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Abstract

This thesis deals with a newly-developed model for the spatiotemporal calcium dynam-
ics within presynaptic terminals. The model is based on single-protein kinetics and

has been used to successfully describe different neuron types such as pyramidal neu-

rons in the rat neocortex and the Calyx of Held of neurons from the rat brainstem. A
limited number of parameters had to be adjusted to fluorescence measurements of the

calcium concentration. These values can be interpreted as a prediction of the model,
and in particular the protein densities can be compared to independent experiments.

The contribution of single proteins to the total calcium dynamics has been analysed
in detail for voltage-dependent calcium channel, plasma-membrane calcium ATPase,

sodium-calcium exchanger, and endogenous as well as exogenous buffer proteins. The
model can be used to reconstruct the unperturbed calcium dynamics from measure-

ments using fluorescence indicators. The calcium response to different stimuli has been
investigated in view of its relevance for synaptic plasticity. This work provides a first

step towards a description of the complete synaptic transmission using single-protein
data.
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Chapter 1

Introduction

In the past decade, the focus of biological research has shifted towards quantitative

methods and results. Especially the past years have witnessed a number of success-
ful investigations mapping out the genomes of different species, genuinely an inter-

disciplinary effort bringing together biology, chemistry, physics, and informatics. Mod-
ern genetics centers around ongoing attempts to connect the genome to elementary

properties of creatures, such as their capabilities of metabolism, homoeostasis, regu-

lation, and differentiation. This quantitative approach has been established as some
kind of ”standard model” in biology and highlights the shift in the paradigm of biologi-

cal research. In fact, there is a huge and rising amount of accumulated knowledge on
quite particular and sometimes very specialised phenomena. The ever-increasing num-

ber of qualitative hypotheses explaining these seems to necessitate ever-intensifying
attempts to validate them quantitatively. The overall intention is to merge their results

into a more uniform picture of biological processes. To operate on such a quantitative
level, some methods become of paramount importance, which have so far been located

in the realm of other sciences such as physics. These methods include skills to con-
struct mathematical abstractions of involved situations, to formulate detailed models of

complex phenomena and to process them through analytical or numerical methods. In
addition, it is often relied on precise simulations based on ”first-principles”. In particu-

lar, this familiarity with mathematical tools and with the quantitative concepts of exact
sciences renders physics an ideal partner for biology in its road towards a quantitative

understanding of nature.

Apart from methods alone, there are a number of other aspects common to both
physics and biology. The most prominent of these aspects is to try to understand

comparably simple processes within complex systems on a very elementary level: an
approach with a long and successful tradition in physics, becoming a sine qua non in

biology. This approach starts from microscopic findings, such as the laws of atomic
interactions in physics or the rules of protein interplay in biology. It ends with the

overall behaviour of a system, such as the structure of matter in its different states of
aggregation or of the network of neurons inside a brain. Especially the latter, a network

of neurons, exemplifies in a very sophisticated way self-organising complex systems,
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which are in the focus of current physics research on a more abstract level. Their origin
and development as well as their capabilities to adapt to new situations are of special

interest for both disciplines.
From the considerations above it is obvious that the functional dependence of net-

works of neurons on their basic units, such as the synapses, and their respective in-
terplay is a topic of ongoing research. In the comprehension of such networks the

topological structure and the coupling of neurons with each other through synapses
seems to be an elementary key. It is commonly accepted that the understanding of

such systems is closely related to the question of how the brain processes information.
The processing of information is nothing but a tautology to the processing of signals: In

neurons these signals consist of short electrical pulses caused by ion currents, which

are transmitted through synapses with messenger molecules. Synapses are subject to
a continuous change, their efficiency in transmitting signals, called efficacy, depends

on the respective input and their history1.
In order to follow the successful approach outlined above, namely trying to under-

stand macroscopic phenomena in terms of microscopic dynamics, the details governing
the behaviour of this basic unit needs to be investigated. This includes the study of ba-

sic neuronal dynamics reflected in the propagation of corresponding electrical signals.
Consequently, specific ion permeable channel proteins have to be investigated, which

allow ion currents to pass into and out of the neuron. The microscopic behaviour
of synapses in turn is defined by their response to such electrical pulses activating

and transmitting messenger molecules caused by the activation of transmembrane and
intracellular proteins. This response depends on the form and duration of electrical

stimuli and on the history of the individual synapse with respect to such stimuli.
Potassium and sodium ion fluxes through appropriate channel proteins are respon-

sible for the existence and the propagation of electrical pulses within the neurons.

These ions follow gradients of the electrochemical potential through pores in the mem-
brane emerging from potential-sensitive conformation changes of the channel proteins.

However, the electrical pulses do not interact directly with the synapse. For their trans-
mission at synapses calcium-ions play the dominant role. The appearance of an elec-

trical pulse at the presynaptic terminal triggers the opening of channel proteins which
are permeable to calcium-ions only. These ions flow into the terminal from the extracel-

lular space and bind to messenger proteins, which in turn are activated. The activated
messenger proteins are attached to vesicles, which release a neurotransmitter into the

synaptic cleft. Once being in the synaptic cleft, the neurotransmitter molecules can
bind to receptors of the partner neuron. As a consequence, these receptors open pores

which trigger the flux of potassium and sodium ions again thus initiating a new small
electrical pulse in the partner neuron.

From this sketch of neuronal signal transmission it is clear that the calcium-ions
act as the prime trigger of synaptic activity. In this thesis the spatiotemporal dynamics

of calcium-ions and their influence on signal transmission is analysed. Especially the
1Such a "learning rule" has already been postulated by Hebb in 1949 [1]: ”When an axon of cell A is near

enough to excite cell B or repeatedly or persistently takes part in firing it, some growth process or metabolic
change takes place in one or both cells such that A‘s efficiency, as one of the cells firing B, is increased.”
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response of the calcium-concentrations to different patterns of stimulation is a good
starting point to understand the complex interplay of ions and proteins on a funda-

mental level. Therefore, this thesis is organised as follows:

• In the next section, Ch. (2), a general overview of the nervous system with its

connection to ion dynamics will be given. The focus will rest predominantly on the
mechanisms responsible for the synaptic transmission of signals. The different

phenomena related to calcium-ions as messengers will briefly be highlighted. The
chapter will close with a short discussion of phenomena changing the synaptic

efficacy.

• Then, in Ch. (3), the functionality of synapses in connection with the various pro-
teins taking part in signal transmission will be reviewed. Besides introducing them

individually, their interplay will be sketched. Special emphasis will be put on the
presynaptic side of signal transmission, since this thesis mainly centers around

calcium dynamics in presynaptic terminals. This natural choice of focus is due to

the complexity of the full signal transmission process.

• Ch. (4) will be devoted to a presentation of the model underlying this thesis.
This model can be understood as an extension of previous models, such as e.g.

[2, 3, 4, 5]. It is based on a system of partial differential equations of the reaction-
diffusion type, which is supplemented with a number of diffusion equations for

individual proteins. The emerging multi-dimensional system of differential equa-
tions is integrated numerically with dynamic and static conditions taken directly

from appropriate experimental data, where possible. The complete model is en-
coded in a simulation software application called SYNDICAD.

• Results obtained with this model will be presented and discussed in Ch. (5). SYN-

DICAD will be adjusted to different types of neurons by using optical measure-
ments of the calcium-dynamics. Different stimulation patterns will be investigated

and the differences in the appropriate calcium-dynamics will be discussed in de-
tail. Also the relevance for different phenomena of changing synaptic efficacy will

be highlighted. Finally, some special spatial problems of the calcium-dynamics
will be studied.

• The thesis closes with concluding remarks and a brief outlook of possible future

directions.



10



Chapter 2

Phenomenological overview

2.1 From the nervous system to ion-dynamics

In many complex life-forms, the collective interactions of multicellular systems are or-
ganised by a nervous system. Stimuli of various kinds are received, transformed, trans-

mitted and processed and may lead to appropriate and sometimes pre-defined actions.
In the following an overview will be given in order to bridge the gap between the ner-

vous system and the underlying mechanisms of information processing. For a detailed
comprehension of neurophysiology, confer the standard textbooks, such as [6, 7, 8].

The elementary processing units of the nervous system are the neurons, in humans

their total number amounts to approximately 1012. The neurons, however, are not the
only constituents of the nervous system. In addition, it contains also a large number

of supporter cells, named glia cells, that are required for energy supply, structural
stabilisation, and the insulation of axons in form of myelin. Since glia cells are not

directly involved in information processing, they will not be discussed any further in

the framework of this thesis. The neurons come in various types and different sizes and
shapes which is illustrated in Fig. (2.1). All of them share the same general functionality

(apart from a few rare exceptions, which are also neglected here):

A typical neuron can be divided into three functionally distinct and topologically

well-separated parts: dendrites, soma, and axon (see Fig. 2.2). The tree-like dendrites

(diameter 0.2-8 µm, length 15-2000 µm) act as an input device that collects small
electrical pulses (amplitude 1-20 mV, width 1-5 ms) from other neurons and transmits

them to the soma. The soma (diameter 50-120 µm) is the trigger device and performs an
important processing step by generating a new output signal in case a certain potential

threshold is exceeded during integration of the incoming pulses. The output pulse is
taken over by the output device, the axon (diameter 0.2-20 µm, length 0.1-2000 mm)

which passes the pulse to other neurons. Most axons are surrounded by a myelin
sheath which is formed by glia cells. This sheath acts as an insulator and facilitates

signal propagation along the axon through interceptions along the membrane. The
neuronal output pulses are called action potentials. They have an amplitude of about

100 mV and a typical width of 1-5 ms. Interestingly, the form of the pulse is not

11
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Figure 2.1: Anatomical diversity of neuronal cells: a Purkinje neuron from human b
pyramidal neuron (rabbit) c motor neuron (cat) d,e horizontal neuron (cat) f pre-motor
interneuron (locust) g visual amacrinal neuron (fly) h multipolar neuron (fly) i visual
monopolar neuron (fly) j visual interneuron (locust) k pre-motor interneuron (crayfish)
l mechanical sensory neuron (crayfish); The arrows indicate the signal output zone.
(from Cajal, Fisher and Boycott, Burrows, Strausfeld, O‘Shea, Rowell and Reichert).
The illustration has been taken from: H. Reichert; Neurobiologie, page 23 [9].

altered as the action potential propagates along the axon. Generally, action potentials

result from ion currents - mainly sodium and potassium - through specific channels1

floating into and out of the neuron. These channels are transmembrane proteins, which

regulate the flow of ions along their electrochemical gradient. This gradient is orientated
perpendicular to the membrane. Once an action potential is induced, the changing

ion concentration and the corresponding potential changes will open channels in the
neighbourhood. In this way, the action potential propagates along the axon.

The connections between neurons are called synapses (see Fig. 2.3). If a neuron

sends a signal across a synapse, it has become standard nomenclature to refer to the
sending neuron as the presynaptic cell and to the receiving neuron as the postsynaptic

1The channels are highly selective to the ion type, parameters steering this selectivity are the ions’ size,
the sign of its valence charge, and its hydration energy. The ions must peel off their hydration shell in order
to pass the pore – the peeling process might be modulated by inner pore elements.
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Figure 2.2: Functional parts of three types of neurons. Top A vertebrate motor
neuron which activates muscle cells. The dendrites are located around the soma where
a single axon extends from the cell body and finally splits into several presynaptic
terminals. Bottom A vertebrate sensory neuron which conveys sensory information
centrally from the periphery. Here, the soma is located in the middle of the neuron. The
illustration has been taken from Z.W. Hall; An introduction to molecular neurobiology,
page 23 [6].

cell. A neuron can be connected through synapses to a number of other neurons rang-
ing from a few to up to hundreds of thousands. The most common type of synapses

in vertebrate brains is the chemical synapse. Here, the axon terminal comes very close
to the postsynaptic dendrite or soma, leaving only a tiny gap between pre- and postsy-

naptic cell membranes, which is called the synaptic cleft. Synaptic clefts usually have

a diameter in the range of 20-200 nm. With an action potential arriving at a chemical
synapse, calcium-ions enter the presynaptic terminal through voltage-dependent chan-

nels. This triggers a chain of biochemical processes, which ultimately lead to the release
of neurotransmitter molecules from the presynaptic terminal into the synaptic cleft. As

soon as the transmitter molecules reach the postsynaptic side, they are detected by
specialised receptors in the postsynaptic membrane. Then pores are opened and allow

ions from the extracellular fluid to flow into the postsynaptic terminal. The ion flux,
in turn, leads to a change of the membrane potential at the postsynaptic neuron. The

voltage response of the postsynapse to any presynaptic action potential is called the
postsynaptic potential. Neurons can also be coupled with each other through electrical

synapses, which are known as gap junctions. Here, specialised transmembrane pro-
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Figure 2.3: The process of signal transmission in neurons. A synaptic input signal
evokes a gradual synaptic potential (lower left graph). If all incoming and integrated po-
tentials exceed a certain threshold at the initial element, an action potential is triggered
(lower middle graph), which travels along the axon (lower right graph). At the axon
terminal of the synapse, the action potential triggers the release of neurotransmitter
(yellow) into the synaptic cleft. The illustration has been taken from M. Graupner; A
theory of plasma membrane calcium pump function and its consequences for presynaptic
calcium dynamics, page 9 [10].

teins electrically connect the two neurons in a direct way. However, in the framework

of this thesis they will not be considered, since neuronal signals are mainly transmitted

by chemical synapses.

To summarise: Both the synaptic transmission and the propagation of action po-

tentials and postsynaptic potentials in neurons themselves are achieved by ion fluxes
through specific ion channels. These channels are formed by transmembrane proteins

and exhibit a voltage and time dependent opening dynamics.

2.2 The importance of calcium

One of the most universal signalling agents in animal cells is the calcium-ion. That

fact has winking been paraphrased by O. Loewy in 1959: ”Ja, Kalzium, das ist alles!”
(found in [11]). On the level of individual cells, calcium originates from external and

internal sources. External calcium enters the cell from the outside by passing through
transmembrane channels. Alternatively, internal calcium-stores release calcium-ions

through other types of transmembrane channels; in this case, the channels cross the
membranes of intracellular organelles. In general, a prolonged increase in the calcium-

concentration can be lethal for cells, whereas moderate calcium-fluxes trigger vital pro-
cesses within or around cells. The signal transmission summarised in Fig. (2.4) features

characteristics which are sensitive to both the spatial and the temporal resolution of the
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corresponding underlying calcium-dynamics [11, 12, 13, 14]:

Figure 2.4: Spatiotemporal aspects of calcium signalling. a Elementary events (red)
result from the entry of external calcium across the plasma membrane or release from
internal stores in the endoplasmic or sarcoplasmic reticulum (ER/SR). They generate
localised concentrations of calcium that can activate many processes, including export
of cellular material (1), opening of potassium channels (2) and metabolism in the mito-
chondria (3). The calcium signal can also enter the nucleus (4). All of these processes
respond to the very high concentrations of calcium, that build up within the sub-domain
of the elementary events. b Global calcium signals are produced by coordinating the
activity of elementary events to produce a calcium wave, which spreads throughout the
cell. c The activity of neighbouring cells within a tissue can be coordinated by an in-
tercellular wave that spreads from one cell to the next. The illustration has been taken
from: M. J. Berridge et al.; Calcium – a life and death signal, page 645 [15].

Single calcium-peaks are used to activate certain cellular processes, such as secre-
tion of cellular material in membrane-bound vesicles or muscle contraction. Near the

cytoplasmic face of the cell membrane, regions of extraordinary activity (often called
microdomains) can emerge, related to specific processes which take place nearly ex-

clusively in the immediate vicinity of individual channels [16]. Furthermore, calcium-
oscillations occur with different periods related to different systems: 0.1-0.5 s (local in

smooth muscles), 10-60 s (global in liver cells), 1-35 min (global in human oocyte), 10-
20 h (local in cell division). In these examples, the word ”local” refers to fluctuations in

the calcium-concentration on the subcellular level. In contrast, ”global” refers to mostly
periodic inhomogeneities in the calcium-concentration, both spatially and temporally,

on the scale of entire cells or beyond. The oscillations follow a regular pattern, waves
that propagate throughout the cell or through compounds of cells up to the level of

tissues. These phenomena are highlighted by the following examples:

• Fertilisation: In mammals life begins with fertilisation, when the sperm interacts

with the egg to trigger a calcium-oscillation, that persists for several hours [17].
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This prolonged period of repetitive calcium-pulses initiates the developmental pro-
gramme by stimulating the enzymatic machinery involved in the cell-division cycle.

However, the mechanism that drives this calcium-oscillator (with a period of 10-
20 h) remains a mystery up to now. A popular assumption is that it may depend

on periodic increases in the level of a diffusible intracellular messenger.

• Cell proliferation: A prolonged period of calcium-signalling – similar to that in fer-
tilisation – is an important growth signal for many cells. Conversely, cell prolifera-

tion can be reduced by interfering with the generation or action of calcium-signals
[18].

• Synaptic transmission: Here, calcium plays a key role in the release of neurotrans-

mitter molecules [19, 20]. If an action potential arrives at the presynaptic termi-

nal, the secretion of neurotransmitters is activated. Elementary calcium-signals
caused by voltage-dependent channels are used to produce brief, highly localised

peaks. They trigger the release of vesicles containing the neurotransmitter. This
phenomenon is a prime example for a localisation of processes on the subcellu-

lar level, connected with the keyword ”microdomain” mentioned above. But also
in the postsynapse an increased level of the calcium-concentration occurs during

repetitive stimulation. In general, the calcium-signals might exhibit a modulation,
either in frequency or in amplitude, linked with different types of processes:

Frequency modulation: Neurons use frequency modulation to select different
cascades of messengers to be released. In order to rely on such frequency-coded

signals, cells have developed ”decoders” that respond to the frequency and longevity
of the calcium-signals. Probably the best-known example is an enzyme (called

calcium/calmodulin-kinase II), which regulates other messenger proteins and re-
lies on calcium. It works by ”counting” calcium-peaks and varies its activity ac-

cordingly [21]. The enzyme itself is composed of many identical subunits. They are

activated to varying degrees depending on the frequency of the calcium-oscillations.
Amplitude modulation: It has been shown that cells can interpret modest changes

in the concentration of calcium. Correspondingly, different genes are activated
by varying the amplitude and duration of the calcium-signals [22, 23]. The two

cascades (frequency modulated and amplitude modulated) introduced above are
presumably involved in phenomena which change synaptic efficacy and will be

discussed in more detail in the next section.

2.3 Phenomena changing synaptic efficacy

This section is devoted to a more detailed discussion of phenomena that change synap-

tic efficacy, which are commonly called synaptic plasticity [24]. These phenomena are
central to questions related to memory processes, in particular for short-term mem-

ory, when they are analysed in terms of temporal changes on the level of individual
synapses. The underlying picture relates training effects to long-lasting changes in

the efficacy of signal transmission through the network of neurons. Clear evidence for
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such a picture to grasp at least the main features of the basic interrelations of the key
players stems from [25]. In this experiment the production of a certain class of calcium-

permeable transmembrane proteins has been suppressed. It has been argued that this
suppression blocks some of the messenger cascades important for the efficacy of signal

transmission. Without these proteins the learning behaviour of rats deteriorated signif-
icantly. In a counter-experiment the production of these proteins had been stimulated,

leading to an improved learning behaviour.

Figure 2.5: Short-term depression (STD) and facilitation (STP) in a Calyx-of-Held-
type synapse. Presynaptic action potentials (APs; top panel) and excitatory postsynap-
tic currents (EPSCs) during a 100-Hz train at an extracellular Ca2+-concentration of
1 mM (middle panel) or 2 mM (bottom panel) in a brainstem slice from a 9-day-old rat.
At 1 mM

[

Ca2+
]

, EPSCs are initially facilitated; depression is observed later in the train.
At 2 mM

[

Ca2+
]

, severe short-term depression is observed. The presynaptic pipette
contained a low concentration of an exogenous

[

Ca2+
]

-buffer (50 M BAPTA). The illus-
tration has been taken from: H. von Gersdorff and J.G.G. Borst; Short-term plasticity at
the Calyx of Held, page 57 [26].

The efficacy changes take place both on the level of amplitude and slope of the post-
synaptic potential at onset and can be measured as changes in quantal parameters

of the postsynaptic response [27]. Quantal in this context refers to the fact that the
peak of the postsynaptic current can be interpreted as a quantised signal which corre-

sponds to the fixed number of neurotransmitter molecules within vesicle. In general,
the effects of plasticity can be classified according to their duration and to their ampli-

fying or dampening effect. The latter is usually known as potentiation or depression,
respectively. In potentiation (depression), the efficacy of synaptic transmission is en-

hanced (decreased), due to a barely known combination of two possible reasons: On the
presynaptic side the number of released neurotransmitters is increased (reduced), on

the postsynaptic side, the number and and/or permeability of activated ion channels
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is raised (lowered). The following types of plasticity effects exist in dependence from
their duration: Short-term potentiation (STP), short-term depression (STD), long-term

potentiation (LTP), long-term depression (LTD).
A feature common to all potentiation or depression effects is that their induction

is correlated to a changed calcium-influx into the pre- and/or the postsynapse com-
pared to the single action potential synaptic transmission. A high-frequency induction

stimulus opens channels, through which calcium-ions flows into the presynapse and
– after the signal has been transmitted through the neurotransmitters – also into the

postsynapse. This causality has been exemplified for LTP through: LTP induction is
suppressed when a chelator is added to the cytoplasm which binds calcium-ions [28].

Furthermore, LTP can be induced by an experimentally induced calcium release into

the cytoplasm [29]. In the following, the different potentiation and depression modes
and their induction mechanisms will be shortly highlighted. It is thought as an presen-

tation of the most important features. Nevertheless, an excellent introduction into this
area of research is given in [30].

Figure 2.6: The induction of Long-term depression (LTD) and its dependency on
postsynaptic depolarisation and intracellular Ca

2+-concentration. Excitatory post-
synaptic currents (EPSCs) have been recorded before and after applying a LTD stimulus
(Top). LTD has been induced by stimulating the Shaffer collateral pathway at 5 Hz for
3 to 4 min in current clamp mode (arrow 2 in the lower graph). The same stimulation
was used during voltage-clamp conditions at -70 mV (arrow 1 in the lower graph). The
pipette contained a standard intracellular solution (0.4 mM Ca2+ and 1.1 mM EGTA).
The illustration has been taken from: V.Y. Bolshakov and S.A. Siegelbaum; Postsynap-
tic induction and presynaptic expression of hippocampal long-term depression, page 1149
[31].

STP and STD: Short-term refers to manipulations lasting for tens of milliseconds up
to seconds [26]. All synapses show some form of short-term potentiation (often called

facilitation), short-term depression or a mixture of both, which is induced by the appli-
cation of a stimulus with a frequency of roughly 10-500 Hz. During application of the

stimulus the following changes in the amplitude of the postsynaptic response can be
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measured (illustrated in Fig. 2.5): STP is observed as an increase in the amplitude of
the postsynaptic response caused by the first individual action potentials. It is directly

followed by STD – a continuous decrease in the amplitude of the postsynaptic response,
which saturates during stimulation. The extent of STP or STD varies at a given synapse

depending on stimulus frequency, type of neuron, the stage of development, and neuro-
modulation. Within a particular frequency range, some synapses show extensive poten-

tiation or strong depression, whereby both effects may arise from both presynaptic and
postsynaptic mechanisms. In general, the efficacy of the presynapse during synaptic

transmission depends on the number of vesicles and/or neurotransmitter molecules
within the vesicles, that are available for release, on their calcium sensitivity, and on

the properties of the calcium-peaks themselves, to which the pool of vesicles is exposed.

The efficacy of the postsynapse during synaptic transmission depends on the sensitivity
of the ion-permeable receptor to the neurotransmitter and the overall number of active

receptors.

Figure 2.7: The induction of post-tetanic potentiation (PTP) and its dependency
on calcium. PTP and PTP/EGTA of excitatory postsynaptic potentials (EPSPs) caused
by a tetanus (20 Hz for 2 s) applied at time 10 min (arrow). PTP is reduced by presy-
naptic injected Ca2+-buffer EGTA. The illustration has been taken from: J.X. Bao et al.;
Involvement of pre- and postsynaptic mechanisms in posttetanic potentiation at Aplysia
synapses, page 970 [32].

In the case of STP, the residual calcium within the presynapse is thought to combine

with calcium that enters during the next AP, leading to an increase in release. Because
of the limited speed of the calcium clearance mechanism, the intra-terminal calcium-

concentration will remain elevated for some ms. Accordingly, STP is dominantly caused
by presynaptic mechanisms. In contrast, STD could be caused by both pre- and post-

synaptic mechanisms: Here, a depletion of the pool of releasable vesicles occurs within
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the presynapse during continuous stimulation whereas the neurotransmitter receptors
into the membrane of the postsynapse will become desensitised and/or saturated. Of

course, other mechanisms may also influence the above effects, such as inactivation
of the calcium currents, replenishment of the vesicle pool, heterogeneity of the release

probability, or inactivation of the release sites.

LTP and LTD: Long-term effects at synapses of several types of neurons play a role
on the time-scale of hours or even days. They can be measured experimentally by the

following procedure:

1. Pre-pulse – recording of the postsynaptic potential caused by a presynapse-induced
action potential

2. Induction – application of a train of action potentials characterised by frequency
and duration

3. Post-pulse – continuous recording of postsynaptic potentials induced by presy-

naptic action potentials and comparison with the pre-stimulus recording.

