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Preface

This is a book on numerical methods for singular perturbation problems—in particular stationary
convection-dominated convection-diffusion problems. More precisely it is devoted to the construc-
tion and analysis of layer-adapted meshes underlying these numerical methods.

An early important contribution towards the optimization of numerical methods by means of
special meshes was made by N. S. Bakhvalov [I3] in 1969. His paper spawned a lively discussion
in the literature with a number of further meshes being proposed and applied to various singular
perturbation problems. However, in the mid 1980s this development stalled, but was enlivend
again by G. I. Shishkin’s proposal of piecewise-equidistant meshes in the early 1990s [93, [74].
Because of their very simple structure they are often much easier to analyse than other meshes,
although they give numerical approximations that are inferior to solutions on competing meshes.
Shishkin meshes for numerous problems and numerical methods have been studied since and they
are still very much in vogue.

With this contribution we try to counter this development and lay the emphasis on more
general meshes that—apart from performing better than piecewise-uniform meshes—provide a
much deeper insight in the course of their analysis.

In this monograph a classification and a survey are given of layer-adapted meshes for
convection-diffusion problems. It tries to give a comprehensive review of state-of-the art tech-
niques used in the convergence analysis for various numerical methods: finite differences, finite
elements and finite volumes.

While for finite difference schemes applied to one-dimensional problems a rather complete
convergence theory for arbitrary meshes is developed, the theory is more fragmentary for other
methods and problems and still requires the restriction to certain classes of meshes.

The roots of this monograph are a survey lecture presented at the Oberwolfach seminar Numer-
ical Methods for Singular Perturbation Problems, 8-14 April 2001 organized by Pieter W. Hemker,
Hans-Gorg Roos and Martin Stynes and a review article [59] invited by Thomas J. R. Hughes. I
am indebted to their invitations and their continued encouragement.
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Chapter 1

Introduction

Recently much attention has been paid to the construction and analysis of layer-adapted
meshes for singularly perturbed boundary-value problems such as convection-dominated stationary
convection-diffusion problems like

—eu” —bu' +cu=f in (0,1), u(0) =10, u(l)=m
and its two-dimensional analogue
—eAu—b-Vu+cu=f in QCR? ulpg=g

with a small positive parameter . These problems may be regarded as linearised versions of the
Navier-Stokes equations. They provide an excellent paradigm for numerical techniques in compu-
tational fluid dynamics. Classical convergence results for numerical methods for these problems
have the structure

|lu—Ul| < Kh*,

where the constant K depends on a certain derivative of w and typically tends to infinity as
the perturbation parameter € approaches zero. This means that the maximal step size h has
to be chosen proportional to some positive power of ¢ which is impractible. Therefore we are
looking for so-called uniform or robust methods where the numerical costs are independent of the
perturbation parameter €. More precisely, we are looking for robust methods in the sense of the
following definition.

Definition 1.1 (Uniform/robust convergence). Let u. be the solution of a singularly perturbed
problem and let UN be a numerical approzimation of u. obtained by a mumerical method with
N degrees of freedom. The numerical method is said to be uniformly convergent or robust with
respect to the perturbation parameter € in the norm || - || if

|ue = UN|| <9(N) for N > Ng
with a function ¥ and a threshold value Ny > 0 that are both independent of € and

lim ¢¥(N)=0.
N —oc0
Well-developed techniques are available for the computation of solutions outside layers [[75, 89],
but the problem of resolving layers—which is of great practical importance—is still under inves-
tigation. This field has witnessed a stormy development. Layer-adapted meshes have first been
proposed by Bakhvalov [I3] in the context of reaction-diffusion problems. In the late 1970s and
early 1980s special meshes for convection-diffusion problems were investigated by Gartland [29],
Liseikin [67, (70, [7T], Vulanovié¢ [T02, [T03] [[04] T05] and others in order to achieve uniform conver-
gence. The discussion has been livened up by the introduction of special piecewise-uniform meshes
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8 CHAPTER 1. INTRODUCTION

by Shishkin [93]. They will be described in more detail in Section Because of their simple
structure they have attracted much attention and are now widely referred to as Shishkin meshes.
A small survey of these meshes can be found in the monograph [89], while [64] [74] and [83] are
devoted exclusively to them.

The performance of Shishkin meshes is however inferior to that of Bakhvalov meshes, which
has prompted efforts to improve them while retaining some of their simplicity, in particular the
mesh uniformity outside the layers and the choice of mesh transition point where the mesh changes
from fine to coarse: Vulanovié¢ [IU8] uses a piecewise-uniform mesh with more than one transition
point. Linf F8] 9] combines the ideas of Bakhvalov and Shishkin while Beckett and Mackenzie [15]
combine an equidistribution idea [21] with a Shishkin-type transition point. With all these various
mesh-construction ideas a natural question is: can a general theory be derived that allows one
to deduce immediately the robust convergence of standard methods and a guaranteed rate of
convergence? A first attempt towards this can be found in [R5], where a first-order upwind scheme
and a Galerkin FEM are studied on a class of so-called Shishkin-type meshes. A more general
criterion was derived in [B1l, B2 for an upwind-difference scheme in one dimension.

The main purpose of this paper is to give a survey of developments since the monographs [74]
and in particular [83] and [64] were published. We not only present the results obtained so far,
but also give brief descriptions of the techniques used for the convergence analysis of uniformly
convergent numerical methods. In Chapter Bl one-dimensional convection-diffusion problems with
regular layers are studied, for which the theory is most advanced. For some of the methods
we are able to present fairly general convergence criteria, while for others we have to restrict
ourselves to the class of Shishkin-type meshes introduced in [85]. The focus of Chapter His on one-
dimensional problems with turning point layers. Finally, two-dimensional problems are considered
in Chapter Bl Here we shall refrain from giving detailed analyses since the differences from one-
dimensional problems are only of a technical nature and the flavour of the techiques used is given
in Chapter ] though the number of merely technical details increases significantly. Practical issues
in the construction of layer-adapted meshes for fairly general situations are extensively discussed
in the monograph [G8].

Notation

Throughout this paper we use C to denote a generic positive constant that is independent of
both the perturbation parameter € and of the number of degrees of freedom. Given a function
g € C°[0,1] and a set of mesh points {x;} € [0,1], let g; := g(z;). Similarly we use the notation
g; = g(x;) and g¢;; = g(z;,y;) for functions in two dimensions. Numerical approximation are
indicated by capital letters, for example G as an approximation to g with G; =~ g;. Various norms
are introduced in the course of the paper with a subscript w indicating discrete norms.

1.1 Mesh-construction ideas
Let us consider the linear convection-diffusion problem
—eu” —bu' +cu=f in (0,1), u(0)=u(1)=0, (1.1)

where ¢ is a small positive parameter, b(z) > 8 > 0. The boundary value problem has a
unique solution that typically has an exponential boundary layer at x = 0 which behaves like
exp(—Qx/e). Using as a model problem we now review some standard mesh-construction
ideas.

Before presenting a few of the most important mesh-construction ideas from the literature we
have to recall a basic concept for describing layer-adapted meshes.

Definition 1.2 (Mesh generating function). A strictly monotone function ¢ : [0,1] — [0,1] that
maps a uniform mesh in § onto a layer-adapted mesh in x by x = p(§) is called a mesh generating
function.
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A related approach is that of stretching functions or layer-damping transformations [311, 69, [70]
which are used to transform a problem with layers into a problem whose derivatives are bounded.

For a given mesh generating function ¢ € W1(0, 1) the local mesh step sizes can be computed
using the formula

k/N
hi = xp —op—1 = (&) — @(&r—1) = /(kl)/N @' (&)dE.

Another important concept is that of mesh equidistribution.

Definition 1.3 (Equidistribution principle). Let M : [0,1] — IR be a strictly positive function. A
mesh w:0=x9 < - - <zy =1 is said to equidistribute the monitor function M if

Tk 1 1
/ M(s)ds:—/ M(s)ds for k=1,...,N.
Tp—1 N 0

Given a monitor function M the associated mesh generating function is implicitly defined by
©(&) 1

M (s)ds zf/ M(s)ds for &€ [0,1]
0 0

and its derivative by

1 1
/
©'(&) = 7/ M(s)ds for & €0,1].
M((€)) Jo
A quantity that will appear frequently in our later convergence estimates is
LTr+41

Ye(w) ;==  max 1/ (1 + 67167[18/'{8) ds. (1.2)
1/,

For example, in Section we shall establish for the nodal error of a simple upwind difference
scheme on an arbitrary mesh w

lu —U]| < CYi(w) with ||v]eow = max |vs].

00,w —
ey

Noting that

1
/ (1 + 5_16_55/“6) ds < C,
0

we see that an opitmal mesh—optimal with respect to the order of convergence—equidistributes

M(s) =1+ te Ps/ne,

1.2 Bakhvalov-type meshes

Bakhvalov’s idea [I3] is to use an equidistant &-grid near x = 0, then to map this grid back onto
the z-axis by means of the (scaled) boundary layer function. That is, grid points z; near x = 0

are defined by
q<1—exp<—iﬁi>) :&:% for 1 =0,1,...,

where the scaling parameters ¢ € (0,1) and o > 0 are user chosen: ¢ is the ratio of mesh points
used to resolve the layer, while o determines the grading of the mesh inside the layer. Away from
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the layer a uniform mesh in = is used with the transition point 7 such that the resulting mesh
generating function is C'[0,1], i.e.,

_ ) x(§)=-%h (1 - %) for £€]0,7],
- { (&) :=x(r)+ X' (1) —7) for €&€|r,1],

where the point 7 satisfies

1—x(7)
V() = X (13)
-7
Geometrically this means that (7,x(7)) is the contact point of the tangent 7 to x that passes
through the point (1,1); see Figure [l The nonlinear equation cannot be solved explicitely.

However, the iteration

1 —x(m)

=0,1,2...
l—Ti y 1 ]

70 =0, X (Tiy1) =
is fastly converging. Moreover, the mesh obtained when the exact 7 is replaced by the first iterate
has very similar properties; see, e.g., [, [[]]. In that case

o€ oe . Bq
TT=q— — and T1) = —In—,
1=4 3 x(71) 3 oe
are the mesh transition points in the £ and x coordinates.
Alternatively [62] the Bakhvalov mesh can be generated by equidistributing the monitor func-
tion

K

Mpo(z) := max {1, KB exp (—ﬁ)} for s €0,1].
€ oe
Clearly, for k < o and arbitrary K there exists a constant C' = C(o, K) with
K
1+ e tePs/re < Cmax {1, —6 exp (—@> } = CMp,(s).
€ oe
Thus

Th41 1
Yp(w) = max 71/ (1 —|—5fle*ﬁs/’“) ds < %/0 Mp,(s)ds < % (1.4)

Lk

for a Bakhvalov mesh with ¢ > k, since fol Mpq(s)ds < C.
Because [(1.3)| cannot be solved explicitely Vulanovié [102] proposed to replace the exponential
in the above construction by its (0, 1)-Padé approximation. Thus in [(1.3)| we would take

oe &

x(€) Tt-q

Meshes that arise from an approximation of Bakhvalov’s mesh generating function are called
meshes of Bakhvalov type (B-type meshes). To this class belong the meshes proposed by Liseikin
and Yanenko [[1] (quadratic function outside layer) and meshes generated by equidistribution of
monitor functions which have been extensively studied by the group of Sloan and Mackenzie [I53]
72, BTl 82], the graded mesh of Gartland [29] and its modification by Roos and Skalicky [88]. For
these meshes holds too.

From these considerations a typical convergence result from for simple upwinding on
B-type meshes is

lw =Tl <ON™' with [|v]jeow == max [vs, (1.5)

00,w —

.....

i. e., uniform first-order convergence in the discrete maximum; see Section
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¢=1 e=1

z=x(7) x=1 r=1

Figure 1.1: Bakhvalov mesh: Construction of the mesh generating function (left) and the mesh
generated (right).

1.3 Shishkin-type meshes

Another frequently-studied mesh is the so-called Shishkin mesh [74, 03]. This is because of its
simplicity—it is piecewise uniform. We describe this mesh for problem |(1.1)} Let ¢ € (0,1) and
o > 0 be two mesh parameters. We define a mesh transition point A by

)\zmin{q,a—glnN}.

B

Then the intervals [0, A] and [A,1] are divided into ¢N and (1 — ¢q)N equidistant subintervals
(assuming that gN is an integer). This mesh may be regarded as generated by the mesh generating
function

PR with 5O =lNE or ¢ o)
ol6) = e N1i_¢ ° (16)
1_(1_?111]\[)?(1 for ¢ €lg,1]

if ¢ > A; see Figure Again the parameter ¢ is the amount of mesh points used to resolve
the layer. The mesh transition point A has been chosen such that the layer term exp(—gx/¢) is
smaller than N~7 on [\, 1]. Typically o will be chosen equal to the formal order of the method or
sufficiently large to accommodate the error analysis.

Note that unlike the Bakhvalov mesh (and Vulanovié¢’s modification of it) the underlying mesh
generating function is only piecewise C'*[0, 1] and depends on N, the number of mesh points. For
simplicity we shall assume throughout that ¢ > X\ as otherwise IV is exponentially large compared
to 1/e and a uniform mesh is sufficient to cope with the problem.

Although Shishkin meshes have a simple structure and numerical methods using them are
easier to analyse than methods using say B-type meshes, they give numerical results that are
inferior to those obtained by B-type meshes:

lu—Ull,, <CN'InN, (1.7)

for the afore-mentioned simple upwind scheme. The convergence deteriorates by a logarithmic
factor.

This drawback prompted some work on improving Shishkin meshes. Vulanovié¢ [I08] proposed
the introduction of additional mesh transition points

oe oe oe
M=1>M=—hN>=—hlnN>--->X=—Inln---InN > Xpy1 =0

B B B

¢ times
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¢=1 =1

§=q

T=\ =1 r=1

Figure 1.2: Shishkin mesh: mesh generating function (left) and the mesh generated (right).

and to dissect each of the intervals [A;11,\;], ¢ = 0,...,¢ uniformly. As a result the convergence
is improved to

lu=Ull <CN 'lnln---In N. (1.8)

¢ times

Lin [E8, 49] uses Bakhvalov’s idea of inverting exp(—fz/ce) on [0, ], while using a uniform
mesh on [\, 1]. The corresponding mesh generating function is given by with

0--n(-(-3)9)

Again the Vulanovi’c’s idea of replacing the exponential by its (0,1)-Padé approximation can be
used. In this case we get

£l N
q

w8 = 1+ (1—§)mN

Meshes that have a transition point A = %7 In N and that are (quasi-)uniform on [A, 1] are
called meshes of Shishkin type (S-type meshes). Roos and Linf [85] derive a classification for this
class of meshes. Let the mesh be generated by |(1.6)] with a monotone ¢ satisfying

#(0) =0 and @(gq) =InN.

We introduce the mesh characterizing function (&) = exp(—@(€)) for £ € [0,¢]. This function
is monotonically decreasing with ¥(0) = 1 and (¢g) = N~!. In Section EZZ8 under certain
assumptions on v we shall prove for simple upwinding that

hu-Ull, <C (h T max [¢(6)) N-l) , (1.9
’ £€(0,q]

where h is the maximal step size. Examples for the mesh characterizing function are

Shishkin mesh [74] 93]

(€)= exp (‘glnN) with max i/ = 20 < ON!
q q
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Bakhvalov-Shishkin mesh [H8 A9

¢(§)—1—<1—%)§ with max|¢’|_%<1_i>§é, hSC(s—I—Nfl),

N
Thus for the simple upwind scheme on this mesh we get from
Ju—Ull, <C(e+N71). (1.10)

Vulanovié-Shishkin mesh in the above sense

SN
Y() =exp | — . with max |[¢| <
1+ (1 - é) In N

q

S

h<C(l+el®N)N~".

General S-type meshes. Two properties of the mesh generating function that will be assumed
later when analysing various numerical schemes are

Jnax ¢'(§) <CN (1.11)
and

| #erae<cn (1.12)

0

These two conditions are not only satisfied by the above mentioned meshes, but all of the S-type
meshes we shall meet later.

Eq. [(1.11)| implies that
h; <Ce and ePh/e<C for i=1,...,¢N, (1.13)

while |(1.12)} the representation
B N
o f, Fle

€ k—1)/N

and the Cauchy-Schwarz inequality yield

qN 2
Bh o2N-L q~/ 24 C
> (%) <ov [Teeras<c (1.14)

Furthermore, the above representation gives

hi v .
6—56_5“/(“) < N 'max|y/| fori=1,...,qN, (1.15)
o
because
!/
¢ = _¥ and  min ¥(t) = P(t;) = e P79,
P [ti—1,ti]
Finally, we like to give bounds for the characteristic quantity ¢,. Let x < o. For k =
gN,...,N — 1 we have

Tk+41
/ (1 _i_&_flefﬁs/ns) ds = hk:—i—l _ %efsﬁ/ns

k

Th41

<h+CN /" <h+CN~ !,

Tk

by the choice of the transition point A. Using [[1.13)] and [T.15)} we get for k =0,...,¢gN — 1

LTr41
/ (1 + 87167[35/“5) ds <h+CN™' max |[¢/(€)] if o> k.
Tk £€(0,q]

Therefore on a S-type meshes we have

9e(w) <h+CN! Jnax W' (€)| if k<o (1.16)

£€(0,q]






Chapter 2

Finite difference schemes for
problems with regular boundary
layers

Throughout this chapter we consider the stationary linear convection-diffusion problem
Lu:=—cu”" —bu' +cu=f in (0,1), u(0)=rp, u(l)=n, (2.1)

where ¢ is a small positive parameter and b > 8 > 0 on [0, 1]. For the mere sake of simplicity we
will also assume that ¢ > 0 and ¥’ 4+ ¢ > 0 on [0,1]. The results hold without these restrictions
too, see [0], but the arguments become more complicated. Note that if 5 > 0 then the conditions
¢ > 0 and b + ¢ > 0 can always be ensured for € smaller than a certain threshold value g9 by a
simple transformation u = 7€ with § chosen appropriately.

Using as a model problem we derive a general convergence theory for first- and second-
order upwinded difference schemes on layer-adapted meshes. Thereby highlighting the close rela-
tionship between the continuous operator £ and certain upwind discretizations.

2.1 The continuous problem

2.1.1 Stability of the continuous operator

An important tool for studying the stability of differential operators are maximum and comparison
principles. Consider the general second-order differential operator

Lu:=—u"+bu' +cu in (0,1).
Lemma 2.1 (Maximum principle [80]). Assume there exists a function v € C?(0,1)NC[0, 1] with
v(z) >0 for x€[0,1] and Lv >0 for x € (0,1).

Then the operator L with Dirichlet boundary conditions satisfies a maximum principle. That is,
u(0) <0, u(1) <0 and Lu(x) <0 for z € (0,1) imply u(x) <0 for x € [0,1].

An immediate consequence is the following result.

Corollary 2.2 (Comparison principle). Let the assumptions of Lemma [Z1 hold. Then if two
functions @ and 4 satisfy ©(0) < 4(0), (1) < a(1) and La(x) < LAa(z) in (0,1) then () < d(zx)
on [0,1].

15



16 CHAPTER 2. FINITE DIFFERENCE SCHEMES

Using the test function v(z) = 1—x, we see that the operator £ of[(2.1)|satisfies the assumptions
of Lemma BTl because Lv > 3 > 0. Consequently, Corollary B2 yields for the solution of [(2.1)

1_
Ju(x)| < max{|yol, ||} + Tmﬁ f(@)] for x e [0,1].

Letting (v, w) := fo vw)(s)ds denote the La-inner product, we have for any given arbitrary
function v with v(0) = v(1) =0

v(z) = (G(x,-), Lv) for z €[0,1], (2.2)
where G(z,¢), the Green’s function associated with £ and Dirichlet boundary conditions, solves
for fixed £ € (0,1)

(£G(-,€)) (x) =d(x —¢) for z€(0,1), G(0,§) =G(1,£) =0, (2.3)

where § denotes the Dirac-d function. Therefore has to be read in the context of distributions.
Equivalently we may seek a solution G(-, &) € C%((0,1) \ {¢}) N C[0, 1] with

(£G(€) (x) =0 for x € (0,1)\{g}, G(0,§) =G(L,¢) =0, —[G(91(§) =1,  EI)

where [v](d) := v(d + 0) — v(d — 0) denotes the jump of v at d.
The Green’s function can also be defined using the adjoint operator to £ with respect to the

inner product (-, -):
L0 = —ev" + (bv) + cv.
For fixed z € (0,1) the Green’s function solves
(L*G(z,-)) (&) =6(& —x) for €€ (0,1), G(x,0)=G(x,1)=0. (2.4)
Similar to Corollary we have a comparison principle for the operator defined by 23}

u(0) < a(0)
a(l) <a(l) . ;
ci(r) < La() i O\ {g) ( — “=aten 0.1
—elw'](§) < —e[@](S)
dipicts the typical behaviour of the Green’s function G: It is monotonically increasing

for £ < = and decreasing for £ > z. Also note the layers just left of z and 1. This comparison

|
|
| 0.2

Figure 2.1: Green’s function G(z,-) associated with 2 (left) and its bound G(z,-) (right).

principle with the test functions, for a plot of G see

1 (1 for 0<z<¢,
G=0 and G = —
B Blz=8)/e  for E<z <1
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yields
0<G(x,8) <p" for z,£€[0,1].

Apart from these bounds of G we shall also need monotonicity properties of G later. Since
G(x,€) > 0 and G(,0) = 0 for z,& € [0,1] we have Ge¢(x,0) > 0 for = € [0,1]. Integrating|(2.4)
over [0,£], we get

§
—eGe(z, &) + €Ge(x,0) + b(€)G(z, &) = —/0 c(8)G(xz,s)ds <0 for & <. (2.5)
Thus

€Ge(,€) > £Ge(,0) + b(E)G(x,€) 2 0 for £ <z

because G(z,&) > 0 and Ge(x,0) > 0. Thus G(z, -) increases monotonically on (0, ).
On the other hand, since G(x,€) > 0 and G(z,1) = 0 for x,£ € [0, 1]we have Ge(z,1) < 0 for
x € [0,1]. Then inspecting the differential equation [(2.4)] we see that v = G¢(x, ) satisfies

—ev' +bv=—(0b"+¢)G <0 for z € (£1) and v(1) <0,

because b’ + ¢ is assumed to be positive. Application of a maximum principle for first-order
operators yields v < 0 on [z, 1]. Thus G(z,-) decreases monotonically on (z,1).

Similarly one can prove that G, (x,&) > 0for0 <2 <& <land G,(z,£) <0for0 < ¢ <z <1.
Thus

Gre(x,0) <0 and Gge(z,1) <0 for z € [0,1].

because G4(z,0) = Gy(z,1) = 0 for = € [0, 1], Differentiating with respect to z, we get
<
—Gae (2, €) + £Gae (,0) + b(§)Ga (2, €) — b(0)Ga (2, 0) = —/ c(8)Gz(z, 5)ds for & <.

0

Therefore Gge(z,£) <0 for 0 <& <z <1 because Gz(x,&) < 0, Gge(z,0) < 0 and Gz(z,0) = 0.
For = < &, differentiate [(2.4)] to see that v = Gu¢(x, ) satisfies

—ev' +bv=—b'+¢)G, <0 for z € (0,£) and v(1) <0,

because b’ + ¢ > 0 and G, (x,€) > 0 for z < £. Application of a maximum principle for first-order
operators yields Gze(x,-) <0 on [z, 1].
We summarize our results.

Theorem 2.3. The Green’s function G associated with the operator L and Dirichlet boundary
conditions satisfies

0<G(z,&) <p~ ! for x,£€10,1],
Ge(x,6) >0 for 0<E<w <1,
Ge(,€) <0 for 0<z<(<1

and
Gre(x,8) <0 for z,£€[0,1], z #&.
For our further investigations, let us introduce the supremum norm

[v]|oo :=ess sup |v(z)]
z€[0,1]
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1
lolls == / jo(a)

[oll:= min [[V]|o.

in /1v(s)d8—|—c

Joll. = min
ce

the L1 norm

and the negative norm

Note that since

)
oo

this norm is well-defined. Furthermore,

foll. = sup {200
uEW[)l‘1 |’U,|171
Thus || - ||, is a norm in W12 = (W),
For fixed x € [0, 1] we compute the following norms of the Green’s function and its derivatives.
Theorem yields

166, < 196z, < 57 260
IGete = [ Gt €1ie ~ [ Getr, e =200, < 267 (2.00)

and
[Gaele )l =227 2:60)

because G,¢ < 0 for  # € and [Gy(x,€)](z) = €71, These norms are used to establish stabily
properties for the operator L.

Theorem 2.4. The operator L satisfies

Bllvlleo < |L0]joe  for all v € Wy ™(0,1) N W22°(0,1), (2.7a)
Bllvlleo < |Lv]l1  for all v e Wy (0,1) nWL(0,1) (2.7h)
and
6 £ oo o0
. o = §||v||Oo + §||v’||Oo < |[Lv||x«  forall ve Wg’ (0,1) N W(0,1). (2.7¢)

Proof. First, the representation [(2.2)l the Holder inequality and give (Zh,b).
Next, let V € W%°(0,1) be an arbitrary function with V' = Lv. Integrating[(2.2)] by parts,
we obtain

/ Ge(w §)d¢ for x € (0,1)
and
/ Gre(z, )V (§)dE for z € (0,1).
The Holder inequality, (28b,c) and the definition of the negative norm yield O

Remark 2.5. (i) Note that since
[oll« < flvlly < fvfloc for all v € Loo(0,1)

the negative-norm stability |(2.7c)| is the strongest of the three stability inequalities of Theorem [24}
(i) The same stability results hold true for the differential operator in conservative form, i. e.,

LU :=—eu” — (bu) +cu=f in (0,1), u(0)=r0, u(l)=m. (2.8)
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2.1.2 Derivative bounds and solution decomposition

The boundary value problem has a unique solution that typically has an exponential bound-
ary layer at * = 0: u and its derivatives up to an arbitrary prescribed order ¢ can be bounded
by

‘u(k)(ac)’ <C {1 —i—s_ke_ﬁ:”/e} for k=0,1,...,¢ and z € [0, 1], (2.9)

where the maximal order ¢ depends on the smoothness of the data, see [36].

On a number of occations, e. g. for the error analysis of a finite difference scheme in Section 222201
or of a finite element method in Section we need more detailed information on w and its
derivatives. In particular we need a splitting of u into a regular component and a boundary layer
component. This will be derived now.

Following [56], we construct the decomposition as follows. Let v and w be the solution of the
boundary-value problems

Lo=f in (0,1), (=bv'+cv)(0)= f(0), v(1) =7 (2.10a)
and
Lw=0 in (0,1), w(0)=~—v(0), w(l)=0. (2.10b)

First we study the regular solution component v. The operator L satisfies maximum and
comparison principles [80]. For example, if two functions v and ¢ satisfy Lo(z) < L6(z) in (0,1)
and (—at’ 4 b9)(0) < (—ad’ + b0)(0) and (1) < o(1), then v(z) < o(x) on [0,1]. Using this
comparison principle with

vE() = £ (B flloo (L = 2) + ) s
we get
lv(z)] < C for z € [0,1].

To derive bounds on the derivatives of v, we set h := f — cu and write v as

1 h(0 1

v(:c):/z Hv(s)ds—&—%o))/m e BE)ds 4y,
where

1/ 1/

B(x) := —/ b(s)ds and H,(x):= —/ h(s)eBE=B@) s,

€Jo €Jo

Differentiating once, we get
h
V' (x) = —Hy(z) — %63@

which gives
|v'(z)] < C for x€]0,1]

because

c [* C
H, < = B(S—I)/Ed =— (1= —Bz/e) < C. 2.11
() < E ‘/O e S 3 ( e ) < ( )

Invoking the differential equation we get

[v"(x)] < Ce™t for x €[0,1].
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However, if b, f € C1(0, 1) then integration by parts and the boundary condition imposed on v at

x =0 yield
z /
o () = _b(z)/ (ﬁ) (5)eB () =B g,
19 0 b

from which the sharper estimate
[ (x)] < C for z € [0,1]

can be derived using [(2.11)} A bound for the third-order derivative is readily obtained from the
differential equation and the bounds on v’ and v":

[v"(x)| < Ce™* for z € [0,1].

This completes our analysis of the regular part of .

Now let us consider the boundary-layer term w. The operator £ satisfies another comparison
principle: if two functions w and w satisfy Lw(z) < Li(z) in (0,1) and w(z) < w(z) for z =0
and x = 1, then w(x) < w(x) on [0,1]; see [80]. Using this comparison principle with

w* () =+ |0 — v(0) e /e,
we see that

lw(z)] < Ce™P2/% for x e [0,1]. (2.12)

To bound the derivatives of w we use the fact that

1 1
w(:v):/ Hw(S)dS—‘rFC/ e Bl s

with

Estimates for H,, are obtained using [(2.12)|

|Hw(:17)| < g/ e~ Ps/eB(s)=B(x) < gexp(—ﬂm/z?)-
0

The coefficient & is determined by the boundary condition for w(0):

w=t (70 —o0)- [ 1z9w<s>ds) |

1 1 c
a:/ o—B(s) g 2/ e Mblloes/egs > €
0 0 116]] 0o

where

Thus
k| < Ce™ 1.

For w’ we have
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and therefore
lw'(z)| < Ce™te /¢ for x e |0,1],
by the above bounds for x and H,,.
Using the differential equation and our estimates for w and w’, we get
lw” ()| < Ce™2e7P*/¢ for x e [0,1].
If a,b € C'(0,1) then we differentiate [[2.10b) and apply our bounds for w, w’ and w”. Thus
lw” (z)| < Ce™3e™P*/% for x € 0,1].
We summarize the results.

Theorem 2.6. Let b,c, f € C*[0,1] with k € {0,1}. Then u € C*+2[0,1] can be decomposed as
u = v + w, where the reqular solution component v satisfies

(Lv) (x) = f(x) and ’v(i)(x)‘ <C(L+e"0) for i=0,1,....k+2, z€(0,1), (2.13a)
v(1) = 1, while the boundary layer component w satisfies

(Lw)(x) =0 and ’w(i) (z)] < Ce~leP2/e for i=0,1,....k+2, xe(0,1) (2.13Db)
and w(l) = 0.

Remark 2.7. A similar decomposition is given in [20, [T, however the construction there requires
more smoothness of the data of the problem because the reqular solution component v is defined
via solutions of first-order problems.

Remark 2.8. Some applications, e.g., the analysis of higher-order schemes in Section 273
or [97] or of extrapolation schemes [T0)], require decompositions with bounds for derivatives of
order greater than three. To derive them note that our boundary condition (—av’ + bv)(0) = f(0)
imposed on v corresponds to v (0) = 0. To prove Theorem [ZA for k = 2 we would impose the
boundary condition

(== —eNo/ + (e =) ) (0) = (7 /') (0)

instead. This corresponds to setting v"'(0) = 0. The operator L with this boundary condition
satisfies a comparison principle too, provided that € is smaller than a certain threshold value €.
We use this principle to prove the boundedness of v first. Then we proceed as above to get bounds
for the derivatives.

