvanishing vectors = € E)(w) and y € Ea(w) and n € N we have

Dp(n,w)x
1®a(n, W)zl 1D 4 (n,0) P
]
and
[®a(nwyl I
1yl ~ (e = Po)®a(n,w) 7
eom

> .

- K
Therefore, the splitting R? = E (w) ® Fa(w) is exponentially separated. O

The following proposition (based on a one-dimensional example by Cong [35, Proposition
3.2]) provides a bounded linear two-dimensional cocycle which has an exponentially
separated splitting but does not exhibit an exponential dichotomy. First we recall from
[35] a technical lemma which will be needed later.

Lemma 2.2.11 ([35]). Let (2, F,P,0) be an ergodic MDS. Suppose that the probability
space (2, F,P) is a non-atomic Lebesgue space. Then there exists a measurable set
U C Q which can be represented in the form

oo 3k—1

U=J | 0t (2.22)

k=1 j=0

where the sets BU, k =1,..., j =0,...,3k — 1, are pairwise disjoint and are all of
positive P-measure.

To better understand the above Lemma, let us describe its geometrical meaning in Fig
2.1. The figure points out that in order to construct a desired cocycle for some purposes
on the whole space € one needs to construct it on two disjoint sets U and 2\ U. An
advantage of the structure of the set U is that it is the union of infinitely many sets
U?iﬁl 67U, for k € N consisting of 3k disjoint sets Uy, Uy, . .., 0%+ 1U,.

Proposition 2.2.12. There exists A € Go(2) and € € (0,1) such that any cocycle
B € Go(2) satisfying p(B,A) < e is hyperbolic and the Oseledets splitting of B is
exponentially separated but B exhibits no exponential dichotomy.

Proof. Let U C €2 be a set with representation (2.22) provided by Lemma 2.2.11. Tt is
easily seen that we may assume P(U) < %. We construct a cocycle

N R

ag(w
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Figure 2.1: Structure of the sets 2 and U

by setting
1 forwelU,
a(w) = {7
1 forweQ\U,
L forwerU,
ar(w) = {2
2 forweQ\U.
Clearly,

R? = Re; @ Resy (2.23)

is an invariant and exponentially separated splitting of A. The Lyapunov exponents of
A are easily computed and since P(U) < 1/4 we have

M(4) = / log |a1 ()] dP(w) <0,
Q

A2(A) = [ loglaz(w)| dP(w) >0,
/

hence A is hyperbolic. By Proposition 2.2.7, there is € > 0 such that any B € G, (2)
satisfying p(B, A) < e has an exponentially separated splitting which is close to the
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splitting (2.23). By making ¢ > 0 smaller if necessary we can show that B is also
hyperbolic. Note that along the orbit segments on U the norm of A(w) equals 1/2,
hence, for ¢ < 1/4, we have ||B(w)|| < 3/4 < 1. The set U contains arbitrarily long
orbit segments and on these segments there are no expanding directions for B. Hence
B has no uniformly expanding directions, and thus it cannot exhibit an exponential
dichotomy. O

Remark 2.2.13. A higher dimensional example is easily constructed in a similar way.
Thus the converse of Theorem 2.2.10 is false, hence exponential dichotomy is strictly
stronger than exponential separation.

2.2.4 Exponential Separation of Unbounded Cocycles

For the general case of unbounded cocycles the definition of exponentially separated
splitting is more subtle. Subsection 2.2.2 contains the definition of an exponentially
separated splitting for bounded cocycles and some important properties concerning with
robustness and boundedness away zero of the angles between subspaces. These two
properties are no longer automatically satisfied in the unbounded case as will be shown in
Proposition 2.2.14. Besides, it is not difficult to construct an unbounded cocycle which
has an invariant splitting satisfying the properties stated in Definition 2.2.3 but the
angles between subspaces are not bounded away from zero. Therefore, it is reasonable
to require additionally an angle condition in the definition of exponential separation for
unbounded cocycles. Thus we arrive at the following definition.

Definition 2.2.4 (Exponential Separation). Let A € G(d) and
RY=F (W)@ - @ Epw), k>2, (2.24)

be an invariant splitting of A, i.e. for almost all w € Q and any i = 1,...,k we have
A(w)FE;(w) = E;(fw). The splitting (2.24) is called exponentially separated if the follow-
ing two conditions are satisfied:

(i) there exist numbers K, > 0 such that for each n € N, w € © and each ¢ =
1,...,k — 1 the inequality

[Pa(n,w)z]| [@a(n,w)yll

Iyl
holds for all 0 # z € F1(w) ®--- @ Eij(w) and 0 £y € Ei11(w) & -+ - & Ep(w);

Ke—na .

(ii) for each i = 1,...,k — 1, the angle between E;(w) and Ej(w) ® -+ @ F;—1(w) ®
Eit1(w)® -+ @ Eg(w) is bounded away zero by a positive constant which is inde-
pendent of w € .

Note that due to Proposition 2.2.6, Definition 2.2.4 is equivalent to Definition 2.2.3 if
A € Goo(d). If A € Gro(d) has an exponentially separated splitting then it has at least
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two different Lyapunov exponents and its Oseledets splitting is nontrivial. The following
proposition shows that the condition (ii) of Definition 2.2.4 is crucial for the robustness
of an exponentially separated splitting.

Proposition 2.2.14. If in Definition 2.2.4 we drop the angle condition (ii), then there
exists A € Gro(2) such that A has an exponentially separated splitting but in any neigh-
borhood of A there is a cocycle B which has no exponentially separated splitting.

Proof. By Lemma 2.2.11 we can find a measurable set U C €2 such that

oo 2k .
v= |eu, (2.25)
k=4 j=0
where the sets 87U, j = 0,1,...,2k, k > 4, are measurable, disjoint, have positive

measure and P(Uj) < 4% for all k > 4. Moreover, we can choose U such that for any

k > 4 the sets U are not coboundaries, i.e. they cannot be represented in the form
Uk = Vi A V), with Vi, € F (see Knill [79, Corollary 3.5]). We construct a cocycle A
satisfying the assertion of the proposition together with the Oseledets splitting of A.
Let {e1,ea} denote the standard Euclidean basis of R?2. We construct a random basis
{fi(w), f2(w)} of R? by setting fi(w) = e1, and for any k > 4

cos(zr)er +sin(zhr)es i we Uy, i=0,1,...k—1,
cos(qgr Je1 + sin(gr ez if we kU,
fa(w) =

™

cos(gzi=r)e1 +sin(gz—)ea if we U, i=k+1,k+2,...2k—1,

€9 if w= 92kWQ, wq € Ug,

and fo(w) = ey for w € O\ U. See also Fig 2.2 for the geometrical meaning of the
construction of {fi(w), fo(w)} on the set U?io 97Uy for k > 4.

For the definition of A € G(2) we set A(w) = Iy on | J;o, 0%~ 1U;, U 6?*~1U} and

AWAE) = HO0), AW fw) = 3 (0)

on Q\ U, 01U, U 6%*~1Uy. By construction, A € Grc(2) and
R? = By (w) @ Ey(w), (2.26)
where F(w), E2(w) are the subspaces spanned by vectors fi(w), fo(w) respectively, is
an exponentially separated splitting of A. Now, let ¢ € (0,1) be arbitrary. We will

show that there exists B € Gy¢(2) such that p(A, B) < ¢ and B has no exponentially
separated splitting. Choose and fix n € N such that 2773 > 1. We define B by setting

(i) B(w) _ <COS(2ln) _Sin(QLn)> A(w) for w € 9"_1Un,
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fa (9w)
f2(6%w)
h (0w) f1(6%w)
f2(6%w)
(9k+1 ) 9k+2 )
0k+1 ) (9k+2w) f1(92kw)

Figure 2.2: The construction of {f;(w), fa(w)} on U?io 67U,

(ii) B(w) = <11) (1)> Aw) for w € 62"~ 1U,,, where b = C;,SZE?,

(iii) B(w) = A(w) for w e Q\ ("7'U, UH"1U,).
By construction, p(A, B) < € and for any w € U,, we have

Op(2n,w)fi(w) is collinear with es,
Op(2n,w)fo(w) s collinear with e;.

The set U, is not a coboundary, P(U,) > 0, and the sets U, 0U,, ..., 0?"U, are disjoint.
Furthermore, for all w € U,, we have

Pp(2n,w)EB(w) = Fy(6*w),
dp(2n,w)Er(w) = Ei(0*"w).

and on Q\ (Ufﬁo 0'U,) we have B(w) = A(w). Therefore, by a version of Lemma 4.4
of Knill [79] B has one Lyapunov exponent with multiplicity 2 (see also Bochi [20]),
hence the Oseledets splitting of B is trivial and so B has no exponentially separated
splitting. O

The following theorem shows that for unbounded cocycles the exponential separation
property is also robust, thus gives another justification for the angle condition in the
Definition 2.2.4.

Theorem 2.2.15 (Robustness of Exponentially Separated Splitting). If A € G(d) has
an exponentially separated splitting then there exists € > 0 such that any cocycle B €
G(d) satisfying p(A, B) < e also has an exponentially separated splitting.
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Proof. By Lemma 2.11 of Cong [36], if A has an exponentially separated splitting then it
is cohomologous to a block-diagonal cocycle by a cohomology which is bounded together
with its inverse. Therefore, we may assume that A has a block diagonal form. First,
we give a proof for the two-dimensional case. Suppose that we have a two-dimensional

cocycle
40 = ("8 )

with the exponentially separated splitting R? = Re; @ Res. Then there are positive
constants K, a such that

n—1 n—1
H |az(0Fw)|| > Keo™ H l|ay (6%w)]| for all w € Q,n € N. (2.27)
k=0 k=0

We can assume w.l.o.g. that K < 1. Put g :=
Aw) = <a1(w) 0 > by setting A(w) = A(w) in case |ag(w)| > +ef and |ag(w)| <

. We construct a diagonal cocycle

|Q

9 'dg(w)
Ke™? and A(w) = ‘a:(i))‘A(w), ie.
- _ ePay(w) _ ePay(w)
e v T 225

otherwise. We show that A exhibits an exponential dichotomy. Let n € N and w € )
be arbitrary. We estimate the product

n—1
1@ 5(n,w)er]| = [ Ilar (0"w)]| (2.29)
k=0
in three cases: )
ePay (fiw)

Case 1: a1(w) = a1(w) and @1 (f'w) = a2 (67| for alli =1,...,n — 1: In this case, by

(2.27) and (2.28) we have @;(w) = a1 (w) < Ke™? and

n—1
1@ 5(n,w)er]| =[] Nl (6%w)]
k=0
1
< KoB
< Ke Ke(n—1)8
S e—”ﬁ.

9

Case 2: a1(0'w) = a1(f'w) for all i = 0,...,n — 1: In this case, by (2.28) we have

a1(f'w) < Ke P for all i =0,...,n — 1, hence
n—1
1@ 5(n,w)erl| = T llar(@*w)|
k=0
< Kne s
S e—nﬁ.

)
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Case 3: a1 (0'w) = E‘ZZEG(?:S)‘) for all i = 0,...,n — 1: In this case, by (2.27) and (2.28) we

have

n—1
1@ z(n,w)er]| = T lar(@*w)]
k=0

1
< —e
> Ke
Note that for arbitrary n € N and w € Q the product (2.29) can be decomposed into
product of terms of the three basic types above. Furthermore, Case 3 can occurs possibly
only once. Thus, we always have

n—1
1@ z(n,w)el| = T lar(@*w)]
k=0

1
< e P,
< e

By construction and by (2.28) we always have |aa(w)| > €”, hence

n—1
H||<I>g(n,w)62\| > P for all w € Q,n € N.
k=0

Therefore, A exhibits an exponential dichotomy. Consequently, by Theorem 2.2.4 there
exists 61 > 0 such that any cocycle A’ satisfying esssup ||A’(w) — A(w)]|| < 61 also exhibits
Q

we
an exponential dichotomy. Choose and fix a number § > 0 which satisfies the following
inequalities
K? K36,
—, dé < =—5- 2.30
ef a €28 + Kb1eP (2:30)
We show that any cocycle B satisfying p(A, B) < ¢ has an exponentially separated
splitting. Thereto let us construct a cocycle B by setting B(w) = B(w) in case |az(w)| >

Lef and |ai(w)| < Ke P, and B(w) = Tiﬁg‘;'), ie.

~ _éfhw) o~ o) = by (w)
"= @ 2T e

0<d, o0<

otherwise. We will estimate ||B(w) — A(w)]||. There are two cases:
Case 1: |az(w)| > +€P: If |ai (w)| < Ke™® we have

1B() — Aw)l = 1B(w) — A@)] <6 <.
If |a1(w)| > Ke™# then from the definition of A and B we have

B
|az(w)|

1B(w) — Aw)| = |B(w) — Aw)]| < K6 < 6.
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Case 2: |a ( )| < #ef: From (2.27) we get |a1(w)| < +|az(w)|, hence [[A(w)| <

*laz(w)| < %g From the definition of B and A we have

IB(w) — A@w)ll =

eb
Setting C'(w) = A~ H(w) — B~1(w), we see that ||C(w)|| < p(4, B) < 4§, and
B Y w) = A" w)(Is — Aw)C(w)).

Since ||A(w)C(w)]| < Ie{—ﬁz -0 = 0y < 1, the matrix I; — A(w)C(w) is invertible and

B(w) = (I — A(w)C(w)) 'A(w). Put D(w) := A(w)C(w). We have
B(w) = (Id + D(w) 4+ D(w)?- - )A(w),

which implies that

Therefore, we get

[1B(w) = A(w)]l

AN
—
(=%
[N}
+
(e9)
[\ ]
-
o
—
-
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which together with (2.31) implies that

~ ~ 65 52
_ < .
IBw) - Al < T 1o

S 517

where we use (2.30) to obtain the last inequality. Thus, in any case, by the choice of 41,
the cocycle B exhibits an exponential dichotomy, hence has an exponentially separated
splitting. Since B differs from B only by a scalar multiplier it follows that B has the same
exponentially separated splitting as B. The theorem is proved in this two-dimensional
case.

The general d-dimensional case is similar to the two-dimensional case treated above.
We list here the changes necessary for transition from the two-dimensional to the d-
dimensional case with the splitting consisting of two subspaces: instead of scalars
(one-dimensional matrices) a1(w), az(w) we have to deal with matrices a1 (w), az(w)
(of higher order, in general); the absolute values |a;(w)| should be changed to the ma-
trix norm ||a;(w)| and the absolute value |as(w)| should be changed to the matrix co-
norm m(az(w)) = [Jag(w)~t|~! (cf. Bochi and Viana [23]); the product H?:_& la1(0w)|
should be changed to the norm || H"_l a1(#w)|| and the product H;L:_& las(#w)| should

be changed to the co-norm m([[}Z, Las(09w)). The case of the splitting consisting of
more than two subspaces can be easily deduced from the case of two subspaces. O
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From the proof of Theorem 2.2.15 above we can see that for small € > 0 the exponentially
separated splitting of B is close to that of A (exponentially separated splitting varies
continuously in (G(d), p)). Although in G, (d) the exponential separation is robust in the
sup-norm as stated in Proposition 2.2.7, in the unbounded case this is no longer true (this

is already indicated by the essential use of the smallness of esssup ||A(w)™! — B(w) ™!
wen
in the proof of Theorem 2.2.15).

Proposition 2.2.16. There exists A € Gico(2) with exponentially separated splitting
such that for any € > 0 one can find a cocycle B € G(2) which has no exponentially
separated splitting and satisfies esssup ||A(w) — B(w)|| < €.

we

Proof. By Lemma 2.2.11 we can find a measurable set ' which can be represented in

the form
oo k—1

F=J U,

k=4 j=0

where the sets 07U, k > 4, 0 < j < k — 1, are pairwise disjoint and are all of positive
measure. We can assume additionally that the sets Uy satisfy the inequality

i KP(U) < 1. (2.32)
k=4

Define a cocycle A € G(2) by

Y
S =
= O

> for weQ\F,

1 _

(k ?) for weUZ)oit,, k>4
0 2

It is easily seen that A € G;¢(2). For arbitrary e > 0 we choose and fix n € N such that
n > 4e~ L. Define B € G;¢(2) by setting

for w € U?;é@jUk, k > n, and B(w) = A(w) for other w € Q. It is easily seen that B
furnishes the assertions of the proposition. O

2.3 An Open Set of Cocycles with Simple Lyapunov Spec-
trum but no Exponentially Separated Splitting

In this section we will construct an open set of cocycles such that each cocycle in
this set has simple Lyapunov spectrum but has no exponentially separated splitting.
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Moreover, the Lyapunov exponents considered as function of cocycles are continuous in
this set. This is a distinguished feature of unbounded cocycles since in the bounded case
continuity of all Lyapunov exponents implies exponential separation of the Oseledets
splitting (see Bochi [21] and Bochi and Viana [22, 23]). We will construct a cocycle
Ap € Gro(2) such that a neighborhood of it will have the properties claimed in the title
of the section. First, by Lemma 2.2.11 we can find a measurable set U = J,—, U;’i 61 67U,
such that the sets 67Uy, 0 < j < 3k — 1, k > 4, are pairwise disjoint, measurable and
of positive measure. Denote the probability of Uy by x; for all £ > 4. We can assume
additionally that the sets Uy satisfy also the condition

(o]
Z k‘ziltk <
k=4

Set F:=Jp, U?i;l 07Uy, we get P(F) = Y32, kay, < 7. Now, the cocycle 4g € G(2)
is constructed as follows:

(2.33)

=

<2 (1)> for weQ\F,
0 3

Aolee) = <I<:+1 0

0 k:> for we U?i;l QU k> 4.

From (2.33) it follows that Ay € Grc(2). Clearly, Ay € Goo(2). Denote by {e1,es} the
standard Euclidean basis of R2. It is easy to see that
R? = Re; ® Rey (2.34)

is the Oseledets splitting of the cocycle Ag. Using the Birkhoff theorem (see Appendix
A) we can compute and estimate the Lyapunov exponents of Ay as follows

Msztﬁ%MW%NWM
Q

= ) kaplog(k+1) + (1 —P(F))log?2
k=4
> 0,

and

&sztﬁ%MWWﬂﬂw

= Y kaplogk — (1—P(F))log?2
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Hence the cocycle Ag is hyperbolic and has simple Lyapunov spectrum. However, Ag
has no exponentially separated splitting because otherwise the exponentially separated
splitting must be the Oseledets splitting (2.34) but for fixed positive numbers a, K we
can find n > 4 such that (n +1)" < Ke*n"™. We also define a cocycle A by setting

(2 ?) for weQ\F,
0 3

Alw) = el o
( EE 1) for wGU?i}lﬁjUk, k> 4.

Proposition 2.3.1. There exists a positive number § such that any cocycle B € Gro(2)
satisfying p(Ag, B) < § has simple Lyapunov spectrum. Moreover, the functions X\;(+) :
Gic(2) = R, B— X\(B), i =1,2, are continuous on the ball centered at Ay with radius

0 in (Gre(2), p).

Proof. We choose and fix a positive number § satisfying

1 1 1
b<qg 0< gkzﬂlkxklogﬂ%-g).

Let B € Grc(2) be an arbitrary cocycle satisfying p(Ag, B) < 6/2. Setting

B(w) for weQ\F,
TB(w) for we U?i;l U, k>4,

ICw)| < 6 if weQ\F,

1 2k—1 _

S0 if we UkOJUk, k> 4.
J:

ICW)I

IN

Define a random projector P, of R? by setting P, = (8 (1)> for all w € Q. We state

the following claim.

Claim. For any w € Q and any n € N the following inequalities hold
n—1 R
SR 40—k —1,0M W) P C(0Fw)| < (T+v2)5, (2.35)
k=0

f: |91k + 1= n,0"w)(Tq — Puesn, )O(BR W) < (74 V2)5. (2.36)
k=n



53 2.3. An Open Set of Cocycles

To prove the claim we set

o0

E,, :=U, U0U,, --U8>"%U,, E:= U E,,.

Note that [|® 5(n — k — 1, 0" 1w) Pperr || = [T7244, [@2(67w)|, where

N 3 for weQ\F,
as(w) :== kel i
1 for wGUj:k 00U, k>4,

Therefore, by the construction of U and E it follows that if " 'w ¢ E then

1 n—k—1
1@ 5(n — k — 1,68 1w) Py, || < (ﬁ) (2.37)

for all integers 0 < k < n — 1. Now, back to (2.35) we see that there are two cases:
either 0" ~'w € E or not. If " 'w ¢ E, then by (2.37) we have

= n—1 n—k—1
h=0 k=0 \/5
< (2+V2)5, (2.38)

which proves (2.35). If 0" 1w € FE then " 1w € 6"U,, for somem >4 and 0 < h < 3m—
1. In this case 7~ 1="~1y ¢ E, hence using (2.38) and the fact that [@5(r,w)P,l <1
for all » > 0 and all w € 2, we have

n—h—2 —h—
S @50 —k — 1,68 0) P, C(6R0) || < Z 1@ (n—h— k- 2,650 -
k=0 -0
Py, O (6%w)]
< (2+V2)0. (2.39)

To estimate the term S27=0 [®z(n—k—1, 01w) Pyrs1,,C (6% w)|| we notice that

n—1 n—1 n—1
> llesn—k— 1,00 P CE* W) < Y [[COF) ] [a2(67w)l.
k=n—h—1 k=n—h—1 j=k+1

By considering three possiblgcasesg <h<m-1m<h<2m—land2m < h <3m-—1,
and usi/r\lg the definition of A and C' (remember that on 0hU,, with m < h < 2m —1 we
have ||C'(w)|| < §/m), one can show that

n—1
S @50 — k= 1,0"w) Ppess, C(6w)|| < 56, (2.40)
k=n—h—1
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which together with (2.39) implies inequality (2.35). Inequality (2.36) can be proved in
a similar way. Thus, the claim is proved.

Now, let B denote the Banach space of all bounded matrix-valued functions f : N —
R2*2 where R?*? is the space of all two-by-two matrices with matrix norm, with the
norm

1flls = sup||f(n)]-
neN
For every w € €2 we define a mapping 7, : B — B by

n—1

(Tof)(n) = ®3(n,w)Py+ Y ®3(n,w)Pu®5(k+ 1,w) " C(0"w) (k)
k=0

=Y ®3(n,w)(Ig — Po)@3(k + 1,w) " C(0%w) £ (k).
k=n
By the definition of A and P,, we have [®3(n,w)P,|| < 1foralln € N, w € 2. Therefore,

due to (2.35)—(2.36) the mapping T, is well-defined and depends measurably on w € €.
Moreover, for every f1, fo € B we have

1
< §Hfl — fallB,

1Tufi —Tufells < (1442V2)d|f1 — f2llB

hence T, is a contraction mapping for all w € €). By the contraction principle, the
mapping 7}, has a unique fixed point which depends measurably on w € €2, too. Denoting
this point by Y,,, we have

n—1

Yo(n) = @3(n,w)P+ Y ®5(n,w)P®5(k +1,w) C(0%w)Y,, (k) —

k=0
e

> "0 5(nw)Ig — Po)® 5k + 1,w) T C(0Fw) Y, (k). (2.41)
k=n

From this formula we derive Y, (n 4+ 1) = B(§"w)Y,,(n). Since Y,(n)P, is also a fixed
point of T, we get Y,,(n)P, = Y,(n). Put Q, := Y, (0) then Q, P, = Q. Letting n =0
in equality (2.41), we obtain

Qu =Y,(0) =P, — fj(fd — Py)@5(k + 1,w) "' C (0" w) Yo (k), (2.42)
k=0

which gives that P,Q, = P,. Thus, Y,Q,, satisfies (2.41), hence it is also a fixed point
of T,,. Consequently, Y,,Q, =Y, so Q% = Q. and Q,, is a random projector. Set

My = |Yollm = sup [Ya(0)]) = sup [, )Qu
neN neN
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Using (2.41), for any n € N we have

n—1
Vo) < (1@ 5(n,w)Pull + Y 1@ 4(n,w0) Pu® 5 (k + 1,w) " C(0%w) Yo, (k)| +
k=0

+ 3@ 4(n,w)(Ig — P)® 5(k + 1,w) " C(0Fw) Y, (k)|

k=n

< 1+ (14 +2V2)6M,,,
which leads that M, < 1+ (14 + 2v/2)6M,,. Equivalently, we have
M, < (1—(14+2v2)85) ™" < 2. (2.43)

Now we will show that the cocycle B has simple Lyapunov spectrum. For this purpose,
let f be a unit vector in the space Im@),, (it exists because @, # 0), then for all n € N
we get

1 1 1 log M, log2
_ ~ == ~ == < <
Do 9 5, ) | = g |85 (n,)Qu ]| = ~log [Ya(n)f]| < 2T < B2

where we use (2.43) to obtain the last inequality. As a consequence, the linear cocycle
B has a negative Lyapunov exponent. On the other hand, by the construction of the
cocycle A we have

~ 1 if weQ\F
det A(w) = Ll 21 o
p if welUly Uy, k>4

Since || B(w) — A(w)|| < & it follows that
|log det B(w) — log det A(w)| < 36.

Hence, an elementary computation yields that

~ e 1
1 > ) —
/ogdetB(w)]P’dw > kaklog(1+k) 30
Q k=4

> 0,

which together with an application of Theorem 1.3.3 implies that the linear cocycle B
has a positive Lyapunov exponent. Thus, the linear cocycle B has simple Lyapunov
spectrum and im@),, is the Oseledets subspace corresponding to the negative Lyapunov
exponent of B. Next we estimate the difference |Q, — P,|. Combining (2.36) and
(2.42), we obtain

1Qu—Pull < My Y (I = Po)®4(k+ 1,w)C(0"w)||
k=0

IN

M, (7 +V?2)8
< 176.
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Since B differs from B only by a scalar multiplier (scalar function), the linear cocycle B
also has simple Lyapunov spectrum and has the same Oseledets splitting as B. Denote
by A1(B) > A2(B) the Lyapunov exponents and by R? = E;(w) ® E3(w) the Oseledets
splitting of B. As is proved above, we get Es(w) = im@,. Choose measurably a unit
vector fa(w) in the space Fy(w) then

lim o [@(n,) ()| = Aa(B).

n—oo

The unit measurable vector fo(w) can be given of the form fo(w) = a(w)e; + B(w)es,
where a, 8 : Q — R are measurable and a(w)? + f(w)? = 1. Set z(w) := ||Ag(w)ez| and
y(w) := ||B(w) f2(w)||. Using the Birkhoff theorem (see Appendix A), we have

Ma(do) = [loga(w) dBw), Ma(B) = [ logy(w) dPo).

Q Q

By the construction of Ag we have

1 if weQ\F
(W) = %—1
kit weliZ L 00U, k>4
Therefore,
= kaglogk — (1 —P(F))log 2.
0 0

Note that P, = < 01

>. Since ||Qw — P, || < 174 it follows that

(W) < [Py = Qull <176, Blw) = /1= (176),

which implies together with § < - that ||f2(w) — ea|| < 304. Since |z(w) — y(w)| <
|[Ag(w)es — B(w) fa(w)||, for every w € Q we have

[z(w) —yW)| < [[Ao(w)ez = Ao(w) fo(w) + [[Ao(w) fa(w) — B(w) fa(w)]
< [[Ao(w)llllez = fa(w)ll + 6
< (30 Ao(@)I[ + 1)d.
Consequently,

1. For w € Q\ F we have |[Ag(w)]| =2, |z(w)| =

1
2
1 1
Z_ _5< < Z
5 606 5_y(w)_2

2. Forw € U% L0IUL, k > 4, we have || Ag(w)|| = k + 1, |z(w)| = k, and
k—30(k+1)0 —d <y(w) <k+30(k+1))+0.
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Therefore, we obtain

Ao(B) > (1 - P(F)) log(% — 610) + f: kay log(k — (30K + 31)5),
k=4

and

1 [e.e]
Mo(B) < (1~ P(F)) log(; + 616) + > kaylog(k + (30k + 31)5).
k=4
From these inequalities, using the fact that for any a > 0, 0 < x < a/4 the inequalities
log(a+ z) < loga+ x/a and log(a — x) > loga — 2z /a hold, we get for any § < 1/500

)\Q(A()) — 2(122 + 3)(5 < )\Q(B) < )\Q(A()) + (122 + 3)(5

It implies that the Lyapunov exponent Aq(-) is continuous at Ag. Now, note that if we
have another cocycle B’ which also satisfies p(Ag, B') < d, and B’ is close to B, then
B’ also has simple Lyapunov spectrum and the corresponding random projector @', of
B’ (onto its stable subspace) is close to the above random projector @, of B. By the
same arguments as that for proving As(B) is close to A2(Ap) above, we can show that
Ao(B') is close to A2(B), hence Ao(+) is continuous at B. The continuity of A(-) implies
the continuity of A;(-) because they add up to the exponent of the determinant, but the
exponent of the determinant is easily seen to be continuous in (Grc(2), p). O

Theorem 2.3.2. There exist A € Grc(2) and € > 0 such that every cocycle B €
G1c(2) satisfying p(A, B) < e has simple Lyapunov spectrum but has no exponentially
separated splitting. Moreover, the functions A\;(+) : Gic(2) — R, B +— X\(B), i = 1,2,
are continuous on the ball centered at A with radius € in (Gro(2), p).