Figure 2.8: The induction of long-term potentiation (LTP) in mossy fiber-type
synapses. At time 0 the mossy fiber pathway has been stimulated by two trains of
action potentials of 1 s duration each at 100 Hz and 10 s intervals. The slope of the
excitatory postsynaptic potentials (EPSPs) shows a significant and long-lasting increase
(upper graph). Below the graph individual EPSPs are displayed which show an increase
in the amplitude of the EPSPs. The time course of LTP in mossy fiber has been recorded
in normal Ringer solution. The illustration has been taken from: R.A. Zalutsky and R.A.
Nicoll; Comparison of two forms of long-term potentiation in single hippocampal neurons,
page 1620 [33].
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LTD (see also Fig. 2.6) is induced by a low-frequency stimulus of around 2-10 Hz, lasting
for several minutes, whereas LTP (see also Fig. 2.8) is triggered by a single or repeated

stimulus (lasting for a couple of seconds) with a frequency of around 20-200 Hz. Inter-
estingly, at some types of neurons the synapses can be switched from an LTP-state into

an LTD-state and vice versa. This behaviour shows that the synapses can respond very
dynamically to different stimulus patterns. Again, the common induction key for both

long-term effects is that channels in the presynapse and, indirectly, receptors in the
postsynapse (this receptor will be described in Sec. 3.1) are opened such that calcium-

influx is enabled. LTP is definitely induced by both pre- and postsynaptic mechanisms.
But it can be hypothesised that, in principle, the same types of messenger cascades (in

both, pre and postsynapse) but with different consequences play a significantly role for

the induction of LTP. These messenger cascades can be split into two phases:

1. The early phase of LTP is reversible (see also Fig. 2.7), which means that the
synapse returns slowly (in the range of minutes) to its ground state. It has been ar-

gued, that the calcium-peaks within the pre- and postsynapse couple to a messenger
protein2. It usually remains inoperative for single action potential stimuli and is acti-

vated depending on the frequency of the stimulus, equivalent to the frequency of the
calcium-peaks. The messenger protein activates a protein kinase which in turn en-

ables additional transmembrane ion-channels in the postsynapse [34] or more proteins
responsible for neurotransmitter release from the presynapse [35, 36]. This messen-

ger cascade probably plays the dominant role for moderate stimulation frequencies
(20-50 Hz) and is more correlated to the frequency of the stimulus than to the peak

amplitude.

2. The late phase of LTP leads to an long-lasting enhancement of the synaptic efficacy.

It has been hypothesised that calcium couples to one or more additional messenger pro-
teins3, which are activated depending on the amplitude of the calcium-concentration.

When operative, this messenger protein finally facilitates the enhanced production of
proteins amplifying the release of neurotransmitter in the presynapse or the production

of ion channels in the postsynapse [34]. It should be stressed that as a well-established
fact LTP exhibits threshold behaviour with respect to the frequency. To support or fal-

sify the hypothesis of amplitude dependence has been one of the goals of this thesis.
The corresponding results can be found in Sec. (5.3.3) and Sec. (5.3.4).

2Calmodulin is an important messenger which can bind calcium to its four binding sites. Depending on
the number of bound calcium ions, the calcium/calmodulin complex can activate the calcium/calmodulin-
dependent protein-kinase II. The latter possibly leads to a phosphorylation of target proteins, i.e. a phosphor
group is attached to the protein [8]. This manipulation activates the target protein, for example an ion
channel. In general, a large number of proteins can be either activated or inactivated by phosphorylation or
dephosphorylation.

3For example the calcium/calmodulin-dependent protein kinase IV which may regulate the synthesis of
ion channels into the postsynapse [34] or the activity of a further messenger protein, calcineurin may regulate
the number of releasable vesicles [37].
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Chapter 3

The synapse

The goal of this chapter is to discuss the dynamics of synaptic transmission in detail,
i.e. including pre- and postsynaptic terminals which connect two neurons through the

corresponding synapse. In a first step, a membrane model of the overall system will be
introduced. Then, flux dynamics of various ions through the presynaptic terminal are

addressed, before buffering mechanisms in the presynapse are dealt with. Finally, the

use of fluorescence indicators for measurement of calcium concentrations and distri-
butions is discussed.

3.1 Synaptic transmission

In order to develop a membrane model for the dynamics underlying synaptic trans-
mission a toy system is introduced. This system serves as a starting point, because

it provides an intuitive idea about its ground state. It consists of a volume filled with
water, separated from a surrounding water bath through a membrane in which specific

channel proteins are embedded. Within the water, a number of different ions, in par-
ticular sodium, potassium, calcium, and chloride, are dissolved. They can traverse the

membrane in both directions through the channels. The specific permeability of the
channel proteins, however, is different for each ion type. The electrochemical gradient

of the ions is responsible for net fluxes through the membrane. Therefore, the equilib-

rium state of this system is characterised by the balance of thermal fluctuations and the

Ion Extracellular concentration Intracellular concentration
Na+ 145 mM 10 mM
K+ 5 mM 140 mM
Cl− 110 mM 17 mM
Ca2+ 2 mM 100 nM

Table 3.1: Free ion concentrations of the 4 major ion-types in mammalian neurons.

23
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electrical and chemical gradients resulting from charge and concentration differences
of the solvent ions (see also Fig. 3.1).

Figure 3.1: Diffusion Potentials in Pores. A membrane with perfectly K+-selective
pores separates solutions with different concentrations of a potassium salt, (KA). A
voltmeter records the potential across the porous membrane. When the salt solutions
are poured in, there is no membrane potential (E = 0). However, as few K+ ions dif-
fuse from the left side to the right, a potential develops, with the right side becoming
positively charged. Eventually, the membrane potential reaches the Nernst potential
for K+-ions (E = EK). The illustration has been taken from: B. Hille; Ion channels of
excitable membranes, page 13 [38].

Consequently, an equilibrium membrane potential can be defined as the potential

difference between inside and outside of the volume. This equilibrium potential is con-
nected to the equilibrium concentration gradients of the different ion types. The com-

position of these different concentration gradients as well as the equilibrium potential
for each single type of ion is temperature dependent and can be described by the Nernst

equation, confer Eq. (4.38). In order to map this toy system to neurons it is sufficient
to take a closer look at the ground state parameters: The outside medium, i.e., the

extracellular space, is defined to be at ground potential (0 mV). Hence, the membrane
potential is simply given by the intracellular potential, typically values being situated

between -40 and -95 mV in equilibrium. Typical ion concentrations are presented in
Tab. (3.1).

The equilibrium state described above can be perturbed by action potentials. As

outlined before, these are short electrical pulses travelling along the neuron’s axon.
Action potentials are depolarisations of the membrane potential and when an action

potential reaches a presynaptic terminal, this depolarisation opens voltage-dependent
calcium-permeable ion channels in the membrane (for an illustration, see also Fig. 3.2).

This allows calcium-ions to flow into the presynaptic terminal, since the electrochemical
calcium-gradient points inwards, confer Tab. (3.1). The increased intracellular calcium-

concentration is responsible for the release of neurotransmitters into the synaptic cleft.
The underlying reaction cascade in the presynaptic terminal is called exocytosis and

proceeds in the following way:
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1. First of all, before calcium influx takes place, the vesicles fill with neurotransmitter
molecules. Vesicles are intracellular nearly spherical closed membranes. They

consist of the same material as the cell membrane, namely lipids. The filling
procedure actually mainly takes place some distance away from the presynaptic

terminal, and, hence, the vesicles have to travel there.

2. Still before calcium influx, the vesicles are transported by motor proteins [39] along

cytoskeleton filaments towards regions on the membrane, where the neurotrans-
mitter can be released. Within this ”active zone” the release of neurotransmitters

takes place. Before, the vesicle is caught by large protein complexes, which exist

only in the active zone. Afterwards, the vesicle is docked to the membrane.

3. The docked vesicles are ”primed”, i.e. they are equipped with proteins that can

bind to membrane-bound proteins themselves in order to prepare them for re-
lease. Within this state the vesicles become sensitive to calcium: A calcium-signal

brings the membranes of vesicle and cell-terminal into close proximity, such that
they fuse in order to minimise their surface energy. When the vesicle fuses with

the membrane of the terminal the inner-vesicle space becomes extracellular thus
expelling a defined quantity of neurotransmitter into the synaptic cleft.

Figure 3.2: Schematic illustration of important
calcium-dependent mechanisms of synaptic function.
If an action potential enters the presynapse (bouton),
voltage-dependent calcium channels (VDCC) open and
calcium-ions flow into the bouton. The incoming calcium-
ions bind to endogenous buffer molecules (B) and – if
added – to exogenous buffer molecules (I). In addition,
calcium-ions trigger the release of neurotransmitters (N)
which diffuse through the synaptic cleft. The neurotrans-
mitters bind to postsynaptic (spine) receptors (not shown),
generating the postsynaptic potential. During repetetive
stimulation the spine cumulatively depolarises. Then,
calcium-permeable recepetors (NMDA) can open. This
is caused by a conjunction of two processes: Binding
of neurotransmitters to the NMDA-receptor and detach-
ing a voltage-dependent magnesium-ion block from the
NMDA-receptor. Consequently, calcium-ions enters the
postsynapse. Finally, the surplus calcium-ions will be
removed from both, bouton and spine through calcium-
pumps (PMCA) and sodium/calcium exchangers (SCX).

Vesicles may be recycled by re-contracting the surplus membrane area, a process

which is called endocytosis. The released neurotransmitter diffuses through the synap-
tic cleft and eventually binds to specific receptors located at the postsynaptic mem-

brane. These receptors1, however, are specific ion-permeable channels, that open once

1For example, the sodium/potassium permeable AMPA-receptors which can bind the neurotransmitter
glutamate or the chloride permeable GABA-receptors which can bind the neurotranmsitter γ-aminobutyric
acid.
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the neurotransmitter molecules have bound. The channels are mainly permeable to
sodium, potassium, or chloride ions. The ion flux into the postsynaptic terminal causes

a depolarising (sodium and potassium – positive charge surplus) or hyperpolarising
(chloride – negative charge surplus) pulse, which propagates along the dendrites to the

soma of the neurons. Here, the synaptic signals are integrated (both spatially and tem-
porally) respecting their signs. When the integrated signal passes some threshold, a

new action potential will be initiated in the postsynaptic neuron. However, in some
types of postsynapses there exist also voltage-dependent calcium channels and a fur-

ther type of a calcium-permeable receptor2. This receptor opens also a pore but only
when two neurotransmitter molecules have bound and simultaneously the postsynaptic

membrane potential is depolarised (physiologically caused by repetitive stimulation). In

their equilibrium state these specific channels are blocked by a magnesium ion, which
is removed when the membrane depolarises – the channel opens. Thus, extracellular

calcium may flow into the postsynapse. The postsynaptic calcium influx is involved in
efficacy-changing phenomena, compare Sec. (2.3).

The calcium-ions entering the pre- and the postsynapse are subject to many interac-

tions: For example, they can bind to intracellular buffer molecules. In addition, further
release of calcium may be caused through intracellular stores that can be activated by

calcium and an additional messenger cascade – a phenomenon called calcium-induced
calcium-release.

The remaining calcium surplus in both the pre- and the postsynapse will be trans-

ported out of the terminal, mainly by two different transport mechanisms: Calcium-
pumps are driven by adenosine triphosphate (ATP), which represents an important

source of cellular energy. In addition, the sodium-calcium-exchanger proteins trans-
port calcium by utilising the electrochemical energy of sodium ions, exchanging them

with calcium ions.

For a quantitative model of the whole synaptic transmission process, a huge pool of

data about all contributing sub-processes is required. Unfortunately, many parameters
relevant for different sub-processes are not known up to now and can therefore only be

estimated. Accordingly, a detailed model could surely verify or falsify some interesting
qualitative patterns of the whole transmission but the predictive power on the level of

quantitative features would be quite limited. This problem is alleviated for presynaptic
terminals, since there the number of sub-processes and parameters involved is limited.

Therefore, within the framework of this thesis the focus is on investigating the calcium-
dynamics in presynaptic terminals. The following discussion of relevant proteins will

focus on the influx of calcium through specific voltage-dependent channels, on its efflux
mediated by pumps and exchangers and on its buffering through intracellular buffer

proteins. Finally, a commonly applied experimental method will be discussed, which is
employed in investigations of the spatiotemporal dynamics of the intracellular calcium-

concentration.

2N-methyl-D-aspartate (NMDA)
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3.2 Influx of calcium-ions into the presynaptic terminal

Within this section, calcium-permeable channel proteins, consisting of multi-subunit
complexes, which form a voltage-sensitive transmembrane pore, will be discussed. The

protein subunits themselves are formed by segments. These segments are α-helices
built of a polypeptide chain which traverses the membrane. Some of these transmem-

brane segments carry a ”gating charge”: During depolarisation of the membrane some
segments rotate and the gating charges are displaced into the external crevice. This

movement favours a corresponding move of other segments, which leads to an opening
of the pore. This has been verified experimentally by observing the charge current re-

sulting from the gating charge movement and the corresponding protein conformation
change [38]. The principles of this process are illustrated in Fig. (3.3) for a potassium

channel.

Figure 3.3: Model for opening of a voltage-gated channel: The model shows two
of the four subunits of a potassium-channel, each with its six transmembrane helices
(cylinders S1 to S6). The S4-segments are displayed in red and their gating charges in
yellow. The narrow selectivity filter formed by P-loops is not shown. (A) The channel
is closed by the S6-segments crossed at the inner end. In a closed channel, the gating
charge is mostly exposed to the inner solution via the internal crevice (arrow). (B)
During depolarisation, the S4-segments rotate and the gating charges shift into the
external crevice (arrow). This motion also favours a movement of the S5- and S6-
segments, that opens the pore. Because of the crevices in this model, a rotation of S4
suffices for voltage sensing without any outward movement. The illustration has been
taken from: B. Hille; Ion channels of excitable membranes, Plate 7 [38].

When the pore opens, calcium-ions flow into the neuron. The amplitude of this
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ion current is determined by the electrochemical gradient of calcium. The form of a
current through a single pore results from a frequent opening and closing in a step-

wise manner (see Fig. 3.4 and Fig. 3.5). This opening and closing proceeds as long
as depolarisation continues3. The average of the ion currents through the channels

results from the characteristic activation dynamics of the ensemble. It can be described
by voltage-dependent time constants and by voltage-dependent opening probabilities.

Under the assumption of their mutual independence, an average over the dynamics
of an ensemble of channels can be translated into a time-averaged dynamics of one

channel.

Figure 3.4: An example for single channel calcium-
currents (L-type). Unitary currents from embryonic dor-
sal root ganglion cells of chick. Each panel shows 10 con-
secutive responses to 130-ms depolarisations (applied ev-
ery 4 s), and, at the bottom, the sum of a larger num-
ber of sweeps. The on-cell patch contains at least three
channels. Currents in calcium-channels have been em-
phasised by including 110mM Ba2+, 200nM TTX in the
patch pipette, and 5µM BAY K 8644 in bath. T=21◦C. The
illustration has been taken from: B. Hille; Ion channels of
excitable membranes, page 13 [38].

Six types of voltage-dependent calcium-channels (VDCC) are known, classified cor-

responding to their pharmacological properties: They are named L-, N-, P-, Q-, and
R-type for high-voltage-activated (HVA) channels and T-type for low-voltage-activated

(LVA) channels. Their dynamics is primarily determined by a single subunit, namely
the α1-subunit. The genes encoding the different HVA channel types exhibit an overall

matching percentage of nearly 50% [40]. In general, the calcium-influx into the presy-
naptic terminal is dominated by the P/Q- and N-type channels [41]. Within this thesis

it is assumed that each type of VDCC has the same biophysical properties [42, 43, 44]
in all kinds of tissues and animals. Because, the actual precision of the experiments,

especially in view of the individual biophysical properties of different channel types,
3It should be noted that some channel types show inactivation during prolonged depolarisation which

might be caused by ball-and-chain-like elements blocking the pore [38].
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lies in the error margin of the results of this thesis and it would make no sense to
distinguish different subtypes. Concerning the measurements of the P/Q- and N-type

channels two additional problems exist: Most measurements have been performed with
barium as carrier ion instead of calcium. For other carrier types however, the obtained

conductivities differ considerably [42]. Additionally, all results refer to room temper-
ature (20 − 25◦C). It is well-known [45, 46], however, that biophysical properties are

temperature-dependent thereby limiting the applicability of these measurements and
their relevance at body temperature. Anyway, it can be expected that deviations due to

these short-comings stay within the current experimental accuracy [47, 48, 49].

Figure 3.5: A single channel can open and close through a series of states of
lower conductance. These experiments are designed to exaggerate the duration of sub-
states. The fully open state and two smaller sub-states Sub1 and Sub2 are labelled.
Current recorded from a single potassium-channel (with pore mutation) during and
after depolarisation to -40 mV. One effect of the mutation is to prolong sojourn in the
intermediate states, which are only fligthy in the unmutated channel. T=22◦C. The
illustration has been taken from: B. Hille; Ion channels of excitable membranes, page
601 [38].

3.3 Efflux of calcium-ions from the presynaptic termi-

nal

Calcium-efflux from cells is mediated through two major mechanisms: The plasma

membrane calcium ATPase (PMCA) and the sodium-potassium exchanger (NCX). The
NCX is suited for rapid recovery from high levels of cytoplasmic calcium. Due to its large

affinity and low transport rate compared to the NCX, the PMCA is of crucial importance
for the fine tuning of cytoplasmic calcium-ion concentration [50, 51]. Both however, are

important for the maintenance of calcium-homoeostasis.

The ATP-driven plasma membrane calcium ATPase (PMCA) PMCA acts as a pump

and belongs to the P-type ATPase family. Its members utilise the energy stored in
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ATP to transport calcium-ions against their electrochemical gradient across the plasma
membrane [52]. ATP apparently interacts with the pump at two sites with different

affinities [53, 54]. The transport cycle involves the formation and degradation of phos-
phorylated intermediate states of the pump. Correspondingly, the translocation step of

calcium across the membrane is related to a conformation change of the pump [55, 56].
The stoichiometry between transported calcium-ions and hydrolysed ATP of the PMCA

pump is most likely 1:1 [50, 53, 54, 57]. The PMCA displays a large calcium-affinity
(Kpm

d ≈ 0.5-1 µM [50, 52, 53]) and a low transport rate (νpm ≈ 30 calcium-ions/s, [51]

and private communication with [58]).

The PMCA protein has been found in all mammalian cells [56], whereby the ex-
pression level does not exceed 0.1 % of the total membrane protein [50, 54, 59, 60].

An exception is the brain, where the expression level is up to 10 times larger than in
non-excitable cells [50, 56]. The PMCA can be stimulated by direct interaction with

calmodulin or alternative pathways such as kinase-mediated effects4. Another way of
stimulation consists in the exposure to acidic phospholipids or polysaturated fatty acids

[52, 54]. In the latter case, the stimulation effects predominantly change the calcium-
affinity, whereas calmodulin in addition changes the maximum calcium turnover rate

of the pump [52, 53, 60, 61].

PMCA pumps appear in four different isoforms. The differences are encoded by
four independent genes, which are indicated by numbers 1-4. PMCA1 and PMCA4

are expressed in practically all tissues; in all human tissues PMCA1 is present in a
concentration larger than PMCA4 [50, 59]. PMCA2 and PMCA3 have been shown to

occur in highly specialised tissues such as brain and heart [50, 59] only. The diversity
of pump forms is further increased by alternative mRNA splicing variants, characterised

by small letters. There exist more than 26 transcripts which differ in their regulatory
properties, for instance in their affinity to calmodulin. They are distributed in a tissue-

specific manner [55, 50]. The animal of origin of the pump genes is indicated by a small

letter in front, for example ”r” stands for rat and ”h” relates to human. Referring to the
available data from [61], isoform hPMCA2b will be considered in the framework of this

thesis.

The sodium/calcium exchanger (NCX): The NCX can move calcium-ions either into

or out of cells, depending on the coupled sodium-calcium electrochemical force on the
exchanger. This driving force, and thus the net calcium-ion flux mediated by the NCX,

may change direction during cell activity, for example, when the membrane potential
varies and/or when the cytoplasmic calcium- or sodium-concentration is altered. Con-

sequently, the exchanger can operate in different modes: The calcium-exit mode is
defined operationally as a calcium-efflux and sodium-influx. In contrast, the calcium-

entry mode is usually identified as a calcium-influx and sodium-efflux. There exist
further operation modes of the exchanger which are not relevant for the aim of this

thesis and will not considered here. For more details confer to the excellent review
about the NCX protein [58]. The NCX protein has several binding sites for calcium- and

4Protein kinase A or protein kinase C.



CHAPTER 3. THE SYNAPSE 31

sodium-ions, both at the intracellular and at the extracellular face of the protein. Mea-
surements of coupled calcium- and sodium-ion fluxes yielded a coupling transport ratio

of 3 Na+ : 1 Ca2+ when operating in either the calcium-influx or calcium-efflux mode.
If the NCX stays in the calcium-efflux mode, the underlying exchange mechanism in-

volves the consecutive or simultaneous binding of 3 sodium-ions at the external site
and 1 calcium-ion at the cytoplasmic face. Then, the exchanger may experience a con-

formational change such that the calcium-ion is transported to the extracellular face
and the sodium-ion is released to the cytoplasm. Accordingly, for the calcium-influx

mode, this process appears vice versa. The NCX protein comprises a low affinity for
cytoplasmic calcium (Knc

d ≈ 0.6-3 mM) with a large calcium-transport rate (νnc ≈ 1000-

5000 calcium-ions/s) [50, 51].

In the case of the NCX three different coding genes (NCX1-3) and 32 different splicing
variants are known [58, 62, 63]. These genes have similar overall structure and moder-

ate amounts of sequence identity. They have been characterised in diverse mammalian
species including human, rat rabbit, etc. Especially the NCX1-subtype represents the

dominant exchanger gene expressed in the brain.

3.4 Buffering of calcium-ions to intracellular molecules

Intracellular calcium-buffers belong to the family of proteins with an EF-hand5 [57, 65,

66]. Depending on the cell type they occur in different concentrations in the range
10 - 1200 µM. The buffer proteins come with different numbers of binding sites ranging

from one to six. The most important proteins for calcium include parvalbumin, cal-
retinin, calcineurin, calbindin and calmodulin [57]. Collectively, these mobile buffers

absorb 95-99 % of the total intracellular calcium load, leaving only a minor fraction as
free calcium-ions [7, 57]. The intracellular mobility of the buffers is defined by their

comparably low diffusion constant in cytoplasm Db ≈ 10 µm2/s. In addition, possible
fixation to the cytoskeleton or to the membrane may render them immobile. Their pos-

sible attachment to the cell membrane and cytoskeleton leads to an important role of

the buffering proteins for the diffusion of calcium-ions and the spatial propagation of
calcium within the cytoplasm. The calcium ions can be fixed within the influx region

by binding to these buffer molecules.

In general, the buffers are characterised by slow or fast kinetics with respect to the

dynamics of calcium binding processes. However, only very little is known about spe-
cific kinetic schemes and the appropriate microscopic rate constants, which in turn are

described by a set of essentially free parameters. To minimise the number of parame-
ters in the framework of this thesis only calmodulin is taken into account. This choice

reflects the fact that this buffer is the most important one in neuronal cells. Calmod-
ulin contains four EF-hand motifs, or binding sites. Individual binding sites within one

5The classical EF-hand is a helix-loop-helix motif characterised by a sequence of usually 12 residues with a
certain pattern [64]. This sequence of 3-dimensional coordinates forms a spatial loop that can accommodate
calcium or magnesium with subtle differences in affinity. The participating residues comprise exposed polar
binding sites in order to interact with the Ca2+-ion.
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protein may have different affinities for calcium ions, depending on the overall occu-
pancy. The corresponding microscopic rate constants of the individual binding sites

can vary among each other between the two extreme cases: Either all binding sites act
independently (with equal microscopic forward rate constants) or the binding sites act

highly cooperative (with ongoing enlarged forward rate constants relative to the number
of occupied calcium ions). The calmodulin protein liganded with four calcium-ions, is

capable of calcium-dependent regulation of the activities of a large array of different
target proteins, including enzymes, ion pumps and channels [67].

3.5 Fluorescence indicators for detection of calcium-

ions

In the previous sections it has been shown that ions such as calcium play an important
physiological role in regulating a wide variety of cellular functions. For a better un-

derstanding of this role it is mandatory to measure the ion concentrations inside living
cells. Fluorescence is the best of all known techniques for non-invasive measurements

of the spatiotemporal dynamics of the calcium-concentration in cells [68].
Calcium ions naturally do not fluoresce. They can be visualised indirectly, however,

by complexing them with fluorescent molecules. Molecules that bestow fluorescence

properties on non-fluorescent species are called probes, indicators, or dyes. Fluores-
cent probes can be designed to exhibit a high affinity for a specific ion. The typical

fluorescent dye has a single excitation and emission wavelength. Fluorescence in gen-
eral proceeds in three steps:

1. Excitation of the molecule(s) in question: This is achieved by the molecules ab-

sorbing photons of a fixed wavelength h̄ ωei corresponding to a fixed excitation

energy.

2. Life-time of the excited state: This time interval usually spans 1-10 ns. During the

life-time the fluorophore may experience conformational changes and interactions
with its environment. These interactions may cause a loss of the excitation energy

through dissipation.

3. Fluorescence emission: A photon of energy h̄ ωem is emitted. In biomolecules this
energy does not need to be equal to h̄ ωei, in general, h̄ ωem < h̄ωei. This difference

is called the Stokes shift.

The fluorescence intensity displays the calcium-concentration-dynamics through the

underlying binding to the local calcium-ions. In addition to the dynamics of the calcium
concentration, the fluorescence intensity becomes also dynamically by the underlying

binding process of the fluorescence molecules to the calcium ions. Furthermore, it
depends on several factors such as the experimental setup or the thickness of the

observed volume. Therefore, the fluorescence intensity is a direct visualisation of the
spatiotemporal dynamics of the calcium ions and can be utilised to calculate absolute

calcium concentrations, see Sec. (4.7).



Chapter 4

The model for the system:
SYNDICAD

4.1 Introduction

Several theoretical and numerical approaches exist, which describe excitable mem-
branes and synaptic transmission. A comprehensive introduction to general aspects

of single neuron modelling can be found in [69]. A precise mathematical analysis of
single neurons as well as of neuronal network models is given in [70]. Furthermore,

[71] constitutes a practical guideline for computer simulations of Hodgkin-Huxley-like
neuron models. A modelling introduction for neuronal Ca2+-dynamics is given in [2]

and a guideline for using Markov kinetic models can be found in [3]. More generally,
questions concerning mathematical methods for the solution of reaction-diffusion sys-

tems have been discussed in [70]. A introduction to pure diffusion approaches is given
in [72]. Usually such methods involve the integration of ordinary and partial differential

equations to describe large numbers of ions. Sometimes, also Monte Carlo and Green‘s
Function Monte Carlo approaches are applied in order to investigate the behaviour of a

limited number of ions.