2.2 A simple upwind difference scheme

In this section we study a first-order difference scheme for the discretization of |(2.1)|on an arbitrary
mesh w:0 =29 < 21 < --- < xny = 1 with local mesh sizes h; := x; — x;_1 and maximal mesh
size h := max; h;: Find U € RN+ such that

[LU]q, = _eUiI;i - b'LUI,Z + CiU'L' = fz for 1= 17 cee 7N - 17 UO = "0, UN =N (214)
with
Vit1 — Uy

Vg = 7h y and Vg =
i+1

Vi — V-1

h;

At a first glance the discretization of the second-order derivative is a bit non-standard because
on arbitrary meshes it is not consistent in the mesh nodes, but it has advantages that become
clearer in the course of our analysis. More frequently used is the central difference approximation
Vi1 — U hi + hit1
—— and k= ———.

h; ! 2
An upwind scheme based on this discretization of the second-order derivative will be studied in
Section 220 because the technique used there becomes more important in 2D, see Section

" .
U; = Uggsi with Vg =



22 CHAPTER 2. FINITE DIFFERENCE SCHEMES

2.2.1 Stability of the discrete operator

For the mere sake of simplicity we assume in this section that ¢ > 0 and " > 0 on [0,1]. The
results hold without these restrictions too, see [6], but the arguments become more complicated.

Lemma 2.9 (M-matrix criterion [{9]). Let A € IR™™ be a matriz with positive diagonal and
nonpositive offdiagonal entries. Assume there exists a vector v € IR with

v; >0 for i=1,...,n and (Av); >0 for i=1,...,n.

Then the matriz A is inverse monotone. That is, (Au); < 0 fori = 1,...,n implies u < 0 for
1=1,...,n.

An immediate consequence is the following result.
Corollary 2.10 (Comparison principle). Let the assumptions of Lemma [Z4 hold. Then if two
vectors u and 4 satisfy (Au); < (Aad); fori=1,...,n then @; < 4; fori=1,...,n.

Note that these results are discrete analogues of Lemma [Z1] and Corollary

Using the test vector v with v; = 1 — z;, we see that after eliminating the boundary conditions
the operator L of satisfies the assumptions of Lemma EZO because [Lv], > § > 0 for
1=1,..., N — 1. Consequently, Corollary T yields for the solution of

1—(Ei )
7 g [l for =0, N, (2.15)

U] < max{|ol, |} +

For mesh functions v, w € IR) "' define the inner product
N-1

(v,w)y, == Z hjt1viw;.
j=1

Then given an arbitrary mesh function v € lRév *1 we have the representation
v; = (Gi,.Lv)w for t=0,...,N, (2.16)

where G; ; = G(x;,&;), the discrete Green’s function associated with L and Dirichlet boundary
conditions, solves for fixed j=1,...,N —1

[LGJ]Z = 51”' for i = 17 [N 7]\/v - 17 G()yj = GNJ‘ = 0, (217)

where

hil if i =,
51'7]' = { i

0 otherwise

is the discrete Dirac-¢ function. Let L* be the adjoint operator to L with respect to the discrete
inner product (-, +)y:
* . Vi — Vi1
[L7v]; o= —evge + (bu)g; + ¢joy with vy 1= —5——
J+1
Then the discrete Green’s function G solves, for fixed i =1,..., N — 1,

[L*Gi).] = 51’,]’ for j = 17 .. .,N — 1, Gi70 = Gi,N =0. (218)

J
The comparison principle of Corollary EZT0 with the test functions
1 for 0<i<j<N,

= — 6h -1
B H(Hﬂ) for 0<j<i<N

€
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yields
0<G,;; <B " for i,j=0,...,N.

Similar to our analysis of the continuous Green’s funtion we need monotonicity properties of
the discrete Green’s function. Since G;; > 0 and G; o =0 for 4,5 =0,..., N we have G¢,;0 > 0
for i =0,...,N. Multiplying |(2.18)| by h;+1 and summing over j, we get

j
—eGeij+eGeio +b;Gij — boGio=— Y hppacGix for j=1,...,i—1. (2.19)
k=1
Hence
€Geij > €Gei0+0;G ;>0 for j=1,...,1—1
because G; ; > 0 and Gg,;,0 > 0. This means G ; is monontonically increasing for j =0,...,1.

On the other hand, since G; ; > 0 and G; y =0 for 4,5 =0,..., N we have G¢,; y—1 < 0 for
i=0,...,N. Then inspecting the difference equation |(2.18)] we see that v; := G ; satisfies

9 hj b; — b‘_l
— v —vj_1) + ——bjvj_ | = -G ;1 —¢c;Gi; <0
it ( J J 1) Bt Jvi—1 B J—1 I (2.20)
for j=i+1,...,N—1.
because b’ and c are assumed to be positive. Since vy < 0, induction for j = N —1,...,17 yields

v; <0 for j=14,...,N. Thus G; ; decreases monotonically for j =4,..., N.
Similarly one can prove that G;; j > 0fori=0,...,7—1and G;; <0fori=4j,...,N—1.
Thus

ngmo < 0 and Gmg;i,Nfl < 0 for i= O7 e 7]\/v — 1.

because G0 = Gginv = 0 for ¢ = 0,..., N. Taking differences of |(2.18)| with respect to ¢ and
summing over j, we get

J
—eGaeiij +€Gugi0 +0Guiij — boGaio + Z his1ckGoyp = —0;; for j=1,...4.
k=1

Therefore

Grei; <0 for 0<j<i<N and Ggeiy <

for 0<i< N
ENj+1
because G55 > 0, Ggei0 < 0 and Gyyi0 = 0.
For ¢ < j, take differences of to see that v; = G¢,; ; satisfies

h.
(vj = vj-1) + r;ijj‘l = —TﬂGw;m‘—l = ¢jGaij <0
J J

€

hjta
for j=i+2,...,N—1.
because b’,¢ > 0 and Gy, ; > 0 for ¢ < j. We get Gpes 5 < 0for 0 <4 < j < N. Finally, for ¢ = j,
we use that
N

—

hjt1Gag;ij = GaiiN = Gazio = 0
=0

<

in order to obtain

N-1

hiv1Gagii = — Z hjt1Gegij 2 0.
Jj=0
7]

We summarize our results.
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Theorem 2.11. The Green’s function G associated with the discrete operator L and Dirichlet
boundary conditions satisfies

0<G;; <B™'  for i,j=0,...,N,

Geij >0 for j=0,...,i—1,
Geij <0 for j=i,...,N—1,
Gmﬁ,z_]go fOT’ Z7j:0,,N—1727£]
and
1 )
0 < Geeii < for i=0,...,N —1.
' ehit1

Analogously to the continuous case, we introduce the discrete maximum norm

ollooss i= _max ol

i=0,...,

the ¢1 norm

N-1
[Vll1w =" hjsalvj]
=0

and the discrete negative norm

N-1

Z h;j+1vj + CH
j=-

lolls.w = min [[Vijeo = min

For fixed i = 1,..., N — 1 we compute the following norms of the discrete Green’s function G.
Theorem 1Tl yields
G lly o < NGill o < 87 (2.21a)
i—1 N-1
||G§;i7.||11w = ZthrlGE;i’j — Z hjt1Gei; =2G;; < 2671 (2.21b)
j=0 j=1
and
N—-1 9
|Gagivlly o == D hjr1Gagii + hit1Gagsii = 2hi1 Gagsii < - (2.21¢)
j=0
i#]
These norms are used to establish stabily properties of the difference operator L.
Theorem 2.12. The operator L satisfies
Bllvllcow < [ LV)|oow for all v e RYT, (2.22a)
Blvllcow < [ Lv)1w  for all ve RYT, (2.22b)

and

I) €
ol o0 = SVl + Slvallocw S I L0llxw  for all v e Ry (2.22¢)
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Proof. First, the representation [(2.16)} a discrete Holder inequality and give (Z2ZZh,b).
Next, let V € IRN*! be an arbitrary mesh function with V, = Lv. Summing by parts,
we obtain

N-1
vy = — Z hj+1Ge,i;V; for i =0,...,N,
j=0
and
N-1
Vgii = — Z hjy1GaeijV; for i=0,...,N —1.
j=0

The discrete Holder inequality, (ZZIb,c) and the definition of the discrete negative norm
yield |(2.22c¢)| O

Remark 2.13. (i) Since

[ollew < llvll1w < [Vl forall ve Ry
the megative-norm stability |(2.22c)| is the strongest of the three stability inequalities of Theo-
rem 214

(ii) The same stability results hold true if the convection-diffusion problem in conservative

form is discretized by
[LCU] = —€U5m;i - (bU)w,z + CiUi = fZ fm’ = 1, e 7]\/v — 1, UO =70, UN =71- (223)

it

(iii) The (€so, 1) stability [[2.22b)] was first given by Andrecv and Savin [5] for a modification
of Samarskii’s scheme [91]. It has been used in a number of publications to establish uniform
convergence on S-type and B-type meshes; see, e. g., |3, 18,67, [98]. Details of a convergence analysis
can be found in Section [ZZZA. This stability result can be generalized to study two-dimensional
problems; see Section [0.4.9

(iv) The (boo,W—_1,00) stability was derived by Andreev and Kopteva [{)] though the
proof there is different. A systematic approach can be found in [6], where stability of both the
continuous operator L and of its discrete counterpart L is investigated. So far the ({oo,W_1,00)-
stability inquality gives the sharpest error bounds for one-dimensional problem. But unlike the
(b, b1) stability, it is unclear whether it can be generalized to higher dimensions

2.2.2 A priori error bounds

Let us consider the approximation error of the simple upwind scheme applied to the bound-
ary value problem We give a convergence analysis based on the negative norm stability of
Theorem

Introduce the continuous and discrete operators and functions

1 1
Av = ¢ev’ + by —|—/ (6" +c)v)(s)ds, F:= / f(s)ds

and
N-1 N—-1
Av = evz +bv + Z hk+1 (bx;kkarl + Ck’Uk) , F:= Z hk+1fk-
k=- k=

Note that Lv = —(Av)" and f=—F on (0,1), and Lv = —(Av), and f = —F, on w. Thus

Au—F=a on (0,1) and AU-F=a on w (2.24)
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with constants o and a.
In view of the stability inequality [(2.22c)| we have

e = Ul S NL(u = U)o = min || A(u = U) + clloow-

£,00,w

Taking ¢ = a — o, where a and « are the constants from |(2.24)] we get

e = Ul o < l1Au — Au — F + Floo w- (2.25)
Furthermore
N-1 N
(Au—Au—F+F),=¢c(uz —u);, + Z hit1 (crug — fr) — / (cu— f) (z)dx
k=i T
= N (2.26)
+ Z Pkt1ba;kUk11 —/ (b'u) (z)dx.
k=i s

Taylor expansions with the integral form of the remainder give

mk+1 LTr41
hi+1 (crug — fr) / (cu — x)dr = / / cu — s)dsdx

1k+1 Tht1 Tht1
hit1bektp+1 — / x)dx —/ b (z) / u'(s)ds dx
Tk T

e (uz —u'), = hk/ / dsdm_hk/ / (b’ — cu+ f)(s)ds dx

by [2.1)] Combining these representations with [[2.25)] and [[2.26)] we get the following general
convergence result.

Theorem 2.14. Let u be the solution of |(2.1) and U that of |(2.14)} Then

and

Tk+41
llu - U] Imxl/ (Cr |4/(@)| + Calu@)] + Cs) da

€,00,w — k:O,...,Nf .
with the constants
C1 = [lelloo + [16]loo + 1bllocs  Co = llelloo +[I¢'lleo and Cs:= || flloo + [ f[loo- (2.27)

Remark 2.15. A similar result is given in [59] for the discretization of the conservative form|(2.8)}
When using the conservative form the last two terms in|(2.26 ) which involve b, and b’ disappear.

Corollary 2.16. Theorem [2_14] and the a priori bounds yield

llw = Ul < O

£,00,wW — ( )
where the characteristic quantity 9, (w) has been defined on p. [@:

Th41
Ue(w) =  max / (1 + 5_16_55/”8) ds.
k=0,...N=1 /.

The mesh function U can be extended to a function U’ defined on [0, 1] using linear interpo-
lation. Then the L -error bound

=l o = CO1(w)

£,00 T
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can be derived using standard techniques.
From this we immediately get estimates for both S-type and B-type. For example,

N1 for Bakhvalov meshes with o > 1,
lu=ll. o =€ . : .
€,00 h+ N fm[%x] [v'(&)| for S-type meshes with o > 1,
€[0,q

by |(1.4)| and [(1.16)} Hence the scheme is uniformly convergent of (almost) first order if o > 1 is

chosen in the construction of the mesh.

A numerical example. Table Bl displays numerical results for the upwind scheme on
a Bakhvalov mesh applied to the test problem

—eu’ —u' +2u=e""1, u(0)=u(l)=0. (2.28)

In our computations we have fixed the parameter ¢ and varied o to illustrate the sharpness of our
theoretical results. We see that choosing o < 1 adversely affects the order of convergence. Similar
observations can be made for the Shishkin mesh and other meshes.

c=0.2 c=04 oc=20.6 oc=0.8 c=1.0

N error rate error rate error rate error rate error rate
27 [ 2.246e-2 0.23 | 1.173e-2 0.47 | 6.856e-3 0.69 | 4.658¢-3 0.87 | 3.995¢-3 0.97
28 | 1.913e-2 0.22 | 8.482e-3 0.45 | 4.258e-3 0.68 | 2.547e-3  0.88 | 2.036e-3 0.98
29 | 1.641e-2 0.21 | 6.201e-3 0.44 | 2.662e-3 0.67 | 1.388¢-3  0.87 | 1.030e-3  0.99
210 | 1.416e-2 0.21 | 4.576e-3 0.43 | 1.675¢-3 0.66 | 7.586e-4 0.87 | 5.193e-4 0.99
211 | 1.224e-2 0.20 | 3.403e-3 0.42 | 1.062e-3 0.65 | 4.155e-4 0.87 | 2.611e-4  0.99
2121 1.063e-2 0.20 | 2.545e-3  0.41 | 6.784e-4 0.64 | 2.281e-4 0.86 | 1.310e-4 1.00
213 1 9.226e-3 0.20 | 1.911e-3 0.41 | 4.361le-4 0.63 | 1.256e-4 0.86 | 6.568e-5 1.00
2™ | 8.030e-3 0.20 | 1.439e-3 0.41 | 2.819¢-4 0.62 | 6.937e-5 0.85 | 3.290e-5 1.00
215 | 6.969¢-3 0.21 | 1.086e-3 0.40 | 1.830e-4 0.62 | 3.846e-5 0.85 | 1.647e-5 1.00
216 | 6.026e-3 — 8.207e-4 — 1.193e-4 — 2.139e-5 — 8.245e-6 —

Table 2.1: Simple upwinding on a Bakhvalov mesh (¢ = 1/2).

2.2.3 Error expansion

In the previous section we have seen that the error of the simple upwind scheme |(2.14)| satisfies

e = Ul < O (w).

£,00,w

Now an expansion of the error of this scheme is constructed. We shall show there exists a function
1, the leading term of the error, such that

u — U = 1 + second order terms.

This result can be applied to analyse, e.g., derivative approximations, defect correction and
Richardson extrapolation, see Sections EEZ9 and EEZTT0
For the sake of simplicity, we study the conservative form

LU :=—eu” — (bu) +cu=f in (0,1), u(0)=r0, u(l)=m Z3)
and its discretization by

it

[L°U); = —eUss;i — OU) . + iU = f; for i=1,...,N—1, Up=v, Uvn=m. &Z
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Analogously to Section we introduce

1 N-1
Ay :=ev' + b —l—/ (cv) (s)ds and A :=evz +bv + Z hgt1CkVk, (2.29)
. o
Note that £ = —(A)’ on (0,1) and that L = —(Av), on w.
2.2.3.1 Construction of the error expansion
We define the leading term of the error expansion as the solution of
c ! h/(x) " ! !
(L) (2) =T, $(0) =9(1) =0, U(z) =e—~u'(x) = [ h(s)g'(s)ds, (2.30)

where h(z) := 2 —ap_1 for = € (x_1,2%) and g := f — cu. As VU is discontinuous at the mesh
nodes L£%) may have such singularities as the Dirac-delta function. Therefore [(2.30)| has to be
interpreted in the context of distributions. Or we may seek a solution ¢ € C?((0,1) \ w) N C[0, 1]
such that
LY =T z€(0,1)\w, ¥(0)=v1)=0, —e[](x;)=[¥])(z;) for x; € w.
Since A°p = =T on (0,1) \ w, we have
N-1

1
[A%Y], =& (Y — ¥j_o) + D hrsrcutn — / () (s)ds + Ui_o.
k=i Ti

Thus
b 1 N-1
[A°(u—¢ —=U)], =¢ (uJH —uj + éué’) + /z (g(z) — h(z)g' (z)) do — ; hkt1Gk

Nt 1 (2.31)
— & (¥zi — ¥i_o) — Z hiv1ckr +/ (c)(s)ds.
k=i 2

The function 3 has been designed such that the terms on the right-hand side that involve u are
of second order. Those involving ¢ are formally only first-order terms, but second order is gained
since v itself is first order.

In order to bound the terms on the right-hand side bounds for the derivatives of u up to order
three are needed. These are provided by The following theorem gives bounds for the leading
term v of the error expansion and its derivatives up to order two which are also required. Because
of the number of technical details its proof is defered to the end of this section.

Lemma 2.17. Let be the solution of the boundary-value problem|(2.30) Assume thatb,c—b, f €
C10,1] and ¢’ € Loo(0,1). Then 1 and its first-order derivative satisfy

[ ®) (2)] < CYa(w) (1 + Efkefﬁm/%) for z€(0,1)\w and k=0,1, (2.32a)

while for the second-order derivative we have

£y ()] < CVa(w) (1 + sfle*ﬁf/%) for =€ (0,1)\w. (2.32b)
Later we shall shown that [(2.9)] and Lemma 17 yield
[A“(u = = U)ll,, < COa(w)*. (2.33)

Then Theorem 2T yields our main result of this section.

Theorem 2.18. Let u, U and 9 be the solutions of [(2.8), [(2.253) and[(2.30)}, respectively. Assume
that byec — b, f € C0,1] and that ¢, f € W2>°(0,1). Then

lle =% = Ul o0 < CY2(w)?.
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2.2.3.2 Detailed proofs

Proof of Lemma [ZT7l Now we derive bounds for the derivatives of the leading term % in
the error expansion. The following auxiliary result will be used several times in the subsequent
analysis.

Proposition 2.19. Let x € (xg_1,x1) and o > 0 be arbitrary. Then

h(z) (1 + 5_16_61/08) < /1 (1 + 5_16_65/08> ds

Proof. Let
F(CC) = h(z) (1 + Eilefﬁx/as) and G(z) ::/ (1 +6flefﬁs/as) ds.
Tr—1
Clearly F(zy_1) = G(zx—1) =0 and
h(z)B

Fl(z) =1+e tePo/e - p;

efﬁx/as <1+ gflefﬁx/as _ G/(CC)

for © € (zg—1,xk). The result follows. O

First |(2.9)] implies

U (x)| < Ceh(z) (1 + E*Qe*ﬁf/s) +C /1 h(s) (1 n 5716755/5) ds.

x

This inequality, [(2.22¢)| and Proposition EZT9 yield [(2.32a)] for k£ = 0.

Next, we derive bounds on ¢’. Set

B(z) := é/oz b(s)ds, a(z):=9'(z)+ (c—b)(z)Y(z)
and
o) = 2 [ a()eBO-B@ g
@)= [ als) ds.

Then ¢ can be written as

 Jo x(s)ds

1 1
Y(z) = / x(s)ds + H/ e BG)ds with k= .
. . ) e=BG)ds

For v’ we get
¥/(2) = —x(x) — rexp(—B(@)). (2.34)

Apparently the critical point is to derive bounds on y. Integration by parts and the definition of
¥ yield

2(@) = (hu") (@) - () (2.35)
with

¢(x) := ! /I (hbu” —2h(f —cu) —2(c— b’)1/)) (5)63(5)*3(1)615.
0

3
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For the first term on the right-hand side of we have by and Proposition 2T
|(hu”) (z)] < Ch(=) (1 n e*le*ﬁz/%)z < Ot (w) (1 + 67167&”/25) . (2.36)
To bound ¢(x), the second term in we use for k =0 and
C(z)] < g / ’ [(s) (14727742 4 ia(w) | 7~/ 5as
0

< 0192((4])/ (1 + 6_1668/28) P22 s < Oy (w) (1 + 5_16_51/%) .
0

This, equation [(2.35)] and inequality [(2.36)| give

Ix(@)] < CY2(w) (1 + e-le—ﬁw/%) . (2.37)
Integrating we obtain
K] < Ce "0 (w), (2.38)

because fol e B ds > ¢ /|b]|oo. Combining we get [(2.32a)] for k = 1.
Finally the bound [(2.32b)] for the second-order derivative of v follows from [[2.30)} [[2.9)] [[2.32a)]
and Proposition

Proof of [(2.33)f We now bound the terms on the right-hand side of |(2.31), For the first two
terms a Taylor expansion with the integral form of the remainder yields

< C/wz (x —xi—1) (1 + 67267596/5) dx

h'
/ (i
Uz — Uy + Uy

‘ 2

by [(2.9)l To estimate the right-hand side we use the inequality [I8]

b b 2
JRGIED dss%{ / g(&)“ds} , (2.39)

which holds true for any positive monotonically decreasing function g on [a, b]. This can be verified
by considering the two integrals as functions of the upper integration limit. We get

, 2

<C {/ (1 + 57167&”/25) dw} < CYa(w)2 (2.40)
Ti-1

Next we bound the third term in [[2.3T)] Assuming ¢, f € W?2°°°(0, 1), we have

/:Hl (9(x) = (x — x)g") dx — hiy19x = /I:HI /I:(S —w)g" (s)ds.

k

i

/
€ |uz;; — u; + 3ul

Thus

/wk+1 (9(x) = (x — 21)g") dx — hptagx

Tk

Tk+41
< Cthrl/ (s —xx) (1 + 57267[38/5) ds < Chy4192(w)?,

k

by [(2.9)] and Hence
N-1

| @)~ @) dz = 3 b

i k=i

< Ca(w)?. (2.41)
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To bound the remaining terms we use the bounds on ¢ and its derivatives from Lemma ET7

A Taylor expansion and [(2.32b)| yield
Tk
closi—viol <e [ W@ ds < OO (2.42)
Tk—1
Finally,
Tp41
[ )s)ds = husateon

Tk

by Thus

Tht1
Shur [ 1) ()] deds < Churdalo),

k

N-1

Z Ngr1CkVk —/ (c)(s)ds| < CVIa(w)?. (2.43)
k=i Ti

Applying [[2.40)H(2.43)] to [[2.3T)] and taking the maximum over i = 0,..., N — 1 we get [[2.33)]

2.2.4 A posteriori error estimation and adaptivity

In Section ZZ2 the stability of the discrete operator L was used to bound the error in the discrete
maximum norm in terms of the derivative of the ezact solution. Now, in the first part of this
section, roles are interchanged and the stability of the continuous operator L is used to bound the
error in the continuous maximum norm in terms of finite differences of the numerical solution.
We follow [41].

2.2.4.1 A posteriori error bounds
Let U’ be the piecewise-linear interpolant to the solution U of [[2.14)] Then [(2.7c)| yields
le =Tl o < 1€ (= U, = min A (e =U") +f

Clearly

min |4 (i~ U7) e, < A (u—0") +aal, (240

where a and « are the constants from [(2.24)] Furthermore, for any = € (z;-1,2;) C (0,1) \ w,
A(u—U")+a—a=[AU]; — (AU") (z) — F; + F().

We bound the/two terms on the right-hand side.
Since (UI) = Uz, for all z € (z;-1,;), we have

N-1 1

X4

[AU); - (AUT) (2) = Z P 162 Ug 41 —/ (V'U") (s)ds +/ (b (UI)/) (s)ds
. z; 1 N-—1
—/ (cUT) (s)ds —/ (cUT) (s)ds + Z hit+1¢c6Ug,
x Ti k=i

by the definitions of A and A and by integration by parts. For the terms on the right-hand side
we have the bounds

Thk+1

Pt 163k U1 —/ (Y'U") (s)ds

Tk

/wk b(s) (UI)/ (s)ds

hgy1ceUg —/ (CUI) (s)ds

k

< e[V lloo [ U1 — Ukl

< blloo [Uk = Ug-1],

< gl oo max {| U1 ], [Ukl} + hisallell oo [Un+1 — Uil
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and

/w " (U7 (s)ds

< hille]loo max {Uy, Up—1} .

Thus
14UY: = (AUT) @)] < {lelloe + 1 lo0 + [olloc} _max  [Ukss = Uil

+h{llelloc + [l lloo} 1Ulloo -

A”ﬂ@m

(2.45)

Next we bound F — F.

< B[ flloo

and

< higa 1Ml

hiia fr — /Ik+1 f(s)ds

Lk

yield
[Fr = F(@)] < {llflloc + [1f loc} h-

Combining this bound with then taking the supremum over all = € (z;-1,2;) C (0,1) \ w,
we get

1£(u—-U")], <C1 L max |Uk+1 — Uk + h (C2||U]| s, + C5) (2.46)

with the constants Cy, Cy and C3 from
Finally, use |(2.44)| in order to obtain the main result of this section.

Theorem 2.20. Let u be the solution of |(2.1) and U that of [(2.14 )} Then

=0,...,

.....

Note the analogy to Theorem EZT4l and Corollary EZTA

2.2.4.2 An adaptivite method

From Theorem EZT4l it is easily concluded that the error of our upwind scheme satisfies

Th41

||u—U||m7w§Ck max V1+u/(z)dx.
- “1/,,

0,....N

On the other hand we have fol V14w (x)2dx < C by|(2.9)] Thus if the mesh is designed so that
LTr+41

Tk
/ \/1+u’(:1c)2dac=/ V1+u/(z)2dx for k=1,...,N—1, (2.47)
Th—1 Tk

i.e., if the mesh equidistributes the arc length of the exact solution, then

lu= Ul < CN (2.48)



2.2. A SIMPLE UPWIND DIFFERENCE SCHEME 33

However «’ is not available. An idea that leads to an adaptive method is to approximate the
integrals in by the mid-point quadrature rule and u’(z,_1,2) by a central difference quotient
and finally to replace u by the numerical solution U. We get

T
/ V14 (2)2de ~ hi\/1+ Usi)” =: Qx.
Tr—1

Thus [(2.47)|is replaced by Q = Qg1 for k=1,..., N — 1 or, what is equivalent,
(:vk — xk_1)2 + (Uk — Uk_1)2 = (wk—i-l - I'k)z + (Uk-i-l - U;g)z for k= 1, ey N —1. (2.49)

Now solving the difference equation [(2.14)| and the discretised equidistribution principle
simultaniously, we get an adaptive procedure.

A question that arises naturally is: Does the nonlinear system of equations and
posses a (unique) solution? Asis not solved exactly, does the error bound evertheless
hold true? Kopteva and Stynes 3] proved there exists a solution and the error of the adaptive
method satisfies [lu —Ul|, , < CN ~1. A crucial ingredient is the a posteriori error bound of
Theorem

Finally, how can the nonlinear system be solved efficiently? Beckett [14] uses a method that
decouples the two sets of equations. He starts with an initial (uniform) mesh, solves on this
mesh for U, extends U linearly to a function defined on [0, 1] and equidistributes the arc length of
this function to get a new mesh that is better adapted to the layer structure of the problem. This
process is repeated until the nonlinear system is solved to a desired accuracy. Unfortunately this
process becomes numerically unstable when the solution of the nonlinear system is approached.
The mesh starts to oscillate: Mesh points moved into the layer region in one iteration are moved
back out of it in the next iteration. Beckett applies various damping procedures to suppress these
oscillations.

To avoid these oscillations, in [53] the author treats the system as a map (0, 1] — R>WV
(we, Ue) and applies a continuation method combining an explicit Euler method (predictor) with
a Newton method (corrector). The iteration matrices in each Newton step are seven diagonal and
in an example the numerical costs are approximately of order N |In(Ne)|. However convergence
of this method is not proved in [B3].

Kopteva and Stynes [43] realized that it is not necessary to solve the equidistribution princi-
ple exactly. They use the decoupling technique with a modified stopping criterion: The
iteration is stopped when

e

N
QiS%ZQk for i=1,...,N
k=1

with a user chosen constant «v > 1. Note that for v = 1 this is equivalent to [(2.49)} Furthermore
in [43] it is shown that this stopping criterion is met after O (In(1/¢)) iterations and the error of
the numerical solution obtained satisfies [(2.48)] with a constant C' = C(7).

2.2.5 An alternative convergence proof

In this section we shall demonstrate how the (£, ¢1) stability [(2.22b)] can be exploited to study
convergence of the scheme [(2.14)| on S-type meshes. The results are less general than those of
Section ZZ2 but can be generalized to two dimensions; cf. Section In our presentation we
follow [61].

By [(2.22b)} we have

1
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Thus the maximal nodal error is bounded by a discrete £1 norm of the truncation error 7 := Lu— f:

N-1
Ilhw = byl
§=0

Using the solution decomposition v = v + w of Theorem [(2.6)| and a triangle inequality, we can
bound the truncation error pointwise:

|7l < |[Lv]i - f1| + HLwL‘ :
Separate Taylor expansions for the two solution components and the derivative bounds of Theo-
rem [(2.6)] yield

hiyi|mi| <C (hi+1 + hi + 67[31“1/5) ; (2.51a)
and

hiJrl |Tl| < C{|hz+1 - h1| (1 —+ 5_1€—ﬁw¢71/a)
(2.51b)
+ (hz2 + hi+1) (1 + 5726*5%‘71/5) }

For our further analysis let us assume that the mesh generating function ¢ of our S-type mesh
satisfies and that o > 2. For the sake of simplicity suppose ¢’ is nondecreasing. This leads
to a mesh that does not condense on [0, A] as we move away from the layer, i.e., h; < h;41 for
i=1,...,qN — 1. Which is reasonable for the given problem.

Now let us bound the ¢; norm of the truncation error. Apply to bound h;11 |7;| for

i =qN,qN + 1 and |(2.51b)| otherwise.
gN—1
Il <€ S {hin = ho) (147 e #07) 4 (02 4 12,) (1462 Pm007) )
i=1

N1 (2.52)
+C (htePravale pebon/e) Lo 30 N2 (14 a2 frmle),
i=qN+2
We bound the terms on the right-hand side separately in reverse order.
Letting H denote the (constant) mesh size on [\, 1], we have for i = ¢N +2,...,N —1
e 2= BTi1/e < 2= BH/e—BN e < C(H/E)2G_BH/8 <0,
since w;—1 > xn/2 + H = A+ H and o > 2. Thus
N-1
Y N7 (1 + 5—26—5%71/8) < CON-L, (2.53)
i=gN+2
Furthermore
h 4 e Brav-1/e 4 p=Bran/e < 4 (1 + eﬁh"N/E) e Pran/e < p 4 ON77, (2.54)
by
Next we bound the first sum in |(2.52)} We have
gN—1
> (hiyr = hi+hi + b)) <3k (2.55)

=1
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and
gN—1 gN—-1
Z (hiy1 — hy) e P2i/e = —pe=Pmr/e 4 Z hi (e*ﬁ"”*l/E — eiﬁxi/s) + hgne Pran-1/e,
i=1 =2

Since the mean value theorem, [[1.13)] and [[1.15)] imply

’6_&“*1/5 — e Brile| < hiée_ﬁﬂ“*l/6 < CeN~' max |1//|e_5“*1/(2€),
€

it follows that

gN—1
et Z his1 — hg) e P7/5 < ON~ 1max|1/;|z Mi i1 /(2e)

=1

Ineq. [(1.13)] also gives

aN h A
Z DieBrioa/(2) < ele P2/ gy < C.
i-1 © 0
Thus
gN—1
gt Z hit1 — hy) e P%/¢ < CN~'max || (2.56)

Similar calculations yield

gN—1
e > (P4 hiy) e P/l < ONTmax Y], (2.57)
=1

Substituting [(2.53)H(2.57) into [[2.52)] and applying the stability inequality [[2.50)] we get the
uniform error bound

lu-Ully,., <C (h + N~ 'max |1//|) )

In [61] the authors proceed—using more detailed bounds on the discrete Green’s function—to
prove the sharper bound

lu = U] <CN™!

oo,wN[A,1]

for the error outside of the layer region if |(1.12)|is satisfied by the mesh generating function.