Proof. Take A = Ag and ¢ = ¢ with Ay and ¢ provided by Proposition 2.3.1. Due to
Proposition 2.3.1, it remains only to prove that any B € Gr¢(2) satisfying p(A, B) < ¢
has no exponentially separated splitting. Indeed, for any fixed positive numbers «, K we
can find n > 4 such that (n+2)" < Ke*"(n—1)" and, as in the proof of no exponential
separation of Ay above, we see that B has no exponentially separated splitting. O

Note that Theorem 2.3.2 can be easily generalized to the d-dimensional case.



Chapter 3

Generic Properties of Lyapunov
Exponents of Linear Random
Differential Equations

In the early eighties, Millionshchikov has investigated some generic properties of the
Lyapunov exponents of linear deterministic systems. He has proved that Lyapunov
exponents in such a set-up are Baire functions of the second class (see Millionshchikov
[99], [100] and [101)).

Mané [92] has studied the deterministic multiplicative ergodic theorem from a generic
viewpoint, i.e. for a generic C! diffeomorphism on a compact Riemannian manifold, and
a generic invariant measure.

In the paper [4] by Arnold and Cong, the generic properties of Lyapunov exponents
of linear cocycles generated by products of random matrices are investigated. More
precisely, the authors show that the top Lyapunov exponent is upper semi-continuous
and the smallest Lyapunov exponent is lower semi-continuous. Furthermore, on the one
hand all the repeated Lyapunov exponents are Baire functions of the first class and on
the other hand all Lyapunov exponents are of the second Baire class.

This chapter is devoted to the study of the Baire class functions of Lyapunov exponents
of linear RDE which is an important generator of RDS on R (see Subsection 1.2.2).
Note that in the conclusion of Arnold and Cong [4] the authors also mentioned that
their results about the generic properties of Lyapuonv exponents can be extended to
continuous time. However, our situation here is different. Instead of investigating the
dependence of Lyapunov exponents of RDS with T = R on some perturbations of the
RDS (see Arnold and Cong [4]), we start from a linear RDE and thus deal with the
dependence of Lyapunov exponents on some perturbations of the ”vector field”. The
structure of this chapter is as follows: In Section 3.1, we introduce the space of linear
RDE and the generic properties of Lyapunov exponents of linear RDS are discussed in
Section 3.2.

58



59 3.2 Generic Properties of Lyapunov Exponents of Linear RDS

3.1 Spaces of Linear Random Differential Equations

Let (92, F,P) be a non-atomic Lebesgue probability space, and (6;);cr an ergodic flow
of (Q, F,P) preserving the probability measure P. We consider a linear pathwise RDE

j}t = A(Gtw)xt, (31)

where A € £!(PP). By virtue of Theorem 1.2.1, equation (3.1) generates a linear RDS
d 4 satisfying

D(t,w) =1q+ /Ot A(Osw)PA(s,w) ds. (3.2)

Also, differentiating ®(t,w)®(t,w) ! = I  yields that

Da(t,w) ™ =1y — /Ot D4 (s,w) TA(Ow) ds. (3.3)

The following lemma ensures that the integrability of A implies the integrability condi-
tion for the linear RDS ®4. A proof can be found in Arnold [3, pp. 159]. However, for
sake of completeness we present a short proof of the result.

Lemma 3.1.1. If A € L'(P) then the corresponding linear RDS ® 4 satisfies the inte-
grability condition in Theorem 1.3.5, i.e. o™ € LY(P) and a~ € LY(P), where

a*(w) = sup log™ [|@a(t,w)™".

0<t<1
Proof. Since the linear RDS ® 4 satisfies (3.2) and (3.3) it follows that
t
[®@a(t,w)FH <1 +/ |ABsw)|||® (s, w) ]| ds for all t > 0.
0
Using the Gronwall inequality (see Aulbach and Wanner [8]), we obtain
t
[@at.)*!) < exp [ 4(0)] ds.
Consequently,
1
ot (w) S/ |A(Osw)|| ds. (3.4)
0
On the other hand, by the Fubini theorem, noting that E|A(6;-)|| = m < oo, we get
1 1
| BlA@] dt=m =E [ 1460 dt < oc.
0 0

Together with (3.4) this concludes the proof. O
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3.2 Generic Properties of Lyapunov Exponents of Linear
Random Differential Equations

In this section, we consider the space of all linear pathwise RDE
j}t = A(Gtw)xt, (35)

where A € L2(P), i.e. esssup,cq ||[A(w)| < oo. For each A € L>(P), Lemma 3.1.1 im-
plies that the RDS ® 4 generated by (3.1) satisfies the integrability condition of Theorem
1.3.5. Let {(A\i(A),d;(A)) :i=1,...,p(A)} denote the Lyapunov spectrum and

R = F1(w) ® B2 (w) ® - @ Ep(w),

the Oseledet splitting of ® 4. We rewrite the Lyapunov exponents of ® 4 in the following
sequence counting also their multiplicities

xa(A) < xa-1(A) <--- < x1(A),

where the Lyapunov exponent \;(A) appears d;(A) times, i = 1,2,...,p(A4). We call
X1(A), x2(A), ..., xqa(A) the repeated Lyapunov exponents of ® 4. For each A € G;o(d),
there exists a one-to-one maping between the Lyapunov spectrum of ® 4, {(A;(A),d;(A)) :
i=1,...,p(A)}, and the repeated Lyapunov exponents of ® 4, {x1(4),...,xq(A)}, but
the dependence of Lyapunov exponents A1(A), ..., Ap4)(A) and repeated Lyapunov ex-
ponents x1(A), x2(A), ..., xq(A) on A can be quite different as the results of this chapter
show. Notice that x1(A) = A1 (A) and xa(A4) = A\pa)(4).

We define

6(A,B) = esssup [[A(w) — B(w)||
we2

and endow the space £°(P) with the following metric

1, if 5(A, B) = oo,

5(A,B)
T+6(A,B) "

p(A, B) = '
otherwise.

It is easy to see that (L°°(PP),p) is a complete metric space. In what follows, we will
investigate the properties of the top Lyapunov exponent function \; : L®(P) — R,
A A (A).

Theorem 3.2.1. The top Lyapunov exponent function A\1(+) : (L2(P), p) — R is upper-
semi continuous.

Proof. By virtue of the Furstenberg-Kesten theorem (see Theorem 1.3.3), we get

.1
M) = Jim 7 [ Tog [a(t,)]| aP(e)

Fix € > 0. Then there exists T'= T'(¢) > 0 such that

= /Q log 1.4(T' ) | dB(w) < X (4) + = (3.6)
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Define M(w) := exp fOT |A(Osw)|| ds. Since A is essentially bounded it follows that
M(-) € L>(Q,F,P). Hence, there exists 6 > 0 such that

/ log (1 + 5TM(w)2e5TM(“’)> dP(w) < =
Q 2
‘We now show that
1)

AM(B) <Ai(A) +¢€ for all B € £7°(d) with p(A, B) < o5 (3.8)

By the variation of constants formula we obtain
Op(t,w) = Pa(t,w) + /Ot DAt — 5,0,w)C(O;w)Pp(s,w) ds,
for all ¢ > 0, where C(w) := B(w) — A(w). Together with
|Pa(t — s,0sw)| < exp /Ot |A(Oyw)|| du for all s <t,
we thus get
|1Pa(t,w)| < ||[Pa(t,w)| +0M(w) /Ot |Pp(s,w)| ds forall 0 <t <T.
Applying the Gronwall inequality (see Aulbach and Wanner [8]), we obtain
T
[@5(T,w)|| < [@a(T,w)|| + 5M(W)/0 1.4 (s, 0) [T ds. (3.9)

On the other hand, we have
D a(s,w) = (PA(T — 5,0,w)) " 0 ®A(T,w) forall 0 < s <T.
This implies with the inequality || (®4(T — s,0,w)) " || < exp fOT |A(Oyw)]|| du that
|Pa(s,w)|| < Mw)||Pa(T,w)]| forall0 <s < T. (3.10)
Combining (3.9) and (3.10), we obtain
[@5(T )]l < [@a(T,w) ]| (14 0TM (w)2e M)

Therefore,

/logH@B(TM)H dP(w) < /logH‘I)A(T,W)H dP(w)
Q Q

+/ log (1 + 5TM(w)265TM(“’)) dP(w),
Q
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which implies with (3.6), (3.7) that

—/1oqu>B )| dP(w) < A(A) +e.

Consequently, to prove (3.8) it suffices to show that

M(B) < £ [ log [#5(T.w)| dP). (3.11)
Since
Pp(nT,w) = (T, 04—1yrw) 0 Pa(T, 0 —9yrw) 0 -+ 0 Pp(T,w) for all n € N,
it follows that
log [ ®p(nT,w)|| < log [[®5(T) 0p—1)rw)l|+10g |®5(T, On—2)10) [+ - - +log [[@5(T, w)|.

Integrating both sides of this inequality implies together with the ergodicity of 6 that
1 1
— / log | ®p(nT,w)|| dP(w) < —/ log || ®5(T,w)|| dP(w) for all n € N.

Letting n tend to infinity, we get (3.11). As a consequence, A1 (+) is upper semi-continuous.
]

Remark 3.2.2. Analogously, by considering the inverse direction of time the smallest
Lyapunov exponent \,4)(A4) = x4(A) depends lower-semicontinously on A.

In the next theorem, we deal with the Baire class of the repeated Lyapunov exponents
functions y;(-),i =1,...,d.

Theorem 3.2.3. The functions x;(-) : (L®(P),p) — R,i = 1,...,d, are of the first
Baire class.

Proof. Let A*®,4 denote the RDS on the k-fold exterior power A¥(RY) k = 1,...,d,
induced by ®4. In view of the Furstenberg and Kesten theorem (see Theorem 1.3.3),
we have

AR(4) = Jim [ 1o |4"0.(t.0)]| d2(w).
Let € > 0 be arbitrary but fixed. Then there exists T" > 0 such that

M) < 5+ 7 [ 1o A5 0A(T. )] P,
By the same argument as in Theorem 3.2.1, there exists § > 0 such that the following
inequality

7 [ oA (Tl ) < 5+ 1 [ log Ak Ra(T. )| B
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holds for all B € £L>*(P) with p(A, B) < §. This together with the inequality
1
AKB) < 7 [ log |4k 0u(T.)] dBw)
Q

implies the upper-semi continuity of A¥(-). Hence, the function A¥(-) is of the first Baire
class (see e.g. Stromberg [133]). On the other hand, we have y; = A" — A*~! for all
1 =1,...,d. Therefore, the functions x;,7 = 1,...,d, are of the first Baire class and the
proof is completed. O

Using the definition of Lyapunov exponents and repeated Lyapunov exponents for an
RDS, we obtain the following corollary (we refer to Arnold and Cong [4] for a proof).

Corollary 3.2.4. The functions \;(+) : (L>®(P), p) — R are of the second Baire class.

For completeness, let us quote a brief discussion about some generic properties of Baire
functions from Arnold and Cong [4, Remark 2.8].

Remark 3.2.5. (i) Because all Baire functions are measurable with respect to the Borel
o-algebra of L>(P) (see Goffman [67, Theorem 1]), the Lusin theorem (see Goffman [67,
Theorem 5]) is applicable: Let p be any probability measure on the measurable space
L>°(P) with the Borel o-algebra. For any ¢ > 0 there exists a set S7, whose complement
has pi-measure less than ¢, such that the restrictions of A;(-),..., Ap)(:) to Sy are con-
tinuous on Sj.

(ii) Due to the properties of the Baire functions (see Goffman [67, Theorem 2]), there
exists a residual set Sy such that the restrictions of A1(-),..., Ay (+) to Sz are continuous
on Ss.

(iii) By virtue of Theorem C.0.10, the functions x1(-),..., xq(-) are generically continu-
ous on the whole space L>(P).



Chapter 4

Difference Equations with
Random Delay

The work presented here is a first step towards a general theory of differential and differ-
ence equations incorporating random delays which are not assumed to be bounded. The
main technical tool relies on recent work of Lian and Lu [89], which gives a generalization
of the MET, going back to V.I. Oseledets [109], to Banach spaces.

We present a linear delay random difference equation with a random delay, which is not
assumed to be bounded. Whereas the case of a bounded delay may be modeled using a
finite dimensional state space, resulting in a product of random matrices, this does not
work in the case of a delay for which the probability that it exceeds a value M is positive
for every M. The first step is therefore the introduction of a suitable state space. Here
we use a subspace of the linear space of all real valued sequences. With a suitable choice
of a norm this gives a Banach space. Already here considerably more attention than in
the finite dimensional case, where any two norms are equivalent, is needed.

For bounded delay, resulting in the finite dimensional case, the standard one-sided MET
applies. The integrability condition is satisfied provided that the coefficients are in-
tegrable. On the other hand, one necessarily has a non-invertible and therefore only
one-sided system as soon as the delay is not deterministic.

Using the model proposed here for the case of unbounded random delays, the inte-
grability condition of the MET is satisfied provided the delay and the coefficients are
integrable. Furthermore, the system is invertible.

We then show that modeling a bounded delay using the infinite dimensional setup,
and then applying the MET in a Banach space, yields the same result as the finite-
dimensional model with the standard MET, provided the norm on the infinite-dimensional
space is chosen appropriately.

Delays in difference and in differential equations are used for mathematical modeling in
many applications for the description of evolutions which incorporate influence of events
from the past.

In particular, there is a vast literature on delays in biological systems. We briefly dis-
cuss some aspects here, but it should be emphasized that we do not claim to give an
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exhaustive presentation, and we refer to Kot [80], Kuang [82], and MacDonald [91] as
well as to recent work by Forde [58], also for further references.

Delays in biological applications may be caused by quite different sources. In population
dynamics there are gestation and incubation times, which often can be assumed to be
deterministic (see e.g. Finerty [53] and Flowerdew [55]) in first approximation. For a
more detailed investigation it may also then become necessary to model these as random.
For a discussion of human pregnancy see e.g. Forde [58, pp. 89]. However, there are
populations with structurally non-deterministic maturation times. These may be caused
by changes of external influences and living conditions due to weather or to climate
changes, or also due to human influences such as fertilisation or forestial clearing. For
insect populations where the end of the larval stage is governed by external conditions,
for instance given by climatic or nutrimental parameters, the incorporation of a random
delay with large and possibly even unbounded variance is justified, if not necessary.
Models for immune response are another situation where the incorporation of delays is
reasonable (see e. g. Cooke et al. [40]). The incorporation of a random delay into models
for immune response seems particularly appropriate, since the time of the outbreak of a
disease caused by an infection is influenced by complicated biological and environmental
processes. This is another case where the assumption of an a priori bound for the
(random) delay, thereby discarding events which may occur with a small, albeit positive
probability, may yield an erroneous model.

Recent investigations of discrete epidemiological models allow the period of infectivity
to be of arbitrary length, see Lara-Sagahén, Kharchenko, and José [86]. This is another
situation where the inclusion of randomness into the delay forbids the assumption of
boundedness of the delay.

Also genetic changes which have taken place under circumstances which are long gone
may get virulent, activating information which had long been hidden.

Another field of application of random delays is the stock market. The usual Black-
Scholes-Merton-Samuelson (1965, 1973) model is based on the explicit assumption that
information is uniformly held by everyone and that it does not play a role in stock
prices. More recent models incorporate the evident nonuniformity of information in the
market and the evident time delay until new information becomes generally known, see
Shepp [125]. Clearly it would not be appropriate to model this information delay as
deterministic, and also it seems questionable whether the assumption of a bounded ran-
dom delay would yield a realistic model. In the economy also events such like corruption
or other proceedings taking place in concealment come into operational conscience only
after discovery. Often this is caused by ‘lucky’ circumstances, and may therefore well
be modelled by a random time, acting as a delay.

In economic order quantity models it is often assumed that payments are made on
the receipt of items. This is usually not fulfilled in practice. It is, on the contrary,
quite common in the market that suppliers offer a credit period to retailers in order to
stimulate demand, see Chang and Dye [31]. This is another situation where random
delays may be used in order to obtain an appropriate model. Here the random delay,
used to model the credit return time, should be assumed to be not bounded in order
also to cover the credit loss risk.
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Also mathematical modelling of other situations where an unexpected discovery or an
event going back to a possibly far remote past are well modelled taking unbounded
random delays into account. While in several situations it may be appropriate to consider
these events as non-delayed random events, occuring actually and without delay, this
will not be appropriate if the effects of a past event become virulent for several parts of
vegetation or animal population which are otherwise independent.

For the investigation of a model incorporating fixed delays in a Black-Scholes-Merton-
Samuelson model see Arriojas et al. [7] and Kazmerchuk et al. [77].

A major property of the model we are going to consider here is the fact that we allow
for an unbounded distribution for the random delay time. As already mentioned, this
makes it necessary to use an infinite dimensional state space. One may argue that the
assumption of an unbounded distribution is not realistic for certain applications such
as animal populations with backbreed evolution, and that there the standard finite-
dimensional models would suffice. This being true in certain situations, it may not
be appropriate to assume a bounded distribution founding on the argument that an
unbounded delay time has never been observed yet. The probability of very large delays
must be small anyway. Often the assumption of a bound for the possible delay times
may be justified, as soon as only finite evolution times are of interest. However, for
assertions about asymptotic properties it is relevant if the delay can be arbitrarily large
with positive, albeit very small, probability. The Poincaré recurrence theorem as well
as the ergodic theorem imply probability one for exceeding every value. Therefore
the assumption of a bounded delay may be appropriate for investigations with a finite
time horizon, but it may yield wrong conclusions for questions concerning asymptotic
properties.

Further recent contributions on the theory of stochastic differential equations with de-
lay, which may also be allowed to be random itself, are Caraballo et al. [28, 29], for
unbounded delay see Caraballo et al. [30].

4.1 A Setting for Difference Equations with Random De-
lay

Let (Q, F,P) be a probability space, 6 : 2 — Q an invertible ergodic map which preserves
the probability measure P and let r : 2 — N be a measurable map which we call random
delay map. Let A,B : Q — R%? be measurable functions. We consider a linear
difference equation with random delay of the form

Tpy1 = A0"w)zy, + B(0"w) Ty —r (9w (4.1)

In order to introduce an RDS generated by (4.1) we first need to construct an appropriate
state space. Since the delay map r is in general unbounded, an initial value for (4.1)
is an infinite sequence (...,z_9,2_1,29) and for an arbitrary norm || - || we denote the
normed linear space of all those sequences by

X={x=(..,22,2-1,20) ¢ |x|]| <oo}.
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The time-1-map ®(1,w) = ®(w) : X — X generated by (4.1) is defined to be the map
P:OxX— X, (W, x) = ®(w)x = (..., 29,21, 20, A(w)zo+ B(Ww)z_s (o), (4.2)

which gives rise to a linear cocycle ® : Ny x Q — £(X) defined by

idx, ifn=20,
O(n,w) = (4.3)
®(1,6" tw)o---0®(1,w), otherwise.

Remark 4.1.1. Note that ®(w), and hence ®(n,w) for every n € N, are injective, since
ker ®(w) = {0}. For w € Q,n € N and x € im ®(n,0 "w) due to the injectivity of
®(n, 0 "w) there is a unique y € X, which is also denoted by ®(—n,w)x, such that

®(n, 0 "w)y = x.

In order to complete the definition of ® we need to fix a norm on X. Since in the
unbounded delay case, the initial data is always a part of the solution. Hence, some
kind of regularity must be imposed from the beginning, see e.g. [30, 63]. From now on
we deal with a special class of norms on X which is appropriate for (4.1). For v > 0
fixed we define

X, = {x: (- ,x_1,20) ¢ lim e Mz_, exists},
n—oo
x|, = supe "|x_p| = sup 7"z, for all x € X,
n€Ng neNy
where | - | is an arbitrary norm on R% It is easy to see that (X, - ||l,) is a Banach

space. The following lemma provides the separability of the space (X, || - ||5).
Lemma 4.1.2. Fory > 0 the space (X, || -||y) is separable.

Proof. Let Q¢ denote the set of all vectors in R? whose components are rational. Clearly,
Q% is countable dense set in R?. For each N € N, we define

Xy = {f :{—=N,...,—1,0} —>]Rd}.
We endow the space Xy with the sup norm || - ||, i.€.
I flloo = sup |f ()| for all f € Xy.
ke{—N,...,—1,0}
Obviously, (X, || - |leo) is a separable Banach space. As a consequence, there exists a
countable set
Ay = {fl(N) 2(N),...}, where fl(N), 2(N)"“ € Xu,

which is dense in X . For each function f,gN) € Ay and v € Q% we define the extended
function ﬁf\p Ny — R? by
(N)
n), forallne{-N,...,—1,0},
My = ) Tk (n) { } (4.4)

e M, otherwise.
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Since lim;,, oo e™ " A;]X)(—n) = v it follows that AEJX) € X,,. Define

Ay = U {f}i\f),gﬁf),...} for all N € N.
veQd

To prove the separability of the Banach space (X, || - [|y) we will show that

A= U ZN is dense in X,.
NeN

For a given x = (...,z_1,20) € X, set u := lim, .o "x_), € R?. Hence, for an
arbitrary € > 0 there exists NV € N such that

le™"x_p, —ul < for all n > N. (4.5)

Wl ™M

Since Q7 is dense in R? it follows that there exists v € Q¢ such that |v —u| < 5. On the
other hand, due to the denseness of Ay in Xy there exists k& € N such that

sup ‘f,gN) (n) — x| <e. (4.6)
ne{—N,...,—1,0}

We now estimate Hf,gjz) —X|ly. By (4.4) and (4.6), the relation

n N n N
UL @) =zl = A 0)
N

< |5Y )~

< ¢
holds for all m € {—N,...,—1,0}. On the other hand, foralln € {—-N—-1,-N—-2,...}
by (4.4) we have

e f,(gjz) (n) —xz,| = €Me v — 1z,

< u—v|+|u— ey
2
é 567

where we use (4.5) to obtain the last inequality. Therefore, we have

IS = xlly = sup e FN) (n) — 24| <,
neNg

which proves that A is dense in X, and this completes the proof. O

Throughout this chapter we assume that v > 0 and consider equation (4.1) on the state
space (X5, [|-|ly)- In the following lemma, we provide a sufficient and necessary condition
for which the solution of (4.1) tends to 0 when the time tends to infinity.
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Lemma 4.1.3. Let x € X,,. The following two statements are equivalent:
(1) limy, o || P(n, w)x]||, = 0.
(i) limy, oo ‘(@(n,w)x)o‘ =0, where (@(n,w)x)o denotes the 0-th entry of ®(n,w)x.

Proof. (=) Suppose that lim,_. [|®(n,w)x||y = 0. Since ||®(n,w)x|, > [(P(n,w)x)
it follows that lim,, ‘(@(n,w)x)()! = 0.

(<) Conversely, we assume that lim, . ‘(@(n,w)x)& = 0. Thus for any € > 0 there
exists N € N such that ‘(@(n,w)x)()! < ¢ for all n > N. Choose k € N large enough
such that e 7*||®(N,w)x||, < e. Now we show that

ol

|®(n,w)x|, <e for all n > N + k. (4.7)
From (4.2) and (4.3) we have for all n > N + k
(@(n—j,w)x)o, fo0<j<n-N,
(2, w)x),,

®(n, =
( (n W)X)—J { N ifn—N+1<j.

Hence, for all n > N + k we get

[@(n,w)x|y, = sup e |(®(n,w)x)_

jeNo 1

~ {00 )| s,

< max {E, e"katID(N,w)xHy} ,
proving (4.7) and this completes the proof. O
FEzample 4.1.1. We now discuss the case that B = 0 and A is a scalar number
Tpy1 = Axy, for A #£ 0.
It generates the deterministic cocycle

d(n,w)x = (..., x_1, 0, Azg, A%z0, ..., A") .

1 1 1 1
¢(OJ) <,E,Z,1> :A<,E,Z,1>

it follows that A is an eigenvalue of ®(w) with the corresponding eigenvector x =
(. e %, %, ) The eigenvector x is an element of X, ie. lim, ., e "A™" exists,
if and only if A € (—o0, —e™7)U [e™7,00) . In this case we have

Since

P(n,w)x = A"x for all n € N,
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which implies that
1
lim - log ||®(n,w)x||, = log|A| (4.8)

is a Lyapunov exponent of ®. Let £ denote the subspace which realizes this exponent,
i.e.

1
E, = {x € X,y hI:B - log ||®(n,w)x||, = log |A|}

and define
E:={xeX,: ®(—n,w)x exists for all n € N}.

It is easy to obtain that £ = span{x}, where x = (..., ﬁ, %, 1). This implies together
with (4.8) that Fy = E = span{(. o %, %, 1)} and log |A| is the unique Lyapunov
exponent of ®. Define

F = {(...,x_l,xo) =x€e€X,:x9= 0}.

It is clear to see that F'is a complementary subspace of F; and invariant under ®(w),
ie. ®(w)F C F. Moreover, we have

|P(n+ 1, w)x||, = e 7||®(n,w)x||, foralln € N,x € F.

As a consequence,
. 1
nanolo - log ||®(n,w)|Flly = —

and we conclude that X, = E; @ F' is the Oseledets splitting of ®.

4.2 MET for Difference Equations with Random Delay
In this section we consider a difference equation with random delay of the form
Tpt1 = A(0"w)xy + B(0"W) Ty _p(gne)-

In the following lemma, we provide a sufficient condition for which the generated RDS
satisfies the integrability condition of the MET.

Lemma 4.2.1 (Sufficient Integrability Condition). If r € £LY(Q,F,P) and A,B : Q —
R4 gre measurable functions satisfying that

log™ |A()|, logt [B()| € £'(Q2, F,P),

then the linear cocycle ®, defined as in (4.2), satisfies the integrability condition of the
MET (see Theorem 1.4.2), i.e.

log® [|®(-)]ly € £, F,P).
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Proof. For each x = (...,x_1,29) € X, by using (4.2), we obtain

le@)xl, = max{sup e-v<"+1>|:c_n|,|A<w>:co+B<w>:c_r<w>|}
n€Np

= max {e 7 xlly, [A@)wo + B@)7 ()|}
< max {e x|y, (J4(@)] + €@ [B@)]) Il |

Consequently, for all w € Q we have

log™ @ (w)]ly max {0, log [|®(w)l|, }
max {O, log e, log (|A(w)| 4 ") \B(w)])}

log* (|A@w)| + ") B(w)]).

IN

IA

This implies together with the inequality log™ (z + y) < log™ x + log™ y + log 2 for all
x,y € RT that

log™ |®(w)|ly < log" [A(w)| +log™ (e7"“)|B(w)]) + log 2.