Many theoretical studies investigate selected phenomena, which are related to the

Ca2+-dynamics in presynaptic or postsynaptic terminals in response to different pat-
terns of stimuli. Traditionally, the first approaches towards a quantitative analysis of

the intracellular Ca2+-dynamics have been triggered by the question concerning the im-
portance of Ca2+-ions for the induction of long-term potentiation. For example, in [5]

the dynamics of Ca2+-ions in postsynaptic terminals in response to such stimuli has
been investigated. Further studies, such as [73], have considered the importance of

special Ca2+-influx pathways for the induction of long-term potentiation. The next level
of modelling – see for example [74] – takes into account different messenger cascades,

which may induce long-term potentiation. In addition, different aspects of the neuro-
transmitter release at presynaptic terminals and the associated short-term plasticity

have been investigated in a considerably number of studies: In [4] the importance of

33
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local Ca2+-inhomogeneities for the paired-pulse facilitation has been discussed in de-
tail. An extended model of the neurotransmitter release cycle, has been presented in

[75], it may account for some aspects of short-term depression. Furthermore, the role
of intracellular organelles with the capability to store and release calcium and their rel-

evance for long-term potentiation have been analysed in [76, 77]. Indeed, most of the
incoming calcium ions are bound to intracellular buffers [78], which emphasises the

importance of this issue. This effect constitutes a significant discovery. It has triggered
extensive investigations about the role of slow and fast as well as mobile and immobile

intracellular buffers [79].

As shown in Sec. (2.2), Ca2+-ions represent an important cellular messenger. The
messenger cascades in general can be activated by different dynamics and amplitudes

of the concentration of the same ion. Thus, a detailed analysis of the Ca2+-fluxes is of
great interest. Unfortunately, many properties of the Ca2+-dynamics in cells are con-

cealed in a complex interaction of proteins which in turn determine the Ca2+-fluxes.

To be able to design a realistic model of intracellular ion activity, which provides quan-
titative predictions, a precise description of the properties of these proteins has to be

incorporated.

In the past decades, data covering ion fluxes through single-proteins and the time-
dependence of the corresponding activation dynamics had not been available in suffi-

cient detail. To overcome this lack of experimental data, investigations were performed
which were based on models with some questionable assumptions and unmeasurable

parameters. However, the situation has improved significantly: Information concerning
single-protein characteristics has become increasingly available. With the emergence

of both quantitatively and qualitatively improved results the experiments have started
to challenge the various models. SYNDICAD is an attempt to base a model for Ca2+-

dynamics on experimental single-protein data. Hence, one of the major questions ad-
dressed in this thesis is whether this is possible at all at the moment. In other words,

it remains to be tested, whether the current information on single-protein properties
is sufficient in order to explicitly describe the activation and activity of each protein

involved in transmembrane as well as intracellular Ca2+-fluxes.

As outlined in Ch. (2), the processes underlying activation and activity of the single-

proteins are in fact determined through a complex set of chemical reactions and through
conformation changes of the protein structure. Evidently, at this stage it is not in the

realm of our abilities or our knowledge to design a model which is based on complete
microscopic mechanisms of protein behaviour. In contrast, single-step kinetics, which

has been the method of choice, intrinsically is too simplistic to provide a true dynamical
understanding of the Ca2+-fluxes. However, a first step towards a correct description

of the Ca2+-dynamics is to merely reproduce the experimental results of protein activa-
tion and activity. In SYNDICAD this is attempted through a macroscopic and therefore

reductive ansatz, namely by simple and physically falsifiable kinetics.

The link between the single-protein characteristics and those properties, which de-
fine the ion dynamics in a given volume, is missing. This link is far from being trivial

and subject to modelling. Only comparison with experimental data allows to deter-
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mine whether this kinetic model is up to the task of describing the intracellular Ca2+-
dynamics. In SYNDICAD, the connection of single-protein dynamics and its effect on

the large-scale properties of the cell is provided by considering the macroscopic be-
haviour of the proteins, in particular their surface densities. Due to the lack of direct

measurements of protein surface densities and because their values are expected to
strongly depend on the cell under consideration, the densities are fitted to fluorescence

measurements, which will be demonstrated in Sec. (5.3.1). In addition, constant exter-
nal conditions, such as temperature, are taken into account.

Of course, local inhomogeneities of the Ca2+-concentration play a crucial role for
some important phenomena, like the release of neurotransmitters, which is coupled

to local Ca2+-peaks near the Ca2+-influx zone. Hence, any model aiming at describing

such phenomena must account for the spatiotemporal behaviour of the Ca2+-ions. In
SYNDICAD the Ca2+-concentration is subject to intracellular diffusion processes which

eventually result in local inhomogeneities. This enables SYNDICAD to provide a physi-
cal model of a large set of intracellular phenomena.

A further aim of this thesis has been to design a model which clearly separates be-
tween properties common to all types of neurons and those which are specific for them.

In principle, SYNDICAD is universally applicable to any type of neuron by adjusting the
type-specific parameters only.

4.2 The main model equations

A presynaptic part of the synaptic signal transmission cascade is described by using

a coupled reaction-diffusion differential equation (DEq) system. This is a system of
partial DEqs, which are of first order with respect to temporal and of second order with

respect to spatial coordinates. The system focuses on the spatiotemporal free Ca2+-
dynamics in a presynaptic terminal due to a predefined, time dependent membrane

potential. The model geometry consists of a reaction volume which is situated in a
homogeneous extracellular space. A cylindrical symmetry of the reaction volume is

assumed. However, for single compartments, the results remain valid for other shapes
provided that the surface to volume ratio is conserved.

The static boundary conditions of the equation system are set by the cell membrane
which separates the extracellular space from the intracellular space. Source and sink

terms of the intracellular Ca2+-concentration are embedded into this membrane and
correspond to the specific action of membrane proteins. The model represents these

terms by a set of DEqs. In addition, reactions triggered by proteins inside the cell are

included; they are also represented by a set of DEqs. More precisely, the model includes
the following processes:

• Influx of Ca2+-ions through voltage dependent Ca2+-channels caused by time de-

pendent changes of the membrane potential.

• Buffering of Ca2+-ions caused by intracellular buffer molecules as well as fluores-

cence indicators.
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• Efflux of Ca2+ ions caused by plasma membrane Ca2+-ATPase as well as Na+/Ca2+-
exchangers

• Diffusion of free Ca2+-ions, and buffer molecules, as well as indicator molecules
within the presynaptic terminal.

Reaction-diffusion equation: Starting from a cell in equilibrium, the application
of a depolarising, time-dependent membrane potential U induces a Ca2+-ion current

between the reaction volume and the extracellular space through voltage dependent
Ca2+-channels. This leads to a change of the intracellular free Ca2+-concentration

C (~r, t) =
[

Ca2+
free

]

, whose spatiotemporal dynamics is represented by the partial DEq

∂

∂t
C (~r, t) = Dc

~∇2 C (~r, t) + fs [U (t) , C (~r, t) , t] + fb [C (~r, t) , t] . (4.1)

The first term on the right hand side of Eq. (4.1) describes the diffusion of Ca2+-ions

within the presynaptic terminal. The diffusion constant is assumed to be constant, i.e.
all local inhomogeneities of the cytoplasm are neglected. Instead, an average diffusion

constant is considered which lumps together all intracellular barriers into one effective
parameter.

The term fs takes care of the sources and sinks of the Ca2+-concentration at the

boundary of the reaction volume. It defines the influx into the volume and the efflux
from the volume and therefore depends explicitly on the membrane potential U , the

Ca2+-concentration C, and on the time t. The second reaction term fb, denotes the
buffering processes within the volume and does not depend on the membrane potential.

Boundary conditions: Static boundary conditions of the diffusion term are deter-
mined, which is realised in particular by the requirement that the cell membrane acts

as the boundary of the reaction volume, through which the Ca2+-ions can not leave
the terminal. This requirement is enforced by the von-Neumann boundary condition,

which are imposed in the integral of Eq. (4.1) over the whole volume of the presynaptic

terminal. Through the Gaussian theorem this leads to

∂

∂t

∫

V

C (~r ′, t) d3~r ′ = Dc

∮

∂V

~∇C (~r ′, t) · d~f ′

+

∫

V

fs [U (t) , C (~r ′, t) , t] d3~r ′ +

∫

V

fb [C (~r ′, t) , t] d3~r ′ , (4.2)

where the loop integral is integrated over the surface ∂V of the volume V . According to
the von Neumann boundary conditions, the gradient of the Ca2+-concentration within

the first term on the right hand side of Eq. (4.2) must be constant

~n (~r) · ~∇C (~r, t)
∣

∣

∣

∂V
= constant ≡ 0 , (4.3)
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where ~n denotes the normal vector on ∂V . Since the membrane fluxes are treated as
reaction terms, the diffusion flux through the boundary is assumed to be zero for the

case considered here. The sources and sinks fs of the Ca2+-concentration are con-
nected to ion-fluxes through the surface of the volume, coming from or going into the

extracellular space. According to the continuity equation corresponding to Eq. (4.1),

∂

∂t
C (~r, t) + ~∇ · ~jd [C (~r, t)] + ~∇ · ~js [U (t) , C (~r, t) , t] = fb [C (~r, t) , t] (4.4)

fs can be defined by the gradient of surface current densities through

fs [U (t) , C (~r, t) , t] = −~∇ ·~js [U (t) , C (~r, t) , t] . (4.5)

The term ~∇ · ~jd represents those current densities which carry the diffusion process.

Discretisation: The reaction-diffusion system introduced above forms a large set of
DEqs. The reaction terms are represented by sets of mostly nonlinear ordinary DEqs.

The diffusion terms are represented by a coupled set of parabolic DEqs. In most cases
the individual equations are easy to solve analytically. But any analytical approach to

solve the whole reaction-diffusion system simultaneously is bound to fail. Therefore,

in this thesis the DEq system has been solved by a numerical approach, namely by
discretisation. Many different strategies for explicit or implicit discretisation of par-

tial differential equations in space and time exist. For instance, the Euler method
(explicit) or the Crank-Nicholson method and the Alternation-Direction-Implicit method

(both implicit) are the most commonly used finite difference techniques. These methods
and their applicability are mainly characterised by the truncation error, the numerical

stability and the computational requirement on CPU time and memory. A detailed
introduction into the methodology is given in [72] and for questions concerning imple-

mentation issues, confer [80] .

Due to the large number of involved DEqs, a simple-minded finite difference tech-
nique has been used in the framework of this thesis in order to conserve lucidity at the

implementation level. The algorithms are defined by the following forward-in-time and
centered-in-space explicit discretisation. Apart from its simplicity, the main advantage

of the method chosen is the independency of the diffusion equation from the compart-
mentalisation geometry of the volume. Starting from the reaction-diffusion system

∂

∂t
C (~r, t) = Dc

~∇2 C (~r, t) − ~∇ ·~js [C (~r, t) , U (t) , t] + fb [C (~r, t) , t] , (4.6)

the observable C and the terms fb and ~∇ ·~js will be discretised in space and time with

homogenous compartments of volume Vi at time tn. The homogeneity is represented
through an integration over the volume of each single compartment and time step

Cn
i = C (Vi, t

n) =
1

Vi ∆t

∫

Vi

∫

∆t

C (~r ′, t ′) d3~r ′ dt ′ (4.7)
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Furthermore, the reaction-terms will be integrated over the volume

(fb)
n

i =
1

Vi

∫

Vi

fb (Cn
i , t

n) d3~r ′ = fb (Cn
i , t

n) , (4.8)

(fs)
n

i = −
1

Vi

∫

Vi

~∇ ·~js [Cn
i , U (tn) , tn] d3~r ′

= −
1

Vi

∮

∂Vi

~js [Cn
i , U (tn) , tn] · d~f

′

= −
Ai

Vi

js [Cn
i , U (tn) , tn] , (4.9)

where n is the temporal index and Vi is the spatial discretisation label. The integra-

tion over fb in Eq. (4.8) can be executed easily, since all variables fb depend on are
assumed to be spatially constant within the compartment Vi. For the integration over

the source- and sink-surface-current densities, again the Gaussian theorem has been
used. This integration is performed under the assumption that the current densities

are homogeneously distributed over the boundary of the terminal. Furthermore, the

current is assumed to be perpendicular to the membrane surface, which finally leads
to a geometry factor Ai/Vi with the influx area Ai of the compartment1 Vi. Expressing

the left hand side of Eq. (4.6) through discrete values and using Eqs. (4.7), (4.8), and
(4.9) yields

Cn+1
i − Cn

i

∆t
=

Dc

Vi

∫

V

~∇2 C (~r ′, tn) d3~r ′ + (fb)
n

i + (fs)
n

i ,

=
Dc

Vi

∮

∂Vi

~∇C (~r ′, tn) d~f ′ + (fb)
n

i + (fs)
n

i ,

'
Dc

Vi

∑

kεNN(Vi)

Cn
k − Cn

i

|~ri − ~rk|
Aik + (fb)

n

i −
Ai

Vi

js [Cn
i , U (tn) , tn] . (4.10)

In the transformation above, the Gaussian theorem has been used for the integration

over the surface of the volume Vi. In Eq. (4.10) the integration is translated into a sum
over all next neighbours NN of the compartment Vi. The quantity Aik represents the

contact surface between the compartments Vi and Vk, whereas |~ri − ~rk| = rik stands for
the distance between the midpoint of the two compartments Vi and Vk. Finally, after all

manipulations outlined above, the discretised differential equation assumes the form

Cn+1
i = Cn

i +Dc ∆t
∑

kεNN(Vi)

Cn
k − Cn

i

rik

Sik

Vi

+ ∆t

[

(fb)
n

i −
Ai

Vi

js [Cn
i , U (tn) , tn]

]

. (4.11)

This has been used in the framework of this thesis.

Influx and efflux: Ca2+-ions enter the presynaptic terminal through openings of spe-
cific transmembrane proteins. This is triggered by changes in the membrane potential:

Such proteins open a pore in the cell membrane and the Ca2+-ions follow their elec-
1Of course, the source and sink terms are different from zero, only if the compartment Vi is a boundary

compartment.
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trochemical gradient. Also, the clearance of the presynaptic terminal from the Ca2+-
surplus is achieved by specific transmembrane proteins. They pump Ca2+-ions against

the electrochemical gradient depending on the Ca2+-concentration and time by using
different forms of energy. Taken together, the source and sink terms of the Ca2+-

concentration from and into the reaction volume are determined by

js (U,C, t) =
1

2F
j (U,C, t) −

1

Na
ν (U,C, t) + L , (4.12)

where j is the influx current density per membrane surface. It is caused by voltage-
dependent Ca2+-channels and represents the source of the Ca2+-ions entering the re-

action volume. In order to describe the influx current density through single-protein
properties, j is defined as

j (C,U, t) = ρvd ivd (U,C, t) . (4.13)

With that, the current density is split into an average single channel current ivd and
a surface density ρvd of the voltage dependent channels. Such a subdivision offers

the possibility to differentiate between universal properties of classes of single-proteins
on the one hand and surface densities on the other hand. This renders the adaption

of the model to different types of neurons a simple task, which will be demonstrated
in Sec. (5.2). The dependencies and the dynamics of the single channel current are

introduced in detail in Sec. (4.3).

The term ν in Eq. (4.12) represents the efflux rate-density per membrane surface unit

caused by plasma membrane Ca2+-ATPase pumps and Na+/Ca2+-exchangers, divided
by Avogadro‘s constant

ν (C,U, t) = ρpm νpm (C, t) + ρnc νnc (C,U, t) , (4.14)

where ρpm and ρnc are the surface densities of the ATPase pumps and the exchang-
ers, respectively. Their single-protein Ca2+-transport rates depend on time, on the free

intracellular Ca2+-concentration and the membrane potential. They are described in

detail in Sec. (4.4) and Sec. (4.5). L in Eq. (4.12) represents the leakage-surface cur-
rent density, which is in balance with the equilibrium current densities caused by the

sources and sink terms.

Equilibrium: Any realistic model must allow the system under consideration to re-

cover a stable equilibrium state after some stimulation. In the model of this thesis it
is enforced by the requirement that in the equilibrium state of the neuron (defined by

the equilibrium membrane potential U0 and the free equilibrium Ca2+-concentration C0)
the leak conductivity of the membrane L exactly compensates the net current densities

resulting from the sum of voltage dependent Ca2+ channels, plasma membrane ATPase

pumps and exchangers.

Buffering: The main part of the incoming Ca2+-ions will bind to intracellular buffer

molecules [78]. In addition, fluorescence indicators, which are used for calcium visu-
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alisation are acting as buffers, too. Accordingly, the term fb (C, t) in Eq. (4.2) stands
for the action of endogenous buffers and of fluorescence indicators which bind to and

disengage from the free Ca2+-ions. Both forms of the buffers, the bound and the free
ones, are subject to diffusion. This is described by the following partial DEqs for the

bound Bca (~r, t) = [Bca (~r, t)] and the free B (~r, t) = [B (~r, t)] buffer concentration:

∂

∂t
B (~r, t) = Db

~∇2 ·B (~r, t) + fb (C, t) , (4.15)

∂

∂t
Bca (~r, t) = Db

~∇2 ·Bca (~r, t) − fb (C, t) , (4.16)

where the diffusion constant Db is fixed to be identical for both types of buffer2. The

binding and un-binding dynamics of the Ca2+ ions, represented by fb, are introduced
in detail in Sec. (4.6). The difference in sign in front of fbin both equations above is due

to the fact that the source term for the bound buffers is identical to the sink term of the
free buffers.

Fitting algorithm: In order to adapt the model to experimental results, a fitting pro-
cedure is necessary fixing the free parameters. The Powell algorithm [80], which is a

multi-dimensional extension of parabolic interpolation, has been found to do the best
job in minimising the difference between model results and experimental data. SYN-

DICAD has been used as a function of the Powell algorithm, that can be called with
different parameters pi in order to minimise the function F∆ (the relative fluorescence

changes, see Sec. 4.7 and Sec. 5.3.1)

χ2 [pi] =
∑

datapoints

(

F∆|syndicad [pi] − F∆|experiment

)2

, (4.17)

by implicitly assuming that the experimental errors are equal for every data point. Pow-
ell’s algorithm is a purely deterministic algorithm which implies the possibility that it

will terminate within a local minimum. This has been taken into account by starting
the algorithm at different initial values and checking for its convergence to the same

final parameter set.

4.3 Voltage-dependent Ca
2+-channel

Voltage-dependent ion channels of biological membranes are formed by pore-like single-

proteins that penetrate through the cell membrane. They provide the most important
influx pathway for the Ca2+-ions. VDCCs participate in many important processes oc-

curring in living cells. For example, they are crucial for the phenomenon of synaptic
transmission [20]. In terms of their functionality, two elements of the macroscopic

current through the VDCCs can be distinguished. First, there must be a device that
opens or closes discretely the voltage-dependent gate of the pore. The underlying mech-

2Here it is assumed that the calcium binding state represents no drastic volume changes of the comparably
large buffer protein.
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anism is denoted as gating mechanism. Second, if the VDCCs are in an open state the
Ca2+-flux through the pore is characterised by a pore-specific current-voltage relation.

Taken together, the macroscopic current through an ensemble of VDCCs expressed as
an average single VDCC current is given by

ivd (U,C, t) = O (U, t) iop (U,C) . (4.18)

The term ivd represents the average single-channel current and O denotes the average
open probability, which depends on membrane potential U and time t. The quantity

iop (U,C) represents the current through an opened single-channel, which depends on
the membrane potential U as well as on the free intracellular calcium concentration C.

Gating mechanism: The opening of a voltage-dependent ion channel is accompanied

by a charge movement across the membrane. The charge movement produces a con-
formational change in the channel molecule, which opens the pore. The huge amount

of published works (see for example [3, 38, 81, 82]) concerning the gating mechanism
demonstrates that this process is of vast complexity rather than of easy nature. The

detailed mechanisms of the gating process on a molecular level currently are under ac-
tive discussion. It can be anticipated that this problem will be solved through a detailed

analysis of measurements on the single channel (gating) currents, channel fluctuations

and on the crystal structure of the protein.

It must be stated clearly that it would go beyond the scope of this thesis to deduce
a realistic first-principle model of the whole gating process. Instead, it has been the

goal of this thesis to find a description of the gating mechanism, which reproduces the
experimental investigations on VDCCs in detail. Such a description can be introduced

by the simplest discrete-state Markov model

α (U)

Wc ↽−−−−−⇀ Wo

β (U)

(4.19)

The quantity Wo denotes the probability of a channel to be in the open state, whereas
Wc = 1 − Wo is the probability of a channel to be in the closed state. The rates α

and β represent the forward and backward transitions respectively, which depend on
the membrane potential. The inactivation of the VDCC channel is not included here,

because its effect for the duration of stimulation considered here is negligible. The
kinetic scheme can be translated into an ordinary differential equation by using total

probability conservation,
d

dt
Wo = α− (α+ β) Wo . (4.20)

In order to replace the parameters of Eq. (4.20) with corresponding numbers determined

from experiment, Eq. (4.20) can be converted into

d

dt
Wo =

1

τ
(W∞

o −Wo) (4.21)
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with the steady-state open probability

W∞

o =
α

α+ β
(4.22)

and the relaxation time constant

τ =
1

α+ β
. (4.23)

According to Eyring‘s theory of reaction rates [3], the rate of transition between two
states exponentially depends on the free energy barriers Eα (U) and Eβ (U)

α = exp

(

−Eα

kT

)

, (4.24)

β = exp

(

−Eβ

kT

)

. (4.25)

Eqs. (4.24) and (4.25) can also be interpreted by using statistical mechanics. From the

Boltzmann equation it can be found that they represent the probability for the gating
sensor to dispose of the extra energy needed to reach the activated or in-activated state,

respectively. In general, the functions Eα (U) and Eβ (U) are very difficult to ascer-
tain, and may involve both linear and nonlinear components arising from interactions

between the channel and the membrane electrical field. Nevertheless, this dependence
can be expressed without additional assumptions on underlying molecular mechanisms

by a Taylor series expansion [3], i.e., exemplified for Eα (U)

Eα (U) = a0 + a1 U + a2 U
2 + · · · , (4.26)

where the various a0, a1, a2 etc. represent constants specific for the transition. The

constant a0 corresponds to energy differences that are independent of the applied field;

the linear term corresponds to the translation of isolated charges or rotation of charged
channel subunits, all other terms are of higher order, which are negligible for small

variations of the membrane potential. Thus, both reaction rates take the form

α (U) = ã0 exp
( a1

kT
U

)

+ O
(

U2
)

, (4.27)

β (U) = b̃0 exp

(

−b1
kT

U

)

+ O
(

U2
)

. (4.28)

This simple formulation predicts that forward rates will increase with depolarisation
and backward rates will increase with hyperpolarisation of the membrane potential.

Putting Eqs. (4.27) and (4.28) into Eq. (4.22) results in

W∞ (U) =
1

1 + b̃0
ã0

exp
[

−(a1+b1)
kT

U
] ; (4.29)
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and putting the same equations into Eq. (4.23) yields

τ (U) =
1

ã0 exp
(

a1

kT
U

)

+ b̃0 exp
(

b1
kT

U
) . (4.30)

Usually, equations like the ones above are in good agreement with practically all exper-

Figure 4.1: Presynaptic voltage-gated Ca2+-currents in Mossy Fiber presynaptic
terminals. A, Voltage-clamp recording of Ca2+-currents evoked by 20 ms voltage pulses
from a holding potential of -80 mV to potentials of -70 to 60 mV. B, The maximum
current amplitude during the pulses is plotted against pulse potential. C, The steady-
state activation curve. The illustration has been taken from: J. Bischofberger et al.;
Timing and efficacy of calcium channel activation in hippocampal mossy fiber boutons,
page 10595 [83].

imental studies on VDCC and are commonly used as fitting functions. Such a study is
illustrated by a measurement of calcium-currents in a presynaptic terminal of a mossy-

fiber type neuron in Fig. (4.1). Unfortunately, the measurement of the gating mecha-
nism of VDCC [83], which is used for the SYNDICAD simulation is not in full agreement

with the simple model above. Instead of the four parameters introduced in the model
above, that measurement needs at least six parameters for a correct description of the

gating mechanism. The appropriate fitting functions are given by

W∞ (U) =
1

1 + exp
[

1
Usl

(U0.5 − U)
] (4.31)

and
τ (U) =

1

k1 exp
(

1
U1
U

)

+ k2 exp
(

1
U2
U

) , (4.32)
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with the potential of half-activation U0.5, the potential steepness factor Usl, as well as
the coefficients k1, k2 and the time steepness factors U1, U2. Eqs. (4.31) and (4.32) has

been used in the SYNDICAD simulation. The discrepancy of the number of parameters
needed and the introduced simplest Markov model is most likely caused by the fact

that more than the two states are needed in order to describe the gating mechanism
correctly. This has been verified in [83], where a five-state Markov model has been

employed, which is described by 12 parameters.

Current through the opened pore For the following considerations the channel will

be assumed to rest in the open state, and the current through the pore driven by the
electrochemical gradient will be discussed. Two phenomena determine the permeation

process. First, the nature of the permeation process defines the approach to model
the current: the differences of a passive transport through a hole in the channel as

compared with an active transport of the carrier ions by specific binding sites into
the channel must be properly reflected. A multitude of ion-flux measurements as well

as more recent works on the crystal structure of the ion channels have shown that
the permeation process is realised by a passive flux through a hole in the channel.