2.2.6 The truncation error and barrier function technique

We now consider the convection-diffusion problem
—eu”" —bu +cu=f in(0,1), u(0)=u(l)=0 ((1mwi)
discretized by
[LU); := —eUszszyi — biUpi +cU; = f; for i=1,...,N—1, Up=v, Un=m (2.58)

Vi+1 — Vs Vi — Vi—1

hiy1 it = h;
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In contrast to the scheme of Section this scheme is first-order consistent in the mesh
nodes on arbitrary meshes.

The analysis of this section uses the truncation error and barrier function technique developed
by Kellogg and Tsan [36]. This was adapted to the analysis of Shishkin meshes by Stynes and
Roos [97] and later used for other meshes also [85]. This technique can be used for problems in
two dimensions too; see Section B2 or E8], [62]. We demonstrate this technique by sketching the
convergence analysis for S-type meshes. For more details the reader is referred to [85].

The matrix associated with L is an M-matrix. Therefore we have the following comparison
principle for two mesh functions @, % € RN T

|[La);| < [La); for i=1,....N -1,
|’[L0|§ﬁ0, - |121|§121 for i =0,...,N. (259)
lun| < an

We call @ a barrier function of .

Theorem 2.22. Let w be a S-type mesh with o > 2; see Section [ Assume that the function
@ 18 piecewise differentiable and satisfies |(1.11)| and|(1.12) Then the error of the simple upwind
scheme satisfies

C’(h—|—N’1max|1//|) for i=0,...,qN —1,
|lu; — U;| <
C(h—i—N‘l) for i=4¢N,...,N.

Proof. The numerical solution U is split analogously to the splitting of u = v+ w of Theorem 26
U=V+W with

[E/V]i:fi for ’i:l,...,N—l, ‘/bZ’U(O)7 VNZU(1)2’71
and
[LW]; =0 for i=1,...,N—1, Wo=w(0), Wy =w(1) =0.

Then the erroris u — U = (v —V) 4 (w — W) and we can estimate the error in v and w separately.
For the regular solution component v Taylor expansions and [(2.13a)| give

‘.E(’U—V)i‘ = |[IA/’U]1 — (Lv)i| <Ch for i=1,...,N—1.

Furthermore (v — V)g = (v — V)y = 0. Then the comparison principle [(2.59)] with the barrier
function C(1 — z)h yields

[0 =Vl < Ch. (2.60)
Using the M-matrix property of f), one can show that

% -1
Wi < W; ::CH(1+ﬁ2—]Z“> for i=0,...,N. (2.61)
k=1

For ¢ > 0 we have In(1 + ¢) > £ — £2/2 which implies

_ — 1 il Bhy 2
Wi < Won < N™72exp <§;<¥> >§C’N‘1 for i =¢gN,...,N,

by [(1.14)l Hence
lw; — W;| < |wi| +|Wi| <CN™!' for i=g¢gN,...,N, (2.62)
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where we have used |(2.13b)
For the truncation error with respect to the layer part w, Taylor expansions and |(2.13b)| give

[L(w — W)]; < Ce™2 (hi 4 hiy1) e Poi=1/2de < CeLe P/ (29 N~ max |¢/|

- ‘[ﬁw]i

Ti *—
< Ce™'W;N'max|y/|. for i=1,...,qN —1,

by [T.13)] and [[T.15)] Finally, application of a discrete comparison principle with the barrier
function

C{N~'+ W;N~" max |¢'|}
and sufficiently large C' yields
|w; — W;| < ON"'max |¢'| for i=0,...,qN — 1.

Combine [(2.60)] and [[2.62)] with the last inequality to complete the proof. O

Corollary 2.23. For Shishkin’s mesh and Vulanovié’s modification of it we have h <1/(1 —q)N
and application of Theorem gives the afore-mentioned results and . In general,
assumption implies only h < C (5 + N_l). For the Bakhvalov-Shishkin mesh we have
hen = O (), which gives the error bound . Numerical experiments show that for this mesh
the convergence stalls when N~ < ¢ as the theory predicts, however in practice one typically has
e< N~ L

Remark 2.24. (i) We are not aware of any results for B-type meshes that make use of this
truncation error and barrier function technique. Also note that this technique needs o > 2, while
in Section ZZF only 0 > 1 was assumed.

(ii) The technique of Section [ZZZA also provides error estimates for the approximation of the
first-order differences:

E”(’LL - U)w”oo,w S 0791 ((AJ)

In [29] the authors use the barrier function technique to establish that the upwind scheme |(2.58)
on standard Shishkin meshes satisfies

CN~'InN for i=0,...,qN —1,
’ CN—! for i=¢qN,...,N —1.

However the technique in [Z9] makes strong use of the piecewise uniformity of the mesh.

2.2.7 Discontinuous coefficients and point sources

Consider the convection-diffusion problem in conservative form with a point source:
LU := —eu” — (bu) + cu = f+adg, in(0,1), u(0)=r, u(l)=n1, (2.63)

where d4 is the shifted Dirac-delta function d4(z) = d(x — d) with d € (0,1). The coefficient b may
also have a discontinuity at z = d. We assume that b > $; > 0 on (0,d) and b > 83 > 0 on (d, 1)
and set 8 = min {31, B2}. For the sake of simplicity we shall also assume that ¢ > 0 and ¢—0" >0
on (0,1). The argument follows [B5].

Problem has to be read in a distributional context. Or, we may seek a solution u €
C[0,1] N C%((0,d) U (d, 1)) with

L= f, in (0,d)U(d,1), u(0)=1r0, u(l)=r and —e[u'](d)— [b](d)u(d) = a.

The solution u typically has an exponential boundary layer at the outflow boundary x = 0 and
an internal layer at x = d caused by the concentrated source or the discontinuity of the convective



38 CHAPTER 2. FINITE DIFFERENCE SCHEMES

Figure 2.2: Typical solution of [(2.1)

field. depicts a typical solution of Using stability inequality [(2.7¢c)] we obtain

|u|looc < C Therefore, on (0,d) we can interpret u as the solution of
Lu=f in (0,d), u(0) =0, u(d) = o,
while on (d, 1) it solves
Lu=f in (d1), u(d)=p, u(l)=0

with a |g| < C.
Apply separately on each of the two subintervals in order to obtain

o<l e -22) (2]

€ (2.64)
for x € (0,d)U(d,1) and k=0,1,...,q,
where H; denotes the shifted Heaviside function, i.e.,
0 forzxz<d,
Hq(z) =
1 for x >d.
We generalize the difference scheme [[2.23)] by seeking a solution U € IRN*! with
LU, = —eUzpi — (b7 U)ps +c;U; = fi + Agy for i=1,...,N —1,
[ ]z 5 ( ) H f d, (265)

UO = "0, UN =71,

where v; = v(z; — 0) and

Ng; = h;_ll ifd e [.Tl', Ii+1),
! 0 otherwise
is an approximation of the shifted Dirac-delta function.
The discrete operator L¢ enjoys the stability property Therefore it is sufficient to
derive bounds for the truncation error |L¢(u—U)||+ . Extending the notation from Section 222
we set

() 1f( \d a if z; <d, q Jvilh I a if z; <d,
Flx ::/ s)ds + and F;:= k+1Jk +
. 0 ifz;>d L T 0 ifz; >d.
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Inspecting [(2.63) and [(2.65)] we see

Au — F =const on (0,1) and AU — F =const on w

with A€ defined in [(2.29)] Then, analogoulsy to we obtain

N-1 TN

(Au—Au—F+F), =¢(uz —u'), + Z hit1 (cpug — fr) —/ (cu — f) (z)dx

k=i s

since the contributions from the § functions and its discretization cancel.
Proceeding along the lines of Section ZZ2 we get.

Theorem 2.25. Let u be the solution of|(2.63) Then the error of the simple upwind scheme|(2.65 )
satisfies

Tp41
lu=Ulleso <€, g [ (4 (@) e
€,00, k=0,..,N=1 J,

Corollary 2.26. Theorem [ZZ3 and the a priori bounds yield

le = Ulll. o0 < le?,x/wr1 [1 + % {exp (—%) + Hy(z)exp (—M) H dx.

k

Comparing this result with Corollary EZT6 and the construction of Shishkin meshes and
Bakhvalov meshes for problems with a single boundary layer (see Sections and [[J), we can
devise appropriate layer-adapted meshes for the discretization of [(2.63)

Shishkin meshes. Letg; € (0,1),i=1,...,4with ) ¢ = 1and 01,02 > 0 be mesh parameters.
We set
g1

ElnN} and )\gzmin{ql,...,q4,ai€1nN}.
B B2

Then the subintervals Iy = [0, A1], Ix = [A1,d], Is = [d,d + A2] and Iy = [d + Ag, 1] are divided
into ¢; N equidistant subintervals (assuming that ¢; N are integers). The simplest choice is to take
gi=1/4,i=1,...,4, and an N > 0 that is divisible by 4.

A1 :min{ql,...,q4,

Bakhvalov meshes for[(2.63)| can be generated by equidistributing the monitor function

Mpa(z) = max {1, Klfl exp <—51—I) Kb Hgy(z) exp <—M) } .

01¢€ e 0928

The quantities K; > 0 determine the number of mesh points used to resolve the two layers, while
the o; > 0 determine the grading of the mesh in the layer regions.
Corollary 228 yields for 1,09 > 1 the error estimate

o = Ul <

00,w —

CN~'InN for the Shishkin mesh and
CN—1 for the Bakhvalov mesh.

Numerical results. Let us briefly verify experimentally the theoretical result of Theorem
Our test problem is

—eu” —u' =248 in (0,1), uw(0)=u(l)=0.

The results presented in Table are in fair agreement with Theorem
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Bakhvalov mesh | Shishkin mesh
N error rate error rate
27 [ 2.822e-2 0.95 | 3.898¢-2 0.78
28 | 1.458e-2  0.97 | 2.277e-2 0.81
29 | 7.447e-3  0.98 | 1.299¢-2 0.84
2101 3.779e-3  0.99 | 7.280e-3 0.85
2111 1.909e-3  0.99 | 4.027e-3 0.87
2121 9.610e-4 0.99 | 2.204e-3 0.88
213 | 4.828e-4 1.00 | 1.197e-3 0.89
214 | 24224 1.00 | 6.454e-4 0.90
215 | 1.214e-4 1.00 | 3.462e-4 0.91
216 | 6.080e-5 — 1.848e-4 —

Table 2.2: The upwind difference scheme for

The traditional truncation error and barrier function technique of Section EZZH can also be
applied to problems with interior layers. Farrell et al. [25] consider the problem of finding u €
C?((0,d) N (d, 1)) U C*0,1] such that

—eu” —bu' = f in (0,d)U(d,1), u(0)=u(l)=0,
where at the point d € (0, 1) the convection coefficient changes sign:
b(z) >0 for z € (0,d), b(x) <0 forz e (d,1)and [b(z) >8> 0.
The solution uw and its derivatives satisfy
’u(k)(x)‘ <C {1 + Efkefmxfdl/s} for k=0,1,...,9 and z € [0, 1],

where the maximal order ¢ depends on the smoothness of the data. Using the barrier function
technique of Section EZZH, in [25] the authors establish the error bound

[u=Ull ., <CN 'InN

for the simple upwind scheme |(2.14)] on a Shishkin mesh.

2.2.8 Quasilinear problems

We now extend the results of Sections EET 1 and EZZTl to the class of quasilinear problems described
by

Tu:= —eu” —b(x,u) +c(z,u) =0 in (0,1), u(0) =70, u(l)=m (2.66)
with 0 <e <« 1, b, > >0 and ¢, > 0 and its simple upwind discretization
[T°U], == —eUzqyi —b(-,U)gyi+¢(-,U); =0 for i=1,...,N—1, Uy=r, Unv=m.
First, for the solution w of and its derivatives the bounds hold true too; see [105):
lu®)(2)] < C {1 +e*’“e*5m/€} for k=0,1,...,q and z € [0, 1],

where the maximal order ¢ depends on the smoothness of the data.
Next let us consider stability properties of 7¢. For two function v,w € W1>°(0,1) with
v(0) = w(0) and v(1) = w(1) define the linear operator

Ly = LNv,wly = —ey” — (py) + qy
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with
1
p(z) = /0 bu(z,w(x) + s(v —w)(z))ds > 3

and

q(z) = /0 cu(z, w(z) + s(v —w)(z))ds > 0.

The linearized operator £ is constructed such that £¢(v—w) = T —7 °w on (0, 1). Furthermore
it satisfies the assumptions of Theorem EZ4l Therefore

Il —wl|. . <||T° — Tw|. forall v,we W-® with v—w e W™.

g,00 —

Similarly we linearize T°¢. For arbitrary mesh functions v,w € IRN*! with vy = wy and
UN = wp set

[Ley)s = [L°v, wly], = —eYzaii — (PY)ai + GiYs
with p and ¢ as defined above. Again the linearized operator L€ is constructed such that L¢(v—w) =
T — T w on w. Then Theorem yields

v —w <||Tv—-Tw for all vm;elRNJrl with v —w e RYH!.
*,W 0

£,00,w
To conduct an error analysis we take v = v and w = U and proceed as in Section for a
priori error bounds or as in Section EZZ4] to obtain a posteriori error bounds.

Remark 2.27. There are also analyses based on the truncation error and barrier function tech-

nique of Section [ZZA [Z4, [95] and on the (Lo, l1) stability[(2.22b); see [61).

2.2.9 Derivative approximation

In a number of applications the user is more interested in the approximation of the gradient or
of the flow than in the solution itself. In Section the following error bound for the weighted
derivative was established.

ell(w = Ul o +ell (w = TF)

Note that v/(0) ~ e~* by[(2.9)} Therefore multiplying by ¢ in this estimate is the correct weighting.
However, looking at the bounds for the derivative of u, we see that the derivative is

bounded uniformly away from the layer, where we therefore expect that a similar bound holds

without the weighting by . More insight is gained using the error expansion of Section

wiy1 — VYiv1 — U1 — (ug — ¥y — Uy) n Vi1 — P

S 0191 (w)

I
I

u—U),, =
( )i it hita
Then
9 2
), < 02 26)
’ hit1
by Lemma ZT7 and Theorem Furthermore
1 Tit1
Uy — | = / (s — x;)u"(s)ds
' hivi |z,
C Ti41 ] 2
< / (s —x;) (1—|—6_26_BS/€> ds < C’ﬂ,
hit1 Ja, hita
by [(2.9) and Finally a triangle inequality yields
P 2
iy — U] < P2 (2.68)
' hita

Let us illustrate by applying it to two standard layer-adapted meshes.
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Bakhvalov meshes (see Section [[2) may be regarded as generated by equidistributing

Mp.(§) = max{l, KTﬁexp (—i—i)} for £ €10,1].

Clearly Mp, is continuous and monotonically decreasing. Therefore
1 1 Tit1
-— / MBa(S)dS = MBa(S)dS S hi+1MBa;i-
N 0 z;
Thus
1

hiy1

Now, |[(1.4)| and |(2.68)] yield

< CNMpay; = CNmax{l,K—Bexp (_5171-)}'
€

ge

m)} if o> 2.
g€

A very similar result was established by Kopteva and Stynes [39] through a different technique.

K
|wjyy — Uyl <CNT* max{l, K5 exp <—
€

Shishkin meshes (see Section [[J). For these meshes the local step sizes satisfy

In N
hiza—gn— for i=1,...,gN and h; >N for i=¢gN+1,...,N.
aB N

Hence
Ce 'N-'InN for i=1,...,¢N,

!/
Ui — Ugii| <
[ = Ui { CN'In®>N  for i=¢N+1,...,N.
Outside the layer region this result is slightly suboptimal. Both in [27] and in [39] it was shown
by means of barrier function techniques that the approximation is a factor of In N better, i.e.,

|ujyy — Upi| <CN'InN for i=qN+1,...,N.

2.2.10 Convergence acceleration techniques

Because simple-upwind schemes are only first order convergent there is a need to improve their
accuracy. Possible approaches to higher-order schemes include

e the combination of two (or more) solutions on nested meshes by means of the Richardson
extrapolation technique

e their combination with higher-order unstabilized schemes using defect correction.

Both approaches have the advantage that linear problems involving only stabilized operators have
to be solved.

Already in the early 1980’s Hemker [33] proposed the use of defect-correction methods when
solving singularly perturbed problems. However the first rigorous proof of uniform convergence of
a defect-correction scheme was not published before 2001 [27]. Various analyses by Nikolova and
Axelsson [T}, [78] are at least not rigorous with regard to the robustness, i.e. the e-independence
of the error constants, while the analysis by Frohner and Roos [28] turned out to be technically
unsound [26].
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2.2.10.1 Defect correction

Let us consider the defect correction method from [27] for our model convection-diffusion problem
in conservative form

LU= —eu” — (bu) +cu= f in (0,1), u(0)=r0, u(l)=m. &Z3)
It is based on the upwind scheme
[LU); := —eUsz;i — (bU) s + il = fi Z23)
combined with the unstabilized second-order central difference scheme
[LU], == —eUsaz; — (WU) 5, + iU = fi,
where

. . . — v h h
Vpg = JHL TV Vil Vs g R R ey N1

hz Y i T 2hl 1 . 2 yrt

We also set iy = 2% and denote by @;41/2 := (2 + i+1)/2 and @;,_1/2 := (; + z-1)/2 the

midpoints of the two mesh cells adjacent to z;.

With this notation we can formulate the defect correction method. This two-stage method is
the following;:
1. Compute an initial first-order approximation U using simple upwinding;:

[LCU]ZZfl for ’L':1,...7]\/'—17 UOZ’}/(), UN:'YI' (269&)
2. Estimate the defect 7 in the differential equation by means of the central difference scheme:
7 = [L°U); - fi. (2.69b)

3. Compute the defect correction § by solving

h; .
[LC(S]i: h—lTi for i= 1,...7]\/'—17 5025]\] =0. (269C)
i+

4. Then the final computed solution is
UPe =U —. (2.69d)

In the analysis of the method we use the following notation

1 1
Av = ev’ + b —l—/ (ev)(s)ds, F:= [ f(s)ds, (2.70a)
N-1 ;
A = evz +buv + Z his1 (ev),, F:= Z hit1fx (2.70Db)
k= =
and
~ bv + bv ~ N
A = evg + ———— + Z hi(cv)g, F = Z B fx (2.70¢)

with v_,; = v;_1. The differential equation |(2.8)] yields

A°u — F = a = const, (2.71)
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while [(2.69b)| and [(2.69¢)| imply

A°5 — (AU — F) = a = const, (2.72)

The negative norm stability [(2.22¢)| of the operator L¢ yields for the error of the defect-
correction method

‘Hu—UDCH’ gmlnHA (u— (U —9) —|—cH <minHA°u—ACU+ECU—ﬁ+cH ,
ceR o0,w

£,00,w CGB

by [(2.72)} Thus

|||u—UDC|H —/Alc)(u—U)H —|—H2‘2u—ﬁ—o¢” (2.73)

£,00,w — || 00,w oo,w’

where « is the constant from

The second term in |(2.73)|is the truncation error of the central difference scheme. It is formally
of second order. The first term is the so called relative consistency error. While the error u —U of
the simple upwind scheme is only of first order, the hope is that A¢ and A° are sufficiently close
to gain second order in this term too.

We consider the relative consistency error first. Let 1 := u — U denote the error of the simple
upwind scheme. A straight-forward calculation and summation by parts give

N-1
[(Ac _ A\C)T]]l — w + Z thrlM _ %(CT])“
k=i+1

which can be bounded by

4= 3, < (o + 102 e =i

2 =1,...,N
¢ lse + llllc
b (1 o+ L0 I
Thus
a7 = A, < € (s o= s | + Wl ) < o) (274)

by [(2.67)] and because h < ¥1(w) < ¥2(w). The first term, the maximum difference of the error of
the upwind scheme in two adjacent mesh points, constituted the main difficulty in [27]. With the
error expansion of Section this has become a simple task.

Next, let us bound the truncation error A°u—F —a of the central difference scheme. By
we have (A°u— F); —a = (A% — F); — (Au — F)i—1/o- Hence

‘(g‘ju —F); — a‘

2.75)
bu); + (bu)i— (
<e Uz — uéfl/g‘ + ‘H% b’LL z 1/2 thgk _/ g(S)dS
Ti—-1/2
with g = f — cu. Using Taylor expansions for u, v’ and (bu)’ about z = z;, we obtain
€ Uz — uf_ 1/2’ <= / (s = zi1)[u""(s)|ds < Ca(w)? (2.76)
Ti—1

and

’ (bu)z =+ (bu)i_l _
2

< g/ (s — @i—1)|(bu)"(s)|ds < CY2(w)?,

i—1
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by [2.8)] [[2.9)] and [[2.39)]

For the last term in a Taylor expansion gives

hi b2 =
o 9k~ ?92—1/2 - /m g(s)ds

k—1/2

(2.772)
h3
< —k||g”||ooﬁ(mk71/2@k) <Ch} (1 +€_26_31k—1/2/a) < Chita(w)?,

where we have used [(2.9)] and Proposition ZTH with z = x;,_;/, and o = 2. Furthermore, we have

h h2 Tr41/2
‘ k+1 k+1 / g(S)dS

5 9k + g Jk+1/2 T

k

- (2.77b)
ShHJ/ (0 — 24)]g"(0)|do < ChiprDa(w)?,

Tk

by [(2.9)] and Combine these two estimates:

N 1
- [ gs)ds
k=i Ti-1/2

by Proposition
Therefore

< 0 {2 (14 e Pl ) < oo,

||/A1Cu —F— ozHOO)w < Ca(w)?,

by [(2.8) and |(2.39)
Combine (2.74)| and the last inequality to get the main result of this section.

Theorem 2.28. Let u be the solution of and UPC that of the defect correction method
(2.69) Then

llu - UPC||. . < Cor(w)?.

£,00,w —

2.2.10.2 Richardson extrapolation

Richardson extrapolation on layer-adapted meshes was first analysed by Natividad and Stynes [76].
They study a simple first-order upwind scheme on a Shishkin mesh and prove that Richardson
extrapolation improves the accuracy to almost second order although the underlying scheme is
only of first order. The analysis in [76] is based on comparison principles and barrier function
techniques.

Here we shall persue an alternative approach similar to the one in [60] that is based on the
(lso, W_1,00) stability and on the error expansion of Section Consider the conservative form
of our model problem:

LU= —eu” — (bu) +cu=f in (0,1), u(0) =10, u(l)=nm. Z3)

Let w:0 =21 < 3 < --- < xy = 1 be an arbitrary mesh and let @ : 0 = T2 < w1 <
Ti41/2 < -+ <any = 1 be the mesh obtained by uniformly bisecting w. Let U be the solution of
the upwind scheme [2.23) on w and U with elements Uy, U; /25 Ui,... that of the difference scheme

on &. Since [[2.23)is a first-order scheme we combine U and U by
UE =20, -U; for i=0,...,N,

in order to get a second-order approximation defined on the coarser mesh w.
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In addition to the notation introduced in [(2.70)| let us set

N-1

A 1 — Yi— CLVE + C v ~ +
[ACUL_ = 25% + bv; + Z it kUK k;1/2 k+1/2,Fz‘ — thﬂw
Z k=i o

The differential equation [(2.8)| and yield
AU —F = a =const, AU —F=a=const and A°U — F =a = const .

A direct calculation gives

~ Ui — Uj— ~ ~
AU —=U —u); = —¢ <h71 - U;_l/g) + (bi(Ui —u;) — bi—1/2(Ui—1/2 - Ui—1/2>)
N

_ {%(Cﬁ —cu)i—1/2 + i P41 [(Cﬁ — ct)jp12 — (cU — cu)k} }

k=i

1 h N—-1
+ {/Z g(s)ds — égifl/Q - Z hk+1gk+1/2}

—-1/2 k—i

with ¢ = cu — f. The first term on the right-hand side is bounded by C¥2(w)?, see [2.76) The
second and third term can be bounded by C¥2(©)? using the technique that yielded [(2.74)}] The
last term is also bounded by Ct2(w)? since similar to [[2.77)] we have

hk h2 Ti
5 Jk=1/2 gkgfcq/z —/ g(s)ds

Tr—1/2

< Chytz(w)?,

and

2

hk+1 hk 1 Th41/2
‘ k4172 + —+9;c+1/2 - g(s)ds

< Chyjpr192(w)?.
5 3 . < Chi4192(w)

Finally, using the stability inequality |(2.22c)| we obtain the following convergence result.

Theorem 2.29. Let UR be the approzimate solution to obtained by the Richardson extra-
polation technique applied to the simple upwind scheme [(2.23) Then

o= Tl o oo < CV2(w)*

£,00,w —

2.2.10.3 A numerical example

The following table gives the results of test computations using both the defect correction method
and Richardson extrapolation applied to the test problem with e = 1078, For our tests we
have taken 0 =2, 8 =1 and ¢ = K = 1/2 in the definition of the meshes. The numerical results
are clear illustrations of the convergence estimates of Theorems and

2.3 Second-order upwind schemes

As simple upwinding yields only low accuracy it is natural to look for higher-order alternatives.
For one-dimensional problems inverse-monotone schemes exist that are second-order accurate.
Because of their stability properties they can be analysed with the techniques similar to those of
Section Consider the convection-diffusion problem in conservative form

LU= —eu” — (bu) +cu= f in (0,1), u(0)=r0, u(l)=m. &)
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defect correction Richards extrapolation
Bakhvalov mesh | Shishkin mesh | Bakhvalov mesh | Shishkin mesh
N error rate error rate error rate error rate

21 1 2.691e-3  1.71 | 2.925e-3 1.38 | 1.165e-3 1.82 | 2.654e-3 1.16
25 | 8.255e-4  1.84 | 1.127e-3 1.41 | 3.294e-4 1.91 | 1.186e-3 1.33
20 | 2.305e-4  1.92 | 4.250e-4 1.48 | 8.777e-5 1.95 | 4.702e-4 1.46
27 | 6.101e-5  1.96 | 1.522e-4 1.58 | 2.267e-5 1.98 | 1.710e-4 1.55
28 | 1.570e-5  1.98 | 5.082e-5 1.65 | 5.765e-6 1.99 | 5.821e-5 1.63
29 | 3.984e-6  1.99 | 1.623e-5 1.70 | 1.453e-6 1.99 | 1.883e-5 1.68
2101 1.003e-6  1.99 | 4.998¢-6 1.74 | 3.648¢e-7  2.00 | 5.872e-6 1.72
211 1 2.517e-7  2.00 | 1.500e-6 1.76 | 9.140e-8  2.00 | 1.782e-6 1.75
212 1 6.305e-8  2.00 | 4.415e-7 1.78 | 2.287e-8  2.00 | 5.298e-7 1.77
213 | 1.578e-8  2.00 | 1.281e-7 1.79 | 5.721e-9  2.00 | 1.558e-7 1.75
2141 3.946e-9 — 3.699%-8 — | 1.430e-9 — 4.646e-8  —

Table 2.3: Defect correction and Richardson extrapolation on layer-adapted grids

Let 0;, i =1,..., N be arbitrary with ¢; € [1/2, 1]. Define the weighted step sizes
Xi = Oit1hit1 + (1 —g))h; for i=1,....N—1, xo=xn =0.
Then following Andreev and Kopteva [4], our discretisation is: Find U € RN *! with
[LeU]; = —eUzz;i — (00U + (1 = 0)(bU) - )z, + (cU)gsi = foi for i=1,...,N —1 (2.78)
with boundary conditions Uy = 79 and Uy = ~1. Here

Vi1 — U i+1Vit1 + (1 — 041 + 05)vi + (1 — 05)vi—
Vi = i+1 17 V= Vi1 and Ug-i _ Qi+1Vi+1 ( Qi+1 Qz) 7 ( Qz) i—1 )
; i ; ; 2

The approximation of the first-order derivative is a weighted combination of upwinded and down-
winded operators. At a first glance the approximation of the lowest-order term and of the right-
hand side seems to be very non-standard. It is chosen such that

Loiit1/2
Xi(cu — f)o: is a second-order approximation of / (cu — f)(z)dzx

Tosi—1/2

with 2,1/ = ;-1 + 0ih;. For ¢ = 1/2 we obtain a central difference scheme, while for ¢ = 1
the mid-point upwind scheme is recovered.

2.3.1 Stability of the discrete operator

The stability analysis of the operator L¢ is complicated by the positive contribution of the dis-
cretization (cU),,; of the lowest order term to the offdiagonal entries of the system matrix. It is dif-
ficult to ensure the correct sign pattern for the application of the M-matrix criterion (Lemma EZ0)).
Instead we follow [52] which adapts the technique from [4].

Set
i—1
[A%], = evgyi + o(bv); + (1 — 03)(bv)i—1 — ij(cv)g;j for i=1,...,N.
j=1
This operator is related to L2 by (A%v); = —L%. Then any function v € JRgH can be represented
as
W
U = —NV; -W;
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where V' and W are the solution of the difference equations
[A%V], =1, for i=1,2,...,N, V=0
and
[A°W], = [A%], + ¢ for i=1,2,...,N, Wy =0

for any constant ¢ € IR.

Lemma 2.30. Assume that

1 €
> 0i > -1 - =1,... .
1> p; _max{2,1 bilhi} for 1=1,...,N (2.79a)
and
[elloch < B/4. (2.79D)

Then the matriz associated with A is an M -matriz.

Proof. First|(2.79a)|ensures that the offdiagonal entries of A¢ are nonpositive, while|(2.79b)jimplies
that the diagonal entries are positive.
For any monotonically increasing mesh function z; > 0 we have

i—1 i—2
c B
[A%z]; > 0ibizi — % > xi (zi+2) > 77~ lellos > X5zt
=1 =

by [Z79]

Now let

i Al
20=21 =2 =1, and Zi:H (1—}—%)@6_2) for ¢=3,...,N. (2.80)
k=3

Clearly z; < etllell</B and

e~ lellooxi 221> 2211, by [Z700)

Then induction for ¢ yields
[A%z], > g for i=1,...,N.

Finally application of the M-matrix criterion (Lemma ) with the test function v; = z; completes
the proof. O

The M-matrix property of A¢ and the function z from |[(2.80)] can now be used to establish
bounds on V and W:

4 4
0<V; < Bzz < Be4|‘c|‘/ﬁ and |W;| <V | A% + c||oo7w for i=1,...,N.

*

We get our final stability result.
Theorem 2.31. Let ¢ and h satisfy|(2.79) Then

8
ol < 511/ min A% + el for all v € BY*.
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Remark 2.32. The (loo,l1) stability

N-1

0]l < C Y x| [L20],]
k=1

is an immediate consequence of the negative-norm stability.

Analyses of second-order upwind schemes based on (I, l1)-stability properties were given by
Andreev and Savin [3] for a modification of Samarskii’s scheme on a Shishkin mesh [3] and on
Bakhvalov meshes [9] and by Linf8 [54)] for quasilinear problems and S-type meshes. However, here
we shall follow [}, B2 and base our subsequent analysis on the stronger (lo,W_1,00) stability.