Since log™ ||A(-)|| € £Y(Q, F,P) it is thus sufficient to show that

logt ("V|B()]) € LYQ, F,P). (4.9)
Indeed, using the inequality log™ (zy) < log™ = + log™ y, the following inequality

log™ (77| B(w)|) log® (7)) +log™ |B(w)|

<
< r(w) +log" |B(w)|

holds for all w € Q. This proves together with log™ |B(-)|, r(-) € LY(Q, F,P) conclusion
(4.9) and the proof is completed.
U

Recall that for a bounded linear map L : X, — X, we define
[L]la = a(L(B1(0))),

where a(L(B1(0))) is the Kuratowski measure of noncompactness of Bj(0) which is
defined as in (1.14). Let ® be the linear cocycle defined as in (4.3). We define

1
lo(®) := lim - log |®(n,)].

If ®(n,w) would be a compact operator then ||®(n,w)|, = 0 and hence I,(P) = —oc.
In the following lemma, we show that ®(n,w) is not compact for all w € Q,n € N and
we compute [, (P).

Lemma 4.2.2. For each w € 2 and n € N the operator ®(n,w) : X, — X, is not
compact. Furthermore, we have l,(®) = —.
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Proof. W.lo.g. we assume that | - | is the max norm on R, i.e.
= | forall w = (z1,... R
|| max, ;] or all x = (z1,...,2q) €

We first show that the operator ®(n,w) is not compact for all w € Q and n € N. Choose
and fix n € N. For each i € N we define a function x' : Ny — R? by

ifk#1
Xi(—k) _ { 07 7& Z,

(e,....eM), if k=i.
Since limy_ e~ "*x%(—k) = 0 it follows that x* € X,. A direct computation yields that

x|, = sup e "F|xi(~k)| =1  forall i € N.
keNp

For an arbitrary i, j € N with ¢ # j we now estimate ||®(n,w)x’ — ®(n,w)x||,. Since
(e7,... e, ifk=1i+n,
(—e¥,...,—e¥), ifk=7+n,

(@(n,w)(xi — xj))(—k) = {

it follows that
|®(n,w)x" — ®(n,w)x! |, > e ™ for all 4,5 € N,i # j.

Consequently, there is no convergent subsequences of {®(n,w)x"};cn and hence ®(n,w)
is not a compact operator. Moreover, one has

o(®(n,w)Bi(0)) > e ™ for all n € Nyw € Q.
Thus, ||®(n,w)|s > e~ 7" and as a consequence we get
1
lo(®) = lim —log|®(n,w)|le > —. (4.10)
n—oo n
Let € be an arbitrary positive number. Choose and fix n € Ny such that n > 10%2. We

show that [, (®) < —y +e. Since || - || is multiplicative it follows that

1

1
o [ (kn, ) < 7 (log [ Bn, 0D o + -+ log (. ).

~ kn
Hence, it is sufficient to show that log || ®(n,w)|o < n(—vy+e¢) for all w € Q. Equivalently,
o (®(n,w)B1(0)) < en=7Fe) for all w € Q. (4.11)

Fix w € Q and define D := ®(n,w)B1(0). By the definition of ®(n,w), see (4.3), we
obtain that for any x € D one has

x(—k —n)| < e* for all k£ € No, (4.12)



73 4.2 MET for Difference Equations with Random Delay

and there exists M > 0 such that
|x(—=k)| <M  forallk=0,1,...,n—1.

Since the set [—M, M]™ is compact in R™ it follows that there exist Di,...,Dy CR"
with

d(D;) < ™79 foralli=1,...,N, and [-M, M]"* C

D;. (4.13)

a

Il
—

(2

For each i € {1,..., N} we define the following set
D; = {x € X, : |x(—k —n)| < e for all k € Ny, and
(x(=n+1),...,x(0)) € IN)Z}

Combining (4.12) and (4.13), we get

N
®(n,w)B1(0) C U D;, and d(D;) < max {e"(_wra), 26_7"} foralli=1,...,N,

i=1

which implies that
a(®(n,w)B1(0)) < max {en(—’7+€), 26_7”} .

This together with n > 10%2 proves (4.11). Consequently, we obtain l,(®) < —vy + €.
Since e can be chosen arbitrarily small it follows that ,(®) < —v and together with
(4.10) completes the proof. O

We are now in a position to state our main result as an application of the MET by Lian
and Lu [89] (see also Theorem 1.4.2).

Theorem 4.2.3 (MET for Difference Equations with Random Delay). Consider the
difference equation (4.1) with a measurable random delay map r. Fiz v > 0 and let
O denote the corresponding cocycle on the state space (X.,| - |ly). Assume that the
integrability condition

log™ |A(-)], log™ |B(-)|,r € L}(Q, F,P) (4.14)

holds. Then there exists a -invariant subset Q@ C Q of full measure such that exactly
one of the following alternatives holds:

() K(®) = —-

(II) There exists k € N, Lyapunov exponents Ay > --- > Ay > —v and a splitting into
measurable Oseledets spaces

X, =E(w) @ @ Ep(w) ® F(w)

with finite dimensional linear subspaces Ej(w) and an infinite dimensional linear
subspace F(w) such that the following properties hold:
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(i) Invariance: ®(w)E;(w) = E;(fw) and ®(w)F(w) C F(Ow).

(i) Lyapunov exponents:

1
lim —log ||®(n,w)vlly =A; forallve Ejw)\{0}and j=1,...,k.
n

n—=£oo
(iii) Exponential Decay Rate on F(w):

. 1

limsup — log [|®(n,w)|p)lly < —v

n—4oo T

and if v € F(w) \ {0} and (®(—n,w))v exists for alln > 0 then
1
lim inf — log || ®(—n,w)v|, > 7.

n—+oo N
Proof. We first show the strong measurability of ®. Fix x € X, and define
Q,={we:r(w)=n} for each n € N.

Since A, B : Q — R are measurable, there exist sequences (Ay)ren and (By)ren, where
A, By : Q — R% k € N, are simple functions with the properties
lim Ag(w) = A(w) and klim By (w) = B(w) for all we Q. (4.15)

k—oo

Define f;, : Q@ — X, by

f()()_{x(n—i—l) if n < —1, (416)
: a Ak (w)x(0) + Bg(w)x(—r(w)) if n=0. '
Due to (4.15), we thus obtain

lim fi(w) = ®(w)x for P-a.e. w € Q. (4.17)

k—o00

Measurability of r implies that €2, is a measurable set and from (4.16) we get for w € Q,
{ x(n+1) if n < —1,

flw)n) = Ap(w)x(0) + By (w)x(—n) if n=0.

Together with the fact that Ay, By, are simple functions, the map Q@ — X, w — fr(w),
is a simple function, i.e. it takes constant values on a measurable partition of €. This,
together with (4.17), implies the strong measurability of ®.

By virtue of Lemma 4.2.1, the linear RDS & satisfies the integrability condition, i.e.
logt ||®(-)|| € £LY(Q, F,P). Therefore, the linear cocycle ® fulfills all conditions of Theo-
rem 1.4.2. It remains to show that ® cannot have infinitely many Lyapunov exponents.
To prove this, for each n € N we define

Q, = UQk:{wGQ:r(w)gn}.
k=1
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Set p, = P(Qy,). A straightforward computation yields that

P(Q,) =p1+-+pn for alln € N (4.18)

and

r
Q

np, = Er := (w) dP(w) < 0.
Yo |

As a consequence, there exists k € N such that
Rt 1
ann <3 (4.19)
n=~k

Define

Q:= m oF—"Q,,.
n=~k
Using the inequality P(AN B) > P(A) + P(B) — 1 for all measurable sets A, B € F, we
easily obtain together with (4.19) the following estimate

[e.e]

PQ)>1- (n—k)pn >
n=k

. (4.20)

DO =

Hence, Q is a measurable set with positive probability. Define
Xp={xeX,:x(—n)=0 for all 0 <n < k}.

Obviously, X, is an infinite dimensional subspace of X,,. Furthermore, for each w € 0
and x € X we have

0 ifm<n+k,
x(n —m) iftm>n+k+1.

O (n,w)x(—m) = {

Thus ]
Jim —log [[(n, w)lx, Iy = —- (4.21)

Define N
Xp={xeX,:x(—n)=0 for all n > k + 1}.

Obviously, we have dim X, =k+1and

Let 7 denote the projection of X, on Xk along Xj, i.e. im mp = ik and ker m, =

Xy Fix w € Q and let A > —~ be a Lyapunov exponent of ® and x € X, a vector
corresponding to the Lyapunov exponent A at the fiber w, i.e.

1
lim " log || ®(n,w)x|, = A,
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which yields that

1
lim — log [|®(n, w)mex + ®(n,w)(I — mp)x[ly = A.

n—oo N

Applying (4.21) with (I — m)x € X}, we obtain
1
lim " log [|®(n,w)(I —mp)x|ly = =7 < A
Therefore,
1
lim - log || ®(n, w)mpx|ly, = A

Together with the fact that dim X, =k+ 1, we obtain that ® has at most k4 1 different
Lyapunov exponents. This completes the proof. O

Theorem 4.2.4 (Lyapunov Exponents are Independent of Exponential Weight Factor).
Let v > 0 and consider (4.1) on the state space (X, || - ||y). Assume that X > —v be a
Lyapunov exponent of (4.1), i.e. for P-a.e. w € Q there exists x(w) € X such that

1
lim - log || ®(n,w)x(w)[ly = A

n—+oo

Then for every ¢ > v we have x(w) € X¢ and the number X is also a Lyapunov exponent
of (4.1) on the state space (X¢, | -|l¢). In particular,

1
liI}:l - log [|®(n,w)x(w)|[¢ = A for P-a.e. we Q. (4.22)

Proof. Let'y € X. From the definition of X, we obtain that lim, .., e77"y(—n) exists.
For ¢ > v it is easy to see that

nangoe_C"y(—n) = nli_)ngoe(V_C)"e_Wy(—n)
= 0,

which implies that y € X.. Furthermore, for any y € X, we have

lylle = supe “"y(—n)|
neNg
< sup e "|y(—n)|
neNg
< vl
As a consequence, we get
. 1 ) 1
limsup — log [[®(n,w)x(w)[l¢ < lim — log||®(n,w)x(w)|, (4.23)
n—oo N n—oo N

and
1 1
liminf — log ||®(n,w)x(w)|¢ > lim — log||®(n,w)x(w)]- (4.24)
n——oo N n——oo n
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Let —( < A\ < Ap_1 < -+ < A1 be the Lyapunov exponents of the linear cocycle ® on
the state space (X¢, | - [|¢) and

X =Ei(w) @ @ Ep(w) ® F(w)
the corresponding Oseledets splitting of ®. We write x(w) in the following form
X(w) =x1 +X24 - + X + Xp,

where x; € Ej(w) and xp € F(w). For convenience, we divide the proof into several
steps.

Step 1: We first show that xp = 0 by contradiction, i.e. we assume that xg #% 0. In
view of Theorem 4.2.3, we have

1
lim sup — log [ ®(n, w)xp; < —C,
n

n——oo

and for all ¢ € {1,...,k} with x; #0

1
lim —log ||®(n,w)x;ll¢ = Ai.
n

n——oo

Therefore, for any ¢ € <0, %) there exists N(e) € N such that

%log |®(n,w)xpll¢ < —C+e¢ for all n < —N(e),
and for all ¢ € {1,...,k} with x; #0
Noe< %log 1D, wxillc < Mi+e  for all n < —N(e).
Hence, for all n < —N(g) we have

[ewx@lle = [emexr+ 3 emwx

i€{l,....k},x;£0 ¢

lemoxelc—| > emwx
ie{l,....k},x;#0

k
> e(—C+e) _ Z en(i—e)
i=1

v

¢

Consequently,

1 1
Zlog ||® < 21 n(=Cte) _ n(Ai—e) for all n < —N
- og || ®(n, w)x(w)|l¢ < -~ log (e Ze or all n < —N(e),

i=1
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which implies that
1
timsup  log [|B(n, w)x(w); < ~C -+,

n——oo

where we use the fact that

1
lim —log (e"“ — e"b> =a provided that a < b,

n——oon

to obtain the last inequality. Since € can be chosen arbitrarily small it follows together
with (4.24) that

1
~¢> Tim_ = log o(n,w)x()ll,
which contradicts to the fact that
. 1
(< =y <A= lim = log [(n,w)x(w)ly-

Step 2: Deﬁne
Tmin = Min? 7 ‘= max?1.
mn 5 bl max ;

By the same arguments as in Step 1, we obtain that

tmin

1
= lim = log [(n,w)x()].

imaz n——oo

1
A = Jlim -~ log|®(n, w)x(w)ll,

which implies together with (4.23), (4.24), and the fact that A;,,, > A that

tmax

1
lim = log||®(n,w)x(w)lc =

n—+oo n

proving (4.22) and the proof is completed. O

4.3 Some Examples

It is easy to see that alternative (I) of Theorem 4.2.3 occurs in the trivial case A(w) =
B(w) = 0. We now present examples for alternative (II). For convenience, we prefer to
consider the scalar difference equation with random delay of the following form

Tn+1 = A(@nw)ﬂj‘n + B(enw)xn—rw”w)v (425)

where A, B,r : 0 — R are measurable functions. Suppose that log™ |A(-)|,log™ |B(-)| €
L1(Q,F,P). For a fixed v > 0, let ® : Q@ — £(X,) denote the RDS generated by (4.25).
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4.3.1 Bounded Random Delay

Assume that the random delay map r is bounded, i.e. for a fixed r* € N

r(w) e {1,...,7"} forall w € Q. (4.26)
We define a random map M : Q — ROTHDX0"+) by £(w) = (mi7j(w))(r*+1)><(r*+1)
with
Alw), ifi=j=r*+1;
Bw), ifi=r*4+1j=r"4+1—-r(w);
mij(w) = L
1, if j =i+ 1;
0, otherwise;
ie.
0 1
M(w) = . (4.27)
0 1
0 ... Blw) ... 0 Aw)
(r* + 1 — r(w))-th column
Let m: X, — R ! be the projection defined by
TX = (T_px,... ,x_l,azo)T for all x € X,,.
Using (4.2), a straightforward computation shows the identity
TP (w)x = M(w)mx forall w e Q,x € X,,. (4.28)

On the other hand, the random map M also generates an RDS over the dynamical
systems 6 via

MO tw)o -0 M(w), n >0,
@M(nw)::{( ) () >

IT*+17 n=_0.

Note that on the linear space R” t1 all norms are equivalent but for convenience let us
fix the following norm

vl = Jax e " u_y| for all v.= (v_p«,...,v_1,v0) €R" 1
and
HQ” _ sup HQVH for all Q € R(r*-}-l)x(r*-}-l).

ozverr1 V]|
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From the definition of M(-) it is clear that log™ ||M(-)|| € £'(Q, F,P). Hence, the
Multiplicative Ergodic Theorem (see Arnold [3, pp. 134]) ensures that the limit

1 *
lim —log ||®as(n,w)Vv], where v € R™ 1 (4.29)
n—oo N

exists on a subset  C Q of full measure and takes on finitely many (non-random) values
—co <G << B for some kK <r*+1
as v varied over R” 1. Moreover, there exists a filtration of R™ 1
{0} := Vi1 (w) C Vi(w) C -+ C Vi(w) =R

such that the limit (4.29) equals 3;, fori = 1,...,k, if and only if v € V;(w)\ Vi41(w). In
the following theorem, we provide a relation between Lyapunov exponents of the RDS
®pr and D.

Theorem 4.3.1 (Lyapunov Exponents for Bounded Delay). Consider the difference
equation
Tnt1 = A(0"w)z, + B(enw)$n—r(€"w)

with bounded delay (4.26) on the state space X. Define
E* :=min{i : 5; > —v}.
Then there exist exactly k* Lyapunov exponents A« < --- < A1 of ® and
{Brs s B b =A{ A0, A}

Proof. Firstly, we show that \; € {1,02,...,0k+} for any ¢ € N. Fix ¢ € N and let
0 # x € X, be a vector realizing the Lyapunov exponent J;, i.e.

lim % log [[®(n, )}, = As. (4.30)
Now we show that )
B = nh_)ngo - log || ®as(n, w)mx|| = A;. (4.31)
From (4.28), we derive
Dy (n,w)mx = 1P (n,w)x for all n € N,w € , (4.32)

which implies with ||[7®(n,w)x|| < [|[®(n,w)x||y that 3 < A;. Let us assume that 8 < \;
and derive a contradiction. Since 8 < A; it follows that there exists € > 0 such that
B+ 2e < A;. From (4.30) and (4.31), N € N can be chosen large enough such that

|® s (n, w)mx|| < PO < B (n, w)x||, for all n > N. (4.33)
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This implies with the definition of 7 and (4.32) that
‘((I)(n,w)x) _j| < eMeBte)n forall0 < j <7r*,n>N.

On the other hand, we have (®(n+ 1,w)x) = (®(n,w)x) i for all j > 1. Thus, we
obtain

[@(n+1,w)x|l, < max{e7||®(n,w)x],|[(®(n+1,w)x),|}
max {e_w@(n, w)x||, e(6+8)("+1)} .

IN

Together with (4.33) we derive
|P(n+ 1, w)x|, < e 7||[P(n,w)x|, for all n > N.

Therefore,
o1
\i = nan;O - log ||®(n,w)x|l, < —v
which contradicts to the fact that A; > —v and proves (4.31). Consequently, we get
Xi € {01,P2,..., 0k} for all i € N. For the remaining part of the proof, let 3; > —v be

a Lyapunov exponent of ®3; and 0 # v = (v_,+,...,v_1,v9) € R T a vector realizing
this Lyapunov exponent, i.e.

1
lim —log || (n, w)v]| = B;.

n—oo N

Define x = (...,x_1,%9) € X, by

vy, if0<g <",
LZ'_j =
0, otherwise.
Then 7x = v and from (4.32), together with the fact that ||[7®(n,w)x| < ||®(n,w)x],
we get

1
lim —log | ®(n,w)x]l, > 8; > —7.
n—oo N

This implies with (4.31) that

1
lim —log ||®(n,w)x|, = B,

n—oo N
which proves that 5; € {\1,..., A\« }. and the proof is complete. O

Remark 4.3.2. Note that the random map M in (4.27) takes only finitely many values
and thus the RDS ®;; can be considered as the iteration of finitely many matrices
with some specific chosen probability at each step. By approximating the invariant
measure for such an iterated function system we can numerically compute the Lyapunov
exponents of @y, (see Cong, Doan and Siegmund [38] and also in Chapter 6).



Chapter 4: Difference Equations with Random Delay 82

4.3.2 Deterministic Delay

Now we deal with a special case of bounded delay, namely a fixed deterministic delay,
see Elaydi [48] for a more comprehensive treatment. The technical advantage in this
special situation is that we can construct an invertible finite dimensional matrix, based
on which we can represent both Lyapunov exponents as well as the Oseledets splitting
of ®. Assume that the random delay map r : Q — N takes a constant value r € N. We
consider the scalar difference equation with fixed delay time r

Tni1 = Az, + Bxy .y, where B # 0. (4.34)

It can be rewritten as a system

T T
(xn—r—la-uaxn-i-l) = M(mn_r,...,xn)
with the matrix
0 1
M =
0 1
B0 ... 0 A

of dimension r + 1. Its characteristic polynomial is
o't — A" —B=0.

Every root o gives rise to a Lyapunov exponent log |o| of (4.34). Let o1 denote the root
with largest absolute value |o1]|. Then (4.34) is asymptotically stable if |o1| < 1 and
unstable if |o1| > 1. E.g. for r = 2 these regions are shown in Figure 6.2. Obviously,
the generated RDS ®(w) is independent of w and we define

E:={x€X,:® "x exists for all n € N} . (4.35)

It is easy to show that E is an invariant subspace of ® in both backward and forward
time, i.e. ®F = E. Let 7 be the projection map from X, into R"*! defined by

X = (T_p,...,T_1,T0) for all x € X.,.
A direct computation yields that
7®"x = M"rx forallx € X,,n € N.

Consequently, 7 : E — R""! is a linear bijective map, where 7 is the restriction of
7 on the linear subspace E. Let {f; le be the set of the logarithms of the moduli of
the eigenvalues of M and {W;}%_, the subspaces of R"*! realizing {3;}%_,, respectively.
Hence,

R+ =W - dWp_1W,.
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15+

lo| > 1

051

051

151

Figure 4.1: System (4.34) for r = 2 is stable if |o;| < 1 and unstable if |o;| > 1.

For an arbitrary norm || - || on R"*! then one has
o1 . .
lim —log||M"v| =g ifandonlyifve W;\{0}.
n—too n

The following theorem gives a relation between the Lyapunov exponents of M and ¢ as
well as the Oseledets splitting realizing these exponents.

Theorem 4.3.3 (Lyapunov Exponents for Deterministic Delay). Let v be a positive
number such that —y < minj<;<y, ;. Then there exist exactly k Lyapunov exponents

<A< A1 <<\

of ® and
{517527 cee 7/616} - {)‘17)‘27 .. 7)‘k}

Moreover, let E; denote the subspace of X, corresponding to \; in Theorem 4.2.3 then
Ei:ﬂEIWi foralli=1,...k,

and the infinite dimensional part F in the Oseledets splitting of ® in Theorem 4.2.3 is
determined as follows

F={x=(..,2_1,z0) eXy:x0=2_1="--=2x_, =0}
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Proof. By virtue of Theorem 4.3.1, we get \; = 3; for all 1 < i < k. Note that in
Lian and Lu [89] (see also Theorem 1.4.2) the subspace E; of X, realizing the Lyapunov
exponent \; can be determined as follows
1
Ei:={x€eX,:® "xexists forall n € Nand lim —log|®"x| = \;}.
n—+oo n
From the definition of E, see (4.35), one has E; C E. Hence, we get
E;={x€E: lim llog ["x|| = N }
! " n—4oo n v
Now we show that E; = WEIW,- for all : = 1,..., k. Equivalently, we show that
. 1 n . . . 1 n
nll}}:loo " log ||®"x||, = A; if and only if nEI:}:loo - log | M"mgx|| = ;. (4.36)
Using Theorem 4.3.1, we get
1 n .1 n
lim —log|®"x|, = lim —log|M"mgx|| for all x € E. (4.37)
n—oo n n—oo n
Replacing ® by ®~! and M by M~!, we obtain
.1 n 1 n
lim —log|®"x[y = lim —log|M"7ex|| for all x € E,
n——oo N n——oo N

this together with (4.37) implies statement (4.36). It thus remains to determine the
infinite dimensional part of the Oseledets splitting of ®. Define

F = {x:(...,x_l,mo)GXV:xO:x_lz---:x_r:0}.
Obviously, F' is invariant under ®, i.e. ®F C F', and
X, =E®oF=FE®E o ---OLE,F.

In order to prove that F' is the infinite dimensional part as described in Theorem 4.2.3
(ii) it is sufficient to show that

1
lim = log "], < —~.
n—oo n
Indeed, from the definition of F' it is easy to obtain that

|®"x|, = e "%, for all x € F,n € N.

Therefore, ||®"|r||, = ™7™ and this completes the proof. O



Chapter 5

Differential Equations with
Random Delay

Delays in difference and in differential equations are used for mathematical modeling
in many applications for the description of evolutions which incorporate influences of
events from the past. Delays appear quite often in biological models when traditional
pointwise modeling assumptions are replaced by more realistic distributed assumptions.

In contrast to ordinary differential equations the set of initial values of a differential
equation with delay is an infinite dimensional space. As a consequence, a lot of technical
problems arise when we deal with delay equations. Based on the recent work of Lian
and Lu [89] the first step towards a general theory of difference equations incorporating
random delays which are not assumed to be bounded is established in Chapter 4. In
this chapter, we extend this work to differential equations with random delays.

5.1 Differential Equations with Random Delay

Let (2, F,P) be a probability space, (0;)icr : 2 — € an ergodic flow which preserves
the probability measure P and which has measurable inverse, and let r : @ — R be a
measurable map. We consider a random linear differential equation with random delay

z(t) = A(Gw)x(t) + B(Oww)z(t — r(fiw)) for t > 0, (5.1)

where A, B € £!(P). In order to introduce an RDS generated by (5.1) we first need to
construct an appropriate state space. Since the delay map r is in general unbounded,
an initial value for (5.1) is a continuous function x : (—oco,0] — R% A corresponding
form of (5.1) is given by

t
o(t,w)x =x(0) + / A(Osw)p(s,w)x + B(Osw)p(s — r(fsw),w)x ds, (5.2)
0
with the convention that ¢(s,w)x = x(s) for all s < 0, which is valid for all ¢ > 0. If

(5.2) holds, we say that t — @(t,w)x =: @, (t,x) solves, or is a solution of, equation
(5.1) starting at 0 in x.

85
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Since in the unbounded delay case the initial data is always a part of the solution, some
kind of regularity must be imposed from the beginning. The continuous time setting is
discussed e.g. in Hale and Kato [63] and Hino, Murakami and Naito [69]. This leads us
to work with a canonical phase space

X, = {x c C((—oo,O],Rd) b li]in eytx(t) exists} ,
Ixlly = sup e"|x(t)].
te(—00,0]

Throughout this chapter we assume that v > 0 and consider system (5.1) on the state
space (X, - ||5). It is easy to see that (X, | - ||y) is a Banach space. The following
lemma ensures the separability of the space (X, || - ||)-

Lemma 5.1.1. For v > 0 the space (X, || -||y) is separable.

Proof. Let Q¢ denote the set of all vectors in RY whose components are rational. Clearly,
Q% is dense in R?%. For each N € N we consider the Banach space C([—N, 0], R?) together
with the sup norm || - |oc, i-€.

Ifllo = sup |f(t)]  forall f € C([-N,0],R%.
te[—N,0]

It is well known that (C([—N,0],R%),|-|x) is a separable Banach space (see e.g.
Willard [141]). Consequently, there exists a countable set

Av =80 1YY, e o-N, 0, RY),

which is dense in (C([—N,0],R?), | - [|o). For each function f,gN),v € Q?and p € QF
we defined the extended function f;{g?p : (—00,0] — R? by

), te[-N,0],
Fap® = (2 41) N (N) = Xt W, pe [N —pN),  (53)
e M t € (—oo,—N —p).

Obviously, for all k € N,v € Q% and p € Qt the function f,gz’)p is continuous and

tEI_noo eytﬁﬁ?p(t) =1,

which implies that ﬁ%?p € X,. Define

Av= U {N>ffN) } for all N € N.

Lv,prJ20,p -
v,peQixQt
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To prove the separability of the Banach space (X, || - ||y), it is sufficient to show that

U 4x is dense in (X, | - ||,)- (5.4)
NeN

For a given x € X, set u := lim;_._ o, €’'x(¢). Hence, for an arbitrary ¢ > 0 there exists
N € N such that

le7tx(t) —u| < for all t < —N. (5.5)

| ™

Since Q7 is dense in R? it follows that there exists v € Q¢ such that |v —u| < - On the
other hand, due to the denseness of Ay in the space C([—N, 0], R?%) there exists k € N
such that
sup [f"() = x(8)] < . (5.6)
te[—N,0]

Direct estimations yield that

lim sup et ‘féN)(—N) - x(t)‘ = N ‘féN)(—N) - x(—N)‘
P=04c [ N—_p,—N]
< -NE
=~ € 3
and
lim sup et ‘f,gN)(—N) — e(Ner)%u‘ = ‘e_VNféN)(—N) — fu‘

P=0te[-N—p,—N]

< e_“/N% + e ™ x(=N) —u| + |u —v|
- 8
As a consequence, there exists p € QT such that for all t € [-N — p, —N| we have

AV —x0)] < 50 RV EN) - e < (5.7

N ™

£
37

We now estimate Hf,(gjz)p —x||y. By (5.3) and (5.6), the relation

IO x| = 1w —x)
< 1) - x()]
< &

- 8

holds for all ¢ € [-N,0]. For all t € (—oo, —N — p], by (5.3) we have

N (1) = x(t)| = e —x(t)]
< Ju—v| + Ju —e"x(t)]
§ &

Zv
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where we use (5.5) to obtain the last inequality. On the other hand, for all t € [-N —
p,—N] by (5.3) we have

et “]Ef:;)p(t) — x(t))‘ — 0t (% + 1) féN)(_N) _ %e(z\up)% B x(t)'
< AN = x(0)| + [ FON) - Oy
< E + E
- 3 2

where we use (5.7) to obtain the last inequality. Therefore, we have

170 =l = s L0 (0] <
te(—oo,

which proves that A is dense in X, and the proof is completed. O

In the following theorem, we give a sufficient condition for the existence and uniqueness
of solution of (5.1) on the state space X,.