Second, ion channels are highly permeable to some but not to all types of ions. This
selectivity is governed by two factors, namely by the partioning into the membrane and

by the mobility of the ions once they are inside the compartment. The derivation of the
ion flux through the pore starts with the one dimensional Nernst-Planck equation for

fluxes through membranes. The current carried by an ion depends on the concentration

gradient and the electric field and reads

iop = 2F D̃c

(

d

dx
C (x) + 2

F

RT
C (x)

d

dx
ψ (x)

)

, (4.33)

whereby the variable x directs along the pore (perpendicular to the membrane). iop

represents the current through the open transmembrane channel which depends on

the gradient of the free Ca2+-concentration C and the gradient of the electrical potential
profile ψ along the inner pore distance x, respectively. The effective diffusion coefficient

D̃c describes the mobility of the Ca2+-ions within the pore. F denotes the Faraday
constant. R stands the molar gas constant, and T represents the absolute temperature.

To assist the integration across the membrane of thickness l, both sides are multi-
plied by an integrating factor and simplified

iop

{

1

D̃c

exp

[

2
F

RT
ψ (x)

]}

= 2F D̃c

{

1

D̃c

exp

[

2F

RT
ψ (x)

]} [

d

dx
C (x) + 2

F

RT
C (x)

d

dx
ψ (x)

]

= 2F
d

dx

{

C (x) exp

[

2
F

RT
ψ (x)

]}

. (4.34)

In a next step the concentration just inside the edges of the membrane is assumed to

be C0 at x = 0 and Cex at x = l by simple equilibrium partitioning. Then integrating
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Eq. (4.34) from x = 0 to x = l, yields

iop = −2F
C0 exp

[

2 F
R T

ψ (l)
]

− Cex exp
[

2 F
R T

ψ (0)
]

∫ l

x=0

{

1
D̃c

exp
[

2 F
R T

ψ (x)
]

}

dx
. (4.35)

Eq. (4.35) integrates straightforwardly. Under the assumptions that the membrane

Figure 4.2: Theoretical I-E curve for open calcium channels: The GHK-equation pre-
dict nonlinear I-E relations whenever the concentration of permeant ions does not equal
on the two sides of the membrane. The rectification is completed over a narrower voltage
range. Curves of calcium-, potassium-currents, and their sum are drawn for a chan-
nel permeable to calcium-ions and very slightly permeable to potassium-ions with an
assumed permeability ratio of 0.001. The assumed ion concentrations are Cex = 2 mM,
C = 100 nM for calcium and Kex = 2 mM, K = 100 mM for potassium. The theoretical
reversal potential here is at Uk = 52 mV, far less positive than the thermodynamic single
calcium reversal potential, which is Uca = 124 mV. The illustration has been taken from:
B. Hille; Ion channels of excitable membranes, page 122 [38].

is homogenous with a constant diffusion coefficient D̃c and that the potential drops

linearly from ψ (0) = U , to ψ (l) = 0 with the membrane potential U this results in the
Goldman-Hodgkin-Katz (GHK) current equation [38]. Taking into account that C as well

as U are time-dependent within the SYNDICAD model and by generalising C0 to any C
thus finally results in

iop (U,C) =
(z F )2

RT
pU

C − Cex exp
(

− 2 F
R T

U
)

1 − exp
(

− 2 F
R T

U
) (4.36)

with the permeability p = Dc/l. Eq. (4.36) represents a convenient tool for reproducing

the measurements of single channel ion fluxes required here (see also Fig. 4.2). How-
ever, the Goldman-Hodgkin-Katz current equation can not give a guide to the physical

structure of the channel because the large complex structure within the channel is
lumped into one permeability parameter. The channel is assumed to be homogenous

and the ions are assumed not to interact physically or electrostatically – surely wrong
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assumptions when going into detail.

To summarise: The gating mechanism of the VDCC in the framework of this thesis

is determined by Eqs. (4.21), (4.31) and, (4.32). The current through the opened chan-
nel is determined by Eq. (4.36). Together, they offer the possibility to quantitatively

reproduce the Ca2+-currents into presynaptic terminals.

Ohm‘s law: A large fraction of studies employs Ohm‘s law to describe currents in ion
channels. Then, the Ca2+-current due to the membrane potential gradient is approxi-

mated by a voltage-current relation with open pore conductivity g

iop = g (Uc − U) , (4.37)

where Uc denotes the Ca2+ reversal potential. Usually the latter incorporates the Ca2+-

concentration gradient over the membrane through Nernst‘s equation [84]

Uc =
RT

z F
ln

(

Cex

C

)

. (4.38)

This value of Uc then has to be modified by introducing a constant correction factor

∆Ueff in order to recover the exact current for I=0:

Uc =
RT

z F
ln

(

Cex

C

)

− ∆Ueff . (4.39)

This is partially justified for physiologically relevant membrane potentials for which the
VDCC current-voltage relation has been found to be nearly linear in a certain range of

voltages (for example in [44] – the range below 20 mV ). Nevertheless, this approximation
seems to be critical, because the measured relation as such is non-linear. Providing a

linear fit to some range of the voltage is perfectly justified as long as the relevant voltages
fall into this region; applying the approximation everywhere will surely misrepresent

the exact relation. This is highlighted by the finding that efflux Ca2+-currents through
VDCC at voltages above the reversal potential are negligible [38] in striking contrast to

the linear approximation.

4.4 Plasma membrane Ca
2+-ATPase (PMCA)

PMCA represents an excellent example for those components of the cell which trans-
port Ca2+-ions against their electrochemical gradient out of the cytoplasm [53, 58]. This

transport proceeds in the following way: The PMCA binds Ca2+-ions to its two intracel-
lular Ca2+ binding sites. Then, the Ca2+-ions will be moved one by one through the

protein to the extracellular surface of the cell membrane. This is achieved through a
conformational change of the PMCA protein by de-phosphorylation of an ATP molecule.

Finally, the transported Ca2+-ions will be released from the PMCA. The overall process
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can be expressed in the following kinetic scheme

ATP

kpm
+ ↓ αpm mpm

+

Pin + 2 Ca2+ ↽−−−⇀ Pin
ca ↽−−−⇀ Pex

ca ↽−−−⇀ Pex + 2 Ca2+
ex .

kpm
−

βpm ↓ mpm
−

↓ γpm

ADP Pin

(4.40)

Pin and Pex represent the PMCA proteins. Pin
ca and Pex

ca denote the Ca2+-bound mode of

the PMCA protein. The superscripts ”in” and ”ex” symbolise the intracellular or the ex-
tracellular position of the Ca2+-ion binding sites of the PMCA protein, respectively. Ca2+

and Ca2+
ex denote the free intracellular as well as free extracellular Ca2+-ions. It has been

assumed that always two Ca2+-ions will be transported per reaction cycle, denoted by

the number 2. ATP and ADP denote Adenosintriphosphate and Adenosindiphosphate,
respectively, the energy source to the reaction cycle. kpm and mpm represent the rate

constants for the forward (subscript ”+”) and backward (subscript ”−”) binding and re-
leasing of the intracellular Ca2+-ions, respectively. Finally, αpm is the forward and βpm

is the backward transition rate denoting the conformational change during the Ca2+-

ion transport. Finally, the PMCA returns to its ground state (transition rate γpm). The
expression above can be simplified by the following assumptions:

1. The ATP concentration is constant, and the rate under which the PMCA protein
absorbs ATP is adjusted instantaneously to its level of Ca2+-transportation. This

most probably holds true for physiological conditions , because the homoeostasis
of the cell tries to maintain a constant ATP-level.

2. Since the conformation change is fast compared to all other reaction steps of the
PMCA, it is assumed to be instantaneous. Conformational changes occur on a

time scale of nanoseconds, in contrast the time scale for a full ion transport cycle

is in a millisecond range.

3. The release of the Ca2+-ions at the extracellular face is irreversible. In fact, this

might be a valid assumption, since so far no measurement has found any in-
dication of a reverse mode of the PMCA. As a result, the Ca2+-ions can only be

transported from cytoplasm to the extracellular space but not vice versa.

4. For every reaction cycle, two Ca2+-ions are to be transported through the PMCA
protein. This assumption is in contradiction with a measured stoichiometry be-

tween transported Ca2+ and hydrolysed ATP of 1:1 [53]. However, the measure-
ment of the Hill coefficient to be equal to 2 [85] for the activity of the PMCA in

equilibrium with the ions supports this assumption. In principle, this apparent
contradiction of data may be resolved by assuming that 2 ATP molecules are de-

phosphorylated during one pumping cycle.

5. The possibility of the PMCA to be in both an activated as well as in an in-activated
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state (for instance driven by activation through calmodulin) with apparently al-
tered kinetic properties is not considered.

With the resulting simplifications the kinetic scheme sketched above can be reduced to
the well-known Michaelis-Menten enzyme model

kpm
+ νpm

max

P + 2 Ca2+ ↽−−−⇀ Pca ↽−−−⇀ P + 2 Ca2+
ex

kpm
−

. (4.41)

It can be translated into a set of 4 ordinary DEqs by using the law of mass action.
They can be reduced further by employing the conservation of the total concentration

of PMCAs P0 = P + Pca. The resulting set of DEqs reads:

d

dt
Pca = kpm

+ C2 P0 −
(

kpm
+ C2 + kpm

−
+ νpm

max

)

Pca , (4.42)

2
d

dt
C = −kpm

+ P0 +
(

kpm
+ + kpm

−

)

Pca , (4.43)

d

dt
Cex = νpm =

1

2
νpm
max Pca . (4.44)

The implicit time dependence of C in Eq. (4.42) stems from the Ca2+ main equation
Eq. (4.1), whereas the explicit Ca2+-binding dynamics related to the PMCA is described

by Eq. (4.43). Eq. (4.44) defines the transport rate νpm of the Ca2+-ions and thus rep-
resents the observable of interest. The Ca2+-concentration dependency of νpm is illus-

trated by an measurement shown in Fig. (4.3). Accordingly, Eqs. (4.42) and Eq. (4.44)
are used in SYNDICAD in order to describe the Ca2+ transport rate of the PMCA pro-

tein. In the following it will be elaborated on the connection between the experimental
observable and the parameters kpm

+ , kpm
−

, and νpm
max of the dynamics above.

Experimental observable: To discuss the experimental observable, first a stationary
state of Eq. (4.42) is investigated. This implies a constant transport rate Eq. (4.44),

which then becomes a Hill equation characterised by a Hill coefficient of 2

νpm =
C2 P0

(

kpm
−

+ νpm
max

) (

kpm
+

)

−1
+ C2

νpm
max . (4.45)

The Hill equation describes the activity of the PMCA and the parameter νpm
max can be

interpreted as the overall maximum rate of one PMCA protein. Furthermore, the term
(

kpm
−

+ νpm
max

)

/kpm
+ represents the square of the concentration at half activation (Kpm

0.5 )
2.

Both values are well determined by recent experimental investigations on PMCA pro-
teins. Unfortunately, one of the three parameter remains free. Eq. (4.42) will be anal-

ysed by rearranging them in order to fix kpm
+ or kpm

−
,

d

dt
Pca =

1

τpm
(P∞

ca − Pca) , (4.46)
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Figure 4.3: Calcium-transport activity of different PMCA-types: The PMCA activity
is drawn as a function of free Ca2+-concentration. The lines represent the best fit to the
data given by the Hill equation. The concentration of half activity K0.5 were: hPMCA4b
K0.5 = 0.16 µM; rPMCA2a K0.5 = 0.09 µM; rPMCA2b K0.5 = 0.06 µM. The illustration has
been taken from: N.L. Elwess et al.; Plasma membrane calcium pump isoforms 2a and
2b are unusually responsive to calmodulin and ca, page 17983 [61].

where 1/τpm represents the time constant which can be determined as

(τpm)−1 = kpm
+ C2 + kpm

−
+ νpm

max . (4.47)

P∞

ca denotes the stationary state value of Pca

P∞ =
C2 P0

(

kpm
−

+ νpm
max

) (

kpm
+

)

−1
+ C2

, (4.48)

which is indeed equivalent to the Hill equation in Eq. (4.45). Formally speaking, it
represents a boundary condition of Eq. (4.46). Now, Eq. (4.47) yields the possibility to

determine the last free parameter through a concentration-dependent relaxation time

constant.

4.5 Na
+/Ca

2+-exchanger (NCX)

A further important extrusion mechanism is represented by the NCX proteins. They

can transport Ca2+-ions in both directions, either out of or into the cytoplasm. The
direction depends on the prevailing electrochemical driving forces of Ca2+- and Na+-

ions. Compared to the PMCA, the NCX has a nearly ten times higher turnover rate
but its affinity is nearly 10 times lower. This suggests that the NCXs act as a kind of

”fire brigade” for the clearance of highly increased Ca2+-concentrations. The transport
process can be represented by the following kinetic scheme, which is similar to the

PMCA scheme
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3 Nin

knc
+ ↓ αnc mnc

+

Xin + Ca2+ ↽−−−⇀ Xin
ca ↽−−−⇀ Xex

ca ↽−−−⇀ Xex + Ca2+
ex

knc
−

βnc ↓ mnc
−

↓ γnc

3 Nex Xin

. (4.49)

Here, Xin and Xex denote the numbers of NCX proteins, where the superscripts ”in” and

”ex” symbolise the intracellular and the extracellular Ca2+ binding site position of the
the exchanger, respectively. Xin

ca and Xex
ca represent the number of the NCX proteins in

the Ca2+ bound state. Intracellular Ca2+-ions Ca2+ will be transported to the extracel-

lular space where it will be released as Ca2+
ex . This transport is enabled through the

counter-transport of extracellular Na+-ions Nex which will be released into the cyto-

plasm Nin. The rate constants knc and mnc represent the forward (subscript ”+”) and
backward (subscript ”−”) binding and releasing process of the Ca2+-ions respectively.

The transition rate constants αnc (forward) and βnc ( backward) denote the conforma-
tional change during the ion transport. Finally, the NCX returns to its ground state

(transition rate γnc). In analogy to the PMCA protein, that expression can be also sim-
plified by some assumptions:

1. The Na+-concentration is constant.

2. The dynamics of Na+-transport is not considered, the transport proceeds instan-
taneously

3. Since the conformation change is fast compared to all other reaction steps of the

NCX, it is assumed to be instantaneous.

4. The possibility of the NCX to be both in an activated and in an in-activated state
(for instance driven by phosphorylation) with apparently altered kinetic properties

is not considered.

5. Further exchange modes and their effects in the kinetic scheme are neglected.

With these simplifications, the kinetic scheme above can again be mapped onto the

Michaelis Menten enzyme model

knc
+ νnc

max

X + Ca2+ ↽−−−⇀ Xca ↽−−−⇀ X + Ca2+
ex

knc
−

. (4.50)

Following the same steps as for the case of PMCA, a set of three DEqs emerges for the
NCX

d

dt
Xca = knc

+ C X0 −
(

knc
+ C + knc

−
+ νnc

max

)

Xca , (4.51)

d

dt
C = −knc

+ X0 +
(

knc
+ + knc

−

)

Xca , (4.52)

d

dt
Cex = νnc = νnc

maxXca , (4.53)
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with a total concentration X0 = X+Xca of NCXs. Again, the implicit time dependence of
C in Eq. (4.51) stems from the main equation Eq. (4.1), whereas the explicit dynamics

of Ca2+-binding to the NCX is described by Eq. (4.52). Eq. (4.53) again defines the
rate νnc of the transported Ca2+-ions and thus represents the observable of interest.

Accordingly, Eqs. (4.51) and (4.53) are used in SYNDICAD in order to describe the rate
of the NCX.

Experimental observable In full parallel with the PMCA, a steady state of Eq. (4.51)
is investigated; again, the transport rate is given by a Hill equation, but with a Hill

coefficient of 1

νnc =
C X0

(

knc
−

+ νmax

) (

knc
+

)

−1
+ C

νnc
max . (4.54)

The quantities
(

knc
−

+ νnc
max

)

/knc
+ has the same interpretation as above, only with NCX

replacing PMCA. The concentration of half activation Knc
0.5 can be determined by recent

experimental investigation on NCX proteins. The remaining third parameter is deter-

mined also in the same way as for the PMCA. In contrast, here the maximum rate νnc
max

of the exchanger depends on additional factors, which will be discussed in the next

section.

Maximum rate νnc
max of the NCX: As mentioned above, Ca2+-ions can be transported

via the NCX protein in both directions, into and out of the cytoplasm. The maximum
rate is governed by the difference between the membrane potential and the reversal

potential of the NCX as well as by the conductance of individual exchangers [58]

νnc
max (C,N) =

1

2e
gnc
max [U − Unc (C,N)] . (4.55)

It is assumed that the maximum transport rate is proportional to the difference of the
membrane potential U with the exchanger reversal potential Unc and to the maximum

conductance gnc
max of one individual NCX protein. The Ca2+-ion charge is represented

by the twofold elementary charge e. The reversal potential Unc of the exchanger is

determined by the electrochemical gradient of Ca2+ and Na+. For the transport system
in stationary state, the flux of one Ca2+-ion is coupled to the counterflow of 3 Na+ ions.

Then the relationship between the two electrochemical gradients is

∆µc (Unc) = 3 ∆µn (Unc) . (4.56)

The two electrochemical gradients are defined as

∆µn (U) = F (Un − U) = RT ln

(

N ex

N

)

− F U , (4.57)

where N ex and N denote the extra- and intracellular sodium concentration, and

∆µc (U) = 2F (Uc − U) = RT ln

(

Cex

C

)

− 2F U (4.58)
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with the reversal potential of sodium Un and the reversal potential of calcium Uc. Com-
bining Eqs. (4.56-4.58), the reversal potential reads

Unc =
RT

F

[

3 ln

(

N ex

N

)

− ln

(

Cex

C

)]

. (4.59)

Eqs. (4.55) and (4.59) are used in SYNDICAD in order to describe the maximum rate of

the exchanger. The mode of the exchangers is defined by the polarity of the electrical
driving force (U − Unc). For equilibrium conditions (U ≈ -70 mV and C ≈ 0.1 µM) the

exchangers act in the Ca2+-outward mode; in contrast, for highly positive membrane

potentials, the exchangers switch to the Ca2+-inward mode. More light will be shed on
this finding in Sec. (5.2). It should be noted that the NCX proteins may have more than

these two working modes. The authors of [58] report a Ca2+/Ca2+-exchange mode as
well as a Na+/Na+-exchange mode depending on the external and internal ion concen-

trations. The Ca2+/Ca2+-exchange mode results in a zero net flux of Ca2+ and thus can
be neglected here. The same holds true for the Na+/Na+-exchange mode, because this

exchanger mode does not affect the Ca2+-flux.

4.6 Endogenous and exogenous buffers

The major fraction of the intracellular Ca2+ is bound to endogenous buffers [78, 86, 87].
In the rest state of the neuron the amount of free buffers is still large enough to allow

most of the incoming free Ca2+-ions to bind to these buffers [78] during stimulation.
The continuous binding and dissociation of Ca2+ ions and buffers strongly influences

the resulting free Ca2+-dynamics. This does apply not only to the phase of growing
Ca2+-concentration during stimulation but also to the return of the Ca2+-concentration

to its equilibrium level.

In addition, also the fluorescence indicators used in experiments act as an exoge-

nous buffer system [88]. They are employed to visualise the spatiotemporal dynamics
of the Ca2+-dynamics into the cytoplasm, which is described in detail in Sec. (3.5) and

Sec. (4.7). The indicators influence the Ca2+-dynamics significantly, clearly an un-
wanted but unavoidable side effect, which has to be corrected for. For the correction a

tool is necessary, which allows to disentangle the fundamental Ca2+-dynamics from the
additional impact of fluorescence measurements. In fact, SYNDICAD is well suited for

this task, its capabilities will be presented in more detail in Sec. ( 5.3.2).

The dynamics of the buffers can be described explicitly by using the first order ki-

netic scheme for the endogenous and exogenous buffer presented in [77, 89, 90]. The
scheme is based on the assumption that all multiple binding sites of the buffers act

independently from each other and can be represented as

Ca

k+

+B ↽−−−⇀ Bca ,

k−

(4.60)
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whereby Ca denotes the free Ca2+-ions and B,Bca denotes the free and the Ca2+-bound
buffer molecules, respectively. By using the law of mass action it can be mapped onto

two ordinary DEqs, namely

d

dt
Bca = +k+ C B − k−Bca (4.61)

fb (C, t) =
d

dt
B = −k+ C B + k−Bca . (4.62)

The concentration of bound buffer sites is represented by Bca and the concentration
of free buffer sites is represented by B. The forward k+ and the backward k− binding

rate constants determine the dissociation constant Kd = k−/k+. Eqs. (4.61) and (4.62)
are used in SYNDICAD to simulate the binding dynamics of the buffers. The buffer

dynamics itself and, in particular, its influence on the dynamics of the Ca2+-ions are
discussed in detail in Sec. (5).

Fast buffer approximation: Unfortunately, no experimental values for the rate con-
stants k+ and k− are available. This problem can be circumvented by the assumption

that the buffer dynamics takes places on short time scales compared to the Ca2+-

dynamics, i.e., that the buffer dynamics is always in a quasi-stationary state. The
time dependence in Eq. (4.61) is then given by the implicit time dependence of C in

Eq. (4.61) only. The result of this assumption is known as the rapid buffer approxima-
tion [78, 79, 91]. It has two important consequences. First, on short time scales the

bound endogenous and exogenous buffer concentrations Bca become constant and can
be written as a function of the Ca2+-concentration

Bca (C) =
C B0

Kd + C
, (4.63)

where the total buffer concentration is assumed to be conserved: B0 = B + Bca. Of

course, diffusion changes this picture. However, the fast buffer approximation im-
plies that the bound buffer concentration is instantaneously adapted to the free Ca2+-

concentration at each time t. Hence, the time behaviour related to the implicit Ca2+

time dependence can be deduced from

d

dt
Bca (C) =

d

dC
Bca (C)

d

dt
C (t) (4.64)

where, again, the time dependence of C is taken from Eq. (4.1). Application of Eqs. (4.63)

and (4.64) results in a more compact form of the Ca2+-dynamics,

d

dt
C = fs (U,C, t)

1

1 + T (C)
(4.65)

as long as diffusion is neglected. T is a dimensionless correction factor which depends
on the free Ca2+-concentration. It is given by

T (C) =
B0Kd

(Kd + C)
2 (4.66)
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The great technical advantage of this approximation [90] is that Eq. (4.66) involves the
dissociation constants Kd of the buffers only instead of both rate constants k+ and k−.

These rate constants, when observed with the help of SYNDICAD, are in good agreement
with some other model investigations on buffer dynamics. Unfortunately, their small

values indicate that the fast buffer approximation is violated. As it will be demonstrated
in Sec. (5.2), the resulting deviations are significant.

4.7 Fluorescence measurements

In this section, the focus shifts on the way, in which the measured fluorescence inten-
sity depends on the time-dependent intracellular Ca2+-concentration. The fluorescence

intensity emitted at wavelength λ1 in response to excitation at wavelength λ2 can be
expressed through the indicator concentration. Using a 1 : 1 complexation ansatz [68]

the dimensionless fluorescence intensity reads

f = ybB
fl + ycaB

fl
ca . (4.67)

The quantity f denotes the dimensionless fluorescence intensity. B fl represent the

free indicator concentration and B fl
ca represent the bound indicator concentration. The

superscript ”fl” is used in the following for denoting the exogenous buffer which is

represented in this thesis by different fluorescence indicators. yb represents the exci-
tation factor for free indicator which is determined as minimum fluorescence intensity

f |c=0 = fmin = ybB
fl
0 for zero saturation indicator with B fl = B fl

0 and B fl
ca = 0. B fl

0 is the
total indicator concentration and yca represents the excitation factor for Ca2+-bound in-

dicator which is determined as maximum fluorescence intensity f |c=∞
= fmax = ycaB

fl
0

for full saturation indicator with B fl = 0 and B fl
ca = B fl

0 .

Simulation of the fluorescence intensity by SYNDICAD: Most measurements focus
on relative changes of the fluorescence intensity only, defined by

F∆ =
f − feq
feq

. (4.68)

The fluorescence intensities are recorded as time dependent fluorescence traces f . As
indicated above, they will be converted into a relative change of the fluorescence inten-

sity through normalisation with respect to feq, the fluorescence intensity at the equilib-
rium Ca2+-concentration. This equilibrium intensity is given as

feq = f |c=c0
= fmin + (yca − yb) B fl

ca

∣

∣

c=c0
, (4.69)

cf. Eq. (4.67). Therefore, to compare with any simulation, the modelling of f is neces-
sary. This is achieved by eliminating all unknown parameters by taking the ratio F∆.

Considering the maximum and minimum value of f and assuming conservation of total
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concentration yields

f = fmax + (yb − yca) B
fl = fmin + (yca − yb) B

fl
ca . (4.70)

Putting everything together results in

F∆ (C) =
B fl

ca (C) − B fl
ca

∣

∣

c=c0

B fl
0

(

fmax

fmin
− 1

)

−1

+ B fl
ca|c=c0

. (4.71)

This equation defines F∆ in SYNDICAD. It is also used to determine the ratio fmax/fmin

in case the maximum fluorescence intensity change (F∆)max for saturated concentration

of indicator is provided by the experiment.