2.3.2 A priori error analysis

We now study the approximation error of the scheme |(2.78) with

1/2 if hl S 2e bi, y
0i = / /bima (2.81)
1 otherwise.
This choice satisfies the assumptions of Theorem EZ311 Therefore,
o= Ul < Cmin 420~ U) + el . (282)

Set

: : i1
Av = ev' + b —/ (cv)(s)ds, F:= —/ f(s)ds and Ff:=— nggfg;k
To;1/2 k=1

To;1/2

Inspecting |(2.8)| and [(2.78)} we see that
AU—F=a on (0,1) and AU —F°=a on w

with constants @ and a because L = —(A%)" and f = —F on (0,1), and L = (A%); and
f =F2 onw. Take ¢ = a — « in [(2.82)] in order to get

4= Ul €€ max[[A%], — (A7) () + Flag) — FE]. 2.53)
Set
[B%], == euz; + oibiwi + (1 — 0)bi—1ui—1, B(z):=eu/(z) + (bu)(z) and g:=cu— f.

Then
[Agu]i — (A%u) (zg;i) + -7:(559;1') — FY

2

Tosi—1/2

= [B%u], — (B°u) (4) + / (2.84)

To;1/2

i—1
g(s)ds — Z Xi9e:5-
j=1

When bounding the first term on the right-hand side of |(2.84)] we have to distinguish two cases:
o;=1and o; = 1/2.
For o; = 1 we have

[Bu], — (Bu) () = € {% - u;} = hi/ i ' (t)(t — zi—1)dt.

Thus -
| [BhuL. — (Bu)(z.)| < C’/ (1 + 5_26_Bt/8) (t — z—1)dt, (2.85)
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by [(2.9)| and because £/h; < ||b||s0/2 for g; = 1.
Next, let o; = 1/2. Then

U; — Uj— bzul + bi, Ug—
[B24], — (B e { 0, |4 B Do

- bi—1/2ui—1/2a

where x;_1/9 = (z; +2;-1)/2 and u;_1 /5 = u(x;_1/2). Taylor expansions for u and v’ about x;
give

3 i

< 76/ | ()] (¢ — i1 )t

1—1

Ui — Uj—1 /

€ 7. — U192
1

and

< g L w0t — i)t

i—1

From this and |(2.9)| we see that |(2.85)| holds for o; = 1/2 too.
Finally we bound the second term of the right-hand side of |(2.84)

bius + bi—1us—1

5 - bi71/2ui71/2

Lo,j+1/2 Lo, j+1/2
/ 9()d5 — Xo100 = / (g(s)ds — gg,) ds

To,j—1/2 To,j—1/2

The representation

Tji1
9(s) = gj41 — gju1 (@i — s) + / g"(t)(t — s)dt

yields
/ Tt 1
90,5 — 9(s)ds — (x5 — 8)gj11| < 2/ lg" ()| (t — x;_1)dt.
Tj_1
Then
To,j+1/2 Tj41 .
[ a6)s = xsas| < 200+ hgs) [ g 000 - )
To,j—1/2 Tj—1

Tjp1
< C(h; + hj+1)/ (1 + 67267&/5) (t—z;j—1)dt

Tj—1

by [(2.9)] and because g = cu — f.
Combining this estimate with [[2.83)] [[2.82)] and [[2.85)] we get

Tif1
lu-Uly.,<C _max / (1 + 87267&5/5) (t — xi—1)dt.

Xi—1

Finally, using [(2.39)| we obtain the following convergence result.

Theorem 2.33. Let U be the approximate solution to obtained by the difference scheme
[(2.78 | with o chosen according to [(2.81) Assume ||c||lcch < 3/4. Then

lu = Ullyg o, < CO(w)2.
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Quasilinear problems. The conclusion of the Theorem also holds when [(2.78)] is adapted to
discretize the quasilinear problem

Tu:= —eu” —b(x,u) +c(z,u) =0 in (0,1), u(0) =70, u(l)=m &)

with 0 < e < 1, b, > 8 > 0 and ¢, > 0. The scheme reads: Find U € IR™*! such that Uy = o,
Uy =7 and

[TU); := —eUzzi — (0b(-,U) + (1 = 0)b(-,U) ) .., + (i, Up) =0 for i=1,...,N—1
with the stabilization parameter chosen to satisfy, e. g,

{1/2 if h; < 2/[b]] oo,
0i =

1 otherwise.

Discontinuous coefficients and point sources. Consider the convection-diffusion prob-

lem |(2.63)| with a point source:
LU= —eu” — (bu) + cu = f+ adg, in (0,1), u(0)=r0, u(l)=mm,

with the shifted Dirac-delta function d4(z) = 6(z — d). The coefficient b may also have a dis-
continuity at © = d. Assume that b > 81 > 0 on (0,d) and b > B2 > 0 on (d,1) and set

f = min{f1, G2}
Using [[2.78)] we seek an approximation U € IR™+! with

[L‘QUL = fg;i + 5(179;1' for i = 1, e 7]\/v — 1,

with

X;l ifd S [Ig;i—l/Q’IQ§i+l/2)7
Ag,pi = ;
0 otherwise

Then the above technique and the a priori bounds [(2.64)] for the derivatives of u yield the
error estimate

2
[u=Ull 0 < C{mgx/zk : {1 + é {exp (—621—;) + Hy(x) exp (—W) }] d:c} ;

see [b].

A posteriori error estimates in the maximum norm for discretized by can be
derived using the (Lo, W ™1°)-stability of the continuous operator L£¢. However compared
to Section EZZA the analysis becomes more technical. Therefore we refer the reader to the original
article by Kopteva [A1].

2.3.3 The barrier function technique

Stynes and Roos [97] study a hybrid difference scheme on a Shishkin mesh (with ¢ = 1/2 and
o > 4). Their scheme uses central differencing on the fine part of the mesh and the mid-point
upwind scheme on the coarse part.

Let us consider the convection-diffusion problem

Lu:=—eu” —bu' +eu=f in (0,1), u(0)=r0, u(l)=m, )
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with b > 8 > 0 and ¢ > 0 on [0, 1]. This is discretized on a Shishkin mesh—see Section [[3}—using
the difference scheme

[LU), = fi for i=1,...,N—1, Uy=10, Un=m (2.86)
with
—EVzg; — bivzy + civ; if bih; < 2e,
[Lv]; :=
—&Vza:i — Dig1/2Vay + (Civi + ¢ip1vi11)/2  otherwise,

Vi = (’UfL'Jrl — 01,1)/(2711) and

~ fl if blhz S 257
fi= {

fiy1/2  otherwise.

Clearly for N larger than a certain threshold value Ny the matrix associated with L is an M-matrix
and central differencing is used exclusively on the fine part of the mesh.

The next estimates are used later to bound the truncation error. When 2¢ < b;h; we have the
bound

Ti+1

20~ @l 504 i s [ ool e s

X4

otherwise we use
Lg), - (£g),| < € { [ e+ |g"<s>|]ds} (2.87b)
and

I[Lg]; — (Lg),| < Ch; {/I+ [elg™ (s)] + |g"’(s)|]ds} if hy = hipa (2.87¢)

For the analysis we split the numerical solution U analogously to the splitting u = v + w of
Theorem B and Remark U=V+W with

[LV]Z:JEZ for ’l::l,...,N—17 VO:’U(O)’ VN:’U(I)
and
[LW],=0 for i=1,...,N—1, Wy=w(0), Wy =w(1).

Then the error is u —U = (v— V) + (w— W) and we can estimate the error in v and w separately.

Regular solution component. Theorem Z8 Remark 28 and [(2.87)| give

. CN~! for i=g¢qN,
Lv—=V)].| = |[Lv], — fi| <
H (v )M H s f| { CN~2 otherwise.

Furthermore (v — V)g = (v — V)n = 0. Now set

1 for i=0,...,qN,

.= i B\ L
4 H (1—1-&) for i=gN+1,...,N.
€
k=gqN+1
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Clearly ¢o > 0 and ¢ > 0. Furthermore
0 for i # gN,

[Lel; = g Bl —q)

N for i=¢gN.
Yhgnt1 — 2 1

Then application of comparison principle with the barrier function CN~2(1 — x + ¢) yields
Jo =Vl < ON72 (2.89)

since the matrix associated with L is inverse monotone as mentioned before.

Layer component. Let

i -1 gN -1
H(1+%> +H(1+%> for i=1,...,qN,
€ k=1 <

k=1

i Bhi\ .
2H 1+ — for i =¢N,...,N.
k=1 <

The inverse monotonicity of the discrete operator L yields
[W;i] < |v(0) —~oltp; for i=0,...,N
because Lt > 0. Furthermore |w;| < CePrile < Cp;. Thus
|w; — W;| < Ctp; for ¢ =0,...,N.
Now the argument that lead to is used to establish

lw; — W;| < CN~2 for i=¢N,...,N. (2.89)
if 0 > 2 in the construction of the Shishkin mesh (Section [[3).
Fori=1,...,qN — 1 the truncation error with respect to w satisfies

[L(w - W)],| < CN~2In* Ne~le Ari-1/e < N2 1n? Ne 1y,
by [(2.87¢c)}, Theorem Z8 and Remark with
T : Bhi\ "
di=]] (1 e
k=1
Then the inverse monotonicity of L gives

l(w—W)| <CN2m*Ne; for i=1,...,qN —1, (2.90)
because [Lzﬂ > Ce M fori=1,...,qN —1 and |(w — W)/, |(w — W),n| < CN~2.

Finally, combine (2.88)H(2.90)| to get our final convergence result.
Theorem 2.34. Let w be a Shishkin mesh with o > 2; see Section [L3 Then the error of the

upwinded scheme applied to satisfies
|ul—Ui|{ CN2In*N  fori=0,...,qN —1,
CN~2 fori=¢qN,...,N
if N is larger than a certain threshold value.

A similar scheme generated by a streamline-diffusion stabilisation was analysed by Stynes and
Tobiska [98] with special emphasis on the choice of the mesh parameter o. There it was first
established that o should be chosen equal to the formal order of the scheme. Clavero et al. [19]
study second- and third-order compact schemes generated by the HODIE technique on Shishkin
meshes.
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2.4 Central differencing

In numerical experiments [23, B2, [73] it was observed that central differencing on Shishkin meshes
yields almost second-order accuracy. A first analysis was conducted by Andreev and Kopteva [3]
who prove that central differencing on a Shishkin mesh is (Is,l1) stable. This result was later
generalized by Kopteva [d0)]. Consider the discretisation

[LUL = _EUii;i - (bU)a"c,z +cUy=f; for i=1,.... N—=1, Uy=Un=0 (291)
of The central difference operator L is (I, 1) stable with

81 N—-1
lolloo < 75 > hil[Lv],]. (2.92)
=1
if
N

I1(— _ ! e 1
i1 hibi—l 2 hzbl 2

and h; < ph; for ¢ < j with some constant p [A0]. Kopteva also proves an (I, W—1,00 )-stability
result for L applied to special mesh functions: Let m be such that h; < 2e/b;q fori=1,...,m
and Ry, 41 > 2¢/by,. Suppose v satisfies [Lv], = 0 for 4 > m. Then

1
< Z
4

N-1

11

[Vl o0 < 23 _max Z Ty (L] | -
J=1loees, =

Based on these two stability inequalities she proves the convergence result

| Ul { CN—2 for Bakhvalov meshes with o > 2,
U — <

00,w —

CN~2In® N for Shishkin meshes with o > 2.
The (oo, 11) stability [(2.92)] can be used [86] to prove
Ju—Ulloe, < C (h+max|¢/| N1 (2.93)

on S-type meshes with o > 3. A similar result was proved by Kopteva and Linss [A2] for certain
quasilinear problems of type

Another approach to study central differencing on Shishkin meshes is that of Lenferink [45] A6].
He eliminates every other unknown to get a scheme whose system matrix is an M-matrix. The
same technique is used in [46] to study a fourth-order scheme generated by a Galerkin finite element
method using quadratic test and trial functions. For this scheme on a Shishkin mesh pointwise
convergence in the mesh nodes of order N~4In* N is estabilished.

A drawback of central difference approximations and other unstabilized methods is their lack
of stability. The use of layer-adapted meshes induce some additional stability, however the discrete
systems are difficult to solve efficiently by means of iterative solvers. The system matrices have
eigenvalues with large imaginary parts. This becomes a particularly important issue when solving
higher-dimensional problems.

2.4.1 Derivatives

For the central-difference scheme on S-type meshes with ¢ > 3 we have the second order
bound

e ‘Um - u’H/Q’ < C(h+ N~ max |¢'])".
The proof in [86] uses the bound [(2.93)] for the discretisation error, then interprets the scheme as a

finite element method with inexact integration and finally applies a finite element technique [TT1]
to get the bound for the derivative approximation.
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Finite element and finite volume
methods

We now consider finite element discretisations of
Lu:=—cu”" —bu'+cu=f in (0,1), u(0)=u(l)=0, (3.1)
with b > 6 > 0 and
c+b/2>v>0. (3.2)

The latter condition ensures that the bilinear form in the variational formulation of is coercive.
Ifb>p>0 can be ensured by a transformation @(x) = u(z)e’® with & chosen appropriately.
We assume this transformation has been carried out.

We start our investigations with interpolation-error estimates and a Galerkin discretizations
of |(3.1)—including aspects of convergence, superconvergence, and postprocessing of the deriva-
tives. Then stabilized finite element methods are considered. We finish with an upwinded finite
volume method.

3.1 The interpolation error

In this section we study the error in linear interpolation. The argument follows [51]. Let w be an
arbitrary mesh. Let u! denote the piecewise-linear function that interpolates to u at the nodes
of w. Using a Taylor expansion at x;, we can write the interpolation error for = € [x;_1, ;] as

(W -0 @) =" [T @@ - de- [ w©E-o d

k3

Thus
W —w) @l <2 [ WOl —mina) de (3.3)

i—

1
To bound the right-hand side we apply [(2.39)] and |(2.9)|

v 2
|(ul —u)(z)| <C {/ Z (1+5_1€_ﬁ£/28) df} for = € [xi_1, ). (3.4)

1—1

Another sensible norm for measuring the uniform accuracy of numerical methods for |(2.1)] is
the e-weighted H'-norm |||-[||. defined by

, 1/2 1/2
Moll = e 115+ 113} Wollo o= { [ o@Pas} ™ ol = ol .-

95
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Bounds for the Lo-norm of the interpolation error Hu — uIHO are easily obtained from the Lo-
estimate For the error in the H'! seminorm, integration by parts yields

o —uf} o= [~ )|

1
[z et

by [(2.9)
Applying these results to S-type meshes with [(1.11)| we get

s C(h+N‘1max|z/J'|)2 for z €10, ),
|(u! —u)(z)| <
C(N24+N) for = €[\ 1],
while for Bakhvalov meshes we have

' —u|, <C(N2+N"7).

Thus o > 2 is the correct choice when selecting the appropriate mesh.

3.2 Linear Galerkin FEM

We start our investigation with the weak formulation of Find u € H}(0,1) such that
a(u,v) = f(v) forall ve H}(0,1),

where

1
a(u,v) =e(u',v") — (bu',v) + (cu,v) and f(v) = (f,v) with (u,v):= / u(z)v(x)de.
0
Our assumption [(3.2)] ensures that the bilinear form a(-,-) is coercive with respect to the energy
norm:
a(v,v) > min{1,~}[[o[|> for all v e HE(0,1).

Therefore the variational formulation posseses a unique solution u € H{(0,1).
Let w be an arbitrary mesh and let V¢ denote the space of continuous, piecewise-linear functions
on w that vanish for x = 0 and « = 1. Then our discretisation is: Find U € V' such that

a(U,v) = f(v) forall veV«.

Again the coercivity of a(-,-) guarantees the existence of a unique solution U € V¥.

3.2.1 Convergence

Based on the interpolation error bounds of Section Bl we can conduct an error analysis for the
Galerkin FEM on S-type meshes. It was first derived by Stynes and O’Riordan [96] for standard
Shishkin meshes and later generalized to S-type meshes by Linf3 and Roos [49, B5]. The technique
can be generalized to discretisations of two-dimensional problems using triangular or rectangular
elements on tensor-product S-type meshes; see Section B2l

Theorem 3.1. Let w be an S-type mesh with o > 2 whose mesh generating function ¢ satis-

fies and
max |¢'| In'/? N < CN. (3.5)
Then
llu=Ull, < C (h+ N~ max]e]
for the error of the Galerkin FEM.
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Remark 3.2. The additional assumption does not constitute a magjor restriction. For ex-
ample both the standard Shishkin mesh and the Bakhvalov-Shishkin mesh satisfy this condition.

Proof of Theorem 31l Let n = u’ —u and x = u! — U. For n we have from Section Bl

lInll. < C (h+ N~"max[¢']) . (3.6)
To bound y we start from the coercivity of a(-,-) and the orthogonality of the Galerkin method:

min{L, 7} [IxIIZ < alx, x) = a(n.x) = (', x') + (b0, X') + (¢ + ). x)
< Cllll Ml + € (Il o0 16 N0 + Wl oty 1 s )
On (0, \) we use
X100 < CVXIX o 0p < 02 NI,

while on (A, 1) we use an inverse inequality to estimate

X'z, x1) < CN lIxllz, a0 < CNlIXIIL

These two bounds and the interpolation results of Section Bl yield
min{1,~} [Ix]l. < C {h + N~V max [¢/| + (h+ N~ max [1/])* In"/? N + N—l} .
Thus
lIxIll. < € (h+ N~ max[y/]),

where we have used |(3.5)} Applying a triangle inequality and the bounds for [||n[l|. and [||x||., we
complete the proof. O

3.2.2 Superconvergence

The phenomenon that the convergence rate in a discrete (semi-) norm say || - ||« exceeds the rate
of convergence in its continuous counterpart || - ||, is called superconvergence. In the preceding
section we have seen that the Galerkin FEM is (almost) first-order convergent in the e-weighted
energy norm. Now we prove that |||u’ — U|||E converges faster than [||u — Ul||.—a superconvergence
property. Our analysis follows [5{), [[T5] where two-dimensional problems are studied.

Theorem 3.3. Let w be an S-type mesh with o > 5/2 whose mesh generating function @ satis-

fies|(1.11) Then
llu = U], < € (B2 N + N2 max [u'2) (3.7)

for the solution of the Galerkin FEM.

I

Proof. For the sake of simplicity we assume that b is constant. Let againn = u! —u and y = u/ —U.

Then

a(n,x) =<', x") = (bn',x) + (en. x)
For the diffusion term, integration by parts gives

T ZTq
x;
/ n'x = nx'l,_, —/ nx" =0
Ti—1 Ti—1

i— i—
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because n(z;—1) = n(x;) = 0 and because x is linear. Thus (n,x’) = 0. The reaction term is
easily bounded using Holder’s inequality:

— 2
[(en )l < Clinllp lIxllz, <€ (h+ N~ max|¢]) [|xllo

We are left with the convection term. Recalling the decomposition [(2.13), we split

(o x) = — / "~ - / " o)y A ! —w)x A W (38)

The four terms on the right-hand side are bounded separately.
(i) A standard interpolation error result and our bounds for the derivatives of w give

9 qN x; qN h 4
i =l gy O [ e < 030 () e
=1 Ti—1 =1

qN
<C (Nfl max |1//|)4 Z hie(4/a—2)ﬁaci/s7
i=1
since assumption |(1.11)|implies h; < Ce for i = 1,...,¢N and because
i/N
h=2 & (t)dt < 25 N~' max [¢)'|eBi/7¢ (3.9)
B Ji-1y~ B

Thus

A
|w’ — wH(Q) oy =C (N! max|¢’|)4/ eWo=DBr/e gy < Ce (N1 max|1//|)4,
Y 0

where we have used o > 2. This result and the Cauchy-Schwarz inequality yield

/0 " )y

(#1) To bound the second term we proceed as follows:

qN T;
2
o = ol o <30
i=1 T

i—1

< € (N max[¢/])* [Ix]l. - (3.10)

A

v (z)?dx < Ch4/ v"(x)?dx < Ch*eIn N,
0

since [v”(z)] < C on (0,1). Hence

/0 A(wl —w)ny'

(iii) Now we consider [ ; (w —w!)x’. The argument splits the integral once more, but first let
us recall that the mesh on (A, 1) is uniform with mesh diameter H € [N~, N1 /(1 —¢q)]. We have

< CR W2 N ], (3.11)

! —w|? < CON~'e e < ONTO
0,(zqN TgN+1) — -

since o > 5/2. Thus

i I 2
[ = wh| < o2,
A
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by an inverse inequality. Next we have

N-1 TN
2 v _ _
le - w|| <C E He 2Prile < e 2Br/eqy < Ce N5,
0,(xgN+1,1) N
i=qN+1

Thus
< ON Il - (3.12)

/ w0 — )y

(iv) To bound the last term in we use

z; z; 2 rmy 2
' N/ 1 oy L (hi /1 m L (hi 1
— = - E; —=|= e
/I_l(v v') X G/I_lv(z)x 3<2) L rglg) v

i— i— -

Ei(z) = % <(:1: —xi_12)° + (%)2>

which holds true for arbitrary functions v € C3[x;_1, ;] and linear functions x; cf. 7). We get

1 1 2 2 1
WA _l m (m2y! /_H " _H/ "
/A(v v)x—G/)\v (E)X 12(vx)()\) kD) )\’UX.

Assuming more regularity of the data, the decompostion|(2.13)[ can be sharpened to give |[v"’| < C.
This yields

with

1
!/
/A (v =) x‘ < CHP Xl () + CH? XN+ CH? Xl a1y < CH (Xl + Ix (MDD,

by an inverse inequality. Finally, we estimate
A
/v
0

1
[ =)' s| s ot N .. (3.14)
A

(V)] = < VI llp 0.7 < C12 N Il

Thus

Combine (3.14)] to get for the convection term
(0 )] < C (B2 N+ N2 max |y |?) [l

This inequality, the bounds for the diffusion and reaction terms and the coercivity of a(-,-) yield
the proposition of the theorem. O

Remark 3.4. Surprisingly, the major difficulty in the proof does not arise from the layer term, but
from the regular solution component. To cope with this the special integral expansion formula|(3.15)
by Lin had to be used.

Another superconvergence result for Shishkin meshes was derived by Zhang [I14]. He uses
finite elements with piecewise polynomials of degree p > 1 on a Shishkin mesh with transition
point

A:min{%,wm(N—i— 1)}
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and estabilishes

p+1
|M—UMMSC<GE%?9) +Nﬂ>

with [[2])7 , = e 2, QP((2)?) + ||2]12, where Q(2) is the p-point Gauss-Lobatto formula for
f;il z(x)dz. If the regular solution component v lies in the finite element space then the stronger

bound

In(N +1)\""
-0l < 0 (M)

holds true. This too illustrates the technical difficulties with the regular solution component
mentioned in Remark B4 but unlike [(3.13)| for linear elements no expansion formulae for the
convection term are available for quadratic or higher-order elements.

3.2.3 Gradient recovery and a posterior: error estimation

As pointed out in [I] for instance, superconvergence properties like Theorem are basic ingre-
dients for the superconvergent recovery of gradients. Furthermore, if a superconvergent recovery
operator is available, then it is possible to define an a posteriori error estimator that is asymptot-
ically exact.

First, we define for a given v € V¢ a recovery operator for the derivative. With K; := (2,1, ;)
we set

T; — X T — Tij—1

YT

(Rv) (z) :== atj—1 forxe K;, i=2,...,N —1,

where a; denotes the weighted average of the constant values of v’ on the subintervals adjacent to
Z;.
hit1 ,’ h

Q= ———— + 71.1/’
T hithig K hithi Ken

For the boundary intervals we simply extrapolate the well-defined linear function of the adjacent
interval.
Our aim is to prove a superconvergence estimate for !/ 2||u’ — RU H o that is superior to that

of Theorem Bl for 51/2Hu’ — U’HO. In our presentation we follow [R6]. The key ingredients are
Theorem B3 and the consistency and stability of the operator R.

Consistency: Let v be a quadratic function on K;, the union of K; and its adjacent mesh
intervals. Then

R(v')=v on K. (3.15a)

Stability:

[Rllg g, < Cllv'llg 5, forall veVe. (3.15b)

We start our analysis from a triangle inequality:

|u' = RU|l, < || = R (u)||, + || R (u" = U)

lo lo-

The second term in this inequality can be bounded using Theorem and |(3.15b)l Thus we

are left with the problem of estimating Hu’ - R (uI )|| o- To take advantage of the consistency
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property we introduce a quadratic approximation of u on K;: Qu. Using a triangle
inequality, we obtain

[ = R (") o, < |0 = (@Quw)[lg g, + 1(Qw)" = R ((Qit)") [, + 1R (Qiwe = w)) [ .

The second term vanishes because of [(3.15a)} The last term can be bounded using [(3.15b)| and
the stability of the linear interpolation in H'!, i.e., [v!|; < C|v];. We get

N
o = R (u")lg <€ [l = (@) [lg £, -
i=1

Note this H! stability of the interpolation operator holds true only in the one-dimensional case.
In two dimensions the L., stability of the interpolation operator has to be used instead, see
Section B3 2.0

Choosing Q;u to be, e.g., that bilinear function that coincides with u at the midpoint and
both endpoints of K; and estimating the interpolation error carefully, see [86], we obtain

EZHU — (Qqu) Hof( <C (h—|—N71maX|1//|)4 if o> 2.

Combining these results, we get

Theorem 3.5. Let w be an S-type mesh with o > 5/2 whose mesh generating function ¢ satis-
fies|(1.11) Then the error of the recovered gradient of the Galerkin FEM satisfies

2|’ — RU|, < € (B* I/ N + N~2 max /) .

Remark 3.6. Using RU instead of u', we get an asymptotically exact error estimator for the

weighted H'-seminorm of the finite element error 61/2Hu’ — U’HO on S-type meshes:

2| = U'||, = 2| RU = T[], + O (/2 N + N2 max |o'|2)
This error estimator is asymptotically exact for N — oo because in the generic case

e/ = U, = O (h+N"" max|y']).

3.2.4 A numerical example

Let us briefly illustrate our theoretical results for the linear Galerkin FEM on S-type meshes when
applied to the test problem

—ev/ —u +2u=¢"""! in (0,1), u(0)=wu(l1)=0.

For our tests we take ¢ = 10~ which is a sufficiently small choice to bring out the singularly
perturbed nature of the problem.

Apart from the two meshes introduced in section [L3] we also consider a S-type mesh with the
rational mesh-characterizing function

1

because it particularly emphasises the sharpness of the theoretical results. For this mesh we
have || < N'/*. The results in Tables are clear illustrations of the estimates given in
Theorems BIHZH
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Te=0l, | T =0ll, 7w —&0],
N error rate error rate error rate
28 | 1.158¢-2 0.50 | 5.889¢-4 0.99 | 3.289¢-3  0.98
29 | 8.213e-3 0.50 | 2.959e-4 1.00 | 1.673e-3  0.99
210 1 5.817e-3 0.50 | 1.483e-4 1.00 | 8.435e-4  0.99
211 | 4.117e-3  0.50 | 7.424e-5 1.00 | 4.236e-4  1.00
212 1 2912e-3 0.50 | 3.714e-5 1.00 | 2.123e-4 1.00
213 1 2.060e-3 0.50 | 1.858¢-5 1.00 | 1.062e-4  1.00
21 | 1.456e-3 — 9.290e-6 — 5.315e-5 —

Table 3.1: Galerkin FEM on a Shishkin mesh with rational ¢ (¢ = 2).

0T, [ w0l [ 7w 7],
N error rate error rate error rate
28 | 6.166e-3 0.83 | 1.624e-4 1.66 | 8.045e-4 1.64
29 | 3.470e-3 0.85 | 5.151e-5 1.69 | 2.585e-4  1.69
210 1 1.928¢-3 0.86 | 1.592e-5 1.72 | 8.025e-5 1.72
211 1 1.060e-3 0.87 | 4.818¢-6 1.75 | 2.432e-5 1.75
212 | 5.784e-4 0.88 | 1.434e-6 1.77 | 7.242e-6 1.77
213 1 3.133e-4 0.89 | 4.211e-7 1.79 | 2.126e-6 1.79
21 | 1.687e-4 — | 1.221le-7 — | 6.164e-7 —

Table 3.2: Galerkin FEM on a standard Shishkin mesh.

3.3 Stabilized FEM

We have seen that the Galerkin FEM on S-type meshes has good approximation properties. Un-
fortunately the linear systems generated are difficult to solve iteratively. Therefore stabilization
is essential.

3.3.1 Artificial viscosity stabilization

The simplest way to stabilize discretisation methods for convection-diffusion problems consists of
altering the diffusion coefficient a priori, the extra diffusion added being called artificial viscosity.
Typically artificial viscosity proportional to the stepsize is used. This yields the stabilized finite
element formulation: Find U € V*“ such that

ae(U,v) = f(v) forall ve V¥,
where

ar(u,v) := ((e + kh)u',v") — (bu’ — cu,v) and h(z):=h; for =€ (w;_1,z;)

lu =TI, lu" = Ul | e[l - RUT|,
N error rate error rate error rate
28 | 1.357e-3 1.00 | 5.382e-6 1.99 | 4.173e-5 2.00
29 | 6.800e-4 1.00 | 1.353e-6 2.00 | 1.043e-5 2.00
2101 3.403e-4 1.00 | 3.393e-7 2.00 | 2.610e-6  2.00
211 | 1.702e-4 1.00 | 8.497e-8 2.00 | 6.528e-7  2.00
212 | 8.514e-5 1.00 | 2.126e-8 2.00 | 1.632e-7  2.00
213 | 4258¢e-5 1.00 | 5.317e-9 2.01 | 4.082¢e-8  2.00
214 | 2.129¢-5 — 1.321e-9 — 1.020e-8 —

Table 3.3: Galerkin FEM on a Bakhvalov-Shishkin mesh.
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and x > 0 is an arbitrary constant. The bilinear form a(-,-) is coercive with respect to the norm

lolll,. == { (e + wR), o) + (v, 0)} /2,

which is stronger than the e-weighted energy norm and the reason for the improved stability.

Because of the artificial viscosity the method does not satisfy the orthogonality property which
complicates the convergence analysis. Assume an S-type mesh is used and Let again n = u! — u
and x = u! — U. Then

min{1, 7} Il < ax(x, x) = a(n, x) + (kh(u"),X') = a(n, x) + & (b, X') + & (', X') .

Bounds for the first term have been derived in Section The second term (h#', x’) vanishes,
while the last term, which is the inconsistency of the method, satisfies

sl x| < Cr (A2 N 4 N~ max /][Il

The proof recycles some ideas from Sections B2l and B2 and is therefore omitted. For more
details see [92]. We get

Il U <C {h(h—i— k)" N+ (5 + N~ max [¢/]) N~! max |¢'|} . (3.16)

Thus if we choose kK = O (1), i.e., we add artificial viscosity proportional to the local mesh size,
we get

[l = Ul + llu = Ul < € (B2 N + N~ max o]

by the interpolation error estimate

Comparing [(3.7)] and [[3.16)} we see that the order of accuracy of the Galerkin FEM is not
affected if we take Kk = O (N _1). This results in improved stability compared to the Galerkin
method and the discrete systems—in particular for higher-dimensional problems—are slightly
easier to solve by means of standard iterative methods. On the other hand the method is not as
stable as if K = O (1) were chosen.

3.3.2 Streamline-diffusion stabilization

The most popular and most frequently studied stabilized FEM is the streamline-diffusion finite
element method (SDFEM) which is also referred to as the streamline-upwind Petrov-Galerkin
method (SUPG). This kind of stabilization was introduced by Hughes and Brooks [34]. Given a
mesh w and a finite element space V', this method can be written as: Find U € V* such that

N ;
a(U,v) + Za/ (f — LU) b = (f,v) forall ve V¥, (3.17)
i=1 ®i-1
where the stabilization parameters J; are chosen according to the local mesh Peclét number:

with Pei =

5 — Koh; if Pe; > 1, B ||b||001(z%1zl)hZ
" k2t if Pe; <1, 2

with user chosen positive constants ko and x;1. In contrast to the artificial-viscosity stabiliza-
tion this method is consistent with since u satisfies for all v € H}(0,1). Another
advantage—though it becomes relevant only in higher dimensions—is the reduction of crosswind
smear because artificial viscosity is added only in the streamline direction.