Theorem 5.1.2 (Existence of Solutions). Suppose that A(-),B(-)er®) € LY(P). Then
there exists a measurable set Q of full measure such that for every w € Q0 the following
pathwise random delay differential equation

z(t) = A(Ow)x(t) + B(Oww)z(t — r(bw)), (5.8)

with the initial condition, x(t) = x(t) for allt € (—o0,0] for some x € X, has a unique
solution on R, denoted by @, (-,x). Furthermore, for a fired x € X, and T > 0 the map
Q- R?, defined by

w i o, (T,x),

18 measurable.

Proof. For convenience, we divide the proof into the several steps.

Step 1: We define
Q= {weQ:t— |A(Gw)| + HB(Gtw)HeW(@t“’) is locally integrable}. (5.9)

It is easy to see that Q is a f-invariant measurable set and P(€2) = 1 (see e.g. [3, Lemma
2.2.5]). We finish this step by showing that for all 0 < a < b and measurable functions

f: Q — R? the following function

b
W / A(lsw) f(w) ds is measurable for all ¢ > 0. (5.10)

Since

b b
/ |A(Osw)v| ds < |v|/ |A(fsw)|| ds < oo for all v € RY,
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it follows that the map

b
W — / A(fsw)v ds is measurable for all v € R%

By approximating f by a sequence of simple functions, (5.10) is proved.

Step 2: For a fixed w € Q and T € RT we show that equation (5.8) has a unique solution
on [0, 7] with the initial value x € X,. Define

Cx([0,T],R?Y) := {f € C([0,T],RY) :  £(0) = x(0)}.

Obviously, Cx ([0, 7], R?) is a closed subset of C([0,T],R?). Corresponding to each func-

tion f € C([0,T],R?), we define the function f : (—oo0, T] — R% by

- { f(t), ift>0,
f(t) = :
x(t), ift <o.

By the definition of Cy([0,7],R%), f is a continuous function from (—oo,T] to R%
Furthermore, by the definition of X, we have
F(S - r(@sw))‘ < max { sup |£(t)], ||x||,ye“*’"(9“’“’)} for all s € [0, 7.
0<t<T
Hence, by (5.9) we obtain

/ | A(0.)E(s)] ds. / IBOw)E(s — r(Bu))| ds < 0o forall £ € [0.7].
0 0

Therefore, to solve equation (5.8) we define the following operator T, : Cx([0,T],R%) —
CX([Ov T]7 Rd) by

TLE(t) == £(0) + /0 " A(0)f(s) ds + /0 ' BOuw)E(s — r(6uw)) ds for all £ € [0.7].

(5.11)
Clearly, T, f is a continuous function and T, f(0) = f(0) = x(0). Hence, T, is well-
defined. Let f, g € Cy ([0, T], R?) we show that

TLE() — Tog®)l < — ‘/0 [AOsw)]| + [ B(Osw)] ds| |If — gl (5.12)
for all ¢ € [0,T],n € N. Indeed, due to (5.11) we obtain

TLE(t) — Tog() = /0 A(Bw)(E(s) — g(s)) ds +

/O B(0.w)(E(s — r(0u)) — B(s — r(0sw))) ds.
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Together with the fact that £(£) = g(t) for all ¢ < 0 we have

[TLf(t) — Tog(t)| S/O [AOsw)|| + [ B(Osw)] ds - [[f — g,

which proves that inequality (5.12) holds for n = 1. Now assume that inequality (5.12)
is proven for some n € N. For n + 1, using the proof for n = 1, we have

t
ITEE() - TE @)l < /0 [AOsw)[[TEE(s) — Tog(s)| ds +

/0 | B0 T2E(s) — Tg(s)] ds

< a2 ([l ) s je -l

where [(s) := ||A(Osw)|| + || B(fsw)||. Together with the equality

/otl(S)-%< /Osuu)du)"dsz S < /Otz<s>ds>"+

this proves (5.12) for n + 1. Due to Step 1 we know that

1

T
/0 1A(0,w)]| + [|B(0sw)]| ds < oo.

Therefore, there exists N € N such that

N

1 T
Ky : /HA(HSw)HJrHB(HSw)Hds <1,
0

which together with (5.12) implies that T is a contractive map from Cx([0,7],R%)
into itself. As an application of the Banach fixed point theorem, there exists a unique
fixed point in Cy([0,7],R%) for T,, denoted by f,,. Since T can be chosen arbitrarily we
thus can extend f,, to achieve the unique continuous function f,, : [0, 00) — R such that
f,(0) = x(0) and

£(1) = £,(0) + /0 LA (s) ds 1 /0 BOuw)E(s — r(6uw)) ds for all € R,

In other words, equation (5.8) has a unique solution for each w € Q.
Step 3: It remains to show the measurability of the map Q — R? defined by
w — (T, %),

where x € X, and T > 0 are fixed and ¢,(-,x) is the solution of (5.8) with the
initial value x. Choose and fix f € Cy([0,7],R?). Define a sequence of functions
gn : [0,T] x Q — R% by

gn(t,w) = TE(t)  for all (t,w) € [0,T] x €.
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By (5.11), we have

t t
Gn+1(t,w) = £(0) +/ A(Osw)gn(s,w) ds +/ B(Osw)gn(s — r(fsw),w) ds.  (5.13)
0 0
On the other hand, as is proved in Step 2 we have

0o(T,x) = lim T(T) = lim g,(T,w) for all w € €.

n—oo n—oo

Therefore, it is sufficient to show the measurability of the mappings g, (t, ) : Q — R4 for
all t € [0,T],n € N. We will prove this fact by induction. Clearly, the statement holds

with n = 0. Suppose that for some n € N the function g,(¢,-) : @ — R% is measurable
for all t € [0,T]. Choose and fix ¢ € [0,T]. For each k € N, define g¥ : [0,¢) x Q — R?
by

” N
gF(s,w) ZX i o) <% > for all (s,w) € [0,t) x €.

Together with the fact that g,(-,w) : [0,¢] — R? is a continuous function we derive that
t t ~
lim AOsw) gt (s,w) ds = / A(Osw)gn(s,w) ds for all w € Q.
0

k—oo Jo

As a consequence, by using Step 1 the mapping
t
w l—>/ A(Osw)gn(s,w) ds
0

is F, B(R?)-measurable for all t € [0,T]. On the other hand, due to the measurability
of the mapping (s,w) — 7(fsw) there is a sequence of simple functions from [0,¢] x
to R converging pointwise to r. Using similar arguments as above, we also obtain the
measurability of the map

wr—>/ B(Osw)gn(s — r(fsw),w) ds.
Hence, the mapping g, (¢, -) is measurable for all ¢ € [0,7] and n € N. This completes

the proof. O

Remark 5.1.3. Since we can choose a f-invariant set € with full measure, we can
assume w.l.o.g. from now on that the statements in Theorem 5.1.2 hold on 2.

Now we are at a position to define the random dynamical system on X, generated by
(5.1) as follows.

Definition 5.1.1. Let A, B € L}(P) and 7 : Q — RT be a random delay satisfying that
B(-)e) € £L1(P). Consider a random differential equation with random delay

&(t) = A(w)z(t) + B(Oiw)z(t — r(6iw)) for t > 0. (5.14)



Chapter 5: Differential Equations with Random Delay 92

The random dynamical system ® : RT™ x Q — £(X) defined by

x(t+ s), ift+s<0,
O(t,w)x(s) := {

ou(t+s,x), ift+s>0,

for all s € R™, where ¢, (+,x) is the unique solution of (5.14) with the initial value x, is
called the random dynamical system generated by (5.14).

Remark 5.1.4. From the unique existence of solution of (5.14) we derive that ®(¢,w)
is injective for all ¢ € RT. For w € ,¢t € RT and x € im(®(¢,0~'w)X,) due to the
injectivity of ®(¢,6 'w) there is a unique y € X, which is also denoted by ®(—t,w)x,
such that

(¢, H_tw)y = Xx.

Lemma 5.1.5 (Strong Measurability of ®). Let ® be the random dynamical system
generated by (5.14). Then the mapping ®(1,-) : Q@ — L(X) is strongly measurable, i.e.,
®(1,)x : @ — X, is measurable for each x € X,.

Proof. 1t is sufficient to show that the set
A={weQ:|®(1,w)x -y, <e}

is measurable for all y € X, and € > 0. By Definition 5.1.1 we can rewrite the set A as
follows

A = {w €N:e”pu(s+1,x) —y(s)] <eforall se[-1,0],
’|x(s+1) —y(s)| < e forall s € (—o0, —1)}.
Clearly, if the estimate
lx(s+1)—y(s)| <e for all s € (—o0, —1) (5.15)

does not hold then A = () and hence A is measurable. Therefore, it remains to deal with
the case that inequality (5.15) holds. Using continuity of y and (-, x), we obtain

A= ﬂ {weQ:e’lp,(s+1,x)—y(s)| < e}
s€QN[—1,0]

According to Theorem 5.1.2, the set
fw e Qe lpu(s +1,%) — y(s) <}

is measurable for each s € [—1,0]. Consequently, A is measurable and the proof is
completed. O
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5.2 MET for differential equations with random delay

So far we have proved the existence of the random dynamical system ® generated by a
random differential equation with random delay

&= A(Qyw)x(t) + B(Ow)x(t — r(bww)), (5.16)

where A(-), B(-)e() € £LY(P). Recall that ® is said to satisfy the integrability condition
provided that

sup logt||®(t,)||, and sup log" | ®(1 —t,0;)||, € LYQ, F,P),
0<t<1 0<t<1
(see Lian and Lu [89] and also Theorem 1.4.3).

5.2.1 Integrability

The aim of this subsection is to show the integrability of the random dynamical system
® generated by equation (5.16).

Lemma 5.2.1 (Sufficient Integrability Condition). Let A € LY(P) and r : @ — RT be
a random map such that B(-)e’) € LY(P). Denote by ® : R x Q — L(X,) the random
dynamical system generated (5.16). Then ® satisfies the integrability condition, i.e.

sup log™ ||®(t, )y and  sup log™ || ®(1 — t, 0|l € EI(Q,}", P).
0<t<1 0<t<1

Proof. For each w € Q, let ¢, (-,x) be the solution of (5.16) starting at t = 0 with the
initial value x € X,,. By Definition 5.1.1, we obtain

|®(t,w)x|, = max{ sup  e”¥|x(t + s)|, sup e'ys|<,0w(t—|—s,x)|}
s€(—o0,—t] se(—t,0]
= max {e "[x|,, sup eV(s_t)]cpw(s,x)\}.
s€(0,t]
Therefore, the following inequalities
sup log™ [|®(t,w)|l, < sup log™ [|pu(t,-)| (5.17)
0<t<1 0<t<1
and
sup log™ |®(1 —¢,0iw)]ly < sup  log™ [|pgu (s, )l (5.18)
0<t<1 0<t<1,0<s<1—t

hold for all w € Q. In what follows, we estimate |p,,(t,x)| for all 0 < ¢ < 1. To simplify
the notation, we define a set

M, :={seR;:s>rbw)}.
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and an operator T,, : Cx ([0, 1], R?) — C([0,1],R%) by

T, f(t) = x(0) +/0 A(Osw)f(s) ds + /[0 s B(fsw)f(s —r(fsw)) ds +

+/ B(Osw)x(s — r(fsw)) ds.
[0,)NM¢

By (5.2), the function ¢, (-,x) is the unique fixed point of T,. Moreover, due to the
contractiveness of TV for some N € N we have

wu(t,x) = lim TLf(t) for all £ € Cy([0,1],R%),t € [0, 1]. (5.19)
From the definition of T, we derive that
¢
T ()] < |x(0)] +/ [A(Osw)[[£(s)] ds +/ [B(Osw)||[£(s — r(0sw))| ds +
0 [0,t)N M.,

[ O B(Gw) xl ds
[0,(NMg
which implies that for all 0 <¢ <1

TGl < Kl + [ B(6w)IE(s - r(Ow)] ds +

[0,¢)N M.,
t
4 /0 IA@)IE(s)] ds.

where k(w) = 1+ fol | B(Osw)||e?@s«)=5) ds. A direct computation yields that the
non-empty closed set

B, = {f € Cx([0, 1], RY) : £(£) < k(w)||x]|| efo 1AOLIHIBOWI ds gor 211 0 <+ < 1}
is invariant under T,,. Therefore, together with (5.19) we get
H()@W(t7 )” S k(w)efg ||A(€5w)||+||B(€sw)|| ds fOI' all 0 S t S 17

which gives
1
sup log* o (t, )| < log k(w) + / IA@Gw)| +1B6w)| ds  (5.20)
0<t<1 0
and

1
sup  log™ [lgu(s, )l < sup logk(Htw)+/ [A(Os) || + (| B(Osw)l ds. (5.21)
0<t<1,0<s<1-t 0<t<1 0

Using the inequality log(1 + x) < 1+ log™ = for z € R, we have

2
sup logk(fw) <1+ 10g+/ | B(0sw)||e <) ds. (5.22)
0<t<1 0
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By the Fubini theorem, we get

2 2
/ / | B(0sw)|e ) ds dP = / / | B(0sw)| e <) dP ds.
QJ0o 0 Q

On the other hand, for all s € [0, 2]

/ 1B(8sw) [ ) dP(w) = / 1B(w)[|e dP(w)
Q Q
< 0

Hence,
2
| 181 as e '@, 7,P)
0
which together with (5.22) proves that supg<;<; log k(6;-) € £'(, F,P). Therefore, by
(5.17), (5.18) and (5.20), (5.21) we obtain
sup log™ ||®(t,-)||,, sup log™ || ®(1 —t,6;)|, € LYQ, F,P).
0<t<1 0<t<1

This completes the proof. O

5.2.2 Kuratowski Measure

Recall that for a subset A C X, the Kuratowski measure of noncompactness of A is
defined by

a(A) :=inf{d : A has a finite cover by sets of diameter d}.
For a bounded linear map L : X, — X, we define
[Llle = a(L(B1(0)))-
Let @ be the linear cocycle defined as in Definition 5.1.1. We recall the following quantity
(see Subsection 1.4)
la(®) 1= Jim  Tog |2(t,)]..
and note that it is constant P-a.s. due to the ergodicity of 6 and the Kingman subadditive

ergodic theorem (see e.g. Arnold [3, pp. 122], Ruelle [120, Appendix A]). To compute
the quantity [, (®P), we first prove the following preparatory lemma.

Lemma 5.2.2. (i) Let T > 0 and a : [0,T] — R be an integrable function. Then for
any € > 0 there exists a partition 0 =ty < t; < --- <tg =T such that

tit1
/ la(s)] ds < e foralli=0,...,K —1.
t;

(ii) Let T € Rt and w € Q satisfy that the function t — ||A(B,w)|| + || B(8w)]|e? ) is
locally integrable. Define

A = {p,(x):[0,T] = R?: x € Bi(0)}.
Then 1o(A) = 0, where A is considered as a subset of C([0,T],R%).
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Proof. (i) The proof is straightforward by using the fact that the function from R into
itself defined by
¢
t— / la(s)| ds
0
is continuous.
(ii) By the same arguments in the proof of Lemma 5.2.1, the following inequality

T
ool < (14 [ 1B s ) ol 1010l
0

holds for all x € B1(0) and ¢ € [0,7]. Then there exists a positive number M which
depends only on w and 7' such that

low(t,x)| <M  foralltel[0,T],x € Bi(0). (5.23)
Using equation (5.2), we obtain that for any ¢,s € [0,7] with ¢t > s and x € B1(0)
t
pu(t:) = pu(6%) = [ AB)eu3) + BOw)pu(u— r(8.0),%) du
t
= / A(0yw)pu (u,x) du —I—/ BOyw)pu(u —r(0yw),x) du +
s [S,t}ﬂMw
+/ B(Oyw)x(u — r(0y,w)) du,
[s,¢]NME
where M, := {s € Ry,s > r(fsw)}. Together with estimate (5.23) this implies that
t t
0u(t:3) — (0] <M [ A + [BO) dut [ [BOw)|" " du

holds for all ¢, (-,x) € A. Applying part (i) to the right hand side of the estimate, we
get for an arbitrary € > 0 a partition 0 =tg < t; < -+ < tg = T such that

lf(t)— f(s)] < forall fe Aty <t,s <tpy1,k=0,...,K—1. (5.24)

Wl ™

In the following, we first give a proof in the scalar case, i.e. d = 1. Choose and fix
N € N such that % < 5. For each index (i1, ...,ix) € {=N,-N +1,...,N — 1, N}X,
by writing each ¢ € [0,7T] uniquely as t = aty + Bt for k € {0,..., K — 1} and
a, 3 €0,1] with o+ 8 = 1, we define a continuous function f;, ;. € C([0,T],R) by

i M i1 M
Firseire (O + Bli1) = a== + J;V :
Now we show that
Ac | Belfiin): (5.25)

—N<it,.. ik <N



97 5.2 MET for differential equations with random delay

By the definition of A and inequality (5.23) we have
—M < f(ty) <M forall fe Ajk=0,...,K —1.

which implies together with the inequality % < £ that for any f € A there exists an
index (i1,...,ix) € {~N,-N +1,...,N — 1, N}¥ such that

’ikM M £
— < =< = forall k=0,..., K —1.
'f(tk) N ISN¥=3 orall k=0,...,

Equivalently,

Lf(tk) = fir,ie (L) < forall k=0,..., K — 1. (5.26)

Wl ™

For any a, 8 € [0,1] with a + =1 we get

|flaty + Btry1) — af (te) — Bf(tre1)] < alf(aty + Btrgr) — f(t)]
+B|f (tet1) — flaty + Btryr)|
£
< =

where we use (5.24) to obtain the last estimate. This implies with (5.26) that

|faty + Bte1) — fir, i (ot + Bteia)| < % +alf(tk) = fiy,.ix (tr)]

B f (1) = fir,ine (1)

2e

< —

- 3
forall k =0,...,K —1and o, 3 € [0,1] with a + 3 = 1. This proves (5.25) and since
e can be chosen arbitrarily small it follows that {,(A) = 0 in the case that d = 1. Since
each continuous function f € C([0,7],R?) can be written of the form f = (fi1,..., fa),
where f1,..., fq are scalar continuous functions, the high dimension case can be reduced
to the scalar case and therefore we also obtain the desired conclusion in the general case.
This completes the proof. O

Proposition 5.2.3. Let ® : RxQx X, — X be the random dynamical system generated
by (5.16). Then

1
lo = tlim i log || ®(t,w)]|a = —7-

Proof. For convenience, throughout the proof we only deal with the max norm on R¢,
ie. || = maxj<i<q|z;| for all z = (z1,...,24)7 € RY We first obtain the inequality
loa > —7 by sufficiently showing that

a(®(T,w)B(0)) > e 7T+ for all T > 0. (5.27)
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For this purpose, we define a sequence of functions {x,, }nen by

0, if t € (—n+1,0],
x,(t) =< e D(—n+1-1)1,...,1)T, ifte(-n,—n+1],
=N, )T, if t € (—o0, —n).

Obviously, the function x,, : (—o0,0] — R? is continuous, and the relations

lim e"'x,(t) =0, sup " x,(t)] <1
f——o0 te(—o0,0]

lead that x,, € B1(0) for all n € N. A straightforward computation yields that for all
m > n the following equality holds

(T, w)xm(—n —T) — (T, w)xp(—n —T) = xp(—n) —x,(—n)
—e Y, )T

Thus,
|B(T, )X — B(T,w)xpl|, > e YT+,

which proves (5.27). Hence,

la(®) = lim + log |01, o > .
Therefore, it remains to show that

lo(®) < —y+¢ forall 0 < e <. (5.28)
Choose and fix T' > 10%3. By definition of ®(7,w) (see Definition 5.1.1), we have

{ x(t+T), for all t € (—o0,—T),
O(T,w)x(t) =
ou(t+T,x), forallte|[-T,0],
for all x € B1(0). Therefore, we get
(T, w)x(-) = pu(- + T, %) on [-T,0]. (5.29)

According to Lemma 5.2.2 (ii), there exist fl, . ,fn € C([-T,0],R%) such that
{(‘Dw(',X) : [OaT] - Rdax € Bl(O)} - U Be(*'YJrE)T(fk)v
k=1
which implies with (5.29) that

{@(T,w)x|[_10,% € B1(0)} C | Borrarr (f1), (5.30)
J=1
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where f;, : [-T,0] — R? is defined by fix(t) = fx(t + T). Define F: (—00,0] — R by
~ fe(t),  ift e [-T,0],
Fult) = { ’ _
fk(_T)v ift e (_007 _T)
We show that

®(T,w)B1(0) C | Buvar (fi)- (5.31)
k=1
To prove this statement let x € B1(0). Using (5.30), there exists k € {1,...,n} such
that
(T, w)x(t) — fr(t)] < e T forall t € [-T,0].

In particular, fr(=T) < 1+ (=797 On the other hand, for all t € (—o0, —T] we get

DT w)x(t) — i) = 'x(t+T)— fu(=T)|
< et (e—v(t+T) +14 e(—v+a)T)
< 3T,

which together with T > 10%3 proves (5.31). Consequently, we have

log 3

)

(T, w)l|o < 71T for all T >

which implies that
1
lo(®) = tlim n log |®(t,w)|la < =7+,

proving (5.28) and the proof is completed. O

5.2.3 Multiplicative Ergodic Theorem

We have just proved in the above sections that the random dynamical system generated
by a differential equation with random delay fulfills all assumptions of the multiplicative
ergodic theorem on Banach space (see Lian and Lu [89]). Therefore, we are now at
a position to state the multiplicative ergodic theorem for differential equations with
random delay.

Theorem 5.2.4 (Multiplicative Ergodic Theorem for Differential Equations with Ran-
dom Delay). Let (Q,F,P,(6;)icr) be an ergodic MDS and A,B : Q — R gnd
r:Q — Ry be measurable functions satisfying that

A(-), B(-)eT") e £Y(P).

Denote by @ : RY x X, — X, the random dynamical system generated by the differential
equation with random delay

T = A(fw)x(t) + B(Ow)z(t — r(Ow)).

Then, there exists a 0-invariant subset QcQ of full measure such that for each w € Q
exactly one of the following statements holds
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(1) w(®) = —

(II) There exists k € N, Lyapunov exponents A\; > --- > Ay > —v and a splitting into
measurable Oseledets spaces

Xy =E1(w) @ @ Ep(w) ® F(w)

with finite dimensional linear subspaces Ej(w) and an infinite dimensional linear
subspace F(w) such that the following properties hold:

(i) Invariance: ®(t,w)Ej(w) = E;j(fw) and (t,w)F(w) C F(fiw).

(i) Lyapunov exponents:
tlirinoo % log |®(t,w)x|y =A; forallx € Ej(w)\0andj=1,... k.
(i1i) Ezxponential Decay Rate on F(w):
litlililolop%log 2@t w)lrw)lly < —7-

Moreover, for x € F(w) \ 0 such that ®(t,0_;w) 'x := ®(—t,w)x exists for
allt € RT we get

1
lim inf — log [|®(—t,w)x||, > 7.

t——+oo t

(III) There exist infinitely many finite dimensional measurable subspaces Ej(w), in-
finitely many infinite dimensional subspaces Fj(w) and infinitely many Lyapunov
exponents

AM>A > >—y  with  lim A\j=—v
oo
such that the following properties hold:
(1) Invariance: ®(t,w)E;j(w) = E;(0iw) and ®(t,w)F;(w) C F;(6w).
(ii) Invariant Splitting
Xy =E(w) @ @ Ej(w) @ Fj(w) and Fjw) = Ej(w) ® Fjpa(w).
(iii) Lyapunov exponents:
1
tlirin 7 log |®(t,w)x|y =A; forallx e Ej(w)\0andj=1,... k.
— =00
(iv) Ezponential Decay Rate on Fj(w):
. 1
timsup 108 (1), = Ay
t—-4o00
Moreover, for x € Fj(w) \ 0 such that ®(t,0_jw) 'x := ®(—t,w)x exists for
allt € RT we get

1
ltierinf i log ||®(—t,w)x|ly > —Xjq1.
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Theorem 5.2.5 (Lyapunov Exponents are Independent of Exponential Weight Factor).
Let v > 0 and consider (5.14) on the state space (X, || - ||,). Assume that A > —v is a
Lyapunov exponent of (5.14), i.e. for P-a.e. w € §) there exists x(w) € X such that

1
Jim 2 log [9(t,w)x(@)lly = A

Then for every ¢ > = satisfying that e")B(-) € LY(P) we have x(w) € X¢ and the
number A is also a Lyapunov exponent of (5.14) on the state space (X¢,| - ||¢). In
particular,

1
ligl i log [|®(t,w)x(w)[lc = A . (5.32)

t—+oo

Proof. Let y € X,. From the definition of X, we obtain that lim; ., e~ "y (—t) exists.
For ¢ > v it is easy to see that

lim e Sy (—t) = lim 0O Tty (—t)
t—00 t—00
= 0,

which implies that y € X;. Furthermore, for any y € X, we have

Iylle = sup e *ly(~1)]
te[0, co)
< sup e y(—t)]
te(0, co)
< lylly-
As a consequence, we get
1 1
lim sup — log [|®(t, w)x(w)]|¢ < tlim i log [|®(t, w)x(w)]|, (5.33)
t—o0 —00
and 1 1
ltim_infz log || ®(t, w)x(w)|lc > tlil_n n log || ®(t, w)x(w)||- (5.34)

In view of Theorem 5.2.4 we divide the proof into several cases.

Case 1: The linear cocycle ® on the state space (X¢,| - ||¢) has finitely many Lyapunov
exponents. Let —C < Ap < Ag_1 < .-+ < A1 be the Lyapunov exponents of the linear
cocycle ® on the state space (X¢, || - ||¢) and

X =Ei(w) @ @ Ep(w) ® F(w)
the corresponding Oseledets splitting of ®. We write x(w) in the following form
X(w)=x1+x2+ - + x5 + Xp,

where x; € F;(w) and xp € F(w). For convenience, we divide the proof into several
steps.
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Step 1: We first show that xp = 0 by contradiction, i.e. we assume that xp # 0. In
view of Theorem 5.2.4, we have

1
lim sup + log | (¢, w)xr ¢ < —C.
t——o0 t

and for all ¢ € {1,...,k} with x; #0

1
, lim Zlog |P(t, w)xillc = N

Therefore, for any € € (O, )"“j C) there exists T'(¢) € R such that

1
i log |®(t,w)xp|lc < —C+e€ for all t < —T(e),
and for all ¢ € {1,...,k} with x; #0
e 1 €
i — 3 < : log || ®(t, w)x;ll¢ < Ai + 5 for all t < —T'(e).

Hence, for all t < —T'(¢) we have

letwx@le = [etwxe+ Y ot )i
ie{l,....k}, x;0
> etwxrlc- | X et
i€{l,....k}, x;0
k
> D) Uy ),
1=1

Consequently,

k
1 1
n log [|®(t, w)x(w)|lc < n log <et(—4+€) — Z eto‘i_s)> for all t < —T'(¢),
i=1

which implies that
1
timsup - log @ (t,w)x(w) ¢ < ¢+,

t——o0

where we use the fact that
. 1 ta tb :
\ lim n log (e —e > =a provided that a < b,
——00

to obtain the last inequality. Since € can be chosen arbitrarily small it follows together
with (5.34) that

1
Jim = log [|B(t,w)x(w)]l, < ¢,
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which contradicts to the fact that
. 1
—(<—y<A= . lim " log || ®(t, w)x(w)||-

Step 2. Define

tmin ‘= Min? tmaz ‘= MaX .
x;7#0 ’ x;7#0

By the same argument as in Step 1, we obtain that

tmin?