Estimate of absolute Ca
2+-amplitudes: From the fluorescence intensity changes

above, the Ca2+-concentration can be directly estimated. For that, F∆ is normalised
to its maximum value resulting in

F∆

(F∆)max

=
f − feq
fmax − f0

. (4.72)

To translate this into a direct dependence of the fluorescence intensity on the Ca2+-

concentration, the dependence on the buffer has to be eliminated. This is achieved by
means of the first order kinetic DEq for the free indicator-dynamics (see also Sec. 4.6)

given by
d

dt
B fl = −k fl

+B
fl
ca + k fl

−
B fl C . (4.73)

The bound and the free indicator in Eq. (4.70) can be replaced by using the stationary

state of Eq. (4.73). Then, with Kfl
d = kfl

−
/kfl

+, the fluorescence intensity becomes

f =
fmaxC + fminK

fl
d

K ex
d + C

. (4.74)

From this, new fmin = f |c=0, fmax = f |c=∞
and feq = f |c=c0

can be computed. Putting

everything together into Eq. (4.72) finally results in

C =
C0 +K fl

d (F∆) (F∆)
−1
max

1 − (F∆) (F∆)
−1
max

(4.75)

This gives a rough estimate of the total Ca2+-amplitude for small values of C. It should
be stressed that the fast buffer approximation, which has been used in order to derivate

this equation, is violated, limiting the accuracy of the estimate. In addition, this es-
timate always includes the indicator buffering effect and therefore does not allow to

reconstruct directly the unperturbed Ca2+-amplitude.
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4.8 Excitability

The neuronal signal consists of short electrical pulses and can be measured by placing
a thin electrode close to the soma or axon of a neuron. The pulses, known as action

potentials, are short peaks of the membrane potential. They have an amplitude of about
100 mV and typically last for 1-2 ms. Starting from the equilibrium potential defined

as the inside potential (≈ −70 mV) minus the outside potential (taken to be 0 mV),

any electrical stimulus beyond a typical threshold initiates an action potential that
propagates along the neuron. When the action potential sweeps towards the recording

electrodes, the membrane depolarises (becomes more positive), overshoots the zero line,
and then re-polarises (returns to rest).

Like all electrical messages of the nervous system, the action potential is a membrane-

potential change. It is caused by the flow of ions through corresponding channels
in the membrane. More precisely, the action potential is caused by ionic currents

through voltage-dependent Na+- and K+-channels. This has been shown by the impor-
tant voltage-clamp measurements developed by Marmont, and Cole, and by Hodgkin,

Huxley and Katz in the early fifties, for example [92]. To ”voltage clamp” means to
control the potential across the cell membrane.

Figure 4.4: Events during the propagated action potential: A, Action potential and
underlying opening of potassium and sodium channels calculated from the Hodgkin-
Huxley model at 18.5 ◦C. B, Diagram of the local circuit current flows associated with
propagation; inward current at the excited region spreads forward inside the axon to
bring unexcited regions above firing threshold. The illustration has been taken from:
B. Hille; Ion channels of excitable membranes, page 53 [38].

The ionic currents are caused by voltage and time dependent changes of the Na+-

and K+-permeability, which are low at rest. During a step depolarisation, the Na+-
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permeability rises rapidly with a short delay, reaches a peak, and falls again to a low
value. This behaviour has been called fast ”activation” and slow ”inactivation”. If the

membrane potential is returned to rest by these channels during the period of high con-
ductance, the Na+-permeability falls exponentially and very rapidly. K+-permeability

activates almost ten times slower than the Na+-permeability, reaching a steady level
without significant inactivation during depolarisation. When the potential returns to

rest, the K+-permeability falls exponentially and relatively slow. The larger the depo-
larisation, the larger and faster the changes of Na+- and K+-permeability, but for very

large depolarisations both permeabilities reach a maximum value.

Because the Na+-concentration gradient directs into the neuron, the Na+-ions take

the same route. Consequently, positive charges arrive in the cytoplasm and the mem-
brane potential depolarises. The opposite takes place in case of K+. Here, the K+-

concentration gradient directs out of the neuron. Accordingly, positive charges leave the
cytoplasm and the membrane potential re-polarises. Hence, the action potential can be

explained at the level of Na+- and K+-permeabilities as follows: After local stimulation
currents begin to depolarise the membrane, Na+ channels activate rapidly. Depolarisa-

tion is amplified. Before the peak of the action potential is reached, the channels are
inactivated and the Na+ permeability falls. In the mean time, this enhanced depolar-

isation slowly activates the K+ channels, which in turn produce the outward current
and-thus-re-polarise the membrane. For an illustration of this process see Fig. (4.4)

The equivalent circuit of an axon membrane provides an excellent starting point
to translate this into a quantitative description. Hodgkin and Huxley described the

membrane as an electrical circuit with four parallel branches [92]. A capacitive branch
cmdU/dt with the membrane capacitance cmand the membrane potential U represents

the dielectric properties of the thin membrane. Then, three conductive branches rep-
resent sodium Ina, potassium Ik, and leak conductances Il with their different electro-

motive forces. In this picture, the conductances of Ina, Ik vary with time and voltage
arising from the opening and closing of the channels

cm
d

dt
U = −Ina (U, t) − Ik (U, t) − Il (U) + Ii (t) . (4.76)

Here, Ii represents the injected stimulation current. First, the time dependence of the

K+-channel is described. The increase of the K+-permeability on depolarisation fol-
lows an S-shaped time course. As Hodgkin and Huxley noted in [92], such kinetics

would be obtained if the opening of a K+-channel was controlled by several indepen-
dent membrane-bound particles. This can be interpreted in the following way: Suppose

that there are four identical particles, each with a probability n of being in the correct
position to set up an open channel. The probability that all four particles are correctly

placed is n4. Because the opening of K+-channels depends on the membrane poten-
tial, the hypothetical particles are assumed to bear an electric charge rendering their

distribution in the membrane voltage dependent. Suppose further that each particle
moves between its permissive and non-permissive position with first order kinetics.

As a result, the distribution of particles described by the probability n will exponen-
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tially relax towards a new value, when the membrane potential is changed. Assuming
the behaviour of open channels to be governed by Ohm’s law, Ik is represented in the

Hodgkin-Huxley model by
Ik = n4 gk (U − Uk) . (4.77)

Through Ohm‘s law the current is driven by the maximum conductance gk and the

difference between the membrane potential and the reversal potential Uk of K+-ions.
The voltage- and time dependent changes of n are given by a first order kinetic scheme

αn (U)

(1 − n) ↽−−−⇀ n

βn (U)

. (4.78)

The gating particles move between the permissive and the non-permissive forms with
voltage-dependent rate constants αn and βn. If the initial value of the probability n is

known, subsequent values can be calculated by solving the ordinary DEq

d

dt
n = αn (1 − n) − βn n . (4.79)

An alternative to using the rate constants αn and βnis to use the voltage-dependent time

constant τn and the stationary state value n∞, defined by

τn =
1

αn + βn
, (4.80)

n∞ =
αn

αn + βn
. (4.81)

The change of n with time can be calculated by solving the DEq

d

dt
n =

1

τn
(n∞ − n) . (4.82)

This is Eq. (4.79) written in a different form.

The Hodgkin-Huxley model uses a similar formalism to describe Ina, with four hy-
pothetical gating particles which undergo independent first order transitions between

permissive and non-permissive positions to control the channel. However, because
there are two opposing gating processes, activation and inactivation, there have to be

two kinds of gating particles. Hodgkin and Huxley called them m and h. They settled on
three m particles to control activation and one h particle for inactivation. Therefore, the

probability that all particles are in the permissive position is m3h and Ina is represented
by

Ina = m3 h gna (U − Una) . (4.83)

At rest, m is low and h is high. During depolarisation, m rises rapidly and h falls slowly.
After depolarisation, m recovers rapidly and h slowly to the original values. Since for the

n parameter of K+-channels, m and h are assumed to undergo first order transitions
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α [1/ms] β [1/ms]

n
0.01 (10 + U)

exp
[

1
10 (10 + U)

]

− 1
0.125 exp

(

1

80
U

)

m
0.1 (25 + U)

exp
[

1
10 (25 + U)

]

− 1
4 exp

(

1

18
U

)

h 0.07 exp

(

1

20
U

)

1

exp
[

1
10 (30 + U)

]

+ 1

Table 4.1: Fit functions of the Hodgkin-Huxley model. Fit function for a measure-
ment of activation and inactivation of K+- and Na+- channel currents of a squid giant
axon at 6.3 ◦C. That set of rate constants can explain the existence of action potentials
with the underlying voltage and time dependent permeability changes of K+- and Na+-
channels.

between permissive and non-permissive forms:

αm (U)

(1 − m) ↽−−−⇀ m

βm (U)

(4.84)

and
αh (U)

(1 − h) ↽−−−⇀ h

βh (U)

(4.85)

with rates satisfying the DEqs

d

dt
m = αm (1 −m) − βmm =

1

τm
(m∞ −m) (4.86)

and
d

dt
h = αh (1 − h) − βh h =

1

τh
(h∞ − h) . (4.87)

To summarise, the Hodgkin-Huxley model describes ionic current across the membrane

in terms of the components

cm
d

dt
U = −m3 h gna (U − Una) − n4 gk (U − Uk) − gl (U − Ul) + Ii (t) . (4.88)

Hodgkin and Huxley fitted their model to the measurements on a squid giant axon at
6.3 ◦C by using the fitting functions shown in Tab. (4.1). These functions are arbitrary

with no direct or first-principles connection to the molecular mechanisms. The most
important goal of the Hodgkin-Huxley work was to demonstrate that there are a certain

number of independent particles moving in the electric field of the membrane, which
control the independent Na+- and K+- permeabilities.

The first goal of this thesis is to reproduce these action potentials, which occur in

the neurons of the rat brain. The model of Hodgkin and Huxley was developed on
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neurons of the squid giant axons and the measured action potentials differ significant
from those measured in mammalian (rat) neurons. A number of works exist, which

adapt the Hodgkin-Huxley model to different types of neurons by modifying the fitting
functions and/or the exponents of the coefficient n, m, h. But none of these attempts

was able to provide a homogenous model of the underlying molecular mechanisms or
an universal tool to reproduce action potentials in arbitrary types of neurons based

on few parameters only. Therefore, for SYNDICAD a set of equations inspired by the
Hodgkin-Huxley approach has been chosen, which does the best fitting job. This set is

given by the following expression for the ion currents

cm
d

dt
U = −mhgna (U − Una) − n gk (U − Uk) − gl (U − Ul) + Ii (t) . (4.89)

Here, the leakage conductance gl compensates all other currents in the equilibrium
state. The time dependence of m, h, n is described in the same way as in the Hodgkin-

Huxley model (Eqs. (4.82), (4.86), and (4.87). Their stationary state values, however,
are different from those used in the Hodgkin-Huxley model

m∞ =
1

1 + exp
[

1
Um2

(Um1 − U)
] , (4.90)

h∞ =
1

1 + exp
[

1
Uh2

(Uh1 − U)
] , (4.91)

n∞ =
1

1 + exp
[

1
Un2

(Un1 − U)
] . (4.92)

Here, U2 denotes the steepness factor and the potential of half activation is denoted
by U1. Furthermore, the time constants τm, τh, τn are assumed to be constant under

changes in voltage. This is, indeed, in contradiction with the measurements. However,
this assumption has no visible effect on the quality of the fits.
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Results

5.1 Introduction

The presentation of the results of this thesis is divided into three parts: 1. An overview

of all parameters included in SYNDICAD will be given, explaining how they are de-
termined through measurements. As far as possible, these are single-protein measure-

ments. 2. A quantitative analysis of synaptic functions needs well-known reference sys-

tems. Thus, SYNDICAD is initially calibrated using fluorescence measurements of the
spatially averaged presynaptic Ca2+-dynamics on small terminals of pyramidal neurons

inside the rat’s neocortex [41]. The results will be compared to corresponding experi-
ments using different fluorescence indicator concentrations. Single action potentials as

well as a 10 Hz train of action potentials have been chosen as stimulation protocols in
both the experiments and the simulation. The only remaining free parameters are the

protein densities, which have been adjusted as fit parameters. This procedure had to
be repeated for every new experimental setup, because the surface densities are highly

specific to individual terminals. Afterwards, the reliability of the model will be tested
by adjusting the parameters of SYNDICAD to a measurement on a large presynaptic

terminal in the rat brainstem. 3. Finally, the most important results of this work will
be discussed:

• For each experimental reference system, a prediction of protein densities for VDCC,
PMCA and NCX will be given. The VDCC current and the clearance rate as well

as the influence of diffusion to the spatially averaged Ca2+-dynamics will be dis-

cussed.

• Ca2+-measurements predominantly use fluorescence indicators in order to visu-
alise the Ca2+-concentration. These measurements involve the undesired effect of

disturbing the natural Ca2+-dynamics. The capability of SYNDICAD to reconstruct
the physiological Ca2+-dynamics without such perturbations by exogenous buffers

will be demonstrated.

• Long-term potentiation (LTP) and long-term depression (LTD) are important ef-

fects of changing synaptic efficacy. It is commonly accepted that the induction of
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both effects is accompanied by a prior increase of the Ca2+ level. This increase
is induced by stimulations with both high-frequency (long-term potentiation) and

low-frequency (long-term depression) trains of action potentials. But what are the
differences between high- and low-frequency stimulations at the level of the Ca2+-

concentration? In order to answer this question, those characteristics in Ca2+ time
courses have been studied, which are significant for different stimulation proto-

cols.

• Many possible induction mechanisms of long-term potentiation with different Ca2+-

affinities are under active discussion. In order to get a preselection, an experi-
ment will be proposed here to investigate the level of the spatially averaged Ca2+-

concentration, to which the induction for long-term potentiation could be sensi-
tive. For the first time in this context, this will be facilitated by a quantitative

analysis of the influence of an exogenous buffer on the Ca2+-dynamics induced by
the application of a train of action potentials.

• It is a well-known fact that microdomains play a crucial role for the strength of
stimulus-secretion coupling. This emphasises the central importance of such lo-

cal inhomogeneities of the Ca2+-signal. The spatial behaviour of the incoming
Ca2+-flux will be investigated in order to extend the investigations about spatially

averaged Ca2+-peaks to the spatially resolved Ca2+-dynamics near a VDCC clus-
ter. Consequently, the local Ca2+-dynamics induced by different trains of action

potentials will be compared to spatially averaged Ca2+-signals. Furthermore, char-
acteristic size and typical reaction time of the microdomains will be discussed.

5.2 Determination of the model properties

Geometry: The specific geometry of a terminal is assumed to be well described by an
axial symmetry. Hence, diffusion is reduced to two dimensions (l- and r- direction).

Possible effects of axial inhomogeneities (for example through the surface of the endo-
plasmic reticulum) are neglected. However, they should not cause significant disparities

anyway. Therefore, cylindrical coordinates are best suited to investigate diffusion pro-

cesses within the terminal. The presynaptic terminal is determined by its radius r and
its length l (in the remainder of this work, 2 r = l will be assumed). The size ranges

from 0.5 to 2 µm and can be deduced from corresponding fluorescence pictures of the
observed regions (they were also given directly in [93]). An example for such a fluores-

cence image is shown in Fig. (5.1). The spatial discretisation width is computed from
the calcium diffusion constant Dc = 20 µm2/s, which results for time steps of 1 µs in

a mean spatial step of ∆x = 6,3 nm. Accordingly, the discretisation width is chosen as
∆x = 5nm. An example configuration is given in Fig. (5.2). The VDCCs are located at

the bottom of the cylinder. The PMCAs as well as the NCXs are distributed over the
whole cylinder membrane. Each compartment is represented by a cylindrical ring; its

height and width are given by the discretisation width ∆x.
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Figure 5.1: Fluorescence scan of a presynaptic terminal. Optical detection of a
bouton (blue circle) in a pyramidal neuron with the help of a fluorescence indicator
(OGB-1). The scans of fluorescence intensity changes were made along the horizontal
line. The illustration has been taken from H. J. Koester and B. Sakmann; Calcium
dynamics associated with action potentials in single nerve terminals of pyramidal cells in
layer 2/3 of the young rat neocortex, page 627 [41].

Equilibrium and external parameters: The equilibrium membrane potential U0 = -
70 mV and the equilibrium concentration C0 = 0.1 µM constitute the relevant equilib-

rium state parameters of SYNDICAD. Both values are taken from [41] under the implicit
assumption that they represent standard values for the observed neuron types. SYN-

DICAD is embedded in a thermal bath. More precisely, all external conditions are set to

be constant at all times. In addition, some external parameters are necessary in order
to determine the dependencies of the membrane proteins on the environment:

• Unless noted otherwise, results presented in this work relate to body temperature.

However, it should be kept in mind that some parameters have been obtained by
single-protein experiments which were conducted at room temperature1. Com-

monly, the deviations for the parameters used are small and therefore can be
neglected here.

• The external Ca2+-concentration for physiological conditions is Cex = 1.5 mM and

determines the concentration gradient. Furthermore, the external and internal
Na+-concentrations Nex = 145 mM, N = 12 mM are necessary to determine the

exchanger transport rates. The values used in this work are taken from [38],
assuming that they are nearly identical for the observed neuronal terminals.

VDCC: In CNS neurons, the Ca2+-influx into the presynaptic terminal is assumed to be

dominated by the P/Q- and N-type channels, see also [41]. Therefore, they are regarded
as the only representative members of the channel family. The channels are pores, that

can be characterised by two mechanisms: The voltage-dependent opening of the closed

1This holds true, e.g., for most of the experiment on VDCC, which are usually done at room temperature.
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dx

dx

Figure 5.2: The model geometry. Left: A cut through an example configuration. Every
square symbolises a ring with ∆x as thickness and height. Axial symmetry of the
observed volume is indicated by the black arrow. The different colours are coding the
compartment types. Within the cytoplasm (red) only diffusion and buffering are allowed.
The membrane compartments (magenta) constitute the boundary of the volume. Here,
the PMCA‘s and NCX‘s are located. The VDCC‘s are located within the active zone
compartments (green). Right: A sample configuration in a three-dimensional view.

pore as well as the current through the open pore. The parameters related to the
gating mechanism Eq. (4.31) of the VDCC-pore are describing the steady-state opening

probability. They are given by the half-activation voltage U0.5 and a steepness factor
Usl. The voltage dependent activation time τ Eq. (4.32) is described by four parameters.

All values above are determined by a measurement of Ca2+-currents in Mossy Fiber
presynaptic terminals [83]. It should be noted that this measurement was not resolving

the specific types of channels.

The current through the open pore Eq. (4.36) depends on the Ca2+-concentration

gradient and on the membrane potential. Furthermore, the conductivity is determined
by the single channel permeability p. A lot of single channel measurements observing

these channel properties can be found in the literature, for example [44, 94]. Unfor-
tunately, at present the ion currents through single channels are at the boundary of

experimental sensitivity. A possible and widely used solution to this problem is to em-

ploy a different charge carrier with an extensively enlarged concentration gradient (in
the range of 100 mM of extracellular ionic concentration). The most prominent charge

carrier nowadays is Ba2+. In fact, such a procedure produces measurable currents [44].
However, the single-channel permeability determined by such measurements based on

the Ba2+-concentration gradient results in a current which tends to be unrealistically
small in the regime of truly physiological concentration Ca2+-gradients. The reason for

this apparent mismatch could be a mere reflection of differences inherent to the similar
but still different charge carriers. In addition, non-linear effects due to large concen-

tration gradients are well beyond current understanding. Phrased in other words: It is
not clear yet whether the GHK-equation correctly describes ion current at such large

concentration gradients. Taken together, the experimental setup based on the Ba2+ be-
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Figure 5.3: Simulation of a voltage clamp experiment on VDCC. The upper left panel
shows the applied membrane potential steps. In the lower left panel the resulting
average current through a single channel is plotted. The currents are growing to their
stationary values very fast. The right panel shows the resulting steady state I/U -
relation of a single channel.

comes un-physiological and is therefore not meaningful for the purposes of this work.

To circumvent this, the conclusion of another measurement based on Ca2+-ions [95]

will be employed instead. It predicts a maximum peak current within a single channel,
which is in the range of 0.1-0.3 pA for physiological conditions. With the help of this

measurement the single channel permeability can be adjusted such that it reproduces
the peak value.

The resulting I/U-relation is illustrated in the right panel of Fig. (5.3) by simulating

a voltage-clamp series experiment with SYNDICAD. The bell-shaped behaviour results

from the product of opening probability (falling segment) and GHK-current (growing
segment) entering the stationary current. Voltage steps are applied ranging from -70 mV

to +80 mV in 10 mV steps (upper left panel in Fig. (5.3) and the resulting ion current is
measured. The lower left panel in Fig. (5.3) exhibits a subset of corresponding results

obtained by SYNDICAD. Clearly, the resulting currents grow in a voltage dependent
manner to a stationary value reflected by the plateau. The tiny peak at 10 ms in some

curves is caused by the interaction of the opening probability and the current-voltage
relation: The opening probability still remains in its equilibrium state (at membrane

potential -70 mV), whereas, in contrast, the voltage jumps to larger values, which imply
smaller currents through the open channels. Reversely, the large peak current at the

end of each voltage step is caused by the cut-out current. There, the opening probability
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stays in its activated state whereas the voltage jumps to the equilibrium membrane
potential implying larger currents.
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Figure 5.4: Simulation of the average current through a single VDCC. The VDCC-
current (green) – induced by the application of a single action potential (red - simulation,
blue - measurement from a rat pyramidal neuron in the neocortex) – has been depicted
here. The action potential opens the VDCC very efficiently. The experimental data has
been taken from H. J. Koester and B. Sakmann; Calcium dynamics associated with
action potentials in single nerve terminals of pyramidal cells in layer 2/3 of the young rat
neocortex, page 627 [41].

In order to illustrate the average current through a single VDCC under physiological

conditions, the answer of this VDCC to the application of a physiological action potential

is shown in Fig. (5.4). The action potential opens the channels more efficiently than a
constant voltage step. Therefore, the peak value is increased compared to the maximum

value of 0.2 pA shown in Fig. (5.3). The tiny peak of the current during the rising
phase is due to the strong depolarising membrane-potential peak of the action potential.

The membrane potential reaches up to levels, where the ion currents already start
decreasing. When the depolarisation phase is finished, the current rises up to its peak

value (see Fig. 5.3; range above 50 mV in the right panel).

PMCA: The PMCA2a is the dominantly expressed protein of the PMCA family in neu-
rons [96]. Therefore, it has been chosen as the representative member of this protein

class. Nevertheless more types than this single one are expressed in CNS neurons.
However, the kinetic properties vary considerably [61, 97, 98] even for this type of

PMCA. This is most probably due to different experimental conditions. Hence, consid-
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ering more than one type of PMCA is well beyond the scope of this work and would not
allow quantitative predictions.
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Figure 5.5: Simulation of the dynamics of a single PMCA protein during a Ca2+-
peak. The upper panel shows the Ca2+-peak (red) caused by a single action po-
tential (not shown). The lower panel shows the resulting PMCA dynamics (blue).
The PMCA rate in equilibrium approximately is 15 calcium-ions/s, since the equilib-
rium Ca2+-concentration is nearly identical with the concentration of half-activation,
Kpm

0.5 = 0.09 µM. It can be read off, that already during the Ca2+-peak caused by a single
action potential the PMCA activity rises to its maximum value of 30 calcium-ions/s.

The PMCA pumps Ca2+-ions against the direction of the chemical gradient of Ca2+

by dephosphorylating ATP molecules. These proteins are characterised by a Ca2+-
dependent activity and a maximum pumping rate νpm

max. The steady-state activity is

described by the Hill-equation Eq. (4.45) with the concentration of half-activation at
Kpm

0.5 = 0.09 µM. This value has been taken from a measurement for rat PMCA [61].

The Hill-coefficient npm = 2, arises because the PMCA protein is equipped with two
Ca2+ binding-sites and because it is assumed that always two Ca2+-ions are pumped

out per reaction cycle. This is in some contradiction with an observed stoichiometry
of the PMCA of 1:1 [57]. Nevertheless, the measured PMCA activity [61] confirms a

Hill-coefficient of npm = 2.

The rate constants of the PMCA protein kpm
+ and kpm

−
parametrise its dynamics. At

present, they are not known and, hence, they are subject to an educated guess: While

one of them can be expressed by the above values, the other one basically remains free.
It is fixed through Eq. (4.47) with the assumption of a time constant in the range of

one ms (for equilibrium Ca2+-concentration).
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A maximum pumping rate νpm
max = 150 calcium-ions/s is reported in [51]. However,

one of the authors (M. Blaustein, private communication) has corrected this value to

νpm
max = 30 calcium-ions/s. This is in the same range as the results of [61], where

a PMCA Ca2+-uptake upm = 7.83 nmol/(mg membrane protein) has been measured.

From this, ν = upmmpmNa/p
pm ≈ 8.5 calcium-ions/s can be approximated by assuming

a PMCA fraction ppm = 0.002 related to the whole membrane proteins [99] as well as

an overall averaged membrane protein mass mpm = 120 kDa. Therefore, the value of
νpm
max = 30 calcium-ions/s has been used for the results obtained by SYNDICAD that will

be presented in this work. The dynamics of a single PMCA protein during a Ca2+-peak
(caused by a single action potential) is shown in Fig. (5.5).

NCX: The NCX1 is the dominantly expressed protein of the NCX family in neurons

[58]. However, no data were found concerning differences of the kinetic properties of
different types of exchangers. Therefore it is impossible and irrelevant to specify the

NCX type within the framework of this thesis. For the NCX the reasoning follows the

same logic as the one for the PMCA protein discussed above.
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Figure 5.6: Simulation of the transport rate of a single NCX protein. The NCX
activity is drawn (blue, right panel) during a Ca2+-peak (red, lower left panel) which
is caused by a single action potential (green, upper left panel). At the beginning of the
stimulus, the NCX switches into a Ca2+-influx mode caused by the strong depolarisation
of the membrane potential. Afterwards, the NCX develops comparably large activity due
to the considerable height of the Ca2+-peak.

The NCX transports one Ca2+-ion per reaction cycle by exchanging it with three Na+-

ions. Consequently, the Hill-coefficient with respect to Ca2+ is nnc = 1. The NCX can act
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in both Ca2+-influx and Ca2+-efflux mode depending on the membrane potential. The
Ca2+-activity of the NCX protein is described in the same fashion as the PMCA protein.

The concentration of half-activation Knc
0.5 = 1.6 µM is taken from [58].

In analogy to the PMCA, one of the rate constants of the NCX protein (knc
+ and knc

−
)

can be expressed by the above values and the other one can be adjusted by Eq. (4.47)

under the assumption of a fast time constant [100], which is in the range of 10 µs (for
equilibrium Ca2+-concentration).

The maximum rate of the NCX depends on the membrane potential U as well as on

the reversal potential Unc of Na+ and Ca2+ (Eq. 4.55). An average value of the maximum

current of Inc
max = 0.48 fA, that corresponds to νnc

max = 3000 calcium-ions/s (found in
[51, 58]) was used in order to fix the conductivity to be gnc

max = 21.1 fS in Eq. (4.55).