The second-order upwind schemes of Section may be regarded as versions of the SDFEM
with linear test and trial functions and inexact intergration. While in the one-dimensional case it
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is always possible to chose the stabilization parameters §; such that the resulting scheme is inverse
monotone, this is in general impossible in higher dimensions. Therefore alternative techniques
have to be developed to study the SDFEM. Here we shall consider convergence in the streamline-
diffusion norm |||-|||gp naturally associated with the bilinear form of the method. This technique
can be extended to two-dimensional problems; see [T00).

We shall follow [100] and study the SDFEM on S-type meshes. For the sake of simplicity we
consider With constant b. Let V¥ C H}(0,1) be the space of piecewise-linear functions on w.
We rewrite as: Find U € V¥ such that

1
asp(U,v) := a(U,v) + astap(U,v) = (f,v) — 5b/ fv' forall ve V¥
A

where a(-,-) is the bilinear form of the Galerkin FEM,
N -
taaU0) = =8 > [ (e b0 e
i=qN+1" ®i-1
and

{ koH if bH/2e > 1,

k1H?/e otherwise.

Here H denotes again the mesh size on the coarse part of the mesh.
We define the streamline-diffusion norm naturally associated with agp(-,-) by

2
ol = el 5 + Il + 18260 [1§ 5 1y-

Provided the maximum step size h is smaller than some threshold value the bilinear form agp(-, )
is coercive with respect to the streamline-diffusion norm:

2
asp(v,v) > g [[vlllsp -
The bilinear form also satisfies the Galerkin-orthogonality property

asp(u—U,v) =0 forall veV~.

I

This is the starting point of our error analysis. Letting again n = u! —u and x = u! — U, we have

LixllEp < a(m, x) + astan(n, X)- (3.18)

For the first term we have from the proof of Theorem
la(, )] < € (B2 /2 N2 max |9/2) I,

It remains to bound asiap (1), x). We have
1
astab (1, X) = 6b/ (eu” +bn' +cn) X'
A
Elementwise integration by parts yields [ ; bn’x’ = 0. Furthermore we have
1
‘5/ Cnbx" < C5'2|Inllo, 16" 26x o < C8ENT2(16120x o < CN 72 (Xl s »
A

by our earlier bounds for the interpolation error.
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To bound the remaining term [ 7 x’ we use the decomposition of u into a regular and a layer
component. For the regular component v we have

1 1 A
/,U//X/:_/ ,U///X_/ UNX/-
A A 0
1
/,U//X/
A

by our bounds for v and its derivatives. Thus

1
55/ v//X/
A

since the choice of § implies ¢ < CH? < CN~2.
For the layer component w we estimate as follows:

1
/ w”bx’
A

from an inverse inequality and o > 5/2. We get

1
/ ’LU”bXI
A

Collecting these results, the second term in |(3.18)] is bounded by

Hence

< Clixllo + € (e N2 {1/,

< ON?I'2 N|xlsp -

€l < e 2w | 1y 6 18 20X (oo, a1y < CEYENTIZH 2|61 2bx/ o,

2 <CN"?Ixllsp -

|astas(n,X)| < CN"2In"? N |||l -

We summarize our results.

Theorem 3.7. Let w be an S-type mesh with o > 5/2 whose mesh generating function ¢ satis-
fies|(1.11) Then the error of the SDFEM satisfies

[l = Ulllgp < € (B2 W2 N + N2 max |o'2).

Remark 3.8. This is a superconvergence result just like Theorem B3 Similarly to Section [Z23
it s possible to construct a recovery operator to obtain higher-order approximations of the gradient
of the exact solution; see [I00]].

Finishing this section, let us mention an article by Roos and Zarin [00] who study the streamline
diffusion FEM on Shishkin and on Bakhvalov-Shishkin meshes for the discretisation of a problem
with a point source.

3.4 An upwind finite volume method

Let us finish this chapter by considering finite volume discretizations of our standard model prob-
lem with a regular layer: Find v € C%(0,1) U C]0, 1] such that

Lu:=—cu”" —bu'+cu=f in (0,1), u(0)=u(l)=0, (3.19)
with b > G > 0.

Although the construction of finite volume methods differs from finite difference and finite ele-
ment methods they are typically analysed as special finite difference methods or—more often—as
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nonconforming finite element methods. Here we like to highlight both approaches. In particu-
lar this section is intended to prepare our later investigation of the FVM in two dimensions in
Section B4l Therefore we shall assume

c>y>0, c+b >y>0 when studying the FVM as a FDM, (3.20)
and
c+b/2>v>0 in the FEM context. (3.21)
In the latter case the variational formulation of will be used: Find u € H}(0,1)
a(u,v) :=e(u',v") — (b, v) + (cu,v) = (f,v) =: f(v) forall v e HJ(0,1).

Given an arbitrary mesh w: 0 =xzg < z1 < --- < zy =1 our FVM reads: Find U € RéVH =
{U € RNt i yg = vy = O} such that

Ui+1 — Ui Ui — Ui—l bi+1/2hi+1
AU, = — - —p
[ o ]z E( hi+1 hz ) Q( €

bi— hz
—0 ( 15/2 ) bi—1/2(Ui = Ui—1) + hiciUs = hifi,

) biv1/2(Uis1 — Us)
(3.22)

with b;41/2 = b((zi + xi11)/2). It can also be written in variational form: Find U € RY™ such
that

N-1 N-1

ag(U,v) =Y (AU vi = fo(v) := Y hifivi, forallv e R,

i=1 i=1

The crucial point is the choice of the controlling function ¢ : IR — [0,1]. It has to pro-
vide the correct weighting between the two one-sided difference approximations for the first-order
derivative. Possible choices for ¢ include

1 t
? <1 — ?) fOI' t # O,
or(t) = 1 exp
5 for t= 0,
1/(2+1) for t>0,
os(t) =
(1-¢)/(2—1t) for t<0,
and
0 for t>m,
oum(t) = % for te[-m,m], with m >0.
1 for t<—m,

The full upwind stabilization gy is due to Baba and Tabata [I2], while oy, with m > 0 was
introduced by Angermann [§]. For o; and pg we get slight modifications of the schemes of I'in [35]
and of Samarski [01]. Further choices of p are mentioned in [8] and [37 where also a detailed
derivation of the method in two dimensions can be found.

The constant choice o = % generates a central difference scheme, while the choice gy gives a
scheme with upwinded one-sided difference approximation of the first-order derivative which is very
similar to the upwind scheme analysed in Section If a different p is used—in particular when o
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Figure 3.1: The stabilizing functions g, 0s and oy

is Lipschitz continuous in a neighbourhood of 0—then the first-order derivatives are approximated
by weighted combinations of upwinded and downwinded operators. This weighting provides an
adaptive transition from an upwinded to a central difference approximation when the local mesh
size is small enough. In this case higher accuracy is achieved while retaining the good stability of
the scheme.

Important properties of o are

(00) t — to(t) is Lipschitz continuous,

(01) [o(t) + o(—t) — 1]t =0 forall t € IR,
(02) [1/2—o(t)]t >0 forallte IR,
(03) 1—to(t) >0 forallte R.

Condition (1) ensures both the consistency of the scheme and the local conservation of the fluxes,
while (p2) guarantees the coercivity of the bilinear form a,(-,-) and (¢3) the inverse monotonicity
of the scheme.

3.4.1 Stability of the FVM

Coercivity of the bilinear form a,(-,-). The consistency condition (g;) and summation by parts
yield

N
—vl 1 i—1/2h;
(v,0) =¢ E ) + E [2 ( L2 )] bi,l/g(vi—vi_lf

i=1

(3.23)
N-1 1
+ Zl [hicz' + 5 (bi+1/2 - bil/?):| v
Assume ' is Holder continuous with coefficient « € (0, 1]. Then
|biy12 = bi1ja = habi| < Bh® [|bll gr.ago 1y - (3.24)
Thus, if |(3.21)|is satisfied
1 N-1
Z |:hici t3 (bit1/2 — bic1y2 } v > % hivy (3.25)
i=1 i=1



68 CHAPTER 3. FINITE ELEMENT AND FINITE VOLUME METHODS

provided the maximal mesh size h is smaller than some threshold value h*.
Let

2 2 2 Y 2
lollly := e olyo + ol + 5 10lo.0

with
N 2
Vi — Vi—1
ol = Bl
i=1 g
N N—1
1 bi_1/2hi
|U|z,¢d = Z {5 -0 (%)} bi—1/2(v; —vi—1)® and vl = Z hiv?
i=1 i=1

which is a well-defined norm when (p2) is satisfied. Now the coercivity follows immediately

from [(3.23)] and [(3.25)}

Theorem 3.9. Assume conditions (01), (02) and [(3.2T)] are satisfied. Let b € C%%[0,1] with
Hoélder exponent a € (0,1]. Then the bilinear form a,(-,-) is coercive with respect to the FV-norm

lI-ll,» i-e.,

ap(v,v) > |||’U|Hf) for all ve R) ™

provided the maximum mesh size h is smaller than some threshold value which is independent of
the perturbation parameter €.

Note when ¢ = 2 the stabilization is switched off. Nonetheless Theorem B states coercivity of
the bilinear form with respect to the discrete e-weighted energy norm ||[v||Z, := e[v[F , + Z|v[3 .-

However in the case g # % the scheme is coercive with respect to a stronger norm which results
in enhanced stability of the method.

Inverse monotonicity. Let r™, r~, ¢ >~ > 0 and x > 0 be arbitrary mesh functions with
and 1>7r; >0 fori=1,...,.N—-1 (3.26)

with a constant « > 0. Consider the difference operator
Ui — Ul'+1 g

(LU, ::i[lﬂﬂ +—[1—r;]M

+ q;U;. 3.27
Xi hit1 Xi h; 1 (8:27)

We study this more general situation because it will also serve as an auxiliary result in Section -2
when two dimensional problems will be investigated. The FVM belongs to this class of
schemes provided that (3) holds.

Clearly, 1 +rf > 1 and 1 —r; > 0. Hence the system matrix associated with L, possesses
positiv diagonal entries and nonnegativ offdiagonal ones and therefore is an Lo-matrix. Application
of the M-matrix criterion with the test function v = 1 yields the inverse monotonicity of L,. This
can be used to study the Green’s function associated with L, and derive stability inequalities
similar to those of Section 22211

(Lo, €1) stability. For j = 1,...,N — 1 the Green’s function G.; associated with the mesh
node z; satisfies

x; ' fori=j, .
[LXG'J-L' :51'73' = for i = 1,...7]\[—17 GO,j :GNJ' =0.
0 otherwise.
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Given G, we can represent any function v € Rév 1 oas

N-1
v; = Z XjGi,j [LX’U]j . (328)
j=1
Let
@
- fori=0,...,7,
T 1 j
ij = ¢ he\
! 211 <1+&) fori=j+1,...,N.
6 L Qe
k=j+1

Lemma 3.10. Assume condition |(3.26)| holds. Then the Green’s function G associated with L
satisfies

OSGi)jgéi)jga/ﬂ fO’I" i,j:(),...,N.

Proof. We have just seen that when |(3.26)|holds the operator L, is inverse monotone and therefore
satisfies a discrete comparison principle. The lower bound on G is easily verified using the barrier
function v = 0.
In order to prove the upper bound it is sufficient to show that for all j =1,..., N —1 we have
[LyG.j]; =015 < [LxG. ]

A o= i

for i= 1, .. .7N — 1, GQJ‘ < éo)j and GNJ < GNJ.
(i) First we check the boundary conditions. Clearly ém >0fori,j=0,...,N. Thus
OZGOJSGOJ‘ and OZGNJ'SGNJ' for jZl,...,N—l.

(i) Next, for ¢ < j we have [LXCA?.J-L = qiéi,j > 0 since both ¢ and G are positive.
(i) For i > j we have

Gij—Giy1 _ I} éz’j and Gij—Giz1j _ _ﬁéij-
hiy1 ag + Bhit1 h; ag
Thus
e fuems (-m)e),
1 >= - >
[L:G), 2 < {QH -G
by
(iv) For i = j a combination of the arguments from (%) and (ii) yields
A e (1+r1)B . 1
[L\G.]; = e gn L Gz = [LyG ]
Xj o€ + Bhjia X3
by [3.26) O

This Lemma and [(3.28)] give the (¢, ¢1) stability of the method:

Theorem 3.11. Suppose|(3.26 | holds. Then the operator L, defined in|(3.27) satisfies the stability
inequality

N-1
V)] 00 0 < % Z Xi |[va]i‘ for allv € R+
i=1

Remark 3.12. An error analysis of the upwind FVM using this ({~, £1) stability can be conducted
along the lines of Section [ZZ3; see also [57).
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(Yoo w_l,oo) stability. Now let us restrict our attention to difference operators of the type

€ Ui—Uiy1 | € Ui =Ui1
LUl =—[14+o ] 22— 4 —[1-0 | Z——= 40U
[Lal)ii= g Mol ===+ -] ==+
with
bitrhi bivrhy _ bi—14rhi \ bi—14xhi
QZF:Q(_ + +1> ity o ::Q( 1+ ) Linlti
€ € € €
and

k€10,1], xi=rkhit1+ (1 —r)h; and by, = b(x; + Khit1).

The FVM [(3.22)] is recovered for x = 1/2, while the finite difference scheme of Section is
obtained when k =1 and 0 = py.

Remark 3.13. Condition [(3.26 | with o = sup,_, 1/0(t) follows from (o3).

Assuming that (1) holds, the Green’s function G solves for fixed i =1,...,N — 1

[L:Gzy]] = 51”' fOI‘ ] = 1, . 7]\/v — 17 Gi,O = Gi,N = 0

with the adjoint operator
€ o\ Ui — Ui Vi — Vi_q bjtrr —bji—14x
[ ]g X ( J+1) hj+1 ( J 1) hj J Xj J
Assume ¢+ b > v > 0 and let b’ be Holder continuous with coefficient v € (0, 1]. Then

bijvr —bj_14k
cj_i_uzo
X3

if the maximum step size h is sufficiently small, independent of ¢; cf. Proceeding as in
Section 2201, one can show

GiijGiyjfl for ]:1,71 and GiijGiﬁjfl for j:Z—Fl,,N,
i.e., G; . is piecewise monotone.

Theorem 3.14. Suppose conditions (01), (03) and[(3.20) hold. Assume b € C*<[0, 1] with Hélder
exponent « € (0,1]. Then the operator L, satisfies the stability inequality

N-1
ZXj [L,Qv]j—I—CH for all v € RY™,
j=-

00,w

2c0
[V < —

min
CeR

with a = 1/ infy<g 0(t) < 2, if the mazimum step size h is smaller than some threshold value that
is independent of €.

3.4.2 Convergence in the energy norm

In this section we study the convergence in the energy norm [|-[||, of the finite volume method
on S-type meshes (see Section with o > 2. The controlling function ¢ is assumed to satisfy
conditions (o), (01) and (g2).
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Our analysis starts from Theorem B and follows the standard approach of the Strang
Lemma [89, I11.3.1.2]. Let n = u! —u and x = u! — U, where we use U for both the point-
wise defined solution of |(3.22)] and its piecewise-linear extension on the mesh w. Then

lIxll% < ap(x,x) < la(n, )| + |aw’, x) = apw’,x)| + [ £f2(x) — f(x)l

(3.29)
S|a(777X)|+|fQ(X)_f(X>|+’T(u17X)_TQ u X ‘+’ 7X _CQ( I?X)"
with
1 N-1 1
T(ulu X) = / CUIX7 TQ(UI, X) = Z hiCiUiXia c(ulu X) = _/ b(ul)/X7
0 Py 0
and

p 1/2hit bi_1/2hi
u’, x) Z { (H/il> biy1/2 (Wiv1 —ui) + 0 <—%) bi—1/2 (Ui — ui— 1)}){ .

The four terms on the right-hand side of will be bounded separately.
(i) The first term has already been analysed in Section We have under the assumptions
of Theorem Bl

la(n, x)| < C (h+ N~ max[]) [[x]l. < C (7 + N~ max [¢/]) [|x| (3.30)

g,w

because the discrete and continuous energy norms are equivalent for functions from Bév +,
(i) Next we bound the error arising from the discretization of the right-hand side f. Denoting
by @; the usual basis functions for linear finite elements, we have

h?

. _ el = ) . _ ) <«
/wil(f%)(x)dx 5 fi /ml{fz +/$i f (s)ds}%(z)dz 5 fil < 5 Ll f H
Thus
N-1 Tit1 N-1
|FO0) = )| = ‘Z Xz{/ (feoi) (x)da — hifi} < loch D halxil
i=1 Tio1 i=1
< 1 llesPllxllo,co- (3.31)
(iii) The next term in line is r(u!,x) — rg(ul,x). By the definition of r,(-,-) and 7(-,-), we
have
N-1 Ii b
re(u’,x)i — r(u’,x) = {/ (CUI%) (z)dx — éczuz} Xi
A (3.32)
+ Z o (cul i) (z)dw — Py L
_ wi) (Z)ax 9 CiUi ¢ Xi-
Clearly
— T I hz Ei I
s; = / (cu';) (z)dx — 5 Citli = / [(cu") (z) — ciwi] pi(a)da
Ti—1 Ti—1
and

Tq

|(C“I) (z) — cou;| < /m

(cul)'| ds < C/w {147t/ ds < O ()
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for « € [x;—1,2;]. (The quantity ¥, (w) has been introduced in Section ZZ2) Hence

S; S 0191 (w)hl

We obtain
N-1 N-1
D six| < C01w) Y halxal < C91 ()Xo
i=1 i=1
For the second sum in we have an identical bound. Thus
|ro(u’, x)i = r(u’, x)| < CO(w)lxllow- (3.33)

(iv) Finally consider the convection term. We have

colul ) — elu’ )
- fi{ [ o o@
Z_ { CM) mite (bi_lfhi) Xi] bivry2(ui = uil)}
and
[ @

i T Xi— o ¢ Ui — Ui—
=b;_1/2(ui — Ui—l)% + / {/ b'(s) dsTlx(x)} dz.
Ti—1 Ti_1/2 1

Combine these two equations and use (g1).

Cg(ulvx) - C(UI, X) = Z B -0 <bi_18/2hi)] (Xi - Xz'fl) (Uz - uifl)bi—l/Q
= (3.34)

—I—Z/ {/ b'(s) ds%x(x)}dm.
i=1 Y Ti—1 Ti—1/2 v

For the second sum use |u; — u;—1| < CY1(w) in order to obtain

Z/ {/ b’(s)dSMx(x)}dx
i=1 Y Ti—-1 Ti—1/2 hl

Next we bound the first sum in For i < ¢gN use |u; — u;—1] < CY1(w) again to obtain

< OO (@) Ixllo,0 - (3.35)

qN
1 bi, hi
> [5 -0 ( 15/2 )] (Xi — Xi—1) (wi — ui—1) bi_1/2
=t (3.36)

qN
<O (W)Y Ixi — xio1] < OO ()2 Ny,

=1

by a discrete Cauchy-Schwarz inequality.
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For ¢ > gN we use the splitting v = v + w of the exact solution. Starting with the layer term
w, we have w; < CN~2 for i > gN. Hence

1 bi—1/2h;
> {5 -0 < 15/2 ﬂ (Xi = Xi—1) (Wi —wi—1) bj—1/2
i=gN-+1
3.37
N (3.37)
<CON7? Y (Il + xa-1) < ENixlow,
i=qN-+1

by a discrete Cauchy-Schwarz inequality and because h; = O (N _1) for ¢ > ¢N. Finally, consider
the regular solution component v. To simplify the notation let

1 bi—1/2h;
i =b;_ - — .
Yi—1/2 i—1/2 [2 Q( - )}

Summation by parts yields

N
Z Yi—1/2 ('Ui - 11%1) (Xi - Xi71) = VYgN+1/2 (qu - UqN+1) XqN

i=qN+1
N-1 N-1
- Z Yie1/2 (Vig1 — 20 +vi_1) Xi + Z (Viz1/2 = Yit1/2) (Vig1 — vi) Xi-
i=qgN+1 i=qN+1

Taylor expansions for v give |v;11 —2v; +v;_1| < ON72 and |v; —v;_1| < CN~L, while (go)
implies |v;_1/2 — %H/Q‘ < CN~!. Thus

N
Z Yi1/2 (Vi —vi—1) (Xi — Xi-1)
i=gN+1 (3.38)

<OV (Il + xax]) < ON ' 2 N,

because
gN
IXqn| < Z IXi — Xi—1] < CIn'/? Ne'/2 X1 -
i=1

Collecting [(3.34)H(3.38)} we get

leo(u!,x) = e(u’, )] < COL (W) 2 N ]l - (3.39)

Now all terms on the right-hand side of [(3.29)] have been bounded; see [(3.30)} [(3.31)} [(3.35)]
and Dividing by (x|, and recalling that ¥ (w) < C (h + max [¢'|) for S-type meshes with
o > 1 and the interpolation error bounds of Section B3, we can state the main result of this
section.

Theorem 3.15. Let w be an S-type mesh with o > 2 whose mesh generating function ¢ satis-
fies[[T.1T) and max || In*/?> N < CN. Assume (go), (01) and (02) hold. Then

llu =l +[Ju" = T||, < € (h+ N~" max|¢'|) In'/> N

for the error of the upwind FVM|(3.22)



74 CHAPTER 3. FINITE ELEMENT AND FINITE VOLUME METHODS

3.4.3 Convergence in the maximum norm

With the results of Section B4l at hand the simplest maximum-norm analysis is based on the
(oo, W_1,00) stability. Setting

bi_1/2M; bi_1/2N; bi—1/2hi Vi — Vi—1 Vi + Vi1
A vl = 1+ — -] - bj_1/9———
[Agv]; 5{ + B [Q( . Y . I +bi—1/2 5

N-—1
+ > (hiej +bj4172 = bj1ja) vy,
j=i

we have, if condition (g1) is satisfied,

[Lov], = — Vi1
oV} =
and Theorem T4l yields
4
ol < 5 miplldgr-+all, forall ve BY™

Integration of the differential equation |(3.19)] yields

TN—-1/2
Eu;,l/Q + (bu)i,l/Q +/ ((c+V)u—f)(s)ds=a forall i=1,...,N.
Ti—-1/2
Thus
4 Ui — Uj—1 + Uj—1
[Ju — U”oo,u.) B ( — U 1/2) +bi—1/2 ( Uz‘1/2)
TN—-1/2 ,
+ 3 (hyes +bysaje = by-) w= [ vy s
j=i Ti—1/2
3.40
N-1 TN—-1/2 ( )
hifi + / f(s)ds
j=i Ti—1/2

bi— hz bi— hz
o [o (S22 (B ),

All terms except for the last one can be bounded by 91 (w) using the technique from Section
For the last term note that o(t) € [0,1] and

|u; —ui—q| < / [u'(s)] ds < CY1(w).
Ti—1

Theorem 3.16. Suppose (01) and (p3) hold. Then the error of the upwind FVM|(3.22) satisfies
[u—Ully. < COi(w)

It was mentioned earlier that the accuracy of the scheme is improved when the function p is
Lipschitz continuous in a neighbourhood of ¢ = 0, say on an interval [—m, m]. We will briefly
illustrate this using a standard Shishkin mesh with mesh parameter ¢ > 2. For this recall the
decomposition © = v + w of the exact solution into a regular solution component v and the layer
term w, see Theorem ZA and split the numerical solution U =V + W, where

[L,V]i=fi fori=1,...,N -1, Vo =v(0), Vv =v(1)
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and
[LW]i=0 fori=1,...,N—1, Wy =w(0), Wy =w(l)
Imitating the argument that led to with v and U replaced by v and V, we obtain
[0 =V, <CN

When bounding the error in the layer term, use the barrier function technique of Section EZZZH to

establish—similar to [(2.62)
|’LUZ—WZ| < |’LU1|—|-|W1| < CN~! for 1=¢qN,...,N.

Inside the layer region we employ the (Yoo, w_1 o) stability to establish analogously to |(3.40)

4 Wi — Wi—1 w; + wi—1
H’U) — W”oo,wﬁ[o,)\] S B i:{r,l.?j,qN 3 (T — ’UJ,IL-l/Q) + bi71/2 (# - ’U}il/2)
aN—1 TN -1/2 ,
+ Y e+t —tap)ug— [ ek ) (uls)ds
j=i LTi—1/2
bi_1/2h bi_1/2h
+bi—1/2 [Q <—7;/2 > -0 (7;/2 )] (w; —w;_1)| + CN7,
where
e
hi=——InN
BaN

The last term in the error bound arises from the error at x,x. This time we use arguments from
Section ZZI in order to bound the first four terms by ¥2(w)?. The Lipschitz continuity of ¢ on

[—m,m] yields

bi 10k bi_1/0h

‘Q <_;/2) -0 (i)] <CN'InN fori=1,...,qN
19 13

if NV is sufficiently large. Furthermore
|w; —w;_1| < / |w'(s)] ds < CV1(w).
Ti—1

Hence
[w =Wl <C{N " +02w)*+ N "InNd(w)} <CN.
Finally we obtain
Ju—Ull, <CN

Thus on a standard Shishkin mesh the use of a Lipschitz continous function ¢ improves the
accuracy from N~'In N to N~

3.4.4 A numerical example

Table B4 displays the results of test computations using the upwind FVM with various stabilizing
functions ¢ when applied to the test problem and contains the maximum nodal errors. For
our tests we have chosen a standard Shishkin mesh with 0 = 1 and ¢ = 1/2. The results of the
numerical tests are in agreement with our theoretical findings of the previous section. Comparing
the numbers for oo with those for other o’s, we clearly see an improvement in the accuracy when
o is Lipschitz continuous in a neighbourhood of ¢ = 0. Also notice there is no (visible) difference
in using either of those Lipschitz continuous g’s.
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0U,0

0U,10

0s

o1

error

rate

error

rate

error

rate

error

rate

4.236e-3
2.364e-3
1.303e-3
7.111e-4
3.850e-4
2.071e-4
1.108e-4
5.904e-5
3.133e-5
1.658e-5

0.84
0.86
0.87
0.89
0.89
0.90
0.91
0.91
0.92

3.855e-3
1.942¢-3
9.745e-4
4.882e-4
2.443e-4
1.222e-4
6.115e-5
3.059e-5
1.531e-5
7.672e-6

0.99
0.99
1.00
1.00
1.00
1.00
1.00
1.00
1.00

3.855e-3
1.942¢-3
9.745e-4
4.882e-4
2.443e-4
1.222e-4
6.115e-5
3.059e-5
1.531e-5
7.672e-6

0.99
0.99
1.00
1.00
1.00
1.00
1.00
1.00
1.00

3.855e-3
1.942¢-3
9.745e-4
4.882e-4
2.443e-4
1.222e-4
6.115e-5
3.059e-5
1.531e-5
7.672e-6

0.99
0.99
1.00
1.00
1.00
1.00
1.00
1.00
1.00

Table 3.4: The upwind FVM on a standard Shishkin mesh



Chapter 4

Problems with turning point
layers

Turning point layers are associated with zeros of the convection coefficient. Let us consider the
convection-diffusion problem

—eu” —pbu' +c(-,u) =0 in (q,1), u(q) =74 u(l)=m

with ¢ € {—1,0}. We assume that b(z) > 8 > 0, ¢, > 0 and signp(z) = signz for = € (¢,1). The
assumption on p implies that the point x = 0 is a turning point. If ¢ = 0 then the turning point
coincides with a boundary; we call this a boundary turning point problem. When ¢ = —1 we have
an interior layer.

In a couple of papers in the 1980s turning point problems with ¢, (0,-) > 0 were considered.
For interior turning point problems this additional assumption implies that the solution of the
reduced problem is continuous and therefore no strong layer is present. This means the problem
is not singularly perturbed in the maximum norm. For boundary turning points the situation is
different since the solution of the reduced problem will in general not match the boundary condition
prescribed at the outflow boundary. However if ¢,(0,...) > 0 then the dominating feature of the
problem is the relation between the diffusion and reaction terms and the problem has the character
of a reaction-diffusion problem which are not the subject of this book. Consequently we restrict
ourselves here to the case ¢,(0,-) = 0.

In particular we consider the semilinear convection-diffusion problem

Tu(r) == —eu(z) — 2"b(z)u (z) + 2"c(x,u(x)) =0 for = € (0,1), (4.1a)
u(0) =70, u(l) =1, (4.1b)

where k > 0,b> >0, ¢, >0 for z € [0,1], b € C[0,1] and ¢ € C'([0,1] x IR).

We are aware of four publications analysing numerical methods for this problem with x = 1.
Liseikin [67] constructs a special transformation and solves the transformed problem on a uniform
mesh. The method obtained is proven to be first-order uniformly convergent in the discrete max-
imum norm. Vulanovié¢ [I06] studies an upwind-difference scheme on a layer-adapted Bakhvalov-
type mesh and proves convergence in a discrete ¢ norm. This result is generalized in [107 for

quasilinear problems. In [66] the authors establish almost first-order convergence for an upwind-
difference scheme on a Shishkin mesh. Here we follow [B8] and study [(4.1)| with arbitrary x > 0.

4.1 Derivative bounds and solution decomposition

We follow [58] to derive a decomposition of u into a regular part v and a layer part w for general
# > 0. This is later used in our analysis of a simple-upwind scheme for [(4.1)|in Section

7
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The construction of the decomposition is similar to the one in Section Let v and w be
the solutions of the boundary-value problems

Tv=0 for z€(0,1), Bo:=—b0)v'(0)+c(0,v(0)) =0, v(1)=m (4.2a)
and
Tw := —ew” — aPbw’ + aP&(z,w) =0 for z € (0,1), w(0) =y —v(0), w(1) =0.  (4.2b)

where é(x,w) := c(z,v + w) — ¢(z,v).
Preliminaries. Before starting the main argument, let us provide some auxiliary results. Let

B(z) := 1/01 sPb(s)ds

€

and let §* with b(z) > * > 0 be arbitrary. For our analysis we need bounds for a number of
integral expressions involving B. First of all we have

6* SH-’-]. _ In-{-l

B(s) — B(z) < — for 0<s<z<1. (4.3)

From this, for arbitrary v > 0 we get

B 7 oot exp( ))d Gl +1d 1 4.4
2 Rty <_ 2 "7 Vas<1. .
S s et - Bapnas < [ exp(g - ) s<1 (44)
With g := /("1 we shall also use
1 1 r+1 1/p K+1
0]l 08 *) / ( 6]l ot >
exp(—B ds > e —————)ds = e —— | dt
/0 xp(—B(s)) s_/o Xp< T Al e ot 1)
1 k41
llalloot™* )
> e ———— | dt =Chp.
—“/o Xp< (5 +1) g

Lemma 4.1. For arbitrary x > 0 there exists a constant C = C(k) such that

ﬁ* k+1 _ H-’-l
_/ exp( 1 )dsSC for all © >0, €>0.

K

(4.5)

Proof. Using the transformations
x = (e(k+ 1)t/ﬂ*)1/(n+1) and s = (c(k + 1)0/5*)1/(n+1) 7

we see that

* K T * okt+1l _ k+1 t
pa / exp (ﬁ—i) ds = e_tt"‘/(”H)/ 7o) do = F (t).
0 € +1 0

9 K

Clearly F,, € C°[0,00) and F,;(0) = 0 for £ > 0. On the other hand we have lim;_,, F,(t) = 1.
Thus there exists a constant C(x) > 0 with maxycjo o) Fx(t) < C(k). O

The regular solution component. The operator 7 satisfies certain comparison principles [80]
which ensures the existence of a unique solution: If two functions @ and 4 satisfy Ta(z) < Ta(x)
n (0,1), Bot < Byt and @(1) < 4(1), then @(z) < 4(x) on [0,1]. Using this comparison principle
with

1—
vt =+ (Tx max |¢(x,0)| —|—’yl> )
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we get
lv(z)| < C for z€(0,1).