1
tlim i log ||®(t, w)x(w)]lc > A

1
dim — log ||®(t, w)x(w)|c <

tmax)

>\

which implies together with (5.33), (5.34), and the fact that A; . > \;, .. that

o
Jim = log [[@(t, w)x(w) e = A,

proving (5.32) and the proof in this case is completed.

Case 2: The linear cocycle ® on the state space (X, ||-||¢) has infinitely many Lyapunov
exponents. Let —( < -+ < Ao < A1 with limy_., \x = —( be the Lyapunov exponents
of the linear cocycle ® on the state space (X¢, || - [|¢c) and

X¢=Ei(w) & & Ey(w) & Fi(w)
the corresponding invariant splittings. We prove the fact that A € {A1,Ae,...} by
contradiction, i.e. we assume that A\, # A for all & € N. Since limg_ oo Ay = —( it
follows that there exists & € N such that A, < A. Set k* := min{k : Ay < A}. By using

(5.34) and in view of Theorem 5.2.4, we obtain that £* > 1. Hence, A\gpx < X\ < Ag=_1.
We write x(w) in the following form

X(w) =X +Xo + -+ + X1 + XF,

where x; € Eij(w),i =1,...,k* —1 and xp € Fj+_1(w). Using a similar proof as in Step
1 of Case 1, we also have xp = 0 and

1
litminf 7 log ||®(t, w)x(w)|¢ > Ag=—1,

which together with (5.33) contradicts to the fact that A < Ag+_; and the proof is
completed. O
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5.3 Differential equations with bounded delay

The aim of this section is to investigate differential equations with bounded delay. We
can easily observe that if the delay is bounded we do not need all information for
t € (—00,0] in order to know the value of solutions in the future. As a consequence,
there are several options to define a dynamical system generated by such an equation.
Naturally, we can ask the question whether there are any relations between the Lyapunov
exponents of these dynamical systems. Throughout this section we consider the following
System

& = A(Qyw)x(t) + B(Ow)x(t — r(Ow)). (5.35)

Assume that the random delay map r is bounded, i.e. there exists M > 0 such that
r(w) <M for all w € Q2

and A,B € L(P). Due to the boundedness of the delay the initial values of (5.35)
can be either in X, or in C([—M,0],R?). Using the same procedure to introduce and
investigate the RDS in X, generated by (5.35) we also obtain an RDS in C([—M, 0],R%)
generated by (5.35) as follows:

Random Dynamical System on C([—M,0],R%): For each w € © and an initial value
z € C([~M,0],R%), equation (5.35) has a unique solution denoted by v,,(-,z), i.e. the
equality

bolt z) = /O A(Osw) o (5,2) + /O B(0s0)ih (5 — 1(0s0), 3) ds

holds for all ¢ € R, where

x(s — r(fsw)), if s <r(fsw),

zzw(s —r(fsw),x) = {

Yo(s —r(fsw),x), otherwise.

Based on the existence and uniqueness solution of (5.35) we can define an RDS ¥ :
R, x Q — L(C([-T,0],R%)), where £L(C([-T,0],R?)) denotes the space of all bounded
linear operators from C([—T,0],R%) into itself, by

Yo(t+s,x), ift+s>0,
U(t,w)x(s) =

x(t+s), otherwise,
for all s € [-M, 0.

Properties of U: Along the lines of the proof of Theorem 5.1.2, Lemma 5.2.1 and Propo-
sition 5.2.3 we have:

e U is strongly measurable.
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o U satisfies the integrability condition, i.e.

sup log™ |U(t,-)|| and sup log™ ||[W(1 —¢,6;)| € EI(Q,]-", P).
0<t<1 0<t<1

o [(V) =—o0.

Theorem 5.3.1. Let ay > ag > ... be the Lyapunov exponents of & and By > [P > ...
be the Lyapunov exponent of ¥. Then

{ai} ={Bi : Bi > =7}

Proof. (=) Suppose that A is a Lyapunov exponent of ®. Fix w €  and let x € X, be
a vector corresponding to this Lyapunov exponent, i.e.

1
tlim i log [|®(t, w)x|y = A

Define = € C([—M, 0], R?) by
z(s) = x(s) for all s € [-M, 0.
A direct computation yields that
Y (t,x) = Py, (t, ) for all t > 0,
which leads
O(t,w)x(s) = ¥(t,w)x(s) for all s € [-M,0],t > M.

Consequently, for all t > M we have
1 1 M
7 log [[(t w)x|ly = < log(e " [W (¢, w)a),

proving that
1
lim sup 7 log ||[¥ (¢, w)x|| < A

t—o00

To prove A is a Lyapunov exponent of ¥, by virtue of Theorem 5.2.4 it is sufficient to
show that

1
lim sup 7 log || ¥ (¢, w)x| = A.

t—o00
Thereto, we assume a contradiction, i.e. there exists ¢ € (0, A 4+ ) and T' > 0 such that

|0 (t,w)z]| <P forallt >T.

Therefore,
lw(t, x)| = |[Yu(t, )| < eP ekt for all t > T.



Chapter 5: Differential Equations with Random Delay 106

As a consequence, for all ¢ > T we have

|®(t,w)x|, = max{ sup  e7%|P(t,w)x(s)|, sup e”s\q)(t,w)x(s)\}

—oo<s<—t —t<s<0

< max{e—'*tuxm,

sup. et +.9|}
<s<0
< max? e x|y, e sup €7 |p,(s,%)], eX et b
0<s<T

This implies together with —y < A — ¢ that

. 1

limsup — log || ®(t, w)x|, < A —e.

t—o00 t

This is a contradiction and we get the desired conclusion.
(<) Assume that 3 > —v is a Lyapunov exponent of ¥ and let z € C([—M,0],R%) be
a vector corresponding to [, i.e.

1
tlim ;log 1P (t, w)x|| = .
Define x : (—00,0] — R? by

{ x(s), if s € [-M,0],

x(—M), otherwise.

Using similar arguments as in the first part of the proof, we also have
lim + log (1, w)x, = 7
Jim -~ log ,w)x||, = B.

Therefore, 3 is a Lyapunov exponent of ® and the proof is completed. O



Chapter 6

Computational Ergodic Theorem

Iterated function systems (IFS) consisting of finitely many affine transformations became
popular as a method for constructing fractals like, e.g. the Sierpinski Gasket or the
Barnsley Fern in the plane, Barnsley [10]. A common algorithm consists of picking a
random point in the plane, then iteratively applying one of the functions chosen at
random from the function system and drawing the point. Iterated function systems are
examples of RDS. For IFS which are uniformly contractive Peruggia [114] introduces a
general method of discretisation as a way of approximating the attracting sets and the
invariant measure. Using an extension of this construction, Froyland [56] and Froyland
and Aihara [57] present a computational method for rigorously approximating the unique
invariant measure of an IFS which is contractive on average — a notion which is more
general than uniformly contractive. An advantage of this method is that it provides
quantitative bounds on the accuracy of the approximation. For the same class of IFS
Elton [50] proved an ergodic theorem which states that the time average along almost
every random iterate of any starting point converges to a constant number, the space
average. This theorem is extended in a number of directions, e.g. to recurrent IFS
by Barnsley, Elton and Hardin [12], to systems with time dependent probabilities by
Stenflo [130], to systems with place-dependent probabilities by Barnsley, Demko, Elton
and Geronimo [11], to contractive Markov systems by Werner [140]. Using the Banach
limit technique, Forte and Mendivil [59] give a simple proof of the ergodic theorem for
an IFS which is uniformly contractive. Based on the same method, Hyong-chol et al.
[71] extend the ergodic theorem to infinite iterated function systems (IIFS) which are
uniformly contractive. Combining the Kingman subadditive ergodic theorem and the
Birkhoff ergodic theorem, Cong, Doan and Siegmund [38] provide a simple proof of the
ergodic theorem for ITFS which are contractive on average.

In this chapter, we extend the result in Cong, Doan and Siegmund [38] to ITF'S which are
[-contractive on average, a notion which is weaker than contraction on average. We also
construct an approximating sequence of finite IFS such that the corresponding sequence
of invariant measures converges to the unique invariant measure of the approximated
IIF'S. One of our main results is a computational version of the ergodic theorem which
allows to approximate the time average of an IIFS together with explicit error bounds.

107
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At the same time, we also use the method in Froyland and Aihara [57] to establish an
algorithm to compute the time average of a contractive on average place-dependent IFS.
Having a rigorous method to compute the invariant measure, we apply this method to
compute Lyapunov exponents of products of random matrices. Several examples are
also provided to illustrate the theoretical results.

Given an RDS ¢ as in Definition 1.1.9 or its corresponding skew product © as in Remark
1.1.4 we define its time-one map 7: 2 x X — Q) x X by

T(w,xz) = (1) (w, x).

Then it is easy to see that ©(n) = ™. Conversely, let 7 : 2 x X — Q x X be a map
satisfying 7(w, x) = (Qw, p(1,w)z) for an RDS ¢. Then ©(n) := 7" is the skew product
corresponding to the RDS ¢. Hence we can identify a skew product with its time-one
map. Next we will recall the notion of invariant measure which is a central concept for
RDS.

Definition 6.0.1 (Invariant Measure). Let 7 : Q@ x X — Q x X be the skew product
corresponding to an RDS ¢ over an MDS (€2, F,P,#). A probability measure p on (X, B)
is said to be invariant under 7 if the probability measure P x p on 2 x X is invariant
with respect to the skew product 7, i.e. satisfies

PxuB)=Pxu(r'B) foral Be F®B.

We recall some elementary properties of Lipschitz functions which will be used in the
next sections. Let (X7,d;) and (X3, ds2) be metric spaces and f : X; — X, a Lipschitz
function. Denote by Lip(f) the Lipschitz constant of f, i.e.,

da(f (), f(y))

Lip(f) = sup ———————7= < 400
() eyex;  di(z,y)

For a compact metric space (X, d), we define
Lip;(X):={h: X = R| Lip(h) <1}

Remark 6.0.2. (i) Let (Xj;,d;), with i« = 1,2,3, be metric spaces and suppose that
f: X1 — X5 and g : X9 — X3 are Lipschitz functions. Then the composition function
go f: X7 — Xjs is also a Lipschitz function and Lip(g o f) < Lip(f)Lip(g).

(ii) Let (X,d) be a metric space and f : X — R a Lipschitz function. Then for any
a € R the function af is Lipschitz and Lip(af) = |a|Lip(f).

From now on, suppose that (X, d) is a compact metric space. Denote by C(X), M(X)
the space of real-valued continuous maps on X and probability measures on (X, B(X)),
respectively. In order to estimate the distance between two probability measures we in-
troduce a metric dg on M(X) which is known as the Hutchinson metric (see Hutchinson
[70]) as follows

dy(vy,1v3) : sup '/ h dvy — h dvy for all 11,5 € M(X). (6.1)

hELlpl
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In the following remark, we collect some well-known properties of this metric space
which are used later.

Remark 6.0.3. (i) (M(X),dy) is a complete metric space.
(ii) Let o € X be fixed. Then the Hutchinson metric satisfies

/hdyl—/ th2
X X

(i) If v, € M(X) satisfy dp(v1,1v0) = 0 then [ G(2) dvi(z) = [ G(2) dva(z) for
all continuous functions G € C(X).

for all v1,v9 € M(X) .

dp(vi,19) = sup
heLip; (X),h(z0)=0

(iv) If limy, o vy = v then

n—oo

lim f dv, = / fdv for all f € C(X).
X

(v) (M(X),dp) is a compact metric space.

6.1 Iterated Function Systems

6.1.1 Finite Iterated Function Systems

Let (X, d) be a compact metric space, k € N and f = {f,}¥_, a sequence of k Lipschitz
maps from X into itself. Let p = {jr)n}’lr‘i:1 be a collection of k positive probabilities
pn > 0, Zﬁzlpn = 1. The pair (f,p) is called (finite) iterated function system (IFS),
see [9]. In order to explain how the IFS (f, p) generates an RDS on X we introduce the
space of addresses containing k symbols

OF) = TJ{L.... &} ={1,... k}™
n=0

together with the o-algebra F*) generated by the cylinders in Q*) and define a product
probability measure P*) on (Q*), F*)) by

D= TLo%  with p¥({n}) = p
n=0

Let 6 : Q®) — Q%) denote the left shift, i.e., (w); = wjq; for all w € Q) and j € N,.
It is well known that 6 is an ergodic transformation preserving the probability P(*) (see
e.g. Walter [138]).

Remark 6.1.1 (RDS generated by IFS). An IFS (f, p) generates a random dynamical
system o) over the MDS (Q(k),}"(k),]P’(k), 0) by setting

(,D(k)(n,w)x:fwn71Ofwn72o---ofw0(x) fOI‘nEZ+ .
The corresponding skew product 7% : Q*) x X — Q%) x X is given by
78 (w, ) = (Bw, fu,z) -
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Definition 6.1.1 (I-Average Expansion Rate and Contraction). Let (f,p) be an IFS.
The number

k
Lipy(f) :== Y PruPny---Pry LiD(fny © fry 0+ 0 f)

n1,n2,...,n=1

is called the I-average expansion rate of (f,p). The IFS (f, p) is said to be l-contractive on
average if Lip;(f) < 1. The IFS (f, p) is said to be contractive on average if Lip, (f) < 1.

Remark 6.1.2. For an IFS (f,p) and | € N, we define an IF'S (F, p) by

f”ly---vnl = frn 0 frpgo---0 f”z’ ﬁ”lwwnl = PniPnsy - - - Pnys

where ny,...,n=1,..., k. Then

Lip (£) = Lip; ().

The following lemma ensures that contraction on average implies [-contraction on aver-
age for all [ € N.

Lemma 6.1.3. Let (f,p) be an iterated function system. Then
Lip,(f) < (Lip, (£))" for alll € N.

Consequently, contraction on average implies l-contraction on average for all | € N.
However, the converse implication does not in general hold.

Proof. Using Remark 6.0.2 (i), we obtain

k
Lipy(f) = > PuPny-- Py LiD(fny © frp © -+ 0 fy)

ni,ng,...,n=1

k
Y PuPns- Py LiD(far)LiP(fas) - - LiD(fr,)

ni,ng,...,n;=1

k k k
= > Pu LiD(fn) D Pry LiD(fns) -+ Y Py LiD(fn))

ni=1 na=1 n;=1

= (Lipy(f))',

IN

proving that contraction on average implies [-contraction on average. For the remaining
part of the proof, we need to construct an IFS (f, p) which is [-contractive on average
but not contractive on average. Set X = [0,1],k = 2,p; = po = 1/2 and we define two
functions f1, fo : X — X by
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Note that the Lipschitz constant of a C' map f : [0,1] — [0, 1] can be determined by

Lip(f) = max I (). (6.2)

Hence,
Lip(f1) = Lip(f2) =1,

which implies that the IFS (f,p) is not contractive on average. On the other hand, a
direct computation yields that

4 2 4 2 4 4
9 ¥ L9 1 =z T 1 =z T T
fl(x) 87f2($) 2+ 9 87flof2(x) 9 9 +87f2of1 3
Therefore, by using statement (6.2), we have
1 2v/2
Li 2y — Li = — Li 2y — Li =
ip(ff) = Lin(f20 f1) = 5, Lin(73) = Lin(fi f2) = 272
which implies that
1 V2
Lipy(f) = -+ —%= < L.
As a consequence, (f,p) is 2-contractive on average. This completes the proof. O

Remark 6.1.4 (Uniform Contraction is Stronger than Contraction on Average). An
IFS (f,p) is said to be wuniformly contractive if Lip(f,) < 1 for all 1 < n < k. A
uniformly contractive IFS is also contractive on average, since Lip(f,) < 1 together

with 22:1 pn, = 1 implies that 22211771 Lip(fn) < 1.

For an IFS (f,p), we call the operator P : M(X) — M(X) defined by

k
Pleyv = any o fil for all v € M(X) (6.3)

n=1

the associated Markov operator. By the definition of P(;) we have

k
/th'Pék)l/: Z pm---pm/xhofmo'“ofnz dv for all v € M(X). (6.4)

ni,...,n=1

The following lemma from Foryland [56] characterizes invariant measures of IF'S as fixed
points of an associated Markov operator.

Lemma 6.1.5 (Froyland [56]). Let (f,p) be an IFS on a compact metric space (X,d).
Then a probability measure u € M(X) is invariant under the IFS (f,p), i.e. ux P®) is
invariant under the skew product T%) associated with (f,p), if and only if p is a fized
point of the associated Markov operator P defined as in (6.3).
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Moreover, in Froyland [56] it is shown that if the IFS (f, p) is contractive on average then
the operator P(y) is contractive with respect to the Hutchinson metric. More precisely,
we have

Lip(Pgy) < anLlp fu)-

n=1

As a consequence, the contractive on average IFS (f, p) has a unique invariant probability
measure. In the following lemma, we investigate a contractivity property of the Markov
operator for an [-contractive IFS.

Lemma 6.1.6. Let (f,p) be an IFS on a compact metric space (X,d). Then
Lip(P()) < Lipy(f) ~ for all 1 € N.

As a consequence, if the IFS (f,p) is l-contractive on average then Pék) s a contractive
operator and therefore the system (f,p) has a unique invariant probability measure.

Proof. 1t is equivalent to show that
dH(Pék)Vl,Pék)yg) < Lip;(f)dg (v1,12) for all v, € M(X).

By the definition of Hutchinson metric, see (6.1), we have

dH(Pé )I/l,P(k)I/Q sup ‘/ th / thék)Vg
X

heLip, (X

which together with (6.4) implies that

dH(Pék)ul,Pék)Vg) < sup Z Py ---Dny -

-/hofnlo-uofmdl/l—/hofnlo-uofmdyg (6.5)
X X

On the other hand, by using Remark 6.0.2 (ii), we get

Lip(ho fn, 00 fn,) < Lip(fn, 0---0 fp,) for all h € Lip;(X),

which gives together with estimate (6.5) that

IN

k
Z pn1"'pnlLip(fn1O"'Ofnl)dH(V17V2)

ni,..,m=1

= Lipl(f) dH(I/l, Vg).

This completes the proof. O
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Barnsley, Elton and Hardin [12] proved the following ergodic theorem for IFS which are
[-contractive on average. For a simple proof in the more restrictive case of uniformly
contractive IFS we refer to Forte and Mendivil [59].

Theorem 6.1.7 (Ergodic Theorem for I-Contractive on Average IFS, [12]). Let (f,p) be
an IFS which is l-contractive on average. Then for any continuous function G : X — R
and any r € X we have

N
1
im — (k) - (k) _ (k)
A}lm v 17;:0(;(4,0 (n,w)x) /XG(Z) du(z) for P -a.e. we QW

where p is the invariant probability measure of the IFS (f,p).

6.1.2 Finite Iterated Function Systems with Place-dependent Proba-
bilities
Let {f,}*_, be Lipschitz continuous maps from a compact metric space (X,d) into

itself. Associated to each map are given continuous probability weights p,, : X — (0, 1),
n=1,...,k, and

k
an(a:)zl for all x € X.
n=1

To simplify the notation and to emphasize the fact that p, depends on the state space,
we define f = {f,}X_, and p(-) = {pn(-)}F_,. We call the set (f,p(:)) an iterated func-
tion system with place-dependent probabilities (place-dependent IFS), see e.g. Barnsley,
Demko, Elton and Geronimo [11]. The operator 7 : M(X) — M(X) defined by

k
Tv(B) = () dv(z for all v € M(X
(B) ,;/nmp” (@) e M(X)

is called the Markov operator associated to the place-dependent IFS (f,p(:)). A proba-
bility measure u € M(X) is said to be invariant or stationary if Tp = p. It is said to
be attractive if for all v € M(X),

n—~o0

lim [ hdT"v= / h dup for all h € C(X).
X X

Remark 6.1.8. Suppose that (f,p) is an IFS which is l-contractive on average. Then
according to Lemma 6.1.6, the system (f, p) has a unique attractive invariant measure.

We call a place-dependent IFS (f,p(-)) contractive on average if there exists r € (0, 1)
such that

k
an($)d(fn(x)7fn(y)) é T‘d(ﬂj‘,y) fOI‘ a'H z,y € X7
n=1
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(see e.g. Werner [140]). Before giving a sufficient condition for the existence of an
attractive invariant measure we recall the following notion. A real-valued continuous
function h : X — R is called Dini-continuous if for some ¢ > 0

/(ph—(t)dt<oo,
0 t

where @y, is the modulus of uniform continuity of h, i.e.
on(t) :=sup{|h(z) — h(y)| : d(z,y) < t,z,y € X} for all t > 0.

The following theorem is a consequence of a theorem proved in Barnsley, Demko, Elton
and Geronimo [11]. However, we first note that since p1, ..., py are continuous functions
and the metric space (X, d) is compact, the functions pi, ..., py are bounded away from
0, i.e. there exists § > 0 such that

pn(z) >0 forallz e X,n=1,... k.

Theorem 6.1.9 (Existence of Attractive Invariant Measure for Contractive on Average
Place-dependent IFS, [11]). Let (f,p(:)) be a contractive on average place-dependent
IFS with all fy1, ..., fi being Lipschitz-continuous and all py, ..., pg are Dini-continuous.
Then the place-dependent IFS (f,p(:)) has an attractive (and thus necessarily unique)
muariant measure.

In Stenflo [132], an example is constructed to show that the content of the above theorem
is no longer true under the weaker assumption that all py,...,ps are continuous. Other
sufficient conditions for the existence of an invariant measure and an attractive measure
can be found among others in Elton and Piccioni [51], Burton and Keller [26], Lasota
and Yorke [87], etc. We refer to Stenflo [131] for a survey of results on the question of
uniqueness of invariant measures for place-dependent IFS.

Now we follow the construction in Kwiecinska and Slomczyriski [84] to define the RDS
generated by a contractive on average place-dependent IFS. We consider a place-dependent
IFS (f, p(-)) which fulfills all assumptions of Theorem 6.1.9 and let y denote the unique
invariant measure of (f,p(-)). To obtain an RDS generated by (f,p(-)), we define the
corresponding probability measure on the space of addresses (Q(k), F (k)) by first setting

P((io, - - - +in)o,..n) = /Xpio(ﬂf)l)il(fio(ﬂ?)) e Din(fin_y 000 fig(x)) du(z),  (6.6)

for all n € N, ig,...,i, € {1,...,k}, and then extend P to the whole F*). Having
constructed the probability space, we consider the left shift on it, i.e. the mapping
6 : Q%) — Q) defined by (fw); = wjy1. Since p is an attractive invariant measure of
(f,p(+)), the mapping 6 is an ergodic transformation preserving the probability P (see
e.g. Kwieciniska and Stomczynski [84, Proposition 1], Werner [140, Proposition 2.1]).

Remark 6.1.10 (RDS generated by place-dependent IFS). Suppose that (f,p(-)) is a
contractive on average place-dependent IFS and pi,...,pr are Dini-continuous. Then
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(f,p(-)) generates a random dynamical system ¢ over the MDS (Q®) F(*) P ) by
setting

P(n,w)x = fu, 1 0 fu, 500 fu().
The corresponding skew product 7 : Q¥ x X — Q) x X is given by

T(w,z) = (Bw, fu,(x)).

So far we have discussed and explained why an RDS can be generated by a contractive
on average place-dependent IFS. In the following theorem, an ergodic theorem for place-
dependent IFS is stated and we refer to Barnsley, Demko, Elton and Geronimo [11] and
Werner [140] for a proof.

Theorem 6.1.11 (Ergodic Theorem for Place-dependent IFS, [11]). Let (f,p(-)) be a
contractive on average place-dependent IFS satisfying that p1,. .., pr are Dini-continuous.
Let p denote the unique measure of (£,p(-)). Denote by P the generated measure on the
address space (Q(k),}'(k)) which is defined as in (6.6). Then for any continuous function
G: X — R and any x € X the following limit exists and equality holds

lim 1 ZG(@(n,w):n) = /X G(z) du(z) for P-a.e. w € Q.

6.1.3 Infinite Iterated Function Systems

In this subsection, we introduce a generalization of finite iterated function systems to sys-
tems of infinitely many functions. Let (X, d) be a compact metric space and f = {f,}72
a sequence of Lipschitz maps on X. Let p = {p,}>2, be a sequence of probabilities
pn > 0 with > 0% p, = 1. Then the pair (f,p) is called an infinite iterated function
system (IIF'S), see [95]. Similarly as in the case of finite iterated function systems where
we had k symbols {1,...,k} we now define the space of addresses but with infinitely
many symbols N

Q:ﬁN:NOO
n=0

together with the o-algebra F generated by the cylinders in Q. For convenience, we
define
(20,815 -+ ) po.proopr -= {w € Q:wp, =ij forall j=0,1,... ,k}.

A probability measure on (€2, F) is defined by
P=]]pr  with p({n}) =pn.
n=0

The left shift 6 : Q@ — Q with (w); = wjyq for all w € Q and j € Ny is ergodic and
preserves the probability P, see [138]. Moreover, using the same arguments as in the

proof of Walter [138, Theorem 1.12], we also obtain that €' is an ergodic transformation
for all [ € N.
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Remark 6.1.12 (RDS generated by ITFS). An ITFS (f, p) generates a random dynam-
ical system ¢ over the MDS (9, F, P, 0) by setting

P(n,w)a = fu, 1 © fun 200 fuo(2).
The corresponding skew product 7: 2 x X — Q x X is given by
T(w,z) = (Qw, fux) .
Similarly as for IFS we define the [-average rate of expansion for IIFS as follows.

Definition 6.1.2 (I-Average Expansion Rate and Contraction for IIFS). Let (f,p) be
an ITFS. The number

Lip,(f) := Z Pry - DPny LID(fry © -+ 0 fr,)

ni,...,n=1

is called the l-average expansion rate of (f,p). The ITFS (f, p) is said to be I-contractive
on average if Lip;(f) < 1.

For the remainder of this chapter we mainly deal with IIFS which are [-contractive
on average. Next we extend Lemmas 6.1.5 and 6.1.6 to IIFS. However, we first recall
a criteria to check whether a transformation is measure-preserving. In [138, Theorem
1.1], it is proved that a transformation 7 from a probability (2, F,P) into itself is
measure-preserving if and only if P(T1A) = P(A) for all A € S, where S is a semi-
algebra generating the o-algebra F. Recall that a collection S of subsets of € is called
a sigma-algebra if the following three conditions hold:

(i) 0es,
(ii) if A,Be Sthen ANB €S,

(iii) if A € S then A° = |J | E;, where each E; € S and Ej,..., E, are pairwise
disjoint subsets of €.

Lemma 6.1.13. Let (f,p) be an IIFS on a compact metric space (X,d). Then a prob-
ability measure p € M(X) is invariant under the IIFS (f,p), i.e. P X p is invariant
under the skew product T associated with (f,p), if and only if p is a fized point of the
Markov operator P : M(X) — M(X) defined by

PV:anyofn_l for v e M(X) . (6.7)

n=1

Moreover, if the IIFS (f,p) is l-contractive on average then the operator P' is contrac-
tive with respect to the Hutchinson metric. More precisely, Lip(P') < Lip,(f) and as a
consequence, the IIFS (f,p) has a unique invariant probability measure.
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Proof. Let 7 denote the skew product associated to the IIFS (f,p) as in Remark 6.1.12.
We first prove that the invariance of u € M(X) is equivalent to Pu = p.

(=) Suppose that ;1 € M(X) is an invariant probability measure of the system (f, p).
For any measurable set B € B(X), we have

Pxpu(r'(@xB)) = Pxpu({(wz)€QUxX: weQ,f,(z) € B}

= ZIP’XM({(w,a:) €EQXxX:wy=n,z€ f, (B)})
n=1

= > pan(£,1(B)) = Pu(B),
n=1

which together with P x u(Q2 x B) = u(B) proves that Pu = p.