Here, Ca2+-concentrations of C = 0.5 µM and Cex = 0.1 µM as well as Na+-concentrations
N = 12 mM and Nex = 100 mM, as described by [100], were employed. The dynamics of

a single NCX protein during a Ca2+-peak (caused by a single action potential) is shown
in Fig. (5.6).
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Figure 5.7: Fast buffer approximation versus full dynamics. The differences between
the fast buffer approximation versus the full buffer dynamics are shown in comparison
to the calcium peaks in the presynaptic terminal induced by a single action poten-
tial. The simulation was performed with an exogenous buffer concentration of 500 µM
Magnesium Green.
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Endogenous and exogenous buffers: For endogenous buffer proteins, calmodulin is
the most important buffer system related to the Ca2+-dynamics. Therefore it has been

chosen as a representative member. The dynamics of this buffer type is described by two
first order kinetic DEqs – Eqs. (4.61) and (4.62). Although the associated rate constants

are unknown, estimates exist for the dissociation constant Kd ≈ 1 µM [101], which
determines their ratio. Using this estimate, the remaining free parameter has been

fitted to a fluorescence measurement of [41]. The result of this fit is in good agreement
with [41], stating that approximately only 1 % of the total incoming intracellular peak

of the Ca2+-concentration remains free. The resulting values for k+ = 0.035 1/(µMms)
and k− = 0.035 1/ms are in the same range as values quoted by other theoretical

approaches of intracellular Ca2+-dynamics [5, 102]. However, it should be stressed that

the values for the rate constants and the dissociation constants have been in dispute
for more than one decade [73, 89]. The total calmodulin concentration B0 = 30 µM is

taken from [14] under the additional assumption that all four binding sites are acting
independently.

At this point it must be stated explicitly that the prerequisites of the fast buffer

approximation (Eq. 4.65), which is used in the analyses of different measurements [41,
93], are not fulfilled by the system under consideration: For such low rate constants,

resulting in correspondingly high time constants, the assumption of instantaneously
adapted buffer concentrations is definitively violated. The differences of the fast buffer

approximation versus the full buffer dynamics are displayed in Fig. (5.7). Both shape
and peak amplitude significantly depend on whether the fast buffer approximation was

employed or not. Only for rate constants in the range of k+ = 100 1/(µM*ms) and

k− = 100 1/ms, respectively, the quality of the fast buffer approximation would meet
the demands of this work. Consequently, SYNDICAD does not apply the fast buffer

approximation.

Several florescence indicators with different properties were used in the various re-
sults obtained in the framework of this thesis. The total indicator concentration Bfl

0

is defined by the experimental setup of the measurements and has been taken from
the corresponding publication. In addition, the experimental setup may also influence

the indicator dissociation constant Kfl
d = kfl

−
/kfl

+. These rate constants are also a priori
unknown. Again, in each case the remaining free parameter has been fitted to an ap-

propriate fluorescence measurement regarding the dissociation constant. The relative
fluorescence intensity changes F∆ have been calculated from Eq. (4.71), where the ratio

of minimal to maximum fluorescence intensity fmax/fmin has been determined by the

experimentally observed maximum of relative fluorescence intensity change (F∆)max.

The F∆ occurring during stimulation with a single action potential in terminals of rat
pyramidal neurons are shown in Fig. (5.8). Two characteristic phases of decay are ap-

parent: The first decay phase is dominated by the buffer dynamics whereas the second
decay is determined by the sum of Ca2+-buffering and efflux. It is impossible to interpret

the time constants displayed in Fig. (5.8) separately, since the temporal behaviour al-
ways depends on the dynamics of all proteins participating in the reaction. In Fig. (5.9)

a simulation of the dynamics of both an exogenous and endogenous buffer during a
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∆F/F = F0*exp(-t/τ)

Figure 5.8: Action potential induced fluorescence dynamics. Fluorescence mea-
surement in a bouton of a rat pyramidal neuron by using 500 µM Magnesium Green
(data with kind permission of [41]). The bouton is stimulated by a single action poten-
tial. Short laser pulses have been used for two-photon excitation. Line scan imaging
has been performed by a photomultiplier. The relative fluorescence intensity change
is shown (red), which is caused by the Ca2+-concentration. The decay exhibits two
phases: The first phase (blue fit, below 100 ms) is dominated by the buffering process,
whereas the second phase (green, above 100 ms) is determined by both buffer and
efflux processes.

Ca2+-peak are depicted. Obviously, the shape of the endogenous buffer concentration

is considerably different from the shape of the exogenous buffer concentration. Conse-
quently, the existence of an exogenous buffer system results in a considerably altered

Ca2+-dynamics. In contrast, in [41, 93] an estimate of the height of the incoming cal-
cium peak from the relative fluorescence intensity changes via Eq. (4.75) has been

calculated, which depends on the Ca2+-concentration only. However, since this relation
is a direct consequence of the fast buffer approximation, it seems to be sensitive to the

reasoning above.

Diffusion: The importance of diffusion is demonstrated in Fig. (5.10). Here, the dif-

ference of the peak concentration between the terminals with the highest and lowest
Ca2+-concentration weighted by the overall peak concentration is shown as a function

of the volume of the terminal with varying discretisation widths: For small volumes
the normalised peak difference increases exponentially with the volume. It reaches

saturation at a volume in the range of 10 µm3. Generally, already for relatively small
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Figure 5.9: Action potential induced buffer dynamics. Simulation of the dynamics
of a free endogenous buffer (120 µM Calmodulin CaM; blue) as well as a free exogenous
buffer (100 µM Magnesium Green MG; green) caused by a Ca2+-peak (red). The upper
panel shows the free Ca2+-peak induced by a single action potential. The dynamics of
the exogenous buffer considerably changes the free Ca2+-concentration dominantly in
the region around 30 ms. From the peak-concentrations it can be calculated, that only
1.9 % of the total incoming Ca2+ remains free.

terminals with a volume of 1 µm3 diffusion plays a significant role and has to be taken

into account.

The diffusion constant Dc = 200 µm2/s of Ca2+ is based on measurements of Ca2+-
diffusion rates in cytoplasm [103]. This value is approximately three times smaller

than in water [38] because cytoplasm is nearly twice as viscous as water. The diffusion
constant Db = 10 µm2/s of the endogenous buffer is estimated to be smaller due to the

large volume of the protein [104, 105], whereas the diffusion constant Dfl
b = 200 µm2/s

of the dye indicator is assumed to be in the same range as for Ca2+ [2].

Stimulation: The temporal dynamics of the membrane potential in excitable neuronal
terminals is modelled by a modified Hodgkin-Huxley equation system Eq. (4.90) in order

to reproduce action potentials of mammalian CNS neurons. All neuronal terminals are
assumed to be iso-potential. The parameters have been adjusted such that the shape

of the action potential as found in [41] is appropriately reproduced (see Fig. 5.4). This

procedure is used for all further investigations on CNS action potentials.

Action potentials represent an essential basic element of the signal transduction,

since the Ca2+-dynamics is strongly influenced by their shape. This fact is highlighted
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Figure 5.10: The importance of diffusion. Simulation of the maximum spatial calcium
peak difference (induced by single action potentials) as function of the terminal volume
with varying discretisation widths.

by Fig. (5.11). There, it can be seen that the total Ca2+-influx is rather proportional to
the area below the action potential than to its maximum absolute amplitude. Therefore,

a realistic simulation of the action potential shape is of paramount importance in order
to perform any quantitative study.

5.3 Spatiotemporal analysis of the Ca
2+-dynamics

5.3.1 Model calibration and reliability

Single action potential: To validate, whether SYNDICAD correctly describes the presy-
naptic Ca2+-dynamics in response to single action potentials, the model is calibrated

with respect to a very detailed fluorescence measurement of the Ca2+-dynamics in
presynaptic single terminals of pyramidal neurons in the neocortex of rats [41]. The

amplitude and shape of the action potential as applied to the terminal in the experi-
ment are reconstructed in the simulation and the free parameters are fitted such that

the final result of SYNDICAD agrees well with the measured fluorescence signal evoked
by a single action potential (Fig. 15C in [41]). From the experiment, both the diameter

of the terminal (r = 0.5 µm) and the maximum relative fluorescence intensity change
(F∆)max = 1.5 are known; from the simulation the rate constants of the indicator Mag-

nesium Green have been deduced as kfl
+ = 0.013 1/(µMms) and kfl

−
= 0.078 1/ms, re-
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Figure 5.11: Importance of the action potential shape: The Ca2+-dynamics is
strongly influenced by the shape of the action potential. Upper panel: Simulation of
two different shapes of action potentials due to different bath temperatures. Lower
panel: The simulation of the resulting Ca2+-dynamics displays significant differences.
The total Ca2+-influx is rather proportional to the area below the action potential than
to its maximum absolute amplitude.

spectively.

The ratio of the NCX surface density to the PMCA density has been measured in [51].

Therefore, the only remaining free parameters are the surface densities of the VDCC ρvd

and the PMCA ρpm. The surface densities of the membrane proteins (Tab. 5.1) can

be interpreted as a realistic prediction for the neuron type under consideration. Note
that the experiment has been conducted with Bfl

0 = 500 µM Magnesium Green. The

result of the comparison of SYNDICAD with experimental data is shown in Fig. (5.12):
Obviously, amplitude and shape of the simulated fluorescence response are in good

agreement with experimental data.

Different indicator concentrations: In order to test the reliability, simulations of dif-

ferent indicator concentrations has been compared with corresponding different experi-
mental data sets. Fig. (5.13) shows the fluorescence pictures which have been obtained

while applying the same stimulation procedure in identical set-ups but with different in-
dicator concentrations (Bfl

0 = 100 µM and Bfl
0 = 2000 µM Magnesium Green). SYNDICAD

reproduces the average experimental findings correctly for the different concentrations.
The resulting surface densities vary over a considerable range, which is presumably

due to the strong variance among the terminal sizes in the experiments. This fact is
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Neuron type VDCC PMCA NCX
Terminals of pyramidal
neurons in the neocortex of
rats (Magnesium Green)

channels/µm2 pumps/µm2 exchanger/µm2

single AP Bfl
0 = 500 µM 19.4 1822.0 61.0

single AP Bfl
0 = 100 µM 13.7 1802.0 60.0

single AP Bfl
0 = 2000 µM 32.7 2783.0 93.0

10 Hz train of AP Bfl
0 = 500 µM 22.1 2953.0 98.0

Terminals of rat brainstem
(MagFura-2)
single AP Bfl

0 = 400 µM

24.7 4647.0 155.0

Table 5.1: Surface densities. A SYNDICAD prediction for a range of the surface den-
sities of VDCC, PMCA and NCX for two different neuron types. These values have been
extracted by fitting the results of the simulation to fluorescence measurements [41, 93]
using the corresponding indicator concentrations.

reflected in the limited goodness of the data: The peak intensities of the single fluores-
cence traces in [41] vary strongly (up to more than 100 %). All fluorescence traces are

shown as averages of 13-26 different terminals2. This may not be enough to yield any
result with statistical significance sufficient to shed light on possible short-comings of

the model as implemented in SYNDICAD.

General properties of the Ca2+-peaks An interesting fact is that SYNDICAD repro-

duces the two decay time scales very well (Fig. 5.8). They are only visible for higher
indicator concentrations but not for concentrations as low as Bfl

0 = 100 µM Magne-

sium Green (Fig. 5.12). The total Ca2+-current into the terminal has a peak value of

nearly 3 pA. Assuming a physiological single channel current of 0.4 pA results in (esti-
mated) 8 opened VDCCs per action potential. The surface densities of 30 channels/µm2

in the influx area yields an overall number of around 24 VDCCs per terminal. The
peak values of the total Ca2+-clearance rates are 170·103 calcium-ions/s for PMCA and

260·103 calcium-ions/s for NCX, respectively.

10 Hz train of action potential: The next important task is to investigate, whether

the same model is able to describe Ca2+-peaks evoked by more complex stimulation pro-
tocols without changing the model parameters . The fluorescence response induced by

a 10 Hz train of action potentials is compared with model predictions. The experiment

has been performed with 500 µM Magnesium Green. The protein surface densities have
been adjusted such that the Ca2+-response only to the first action potential of the train

of action potentials is reproduced. Not being self-evident, the subsequent Ca2+-peaks
as predicted by the model turn out to be in good agreement with the fluorescence signal

thus indicating the predictive power of SYNDICAD. The result is shown in Fig. (5.14).

2The differences could be caused, for instance, by differences in the volume of the corresponding terminals.
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Figure 5.12: Ca
2+-signal in a presynaptic terminal of the rat neocortex I. The spa-

tial average Ca2+-peak (shown as relative fluorescence change with 500 µM Magnesium
Green; average over 23 terminals in 8 cells) evoked by single action potentials in sin-
gle terminals of pyramidal neurons in the rat neocortex. The upper panel shows the
simulated action potential (orange) compared to the one used in experiment (green).
The lower panel compares the experimental results (red, with kind permission of H. J.
Koester and B. Sakmann [41], Fig. 15C) to the model results (blue).

Again, the data do unfortunately display a too large spread to allow for a more detailed
comparison and more significant conclusions.

Calyx of Held: The ultimate test to SYNDICADs capability to describe any presynaptic

terminal correctly on the quantitative level consists in a comparison with fluorescence
measurements on large presynaptic terminals in the rat brainstem (Calyx of Held) [93].

The significance of this test is based on the fact that this system has a different geome-
try and size and that for the measurements a different indicator with a different affinity

has been applied. The diameter of the terminals is r = 4.5 µm and as the maximum rela-
tive fluorescence intensity change (with Bfl

0 = 400 µM MagFura-2; kfl
+ = 0.003 1/(µMms),

kfl
−

= 0.058 1/ms) (F∆)max = 0.78 has been measured [93]. The result of the comparison
of data with the simulation is exhibited in Fig. (5.15). Again, the fluorescence measure-

ment is well reproduced by SYNDICAD. To highlight the difference in both systems it is
worth to compare some values: The whole current into the terminal has a peak value

of 230 pA and the overall Ca2+-clearance rate lies by 322·103calcium-ions/s.

To summarise: Once the model has been calibrated with the Ca2+-signal in response

to single action potentials in different types of individual presynaptic terminals, it is able
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Figure 5.13: Ca
2+-signals in a presynaptic terminal of the rat neocortex II. The

same experiment as in Fig. (5.12) but using different indicator concentrations: 100 µM
and 2000 µM Magnesium Green (with kind permission of H. J. Koester and B. Sakmann
[41], Fig. 15C). The relative fluorescence changes are shown in red (average over 16
terminals in 5 cells (100 µM MG ) and 13 terminals in 3 cells (500 µM MG)). The
lines represent the results of SYNDICAD for 100 µM (green) as well as 2000 µM (blue)
Magnesium Green.

to describe the Ca2+-signal due to different stimuli without any further changes thus
giving an indication for the correctness of the model.

5.3.2 Reconstruction of the intrinsic presynaptic Ca
2+-dynamics

from fluorescence measurements

In the following, the influence of fluorescence indicators on the Ca2+-dynamics is quan-
tified and implications for experiments using fluorescence indicators to measure Ca2+-

concentrations are discussed. Again, a synaptic terminal of pyramidal neurons in rat
neocortex is used as the model system.

For stimulations with trains of action potentials with frequencies above some neuron-
type-specific threshold frequency a new baseline of the Ca2+ concentration arises. In the

following it will be demonstrated that the use of fluorescence indicators in experiments
alters the Ca2+-response and especially the emergence of a new baseline considerably.

The Ca2+-dynamics evoked by single action potentials with and without fluorescence
indicator is compared (100 µM Magnesium Green) in Fig. (5.16). Clearly, the ampli-

tude of the Ca2+-signal decreases when a fluorescence indicator is used. In addition,
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Figure 5.14: Ca
2+-signals in a presynaptic terminal of the rat neocortex III. The

spatial average Ca2+-concentration (shown as relative fluorescence change with 500 µM
Magnesium Green) evoked by a simulated 10 Hz tetanus in single terminals of pyrami-
dal neurons in the rat neocortex (green, upper panel) are drawn. The Ca2+-signal (red,
lower panel) observed in the experiment (with kind permission of H. J. Koester and
B. Sakmann [41], Fig. 9) is compared to the corresponding model results (blue, lower
panel).

the Ca2+-relaxation time (needed to recover the rest state Ca2+-concentration) becomes
considerably larger in the presence of a fluorescence indicator. These findings should

not be too surprising, since the indicator binds an important part of incoming free Ca2+-
ions and thus reduces the free Ca2+-concentration. Note that the larger relaxation times

are not caused by a decreased pump activity induced by the lower Ca2+-peak, but by
the larger extent to which intracellular Ca2+ binds to the buffer: The bound Ca2+-ions

are not subject to efflux. This has consequences for the interpretation of experiments
using fluorescence indicators. SYNDICAD is able to take the effect of exogenous buffer

systems into account and to predict the unperturbed Ca2+-dynamics from experimental
data obtained using fluorescence indicators.

5.3.3 The presynaptic Ca
2+-dynamics for different stimulation pro-

tocols

Investigations on effects of changing synaptic efficacy represent an important part of
the neuro-physiological research. In this section, the question is addressed, whether

there are characteristic differences between Ca2+-peaks evoked by distinct stimulation
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Figure 5.15: Ca
2+-signals in a Calyx of Held. The Ca2+-signals during application of

an action potential measured with 400 µM Mag Fura-2 in a calyx of Held are drawn. The
red circles are representing the fluorescence signals (average over 20-80 sweeps) taken
from the measurement [93]; Fig. 3A, Temperature: 296 K. The relative fluorescence
changes have been expressed as percentage. The blue line represents the result of
SYNDICAD.

protocols or not. This analysis has been performed in view of its relevance for the
induction synaptic plasticity at this elementary level. A terminal of pyramidal neurons

in rat neocortex has been chosen as model system, which indeed displays phenomena

such as long-term potentiation.

As expected, in the low-frequency domain (2 Hz) the Ca2+-response appears as a

train of independent single action potential responses. This is highlighted in Fig. (5.17).
The Ca2+-concentration follows the activation by each action potential. Shape and am-

plitude of each Ca2+-response remain unaltered as compared to the response to a single
action potential. The stimulation frequency is in the typical range used for LTD induc-

tion [106].

For frequencies where the relaxation time of the Ca2+-peaks is in the same range as
the time between two subsequent action potentials (20 Hz), the baseline in the Ca2+-

concentration rises during stimulation. This is depicted in Fig. (5.18): The Ca2+-pumps
and the Na+/Ca2+-exchangers do not have enough time to restore the terminals rest

state. This implies an overlap of the Ca2+-response to subsequent action potentials.
Note that this qualitative behaviour has been observed, as exemplified by experiments

performed on dendritic spines of pyramidal neurons [88].

The strong increase of the peak and baseline and especially of the average Ca2+-
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Figure 5.16: Reconstruction of the natural Ca
2+-dynamics. The spatial average

Ca2+-dynamics evoked by a single action potential has been drawn. The figure displays
the Ca2+-dynamics for a neuron with 100 µM Magnesium Green (red), and the Ca2+-
dynamics which would have occurred without indicator (blue). The indicator changes
the amplitude and the shape of the Ca2+-concentration considerably.

concentration for stimulations with larger frequencies constitutes a significant differ-
ence compared to the Ca2+-response to a low-frequency train of action potential. It may

be suspected that this behaviour is important for the changing synaptic efficiency. For
instance, it could be shown that an accumulation of residual free Ca2+ is responsible

for synaptic facilitation in presynaptic terminals [4, 107].

In addition, it is a well-established fact that for the induction of LTP the intensity of
stimulation protocols have to overcome some threshold [106]. The strong increase of the

Ca2+-concentration emerges for frequencies that are in a range around this threshold
[5, 108]. This hypothesis agrees well with the experimentally established fact that a

modest Ca2+-influx causes LTD, whereas a large Ca2+ influx triggers LTP [106, 109].
In general, the role of enhanced average Ca2+-concentrations for changes of synaptic

efficacy has been pointed out by [110]. In order to look for a significant frequency- or
amplitude-modulated key of a specific induction process of one of the different forms

of synaptic plasticity it has to be considered the synapse in more detail: exocytosis

steps [111], buffer properties [112], diffusion effects [113] and protein kineses [114] are
important elements of the induction machinery.

The qualitative behaviour of the Ca2+-concentration cannot be disturbed by even
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Figure 5.17: Ca
2+-peaks evoked by a 2 Hz train of action potential. This graph

shows a simulation of the spatially averaged Ca2+-peaks (without indicator) evoked by
a 2 Hz, 3.5 s train of action potential. The Ca2+ responses to each action potential
stimulation remain independent from each other.

larger stimulation frequencies (50 Hz): The induced Ca2+-spikes remain in phase with

the stimulating membrane potential. This can be seen by inspection of Fig. (5.19).
There, the enhancement of the Ca2+-baseline becomes even more pronounced. Again,

the new baseline saturates during stimulation, but on a level which is higher compared
to the 20 Hz stimulation.

The exact shape of the Ca2+ signal is a result of an interplay of membrane proteins

and Ca2+-buffers. However, some relations between the general appearance of the Ca2+-
signal and some specific neuron properties can be observed. Generally, the surface

density of VDCC determines the amplitude of the Ca2+-spikes on top of the baseline,
whereas the baseline height is determined by the buffer rate constants. In contrast,

the time scale, on which the Ca2+-concentration returns to its rest state is governed
by both the surface densities of the PMCA, NCX (efflux) and the rate constants of the

buffer (buffered Ca2+ cannot leave the terminal). It should be emphasised that the
height of the baseline levels of the Ca2+-concentration increases roughly quadratically

with stimulation frequencies (see Fig. 5.20) ranging up to 50 Hz.
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Figure 5.18: Ca
2+-peaks evoked by a 20 Hz train of action potential. The graph

shows a simulation of the spatial average Ca2+-concentration (without indicator) evoked
by a 20 Hz, 350 ms tetanus. The baseline of the Ca2+-concentration rises during stim-
ulation. This is caused by an overlap of the Ca2+-response to subsequent action po-
tentials. The shifted baseline constitutes a significant difference compared to the Ca2+-
response to a low-frequency tetanus. In addition, the height of the individual peaks
rises as more Ca2+ is bound in the buffer during stimulation, which decreases the
buffer capacity.

5.3.4 The LTP induction threshold should be shifted by using ex-
ogenous buffers

The fact that exogenous buffers act as an additional intracellular buffer system chang-

ing the shape of the calcium dynamics has been pointed out before, among others
by [79, 115]. In Fig. (5.21) the influence of an exogenous buffer (500 µM Magnesium

Green) on the Ca2+-concentration evoked by a 10 Hz train of action potential in a pyra-
midal neuron of the rat neocortex [41] is shown. The left panel (with exogenous buffer)

clearly exhibits a shifted baseline of the Ca2+-concentration, whereas the baseline re-

mains practically unchanged in the right panel (without exogenous buffer) as would be
expected for such low-frequency stimulation protocols.

Due to the longer relaxation time for the Ca2+-spikes the exogenous buffer facilitates

the emergence of a new baseline. Using an exogenous buffer the Ca2+-spikes overlap
already for lower frequencies and the baseline is significantly higher. Consequently, the

threshold stimulation frequency for the emergence of a new baseline is larger for neu-
rons without exogenous buffer compared to neurons that have been treated with indica-

tors. In contrast, the maximum peak concentrations exhibit the opposite behaviour, see
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Figure 5.19: Ca
2+-peaks evoked by a 50 Hz train of action potential. This graph

shows a simulation of the spatial average Ca2+-dynamics (without indicator) evoked by
a 50 Hz, 1 s tetanus. In comparison to Fig. (5.18), there is a more pronounced enhance-
ment of the Ca2+-baseline. Again, the new baseline saturates during stimulation but on
a level which is higher compared to the 20 Hz stimulation.

Fig (5.21). By using an exogenous buffer the maximum peak concentration becomes
considerably smaller than in a similar measurement without buffer. Nevertheless, it

should be noted that the overall average height of the Ca2+-concentration is practically
unchanged with and without exogenous buffers.

The behaviour described above could be used for testing the sensitivity of LTP induc-

tion to the baseline height, the average or the maximum peak of the Ca2+-concentration.
The underlying hypothesis predicts a possible shift of the LTP induction threshold trig-

gered by an exogenous buffer. Consequently, the experiment should measure the LTP
induction threshold frequency without and with an exogenous buffer:

If the LTP induction threshold frequency is shifted to lower frequencies in the pres-

ence of an exogenous buffer, the LTP induction process should be sensitive to the base-
line of the Ca2+-levels. On the other hand, if the LTP induction threshold frequency is

shifted to higher frequencies, then the LTP induction process is sensitive to the maxi-
mum peak of the Ca2+-levels. If, in contrast, the LTP induction threshold frequency is

unaltered, then the LTP induction process might be sensitive to the average Ca2+-level
or even be a frequency-coded effect. In the last case, it would be impossible distin-

guished between the two possibilities. To summarise: Using this procedure groups
of processes of the LTP induction machinery in terms of the calcium affinity may be

ruled out (compare section 5.3.3). Finally, note that the right panel in Fig. (5.21) again
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Figure 5.20: The height of the Ca2+-baseline as function of the stimulation fre-
quency. The height of the baseline levels of the Ca2+-concentration of the simulation
increases quadratically (quadratic fit with red dots) with stimulation frequencies rang-
ing up to 50 Hz. As the bound buffer concentration saturates at large frequencies, the
Ca2+-relaxation depends on the linear membrane efflux only. This in turn leads to a
linear behaviour of the Ca2+-baseline height at large stimulation frequencies (not shown
here).

provides a quantitative prediction of the Ca2+-signal in the pyramidal neuron of the

neocortex as it would have been without the use of an exogenous Ca2+-buffer starting
from the Ca2+-measurement [41].