Now let us bound the derivatives of v. The function v can be written as

U(iv):/m H,(s)ds — 6(2’(3)(0)/1 exp(—B(s))ds + 1,
where
lm"‘ssan :c:—l ms“csvsex s) — B(z))ds

Ba) = ¢ [ w"b(e)ds and () = 2 [ se(s,o(0) exp(B(s) - Ba))ds.

From this representation we immediately get
V'(z) = é /Om s%c(s,v(s)) exp(B(s) — B(z))ds + C(Ob’(iq(})()o)) exp(—B(z)). (4.6)
Hence
[v'(z)] < C for z€(0,1),

because of

Differentiating [(4.6)] once and using integration by parts, we get

) = T2 [ () ) () exp(B(s) — B(x))ds.

€
Therefore
and
[v"(z)| < C for x € (0,1)
by Lemma ET1

A bound for the third-order derivative is obtained from the differential equation and the bounds
on v' and v":

—ev” = 2" (bv — c(-, 0)) + Kt (0" = c(-,v)).
Let F(z) := b’ — ¢(-,v). Eq. implies F/(0) = 0. On the other hand we have
|F'(2)] = | (b = e(-,0)) ()] < C,
by our earlier bounds for v, v’ and v”. Thus |F(z)| < Ca. We get

el ()| < Cz" for z € (0,1).

This completes our analysis of the regular part of .
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The boundary layer component. Let (3; be arbitrary but fixed constants with

min b(:c):ﬂl>,82>ﬂg>3>0.
z€[0,1]

Recall that the layer component solves
Tw(z) =0 for =€ (0,1), w(0) =1 —v(0), w(l)=0.

The operator T with Dirichlet boundary conditions also satisfies a comparison principle [80]: If two
functions @ and @ satisfy Ta(x) < Td(z) in (0,1) and @(z) < a(z) for z = 0,1, then a(z) < 4(x)
on [0,1]. This comparison principle guarantees the existence of a unique solution. Using the
barrier functions

£y _pr 2
wt = o~ o) exp (-2 22,
we obtain
ﬁl {E'H_l
< - . .
lw()| _Cexp( i for z € (0,1) (4.7)

To bound the derivatives of w we use
1
o) =50+ [ Hu
- 0
| exo(-Bis)a
0

w(z) = /w 1 Hy(s)ds — o /w 1 exp(—B(s))ds,

where
1/
H,(z) = —g/ s"é(s,w(s))exp(B(s) — B(x))ds
0
Thus
1
v(0) —vo + | Hy(s)ds
w'(z) = —Hy(z) + 5 g exp(—B(z)). (4.8)
xp(—B(s))d
| esp(=Bas
We have
[B(s,w(s))] = |e(s, v(s) +w(s)) — e(5,v(5))| < Clu(s)| < Cex (_ﬁ )
) - ) ) — — p c K + 1 Y
by Using this bound and with 0* = (31, we obtain
$K+1 I,IiJrl I,IiJrl
|Hy(z)| < C —— exp <—%I€+ 1) < Cexp <—%I€+ 1> for = € (0,1). (4.9)

From [4.4)], [4.5)} [[4.8)] and [[4.9)] we get

62$n+1
e(k+1)

|w'(z)] < Cp~"exp < ) for z € (0,1).

Use the differential equation, the estimates for w and w’ and Lemma Bl to get

r+1
Z < -2 _ B3z .
|w" (z)] < Cp exp( St D) for z € (0,1)
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Differentiate [(2.10b)} apply the bounds for w, w’ and w” and use Lemma E] again in order to get

an-i-l

" < -3 _
|0 (@)] < Cu exp< )

) for = € (0,1).

The following theorem summarizes the results of our analysis.

Theorem 4.2. Let b € C'[0,1] and ¢ € C'([0,1] x R). Assume b > 3> 0 on [0,1] and ¢, > 0
on [0,1] x R. Then [({.1) has a unique solution u € C3[0,1] and this solution can be decomposed

as u = v + w, where the reqular solution component v satisfies
Tv=0, |V (2)|+[v"(x)] <C and e[v"(z)] < Ca® for x € (0,1),

while the boundary layer component w satisfies

Tw:= —ew” —2"bw’ + 2"¢(x,w) =0, ¢&(z,w) = c(z,v+w) — c(z,v)
and
‘w(i)(x)’ < Cu'exp <_M> for i=0,1,2,3, z€(0,1)
= e(k+1) e 7

with p = et/

4.2 A first-order upwind scheme

Consider the semilinear problem
—eu” (x) = p(@)b(2)u' (z) + c(z,u(z)) =0 in (0,1), u(0) =10, u(l) =,

where ¢, (z,u) > 0,

p(z) > 0 is monotonically increasing and b(z) > 3 >0 on (0,1). (4.10)
Let w:0=29p <21 < - - <zy =1 be an arbitrary mesh with local mesh size h; := z; — z;_1
and maximal mesh size h := max; h;. The boundary-value problem is discretized using simple

upwinding: Find v € IR™N*! such that

[TU]l = —EUix;i _pibanc;i + C(.Ti, Ul) =0 for = 1, .. .,N — 1, U() = 70, UN = 71- (411)

4.2.1 Stability of the discretization

For the later convergence analysis of the scheme we require a stability estimate of the discrete
operator T. This will be derived now. The argument follows [G6].
First, let us consider the linear operator L defined by

[L’U]l = _5'0501;1' - pibivx;i + Eﬂ)i,
where p and b satisfy [(4.10)]and ¢ > 0 on (0, 1).
Given an arbitrary mesh function v € Bév 1 we have

N-1
vi= Y hj1Gij[Lv], for i=1,...,N—1, (4.12)

j=1

where G : w x w — R, Gij = G(x;,&;), is the Green’s function associated with the discrete
operator L. For fixed &; € w it solves

_EGiz;ij — (bG)xﬁz] + CiGij = 517‘ for i = 1, ‘e 7]\/v - 17 GOj = GNj =0
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with the discrete ¢ function

—1 ep . .
! 0 otherwise.

The operator L satisfies a discrete comparison principle since the matrix associated with it is an
M-matrix. This is easily verified using the M-matrix criterion with the test function v; =1 — x;.
We construct a barrier function for G now. Let §; = Bp;,

1 for i=j+1,
Ri’:: i—1 h/ —1
’ II (1+M> for i=j+2,...,N,
p=j+1 €
0 for i=0,...,7,
Qij = 1 i
PO hyR,; for i=j+1,...,N,
5+ﬁjhj+1V§.+l g
and
Qnj for i =0,...,7,
BijZ:
Qnj—Qij fori=j+1,...,N.

Clearly, B;; satisfies
OSBZJSQNJ for i:(),...,N, (413)

since );; monotonically increases with .
Now we shall show that B is a barrier function for G. We have

0 for i=1,...,7,
! ———Y  for j=j+1,...,N.
5+ﬂjhj+1
Thus
[LB»j]i:EiBijZO fori=1,...,5—1,
[LB]. = et b el !
Il hj+1 337 17 = hj+17
and
E—sz 1h,1 e _
[LB,], = ==L Bouij + 7 Bau + @B
i hiy1 hita
E—Fbi 1hz Rl ‘—ERZ"
2( pihiyi) Rivig 2 >0 fori=j+1,...,N—1,
hit1 (e + Bihj+1)

because eR;; = (5 + ﬂihiH)RHLj. Hence
[LBJL > 6ijh;+11 for i= 17. . .,N — 1, Boj > 0 and BNj > 0.
Since L satisfies the discrete comparison principle, from we get

OSGWSBUSQNJ for i,jzl,...7N—1. (414)



4.2. A FIRST-ORDER UPWIND SCHEME 83

Next we show that
1
QNjgﬁ— for j=1,...,N—1. (4.15)
J

From the definition of @ we have

1 e Pj—1Qn;—1
Qny =0 and Qnj-1= + - :
! Bi—1  Bj—1 €+ Bj_1h;

Induction for j = N, N —1,...,2 yields [(4.15)| because of the monotonicity of p.
Finally, combine [[4.12)} [4.74)] and [(4.15)| in order to get

EEEDS

Note, that for p = 1 we recover the stability result [(2.22b)] from Section ZZZT1
Next, our result for the linear operator L is used to derive a stability inequality for the nonlinear

operator T' from |(4.11)
Theorem 4.3. Assume that b and p satisfy|(4.10) and that c,, > 0. Then

h; 1||L
ER ]y 0 O = for all v e RYH!, 4.16
J & 0
j p

1w

11| Tv— Tw
v —w < — || ————— 4.17
o=l < 5 |2 (4.17)

1w
for all v,w € RN*Y with vy = wy and vy = wy .

Proof. Let v and w be the two mesh functions for which we want to prove |(4.17)] Following the
usual practice, we define the discrete linear operator

[Ly]; = —€Yzasi — PibiYzsi + Ci¥is Yo = yn =0,
where

1
C; = / cu(azi,wi + s(v; — wz)) ds > 0.
0

The operators L and T are related by L (v — w) = Tv — Tw. Since v —w € R)' ™ and L satisfies
the necessary assumptions, we can apply [(4.16)| to complete the proof. O

Remark 4.4. An immediate consequence of Theorem [{-3 for the simple upwind scheme is

1 (|Tu
—U < — || —
Hu Hoo,w - 6 H P

1w

Thus the error of the numerical solution in the maximum norm is bounded by an £1-type norm of
the truncation error weighted with the inverse of the coefficient of the convection term. This was
used in [66)] to establish uniform almost first-order convergence on Shishkin meshes for k = 1.

4.2.2 Convergence on Shishkin meshes

Now, let us study the accuracy of the upwind scheme |[(4.11)] applied to|[(4.1)] with arbitrary x > 0.
Bounds for the derivatives of u are provided by Theorem The transition point A in our mesh
is chosen such that the layer term w is of order N =7 on [\, 1]. Hence we choose

/(1)
A = min {q, (ULgl))l " } . (4.18)
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Assuming that J = ¢N is an integer, we subdivide the interval (0, ¢) into ¢N equidistant subin-
tervals and (g,1) into (1 — ¢)N ones. For simplicity we assume that z; = A < ¢, since the scheme
can be analyzed in a classical manner otherwise. We denote by

A 1- A 1
h=2 and H= <
g N—J - {1—¢N

the local mesh sizes on the fine and coarse parts of the mesh.
It follows from Section EEZl that the error of the simple upwind scheme |(4.11)| applied to[(4.1)
satisfies

N—

=2

-1

hjt
[u = Ulloo,w < Z JJrlQNJ‘ Tu} ‘ < Bt HTU} ‘ (4.19)
= o P
However for our analysis we need a sharper bound on @; for j =1,...,J —1. From the definition
of (Q we have
€ h; h; A
= < - i+ —, j=1,...,J.
QN,] 5+5j—lhj <QNJ > QNJ+ QN,J+€Ja J ) )
Thus
(J =5 1 A 1 A A .
P < — < —<(1+——— | =< C- f =1,...,J 4.20
Qn,; <QJ+ =] = B\e = +U(,€+1) - = or j ) s ( )
by [(4.15)|

Theorem 4.5. Let u be the solution of |(4.1) and U that of|(4.11)| on the Shishkin mesh defined

by|(4.18) Then
Ju = Ul <ON'I¥HIN - if 5> 2.
Proof. The solution decomposition © = v + w of Theorem gives

[Tu] =7"4+7% with 77 = (gz 9za, z) + Inb ( — Gu, 1)

i
Thus
N-1 N-1 N-1

[u—=Ulloow < Z ]+1QN]‘ TU ’ < Z h]-’-lQN_]‘ ‘ + Z h; (4.21)
Jj=1

by [(4.19)l The two error contributions from the regular solution component and from the layer
are analysized separately.

Regular solution component. When studying |TJU | we shall distinguish three cases: j < J,
j=J and j > J. Taylor expansions for the truncation error give

77| < C(hy + hjsa < max |eg”’| + 2§ max |g"|> (4.22a)
[@j—1,2541] [, 41]
and
‘Tjg‘ <C ( ‘max leg”| + hj12f max |g"|> ) (4.22D)
[@j—1,2;+1] [@5,2541]

(i) For j = 1,...,J — 1[[4:22a) and [[4.15)] give
hj+1QN7j ‘TJU| S Ch2 {<@> + 1} S ChQ,

Ly
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because xj41/x; = (j+1)/5 <2for j < J.
(#) For j = J we have

hj1Qn,; || <C (% + H2> <C(Hp+ H?) < CH.

by [(4.22b)] and [(4.15)]
(ii) For j =J+1,...,N — 1|(4.22a) yield Thus

hj+1 o [(A+(G+1-J)H\" 5
Sl el < of 1V <CH
ot 7] < {( Nt GonH ) T

because A+ (j+1—J)H <2\ + (j — J)H).
Combining the last three estimates, we get

N-1
Z hj+1QNj|T;-)‘ S CN_l. (423)
7j=1

Layer component. We shall distinguish two cases: j < J and j > J.
(i) For j =1,...,J — 1 we have by [(4.22a)

o
|7’| < Ch ( max [ew”'| + 2§ max |w"|) < Chp™? (ep™" + 2f) exp (—L> ,
e(k

[zj—1,2541] [,z 541]

by Theorem This and give

w A? By,
hi Qs |7)"| < O3 exp (—E(Ki )

where A := (In N)l/(”H). For any m > 0 there exists a constant C' = C(m) such that

BIK - T
exp <—m> S CeXp (—m;) .

This yields

w A3 A j—1
hj+1Q; ’Tj ’ < Cﬁ exp <—7> .

Thus
J—1

AS 1 2 2
Y hinQ 7| < O3
P

<= <= .
l—exp(—%)_CJ _CN’ (4.24)

since lli% z/(1—exp(—z)) =1 and ngnoo AJJ=0.
(i) For j = J,...,N — 1 we have

’ wj; — Wj—1

h;

B(E’{Jrl
< max |w'(z) < Cp lexp | ——L=
5

[j—1,2;]

and

B$K+1
(@) < Cexp <_5(f~c{i—1)> ,
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by Theorem Thus

hjt1 € 73:6’%1
I |rw| < 9 w<C|—+1+H - k=
i+1Q; ’TJ } = af ’TJ } - ()\“u T )exp ( e(k+1)

Bt \ (Bl - )
< Cexp (-m) exp (W

p

(

2 k+1

ZCJ 1DN A

- 1)— | < CN™7°
€R+1)>exp(/\o(li+ ) 5 )_C )

since In N/J < C. We get

J-1
Z hj+1Qj |7_Jw‘ S ONil
=1

J

This and yield

N—-1
hj+1QNj|T;U‘ S OA2N71.
=1

J

Finally combine the last estimate this with [[4.21)]and [[4.23)|in order to complete the proof. [

4.2.3 A numerical example
We verify experimentally the convergence result of Theorem Our test problem is
—eu’ —2"(2 —2)u’ + 2" =0 for x € (0,1), u(0)=wu(l)=0.

The exact solution of this problem is not available. We therefore estimate the accuracy of the nu-
merical solution by comparing it with the numerical solution on a higher order method: Richardson
extrapolation. For our tests we take 8 =1 and ¢ = 1/2.

Indicating by UY that the numerical approximation depends on both N and e, we estimate
the uniform error by

N ._ N _ FiN
"= 5:1,109[112,1.)(..,10712HUE Ue HOO’

where ZLN is the approximate solution of the Richardson extrapolation method. The rates of
convergence are computed using the standard formula " = log, (nN / n*N )

4.3 Interior turning points

Let us now briefly discuss the case of interior turning points. For this purpose we consider the
boundary-value problem

Tu(z) = —eu(z) —signz - |z|"b(z)u (z) + |z["c(x,u(x)) =0 for z € (—1,1), (4.25a)

u(=1) =v-1, u(l) = 7. (4.25b)

Again, we assume that 0 < ¢ < 1 is a small constant, x > 0, b(z) > 8 >0, ¢, > 0 for z € [-1,1],

be CY0,1] and ¢ € C1([-1,1] x IR). Because the convection coefficient changes sign at an interior
point of the domain u has an interior layer.

The operator 7 enjoys a comparison principle which can be used to conclude |u(z)| < C for
€ (=1,1). Then u™ := uljp1) and u™ = u|[_q q] solve

Tut =0 in (0,1), ut(0)=u(0), ut(1)=m
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k=1/2 k=1 k=2 k=3

N N N N PN N PN N N

26 | 1.114e-2 0.85 | 9.899¢-3 0.89 | 8.879¢-3 0.93 | 8.465¢-3 0.94
27 | 6.171e-3 0.88 | 5.335¢-3 0.92 | 4.675¢-3 0.95 | 4.411e-3  0.96
28 | 3.358¢-3  0.90 | 2.829¢-3 0.93 | 2.426e-3 0.96 | 2.270e-3  0.97
29 | 1.803e-3 0.91 | 1.484e-3 0.94 | 1.249¢-3 0.96 | 1.160e-3  0.97
210 | 9.592¢-4 0.92 | 7.737e-4  0.95 | 6.40le-4 0.97 | 5.899e-4 0.98
211 | 5.069e-4 0.93 | 4.014e-4 0.95 | 3.269e-4 0.97 | 2.993e-4 0.98
212 1 2.666e-4 0.93 | 2.075e-4 0.96 | 1.666e-4 0.98 | 1.516e-4 0.98
213 1 1.396e-4 0.94 | 1.070e-4 0.96 | 8.473e-5 0.98 | 7.669¢-5 0.98
2141 7.292¢e-5 0.94 | 5.506e-5 0.96 | 4.305¢-5 0.98 | 3.876e-5 0.99
215 | 3.798¢-5 0.94 | 2.828¢-5 0.96 | 2.185e-5 0.98 | 1.958¢-5 0.99
216 1 1.973e-5 — 1.451e-5 — 1.108e-5  — 9.881e-6 —

Table 4.1: Simple upwinding on Shishkin meshes for turning point problems

and
Tu™ =0 in (—1,0), v (=1)=~v-1, u (0) =wu(0).
Hence u™ and u~ can be regarded as solutions of boundary-turning point problems of the type

considered in Section EZIl This gives us immediately bounds for the derivatives of u and a decom-
position into regular and layer components.

The simple upwind scheme for [(4.25)] on the mesh w: -1 =2 <1 <--- < zy =118

[TU] =0 for izl,...,N—l, Uoz’y_l, UNZ’}/l,

i
where

[TU] —Eszﬁi — CCfblUxﬂ + IfC(Ii, Ul) if xX; Z 0,
¢ —EU;C;C”, + |1‘l|N biUiﬂ' + |1‘l|N C(CUZ', Uz) if z; <O.

The technique from Section EEZT] can be used to prove that for any mesh functions v and w with
vg = wo and vy = wy, one has

[Tv — Tw]

j 9

hj+1 if Zj > 07
Xj =

hj otherwise,

N-1
o —wll, 00 <D X@Q;
j=1
with
~ ~ bjx_’;_lhj -1 ~ hj
On=0, Qj1={1+—"—"— Q_j‘f'? for x;_1 >0,

and

~ . bilz:5h\ "L /o hs
Qo =0, Qj_<1+%) (Qj1+?ﬂ> for x; <0.

The convergence analysis then follows along the lines of Section






Chapter 5

Two dimensional problems

We now consider the two-dimensional convection-diffusion problem
—cAu—b-Vu+cu=f in Q, u=g on I'=00. (5.1)

Its solution may typically exhibit three different types of layers: interior layers, parabolic boundary
layers and regular boundary layers. Let us assume that ) is a domain with a regular boundary
that has a uniquely defined outward normal n almost everywhere. Then the boundary can be
divided into three parts:

r—:= {m el:bln< 0} inflow boundary,
Io:= {a} el:b'n= 0} characteristic boundary and
It:={xel: b'n > 0} outflow boundary.

With this notation the layers can be classified as follows.

Regular Boundary Layers occur at the outflow boundary I't and have a width of O (e In(1/¢)).
They are often also called exponential boundary layers.

Parabolic Boundary Layers occur at characteristic boundaries I'Y where the boundary is par-
allel to the characteristics of the vector field b. They are therefore also called characteristic
boundary layers. In the nondegenerate case, their width is O (y/eIn(1/¢)).

Interior Layers arise, e. g., from discontinuities in the boundary data at the inflow boundary I' ™
and are propagated across the domain along the characteristics of the vector field b. They
are similar in nature to parabolic boundary layers and therefore also called characteristic or
parabolic interior layers. Their thickness is O (v/21n(1/¢)).

We restrict ourselves to problems with regular layers.

5.1 Asymptotic expansion and solution decomposition

In this and the following sections we consider the model problem
Lu:=—eAu—b-Vut+cu=f in Q=(0,1)>, u=0 on I' =099, (5.2)

i e., on the unit square with homogeneous Dirichlet boundary conditions. We assume that
(b1,b2) > (B1,B2) > 0 on Q with constants 4; and 2. These assumptions on b imply that the
solution has exponential layers along the sides z = 0 and y = 0.

The regularity of the solution of was studied by Han and Kellogg [30]. Provided that b and
c are sufficiently smooth they established that u lies in the Hélder space C1%(Q) iff f € C%(Q);
if f € C*(Q) with k € {0,1} then u € C*+2(Q) iff f satisfies the compatibility conditions

£(0,0) = f(1,0) = £(0,1) = f(1,1) = 0. (5.3)

89
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Conditions on the data of the problem that ensure higher regularity of the solution are in general
not available, see [B0, §3].

For the construction of layer-adapted meshes and the analysis of numerical methods precise
knowledge of the behaviour of the solution and its derivatives is essential. A standard method
to gain insight into the layer structure of the solution is the method of matched asymptotic
expansions. In [63] this approach is complemented with a careful analysis of the remainder term
of the expansion to establish

Theorem 5.1. Let f € C**(Q) for some a € (0,1). Let n > 2 be an integer. Suppose that f
satisfies the compatibility conditions that

((6). (@) () () - (3) oo

and

(L) Jan=(o(L) Jan,
where Dov := —vyba /b1 + ve/br and Div := vy(be/b1)s — v(c/b1)e. If n > 4 we assume in
addition

b2,$(03 0) = bl,y(oa 0)

Then the boundary value problem has a solution u € C>%(Q), and this solution can be
decomposed as u = v + w1 + wa + w12, where

[vllc2(q) +e¥vlc2ea@) < C

while for all x,y € [0,1] we have

[
} aJw?(-,y)}

< Cafiefﬁ””/s,
cre({z}x[0,1])

< Qe deB2u/e

yd oma([0,1]x{y})
and
9wy (i+7
—(i43) ,—(Brz+B2y) /e
OxtdyI (x’y)’ < Ce e

for 0<pu,v<2 and 0<1i,j <n. Moreover, for all (z,y) € Q we have
|Lwn(z,y)| < Cee™ /%, |Lun(z,y)| < Cee™¥/¢

and

|Lwiz(z,y)| < Cee—(Prz+B2y) /e
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The regular solution component is defined via solutions of hyperbolic problems. Unlike elliptic
operators these first-order operators do not possess smoothing properties. Because of this we have
to assume high regularity of f and a large number of compatibility conditions in Theorem BTl
but we expect such a decomposition to exist under less restrictive assumptions. Similar ideas have
been pursued in [20] and [74], but compatibility issues are either not considered or dealt with
incorrectly; see Remarks 5.1, 5.2 and 5.5 in [63].

If for the analysis of a scheme less regularity of the various components of the decompostion
is required then some of the compatibility conditions can be discarded, see [63, Remark 5.3].

A different approach is used by Roos [84]. He defines the regular solution component as the
solution of an elliptic problem on an extended domain. Therefore the construction requires less
regularity and compatibility of the data, but only bounds for the first order derivatives of the
components of u are obtained in [84].

5.2 Finite difference methods

We shall consider discretisations of [(5.2)] on a tensor product mesh w, x wy with w; : 0 = x¢ <
21 < - <zazy=1wy: 0=y <y <--- <yn =1, with local mesh sizes h; = x; — x;—1 and
k; = y; — yj—1 and maximal mesh size h = max{h;, k;}.

The simple upwind scheme for [(5.2)]is: Find U € B(()N+1)2 such that
[LU];; = =& (Uzasig + Upgis) = b1:ijUasij — b2 Uysis + ¢ijUij = fi

(5.4)
for i,j=1,...,N—1

with

Vit1,5 — Vi Vij — Vi—1,5 Vit1,j — Vij
Ugyij = — > ——, Upyj = ———— and vz = —=——, (5.5)
hita hi hi

hi = (h; + hi+1) /2 and analogous definitions for vy.;, vg.ij, Vg5 and &;. The matrix associated
with L is inverse monotone for arbitrary meshes and therefore satisfies a comparison principle.

5.2.1 Pointwise error bounds

This scheme on layer-adapted meshes was first studied by Shishkin who established the maximum-
norm error estimate

| —Ulloow < CN"'In® N
on Shishkin meshes; see [74]. He also proved [94] §3, Theorem 2.3]
[u—Ullsow < C(N"'In* N)”

with p = 1/4 and p = 1/8 (depending on the precise assumptions on the data) if the solution is
less smooth.

Here we shall present the technique from [62] which gives a sharper error estimate. This
technique is an extension of the truncation error and barrier function technique from
to two dimensions.

Theorem 5.2. Assume the solution u of |(5.2)| can be decomposed as in Theorem [l with o = 1

and n = 3. Let the mesh be a tensor-product S-type mesh with mesh transition parameters

Az :zmin{q,;—g} and Ay :zmin{q,;—g} with o >2, g€ (0,1).
1 2
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Let the mesh generating function @ be piecewise differentiable satisfying|(1.11)| and|(1.12} Then
the error of the simple upwind scheme satiesfies

C(h—l—N‘l) fori,j=¢qN,... N,
C (h+ N~"'max|y'|) otherwise.

Ww—%ﬂﬁ{

Proof. Recalling the decomposition of Theorem Bl we split the numerical solution in a similar
manner. We set U =V + Wy + Wy 4+ Wio, where we define V, W1, Wy and Wis by

[Lv]ij = (Lv) [LWl]ij = (Lwr) [LW2]ij = (Lws) [LW12]1'3‘ = (Lwi2),;

ij
fori,j=1,...,N—1

IR R 177

and
Vij = vij, Wiy = wiiy, Waiy = wayig, Wiz = wig; on O€.

For the regular solution component a Taylor expansion, the derivative bounds of Theorem [T
and the inverse monotonicity of L give

[0 =Vl < Ch

For the term representing the layer at x = 0 we have, similarly to [(2.61)

h —1
b ’“) for i,j=0,...,N.
13

0 S Wl;ij S Wl;i =C H (1 +
k=1

Thus
lwi.ij — Wiaj) <CN™ for i=¢gN,...,N, j=0,...,N;
see the argument that led to Now let i < ¢N. A Taylor expansions give
|L(wy — Wh)5| < C (h + 5*1W1;1-N*1 max |1//|) )
Application of a discrete comparison principle with the barrier function
C(N~"+h+ Wy N~" max |¢'])
with C' sufficiently large yields
lwisij — Wigij| < C (h+ N"'max|[¢/|) for i=0,...,qN —1, j=0,...,N.
For the boundary layer at y = 0 the same argument is used in order to obtain
|wa.ij — Waij| < CN™t for i=0,...,N, j=¢gN,...,N
and
lwa,ij — Wayij| < C (h+ N "max|¢|) for i=0,...,N, j=0,...,qN — 1.

Finally for the corner layer term one first shows

= ,7 : B\ Boky\ o
|1U12;ij—W12;ij|§W12;ij —Okl_[1<1—|— 2% lljll 1+¥ for ’L,']—O,...,]\/v7
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simple upwinding hybrid scheme
standard Shishkin mesh with Bakhvalov- standard
Shishkin mesh 2 transition points Shishkin mesh Shishkin mesh
N error rate error rate error rate error rate

16 | 9.6379e-2  0.50 | 9.0430e-2 0.73 9.3261e-2  0.74 | 1.1072e-1  0.88

32 | 6.8194e-2  0.59 | 5.4533e-2 0.76 5.5803e-2  0.90 | 5.9962e-2 0.94

64 | 4.5364e-2 0.66 | 3.2138e-2 0.79 2.9916e-2 0.93 | 3.1328e-2 0.97
128 | 2.8636e-2 0.72 | 1.8606e-2 0.84 1.5665e-2  0.97 | 1.6031e-2 0.98
256 | 1.7360e-2 0.77 | 1.0416e-2 0.87 8.0140e-3 0.98 | 8.1081e-3 0.99
512 | 1.0182e-2 0.80 | 5.6941e-3 0.90 4.0529e-3  0.99 | 4.0768e-3 1.00
1024 | 5.8286e-3 0.83 | 3.0602¢-3 0.91 2.0379e-3  1.00 | 2.0440e-3 1.00
2048 | 3.2776e-3 — | 1.6247e-3 — 1.0219e-3 — | 1.0234e-3 —

Table 5.1: Upwind and hybrid difference scheme on S-type meshes

which implies
|wig.ij — Wiz.ij| < ON™Y if i >¢N or j > gN.
In a second step the truncation error is estimated using Taylor expansions:
|L(w12 — Wia)ij| < Ce™"Wig,i; N~ max [¢'].
And the discrete comparison principle yields
|wi2.i5 — Wiz, < CN ' max || for 4,5 =0,...,qN — 1.
Collecting the bounds for the various components, we are done. O

Remark 5.3. In [69] a modified, hybrid scheme on a standard Shishkin mesh is considered. It is
based on simple upwinding, but employs central differencing whenever the mesh allows one to do
this without losing stability. For this scheme the above technique gives the mazimum-norm error
bound

Ju Ul <CN

The improved bound is because central differencing improves the error terms of order N ' In N in
the above proof to order N=21n* N.

A numerical example. We briefly illustrate our theoretical findings for the simple upwind
difference scheme on S-type meshes and for the hybrid scheme when applied to the test problem

—eAu— 2+ 2)uy — 3+ y*uy +u= f(z,y) in Q=(0,1)% (5.6a)
u=0 on I' =09, (5.6b)

where the right-hand side is chosen such that
u(z,y) = cos ? (1 — e*QI/E) (1—1y)3 (1 — e*?’y/s) (5.6¢)
is the exact solution. This function exhibits typical boundary layer behaviour. For our tests we

take € = 10~® which is a sufficiently small choice to bring out the singularly perturbed nature of
the problem.
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5.2.2 Error expansion

Kopteva 4] derives an error expansion for the simple upwind scheme [(5.4)] on standard Shishkin
meshes. Let H and h denote the coarse and fine mesh sizes in the Shishkin mesh. Provided that
€ < CN~! she proves that the error can be expanded as

h
Uij — wij = H®ij + —Wij + Iy
with
®(z,y) = ¢ — (0, y)e—bl(O,y)w/E — o(, ())(3—132(w7(J)11/<E + (0, O)e—(bl(0>0)w+b2(0>0)y)/€
T b% (07 y)wl + b% (07 0)11}12

)
v == ?

b3(x, 0)o + b3(0,0)1012
2

where the @’s satisfy bounds similar to those of Theorem Bl and ||¢|c1.1 < C, while for the
remainder we have

R CN~2 fori,j =¢qN,..., N,
Y71 CN—2In®N otherwise.

This expansion is used in [#4] to derive error bounds for Richardson extrapolation and for the
approximation of derivatives.

Derivative approximation. In [44] the bounds
N1 fori,j=¢qN,...,N —1,
(U —u)pij| <C{ N'n*>N  fori=gN,...,N—1, j=0,...,qN —1,

e IN~1'In N otherwise

are given with analogous results for (U — u),,.