(<) Let u be a probability measure on X satisfying that p=>"°°  ppuo f, 1. To show
that P x p is invariant under the skew product 7 we first prove the following claim:
Claim: The collection of sets

S={Nx---XNxB,x---xBpyp xNx---CQ|p,keNy,B,,...,Bp CN}

is a semi-algebra on () generating the sigma-algebra F. Indeed, it is easy to see that F
is the sigma-algebra generated by S. For A1, Ay € § with the form

Al = NX---XNXB, X XBpp xNx...,
Ay = Nx---xNxC’p/x---xC’p/+k/xNx...,
a direct computation yields that A1 N As € S. Finally, for A € S with the form
A=Nx---XNx B, X -+ xXBpyp xNx...,
we have A¢ = Uf:o E;, where
Ei=Nx- - xNx By, X+ XBpri1x By, xNx...

Obviously, Ey, ..., E are pairwise disjoint and Ey,..., E; € S. This proves the claim.
Returning to the proof, by using the above claim, we obtain that the collection of sets

S:={AxB|Ae S, BeB(X)}

is a semi-algebra on €2 x X generating the sigma-algebra 7 @ B(X). On the other hand,
each set in § can be represented as a countably disjoint union of sets which have the
form (ig,...,k)p,.. p+k ¥ B. Therefore, it is sufficient to prove that

P x )2 ((io, . 7ik)p,...,p+k X B) =P x )2 (T_l ((io, A 7ik)p,...,p+k X B)) (68)

holds for all B € B(X), p,k € Ng, and 4, ...,i; € N. Theset 771 ((ig, ... ik)p,...ptk X B)
can be represented as the following disjoint union

e}

77 (Gos ik )p, ik X B) = | (0, ik)opt,prkrr X f(B).
n=1
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Together with the fact that p(B) = Yoo, pap (f,, 1(B)) this implies

Px pu (7'_1 ((Goy -tk )p,... p+k X B)) = Dig---Di an,u (fn_l(B))
n=1

= Dip-- 'pik:u(B)v

proving (6.8). For the remaining part of the proof, we suppose that the system (f,p) is
[-contractive on average and we need to show that the following inequality

‘/ thlul—/ hdPlvy
X X

holds for all v;,19 € M(X) and h € Lip;(X). A direct computation yields that

< Lipl(f) dH(Vl, 1/2) (69)

/thlV: Z pm...pm/hofnlo--'ofmdy forall l e N,v e M(X).
X X

ni,..,m=1

Hence, we get

‘/ thlyl—/ hdP'vy
X X

o
< > Pay-oDay

ni,..,m=1

/hofnlo-uofnldyl
X

—/hofmo---ofmduz.
X

Using Remark 6.0.2, we have Lip(ho fy, 0---o fp,) < Lip(fpn, 0-- -0 fy,) and this together
with the above inequality equality proves (6.9) and the proof is complete. O

The Barnsley ergodic theorem 6.1.7 for IFS was extended in many ways, e.g. to general
ITFS with time-dependent probabilities by Stenflo [130], for an extension to uniformly
contractive IIFS see Hyong-chol et al. [71]. Cong, Doan and Siegmund [38] extend this
result to IIFS which are contractive on average. In the following, we present a short proof
of an extension of Theorem 6.1.7 to IIF'S which are [-contractive on average. Firstly, we
extend a result from Furstenberg and Kesten [60] (see also Krengel [81, p.40]).

Lemma 6.1.14. Let (f,p) be an IIFS which is l-contractive on average. Then there
exists o < 0 such that

7}1—{%0 % log Lip (¢(n,w)) = « for P-a.e. we Q. (6.10)
Proof. For each n € N we define a measurable function g, : Q@ — R by
gn(w) =log Lip (¢(n,w)) for all w € Q.
Since ¢(n + m,w) = p(m, 0"w) o p(n,w) and using Remark 6.0.2 (i), we get

Intm (W) < gm(0"w) + gn(w) for all n,m € N. (6.11)
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Therefore, {g,}72 is a Subaddltlve sequence of random variables over the ergodic MDS
(Q,F,P,0). Now we show that g € £L1(Q2, F,P). By the definition of g;, we get

/le—i_(w) dP(w) = Z Pnyq - - -pnl lOgLip(fnl ©---0 fnl)y

(n1y0m) EA

where A := {(n1,...,n;) € N': Lip(f,, 0- -0 fn,) > 1}. Since log(-) is a concave function
it follows with Lip;(f) < 1 that

> Dnyo Do dogLip(fay 0 r0 fr) < > Puy--opn

(n1,...,n1)€EA (n1,...,n1)EA
1

Z(”l,n-,”z)EA Pny -+ Pny .

-log

This implies with the inequality xlog% <1 forall 0 < <1 that glJr € LYQ,F, P).
Thus the subsequence {g,;}°2 fulfills all assumptions of the Kingman subadditive er-
godic theorem B.0.8 over the ergodic MDS (Q,F,P,0"). Consequently, there exists
Q C Q which is 6! forward invariant with IP’(Q) =1 and

1 1 ~
lim — gy(w) =0 := lim — / Gni(w) dP(w) for all w € Q. (6.12)
Q

n—oo N n—oo N

We now show that # < 0. Integrating both sides of the inequality gniim(w) <

Gm1(0™w) + gn(w) and using the fact that @ is an ergodic transformation preserving
the probability IP, we obtain

/anuqm( ) dP(w) < J/ghﬂi>dPou>+-/ggmmuodP«u»

In particular,

ﬁzhmlé%wMM) /m>ww> (6.13)

n—oo N

From the definition of g;, we derive that

/le(w) dP(w) = Z Pny - P, log Lip(fp, 0+ 0 fp,).

ni,...,n;=1

Using the fact that log(-) is a concave function together with Lip;(f) < 1 implies

/le(w) d]P’(w) < log Z Pnq -- 'pnlLip(fnl ©--+0 fnl) <0,

ni,..,m=1

which together with (6.13) shows that 5 < 0. Define o := ? and to complete the proof

we show that l
-1

1 .
lim — g,(w) =« for all w € ﬂ 0'Q).

n—oo n 0
1=
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Using (6.11), for all « = 0,1,...,0l — 1 and w € ﬂﬁ;(l) 0iQ), we obtain the following
inequality

gnir1(0'w)  gii(07w) < Initi(@) _ gu(0'w) n 9i(w)
nl+1 nl+i — nl+i T nl+i nl+1i’

where we use Ehe fact that w € Hf\_’ﬁ to ensure the existence of 0"~lw € . Note that
since w € 67}, we have f'w € 0'Q C Q. Taking n — oo and using (6.12), we have

lim

noo il + i Initi(w) = a fori=0,1,...,l —1 and P-a.e. w € Q.

This completes the proof. O

Remark 6.1.15. If the IIFS (f, p) is uniformly contractive, i.e., there exists § < 1 such
that Lip(f,) < S for all n € N then the following inequality holds

1
- log Lip (p(n,w)) <logB <0  forallmn €N, and P-a.e. w e Q.

The following theorem extends the Barnsley ergodic theorem 6.1.7 to IIFS which are
[-contractive on average.

Theorem 6.1.16 (Ergodic Theorem for [-Contractive on Average IIFS). Suppose that
the IIFS (f,p) is l-contractive on average. Then for any continuous function G : X — R
and any x € X the following limit exists and equality holds

N—>oo N +1 ZG Jx) = /X G(2) du(2) for P-a.e. we Q,

where w is the invariant probability measure of (£, p).

Proof. By using Lemma 6.1.14 together with the fact that 6 is an ergodic transformation
preserving the probability P, there exists o < 0 such that the following limits

1 1
lim —logLip (¢(n,w)) =a and lim —logLip (¢(n,fw)) =« (6.14)

n—oo N n—oo N

hold for PP a.e. w € Q. We define a real valued function G : OxX — Rby G(w,z) = G(x).
By Remark 6.1.12, we have G(p(n,w)z) = G(7"(w, z)) and hence

N1l ZG((p(n,w)az) = N1l Zé(T"(w,x)) for all (w,z) € Q x X.

By virtue of Lemma 6.1.13, the measure P’ x y is invariant under 7 and since G € C(X)
it follows that G is a bounded measurable function from Q x X to R. By applying
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the Birkhoff ergodic theorem (see Appendix A), there exists a measurable function
G* : 2 x X — R such that

lim L Z G (w,z)) = G*(w, x) (6.15)

holds for P x p -a.e. (w,z) € 2 x X and

G (w,z) d(P x p)(w,z) = G(w, ) d(P x p)(w, ). (6.16)
OxX OxX

Define
Q = {w e Q: (6.14) holds and there exists 2 € X such that (6.15) holds} .

It is easy to obtain that P(Q2) = 1. We will show that the function G* is constant on
the set © x X. For this purpose, choose and fix w € Q. According to (6.14), there exists
Ni € N such that

Lip (p(n,w)) < 7 for all n > Ny,

which gives that
d(p(n,w)z, o(n,w)y) < ez diam(X) for all x,y € X and n > Nj.
On the other hand, we have
G(r"(w,2)) = G(r"(w,y)) = Glp(n,w)z) — G(p(n,w)y).

Together with (6.15) and the fact that G is a uniformly continuous function from X
to R we conclude that the function G* is independent of x on the set 2 x X. Now we
choose and fix x € X,w € Q. According to (6.14) there exists Ny € N such that

Lip (p(n, fw)) < e7 for all n > Nj.
Therefore,
d(p(n,0w)z, o(n +1,w)z) < e diam(X) for all n > Nj.
On the other hand,
G(T"(0w, ) — G(T" ™ (w, 2)) = G(p(n, bw)z) — G(p(n + 1,w)z).

This implies with (6.15) that G*(6w,r) = G(w,z). Since ¢ is ergodic it follows that
G*(w, ) is independent of w on 2 x X and the claim is proved. By using (6.16) and the
fact that [,  G(w,z) d(P x p)(w,z) = [ G(x) du(z), we get
G*(w,x) = / G(z)dp(x) for all (w,z) € O x X.
X

This completes the proof. O
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6.2 Computational Ergodic Theorem for Place-dependent
IFS

In this section, we consider a place-dependent IFS (f, p(-)) defined on a compact subset
X c R?, where f = {fn}ﬁ;pp = {pn}’flzl, which is contractive on average, i.e. there
exists r € (0,1) such that

an ), fn(y)) < rd(z,y) for all z,y € X.

We assume additionally that the functions pq,...,pr : X — (0,1) are Dini-continuous.
According to Lemma 6.1.9, the associated Markov operator 7 : M(X) — M(X) defined
by

v(B) = Z /n (B dv(z)  forallv e M(X),B € B(X), (6.17)

has a unique attractive invariant measure denoted by u. Let P be the probability on
the space of addresses (Q*), F(¥)) which is defined as in (6.6). For a given continuous
map G : X — R, we define the time average of (f,p(-)) with respect to G by

Aie N%ONHZG ):/XG(z)d,u(z)

Theorem 6.1.11 implies that the limit almost surely equals the space average and there-
fore A is well-defined. Our aim is to establish an algorithm to approximate A.

An Approximation and Convergence Result

Construct a partition of X into K connected sets {X1, Xs,...,Xg}. From each set,
choose a single point x,, n = 1,..., K, and for each mapping f,, where n = 1,... k,

define a K x K stochastic matrix Sp = (Sn,ij); j—1 x by setting

1, if fn(xz) e X, s
Sij = { ’ (6.18)

0, otherwise.

We use the matrices 5,, to define a family of Markov operators that will approximate
the Markov operator 7. Precisely, we define the operator 7x : M(X) — M(X) b

TKV— <ZZ/ Pn(x)Snij dv(z )> Oz for all v € M(X), (6.19)
j=1 \n=11i=1

where d,; is the Dirac measure centered at the point x;. The following lemma provides
an estimate between the operator 7x and the operator 7.
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Lemma 6.2.1. Define i = maxi<p<i diam(X,). Then

sup dp(Tgv,Tv) < 2ek.
veM(X)

Proof. By the definition of the Hutchison metric as in (6.1), it is equivalent to show that

'/ hd’Tl/—/ h dTxv
X X

A direct computation yields that

‘/ hd’TV—/ h dTxv
X X

< 2eg for all h € Lip; (X). (6.20)

j=1 \n=1i=1"Xi
< 51+ 5y,

where

kK K /[ k
S = ZZ o folx / n(z) dv(z) = (ZZ/ P (@) Snij d’/(ﬂf)) h(z;)|,

n=1i=1 j=1 \n=1i=1"%i

kK
Sy = ZZ/ z)(ho fo(x) —ho folz;)) dv(z)].

Since h € Lip;(X) and the system (f,p(-)) is contractive on average, we have

K

So < n(T n(x), fn(x; v(x
, < ;iZl/)(ip()d(f()f( )) dv(a)
K k
- n\L fn fn X
;L;“)“)<”()
< ek. (6.21)

On the other hand, using the equality ho f,,(x;) = ZJKZI ho fr(x;)Sy i foralli=1,... | K
and n=1,...,k, we obtain

k
§j§j/A%Uhomxn—< 3))Pa() dv()

n=14,5=1

Ty / 1 Snijpn (@) dv(z)

n=114,j=1
= €K,

S1 =

IN

which together with estimate (6.21) proves (6.20) and the proof is complete. O



Chapter 6: Computational Ergodic Theorem 124

To construct an invariant measure of 7x, we use the following K x K stochastic matrix
S = (ST, .|k defined by

v

k
K
Si(j ) = an(a:,-)Sn,ij, (6.22)
n=1
where the stochastic matrices Si, ..., Si are defined as in (6.18).
Lemma 6.2.2. Let s(5) = ($1,...,8K) be an arbitrary fized left eigenvector of S,
Then the probability measure
K
VK = Z 550z, (6.23)
j=1

s an invariant measure of Ty

Proof. From (6.19), we derive that

which implies that

K K K
K
Tic 3 smban = D 5mD_ 500,
m=1 m=1 7j=1
k
- Zsjé%’
j=1
where we use the assumption that (s1,...,sx) is a fixed left eigenvector of SE) to
obtain the last equality. This completes the proof. O

Theorem 6.2.3 (Computational Ergodic Theorem for Place-dependent IFS). Let (f, p(-))
be a contractive on average place-dependent IFS on a compact subset X C R? satisfying
that p1,...,pr are Dini-continuous. For a given continuous function G : X — R, we
have

K—oo 4

K
lim 5;G(xj) == / G(z) du(z), provided that Klim ex =0,
Jj=1 X -

where s) = (81,...,8K) is a fized left eigenvector of the stochastic matrix SE) defined
as in (6.22) and p is the invariant measure of (f,p(-)).

Proof. According to Lemma 6.2.1 and Lemma 6.2.2, we have

dH(TKVK,TVK) = dH(VK,TVK) < 26[{. (6.24)
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Let v be an arbitrary limit point of the sequence {vk } xen. Then there exists a subse-
quence {ng}xen with limg .o nx = oo such that v = limg_,o vy, . By the definition
of 7 and using the fact that p1,...,pr and f1,..., fi are continuous function, we obtain
that img oo Ty, = Tv. Together with (6.24) this implies that 7v = v. Hence, v = p
and therefore p is the unique limit point of the sequence {vi } ken. On the other hand,
since the metric space (M(X),dy) is compact (see e.g. Barnsley [10, pp. 355]) it follows
that limg o Vg = . As a consequence, we have

Kh—H>loo XGdI/K— lim ZS? (x5) /G du(z) = A,

which completes the proof. O

6.3 Computational Ergodic Theorem for ITF'S

Throughout this section we consider an ITFS (f, p) which is [-contractive on average and
is defined on a compact subset X C R?%. Let G : X — R be a given Lipschitz function.
Define the time average of (f,p) with respect to G by

N
. 1
= ]\}1—H>100 Nl HZ::O G(e(n,w)x) . (6.25)

Theorem 6.1.16 implies that the limit almost surely equals the space average and there-
fore X\ is well-defined. Our aim is to establish an algorithm to approximate A. The
algorithm contains two steps: In the first step, we approximate the IIF'S by a sequence
of IFS. In the last step, we follows the idea in Froyland [56] to compute the invari-
ant measure of the approximating IFS. Combining these steps, we obtain a method to
compute the time-average of an [-contractive IIF'S with respect to a Lipschitz function.

6.3.1 Approximating ITFS through a Sequence of IF'S

We introduce a sequence of “approximating IFS” (f(k p*) ) consisting of k functions.
More precisely, for each k 6 N We consider the IFS (f*) p*)) defined by f¥) =

{f17f27" fk} and p(k _{p p2 )7"'7pk }Wlth

ph) — Pn forall 1 <n < k. (6.26)
p1+p2tec+ e

Denote by ¢*) the RDS generated by the IFS (f*), p()) as in Remark 6.1.1. A direct
computation yields that

k
. 1 .
Llpl(f(k)): (p1+”’+pk)l Z pm"'melp(fmO”’Ofm)'

ni,...,nm=1
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Consequently,
lim Lip;(f*) = Lip,(f),

k—o0

which implies that there exists K € N such that system (f (k),p(k)) is [-contractive on
average for all k£ > K. Because we are only interested in the difference between (f, p)
and (f*), p®)) when k tends to infinity we can therefore assume w.l.o.g. that (f*) p(¥))
is [-contractive on average for all £ € N. Hence, Theorem 6.1.7 enables us to define the
time average of (f(k)7 p(k)) with respect to the function G as follows:

N
1
") — lim —— (k)
A ]\}lm 13:0(;(4,0 (n,w)x) . (6.27)

The Markov operators associated with these systems are determined as follows:
k
Piyv(B) => pPv(f, '(B)) for all B € B(X). (6.28)
n=1
The relation between the sequence of Markov operators {P,}32, for (f *) p*)) and

the Markov operator P for (f,p) is the content of the following lemma.

Lemma 6.3.1. Let P, denote the Markov operator defined in (6.28). Then the fol-
lowing inequality holds

sup i (Pl P'v) < 2dian ()| 1= o1 + -+ ).
veM(X)

Proof. Choose and fix g € X. Using Remark 6.0.3 (ii), it is sufficient to show that the
following inequality

‘/thpfk)y—/xhdplu

holds for all v € M(X) and h € Lip;(X) with h(zg) = 0. For this purpose, we proceed

‘/thPlu—/thPfk)u

< 2 diam(X) [1 —(p1+-- +pk)l]

> pm...pm/ hof 00 fp dv—
X

ni,..,m=1

k

= 2 el [ hefuoeo fydy

ni,..,m=1

Z Pny - --Pny

n1,...,n €A

k
+ Z (pgi)"'pgj)_pnl”'pm)‘/Xhofmo"'ofmdy

ni,...,n=1

IN

_|_

[ o fuoro g
X

)
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where Aj, := N\ {1,...,k}. Since h € Lip;(X) and h(xg) = 0 it follows that |h(z)| <
diam(X) for all € X and we conclude that | [y ko fn, 0o fy, dv| < diam(X) for all
ni,...,n; € N. Therefore, for all v € M(X) and h € Lip;(X) we have

k
. 1
T T RS S R—

l
ni,...,n;=1 (pl + .. .pk)

+ Z Pnq ---pm:|

N1, €A

= 2 diam(X) [1 —(p1+ - +pk)l],

which completes the proof. O

Now we are in a position to state the main result in this subsection on the approximation
of the invariant measure of a [-contractive on average IIFS by a sequence of invariant
measures of approximating IFS.

Theorem 6.3.2 (Approximation of Invariant Measure for IIFS). Let (f,p) be an IIFS
which is l-contractive on average and (f(k),p(k)) the corresponding sequence of approxi-
mating IFS. Let u®) be the fized point of P*¥) and u the fized point of P. Then

L—(pi+ - +pp)
1 — Lip(f)

dp (p, n™) < 2 diam(X)

Moreover, for k € N let \¥) denote the time average of (f(k),p(k)) with respect to the
Lipschitz function G as in (6.27) then

1— (pr+ -+ py)

(k) — Al < 2diam(X
|A Al < 2diam(X) I~ Lip, )

Lip(G).

Proof. Choose and fix k € N. Since p is the fixed point of P and by using Lemma 6.1.13,
we have
dp (11, P p*)) = dpr (P, P ™) < Lipy (£ (1, ™). (6.29)

On the other hand, by using the triangle inequality, we have

dy (1, ™) = dp(P'p, Plyp®)
< du(P'u, Pu®) + dy (P'u®, Pl u®),

which implies with Lemma 6.3.1 and (6.29) that
dp (1, ™) < Lipy(£)dpz (1, 1™) + 2diam(X) [1 = (p1 + -+ + py)’
Therefore,

1= (pi+ -+ i)

di(p, p®)) < 2 diam(X) (6.30)
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Now we will prove the relation between A®) and \. Using the ergodic theory for IFS
(see Theorem 6.1.7) and for ITF'S (see Theorem 6.1.16), we have

= z Z) an (k) — 2)dp® () .
A—/XG()du() a A /XG()du()

AR — N = ‘/G ) dp(z /G ) dp® (2

By Remark 6.0.2 (ii) we get ( 7 € Lip;(X) and together with (6.30) this completes
the proof. O

Hence

6.3.2 An Approximation and Convergence Result

As in Section 6.3.1, we approximate the system (f, p) by the sequence of “approximating
IFS” (f*), p®)), where £*) = {f1, fo, ..., fx} and p¥) = {pgk),pgk), e ,plgk)} defined as
n (6.26). Now we compute the invariant measure of the IFS (f(*), p*)). To do it,
we first construct a partition of X into k& connected sets { X7, Xo, ... ,Xk}. From each
set, choose a single point x,,, n = 1,...,k, and for each mapping fy, o--- o f,,, where

ni,...,n € {1,...,k}, define a k x k stochastic matrix S,(L]i) (S(k) ) -
7]: b b

n17 7nl 7Z]

by setting

(6.31)

NN Y

) B 1, if fo, 0000 fo,(2:) € X5,
0, otherwise.
‘We use the matrices 57(11?711 to define a family of Markov operators that will approximate

the Markov operator P. Let v € M(X) and define the operator S,y : M(X) — M(X)
by

k k k

k)

= Z Z pnl . Z)nl Z V Sﬁl,l, SN, 2] 51‘]’ (6.32)
]:1 ni,..,ny= 1 =1

where d,; is the Dirac measure centered at the point x;. Recall that Lemma 3.11 in

Froyland [56] provides an estimate between S, and Py in the case that (f *) pk)) is
contractive on average. We now go one step further to extend this result to the case
that (£, p(*)) is I-contractive on average.

Lemma 6.3.3. Define ¢, = max;<p< diam(X,,). Then

sup dH(S(k)l/ ’P( KV v) < (1 + Lipl(f(k)))&‘k
reM(X)

Proof. Choose and fix h € Lip;(X), v € M(X). By the definition of the Hutchinson
metric as in (6.1), we therefore need to show that

‘ / 2) dPhyv(x) — /X h(z) dSgyv(@)| < (1 -+ Lipy(E®))e. (6.33)
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By (6.32) and (6.

4), we obtain

\ [ bl aPlute) — [ 1w) dsappta)

k

ni,...,n

Z . pm/hofnlo

ni,..,m=1

k
k)
Z Pt o) V(XS J) h(z;)
=1

w0 fu (@) dv(z) —

k
< Y ) p (S + ), (6.34)
ni,...,ny=1
where for each ny,...,n; € {1,... k}
k
51 = / hofn1 Ofm V hofnl 'Ofnl(xi) ’ (635)
X =1
k k
Sy = ZV h o fm ° 0 f”l xl V nl, 7nl72]h(xj) . (6‘36)
i=1 i,j=1
By (6.35), we obtain
k
S < ;I/(Xi) <gcs;1)[()lh 0 fny 00 fn (z) —;en)f;lho fno o0 fm(x)>
S EkLip(fn1o ”Ofnl)a
which gives that
k
> o ph Sy < e Lipy (FF)). (6.37)

ni,...,m=1

By (6.36), we have

) (o fny 0

which implies that

IN
M-

where j(i) denotes the unique number in {1, .

Rpr—

k
20 fuglxi) = DS ()

v(X;) ‘h O fn, ©

(z:) € X0

)
=1

..0 fnl(xz) _

h(l’j(i))

)

., k} such that
for all i € {1,...,k}.
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Hence,

Ek = &k,

||M»

which together with (6.37) and (6.34) gives

‘ / 2) dPlyu(a) - /X h(x) dSgw ()

proving (6.33). This completes the proof. O

<er(1+ Lipz(f(k))),

The following proposition provides an estimate of the distance between the operators
Sy and Pl

Proposition 6.3.4. Define ¢, = maxj<,<j diam(X,,). Then

sup  dg(Suyv, Plu) < 2diam(X)|[1—(p1 +--- —i—pk)l + &?k(l + Lipl(f(k))).
veM(X)

Proof. Let Py denote the Markov operator associated with the system (f(k),p(k)).
Choose and fix v € M(X). In view of Lemma 6.3.3, we have

dH('Pék)I/, S(k)V) < 5k(1 + Lipl(f(k))).
This implies with Lemma 6.3.1 that
du (S, P'v) < du(Plyv, Swyv) + di(Plyv, P'v)

< e, (14 Lip(FM)) + 2diam (X) |1 — (p1 + -+ + pi)!

This completes the proof. O

For the operator S, we can easily construct its fixed point. The following lemma
provides a simple way to construct a fixed point of the operator S,.

Lemma 6.3.5. Define the k x k matriz S*) as

k
sWi= %" el (6.38)

ni,...,n=1

and denote by s*) = (s&k),...,sgg)) an arbitrary fized left eigenvector of S*), i.e.
s Sk = s(k) . Then the measure

k
V=Y "sWs,, (6.39)
n=1

is a fized point of the operator Sy, .
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Proof. By (6.32), we obtain

k k
_ Z Z k k) (k)
S(k)émn - / pgll) o 'pgll)snh...,nl,nj 59”3"

which implies that

k
S(k)y(k) — ank).g(k)gzn

n=1
k k k
= 2502 | 2 o p S g | O
n=1 j=1 \ni,...n=1
k k k
= 22 2 o p S g | O
j=1 \n=1 ni,...,n=1
- (k)
k
- Z Sj 0z;,
j=1
where we use the assumption that (sgk), e ,S]ik)) is a fixed left eigenvector of S*) to get
the last equality. This completes the proof. [l

The following theorem is our main result on the approximation of the time average A of
the ITF'S through a computable quantity, together with an explicit error estimate.

Theorem 6.3.6 (Computational Ergodic Theorem for ITFS). Let (f, p) be an l-contractive
on average IIFS on a compact subset X C R? and G : X — R a Lipschitz function.
Then 22:1 Sglk)G(azn) converges to the time average (6.25) of (f,p) w.r.t. G for k — oo,
more precisely, the following estimate holds

Lip(G)

T Lipy(f) 2diam(X)(1 — (p1 + -+ +p)’) +

k
Z sG(x,) — A
n=1

+(1+ Lip(£*))ep) | (6.40)

Proof. Since p and v(®) are the fixed points of P and S(k), respectively, it follows with
Lemma 6.1.13 that

dH (ﬂ» V(k))

dH('Pl,u7 S(k)V(k))
dpr (P!, PV + dpg (P, S ™)
Lipy (£)dz (1, v ™)) + dgg (PV®), Sy ™).

IN

IN
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This implies with Proposition 6.3.4 that

1

k)Y« =
V) S T )

[2 diam(X) (1 — (p1 + -+ +pp)') + (1 + Lipz(f(k)))%fk],

which gives

L/qu—/<nw®
X X

Lip(G)

< - - 7
~ 1-Lipy(f)

[2 diam(X)(1 — (p1 + - - +pk)l) +

+Q+LMGWD@}

On the other hand, Lemma 6.3.5 implies [, G(z) dv®)(z) = Zﬁ:l Sglk)G(azn) and by
Theorem 6.1.16 we have [ G(z) du(z) = . Hence,

k

Z stG () — A

n=1

)

‘/X G(z) dv®(z) — /XG(z) du(z)

which completes the proof. O

6.4 Products of Random Matrices

Now we have a rigorous method to compute the invariant measure for place-dependent
IFS and ITF'S. In this section, we will apply this method to compute Lyapunov exponents
of products of random matrices satisfying some additional assumptions. For clarity we
deal with the top Lyapunov exponent, but using the Furtensberg-Kersten Theorem (see
Theorem 1.3.3) and exterior power (see Section 1.3.2), one can also compute other
Lyapunov exponents. For simplicity, throughout this section we always endow R? with
the standard Euclidean norm.