5.3.5 Properties of microdomains

It has been stated in Sec. (2.2) that the locality of the Ca2+-signals within the presynap-

tic terminal may have an important impact for both the trigger of the neurotransmitter
release [116] and further calcium induced activities within the neuron. Therefore, in

this section the investigation of Ca2+-signal, considering diffusion discussing only spa-
tially averaged dynamics should be extended to a detailed view into the spatial resolved

dynamics of the Ca2+-ions in the region of a microdomain. In particular the question
will be addressed, whether the results presented above can be confirmed for such a

local view or whether significant differences exist.

Most of what is known about the temporal and spatial characteristics of Ca2+-
microdomains is based on model simulations [4, 117, 118, 119], because the currently

available imaging technology does not simultaneously provide a sufficiently high reso-
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Figure 5.21: Comparison of peak, average and baseline of the Ca
2+-concentration

with and without a buffer. In this graph, the simulation of the spatial average
Ca2+-dynamics evoked by a 10 Hz tetanus is drawn. The left panel shows the Ca2+-
concentration with 500 µM Magnesium Green, whereas the right panel displays the
response without an exogenous buffer. The presence of an exogenous buffer changes
the Ca2+-signal and the height of the baseline considerably. The coloured lines repre-
sent the maximum peak values (blue) which are increased, the average concentration
(orange) which is nearly unchanged and the height of the baseline (red) which is de-
creased in the absence of an indicator.

lution in time and space. Either the temporal resolution is suitable, which results in

a sparse spatial resolution and vice versa. Recent simulation studies have shown that
the properties of the microdomains are dominantly determined by the following factors:

• A microdomain consists of a cluster of VDCC. Properties such as topography of the

VDCC and their overall number within a microdomain determine the dynamics of
the microdomain [119, 120, 121].

• The incoming Ca2+-ions are locally fixed through the presence of slow-moving

buffers [122]. Therefore, both the diffusion constants of Ca2+-ions and of the
buffers themselves represent important factors. The influence of the buffer diffu-

sion has been analysed by a variation of the buffer diffusion constant. Interest-
ingly, the results show clearly that the local fixation of the Ca2+-ions is only little

decreased by assuming an 100fold increased diffusion constant of the buffer. This
result could be changed by repetitive stimulation and corresponding enhanced

accumulation of Ca2+-ions to the buffer.
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Figure 5.22: Spatiotemporal Ca
2+-dynamics in a microdomain. The simulation of

the time series of the local Ca2+-concentration caused by a single VDCC cluster with the
diameter of 200 nm in a presynaptic terminal is drawn. The terminal was stimulated
by a single action potential. The terminal has a diameter and a height of 500 nm. The
Ca2+-concentration develops to a peak value of 80 µM and decays in a time range of
5 ms.

• Different microdomains within a single active zone of the presynaptic terminal can
interact through an overlap of the single-microdomain signals [117].

• The vesicles are assumed to be attached to the microdomains. Their distribution
and overall number influences the release of the neurotransmitter [123].

First, the spatial distribution of the Ca2+-ions near a single microdomain has been
analysed. For this, it has been assumed that the presynaptic terminal of a pyramidal rat

neuron contains only a single microdomain (which is realistic for such small terminal
with a diameter of nearly 1 µm) and the whole Ca2+-influx current induced by a single

action potential occurs at this microdomain. The diameter of the VDCC-cluster has
been measured to be approximately 200 nm. The result is shown in Fig. (5.22). The local

Ca2+-concentration reaches a maximum value of nearly 80 µM, which is a drastically
increased value compared to the terminal averaged Ca2+-concentration. The width of

the microdomain is determined by the cluster width of 200 nm. In contrast, the spatial
size of increased Ca2+-concentration is determined by the diffusion process of both

calcium and buffers and reaches a value of nearly 150 nm. The local peak decays very

fast, on a time scale of approximately 5 ms.

In order to compare the local Ca2+-signals with the statements above on the volume

averaged Ca2+-concentration, the dynamics of the Ca2+-concentration within the mi-
crodomain has been analysed in dependence on different stimulation frequencies. The

qualitative behaviour agrees well with the volume-averaged analysis. Also, the thresh-
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old frequency for the baseline enhancement is in good agreement with the statements
above. But the amplitudes of both the baseline and the peak concentration are signifi-

cantly shifted to higher values. This leads to the following hypothesis: Both Ca2+ signals
encode different processes: 1. The local Ca2+-signal might be relevant for effects such

as STP and STD. 2. The volume averaged Ca2+-signal might be relevant for phenomena
such as LTP and LTD. This hypothesis can be verified by a quantitative determination

of the Ca2+-sensitivity of possible induction mechanisms for short- against long-term
plasticity as well as the location of the induction mechanisms within the neuron.

5.4 Discussion of results

SYNDICAD represents a well-developed tool for quantitative investigations of the spa-
tiotemporal Ca2+-peaks in presynaptic terminals of neurons including VDCC, PMCA,

and NCX, as well as endogenous buffers and fluorescence indicators. These ingredients
turned out to be sufficient to quantitatively reproduce all fluorescence measurements

of intracellular free Ca2+-peaks in response to single action potentials in pyramidal
neurons of the rat neocortex. On the basis of the parameter set determined by the

single action potential Ca2+-peaks the model predicts, on a quantitative level, the Ca2+-
response for different stimulation patterns. This holds true in particular for a 10 Hz

train of action potential.

The single action potential Ca2+-response has been produced by fitting two parame-
ters only: The average membrane-protein surface densities of the VDCC and the PMCA,

respectively. All other parameters have been fixed either by the experiment itself or by
independent single-protein measurements. The resulting values for the VDCC density

are in good agreement with experimental data [44]. The PMCA density, in contrast, is
found at the upper edge of values that have been observed experimentally [124]. The

protein densities resulting for every neuron type can be interpreted as a prediction for
average densities on the terminal. In view of the difficulties to measure such protein

densities directly, their calculation with SYNDICAD provides an attractive alternative.

The general behaviour of Ca2+-peaks has been investigated in response to different
stimulation protocols: For a 2 Hz train of action potentials no characteristic feature

of the Ca2+-signal has been found, which differs from independent single action po-

tential answers. This agrees well with the interpretation that synaptic facilitation is
triggered by calcium enhancements, while synaptic depression is a consequence of

reduced release-site activity [125]. A characteristic difference between Ca2+-peaks in
response to 2 Hz- and 50 Hz-stimulations has been found both experimentally [88] and

in the simulation: Above threshold stimulation frequency, the Ca2+-signal does not re-
turn to its rest state level after each spike. Instead, the baseline is shifted towards a

higher level and the Ca2+-spikes develop on top of this baseline. This investigation has
been also presented in [126]. Indeed, the strong increase in the Ca2+-signal for stim-

ulation frequencies above some threshold can be interpreted as corresponding to the
stimulation threshold for the induction of LTP [127]. Rephrased, the emergence of an

enhanced baseline and, as a consequence, of an enhanced average value and increased
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peak values of the Ca2+-concentration constitute a necessary requirement for induction
of LTP. The height of the baseline increases quadratically with increasing stimulation

frequencies up to frequencies for which the buffer becomes saturated with Ca2+. For
higher frequencies the baseline increases only linearly.

Already on the level of calcium-dynamics averaged over the whole terminal it has
been confirmed that the endogenous and exogenous buffer concentrations as well as

their saturation properties crucially shift the threshold of the stimulation frequency
[79, 115, 127]. It is important to realise the strong influence of fluorescence indicators

on the intracellular free Ca2+-signal [128, 129, 130]. Therefore, this problem has been
investigated in more detail through a simulation with SYNDICAD. On the level of single

action potentials, the use of indicator leads to considerably smaller Ca2+-spikes, which

relaxed to the rest concentration slower. This implies that the use of indicator shifts the
threshold stimulation frequency mentioned above. Therefore, a quantitative evaluation

of fluorescence measurements should always include the effect of the indicator, as has
been done in [131, 132]. These results have been published also in [133]. Furthermore,

a new test has been proposed in order to rule out possible candidates to which the
LTP-induction machinery might be sensitive: The baseline, the average, or the maxi-

mum of the Ca2+-peaks. Finally, the local Ca2+-signals in the region of a microdomain
has been compared to the volume-averaged results. SYNDICAD incorporates a specific

model and provides a tool to reconstruct both the averaged or the spatial resolved Ca2+-
concentration as it would have been without indicator in fluorescence measurements.



Chapter 6

Summary and outlook

This thesis dealt with the simulation of synaptic signal transmission. It aimed at the

development of a model, which is capable of quantitatively describing processes rel-
evant for signal transmission on the level of single proteins. The basic idea was to

incorporate all experimental findings on the single protein level and to investigate their
interplay in individual synapses. In order to do this, the model had to be tested on

its ability to reproduce experimental data. This thesis has focused on processes taking

place on the presynaptic side of the synapse. It is clear that any fully-fledged model of
the synapse will have to incorporate both sides. Consequently, the modular architec-

ture of SYNDICAD allows for a straightforward extension towards a complete model of
synaptic transmission. However, the presynapse serves as an excellent starting point

for such an effort. This is especially true in view of the comparably good experimental
situation for single-protein measurements within the presynapse. In general, calcium

plays a dominant role in synaptic signal transmission in the pre- and the postsynapse,
explaining the particular interest in its dynamics.

The resulting model for spatiotemporal calcium-dynamics in presynaptic terminals
is based on ion fluxes through a membrane, which separates the intra- and extracellular

space. These fluxes are triggered by external stimuli, and they are realised by trans-
membrane proteins, which act as pores, pumps or exchangers (voltage-dependent cal-

cium channel – VDCC, plasma membrane calcium ATPase – PMCA, and sodium/calcium
exchanger – NCX, respectively). In addition, the ion dynamics is strongly influenced by

intracellular molecules acting as endogenous and exogenous ion buffers. Depending

on both intracellular ion concentration and external conditions, these proteins dynami-
cally change their behaviour with respect to ion-permeability (VDCC) and pumping rate

(PMCA and NCX) or their ability to bind the ions (buffer), respectively.

The protein-ion interactions under the additional influence of complicated external

conditions – e.g membrane geometry, time-dependent membrane potentials, etc. – are
modelled by a system of coupled reaction-diffusion equations. These partial differential

equations include the following elements: 1. Diffusion of ions and buffers is described
by classical diffusion terms, first order in time second order in space. 2. The opening

mechanism of VDCCs has been described by a Markov model which leads to a set
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of ordinary differential equations. The ion fluxes through the open pore have been
determined by the approximate Goldmann-Hodgkin-Katz solution of the corresponding

electrochemical gradient problem. 3. The buffering process within a single molecule has
been modelled by a first-order kinetics, which has been translated into a set of ordinary

differential equations by using the law of mass action. The dynamics of PMCA and NCX
has been described by a Michaelis-Menten like model and again been translated into

a set of ordinary differential equations. In particular for NCX the dependence of the
maximum exchanger rate on the electrochemical gradient of sodium and calcium has

been taken into account.

The resulting set of differential equations and methods for their numerical solution

have been implemented in terms of an object-oriented computer code – called SYNDI-
CAD – in the modern programming language C++. The model architecture of SYNDICAD

is designed to allow a differentiation between universal single-protein characteristics,

which are assumed not to depend on the neuron under consideration, and specific
parameters, which depend on the specific neuron type and on the specific experimen-

tal conditions. This classification allows SYNDICAD to be adjusted to different neuron
types. The most important specific parameters are represented by the surface densities

of VDCC, PMCA and NCX. They have been treated as fit parameters and have been de-
termined by experimental data on the cellular level. These data stem from fluorescence

measurements. Both the fluorescence dynamics and the side-effect of additional cal-
cium buffering of these measurements have also been included into the model. SYNDI-

CAD has been adapted to the fluorescence measurements of two neuron types, namely
the pyramidal neuron of the rat neocortex and the Calyx of Held. In these measure-

ments, the impact of different external stimuli, ranging from a single pulse to a train
of action potentials, has been investigated. On the qualitative and quantitative level

all relevant properties could be reproduced. In general, the adaptation of SYNDICAD
to a specific neuron type allows for a prediction of the surface protein densities. The

resulting values agree well with other – independent – estimates and measurements.

The above suggestion that the surface densities of VDCC, PMCA and NCX represent

the most significant difference of specific neuron types certainly has to be extended

to different subtypes of the proteins. However, the experimentally detected differences
between protein subtypes turn out to be rather small. The differences are dominated

by other uncertainties of the model parameters as for example the sensitivity of calcium
transients to the shape of the action potential. Consequently, there was no possibility

to consider such differences in this thesis.

SYNDICAD has been used for investigations on the contributions of single proteins

to the global calcium dynamics within the presynapse:

At first, influx current caused by the VDCC in dependence on the stimulus has been

discussed in detail. The influx of calcium has been shown to be more sensitive to the
shape of the action potential than to its amplitude.

The central importance of endogenous buffers to the calcium dynamics in presy-
naptic terminals has been demonstrated. The obtained rate constants for the buffer

dynamics do not justify the – elsewhere widely employed – fast buffer approximation.
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It has been measured before that during a single action potential nearly 99% of the
incoming calcium is bound to endogenous buffer proteins. This experimental result

could be reproduced in the simulations. In contrast, during repeated stimulation with
frequencies above 20 Hz, the relaxation time of the buffer coincides with the duration

between two subsequent calcium responses, which consequently increases the base-
line of the calcium concentration. For extremely large stimulation frequencies above

100 Hz, the bound buffer saturates, which leads to a linear dependence of the baseline
shift on the stimulation frequency. Generally, the shifted calcium baseline is assumed

to play an important role for synaptic memory effects such as synaptic plasticity.

It has been possible to reproduce fluorescence measurements with SYNDICAD by
calculating the concentration of bound indicators and the resulting fluorescence inten-

sity. The side-effect of these exogenous fluorescence indicators has been taken into
account by calculating the complete set of reaction-diffusion equations. This allows

SYNDICAD to reconstruct the unperturbed – physiological – neuronal responses which

has been performed in this thesis.

In particular, the fluorescence signals have been further analysed: The maximum
amplitude of the fluorescence signal depends on both the amplitude and duration of

the stimulus and reflects the maximum free calcium concentration inside the neuron,
which crucially depends on the VDCC activity. The decay phase of the fluorescence

signal can be divided into two stages: One with a comparably steep decrease of the
fluorescence intensity and one with a comparably small decrease. This behaviour is

caused by the cooperative buffering by the fluorescence indicator and the endogenous
buffer inside the cell. Although the overall calcium dynamics is by far more involved,

the existence of two phases can be interpreted as different binding dynamics of the two
buffers. Of course, the emerging fluorescence pattern also reflects the impact of the

calcium extrusion mechanism realised by PMCA and NCX. The interaction of these two
calcium extrusion mechanisms has been disentangled, under particular consideration

of two different modes of the NCX. Earlier experimental evidence – pointing into the
direction that the NCX transport dominates for the rapid reduction of large calcium

concentrations – has been confirmed. In contrast, for low calcium concentrations the

calcium efflux is dominantly accomplished by the PMCA.

A further purpose of SYNDICAD is to illuminate the induction mechanisms of differ-
ent phenomena that are triggered by calcium in dependence on some stimulus. In the

framework of this thesis this has been performed by an identification of possible mech-
anisms responsible for the induction of LTP on the level of the calcium concentration:

The frequency domain, at which LTP can be induced by applying trains of action poten-
tials, remarkably coincides with the frequencies that lead to a shift of the baseline of the

calcium concentration. This supports the important role of the calcium concentration
in LTP induction.

An experiment has been proposed that discriminates between potential calcium-

related quantities that may induce LTP. The threshold frequency necessary for the
induction of LTP should be measured with and without an exogenous buffer. If the

LTP induction mechanism is sensitive to the baseline of the calcium concentration,
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the threshold frequency will decrease in presence of an exogenous buffer. On the other
hand, if the induction is triggered by the peak amplitudes, than the threshold frequency

will increase.
In addition, microdomains of enhanced calcium concentration inside the neuron

have been analysed. In the model microdomains have been realised by inhomogeneous
VDCC distributions. Assuming all VDCC proteins to be concentrated within a cluster of

200 nm size, local calcium concentrations of up to 80 µM have been observed in the cor-
responding simulations. This is clearly larger than the average calcium concentrations

inside a presynapse during stimulation. The large calcium concentration coincides with
values obtained from independent investigations. The different calcium patterns with

and without microdomains may correspond to different effects in synaptic plasticity.

These results open the way to a number of related questions for future investigations.
First of all, more processes than implemented so far – involved in signal transmission

through the synapse – play a role for the calcium dynamics in the presynaptic terminal.
A striking example for this is the phenomenon of calcium-induced calcium release,

which plays a role in some neuron types and which is triggered by internal messenger
cascades. In addition, further subtypes of the involved proteins should be included after

uncertainties of the protein characteristics and the overall calcium dynamics have been
removed. The integration of the relevant messenger cascades in SYNDICAD – leading

to the phosphorylation or the synthesis of proteins involved in synaptic transmission –
may open a pathway towards a full understanding of effects as long-term potentiation.

The modular architecture of SYNDICAD represents an excellent starting point to a
complete model of synaptic signal transmission, including the postsynapse. Of course,

when taking into account postsynaptic receptors, at least a similar scheme of going from
single-protein based experimental data to a model of the full system has to be realised.

This has to be supplemented with a model dealing with the link of both terminals, i.e.,

processes related to the release and reception of neurotransmitters have to be simulated
as well. The comprehensive system should then allow to test hypothesis about complex

synaptic activity. Many of these aspects have already been prepared within SYNDICAD.
This opens a lot of exciting possibilities for future research.
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Parameters of SYNDICAD

A.1 General parameters

category symbol meaning value

geometry1: Presynaptic

terminal from a rat

pyramidal neuron

r radius of the terminal 0.5 µm

l height of the terminal 1.0 µm

geometry2: Calyx of Held r radius of the terminal 4.5 µm

l height of the terminal 9 µm

equilibrium

U0 equilibrium membrane potential -70 mV

C0 equilibrium Ca
2+-concentration 0.1 µM

external

Cex external Ca
2+-concentration 1.5 mM

T temperature 310 K

N intracellular sodium concentration 12 mM

Nex extracellular sodium concentration 145 mM

A.2 VDCC

symbol meaning value

U0.5 Half activation potential -3.9 mV

Usl Steepness factor 7.1 mV

k1 Activation time constant parameter 1.12 1/ms

U1 Activation time constant parameter 31.5 1/mV

k2 Activation time constant parameter 0.14 1/ms

U2 Activation time constant parameter 8.6 1/ms

p Single channel permeability 1.1 µm3/s
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A.3 PMCA

symbol meaning value

νpm
max Maximum transport rate 30 1/s

Kpm
0.5 Half activation concentration 0.09 µM

τpm relaxation time constant 1 ms

npm Hill coefficient 2

A.4 NCX

symbol meaning value

gnc
max Maximum conductivity 21.1 fS

Knc
0.5 Half activation concentration 0.6 µM

τnc relaxation time constant 1 µs

nnc Hill coefficient 1

A.5 Endogenous buffer

symbol meaning value

B0 total buffer concentration 30 µM

k+ forward rate constant 0.035 1/(µM*ms)

k− backward rate constant 0.035 1/ms

A.6 Indicator: Magnesium Green

symbol meaning value

Bfl
0 total indicator concentration 100-2000 µM

kfl
+ forward rate constant 0.013 1/(µM*ms)

kfl
−

backward rate constant 0.078 1/ms

(F∆)max maximum of relative fluorescence change 1.5

A.7 Indicator: Mag-Fura2

symbol meaning value

Bfl
0 total indicator concentration 400 µM

kfl
+ forward rate constant 0.002 1/(µM*ms)

kfl
−

forward rate constant 0.040 1/ms

(F∆)max maximum of relative fluorescence change 0.78
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A.8 Diffusion

symbol meaning value

Dc calcium diffusion constant 200 µm2/s

Db endogenous buffer diffusion constant 10 µm2/s

Dfl
b indicator diffusion constant 200 µm2/s

A.9 Stimulation

symbol meaning value

gna sodium maximum conductivity 330 mS/cm2

Una sodium reversal potential 60 mV

τm sodium activation time constant 0.1 ms

Um1 sodium potential of half activation 10.0 mV

Um2 sodium activation steepness factor 7.2 mV

τh sodium inactivation time constant 0.5 ms

Uh1 sodium potential of half inactivation -12.0 mV

Uh2 sodium inactivation steepness factor -6.9 mV

gk potassium maximum conductivity 330.0 mS/cm2

Uk potassium reversal potential -98.0 mV

τn potassium activation time constant 0.5 ms

Un1 potassium potential of half activation 0.0 mV

Un2 potassium activation steepness factor 4.0 mV

Ul leakage reversal potential -71.5 mV

Ii induction current 20.0 µA/cm2

cm membrane capacity 3.6 µF/cm2
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Appendix B

Short Manual of SYNDICAD

The source code for SYNDICAD can be found in the root directory of the CD included
in this thesis. In order to use the advantages of object-oriented programming, the pro-

gramming language C++ has been chosen. SYNDICAD has been implemented under the

operating system Linux (kernel version 2.4.21-166-smp4G) using the gcc 3.3.1 compiler
of the SuSE distribution. Only the included standard libraries have been used.

In the following, the basic file structure of SYNDICAD will be described, and instal-
lation instructions will be given. In order to become acquainted with the program, its

command line options as well as the syntax required for entering parameters in SYN-
DICADs option file will be highlighted. Afterwards, some possibilities to visualise the

output files of SYNDICAD will be presented. In addition, SYNDICAD can be run by an
external fitting routine that automatically adjusts predefined SYNDICAD parameters

in order to minimise differences to experimental data. Finally, a brief overview of the
classes and objects used in SYNDICAD will be given.

B.1 Compilation and directory hierarchy

The root directory of the enclosed CD contains the directory SYNDICAD, which hosts
all source files necessary for compilation. These files include the header files:

const.h exocytosis.h memprotein.h neuron.h parameter.h potential.h pot_base.h stimu-
lus.h syndicad.h
and the actual implementations:
exocytosis.cpp fit.cpp main.cpp memprotein.cpp neuron.cpp parameter.cc potential.cpp
stimulus.cpp syndicad.cpp .

The file Makefile contains all necessary instructions for compilation. The program can
be compiled by moving into the source directory and running the make utility:

> cd SYNDICAD

> make
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The compilation results in an executable file called syndicad. The compilation options
can be adapted to individual machine requirements by editing the variable CXXFLAGS
within the file Makefile. In order to remove all object files, the make utility can also be
called with the special option

> make clean .

All output files of SYNDICAD can be conveniently removed by calling

> make rmout .

B.2 Options and Parameters

The executable file syndicad requires a parameter file within its directory. If no com-

mand line option is given, the default parameter file name is syndicad.par. The program
can be started as follows

> ./syndicad [PARAMETERFILE] [PARAMETERS],

where the optional variable PARAMETERFILE denotes the name of the file containing

the parameters and PARAMETERS may contain additional parameters in the syntax
PARAMETERS = ”-PARNAME = PARVALUE”. The program will only start when all nec-

essary parameters have been defined in either the parameter file or in the command
line options. If a parameter is defined in both the parameter file and the command line

option, the value in the command line options will have higher priority. The standard
parameter file syndicad.par contains all necessary values – adjusted to the presynaptic

terminal of a pyramidal neuron. All names of the parameters and their required units
are listed in the default parameter file as well. Entries in syndicad.par must have the

following syntax:
”PARNAME = PARVALUE”.

In every line, text occurring after the sign ”#”, is interpreted as a comment. If SYNDI-
CAD is started with syndicad.par, as provided with this thesis, the output directories

./outputa/ and ./output/ must exist in its working directory.

B.3 Output and Visualisation

If no further changes have been performed in the used parameter file, SYNDICAD writes

its output files in the directories ./outputa/ and ./output/.

After SYNDICAD has been completed, the directory outputa contains the following
data as time series:

averagebouton.out Spatially averaged observable such as the calcium concentration,

buffer concentration, etc.

averageprotein.out Total currents and rates of the membrane proteins.
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pre_u.out Membrane potential.

fluorescence.out Spatial average of the relative fluorescence intensity.

Using the shell script mkbouton the main features of a SYNDICAD run can be visualised:

> cd outputa

> ./mkbouton.

Note however that this script requires the visualisation program ”xmgrace” (available
on the SuSE distribution) to be installed on the system.

In contrast, the directory output contains the three relevant observable in spatially
resolved form: calcium concentration, buffer concentration, and relative fluorescence

intensity. These are saved in files of the form syndicadoutxxxxx.out, where the number
xxxxx codes the actual simulation time. The ASCII-files can be visualised with the IBM

data explorer (available on the SuSE distribution):

> cd output

> dx.

After starting the Data Explorer, the visual program file diffusion.net should be opened.
With the Data Explorer, the spatiotemporal dynamics of the calcium concentration can

be observed. In addition, the Data Explorer supports the opportunity to create movie
sequences.

B.4 Fitting routine

On top of SYNDICAD, an additional program – the executable fit – can be used to ob-

tain parameter sets that minimise the difference between the output of SYNDICAD and
experimental data. The parameters necessary for the fitting routine must be specified

in the source code file fit.cpp:

DIM Number of parameters to be minimised.

DATAFILE Name of the file containing the experimental data.

timestep Timestep width of the SYNDICAD simulation.

p[i] Initial values of the Parameters i = 0 .. DIM - 1.

command Here, the corresponding SYNDICAD command line options for every fit pa-
rameter must be specified.

In addition, in function double Nfunc(double*), some adaptations concerning the out-

put of the fit parameters during runtime may be necessary. The executable can be
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created and started with the following commands:

> g++ − O3 − c fit.cpp

> g++ − O3 − o fit fit.o

> ./fit.

For every iteration, the program fit writes the parameter values and the correspond-

ing χ2-values to the standard output. In addition, both experimental data and the
simulation output will be saved to outputa/fitfluo.out to enable direct comparison with

”xmgrace”.

B.5 Class hierarchy

SYNDICAD is based on implementations of the following major classes:

_SYNDICAD This class is responsible for controlling the main program flow of SYNDI-

CAD: First, the parameter files are being parsed, followed by an initialisa-
tion of the diffusion compartments and a creation of all necessary objects.