Richardson extrapolation. Let U be the upwind difference solution on the mesh obtained by
uniformly bisecting the original mesh w and let IIU be the obvious restriction of U to w. Then

N2 fori,j=¢qN,...,N —1,
N=2In® N otherwise [A4].

(e - U] —w), | gc{

These results are neatly illustrated by the numbers in Table which display the results of the
Richardson extrapolation applied to our test problem |(5.6 )|

fine mesh region | coarse mesh region
N error rate error rate
16 | 1.3869e-2 1.08 | 3.7171e-3 1.44
32 | 6.5448e-3 1.23 | 1.3733e-3  1.74
64 | 2.7918e-3 1.38 | 4.1086e-4  1.87
128 | 1.0703e-3 1.49 | 1.1271e-4 1.93
256 | 3.8049e-4 1.58 | 2.9616e-5 1.96
512 | 1.2701e-4 1.64 | 7.5975e-6 1.98
1024 | 4.0623e-5 — | 1.9234e-6 —

Table 5.2: Richardson extrapolation on a Shishkin mesh
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5.3 Finite element methods
This section is concerned with finite element discretisations for
Lu:=—eAu—b-Vut+cu=f in Q=(0,1)%, u=0 on T =9N.
We assume that (by, ) > (81, 42) > 0 on Q with constants 3; and 3> and
c+3divb>~>0. (5.7)

The last condition guarantees the coercivity of the bilinear form in the weak formulation and
therefore the existence of a unique solution.
Finite element methods are based on the weak formulation: Find v € Hg () such that

a(u,v) = f(v) forall v e H}(Q),
where
a(u,v) = e(Vu, Vo) — (b- Vu,v) + (cu,v) and f(v) = (f,v)

with
(u,v) ZZ/U(I,y)v(Ly)dzdy-
Q

Because of |(5.7)] we have
a(v,0) 2 [l[ollZ = & (lvslI§ + loylI) +~llold for all v e Hg(%),

i.e., the bilinear form is coercive and the variational formulation posseses a unique solution u €
Hy(9).
Let V¥ C H}(Q) be a finite-element space. Then our discretisation is: Find U € V* such that

a(U,v) = f(v) forall veV«.

Again the coercivity of a(-,-) guarantees the existence of a unique solution U € V.

For the discretization we shall restrict ourselves to tensor-product meshes w = w, x w, as
in We shall consider both bilinear elements on rectangles and linear elements on
triangles with the triangulation obtained by drawing either diagonal in each of the mesh rectangles;

5.3.1 The interpolation error

The first important results are bounds for the interpolation error. We denote by u! the piecewise-
linear /bilinear function that interpolates to u at the nodes of the mesh w. The meshes we consider
are characterised by high aspect ratios of the mesh elements. Because of this anisotropy standard
interpolation theory cannot be applied. There have been a number of contributions to extend the
theory to anisotropic elements, e. g., [0, [[09, IT0]. The first uniform interpolation error estimates
for layer-adapted meshes, namely Shishkin meshes, were derived by Stynes and O’Riordan [96]
and Dobrowolski and Roos [20]. Here we shall give the more general results from [B1].

Theorem 5.4. Suppose the assumptions of Theorem [ are satisfied. Then the mazimum-norm
error of bilinear interpolation on a tensor-product mesh satisfies

T4 Y ?
‘(ul — u)(sc,y)| <C {/ (1 + 6_16_611/(26)> dxr + / (1 + 6_16_321//(28)) dy}
Ti—1

Yj—1

for (z,y) € Tij := i1, 2] X [y;-1, ;]
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—————— ]

Figure 5.1: Triangulations into rectangles and triangles on tensor-product meshes

and for the e-weighted energy norm

/zi (1 N 671675193/(25)) do + /yf (1 n 6,1675274/(25)) dy} _

Ti—1 Yji—1

o —ufl, < max {
=1 N

Proof of Theorem [54] First Theorem BTl implies

ot . .
81.78“].(:0, y)‘ <C(1+e7e™ ) x (14T e @0/F) foritj<2. (5.8)
oy

(1) Let T be a mesh triangle/rectangle that has (z;—1,y;—1) and (z;,y;) as two of its vertices.
Then for (x,y) € 7 Taylor expansions yield

xT t
w(w,y) = ulwi y) + (@ — @ )us (e, y) + / / (s, y)dsl,

x; yml .

Wy y) = w(a y) + (@ — vy (i, 35) + / / gy (s, 8)dsdt
Yi Yi

and
Yy
Uz (T3, Y) = ua (i, ;) +/ Ugy (x4, t)dL.

Yi

Combining these three equations, we get

x

w(@,y) = u(wi,y;) + (@ = zi)ua (i y;) + (Y = y5)uy (i, y5) + / Uz (8, y)(z — s)ds

Yy y
+ / Uyy (24, 8)(y — s)ds + (x — xl)/ Ugy (T4, 8)ds.
Y; Y;
Thus
HuI—UHoo; < C’{yemax / |uza(s,y)|(s — zi1)ds

Wi-195] S,y

Yj Yj
—|—/ |uyy(zi,s)|(s—yjfl)ds—khi/ Iumy(zl,s)Ids}
Yj-1 Yi—1
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Bounds for the first two integrals are easily obtained using the technique from Becfion 3. Tland |(5.8)}
while for the third term we have

|
Y

Ys Yi
‘Umy($i7 S)‘ds < Ohi(l + 5*16*%11’/6) / (1 + Efleiﬁw/s)dy

j—1 Yji—1

T Yi
< C/ (1 + 5_1e_ﬁlm/a)dx ’ (1 + 5_16_@?’/‘5)6@7
Ti—1

Yj—1

since e~ P1wi/e < g=P1z/e for x < z,. Hence

ol ., <e{ [ (retene e [
Ti—1

Yj—1

Yi

2
(1+ 5—1e—ﬁzy/(28))dy} 7

by [(2.39)} This is the first bound of the theorem.
(ii) To bound the interpolation error in the H! seminorm, integration by parts is used. We
get

||(ul —u) HZ = / Uga (T y)(ul —u)(:z: y)da:dy—!—zvzl/l(ul —u)(:z: y)Ji(y)dy (5.9)
xT 0 Q xTrxr ) bl — O 19 1

where

Tily) =l (s — 0,) — ul(a; +0,)

For y € [y;—1,y;] we have

Y—Yj—1 [ Uig —Ui—1,5  Uitl,j — Uij
Jily) = -
W) k; < hi hita )

LYY <um‘1 —Ui1j-1 Uigl-1 — uz‘jl)
k]

hi hiy1
By the mean-value theorem there exists a &; ; with z;_; < §&; ; < x; such that

Bg — Bl — oy, (g 3> Yi)-
h; ’
Thus

Ti+1

ZM@mM—%@ﬂMMS/ iz €, y7)| de

Ti—1

Uij — Wizl Uitl,j — Uij

i hit1

We get the bound

|MMmﬁlmmw

ye[ovl] Ti—1

This and a Holder inequality applied to |(5.9)| yield

1
I =l < ot = ull { [ st plazan+2 o [ puestenlae < St =l

by |(5.8)] The interpolation error in the Lo norm is bounded by its L, norm. We get the second
bound of the theorem. O

Remark 5.5. Error bounds for particular layer-adapted meshes can be derived using the results
from Sections LA and [L3.

The second part of the proof when the H' seminorm is considered works for bilinear elements
only. However, for S-type meshes and linear elements the conclusions of the theorem hold too;
see [£9, [85].
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5.3.2 Galerkin FEM

5.3.2.1 Convergence

Convergence of the Galerkin FEM on standard Shishkin meshes was first studied by Stynes and
O’Riordan [96]. Their technique was later adapted by Linf and Roos to the analysis of more
general S-type meshes [49, 85]: Let

Az :—min{q,a—alnN} and My :—min{q,a—sln]\]}
631 P2

with o > 0 and ¢ € (0, 1) arbitrary, but fixed with ¢N € IN. Divide the domain € as in [Figure 5.%
Q=011 UQ91 U2 U Nogo.

Q2 Qa0
Qi1 = [0, Ag] X [0, Ay],
Qo1 = [Ag, 1] X [0, A\y],
Q12 = [0, Ag] X [Ay, 1],
Qoo = [Az, 1] X [Ay, 1].
Q1 25

Figure 5.2: Dissection of Q for tensor-product S-type meshes

Corollary 5.6. Let w, X wy, with o > 2 be a S-type mesh. Then Theorem and Remark [21
imply

HU - uIHoo,Q\Q22 <C (h + N_l max |¢/|)2 ) H’U, - uIHOO,sz < CN_2’
flu= ], < (h+ N )
and, by the Cauchy-Schwarz inequality,
Hu — uIH()ﬂm22 <Ce 22N (h + N~ 'max |1/J'|)2 and Hu — uIHQQ22 <CN72

Theorem 5.7. Let w = w; Xwy be a tensor-product S-type mesh with o > 2 whose mesh generating

function ¢ satisfies and

(h+ N"'max|¢/|) In'/2 N < C. (5.10)
Then

llu = Ull. < C(h+ N~ max [¢'])
for both linear elements on triangles and bilinear elements on rectangles.

Remark 5.8. The additional condition|(5.10) does not constitute a major restriction. For exam-
ple, it is satisfied by both the standard Shishkin mesh and the Bakhvalov-Shishkin mesh.

Proof of Theorem [5.7 The proof is along the lines of Beciion 3.2 T using the tensor-product struc-
ture of the mesh and the solution decomposition of Theorem Bk see also [A9]. Let n = u! —u and
x = u! —U. A bound for the interpolation error 7 is provided by Corollary E6l
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Bounding x, we start from the coercivity of a(-, -) and the orthogonality of the Galerkin method,

i.e.,
X1 < a(x. x) = a(n, x) = £(Vn, VX) + (1,67 Vx) + ((divb+ c)n, )

< ClnllMxlle + € (||77||o,sz22 ||VX||0,Q22 + ||77||Lm(sz\sz22) ||VX||L1(Q\£222)) :

On 2\ Q32 the Cauchy-Schwarz inequality yields

||VX||L1(Q\922) < c Vv )\m + )\y ||VX||O < Cln1/2N |||X|||s )

while on {229 an inverse inequality yields
19%llg.0, < CN lIxllg.0,, < CN I -
because H > N~!. These two bounds and the interpolation results of Corollay give
lxll. < ¢ {h + N~V max [¢| + (h + N~ max [¢/])* In"/? N + N*l} .
Thus
lIxll. < € (h+ N7" max|y']),
where we have used Applying a triangle inequality and the bounds for ||n[||. and |||x]|..
we complete the proof. o

5.3.2.2 Superconvergence

Similar to the one dimensional case the Galerkin FEM using bilinear elements on rectangular
S-type meshes enjoys a superconvergence property; see [5l), [[T5]. Note that this superconvergence
result generally does not hold for linear elements on triangles as numerical experiments confirm [64].

In contrast to the one-dimensional case where we have ((u! —u)’, x') = 0 for arbitrary x € V¥,
we do not have (V(u! — U), Vx) = 0 here because u! — u vanishes in the mesh points only, but
not at the inter-element boundaries. This complicates the analysis and requires higher regularity
of the solution. In particular we shall assume that the solution u can be decomposed as u =
v + wy + we + w12, where

9itiy aiJrjwl .
)| <€ |G| < ot -
8i+.jw2. (z,y)| < Ce™le P¥/e and ijwl? (z,y)| < Ce™ i+ = (Brathay)/e |
dxtoys 7| T dxtoys 7| T

for i +j <3 and z,y € (0,1).

Theorem 5.9. Let w, X wy be a tensor-product S-type mesh with o > 5/2 that satisfies [(1.11)}
Then the Galerkin-FEM solution U satisfies

[l = U], < € (n* W2 N + N2 max |u'[2)
Proof. The coercivity and Galerkin orthogonality of a(-,-) give
o = Ul < Ja(u =’ o’ —0))]
<& |(Vlu—u), V(! = 0)|+ | (6”9 (u—u!) = c(u—u'),ul ~U)].
In the Bection 5.3.2.3l we shall show that

e |(V(u— '), V)| < C (W + N~ max o' ) ||l (5.12)
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and
‘ (bTV(u —ul) — c(u—ul), X) ‘ <cC (h2 n'/? N + N~? max |¢'|2) lixll. (5.13)
for all x € V. Thus
llu = U2 < € (h2m"? ¥ 4+ N2 max [v/[2) [’ - U],
Divide by [[|u’ — U||_ to complete the proof. O

Corollary 5.10. Theorem [ yields

CN—2In* N for the standard Shishkin mesh and
C(e2+ N72) 2N for the Bakhvalov-Shishkin mesh.

I
I -l <
Another superconvergence result was established by Zhang [I15] who studied convergence of
the Galerkin FEM on Shishkin meshes in a discrete version of the energy norm where V(u — U)
is replaced by a piecewise-constant approximation based on the midpoints of the rectangles of the
triangulation.

5.3.2.3 Detailed analysis, proofs of (5.12) and (GEI3)

In the analysis we require error estimates for interpolation on anisotropic elements which were
derived by Apel and Dobrowolski [I)]. Furthermore a sharp bound for the Lo-norm error of the
interpolation error for the layer terms. We shall also use special error expansion formulae derived
by Lin [47].

Preliminaries. Let T;; = (z;-1,2;) X (y;—1,y;) be an element of the triangulation. Set

(y—9,)° K

(:v - i‘i)z h_?
8 2 8’

Fila) = 500

5 and  Gj;(y) =

where (Z;, 9;) is the midpoint of the mesh rectangle T;;. Denote the east, north, west and south
edges of T3; by lj,i; for k =1,...,4 respectively.

Lemma 5.11 (Lin Identities [&7]). For any function g € C*(T;;) and any x € V¥ we have the
tdentities

1
/ (9—9")uxs = / [ijz - g(Gi)'xxy} Guyy: (5.14a)
Tij T;i

~/T (g - gl)sz = /T {ngmyy (Xy - Fz/me) + Fjgmmme]

’ (5.14b)

+ (/ - )Fjgszma

la;ij l2;ij
and
h? Loy h?
/ (9—9g")ex = </ —/ )—xgm +/ [— (F?) Xa — —x} Guza

T, v )12 7. 16 12

’ " " g (5.14c)

1
+/T [Gj (x = Fixa) = 5 (G) (x, - F{xmy)} Gayy-

&)
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An immediate consequence of |(5.14a) is

2

<5 el lomnl 4 2 [ el Lo

with the Cauchy-Schwarz and an inverse inequality giving

(9= 920 x0),

(9= 9asXe) 1, | < OB Ixalloz, N9l - (5.15)

Lemma 5.12 ([T0, Theorem3]). Let Tj; € QN and p € [1,00]. Assume that g lies in W7 (Tj;).
Let g' denote the bilinear function that interpolates to g at the vertices of T;;. Then

(g — gI)xHLP(T”) <C (hngmHLP(T”) + kj||9:ny||Lp(Tij)) .

Proposition 5.13. Let w, X wy be a tensor-product S-type mesh that satisfies |(1.11)} Then for
W = Wy + W2 + W12

<C (51/2N_" + N‘°_1/2) (5.16a)

Hw - wIHO,sz -

and
[ = w ||y 10, < CY2 (b4 N max|p/])* if o > 2. (5.16b)

Proof. (i) When prooving [(5.16a)} we bound |w|, ,, and HwIHOQn separately and apply a
triangle inequality. Clearly

[wllg,,, < Ce/2N77, (5.17)

by |(5.11)] and a direct calculation.

In order to bound the Ly norm of w! we split gy into two subdomains
S = [CEqN+1, 1] X [qu+1, 1] and 922 \ S.

Note that Q92 \ S consists of only one ply of mesh rectangles along the interface between the coarse
and the fine mesh regions. Therefore

2

leui,ﬂn\s = (2(1 —qN - l)thHquH ||w1||oo,§222 (5.18)

Thus

< ON—oY2, (5.19)

HwIHO,Qm\S =

For T;; C S we estimate as follows

||’LU < hlkj HwIHQ < 0/1171 /yj,1 (e,Qﬁlm/s +67252y/5 +ef2(ﬁlz+ﬁ2y)/s) ,
Ti—2 JYyj—2

I 2
||O,Tij OO,T»;]' -

by [(5.11)] and since the mesh on 95 is uniform. We get

1 1
HwIH(Q) s < C/ / (6—2311/5 + 6—2321//5 + 6—2(31I+52y)/5)
: Ao Iy

Hence

Jw! ||y < Ce/2NTT. (5.20)
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Collecting |(5.17)H(5.20)} we get
(ii) Before starting the proof of |(5.16b)| note that by [(3.9)| and [(1.13)

Nl max || eh®i/o2 < C%N‘1 max |¢| 17/7¢ for € [wi1,x].

(o) First let us study w; — wi. For T;j C 12 U Qq1 we have by Lemma (.12 and

z;
||w1 — w{”é T < C{hfkj/ 5_46_231w/6dx
sLig o

i—1

Tq

z;
+ hfk? / e 2e2w/eqy 4 k:J5 /
XTj—1 xT

<O (N max |+ )y [ e,

Ti—1

e‘wlw/adz}

i—1

Summing over all elements in Q71 U 12, we get

Az
1|2 —1 4 —(2—4/0) Bz
—wy HOQHUQ12 <C (N max || + h) /0 e~ (2-4/0)brz/e gy

[z
Thus

< CeV/? (N max [¢)'| + h)*

le - w{HO,Qanm =

because o > 2 is assumed.
On Q97 we estimate as follows

||’LU1 - w{HO,le S V meas 921 le - w{Hoo,le S vV meas 921 ||w1||oo,921

< Ce2 Y2 Ne Prre/e < C2N—7 1012 N < Ce/2N—2

because o > 2.

Therefore
lwn = wl |y gy, < €22 (N~ max [¢/| + h)® (5.21)
since max |¢'| > 1.
(8) Clearly the same argument yields
lws = wh |y g, < €22 (N~ max || + h)° (5.22)

because of the structural symmetry.
(v) Last let us bound wis — wiy. For T;; C Q41 we have by Lemma BEI2 and

Ti Y
|| w12 — w{2\|§T__ <C(hi+ k?)z/ / e~ e 2w/e =202/ gy gy
Y Ti—1 JYj—1
Ty
<C (N—l max |¢/| + h)4/ / e*(2*4/‘7)ﬁ190/56*(2*4/U)ﬁ2y/5dydx
Ti—1 JYj—1
Summing over all elements in 11, we get

Xe Ay
2 - 4 —(2—4/0)p1z —(2—4/0
ku—w{QHO’Qn < C(N~"'max|[¢'| +h) /0 /0 e~ @4/ )ba/eo=(2=4/0)Bay /e gy e
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Hence

[|wiz —w{QHO)QH < Ce (N~ max|¢/| +h)2. (5.23)

On Q12 U Qo1 we estimate as follows

etz = wlallo e, < Va0 001 [0z — | o o o
< 2N 12 N |jwis oo, 2150021

< CeVANTTMY2N < Ce'/2NT? (5.24)

because o > 2.

Collect |(5.21)H(5.24)| to complete the proof. O
Proof of (BI2). (i) Using|(5.15)} we obtain for T;; C Q11 U Qo1

(0= 0" xa) g, | < OB [[ (1 temP/e) (14 2ol

< O2 (142726 Pomr/e) |1 4 e te e

||Xz||o,Tij

‘O,Ti]‘

o, el

<C(h+N' max|@//|)2 Hl + e temPrn/e

0,T;; e HO’T” ’

by [[3.9)] and since e®*i/c < C because of Application of a discrete Cauchy-Schwarz
inequality yields

||Xw HO,QHUQzl

< Ce (h+ N~ max |¢’|)2 Hl + e tePa/e

I
€ ’ (u—u")s, XJC)QHUQ21 0.0 001

Hence

_ 2
< O (h+ N~ max ') [l (5.25)

€ ‘ (u—u"),, Xr)Quuﬂzl

(#1) An argument similar to (i) gives

< Ceh? Hl + gt Piz/e

€ ‘((’U + ’lUl) — (’U + U}1)1)m, X1)5212UQ22 ||X1||07Ql2uﬂ22 (

0,212UQ022 526)

< Ch* Il

(iii) Next we consider w := wq + w2 for T;; C 12. The stability of the interpolation operator
and our bounds on the derivatives of ws and wio yield

lw =0l gy € o, + 102l o, < ClIVUl g, < CeTINT2

OO,T»;]' -

Thus

e|((w=w"), xe)g,| £ ON Il 1y < ON 722 N I,

since meas Q12 = O (¢In N). Therefore
| (w2 +wr2) = (w2 +w12) )1, Xe )y, | € ONT2 I (5.27)

because o > 2.
(iv) Finally, let us bound the terms involving ws and w12 on Q9. Using Lemma BT and
we get

|| (w2 — wé)zHQQ22 < CeY2N77 and || (w12 — uz{Q)gCHOﬂ22 < Ce 'N%
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Thus

| (w2~ wh)a ), | < N NI (5.28)

and

€ ‘(wlz - w{2)ma Xz)QQQ < CN~—27 ||Xm||o7922 < CN—2o ! ||X||0,Q22 ) (5.29)

by an inverse inequality.

Collect [(5.25)H(5.29)| to obtain
e|((uw—ul)a,xa)| < C (h+ N~ max|y/)*Ixll. forall y €V

Clearly we have an identical bound for }((u —aul),, Xu)} which completes the proof of |(5.12)

Proof of (BEI3)). Recalling the decomposition [(5.11)} we set w = wy +wa+w12. Then integration
by parts yields

‘— (bTV(u — uI),x) + (e(u— ul),x)‘

< ‘(bTV(v - vl),x)‘ + ’(w - wl,bTVX)‘ + ’(c(v —v',x) + ((c + divd)(w — wl,x)’ (>:30)
The terms on the right-hand side are analysed separately.
First
[(c(w =07 ,%) + (e + divb)(w = w!,x)| < C(Jo =0 lo + lw = w[]o) Il
Adapting the technique from Beciion 53111t is easily shown that
o= v"llo + lw —wflo < € (h+ N~ max]y/])"
since v and w satisfy derivative bounds similar to those of u; cf. Corollary Thus
‘ (cw — 0", x) + ((c + divb) (w — w', X)‘ < C (h+ N~ max [v/])* Ix]l. - (5.31)

Next let us bound the second and third term in |(5.30)} The Cauchy-Schwarz inequality and
Proposition yield
I 3T 1 1
[(w =" 679X | < Cllw = w002 1V ll0.02 + 0 = 0" 000055 1Vl lo, 00025
<O (PN 4 N7 [Vllogs, + €2 (o N7 max [0'])* [V xlo.ns

_ 2
< C (h+ N~ max[9'])” [Ixll. » (5.32)

where we have used an inverse inequality and that on 9o the mesh is uniform with mesh size
O(N71).
Finally we study the term (bTV(v —v’),x). Let bi; = bi(as,y;) for i,j =0,...,N. Using
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the second identity of Lemma B.TIl we get
(bl (’U - vl)ma X)
- ¥ {(bmw - vf>z,x)Tij + (b1 = brag) (0 = 0" %) 1, }
Ti; €QN
- Z bl;w Xz — —hl x] Vrze
Ty €QN Tij
1 /
¥ [Gj (= F) = 3(63) (o = Fipo) o |
| NN "
+ 12 Z(bl:iﬂdhfﬂ - bl;ijh%) / (va)(ilfz', y)dy
i=1 j=1 Yji—1
+ ) (b = brig) (0 — 0" X)r,
T;; €N
=hL+1+13 (533)
Use |(5.11)] to obtain
i< 3 {02+ 1) (I, + b))
T;; €QN
+ K2 (K5Il a o) + Bikis iyl acr) -
Thus
Ll<C Y (B2 + Kl ) < CR Xl ue) < CRIxdlo. (5.34)
Ti; €QN
For I, we proceed as follows. First,
Yj i vi  [TE
/ (xVra) (i y)dy = > / / (XaVzz + XVzaz) (@, y)dady
Yj—1 k=1 Y¥Yi-1YTk-1
yields
aN vj
Z (bl;i+1,jh§+1 - bl;ijh?) / (XVaz) (i, y)dy
i=1 Yj-1
qN Yj z;
— Z (bl;qN-Q—LjthJrl - bl;ijh%) / / (vamm + X’Umzw)(imy)dxdy
=1 Yj—1 JTi-1
Thus
gN N
’Z Z bl ji+1,5 H—l bl ’Ljh ) / (szz)(-rz; y)dy’ < Ch2||vamx + sz:c:cHLl(QuUQu)
=1 j=1 j—1
< OR*e 22 N (|[xallo + Ixllo) < CR* "2 N|x]]., (5.35)

by [(5.11)} Furthermore, for i = ¢N +1,..., N, we have

Yj
‘(bl;m,jhfﬂ - bl;z‘jhf)/ (va)(%y)dy‘ < ChY XL )

Yi—-1
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because |by;it1,; — biyij| < Chit1, hi = hip1 <h and
Yi 1
/ (xvee) (i, 9)dy < ChH X Ly (1)
Yj—1

by an inverse inequality. We get

N—-1 N
‘ ) Z(b1§i+17jh12+1_b1;ijhzz)/

Yi
i=qN+1 j=1 Yi—1

(xvez) (1, y)dy| < CH2Ilxlo-

For I3 we have the following bound:

BI< 0 1o = b, (Billvasll o, + Rilloeall ez, )X 2,y < CR2IID,
Ti; €EQN

by Lemma BT2 and ZI3b).
Collect |(5.33)H(5.37)| to obtain

|(b1(v = 0", x) | < CH* I N[l
with the analogously bound
| (B2 (v = v")y, x)| < CR* W2 N |[x]].. -

Substituting [(5.31)] [(5.32) [[(5.38)] and [(5.39)] into [(5.30)] we are done.

5.3.2.4 Maximum-norm error bounds

(5.36)

(5.37)

(5.38)

(5.39)

In this section we use Theorem [0 and the interpolation error bounds from Corollary Bflto obtain

bounds for the error of the Galerkin method in the maximum norm.

Start with the region (29, where the mesh is quasi-uniform with mesh size O (N *1):

o/ = Uy < OV o = Ul <€ (30002 N o).

()07922
Thus on a standard Shishkin mesh, where h = O (N_l), one gets

lu— Ul < CN7'In® N,

()07922

where Corollary B was also used. For the Bakhvalov-Shishkin mesh we get
lu—U| <CN'In'? if e<CN7Y,

OO,QQQ

because for this mesh h = O (max{N~*,&}).
Now let (x;,y;) be any mesh node in 29;. Then following [96 pp.11,12] we obtain

<CN |(u! — U,

[0,)\33] X [yjflvyj]

<SCON (NI N) V@ = U)o g
< CNY2P'2 N [l — U]

(! — ) (anyy)| = \ / "~ U (@ yy)da

1/2
Yj—1,Y;]

Thus
It = Ullso.a, < CNY21n*/2 N (h2 /2 N + N~2 max |¢/|2) ,

by Corollary 28] and Theorem Clearly identical bounds hold on 5.
Apply this result to get bounds for our S-type meshes:

lu—U| < { CN—3/21n>’2 N for standard Shishkin meshes
u—= 00,Q212UQ0; <

CN=32InN for Bakhvalov-Shishkin meshes with ¢ < CN~1L.
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5.3.2.5 Gradient recovery

Similar to a gradient recovery operator can be defined for the bilinear Galerkin
FEM that gives approximations of the gradient which are superior to those of Theorem Bl We
follow [87].

Let T be a rectangle of Q% and let T be the patch associated with T', consisting of all rectangles
that have a common corner with 7' (see Fig. B3l). We define for v € V* the recovered gradient

Yj+1
o o
T Yj
(e} (e}
T
Yj—1
Yj—2
Ti—2 Ti—1 s Ti+1

Figure 5.3: Mesh rectangle T" and associated patch T.

Rv as follows. First we compute the gradient of v at the midpoints of the mesh rectangles
('yij = Vu(zi_12, yj_l/Q)). Then these values are bilinearly interpolated to give the values of Rv
at the mesh points of the triangulation, viz.,
(Rv). = ay, = Vighiv1Rier + Yigr jhikier +Yigohiviky + Vi hiky (5.40)
4 (hi 4 hit1)(kj + kj41)
Bilinear interpolation is again used to extend the recovered gradient from the mesh nodes to the
whole of €

Ti—xY;—Y =1y — Y Tim Ty —Yj—1
Ruw" =y — J 1 i—1, %
( w )(m,y) Q1,51 hl kj +az,] 1 hz kj + o 1,5 hz kj
+aijx—zi71y—yg‘71 for (z,y) € Tjj, i,j=2,...,N —1.
’ h; k;

For the boundary rectangles we simply extrapolate the well-defined bilinear function of the adjacent
rectangles.

Lemma 5.14. R: V¥ — V¥ x V¥ s a linear operator with the following properties:

(locality) Rv on T depends only on values of v on the patch TV,

(stability) ||Rv||OO7T < O”””l,oo,f forallv e V®, (5.41a)
|Rv|y 7 < Cllv]|, 7 for allve Ve, (5.41b)

(consistency) Ruv' =Vuv on T for all v that are quadratic on T. (5.41c)

Proof. The first three properties are immediate consequences of the definition of R, while |[(5.41c)
is easily verified by a Taylor expansion of v. O

Now, given any continuous function v on TV, we denote by Qu the quadratic function on T with

(Qu)(Py) =v(Py)  (k=1,...,6)

(see Fig. BE4l). Tt is easy to show that this set of degrees of freedom is unisolvent and thus our
Lagrange interpolant Qu is well defined.

The decompostion |(5.11)|and a careful analysis yield the following bounds for quadratic inter-
polation.
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P P Ps
Fs

T
P4 P5

Figure 5.4: Definition of the quadratic interpolant on the patch T.

Lemma 5.15. Let w, X wy be a tensor-product S-type mesh with o > 3 that satisfies |(1.11)}
Assume that the solution u of |(5.2) can be decomposed as in|(5.11). Then

Ch+N-! max|¢’|)2 for T C Q\ oo,
-l 5= { S0
CN fO’f’ T C QQQ,
Ch+N-! max|¢’|)3 for T CQ\ oo,
lu = Qull . 7 < L
CN fOT T C Qoo

and

C(measT)V2(h+ N~ max |[¢/)° for T C Q\ Qoa,
51/2HU_QUH1TS ( ) ( |7/} |) f \ 22
’ CN-—3 fO’l" T C Qo
We would like to estimate the difference between the gradient and the recovered gradient in
the e-weighted H'! seminorm. We start from
12— RU|, < V2 - R, + V2| Rt )], (5.42)

by a triangle inequality. For the second term in |(5.42)] the stability property [(5.41b)| of the
recovery operator and the superconvergence result of Theorem yield

2| R(u! —U)||, < C (h+ N~ max|¢/[)* n/? N, (5.43)
In the next result we estimate the first term in (B22).