6.4.1 Products of Random Matrices

Assume that we have a collection of nonsingular matrices A = {A,,}°2 ; associated with
a collection of probabilities p = {p,}72 ¢, i.e., > o2 ;pp =1 and p, >0forn=1,2,....

Definition 6.4.1. A pair (A, p) defines an RDS on the ergodic MDS (2, F, P, §) defined
as in Subsection 6.1.3 in the following way. Define a random map A : Q — GI(d) by
A(w) = Ay, then the random map A generates the following linear cocycle over the
dynamical system 6 via

A" w) o0 Aw), n >0,

Py(n,w) =
A( ) { [d, n =0.
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We are interested in the limits
1
lim = log||®(n,w)v|, where 0 # v € R%. (6.41)
n—oo n
The following result of Oseledets for one-sided RDS (see, e.g. [3, Theorem 3.4.1]) guar-
antees that these limits exist and are independent of the random sequence w € ).

Theorem 6.4.1 ([3]). Suppose that the pair (A, p) satisfies the integrability condition,
i.e.,

> pnlogt | Anl, Y palogh 4,1 < 0. (6.42)
n=1

n=1

Then for P-a.e. w € Q the following statements hold:

(1) Limit (6.41) exists and takes on finitely many (non-random) values
—00 < Ap < -+ < A1 < 00,
as v is varied over R\ {0}.

(i) There exists a pointwise filtration of random subspaces
{0} CVy(w)C - CVi(w) C - C Vi(w) =RY,
such that the limit in (6.41) equals \; if v € Vi(w) \ Vit1(w).
(iii) The subspaces Vi(w) satisfy
Aw)Vi(w) = Vi(0w).

(iv) Denote by d;, the non-random value dim V;(w)—dim V; 11 (w), the multiplicity of the
exponent ;. If ®)F(n,w) denotes the k'™ exterior power of ® 4(n,w) for 1 <k <d
then ]

lim — log || ®4F(n,w)|

n—oo N

exists and equals the sum of the k largest values X;, counted with multiplicity.

We establish direct estimates for the top Lyapunov exponent A\;, and recover the re-
maining exponents by working with exterior powers. By using the auxiliary measures
in the projective space and the study of product of induced matrices on the projective
space, Furstenberg and Kifer [62] obtained the following result.

Lemma 6.4.2 ([62]). Suppose that the only subspace of R% which is invariant under all
of the A, is the trivial subspace, i.e., if V is a subspace of R? satisfying that A,V =V
foralln=1,2,..., then V.= 0. Then for every v € R\ {0} we have

1
lim —log [|®4(n,w)v] = A\ P-a.e. w € Q.

n—oo N



Chapter 6: Computational Ergodic Theorem 134

Remark 6.4.3. In Froyland [56] it is shown that it is very rare for all the A,, to share
a common nontrivial invariant subspace. Hence the assumptions in Lemma 6.4.2 hold
for almost all pairs (A, p).

Instead of working with the original dynamical system (A,p) we will work with an
induced dynamical system on S?~! the unit sphere of (R (-,-)). The reason is that
S9=1 together with the natural Riemannian metric from R? is a compact metric space
and we can apply the method which was developed in the previous sections to estimate
the invariant measure. Now we explain how to compute the top Lyapunov exponent by
using the induced RDS on S¢ 1.

Denote by Zn, for n =1,2,..., the nonlinear operator on S%! which is induced by A,,
ie.,
T Anv : d—1
Ap(v) = ——— for all unit vectors v € S . (6.43)
[ Anv]|

Let Lip(A,,) denote the Lipschitz constant of the function Lip(A,,) for each n =1,2,....
We require that the Lipschitz constant on average satisfies

Lip(A) := Y pp Lip(4,) < oc. (6.44)
n=1

If the pair (A, p) satisfies (6.44) then we say that this system is Lipschitz on average.
We define the skew product 7 : Q x S 1 — Q x §9-1 by

T(w,v) = (Qw, Auyv) for all (w,v) € Q x S, (6.45)
and the scalar measurable function G : Q x S%~1 — R by
G(w,v) =log || Aw, || for all (w,v) € Q x 8971, (6.46)

An elementary computation yields that for all (w,v) € Q x S9!

1 1
Slog[[@a(n,w)v]| = — log|lAu,_, ... Auvll

n—

1 | Au, - - Ay

1
= log
n | A o Al

1 n—1
— G(?k(w,v)).
n

k=0

Wk—1

This implies with Lemma 6.4.2 that for every v € 91

n—1

o1 -
nh_)ngo - ];)G(Tk(w,v)) =\ P-a.e. w € Q. (6.47)
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Definition 6.4.2. Let M(S%1) be the space of all probability measures on S4~'. A
probability measure y on M(S91) is said to be an invariant measure of the pair (A, p)
if 41 is a fixed point of P, where P : M(S%1) — M(S91) is defined by

Pr=> pwod for all v € M(S%1). (6.48)

n=1

Some properties of the operator P as well as the invariant measures of the pair (A, p)
are collected in the following remark. Its proof is analog to the proof in Lemma 6.1.13.

Remark 6.4.4. (i) A probability measure g is invariant if and only if the product
measure P x g on Q x S9! is invariant with respect to the skew product 7.
(ii) Let dg be the Hutchinson metric on M(S9~1). Then we have

dp (Pv1, Pra) < Lip(A)dg (vi,v2) for all vy, vy € M(S971).

Now we prove that the top Lyapunov exponent can be represented by an arbitrary
invariant probability measure on M (S41).

Lemma 6.4.5. Let ju be an invariant probability measure in M(S?™1). Suppose that
the pair (A, p) satisfies the assumptions of Theorem 6.4.1 and Lemma 6.4.2. Then we
have

A=A =S p /Sdl log || Anol| dp(v).
n=1

Proof. Let G : © x S9! — R be the function which is defined as in (6.46). The
integrability condition of Theorem 6.4.1 ensures that

/ GH(w,0) AP X 1) (w,0) = S pn / log™ | Aol dpu(v)
QxGd-1 ot gd—1

IN

o
> pnlogh (|44
n=1

< o0

and

/ G (w,v) d(P x p)(w,v) = an/ log™ ||Anv|| du(v)
Qxgd-1 1 gd—1

IN

[e%S)
> pulogt (14,1
n=1

< 00.

Consequently, the function G € £LY(Q x S 1, F @ B(S%1),P x u) and from (6.46) we
get

/stdl G(w,v)d(P x p)(w,v) = nZ::lpn /sd1 log ||Anv]| du(v). (6.49)
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By Remark 6.4.4 and since p is an invariant measure, the probability measure P x p
is invariant under the skew product 7 which is defined as in (6.45). Using the Birkhoff
ergodic theorem (see Appendix A), there exists an £! function G* : Q x S~ 1 — R such
that

n—1

lim %ZG(?k(w,v)) — G we) P xprae. (w,0)€Qx 5
k=0
and
/ G(w,v)dP x p)(w,v) = / G*(w,v)d(P x p)(w,v). (6.50)
QxSd—1 Qx§d-1
Using (6.47) and the Fubini theorem, we get
/ G (w,v) d(P x p)(w,v) = / </ G (w,v) d]P’(w)) du(v) = A,
Ox St Sd—1 Q
which together with (6.49) and (6.50) implies that

M= Yop [ Tog | Aul duto)
n=1

which completes the proof.

6.4.2 An Approximation and Convergence Result

In this subsection, we develop a method to approximate the top Lyapunov exponent of
the pair (A, p).

Lemma 6.4.6. For each k = 1,2,..., we define the operator P : M(SH —
M(S1) by
k
Py = Zpglk)y 0o A1 for allv € P(S41),
n=1
where pgf) = m. Then we have
sup dH(P(k)I/,PV) §4[1—(p1+---+pk) .

veM(Sd-1)
Proof. As in the proof of Lemma 6.3.1. O
Proposition 6.4.7. Partition S~ into k connected measurable subsets {B1,Bs,...,Bx}.

Choose and fix a single point b; € B;,i = 1,2,...,k, and construct the k x k transition
matrices Sflkl)] by

0, otherwise.

§(H) {1, if An(b;) € By,
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Define an operator Sy : M8 — M(8T1) by

k k k
Stgv =2 <ank) Z V(Bi)Sﬁzl,fi)j> Oy, for all v € M(S).

Then the following estimate holds

sup  dp(Sgyv, Pr) < 4[1 —(p1 4 +pk)] +ex(1+ Lip(AR)),

veM(Sd-1)
where
k
. ; . ; (k)y .— (M) Lin(A.
e 1= max diam(B;), Lip(A'Y): ;_:lpn Lip(4,).
Proof. Analog to the proof of Proposition 6.3.4. O

We now provide a natural way to construct an invariant measure of the operator S.

Lemma 6.4.8. Define the k x k matriz S*) as

k
SW =3 " plFls®), (6.51)
n=1
where S%k), e ,S,ik) are the matrices defined as in Proposition 6.4.7. Denote by s*) =
(sgk), . ,s,(f)) a fized left eigenvector of S®¥). Then the measure
ALES Z sk, (6.52)
n=1

is a fized point of the Markov operator Sy, .
Proof. Similar to the proof of Lemma 6.3.5. O

Based on the above results, the following theorem provides an algorithm to compute the
Lyapunov exponents of products of random matrices.

Theorem 6.4.9. Suppose that the system (A,p) satisfies the assumptions of Theorem
6.4.1, Lemma 6.4.5 and is Lipschitz on average. Then

k k
> o3 s log ]| Au (b)) =AY = Ar - as ko, (6.53)

provided that limy_,o e = 0.
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Proof. We first remark that the integrability condition, see (6.42), of Theorem 6.4.1
implies that

o
> pa
n=1

for all ¢ € M(S%1). As a consequence, we can define the function A : M(S% 1) — R
by

[, 1oslanl ac| < an (g™ [ Aa] +log* 14, 1) < (6:5)

€) = an/ log || Anv]| d¢ for all ¢ € M(S41). (6.55)
—1 Sd-t

We show that A is a continuous function. For an arbitrary but fixed € > 0 by using
(6.54), there exists N > 0 such that

o

> pa(log™ A +log™ A1) <
n=N-+1

(6.56)

»-lklm

Now for each ¢ € M(S%1), in view of Remark 6.0.3 (iv) there exists § > 0 such that

N

P

n=1
which together with (6.56) implies that the statements

0o
S
n=1

/ log || Ano]] d¢ — / log || Anv]| dv| <
Sd*l Sd*l

for all v € Bs((),

| ™

oo
3
< -+2 ) palogh A, +
n=N-+1

o0
+2 ) polog™[lAY|
n=N-+1

\)

/ 10g||Anv||dC—/ log || Apv| dv
Sdfl Sd—l

< ¢

hold for all v € Bs(¢). As a consequence, \ is a continuous function. By (6.55) and
(6.52), we have

A®) = Yop [ tog 4] du®
n=1

0 k
= an Z sl(.k) log || 4,0,
n=1 =1

which implies that
lim |/\ )\(k)| = 0.

k—o0
Hence, it remains to show that limk_,oo/\(u(k)) = Ai. We prove this statement by

contradiction, i.e. there exist ¢ > 0 and a subsequence (™) such that

IA@™)) =] >e  forallkeN. (6.57)
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Taking a subsequence of {V("k)}keN if necessary, one can find a probability measure
¢ € M(S%1) such that
klim dH(V(nk),ﬁ) =0,

which together with the continuity of A gives that

lim A(v™)) = A(€). (6.58)

k—o0

On the other hand, using Proposition 6.4.7, we obtain

lim  sup  du(Syyv, Pr) =0,
k=20 em(sd-1)

which together with Remark 6.4.4 (ii) and Lemma 6.4.8 implies that

dp(PE,€) < du(PE,PY™)) +dy (Pri™) S, v ™)) + dy (V™) )

< (1+ Lip(A))dp (&, ")) + dpg (P"™), 851/ ™))..
Letting k — oo, we have P& = €. Hence, according to Lemma 6.4.5 and (6.58), we get

lim A(v™)) = X\(€) = Ay,

k—oo

which contradicts to inequality (6.57) and the proof is completed. O

6.5 Examples

Ezample 6.5.1 (Contractive on Average Place-dependent IFS). We consider a place-
dependent IFS (f,p(:)) on X = [0, 1] defined as follows:

1 1 3— 2z 142z

f1($):33>f2($):§$+§, p1(z) = 1 ,p2(z) = T

The following inequality

P@Ifi@) ~ A0+ P - )| S fle—yl  forall sy e X

implies that the system (f,p(-)) is contractive on average. Since fi(1) = f2(1) =1 and
by virtue of Theorem 6.1.9, ¢; is the unique invariant measure of (f,p(-)). Let G be a
continuous function from X to R. Denote by A the time average of the place-dependent
IFS (f,p(-)) with respect to the function G. Then

A= / G(2) doy(2) = G(1). (6.59)
X

To apply the algorithm described in Section 6.2 we fix K € N and partition X into
X1, X9, ..., Xk, where X,, = [”T_l,%) forall1 <n < K-1and Xg = [%,1]. For
each interval X,, we define the middle point z,, = 25‘;(1 e X,.
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For an explicit computation we set G = id. From (6.59) we get A = 1. For each K € N
we numerically compute the matrix SU) as in (6.22) and a fixed left eigenvector s,
see [56, Remark 3.10]. Our main result Theorem 6.2.3 implies that

K
)\approx(K) = Z ngK)G(xn)
n=1

converges to A = 1 as K — oo. Figure 6.1 shows how Aapprox (/) converges to A = 1.

1.001

* %k ¥k
***************
*
* % *
0.999 ox ¥ ¥
*

0.998 |- * Aapprox
0.997
0.996 -

0.995 *

I I I I I I I I I ]
0 100 200 300 400 500 600 700 800 900 1000

0.994

Figure 6.1: Numerical approximation Aapprox tends to A for G = id.

Ezample 6.5.2 (Contractive on average IIFS). We consider a parameter-dependent fam-
ily of ITFS
(fa, P) on X =[0,1] withaeRa>1

where the family of Lipschitz maps f, = {faon}02; with associated probabilities p =
{pn}5°, is defined as follows:

1 n—1 1

Jan(@) = nr + on and  pp = P |

for all n € N.

It is easy to see that Lip(fa,n) = % and consequently the average expansion rate of the
pair (f,,p) is independent of o and satisfies

2

E Li = E - — —=—-1<1.
nzlpn lp(fa’") <n n+1> n 6 <

n=1
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Hence the IIFS (f,,p) is contractive on average. Since é is the fixed point of f,, for
all n € N, it follows that 61 is the invariant measure of the IIFS (f,,p). Let G be a
continuous function from X to R. Denote by Ao the time average of the IIFS (f,,p)
with respect to the function G. Then

(2) = G(1>. (6.60)

(07

Ao = /XG(Z) do

1
«

To apply the algorithm described in Section 6.3 we fix k € N and partition X into
X1, X9, ..., X, where X, = [”T_l, z)forall 1 <n <k—1and X = [%,1]. For each
interval X,, we define the middle point x,, = % e X,.

For an explicit computation we set G = id and o = 3. From (6.60) we get \3 = % For
each k € N we numerically compute the matrix S®*) as in (6.38) for I = 1 and a fixed

left eigenvector s*), see [56, Remark 3.10]. Our main result Theorem 6.3.6 implies that

/\apprOX(k) = Z Sgg)G(xn)

n=1

converges to A3 as k — oo. Table 6.1 shows the error A\ypprox — Az of the numerical
approximation and the upper bound err(k) of Aypprox — A3 provided by the right hand
side of (6.40), see also Figure 6.2.

k Numerical approximation error: Aapprox — A3 | Upper bound as in (6.40): err(k)
50 3.3 x 1073 2 x 1071
100 1.7 x 1073 1x1071
500 3.3x107% 2 x 1072
1000 1.7 x 1074 1x1072

Table 6.1: Error of numerical approximation and upper bound as in (6.40) for G = id
and a = 3.

Ezample 6.5.3 (I-Contractive on average IIFS). We consider an IIFS (f,p) on X =
[—1,1] defined as follows f,(x) = a,z? + by, where

{1 it n =1; 4 b 1
Ap = 1 X an n — = — Qn,
m 1fn22, 2

and p,, := % — n+r1 for all n € N. A direct computation yields that

Lip(fn) = 2ay for all n € N.
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Figure 6.2: Numerical approximation Aapprox tends to A3 = % for G =id and o = 3.

Therefore,

Lip(f) = ) 2ppan
n=1

o
1 1 1
= 1 i
+Z(n n+1)n—1
n=2
5

= 21
4 )

which implies that the system (f,p) is not contractive on average. On the other hand,
we have

fn o fm($) = an(am$2 + bm)2 + by,

= ana2m:n4 + 2ap,ambm T’ + anb2m + by,

which gives that

Lip(fao fm) = max 4a,02,2° 4 44 ambm]

= 2a,0m for all n,m € N.
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Consequently,

Lipy(f) = Z PnpmLip(fn o fin)

n,m=1

1 oo
= 5 Z 4pnpmanam

n,m=1
25
= — <1,
32
which ensures that the system (f, p) is 2-contractive on average. To apply the algorithm
described in Section 6.3 we fix k € N and partition X into X1, Xo, ..., Xi, where for all

1<n<k-1 X, = [—14— @,—1—1—%) and X = [1 — %,1]. For each interval X,

we define the middle point z, = —1 + % € X,,. For an explicit computation we set
G = id. For each k € N we numerically compute the matrix S*) as in (6.38) for | = 2

and a fixed left eigenvector s*), see [56, Remark 3.10]. Our main result Theorem 6.3.6
implies that

k
)\approx(k) = Z ngk)G(xn)
n=1

converges to A as k — oo. Table 6.2 shows the approximation Aapprox (k) and the upper
bound err(k) of Aapprox(k) — A provided by the right hand side of (6.40).

k| Approximation Aapprox(k) | Upper bound as in (6.40): err(k)
50 —0.0562 1

100 —0.0511 5x 1071

500 —0.0479 1x1071

1000 —0.0466 5x 1072

Table 6.2: Approximated number and upper bound as in (6.40) for G = id.

Ezample 6.5.4 (Products of random matrices). Define the pair (A, P) by

0 1 1 Mm—2 0 1 1
A1—<1 O>7P1—§7An—< 0 n_1>,pn—m—%,n_2,3,...,

(6.61)
We first point out that the pair (A, P) fulfills all assumptions of Theorem 6.4.9. It is
easy to see that the only subspace of R? which is invariant under all of Ay, is the trivial

subspace. Since Y >, l(;LgQ" < o0 it follows that

> 1 <= logn + log 2
+ A=l L
> o (08" 1| +log™ 1477)) = 5 3 L E2 <,
n=1 n=1
which implies the integrability of (A, P). Concerning the Lipschitz constant on average

of (A, P), we use the observation that Lip(A,) = Lip(Asg) for all n = 2,3,..., where A,
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is the induced map of A, on S ie.
for all v € S41,
Therefore, by (6.44) we have

Lin(A) = " po Lip(A,) = 5 Lip(A1) + 3 Lip(Ay) < oo

Now we compute explicitly an invariant measure of (A, p). By (6.61), we have

Z1<C.OS(’D>:< sm @ > for all ¢ € [0, 27]

sin ¢ cos ¢

and

~ 1

An<cF)scp>: <2?oscp> for alln=2,3,... and ¢ € [0, 27].
S @ Vacos?p+sin?p \ S

Hence, a direct computation yields that p := %(5( + 60,17 ) € M(S') is an invariant

)T
probability measure under the operator P : M(S') — M(S') which is defined as in
(6.48), i.c

PV:anyogrjl for all v € M(Sh).
n=1

Therefore, in view of Lemma 6.4.5 the top Lyapunov exponent A\; of (A,p) can be
computed by

oo

M= o [ gl 4] duto)
n=1
= % (i:: og | An(v)] d5<o,1>T(v)+g:1pn /51 log || An(v)]| d5<1,o>T(”)>
- % <§:pn log(n — 1)) <Z:2pn log(2n — 2))
_ %i:: lzgﬁl 1052. (6.62)

To apply the algorithm described in Subsection 6.4.2 we fix k € N and partition S* into
k disjoint sets Bi, Ba, ..., B by

o cosy \ 2nr(n —1) 2mn B
Bn.—{<sin(p>.<p€[ 3 Tk , n=12,...,k.
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m(2n—1)

cos ,T(sz_l) > In the first step of
k

For each set B,, we define the middle point b, = < )
sin

the algorithm we compute the matrix S*) as in (6.51) and a fixed left eigenvector s*).

By virtue of Theorem 6.4.9 we obtain that

k k
Aapprox(k) == > p# S 5™ log || 4, (0|
n=1

i=1

converges to A\;. Figure 6.3 shows how )\approx(k) converges to \; which is determined
explicitly by (6.62).

0.58
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*****************************
* x ¥ K

* * ¥
¥ %

osal . )\approx

0.52
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0.48-
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Figure 6.3: Numerical approximation Aypprox tends to Ap.



Chapter 7

Outlook

7.1 One-Sided RDS on Banach Space

As in finite dimensional case, if the RDS is not invertible one can only hope for a flag
decomposition of the state space. We use here a similar approach as in Thieullen [136], it
means that we enlarge the state space to make the RDS invertible. Then the flag spaces
of the original system are obtained as images of the projections of Oseledet spaces of the
enlarged system. A technical problem arising here is that the separability of the state
space is an important property for which the MET in Banach space in Lian and Lu [89]
(see also Theorem 1.4.2) can be applied. The enlarged state space provided in Thieullen
[136] is in general not separable. In this section, using positive weight factors, we first
enlarge the state space to become a separable Banach space and the corresponding RDS
on this space is injective. After that applying the MET in Banach space in Lian and Lu
[89] gives the MET for one-sided RDS on Banach space.
Let X be a separable Banach space and ® : Q@ — L£(X) a strongly measurable map
satisfying that

log™ ||®()|| € LY, F,P). (7.1)

Recall that the Kuratowski measure of the RDS & is determined by
1

lo(®) := lim —log||®(n,w)||a P-a.e. we Q.
n—oo N

For a fixed positive number v > 0, the state space X is enlarged by

X, = {x = (Tp)nen, :  lim e Mz, exists} .
n—oo

We endow the space X, with the following norm

x|y := sup e 7" ||z for all x € X,,.
neNg

Lemma 7.1.1. The Banach space (X, | -||y) is separable.

Proof. The proof is analog to Lemma 4.1.2. O

146
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We choose and fix a sequence (o, )nen, satisfying the following conditions:
1. ap > apy1 > 0 for all n € Np.
2. Set
n—1
Y0:=0, yp:= Zlog Qg foralln > 1 (7.2)
k=0

and for each p < 0

Py(n) :=sup{p € No: 7 > (n+p)u}. (7.3)
Then we have
n P
lim 1° = —o0, and lim u(1) =0, for all p < 0. (7.4)
n—oo n n— o0 n

An explicit example of sequence satisfying the above conditions is
a, = e~ for all n € N,

Associated to the sequence (o, )nen, we define a mapping :0— L(X,) by

®(w)(xg, x1,...) = (P(w)xo, oo, V121, . .. ). (7.5)
An explicit form of Cf(n, w) is given by
i(n,w)x = (®(n,w)zo, vo®(n — 1,w)xg,...,Qp—1 ... T, Qp ... 121,...), (7.6)
where x = (29, 21,...) € X,.
Lemma 7.1.2. The mapping d is strongly measurable and satisfies
log™ [|®(-)|, € £1(Q, F, ).
Moreover, for each w € 2 the linear operator cTD(u)) : Xy, — X, 15 injective.

Proof. Since the sequence (o, )nen, is positive and decreasing it follows that the limit
limy, o o, exists. Hence, for each x = (7 )nen, the limit lim,, et 2, exists
and thus ®(w)x € X,,. Furthermore, a direct computation yields that

||&>(w)x||7 < max {||<I>(w)\|,aoe_7} for all [|x||y = 1.

As a consequence, the function @ is well-defined and satisfies the integrability condition,

i.e. it satisfies N
log™ [ @()|ly € £1(2, F,P).

To prove the strong measurability of <T>, we choose and fix x € X,,. For any € > 0 and
vy = (Yo, y1,-..) € X, we consider the following cases.



Chapter 7: Outlook 148

Case 1: If |pxy — ynt1] < ee?’ D) for all n € Ny then

{w €EN:P(w)x e Bg(y)} = {w €Q:P(w)xg € Ba(yo)}.

Case 2: If there exists n € Ny such that |a,z, — yp+1| > ee’ 1) then
{w €N: d(w)x e Bg(y)} =0.

Hence, the function P is strongly measurable. The injectivity of the linear operator
®(w) can be easily seen from (7.5) and the proof is complete. O

So far we have enlarged the state space and introduced the corresponding RDS ® on
the enlarged state space. We now investigate the relation between the linear cocycles ®
and ®. Firstly, we state and prove the following technical lemma.

Lemma 7.1.3. Let (Vn)nen, and (an)nen, be sequences such that

Tn an

lim — = —oc0, lim — =a.
n—oo n n—oo n
Then .
. n
lim — =a, whereb, = max (y;+ an_j).
n—oo M 0<j<n—-1

Proof. By the definition of the sequence (b, )nen, we have

bn an
liminf — > lim —.
n—oo n n—oo M

Hence, it remains to show that

b
limsup — < lim dn + € for all € > 0.
n—oo I n—oo 1

Choose N € N such that
anp <n(a+¢e), v, <na foralln > N,

which implies that for all n > 2N

bn Vit an—j Vit an—j Vit an—j
— = max sup ——m—, sup - sup _
n 0<j<N—-1 n N<j<n—-N-1 n n—N<j<n—1 n
+(n—j)a+e a4 Qp—
< max sup gE ( i) ),a + ¢, sup JOT nyj .
0<j<N-1 n n—N<j<n—1 n

Letting n — oo gives that

b
limsup = < max{a+¢,a+¢,a},
n

n—~o0

which completes the proof. O
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Lemma 7.1.4. Suppose that (an)nen, be a strictly decreasing and positive sequence

satisfying condition (7.4). Then lo(P) = Io(P).
Proof. Let B1(0) and B;(0) denote the unit ball in (X, || - ||,) and X, respectively.
B = [[@(n,w)[la = o (®(n,w)B1(0)) -
From the definition of Kuratowski measure (see (1.14)), there exist finitely many
1.+, Ap such that

®(n,w)B1(0 UA diam(A}) < 8, foralli=1,... k,.

For eachn € Nand i; =1,...,k,_; for j =0,...,n — 1, we define

Set

sets

BY i = {(azo,ml,...) eX,:zj €. ..aj_ne(j_")VBl(O) for j > n,

20552

To € A7, xjeozj_l...ozoAZ_j forlgjgn—l}.

By (7.6), a direct computation yields that

7L kn
®(n,w)By (0 U LJ1 U BY i for all n € N,
io=1141=1 in—1=1

and

jzn

diam(Bj ;) <sup {ﬁn, Q0fp—1s--,Qn—2...apPB1,€ " supa;_1... aj_n} .

As a consequence, we get
\@(n,w)Ha < max {Bn, @0fBp-1,---, 2 ... 0B, Map_1...ap}.

Therefore,
g 810} < mx { i (35+ 108 By) 0 — 70 |

where (Y, )nen, is defined as in (7.2). In light of Lemma 7.1.3 we have

i aXo<j<n-1(y; +1080n—j) _ . logfn

n—00 n n—oo n

which together with (7.7) implies that

= la(q))a

~ 1 ~
la(®) = lim ~log [ B(n,) o < La(@).
On the other hand, it is easy to verify that
[@(1,w)|lo < |B(n, )]l forallwe QneN,

which gives that lo(®) < lo(®) and the proof is complete.
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Lemma 7.1.5. Let ® be the linear cocycle defined as in (7.5). Then
.1 o1 ~
lim log [@(n, )| = im  log [ B(n, ).
Proof. An elementary computation from (7.6) yields that
H(TJ(n,w)HV > ||@(n,w)l] for all n € N,w € €.