Second, the actual time evolution is being started. For that, member func-
tions of all diffusion compartments – represented by individual objects – are

called at every timestep, which calculate the local dynamics of the respec-
tive concentrations. At predefined intervals, the output files are updated.

The variables are updated synchronously.

_NEURON An instancitiation of this class corresponds to a single volume element of

the synaptic terminal. Several derived classes, such as NEURON_CYTO-
PLASM, NEURON_MEMBRANE, NEURON_PRETERM, NEURON_ PRETER-
MEMPTY specify the type of the individual compartment. Depending on

their type, several different reaction terms and boundary conditions have
been implemented in each subclass. Volume compartments situated on the

membrane contain instanciations of membrane protein classes, whereas
all compartments contain representations of buffer proteins. Locally, every

volume compartment solves the reaction-diffusion system (4.11) and the
analogous equations for the protein dynamics.

_channels Every instanciation of _channels represents the action of a single VDCC.
Therefore, all necessary functions describing its temporal dynamics and its

equilibrium state have been implemented here.

_carriers An instanciation of _carriers includes the combined action of both the

PMCA and the NCX proteins. Consequently, their temporal and their equi-
librium dynamics have been realised here.

The modular structure of SYNDICAD enables the simple insertion of additional pro-

cesses, e.g., additional buffers or different subtypes of VDCCs. Structures describing
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the whole synaptic transmission process – from presynaptic action potentials to post-
synaptic potentials – have already been implemented in SYNDICAD, thus rendering the

program a perfect starting point for further investigations in this direction. This mani-
fests itself in the existence of additional _NEURON-subclasses describing compartment

properties of the synaptic cleft and the postsynapse and their corresponding reaction
pathways.



102 B.5. CLASS HIERARCHY



List of publications

Journals

1. F. Erler, P. Zahn and I. Mertig,
Finite-size effects in giant magneto resistance - an ab initio calculation,

Phys. Rev. B (64) 094408 (2001).

2. P. Zahn, N. Papanikolaou, F. Erler and I. Mertig,
Evolution of Co\Cu multilayer conductivity during growth-an ab initio calculation,

Phys. Rev. B (65) 134432 (2002).

3. F. Erler, M. Meyer-Hermann and G. Soff,
A quantitative model for presynaptic free calcium dynamics during different stimu-
lation protocols,
Neurocomputing, in press.

4. M. Graupner, F. Erler, M. Meyer-Hermann,

A theory of Plasma Membrane Calcium Pump stimulation and activity,
arXiv:physics/0306121.

Refereed conference proceedings

1. M. Meyer-Hermann, F. Erler and G. Soff,

Presynaptic calcium dynamics of neurons in answer to various stimulation protocols,
in A. Deutsch, M. Falcke, J. Howard, W. Zimmermann (eds.), Function and regu-

lation of cellular systems: experiments and models, Birkhaeuser, Basel (2004).

Poster presentations

1. P. Zahn, F. Erler, N. Papanikolaou and I. Mertig,

Thickness dependent conductivity for finite multilayer systems,
"Symposium on Spin Electronics"; Halle (2000).

2. F. Erler, M. Meyer-Hermann and G. Soff,

Calcium Dynamics in Neurons,

103



104

1.MathBio Workshop "Function and Regulation of Cellular Systems: ”Experiments
and Models" MPI-PKS; Dresden (2001).

3. F. Erler, M. Meyer-Hermann and G. Soff,

AP- and Tetanus-induced Presynaptic Calcium Dynamics in Single Boutons of Pyra-
midal Neurons,

11.Neuropharmacology conference "Molecular Mechanisms of Synaptic Function"
Plaza Hotel; San Diego-USA (2001).

4. F. Erler, M. Meyer-Hermann and G. Soff,

SYNDICAD - Reconstruction of intrinsic calcium signals from fluorescence measure-
ments in neurons
1.PhD-Symposium "Horizons in Molecular Biology" GZMB; Goettingen (2003).



Acknowledgements

First of all, I would like to express my deep gratitude to the supervisor of my thesis, Prof.
Dr. Gerhard Soff, for offering me the possibility to graduate in his group. His paternal

guidance and continuous interest in my work has been a great encouragement over the
past years.

I would like to thank especially Dr. Michael Meyer-Hermann for conceding the
chance to start a collaboration with him on the subject of biophysics, before this re-

search field had fully been established in Dresden. In the past years he spent a large
amount of time and energy in order to animate my research work and to supervise

the progress of my thesis. It has gained a lot from Dr. Meyer-Hermann’s extraordi-

nary expertise concerning theoretical biology and physics in general. I owe a lot to the
illuminating conversation with him, both professionally and personally.

He and the other members of the research group ”Theoretical Biophysics” at the
Institute for Theoretical Physics, namely Christiane Berndt, Tilo Beyer, Michael Graup-

ner, Wolfram Lorenz, and Gernot Schaller, have contributed a lot to an exciting and
constructive atmosphere. In particular, I would like to thank my office-mate Gernot

Schaller for technical advises and his uplifting backup. It has been a great pleasure to
collaborate with the diploma students of the group, especially with Christiane Berndt

and Michael Graupner. I gratefully acknowledge the other members of the group ”The-
ory of Hadrons and Nuclei” of Professor Soff and the members of the Institute for

Theoretical Physics for a pleasant environment. Especially the secretaries, Gundula
Schaedlich, Gudrun Latus, and Ute Waechtler contribute a lot to this friendly atmo-

sphere.
I’m grateful to Prof. Dr. Jonathan Howard for stimulating discussions and helpful

suggestions and for admitting me to the PhD programme located at the Max-Planck

Institute for Molecular biology and genetics at Dresden. It has been a great experience
to get started with the field of my thesis by taking part in the two-months trainee course

held at the MPI-CBG.
Finally, I would like to thank my family for their endurance, tolerance, and love.

105



106 B.5. CLASS HIERARCHY



List of Figures

2.1 Anatomical diversity of neuronal cells: a Purkinje neuron from human
b pyramidal neuron (rabbit) c motor neuron (cat) d,e horizontal neuron

(cat) f pre-motor interneuron (locust) g visual amacrinal neuron (fly) h
multipolar neuron (fly) i visual monopolar neuron (fly) j visual interneuron

(locust) k pre-motor interneuron (crayfish) l mechanical sensory neuron
(crayfish); The arrows indicate the signal output zone. (from Cajal, Fisher

and Boycott, Burrows, Strausfeld, O‘Shea, Rowell and Reichert). The il-
lustration has been taken from: H. Reichert; Neurobiologie, page 23 [9]. . 12

2.2 Functional parts of three types of neurons. Top A vertebrate motor
neuron which activates muscle cells. The dendrites are located around

the soma where a single axon extends from the cell body and finally splits
into several presynaptic terminals. Bottom A vertebrate sensory neuron

which conveys sensory information centrally from the periphery. Here,

the soma is located in the middle of the neuron. The illustration has been
taken from Z.W. Hall; An introduction to molecular neurobiology, page 23 [6]. 13

2.3 The process of signal transmission in neurons. A synaptic input sig-
nal evokes a gradual synaptic potential (lower left graph). If all incoming

and integrated potentials exceed a certain threshold at the initial element,
an action potential is triggered (lower middle graph), which travels along

the axon (lower right graph). At the axon terminal of the synapse, the
action potential triggers the release of neurotransmitter (yellow) into the

synaptic cleft. The illustration has been taken from M. Graupner; A the-
ory of plasma membrane calcium pump function and its consequences for
presynaptic calcium dynamics, page 9 [10]. . . . . . . . . . . . . . . . . . . 14
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2.4 Spatiotemporal aspects of calcium signalling. a Elementary events (red)
result from the entry of external calcium across the plasma membrane or

release from internal stores in the endoplasmic or sarcoplasmic reticulum
(ER/SR). They generate localised concentrations of calcium that can ac-

tivate many processes, including export of cellular material (1), opening
of potassium channels (2) and metabolism in the mitochondria (3). The

calcium signal can also enter the nucleus (4). All of these processes re-
spond to the very high concentrations of calcium, that build up within

the sub-domain of the elementary events. b Global calcium signals are
produced by coordinating the activity of elementary events to produce a

calcium wave, which spreads throughout the cell. c The activity of neigh-

bouring cells within a tissue can be coordinated by an intercellular wave
that spreads from one cell to the next. The illustration has been taken

from: M. J. Berridge et al.; Calcium – a life and death signal, page 645 [15]. 15

2.5 Short-term depression (STD) and facilitation (STP) in a Calyx-of-Held-
type synapse. Presynaptic action potentials (APs; top panel) and excita-

tory postsynaptic currents (EPSCs) during a 100-Hz train at an extracel-
lular Ca2+-concentration of 1 mM (middle panel) or 2 mM (bottom panel)
in a brainstem slice from a 9-day-old rat. At 1 mM

[

Ca2+
]

, EPSCs are ini-
tially facilitated; depression is observed later in the train. At 2 mM

[

Ca2+
]

,

severe short-term depression is observed. The presynaptic pipette con-
tained a low concentration of an exogenous

[

Ca2+
]

-buffer (50 M BAPTA).

The illustration has been taken from: H. von Gersdorff and J.G.G. Borst;

Short-term plasticity at the Calyx of Held, page 57 [26]. . . . . . . . . . . . . 17

2.6 The induction of Long-term depression (LTD) and its dependency on
postsynaptic depolarisation and intracellular Ca

2+-concentration. Ex-

citatory postsynaptic currents (EPSCs) have been recorded before and af-
ter applying a LTD stimulus (Top). LTD has been induced by stimulating

the Shaffer collateral pathway at 5 Hz for 3 to 4 min in current clamp
mode (arrow 2 in the lower graph). The same stimulation was used dur-

ing voltage-clamp conditions at -70 mV (arrow 1 in the lower graph). The
pipette contained a standard intracellular solution (0.4 mM Ca2+ and 1.1

mM EGTA). The illustration has been taken from: V.Y. Bolshakov and
S.A. Siegelbaum; Postsynaptic induction and presynaptic expression of hip-
pocampal long-term depression, page 1149 [31]. . . . . . . . . . . . . . . . . 18

2.7 The induction of post-tetanic potentiation (PTP) and its dependency
on calcium. PTP and PTP/EGTA of excitatory postsynaptic potentials (EP-
SPs) caused by a tetanus (20 Hz for 2 s) applied at time 10 min (arrow).

PTP is reduced by presynaptic injected Ca2+-buffer EGTA. The illustration
has been taken from: J.X. Bao et al.; Involvement of pre- and postsynaptic
mechanisms in posttetanic potentiation at Aplysia synapses, page 970 [32]. 19
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2.8 The induction of long-term potentiation (LTP) in mossy fiber-type
synapses. At time 0 the mossy fiber pathway has been stimulated by

two trains of action potentials of 1 s duration each at 100 Hz and 10 s in-
tervals. The slope of the excitatory postsynaptic potentials (EPSPs) shows

a significant and long-lasting increase (upper graph). Below the graph in-
dividual EPSPs are displayed which show an increase in the amplitude of

the EPSPs. The time course of LTP in mossy fiber has been recorded in
normal Ringer solution. The illustration has been taken from: R.A. Zalut-

sky and R.A. Nicoll; Comparison of two forms of long-term potentiation in
single hippocampal neurons, page 1620 [33]. . . . . . . . . . . . . . . . . . . 20

3.1 Diffusion Potentials in Pores. A membrane with perfectly K+-selective
pores separates solutions with different concentrations of a potassium

salt, (KA). A voltmeter records the potential across the porous membrane.
When the salt solutions are poured in, there is no membrane potential

(E = 0). However, as few K+ ions diffuse from the left side to the right, a
potential develops, with the right side becoming positively charged. Even-

tually, the membrane potential reaches the Nernst potential for K+-ions
(E = EK). The illustration has been taken from: B. Hille; Ion channels of
excitable membranes, page 13 [38]. . . . . . . . . . . . . . . . . . . . . . . . 24

3.2 Schematic illustration of important calcium-dependent mechanisms
of synaptic function. If an action potential enters the presynapse (bou-

ton), voltage-dependent calcium channels (VDCC) open and calcium-ions
flow into the bouton. The incoming calcium-ions bind to endogenous

buffer molecules (B) and – if added – to exogenous buffer molecules (I). In

addition, calcium-ions trigger the release of neurotransmitters (N) which
diffuse through the synaptic cleft. The neurotransmitters bind to post-

synaptic (spine) receptors (not shown), generating the postsynaptic po-
tential. During repetetive stimulation the spine cumulatively depolarises.

Then, calcium-permeable recepetors (NMDA) can open. This is caused by a
conjunction of two processes: Binding of neurotransmitters to the NMDA-

receptor and detaching a voltage-dependent magnesium-ion block from
the NMDA-receptor. Consequently, calcium-ions enters the postsynapse.

Finally, the surplus calcium-ions will be removed from both, bouton and
spine through calcium-pumps (PMCA) and sodium/calcium exchangers

(SCX). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
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3.3 Model for opening of a voltage-gated channel: The model shows two
of the four subunits of a potassium-channel, each with its six transmem-

brane helices (cylinders S1 to S6). The S4-segments are displayed in red
and their gating charges in yellow. The narrow selectivity filter formed

by P-loops is not shown. (A) The channel is closed by the S6-segments
crossed at the inner end. In a closed channel, the gating charge is mostly

exposed to the inner solution via the internal crevice (arrow). (B) During
depolarisation, the S4-segments rotate and the gating charges shift into

the external crevice (arrow). This motion also favours a movement of the
S5- and S6-segments, that opens the pore. Because of the crevices in this

model, a rotation of S4 suffices for voltage sensing without any outward

movement. The illustration has been taken from: B. Hille; Ion channels of
excitable membranes, Plate 7 [38]. . . . . . . . . . . . . . . . . . . . . . . . . 27

3.4 An example for single channel calcium-currents (L-type). Unitary cur-

rents from embryonic dorsal root ganglion cells of chick. Each panel shows
10 consecutive responses to 130-ms depolarisations (applied every 4 s),

and, at the bottom, the sum of a larger number of sweeps. The on-cell
patch contains at least three channels. Currents in calcium-channels

have been emphasised by including 110mM Ba2+, 200nM TTX in the patch
pipette, and 5µM BAY K 8644 in bath. T=21◦C. The illustration has been

taken from: B. Hille; Ion channels of excitable membranes, page 13 [38]. . 28

3.5 A single channel can open and close through a series of states of
lower conductance. These experiments are designed to exaggerate the

duration of sub-states. The fully open state and two smaller sub-states
Sub1 and Sub2 are labelled. Current recorded from a single potassium-

channel (with pore mutation) during and after depolarisation to -40 mV.
One effect of the mutation is to prolong sojourn in the intermediate states,

which are only fligthy in the unmutated channel. T=22◦C. The illustration

has been taken from: B. Hille; Ion channels of excitable membranes, page
601 [38]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.1 Presynaptic voltage-gated Ca2+-currents in Mossy Fiber presynaptic
terminals. A, Voltage-clamp recording of Ca2+-currents evoked by 20 ms
voltage pulses from a holding potential of -80 mV to potentials of -70 to

60 mV. B, The maximum current amplitude during the pulses is plotted
against pulse potential. C, The steady-state activation curve. The illustra-

tion has been taken from: J. Bischofberger et al.; Timing and efficacy of
calcium channel activation in hippocampal mossy fiber boutons, page 10595

[83]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
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4.2 Theoretical I-E curve for open calcium channels: The GHK-equation
predict nonlinear I-E relations whenever the concentration of permeant

ions does not equal on the two sides of the membrane. The rectification is
completed over a narrower voltage range. Curves of calcium-, potassium-

currents, and their sum are drawn for a channel permeable to calcium-
ions and very slightly permeable to potassium-ions with an assumed per-

meability ratio of 0.001. The assumed ion concentrations are Cex = 2 mM,
C = 100 nM for calcium and Kex = 2 mM, K = 100 mM for potassium.

The theoretical reversal potential here is at Uk = 52 mV, far less posi-
tive than the thermodynamic single calcium reversal potential, which is

Uca = 124 mV. The illustration has been taken from: B. Hille; Ion channels
of excitable membranes, page 122 [38]. . . . . . . . . . . . . . . . . . . . . . 45

4.3 Calcium-transport activity of different PMCA-types: The PMCA activity
is drawn as a function of free Ca2+-concentration. The lines represent

the best fit to the data given by the Hill equation. The concentration of
half activity K0.5 were: hPMCA4b K0.5 = 0.16 µM; rPMCA2a K0.5 = 0.09

µM; rPMCA2b K0.5 = 0.06 µM. The illustration has been taken from: N.L.

Elwess et al.; Plasma membrane calcium pump isoforms 2a and 2b are
unusually responsive to calmodulin and ca, page 17983 [61]. . . . . . . . . 49

4.4 Events during the propagated action potential: A, Action potential and

underlying opening of potassium and sodium channels calculated from the

Hodgkin-Huxley model at 18.5 ◦C. B, Diagram of the local circuit current
flows associated with propagation; inward current at the excited region

spreads forward inside the axon to bring unexcited regions above firing
threshold. The illustration has been taken from: B. Hille; Ion channels of
excitable membranes, page 53 [38]. . . . . . . . . . . . . . . . . . . . . . . . 56

5.1 Fluorescence scan of a presynaptic terminal. Optical detection of a

bouton (blue circle) in a pyramidal neuron with the help of a fluores-
cence indicator (OGB-1). The scans of fluorescence intensity changes were

made along the horizontal line. The illustration has been taken from H. J.
Koester and B. Sakmann; Calcium dynamics associated with action poten-
tials in single nerve terminals of pyramidal cells in layer 2/3 of the young
rat neocortex, page 627 [41]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.2 The model geometry. Left: A cut through an example configuration.
Every square symbolises a ring with ∆x as thickness and height. Axial

symmetry of the observed volume is indicated by the black arrow. The
different colours are coding the compartment types. Within the cytoplasm

(red) only diffusion and buffering are allowed. The membrane compart-
ments (magenta) constitute the boundary of the volume. Here, the PMCA‘s

and NCX‘s are located. The VDCC‘s are located within the active zone com-
partments (green). Right: A sample configuration in a three-dimensional

view. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
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5.3 Simulation of a voltage clamp experiment on VDCC. The upper left
panel shows the applied membrane potential steps. In the lower left panel

the resulting average current through a single channel is plotted. The
currents are growing to their stationary values very fast. The right panel

shows the resulting steady state I/U - relation of a single channel. . . . . 65

5.4 Simulation of the average current through a single VDCC. The VDCC-

current (green) – induced by the application of a single action potential
(red - simulation, blue - measurement from a rat pyramidal neuron in the

neocortex) – has been depicted here. The action potential opens the VDCC
very efficiently. The experimental data has been taken from H. J. Koester

and B. Sakmann; Calcium dynamics associated with action potentials in
single nerve terminals of pyramidal cells in layer 2/3 of the young rat neo-
cortex, page 627 [41]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.5 Simulation of the dynamics of a single PMCA protein during a Ca2+-
peak. The upper panel shows the Ca2+-peak (red) caused by a single action

potential (not shown). The lower panel shows the resulting PMCA dynam-
ics (blue). The PMCA rate in equilibrium approximately is 15 calcium-

ions/s, since the equilibrium Ca2+-concentration is nearly identical with
the concentration of half-activation, Kpm

0.5 = 0.09 µM. It can be read off,

that already during the Ca2+-peak caused by a single action potential the
PMCA activity rises to its maximum value of 30 calcium-ions/s. . . . . . . 67

5.6 Simulation of the transport rate of a single NCX protein. The NCX ac-
tivity is drawn (blue, right panel) during a Ca2+-peak (red, lower left panel)

which is caused by a single action potential (green, upper left panel). At
the beginning of the stimulus, the NCX switches into a Ca2+-influx mode

caused by the strong depolarisation of the membrane potential. After-
wards, the NCX develops comparably large activity due to the considerable

height of the Ca2+-peak. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.7 Fast buffer approximation versus full dynamics. The differences be-

tween the fast buffer approximation versus the full buffer dynamics are
shown in comparison to the calcium peaks in the presynaptic terminal in-

duced by a single action potential. The simulation was performed with an

exogenous buffer concentration of 500 µM Magnesium Green. . . . . . . . 69

5.8 Action potential induced fluorescence dynamics. Fluorescence mea-

surement in a bouton of a rat pyramidal neuron by using 500 µM Magne-
sium Green (data with kind permission of [41]). The bouton is stimulated

by a single action potential. Short laser pulses have been used for two-
photon excitation. Line scan imaging has been performed by a photomul-

tiplier. The relative fluorescence intensity change is shown (red), which is
caused by the Ca2+-concentration. The decay exhibits two phases: The

first phase (blue fit, below 100 ms) is dominated by the buffering process,
whereas the second phase (green, above 100 ms) is determined by both

buffer and efflux processes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
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5.9 Action potential induced buffer dynamics. Simulation of the dynamics
of a free endogenous buffer (120 µM Calmodulin CaM; blue) as well as a

free exogenous buffer (100 µM Magnesium Green MG; green) caused by a
Ca2+-peak (red). The upper panel shows the free Ca2+-peak induced by a

single action potential. The dynamics of the exogenous buffer consider-
ably changes the free Ca2+-concentration dominantly in the region around

30 ms. From the peak-concentrations it can be calculated, that only 1.9 %
of the total incoming Ca2+ remains free. . . . . . . . . . . . . . . . . . . . . 72

5.10The importance of diffusion. Simulation of the maximum spatial calcium
peak difference (induced by single action potentials) as function of the

terminal volume with varying discretisation widths. . . . . . . . . . . . . . 73

5.11 Importance of the action potential shape: The Ca2+-dynamics is strongly
influenced by the shape of the action potential. Upper panel: Simulation

of two different shapes of action potentials due to different bath temper-
atures. Lower panel: The simulation of the resulting Ca2+-dynamics dis-

plays significant differences. The total Ca2+-influx is rather proportional to

the area below the action potential than to its maximum absolute amplitude. 74

5.12Ca
2+-signal in a presynaptic terminal of the rat neocortex I. The spa-

tial average Ca2+-peak (shown as relative fluorescence change with 500 µM

Magnesium Green; average over 23 terminals in 8 cells) evoked by single
action potentials in single terminals of pyramidal neurons in the rat neo-

cortex. The upper panel shows the simulated action potential (orange)
compared to the one used in experiment (green). The lower panel com-

pares the experimental results (red, with kind permission of H. J. Koester
and B. Sakmann [41], Fig. 15C) to the model results (blue). . . . . . . . . . 76

5.13Ca
2+-signals in a presynaptic terminal of the rat neocortex II. The

same experiment as in Fig. (5.12) but using different indicator concen-

trations: 100 µM and 2000 µM Magnesium Green (with kind permission
of H. J. Koester and B. Sakmann [41], Fig. 15C). The relative fluorescence

changes are shown in red (average over 16 terminals in 5 cells (100 µM MG
) and 13 terminals in 3 cells (500 µM MG)). The lines represent the results

of SYNDICAD for 100 µM (green) as well as 2000 µM (blue) Magnesium
Green. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.14Ca
2+-signals in a presynaptic terminal of the rat neocortex III. The

spatial average Ca2+-concentration (shown as relative fluorescence change

with 500 µM Magnesium Green) evoked by a simulated 10 Hz tetanus in
single terminals of pyramidal neurons in the rat neocortex (green, upper

panel) are drawn. The Ca2+-signal (red, lower panel) observed in the exper-
iment (with kind permission of H. J. Koester and B. Sakmann [41], Fig. 9)

is compared to the corresponding model results (blue, lower panel). . . . 78
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5.15Ca
2+-signals in a Calyx of Held. The Ca2+-signals during application of

an action potential measured with 400 µM Mag Fura-2 in a calyx of Held

are drawn. The red circles are representing the fluorescence signals (av-
erage over 20-80 sweeps) taken from the measurement [93]; Fig. 3A, Tem-

perature: 296 K. The relative fluorescence changes have been expressed
as percentage. The blue line represents the result of SYNDICAD. . . . . . 79

5.16Reconstruction of the natural Ca
2+-dynamics. The spatial average Ca2+-

dynamics evoked by a single action potential has been drawn. The figure
displays the Ca2+-dynamics for a neuron with 100 µM Magnesium Green

(red), and the Ca2+-dynamics which would have occurred without indi-
cator (blue). The indicator changes the amplitude and the shape of the

Ca2+-concentration considerably. . . . . . . . . . . . . . . . . . . . . . . . . 80

5.17Ca
2+-peaks evoked by a 2 Hz train of action potential. This graph

shows a simulation of the spatially averaged Ca2+-peaks (without indica-
tor) evoked by a 2 Hz, 3.5 s train of action potential. The Ca2+ responses

to each action potential stimulation remain independent from each other. 81

5.18Ca
2+-peaks evoked by a 20 Hz train of action potential. The graph

shows a simulation of the spatial average Ca2+-concentration (without in-

dicator) evoked by a 20 Hz, 350 ms tetanus. The baseline of the Ca2+-
concentration rises during stimulation. This is caused by an overlap of

the Ca2+-response to subsequent action potentials. The shifted baseline
constitutes a significant difference compared to the Ca2+-response to a

low-frequency tetanus. In addition, the height of the individual peaks rises
as more Ca2+ is bound in the buffer during stimulation, which decreases

the buffer capacity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.19Ca
2+-peaks evoked by a 50 Hz train of action potential. This graph

shows a simulation of the spatial average Ca2+-dynamics (without indica-

tor) evoked by a 50 Hz, 1 s tetanus. In comparison to Fig. (5.18), there is a

more pronounced enhancement of the Ca2+-baseline. Again, the new base-
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5.20The height of the Ca2+-baseline as function of the stimulation fre-
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simulation increases quadratically (quadratic fit with red dots) with stimu-
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5.22Spatiotemporal Ca
2+-dynamics in a microdomain. The simulation of

the time series of the local Ca2+-concentration caused by a single VDCC
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