On the other hand, from (7.6) we derive

log || ®(n,w)|l, < maX{ sup  (logv; +log [ ®(n — j,w)||), —yn + %} :
0<j<n—1

where (7Vn)nen, is defined as in (7.2). According to Lemma 7.1.3, we obtain
lim. =~ log [8(n, )1, < lim ~ log |2(n, )]
Jim = log [[@(n,w)lly < lim —log | @ (n, w)ll,

which completes the proof. O

Lemma 7.1.6. Let x = (zg,21,...) € X, such that limnﬁooilog\@(n,w)xﬂw exists.
Then

1 1 ~
lim ;logH@(n,w)on = lim ElogHtI)(n,w)xHV.
Proof. By (7.6), we get

1 ~ 1
A= lim ElogHtI)(n,w)xHV > limsupglog | (n,w)xol|-

n—oo

Hence, it remains to show that
01
a = liminf —log || ®(n,w)xo|| > . (7.8)
n—oo N
For any € > 0 there exists a sequence (ny)ren, such that ny < ngy1 and
1
— log |®(ng, w)xol| < a+e for all k € Ny. (7.9)
ng

Choose and fix p < 0 such that p < a. Define

my, = ny + Pu(ng) for all k € Ny,
where P,(ny) is defined as in (7.3). By considering a new cocycle @(u)) = m
if necessary, we assume w.l.o.g. that ||®(w)| <1 for all w € Q. Therefore, we have

| (n,w)zol| < ||P(m,w)xol] for all n > m,
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which implies together with (7.9) that for 0 < j < P,(ny) we get
7j +log [|®(my — j,w)zo < sup7; + 1 (nk, w)ol|
j>

< supv; + (a+e)ng. (7.10)
J=0

On the other hand, for any my —1 > j > P,(ny) we get
7; + log [|®(mi — j, w)zoll < (e + Pulnk))p + [|lzol,

which together with (7.10) and (7.6) implies that

log [ (my, w)xll, < max{ max( -+ log |[B(my, — jw)zol).
)M —

0<5<

s Ymy, +log [|x[|, — 'mG}

< max {(a + &) + SUp j, it + [zoll, Ym,, + log [Ix[ly — 'mG} :
i>
where (V,)nen, is defined as in (7.2). As a consequence, we obtain

1 ~
lim inf — log || ®(my, w)x|y < a + ¢,
k—oo My

; i e S —— i
where we use the assumption limg_, o = limy oo M TP 1 to obtain the above

estimate. Hence, statement (7.8) is proved and the proof is complete. O

Now we are at a position to state and prove the MET for one-sided random dynamical
systems on Banach spaces.

Theorem 7.1.7 (MET for One-sided RDS on Banach Space). Let (2, F,P,0) be an
ergodic MDS and X a separable Banach space. Assume that ® : Q — L(X) is a strongly
measurable mapping satisfying that

log* [|@()] € LY, F,P).

Suppose additionally that r(®) > lo(®). Then there exists a 0-invariant subset Q@ C Q
of full measure such that there exist Lyapunov exponents A\ > --- > X, > [o(P) and a
filtration

X = Vl(w) D) Vg(w) DD Vp+1(w)

with the following properties hold:

(1) Invariance: Vj is of finite codimension and ®(w)Vj(w) C V;(6w).
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(i) Lyapunov exponents: for all j=1,...,p

1
lim —log || ®(n,w)v| = A; forall v e Vj(w)\ Vj1i1(w)

n—oo n
and if p is infinite then limy oo A\p = lo(P).

Proof. Let (an)nen, be a strictly decreasing and positive sequence satisfying condition
(7.4). We define the enlarged RDS @ : Q — L(X,) as in (7.5). By virtue of Lemma
7.1.4 and Lemma 7.1.5, we get K(CT)) > la(ci). Furthermore, in view of Lemma 7.1.2, the
linear cocycle ® fulfills all assumptions of Theorem 1.4.2. We divide the proof into the

following cases:

Case 1: The linear cocycle ® has finitely many Lyapunov exponents denoted by A; >

Ay > - > Ay > 1o (®). The corresponding Oseledet’s splitting is given by

)(-y = El(w) ® Eg(w) DD Ep(w) @ F(w),

where
1 ~
lim — log [|®(n,w)x|ly = A, for all 0 # x € Ej(w) (7.11)
n—oo N
and
1 = =
Tim L log [F(n,w) el < la(®). (7.12)

Let 7 : X, — X denote the projection onto the first component, i.e.

TX = I for all x = (xg,21,...) € X,.
Define
Viw):=m | Flw) ® EB E;(w) forall1<j<p+1.
J<i<p

Using the fact that
B (w)rx = TP (W)x for all x € X,

we obtain that the subspace Vj(w) is invariant under ®. Using (7.11) and (7.12) and in
view of Lemma 7.1.6, we get

1
lim - log ||®(n,w)z|| = A; for all x € Vj(w) \ Vj11(w),

which completes the proof in this case.

Case 2: The linear cocycle ® has infinitely many Lyapunov exponents Ay > Ay > ...,

where lim,_,oo A\p = [o(®). The proof in this case is analog to Case 1 and we obtain the
desired conclusion. O
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7.2 Lyapunov norm for RDS on Banach Space

Invariant manifold theory for RDS based on the MET is an important part of smooth
ergodic theory. It was started in 1976 with the pioneering work of Pesin [115, 116].
He constructed the classical stable and unstable manifolds of a deterministic diffeomor-
phism on a compact Riemannian manifold preserving a measure which is absolutely
continuous with respect to the Riemannian volume. His technique is to cope with the
non-uniformity of the MET (random norms, e-slowly varying functions). This technique
is also used in Wanner [139] and Arnold [3] to construct invariant manifolds for RDS on
finite dimensional space. In this chapter, based on the non-uniformity of the MET for
RDS on Banach space we construct the Lyapunov norms corresponding to a linear dif-
ference equation with random delay which is the investigated object in Chapter 4. The
work in this subsetion can be considered as the first technical step toward the nonlinear
theory of difference equations with random delay.

We start this chapter by introducing the notion of tempered and e-slowly varying random
variable.

Definition 7.2.1 (Tempered, Slowly Varying Random Variables). Let (2, F,P,0) be
an MDS.
(i) A random variable R : Q — (0,00) is called tempered with respect to 6 if

1
lim —R(0"w)=0 for P-a.e. w € Q.
n—+oo n
(ii) For a given € > 0, a random variable R :  — (0, 00) is called e-slowly varying with
respect to 6 if P-a.s.

e~ I" R(w) < R(0™w) < M R(w) for all n € Z.

A relation between tempered and slowly varying random variables is the content of the
following lemma.

Lemma 7.2.1 (Tempered Versus Slowly Varying). (i) If R. is e-slowly varying for some
g > 0 then it is tempered.

(ii) Conversely, if f : Q — (0,00) is tempered then for any & > 0 there is an e-slowly
varying random variable R, for which

1
< fw) < Re(w).
7o <) < Rw)
Proof. A proof can be found in Arnold [3, Proposition 4.3.3]. O

Now we discuss about the Lyapunov norm associated with a linear difference equation
with random delay. We consider a linear difference equation of the form

gjn+1 = A(enw)xn + B(HHW)xn_T(gnw), (713)
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where A, B : Q — R%9 are measurable functions and r : © — N is measurable, on
the state space X,. Let ® denote the linear cocycle generated (7.13). Throughout this
chapter, we assume that ® satisfies the integrability condition of the MET, i.e.

log™ [|®(-)|| € £1(2, F,P).

By virtue of Theorem 4.2.3, let —y < A, < --- < A1 be the Lyapunov exponents of ®
and

Xy =E(w)® E(w) @ - @ E,(w)® F(w)

denote the corresponding Oseledet splitting. Choose any j with 1 < j < p, let

Aj ={A > >\ E;r(w) = @ Ei(w), Fjw):= @ Ei(w) ® F(w).

1<i<j j+1<i<p

Let mj(w) denote the projection onto Fj(w) along E;r (w). By virtue of MET, we obtain
that the random variable ||7;(-)|| is tempered. The following theorem is a direct conse-
quence of the non-uniformity of the MET for RDS on Banach space which is proved in
Lian and Lu [89].

Theorem 7.2.2 (Non-Uniformity of MET is Slowly Varying, [89]). Suppose that system
(7.13) fulfills all assumptions in Theorem 4.2.3. Then there exists an e-slowly varying
random variable R : Q@ — [1,00) such that on the invariant set Q of the MET the
cocycle ® has the following properties:

Ajn—eln| < ||® <R Ajn+eln| c Bt
2 < [B(nw)x] < R, xe B )

and
|®(n, w)x]|| < Re(w)edirmel|x|, x € Fj(w).

We choose and fix a positive constant s such that \; —x > Aj11 + « and construct the
following norms

[x“[lo = Z eI | B (—n, w)xY|| for all x* € E;'(w),
n=0

%)l = > eI D(n,w)x®|| for all x° € Fjy(w).
n=0

For any x € X, and w € Q with x = x* + x", where x° € E;r(w) and x" € Fj11(w), we
set

[l = max{flx®{le, %"l }-

The norm || - ||, is usually called the Lyapunov norm. In the following theorem, we
provide some fundamental properties of the above norm.
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Theorem 7.2.3. The norm || - ||, is strongly measurable, i.e. for each fived x € X,
the scalar valued function Q — RY, w — ||x||, is measurable, and satisfies that for each
e > 0 there exists an e-slowly varying random variable D, : Q — [1,00) such that

1
<1 llo < De()l] - I (7.14)
De(w)
>
Furthermore, we obtain that for all n >0
1@(n,w)xC[lgny, < XTI x|, for all X° € Fjia(w),

|P(—n,w)x"||g-n, < e_(’\j_“)"Hx“Hw for all x* € E;r(w)

Proof. The fact that || - ||, is strongly measurable is a direct consequence of the strong
measurability of the projection 7;(-). W.lLo.g. we assume that ¢ < §. We first verify
the estimate of || - [|, from above. In view of Theorem 7.2.2, there exists an 5-slowly
varying random variable R : €2 — [1,00) such that for all n > 0
|P(—n,w)x"]] < R%(w)e_()‘f_e)"Hx“H for all x“ € E;T(w),
|®(n,w)x®|| < R%(w)e(AJ‘+1+€)”HxSH for all x* € Fjj(w).
As a consequence, a direct computation yields that
e? e?
Il € —S R @Il < = Ry (@) e,
which implies that
154
el < —— B (@)@ + 2l|m; (@) ) 1x]]-
On the other hand, from the definition of || - ||, we derive

1 1
Pell 2 5l llo + lIx®llw) = 51

Define D, (w) := ef—le% (w)(142||7j(w)]|). Note that ||7;(-)|| is tempered and by virtue
of Lemma 7.2.1, the random variable D, is thus e-slowly varying. Obviously, D, satisfies
inequality (7.14). For the remainder of the proof, we need to estimate

|P(n,w)x*|lgnw, [|P(—n,w)x"|lg-n, for all n > 0.

Using the fact that ®(n,w)Fj(w) C F;(6"w), we obtain

|P(n,w)x®||gnw = Z e~ iR B (K, 0"w) D (n, w)x®||
k=0

[e.e]
= rny e otk 4 n,w)x’|
k=0
< e,
Similarly, we also have
1@ (=, )% {lg-rney < €™ X" |x" o,

which completes the proof. O



Appendix A

Birkhoft Ergodic Theorem

A central aspect of ergodic theory is the long-term behavior of a dynamical system and
the relation to the spacial behavior. This is expressed through the Birkhoff ergodic
theorem which asserts that, under certain conditions, the time average of a function
along the trajectories exists almost everywhere and is related to the space average. To
make the thesis self-contained we state and prove the Birkhoff ergodic theorem in this
Appendix. Here we follow the presentation to prove the Birkhoff ergodic theorem in
Walter [138].

Theorem A.0.4 (Birkhoff Ergodic Theorem). Let 6 be a measure preserving transfor-
mation of a probability space (0, F,P) and f € LY(Q, F,P). Then there exists a function
f* e £YQ,F,P) such that

n—1
JLIEOZf(ka) = f*(w) for P-a.e. w € Q.
k=0

Moreover, f* is invariant under 6, i.e. f* o0 = f*, and fQ f*dP = fo dP. In
particular, if 0 is an ergodic transformation then

n—1
lim Zf(@kw) = / f(w) dP(w) for P-a.e. we Q.

Before we prove the Birkhoff ergodic theorem we show a preparatory theorem which is
well known under the name maximal ergodic theorem.

Theorem A.0.5 (Maximal Ergodic Theorem). Let (2, F,P) be a probability space and
L1(Q, F,P) denote the space of all real-valued integrable functions on (Q, F,P). Suppose
that U = LY(Q, F,P) — LYQ,F,P) is a positive linear operator, i.e. Uf > 0 for all
f €LY Q,F,P) with f >0, and ||U|| < 1. Let N >0 be an integer and f € L1(Q, F,P).
Define the sequence of functions (fn)nen, by

fo:=0, fn;:f+Uf+--.+U"_1f foralln > 1,
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and define Fy = maxo<p<n fn. Then the following statement holds

/ fdP>0. (A1)
{w:Fn (w)>0}

Proof. Clearly Fy € £LY(Q,F,P). For any 0 <n < N, we have Fiy > f, so UFx > Uf,
by the positivity of U. Hence, we obtain

UFN+f>2Ufn+ f= far1 for all 0 <n < N.
Therefore,

UFy(w) + f(w) > IISILaSXan(w).

In particular, if Fiy(w) > 0 then

UFnw) + f(w) = og}%XN fa(w) = Fy(w),

which implies that f(w) > Fy(w) — UFn(w) on the set {w : Fy(w) > 0}. As a conse-
quence, we get

/ fdp > / FNd]P’—/ UFy dP
{w:Fn(w)>0} {w:Fn (w)>0} {w:Fn(w)>0}

Q {w:Fn(w)>0}

On the other hand, since Fy > 0 it follows that UFxy > 0 by positivity of U and we
therefore obtain the following estimate

/ fd]P’z/FNd]P’—/UFNd]P’.
{w:Fn(w)>0} Q Q

This implies with ||U|| < 1 inequality (A.1) and completes the proof. O

\%

v

Remark A.0.6. For any probability space (2, F,P) and a transformation 6 : Q — Q
preserving the probability P, we can define an operator U : L}(P) — L£}(Q, F,P) by

Uf(w)= f(bw)  forall f e LYQ,F,P),weqQ.
Then it is easy to see that U is a positive linear operator and ||U|| = 1.

Corollary A.0.7. Let (2, F,P) be a probability space and 0 : Q — Q a transformation
preserving the probability P. Let g € LY(Q, F,P) and define

n—1

1 .
B, :={w e :sup— 'w) >«
{ sup ; 9(0'w) > a}
Then
/ g(w) dP(w) > aP(B,N A)
B.NA

if A is a measurable set which is invariant under 0, i.e. 1A = A.
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Proof. We first prove this result under the assumption A = X. Define f := g — «, the
sequence of functions (fy,)n>0 from Q to R by

fo:=0, fn;:f+f06+---+f00"_1 forn>1,

and Fy = maxg<p<n frn. Hence,

B, = U {w: Fy(w) > 0}.
N=0

By virtue of Theorem A.0.5 and Remark A.0.6, we get
f(w) dP(w) > 0.
B

Consequently,

/ 9(w) dP(w) > aP(B,).

@

In the general case, we apply the above result to 0|4 to get

/ g(w) dP(w) > aP(A N Ba),
ANBgy

and this completes the proof. O

Proof of Theorem A.0.4. Define

n—1

1 .
*(w) = limsup — W) forweQ
fH(w) l,lff;épn;f(e w) or w e ,
and
1 n—1 '
f*(w)zlﬂgfggf(e w) for w € Q.

It is easy to see that f*0 = f* and f.0 = f.. Now, we show that f* = f, P-a.e. and
that they belong to £(Q, F,P). For real numbers o, 8 with o < (3, define

Evp={weQ: fi(w) < B and a < f*(w)}.

Note that

{wifiw <fW= U FEas
a,8€Q,0<a
Hence, to prove f* = f, P-a.e. it is sufficient to show that P(E, 3) = 0. Clearly, the set
E, g is invariant under 0, i.e. 0_1Ea75 = E, 3, and if we put

n—1

1 .
B, :={w € Q:sup— 0'w) > «
(weassm 310w > a)
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then E, 5N By = Eq 3. By Corollary (A.0.7) we obtain
/ F(w) dP(w) = / f(©) dP(w) > aP(Ea g N Ba) = aP(Eag).
Ea,ﬁ EaﬁﬂBa

Consequently,
/ (@) dP(w) > aP(E ). (A.2)
Eop

On the other hand, if we replace f, «, 8 by —f, — 3, —«, respectively, then since (—f)* =
—f« and (—f)s = —f*, we get

/ f(w) dP(w) < BP(Ea ). (A3)
Ea s

Combining (A.2) and (A.3), we get aP(E, g) < BP(E, ). This implies that P(E, g) =
0. Hence, f* = f, P-a.e., and then

n—1

nh_)ngo % ;f(@iw) = [ (w) = fu(w) for P-a.e. w € Q.

To show f* € £1(Q, F,P) we use the Fatou lemma (see Lang [85, pp. 141]) that asserts
lim, o0 gn € LY(Q, F,P) if (gn)nen is a pointwise convergent sequence of nonnegative
integrable functions with liminf [, g, dP(w) < oc. Define

1 .
gn(w) = — Zf(@’w) for w € Q.
It is easily seen that

/ gn(w) dP(w) < / |f(w)] dP(w) for all n € N.
Q Q

Therefore, we can apply the Fatou lemma together with the fact that lim, . gn(w) =
| f*(w)] to conclude that f* € £'(Q,F,P). It remains to show that [, f(w) dP(w) =
Jo [*(w) dP(w). For this purpose, we define

k kE+1
DZ::{wGQ:—ﬁf*(w)<L},
n n

where k € Z,n = 1,2,.... For each small € > 0, we have D! N Bx _
Corollary A.0.7 we get "

= D} and by

)

| e = <§ - ) P(D})

k
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This implies that

F(w) dB(w) < “T2pop) < B + [ fw) dB(w).

n
Dy Dy

Summing this inequality over k gives [, f*(w) dP(w) < % + [, f(w) dP(w). Since this
holds for all n > 1, we have

/ f*(w) dP(w / F(w) dB(w (A4)

Applying (A.4) to —f instead of f gives

/ (—f)"(w) dP(w) < — / f(w) dP(w)
Q Q

Hence,

/ £u(w) dP(w / F(w) dP(w (A.5)
Combining (A 4) and (A.5) and the fact that f* = f, P-a.e., we get [, f*(w) dP(w) =
fQ . For the remaining part of the proof, we con81der the case that 0 is an

ergodlc transformatlon. Since f*0 = 0 it follows that the function f* is almost surely
constant. Consequently, the limit

n—1
. k = *(w) = *(w w) = w
i 325080 = 1) = [ 1 @)= [ f)

holds for P-a.e. w € € and this completes the proof. O



Appendix B

Kingman Subadditive Ergodic
Theorem

A substantial generalization of Birkhoff ergodic theorem was obtained by Kingman,
who proved an ergodic theorem for subadditive stationary processes in [78]. This result
has also been reproved with elegant proofs in Burkholder [25], Steele [129]. Here we
follow the materials in Steele [129] to state and prove the Kingman subadditive ergodic
theorem.

Theorem B.0.8 (Kingman subadditive ergodic theorem). Let 6 be a measure preserving
transformation of a probability space (Q, F,P) and {gn}2>, a subadditive sequence of
random variables over the MDS (Q, F,P,0), i.e.,

Inam (W) < gn(w) + gm (0"w) for P-a.e. w e Q. (B.1)

Suppose that gf € LY, F,P), where at := max(0,a). Then, with probability one, we
have

lim ) _ g(w) > —o0,

n—oo N

and g(w) is an invariant measurable function, i.e. g(0w) = g(w) for P-a.e. w € Q. In
particular, if 0 is an ergodic transformation then

lim lgn(w) = lim l/an(w) dP(w).

n—oo n n—oo n

Proof. We first deal with the case that {g,}>2 is a subadditive sequence of integrable

random variables. For n € N we define a new process g;() : Q0 — R by

!

n—1
(W) = gn(w) — Zgl(ﬁkw) for all w € Q.
k=1

Due to (B.1) one has that g, (w) < 0 for all n € N and P-a.e. w € Q. Moreover, the
sequence {g/n};":l again satisfies inequality (B.1). Since the Birkhoff ergodic theorem

161



Chapter B: Kingman Subadditive Ergodic Theorem 162

(see Theorem A.0.4) can be applied to the second term of g, it follows that the almost
sure convergence of g;L /n implies the almost sure convergence of g,/n. Thus, we can
assume w.l.o.g. that g,(w) < 0. Now we define a function g : 2 — R by

(W)

g(w) := liminf In)

n—00 n

for all w € Q.

The function g is clearly measurable and we show that g is furthermore invariant under
0, ie. g(fw) = g(w) for P-a.e. w € Q. By (B.1) we have

91 @) _ 91(w) | gu(60)

for all w € Q,n € N.

By taking the limit inferior we get g(w) < g(fw). Assume that there exists o € R such
that P(E,) > 0, where E, = {w € Q: g(6w) — g(w) > a}. Since

E, Cll{weQ g(w) < P and g(9w)>£+g},
q 2
p/q€Q

it follows that there exists p/q € Q with

P <{w €Q:gw) < S and  g(6w) > g + %}) > 0. (B.2)

Since g(fw) > g(w) it follows that

{oenigu>ticlocaigon 22}t {ocnigw 2

Q3
H,_/

On the other hand, due to # is a preserving measure we have

(freoimo3f) oo (focnamr2)

0 = P<{weﬂ:g(9w)2

Hence,

-~ o({oenin

which contradicts to (B.2). Therefore, we can assume w.l.o.g. that g(#*w) = g(w) for
all £ € N and for all w € 2. Now we show that

lim sup —— 9n() < lim fg"(w) = g(w) for P-a.e. w € Q. (B.3)

n—00 n "_’OO n

For any € > 0,1 < N < oo and M > 0 we define

Gy (w) = max{—M, g(w)} for all w € ,
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and consider the set

B(N,M):{weQ:&kw)>GM(w)+a foralllngN}, (B.4)

and its complement A(N, M) = B(N, M)¢. For any w € Q and n > N we decompose the
integer set {1,2,...,n— 1} into the union of three disjoint sets U, V, W by the following
algorithm:

Begin with [ = 1. If [ is the smallest integer in {1,2,...,n — 1} which is not in a set
already constructed, then consider §'. There are two cases:

Case 1: If 0'w € A(N,M): Let k be the smallest integer number in {1,..., N} such
that g (A'w)/k < Gar(0'w) + € = Gpr(w) + . We have two subcases here:

o (Case 1a If [+ k < n: Then we put the points [,l +1,...,l+ k — 1 in the set U.

e Case 1b If [ + k > n: Then we just put the point [ in the set W.

Case 2: If #'w € B(N, M): Then we put the point [ in the set V.

Thus, for any w we have a decomposition of the set {1,2,...,n — 1} into the set U
containing {l;,l; +1,...,1l; + k; — 1}, where g, (0%w)/k; < Gp(w) +& with 1 < k; < N,
the set V' containing singletons l; for which xp(n arn) (6%w) = 1 and the second set of
singletons W contained in the set {n — N +1,n — N +2,...,n — 1}. By subadditive
inequality (B.1), our decomposition of thet set {1,2,...,n — 1}, one has the following
estimate:

gn(w) < g1(w) + Z gk, (0Yiw) + Z g1 (0bw) + Z g1(0hiw).

{l“,ll-‘rkl—l}CU L,eV L,eW

This implies together with ¢ (w) < 0 for all w € Q that

gn(w) < Z Gk, (eliw)-

{liyeoslitk;—1}CU

Using the definition of the set U, we have

gn(w) < (Grr(w) +¢) > ki < ne + Gpr(w) > ki.  (B.J5)
{li,...,li+ki—1}CU {li,...,li—l—ki—l}CU

Also, by the construction of the sets U, V, W we have
Z ki <n— Z X, (0'w).
{li,...,li-l-ki—l}CU =1

Hence, by Birkhoff ergodic theorem (see Theorem A.0.4) we get

Z{li7...,li+ki—l}CU kjl

lim sup
n—00 n

<1—-hywm(w) for P-a.e. w € Q,
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where the nonnegative integrable function hy ps : €@ — R is defined by

R
hn v (w) == 1112205 ZXB(N,M)(GZW)'
=1

By (B.5) we then conclude that

lim sup 9n(w) <Guw)(1—hnpw))+e for P-a.e. w € Q.

n—00 n

Letting N — oo, with the observation that the definition of B(/N, M) as in (B.4) guar-
antees that x (v, — 0 for P-a.e. w € 2, we obtain

lim sup w <Gupu(w)+e for P-a.e. w € Q. (B.6)

Since estimate (B.6) holds for arbitrary M > 0 and € > 0 estimate (B.3) follows and
thus we have lim,_ o, g(0"w)/n = g(w) for P-a.e. w € Q. Hence, we get the desired
conclusions in the case that g, € £1(Q, F,P) for all n € N. We refer to Ruelle [120,

Appendix A] for how the theorem can be reduced to the case g € £1(Q, F,P).
O



Appendix C

Baire Category and Baire Class
of Functions

The following material is taken from Oxtoby [110] and Munkres [106].

Baire Category:

Let X be a topological space. A set A C X is called nowhere dense if the interior of its
closure is empty. A set B C X is said to be of first category if B can be represented
as a countable union of the nowhere dense sets. A set C' C X is of second category if
it is not of first category. A subset A of X is called residual if it is a complement of a
set of first category in X, i.e. A contains a countable intersection of open dense subsets
of X. The topological space X is said to be a Baire space if every non-empty open set
U C X is of second category. A Baire space has the following characteristic properties
(see Munkres [106]):

(i) Every intersection of countably many dense open sets is dense.

(ii) The countable union of any collection of closed sets with empty interior has empty
interior.

As a consequence, in a Baire space a set is residual if and only if it is of second category
and dense in X. A property of a function f defined on X is called generic if it holds on
a residual subset of X. In the following theorem, we state the Baire category theorem
and refer to Munkres [106, Theorem 48.2] for a proof of the theorem.

Theorem C.0.9 (Baire category theorem). Let X be either a complete semimetric space
or a locally compact Hausdorff space. Then X is a Baire space.

Baire Class of Functions:

An effective tool for investigating analytic properties of real-valued functions on topolog-
ical spaces is the notion of Baire classes of functions. Let X be a topological space and
f: X — R areal-valued function. The function f is said to be of the first Baire class if
f can be represented as a pointwise limit of continuous functions. The function f is said
to be of the second Baire class if f can be represented as a pointwise limit of functions
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of the first Baire class. Inductively, one defines all other Baire classes of functions. We
refer to Goffman [67] for more details on Baire functions. Note that the Baire classes of
functions are closed with respect to the operations of taking sums, differences, products
and quotients (if the denominator is nowhere vanishing) of their elements.

A function of the first Baire class does not need to be continuous, as simple examples
show. For instance, the functions f,(x) = max(0,1 — n|x|) are continuous and the
sequence converges pointwise to the discontinuous function f(x) = 1 or 0 according to
whether z = 0 or z # 0. However, the following theorem shows that a function of
the first Baire class cannot be everywhere discontinuous and we refer to Oxtoby [110,
Theorem 7.3] for a proof of the theorem.

Theorem C.0.10 (Baire theorem on functions of the first Baire class ). Let f: X — R
be a real-valued function of the first Baire class. Then f is continuous except on a set
of first category.
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