Lemma 5.16. Let w, X wy be a tensor-product S-type mesh with o > 3 that satisfies |(1.11)}
Assume that the solution u of [(5.2)| can be decomposed as in|(5.11) and that

min {hyn, kgn} > CeN ™1 (5.44)
Then
2| Vu — Rul ||, < C(h+ N~'max|¢/])* n"/2 N. (5.45)
Proof. For any T € Q, the consistency property of the recovery operator yields
[V = Rl = 90— Qu) | R = Q) 1 (5.15)
since R(Qu)! = VQu. For the interpolation operator we can use the stability estimates

[0l o < Cllvlloorand o], o, 7 < Cloll, o o
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To estimate the second term in [(5.46), we bound the Lo norm by the L, norm and apply the
stability property of the recovery operator:

[R(u = Qu)!|[ 1 < (measT)' 2| R(u — Qu)'|| _ ;. < Clmeas T)V?[|(u — Qu)'||, 7 (5.47)
Thus, for T' ¢ Q22 we have
[R(u—Qu) |, ;- < Ce™" (meas T)"/2(h + N~" max |¢/])%, (5.48)

by Lemma BETH
Next we consider T' € {295. We apply an inverse inequality and the L, stability of IT to
to get

|R(u— Qu)||, ;. < ON~*(ming h) ™ fu — u*|| _ 7

If ming h=0 (Nfl) then

|[R(u— Qu)’ Cllu— Qu|| = <CN~?, (5.49)

||0T— oo, T —

by Lemma ETA Otherwise — for the elements T along the transition from the fine to the coarse
mesh — we have to estimate more carefully:

meaST
R Qu) < [l Qu'l 7 < 3 D u .
TeT
From we have
51/2HR(u—Qu)IH01T<CHu—QuH ~<CN_ (5.50)

by Lemma BEETA Combining |(5.48)H(5.50)} we have

-0 < |

We use the last estimate of Lemma and to obtain

- ] < {

Recalling that

Cs’l/Q(meaST)l/Q(h+Nflmax|1//|)2 for T CQ\ Qao,
CN—3 for T C Qogs.

Ce'/2(meas T)'/2(h + N~! max |¢’|)2 for T CQ\ oo,
CN—3 for T C Q.

[Vu~Ru'|[5= "3~ [|Vu— Ru'|5,
TeQN

and meas(Q \ Q22) = O (¢In N), the proof of the lemma is complete. O

Remark 5.17. The condition [(5.44 )| is satisfied if for example @' in[Qection 1.3 is bounded from
below by a positive constant independently of € and N. Both the original Shishkin mesh and the
Bakhvalov-Shishkin mesh satisfy this condition.

As a consequence of [(5.42)] [(5.43)] and Lemma BT0 we have

Theorem 5.18. Let w, X wy be a tensor-product S-type mesh with o > 5/2 that satisfies [(1.11)
and . Assume that the solution u of |(5.2) can be decomposed as in|(5.11). Then

eV2||Vu — RU||, < C (h+N"'max[¢/[)* In'/? N,

Similar to the one-dimensional case (Remark BH), using RU instead of VU, we get an
asymptotically exact error estimator for the weighted H'-seminorm of the finite element error

51/2HV(u - U)HO on S-type meshes.
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=0l | (W =0ll. | <7[Va-v0], [ 7[va- RO,
N error rate error rate error rate error rate
16 2.6900e-1 0.63 | 5.2110e-2 1.25 | 2.6898e-1  0.63 | 9.5425e-1  2.86
32 1.7359e-1  0.72 | 2.1896e-2 1.43 | 1.7359e-1 0.72 | 1.3141e-1  1.81
64 1.0556e-1  0.77 | 8.1467e-3 1.53 | 1.0556e-1  0.77 | 3.7507e-2  1.48
128 | 6.1881e-2 0.80 | 2.8137e-3 1.60 | 6.1881e-2 0.80 | 1.3479e-2  1.56
256 | 3.5421e-2 0.83 | 9.2543e-4 1.65 | 3.5421e-2 0.83 | 4.5685e-3 1.64
512 | 1.9936e-2 0.85 | 2.9398e-4 1.69 | 1.9936e-2 0.85 | 1.4687e-3  1.69
1024 | 1.1078e-2 — | 9.0961e-5 — 1.1078e-2 — 4.5612e-4 —

Table 5.3: Shishkin mesh

llu = Ul lu? = Ul | e?|[Vu=VU]|, | £/2[|Vu - RU|,
N error rate error rate error rate error rate
16 1.2475e-1  1.00 | 7.9084e-3 2.00 | 1.2471e-1  1.00 | 5.0012e-1  3.43
32 6.2574e-2  1.00 | 1.9800e-3 2.00 | 6.2569e-2  1.00 | 4.6315e-2  3.09
64 3.1312e-2  1.00 | 4.9620e-4 2.00 | 3.1311e-2  1.00 | 5.4227e-3  2.43
128 | 1.5659e-2 1.00 | 1.2425e-4 2.00 | 1.5659e-2  1.00 | 1.0044e-3  2.08
256 | 7.8298e-3 1.00 | 3.1096e-5 2.00 | 7.8298e-3  1.00 | 2.3690e-4  2.01
512 | 3.9149e-3 1.00 | 7.7789%-6 2.00 | 3.9149e-3 1.00 | 5.8638e-5  2.00
1024 | 1.9575e-3 — 1.9460e-6 — 1.9575e-3 — 1.4624e-5 —

Table 5.4: Bakhvalov-Shishkin mesh

5.3.2.6 Numerical tests

Let us verify our theoretical results for the Galerkin FEM using bilinear trial and test functions
on S-type meshes when applied to the test problem In our computations we have chosen
e = 107% and o = 3 for the meshes. In the tables we compare both the error in the e-weighted
energy norm ||u — U||, with the error in the discrete energy norm |||u — U‘HE and the accuracy
of the gradient approximation VU with that of the recovered gradient approximation RU. The
errors are estimated using a 4th-order Gauf-Legendre formula on each mesh rectangle. The rates
of convergence are computed in the usual way. The tables are clear illustrations of Theorems B7

B and BT8

5.3.3 Upwind FEM

In Bection 3.3 we have studied a FEM with artificial viscosity stabilization in one dimension. It
can be generalized to two dimensions as follows. Set

h = diag(h, %) with h(z,y):=h; for x € (z;—1,2;) and k(z,y) :=k; for y € (yj-1,y;)

and let £ > 0 be arbitrary constants. Then we add artificial viscosity of order kA in z-direction
and of order k% in y-direction, i.e., we consider the discretization: Find U € V¢ such that

ax(U,v) := a(U,v) + £ (RVU,Vv) = (f,v) for all ve V<.
The norm naturally associated with the bilinear form a(-,-) is
1/2
il == |llvllZ + H(FLV%VU)} > vl
and a(-,-) is coercive with respect to this norm, i.e.,

ax(v,0) > o> for all ve HE(Q). (5.51)
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In our analysis we follow Schneider et al. [92], but refine it by explicitly monitoring the depen-
dence on k. Let again 7 = u! — u denote the interpolation error and x = u! — U the difference
between interpolated and exact solution. Because of the artificial viscosity the discretization does
not satisfy the Galerkin orthogonality condition, but we have

ax(x; X) = a(n, x) + £(AV), VX) + K(RVu, V) (5.52)
(i) For the first term we have two bounds from Sections B3 2T and B2}

h+ N~1max|y/| for general linear and bilinear elements,

la(n, x)| < C llIxlll. {

h2In'/? N + N~2max|¢/|? for bilinear elements.

(5.53)
(ii) Next we bound x(AVn, V). Let Tj; be arbitrary. Then
Yj X; Yj X; T;
(s X ) 1, = hi/ / NaXa = / / 771/ Xa-
Yj—1 Y Ti-1 Yj—1 Y Ti-1 Ti—1
Thus
| (e X ), | < 200l el
Consequently we have
_ _ 2 1/2
(e, )] < C{N"2xe g, + (V" mas 0/]) (eI N) 2 x| gy, )
< CN~"max [¢| 2 N [|Ix]]. ,
by an inverse inequality and An analogous estimate holds for ‘(kny, wflv ) ‘ Thus
k| (RVn, VX)| < CkN~ max|¢/|In'/ N [|[]]. - (5.54)

(i) Last (hVu, Vx) has to be considered. We restrict ourselves to bounding (huz, Xz) since
the term (kuy, Xy) can be treated analogously. Using the decomposition of Theorem Bl we get

(Mt xa) = (A(v + w2)a, Xw)szuuszm + (A(v + wa)e, Xw)szmuszzz
+ (h(wl + w12)a, Xm)ﬂuUle + (h(wl +w12)e, Xac)Q21uQ22 (5.55)

The Cauchy-Schwarz inequality and Theorem Bl yield

| (h(v + w2)a, Xa ) g, s | < Chle 1nN)1/2HXmHQHUQI2 < ChIn'2 N |xl. - (5.56)

On le @] QQQ we have
1 1
(h(’l} + w2)m; Xz)QQIUsz = H/O /}\ (’U + w2)zdeIdy

— —H/Ol{((v+w2)mX)()‘w7y)+/

Az

1
(v+ wg)mxdw}dy.

Thus

1
(B0 + 1) xe) g | < ON {||x|| ; / a0 dy} . (5.57)
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Note that

1 1 P
/ XAz, y)| dy = / / Xod
0 0 0

We apply this inequality to [(5.57)| to obtain

|(h(v + w2)z, Xa) e | < CN T 2 NI (5.58)

Now we bound the last two terms in Using Theorem Bl we get, for any T;; € QV,

|(h(w1 n w12)I, XI)TU| S C/ J {/ E—le—ﬁlw/f:‘dw/ ‘Xw‘dl'}dy (559)
Yj—1 Ti—1 Ti—1

i

This implies that

ON max ||| xall oz, for Ty € QN UQY,
(o +umenan < Nl o Tycafun
Thus
(4 w2)e ) |
< ON " max [¢/[[[xa 1, 01,000 € ON " max ¢/ In'/2 N ], (5.60)
and
| (Alwn +wi2)e, Xa) g, | < N IXlo: (5-61)

by an inverse inequality.
Combine the last two bounds with [(5.55)} [(5.56)] and [(5.58)] to get

| (Ptia, xo) | < ON™" max ¢ In'/2 N [x]]. .
With an analogous estimate for (kuy, x,) we have
k|(AVu, Vy)| < CkN~' max [¢/|In*/? N Xl - (5.62)

Finally combine [(5.51){(5.54)] and [(5.62)] in order obtain the main result of this section.

Theorem 5.19. Let w, X wy be a tensor-product S-type mesh with ¢ > 2 that satisfies |(1.11)
and|(5.44 )} Then the upwind FEM solution U satisfies

llw =l < € (14 #m"> N) N~* max |y
and, for bilinear elements and o > 5/2,

llu = Ulll, < € {xN " max o/ 072 N + B2 1n"/? N 4 N2 max [¢/[?}

A consequence of Theorem BT9 and Corollary B8l is the following bound of the error in the
e-weighted energy norm:

lu—Ul|. SO(}L+N71H1&X|’I/}/|1I11/2N) it k<C.
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Remark 5.20. (i) The superconvergence property the Galerkin FEM with bilinear elements is not
affected if we take k = O (N_l). For the efficient treatment of the discrete systems, however the
choice k = O (1) is more appropriate which then results in a loss of the superconvergence property.

(ii) The |||, bounds imply that the method gives uniform convergent approzimations of the
gradient on the coarse mesh region Qag. For example for a Shishkin mesh, where max [¢'| < Cln N
and h < 2N, we have

H1/2N71/2 HV (UI _ U)

HOQ SC’{/@Nﬁlln3/2+N721n2N}.
38622

Thus

CN-Y21m*? if k=0(1),
CN~'In? if k=0 (N71).

HVW—mM%S{

Note that in contrast to the streamline-diffusion FEM we have full control of the gradient, while
for SDFEM one has uniform bounds for the streamline derivative ||b-V(ul — U)|o.0,, only; see

[Section 9.5 4)

(iii) Suboptimal maximum-norm error bounds on Qs can be obtained by application of the
discrete Sobolev inequality

||X||oo,s222 < Cl'/? N ||VX||0,922 ) (5.63)

that holds true for piecewise-polynomial functions x that vanish on a part of the boundary of finite
length, see [II1), Lemma5.4] or [38]. We get

CN='2In®N if k=0(1),

[u = Ulloe 0q <
2= eNTIYAN if k=0 (N7Y).

5.3.4 Streamline-diffusion FEM

Introduced by Hughes and Brooks [34], this method is the most commonly used stabilized FEM
for the discretisation of convection-diffusion and related problems. Starting from the weak formu-
lation: Find u € H}(Q2) such that

a(u,v) = f(v) for all v e H}(Q)

with a(u,v) = &(Vu,Vv) — (b-Vu —cu,v) and f(v) = (f,v), we add weighted residuals in order
to stabilize the method. Then the SDFEM reads: Find U € V* such that

asp(U,v) = a(U,v) + astap(U,v) = fsp(v) forall ve V¥
with
aaar(U,v) = Y 0p(LU,—b-Vv)r and fsp(v) = f(v)+ Y dr(f,—b- Vo)r
TeQN TeQN
and user chosen stabilization parameters é7 > 0. We clearly have the Galerkin orthogonality
property
asp(u—U,v) =0 forall veV~. (5.64)

Let V¥ be our finite element space consisting of piecewise-linear and bilinear functions. It is
shown in, e.g., [89, §II1.3.2.1], that if

0<or<

v
=~ W forall T € QN, (565)
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then
1 9 w
asp(v,v) > B llvllsp forall ve Ve, (5.66)

with the streamline-diffusion norm

lellsp = ollZ + > dr(b- Vo,b- Vo)r.
TeQN

5.3.4.1 Convergence in the streamline-diffusion norm

Tobiska and Stynes [99, [[00] analyse the SDFEM using piecewise-bilinear finite elements on stan-
dard Shishkin meshes for problems with regular layers. Here we shall extend the technique
from [T00] to our more general class of S-type meshes, but have to restrict ourselves to piecewise-
bilinear test and trial functions.

Using standard recommendations  [R9, p.223] and recalling our partition

Q=011 UQs1 UQ12UQoo, see we set
o6 ifTC QQQ,
6T =

0 otherwise,

and
5 50]\]71 if{:‘SN*l,
B 516" IN~2  otherwise.

with positive constants dp and 6;. Clearly § < max {dg, 61} N~! and therefore [(5.65)| is satisfied
for N sufficiently large.

Note that in the layer regions Q \ Q2o the stabilization is switched off because there the
streamline-diffusion stabilization would be negligible compared to the natural stability induced by
the discretization of the diffusion term in the differential equation.

Our error analysis again starts from the coercivity and the Galerkin orthogonahty
Let again n = v/ — v and x = u! — U. Then

SN < a0, X) + s ).
For the first term we have
la(, )] < € (B2 N+ N=2max |9/ 2) ||,
see while the stabilization term

astab(na X) =46 Z (EAU +b-Vn—ocn,b- VX)T
TCSQa2

still has to be analysed. This was done in [I00]. Using|(5.14b)|as a crucial ingredient, Stynes and
Tobiska derive the bound

|astab(77a X)' S CN_2 1111/2 N |||X|||SD :

Eventually we get the following convergence results.

Theorem 5.21. Let w, X wy be a tensor-product S-type mesh with o > 5/2 that satisfies [(1.11)
Then the SDFEM solution U satisfies

llu’ = Ulllgp < € (W2 N + N2 max |o/[2)

From this bounds for the error u — U can be easily estabilished. It is also possible to construct
and analyse a gradient recovery operator in the flavour of Beciion 5.3.2.1
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llu = U|l. [[" = Ulllsp lu—Ullo
N error rate error rate error rate
16 3.3542e-1 0.75 | 2.0654e-1 1.04 | 1.7673e-1 1.14
32 1.9932e-1  0.82 | 1.0021e-1 1.33 | 8.0261e-2 1.41
64 1.1259-1 0.83 | 3.9957e-2 1.50 | 3.0251e-2 1.51
128 | 6.3418e-2 0.83 | 1.4151e-2 1.59 | 1.0635e-2 1.61
256 | 3.5718e-2 0.84 | 4.6849¢-3 1.65 | 3.4956e-3 1.66
512 | 1.9989e-2 0.85 | 1.4886e-3 1.69 | 1.1063e-3 1.70
1024 | 1.1087e-2 — | 4.5993e-4 — 3.4131e-4 —

Table 5.5: The SDFEM on a Shishkin mesh

5.3.4.2 Maximum-norm error bounds

Clearly the technique for the Galerkin FEM from Section 5.3.2 4 can be applied to give pointwise
error bounds for the SDFEM with bilinear test and trial functions within the layer regions 215
and €221, while on the coarse mesh region 95, we can employ [(5.63)} We get

CN—3/21n°2 N for standard Shishkin meshes

CN=3/2InN for Bakhvalov-Shishkin meshes with ¢ < CN 1.
(5.67)

lu = Ulloo,0n01, < {

Adapting Niijima’s technique [77], Linf & Stynes [65] study the SDFEM with piecewise-linear
test and trial functions on Shishkin meshes. For technical reasons a modified version of the SDFEM
with artifical crosswind diffusion added on [A;,1] x [Ay, 1] is studied. Furthermore it is assumed
that the convective field b is constant. The method reads: Find U € V“ such that

aacp(U,v) = asp(U,v) + (b - VU, b" - Vo) = fsp(v) for all v e V¥
with

bL = L <_b2> and &*:= maX{O’N73/2 o E} on s,
L 0 otherwise.

If ¢ < N=3/2, then for any point (x,y) € Q the analysis in [65] yields
CN-YV21*2 N if (2,y) € Qao,
l(u—U)(z,y)| <& CN34IP2N i (2,y) € Q\ Qao,
CN-U/BWMY2N if (z,y) € (\*,1)2,

where \* = O (N =3/4In N ) The analysis in [65] includes more detailed results and deals also
with the case ¢ > N ~3/2. Numerical experiments in [64] show convergence of almost second order
on the coarse part of the mesh, while inside the boundary layers, the rates are smaller than 1. For
bilinear elements almost second-order convergence in the maximum norm is observed globally, but
no rigorous analysis is yet available.

5.3.5 A numerical example

Let us verify our theoretical results when the SDFEM is applied to our test problem In
our computations we have chosen ¢ = 107® and o = 3. The tables display the error in the
e-weighted energy norm [lu — U], in the discrete SD-norm |||u’ — U‘HSD and in the maximum-
norm. The tables are clear illustrations of Theorem B2l while for the maximum-norm errors our
bounds |(5.67)| appear to be suboptimal: instead of convergence of order (almost) 3/2 we observe
(almost) 2nd order.
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llu = U|l. [[" = Ulllsp lu—Ullo
N error rate error rate error rate
16 1.3415e-1  1.07 | 4.9909e-2 1.92 | 5.1204e-2 1.89
32 6.3934e-2 1.02 | 1.3161e-2 1.98 | 1.3793e-2 1.96
64 3.1488e-2 1.01 | 3.3354e-3 2.00 | 3.5346e-3 1.99
128 | 1.5681e-2 1.00 | 8.3621e-4 2.00 | 8.8983e-4 2.00
256 | 7.8326e-3 1.00 | 2.0910e-4 2.00 | 2.2291e-4 2.00
512 | 3.9153e-3 1.00 | 5.2263e-5 2.00 | 5.5756e-5 2.00
1024 | 1.9575e-3 — 1.3063e-5 — 1.3940e-5 —

Table 5.6: The SDFEM on a Bakhvalov-Shishkin mesh

5.4 Finite volume methods

In this section we consider an inverse-monotone finite volume discretization for This scheme
was introduced by Baba and Tabata [12] and later generalised by Angermann [8,[9]. For a detailed
derivation of the method the reader is refered to [§ or [37]. Here we study convergence of the
method in a discrete energy norm and in the maximum norm.

For the moment let Q C IR? be an arbitrary domain with polygonal boundary. Consider the
problem

—eAu—bVu+cu=f in Q u=0 on I'=090 (5.68)
with 0 < e < 1 and

1
c+§divb27>0 on (. (5.69)

Let w = {z;} C Q be a set of mesh points. Let A and A be the sets of indices of interior and
boundary mesh points, i.e., A := {i: x; € Q} and A = {i : x; € IN}. Set A := AUOIA. We
partition the domain €2 into subdomains

Qi={xecQ:|z—x| <|z—x forall je€Awithi#j} forieA,

where || - || is the Euclidean norm in IR?. We define I';; = 9Q; N 99, and we say that two mesh
nodes x; # x; are adjacent iff m;; := meas;pI';; # 0. By A; we denote the set of indices of all
mesh nodes that are adjacent to @;. Moreover we define d;; := ||&; — =;||, m; = measop Q; and
we denote by n;; the outward normal on the boundary part I';; of €;. Let h, the mesh size, be
the maximal distance between two adjacent mesh nodes. For a reasonable discretisation of the

boundary conditions we shall assume that I' C [J;cgp Qi We set Nij := —ngj - b (@i + x5)/2).
Then our discretization of |(5.68)|is: Find U such that
[L,U)i = fim; for i€ A, U; =0 for i€ 0A, (5.70a)
with
[LQU]l = Z My <di — NijQij) (Ul — UJ) + c¢;m;U;, (570b)
JEA; t

0ij = 0(Ni;d;;/e) and a function ¢ : IR — [0,1]. Possible choices for ¢ are given in
which studies the one-dimensional version of the FVM. Again we shall assume that o satisfies

(00) t — to(t) is Lipschitz continuous,

(01) [o(t) + o(=t) —1]t =0 for all t € IR,
(02) [1/2—o(t)]t >0 forallte R,
(e3)

03 1—to(t) >0 forallte lR.
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Figure 5.5: Mesh cell of the FVM

Note that the constant choice p = %, which generates a generalized central difference scheme,
satisfies conditions (p1) and (g2), but not (g3). Conditions (g1) and (92) guarantee the coercivity
of the weak formulation associated with while (p3) ensures the inverse monotonicity of the
scheme when the coefficient ¢ is strictly positive.

5.4.1 Coercivity of the method

The FVM can be written in variational form: Find
UeVy :={ve RN =0 for k € OA}
such that
ap(U,v) = fo(v) for all v e Vy,
with

ap(U,v) == Z[LQU]H% and fo(v) := Zfimivi.

i€A i€

When studying the coercivity of the scheme we split the bilinear form into three parts repre-
senting the diffusion, convection and reaction terms:

ap(w,v) = edy(w, v) + cp(w, v) + 7,(w, v)

with

do(w,v) = Z Z ZL:J (w; — wj)v;,

icA jen; Y

co(w,v) = — Z Z mij Nijoij (wi —wj)v;

€N JEA;
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and
v) = E Cim; W5
i€A

These three terms will be studied separately.
Changing the order of summation and renaming the indices yields

sz” (vi = v;)v sz” (vi — ),

i€N JEA; i€A JEA;

Therefore

1 m;;
dy(v,v) = 3 > T (v =) =1 [off, (5.71)
P ) ¥

which is a positive definite term.

Remark 5.22. Given a mesh function v € V{ define a function © € Hg(Q) that coincides with
v in the mesh points and that is piecewise linear on a Delaunay triangulation associated with the
set of mesh points w. Then |v]7 , = (V0,V0) = |0]3.

Next consider the convection term. By definition we have m;; = mj;, d;; = d;; and N;j = —Nj;.
Furthermore (¢1) implies Nj;0;; = N;j(0i; —1). Hence

Z Z mijNijoij(vi — vj)v; = — Z Z mi; Nij (0i5 — 1) (vi — v5)v;

ich jeh: ieh JEA
and

=52 2 mily (5 - Qij) (vi = v5)" = 3 22 D magNig (07 = f)
ieh jehs ich jeA;
Introducting
1 1
|U|§,w =3 Z Z m;j Nyj (5 — Qij) (v — vj)z,
€N JEA;

which is a well-defined semi-norm when (g2) is satisfied, we have

1
col(v,v) = [of2, — B va Z miij Nij.

i€EN JEN;
This and |(5.71)] yield
1
ag(v,v) = elvlf, + |v]5, + Zmivf =3 Z mij Nij
i€EA JEN;
Note that
JEN;
This implies
’Y 2 .
ag(v,v) > el , + [vf5 ., + §HU||(2),w = oll2 with [jvl§, =Y mo}

i€

provided h is sufficiently small, independent of the perturbation parameter e.
We summarize the result of our stability analysis.
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Theorem 5.23. Assume the discretization |(5.70) satisfies conditions (01) and (g2). Sup-
pose |(5.69) holds true. Then the bilinear form a,(-,-) is coercive with respect to the norm ||| ,,

i.e.,
ao(v,v) 2 [oll[;  for all v eV

uniformly with respect to h and the perturbation parameter e.

Remark 5.24. When o = %, i.e. when the stabilization is switched off, the bilinear form is

coercive with respect to the discrete e-weighted energy norm
2 i
ol = elvlie + ZlvlG.

However when o # % then we have coercivity of the scheme in a stronger norm which results in
enhanced stability properties of the FVM.

5.4.2 Inverse monotonicity

Let the function ¢ which discribes the FVM method satisfy (01) and (03). Furthermore assume
that ¢ > 0 on Q. Then recalling the definition |(5.70), we have

€

o Nijoij 2 0.

Hence the diagonal entries of the matrix associated with L, are positive while the off-diagonal
ones are non-positive. Therefore the system matrix is an Ly matrix. Next application of the
M-matrix criterion with the test function v = 1 yields [L,1]; = ¢;m; > 0. Consequently L, is
inverse monotone. That is if two mesh functions v and w satisfy

[Lov]; > [Low]; forall i€ A and wv; >w; forall i € dA
then

v; > w; forall i€ A.

Note this result also holds true when no restriction on the convection field b is imposed.
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Using this inverse monotonicity, we now study the Green’s functions of the method and derive
an anistropic stability inequality on a general tensor-product mesh w := w, X wy. A stability result
of this kind was first established by Andreev for a simple upwind difference scheme; see [f].

Setting

bl;'+1 2,‘h‘+1 - bl;'fl 2,'h‘
ot =0 <_% Diitij2gs  Orij =0 % bri1/2.,

b VTVl Vi T Vi Visty e B e
Tiij T3ij — T31j — i
4] hi ’ 4] hl ’ 4] hi 2 ’

2
with analogous definitions for g;, 05 , Vg, Vg, vy and k, we can rewrite[(5.70)|as: Find U € (Rév+1)
such that

[LU],; = —¢ Usasij + Uggsig) — 01,45Us,i5 — 01,4;Us,i5 — 035U — 02,4;Upas + ¢iiUii = fis

fori,7 =1,...,N — 1. Any mesh function v that vanishes on the boundary can be represented
using the Green’s function:

N-1
vij = (v,Gij), = Y hikiGij Lol (5.72)
k=1

where Gij 1 = G(z4,v;, &k, m) solves for fixed k and |

[LG..,kl]ij = 0pik Oyt for 4,j=1,....N—1 and G.. ;=0 on wnNoQ

with

Rl i =k, Ryt =1,
6m;ik = and 51};]‘1 =
0 otherwise, ‘ 0 otherwise.

The adjoint operator to L is
[L70], = _E(Uéé;kl + vgke) + (Q-l‘rv)é;kl + (Ql—v)é;kl + (Q;_’U)ﬁ;kl + (92_1))77;1@1 + CriVkt
and the Green’s function solves for fixed i and j
[L*Gij. )y = Ouyik Oysn for kl=1,...,N -1 and Gy..=0 on wnoQ. (5.73)
In our subsequent analysis the following mean value theorem is used.

Lemma 5.25. Let ¢,g € IRNT be two mesh functions with g; > 0 and m < ¢; < M for
j=1,...,N —1. Then there exists a constant @ € [m, M| with

N-—1 N-—1
D Eieigi =0 kg
j=1 j=1

Let ¢ and j be fixed. First, the inverse monotonicity of L yields G;;r > 0. Next, multiply-
ing|(5.73)| by %; and summing for [ =1,..., N — 1, we obtain the one-dimensional equation

N-1 N-1 N-1 N-1
—€ <Z leij,~l> + (Z lefL,.lGij,-l> + <Z leL,lGij,~l> + Z kiciiGijr
=1 &k £k £k

=1 =1 =1
= 5x;ik - Fk
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where
+ +
026 N_1hN 0550
Fp=—¢e |1+ Qk% Griijoen +e |1 — 2201 Grijw > 0,
by (¢3) and since G > 0.
Defining
N—-1

Gr =Y _ kGijm =Gijll,, ., fork=0,...,N
=1

we see that according to Lemma 23 there exist mesh functions g+, 5~,¢é € RN with g+ > 3,
0~ > (1 and ¢ > ~ such that

A ~+ A ~— A S A
—EG&');C + (Q G)é,k + (Q G)é,k + kGl = Opyik — Fi.
Let I' =T';, » be the Green’s function of the operator
[Lv], = —EVgg ), — @:véﬁk — @;’Ué’k + CrU.

Then G can be written as
~ N-1
Gk = Fi,k - Z hmrm,ka
m=1
The nonnegativity of I' and F' gives

Gr <T; <
B T0ES Blinf e o(t)

by Theorem BTl and Remark We get the first inequaltiy of the following theorem—the
second one is proven analogously.

Theorem 5.26. Suppose the control function ¢ enjoys properties (0o) and (03). Then the Green’s
function associated with L satisfies

with « = 1/ inf;<¢ o(t) < 2.

Finally we shall use these bounds on the Green’s function to derive stability estimates for the
operator L. For any mesh function v € (IRN +1)2 introduce the norm

= h .
[0]] 4 Z_: K, max fopl

.....

Its dual norm with respect to the discrete scalar product (-,-), is

max Z kk |’U;€l|

cf. [T6, Theorem 2]. The representation |(5.72)| gives

lvij| < 1Gij--l

Application of Theorem yields our final stability result which is an extension of the (I, 1)
stability of Bection 2.2,
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Theorem 5.27. Suppose the control function o enjoys properties (o) and (o3). Then

.....

and

.....

N-1
!
ol < 5 Z ko max |[L,],]
with « = 1/ inf;<¢ o(t) < 2.

5.4.3 Convergence

Energy norm. Starting from the coercivity of the bilinear form a,(-,-), see Theorem B23 the
analysis proceeds along the lines of resembling many of the details also used for the
Galerkin FEM in two dimensions, see Rection 532 Eventually we get

lw = Ull, + [llu = U, < CN~'max [¢/|In*?2 N for S-type meshes with o > 2;

see also |12, [TT3].

Maximum norm. The pointwise errors can be bounded using the hybrid stability inequalities
from Theorem 227 The truncation error is split according to the decomposition of Theorem BTl
Then either of the two bounds from Theorem is applied. gives a flavour of the
technical details. For a Shishkin mesh with o > 2 we obtain

Ju—Ully, <CN 'InN.

If o is Lipschitz continuous in (—m, m) with m > 0, then there exists an N,,, > 0 independent of
the perturbation parameter ¢ such that

[u=Ully, <CN' for N> Ny,

In the latter case the stabilization is reduced when the local mesh size is small enough, thus giving
higher accuracy inside the layers. See also [B7].

5.4.3.1 Numerical tests

We verify our theoretical results for the upwind FEM on Shishkin meshes when applied to the test
problem For our tests we take e = 10~® which is a sufficiently small choice to bring out the
singularly perturbed nature of the problem.

We test the method for three different choices of the controlling function p. The errors are
measured in the discrete energy and maximum norm and in the FVM-norm. For g9 we observe
convergence of almost first order, namely N~!In N, in all three norms, while for both gy 2 and
or—which are Lipschitz continuous—the errors behave like O (N _1). Though this is covered by
our analysis only for the maximum norm.
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Jw — M, lu = uM e = u™ oo,
N error rate error rate error rate
16 2.7575e-1  0.68 | 2.0623e-1 0.55 | 1.8112¢-1 0.62
32 1.7198e-1  0.75 | 1.4052e-1 0.66 | 1.1770e-1 0.71
64 1.0230e-1  0.79 | 8.9046e-2 0.73 | 7.1880e-2 0.76
128 | 5.8999e-2 0.83 | 5.3575e-2 0.79 | 4.2537e-2 0.80
256 | 3.3292e-2 0.85 | 3.1081e-2 0.82 | 2.4483e-2 0.83
512 | 1.8493e-2 0.87 | 1.7579¢-2 0.85 | 1.3786e-2 0.85
1024 | 1.0153e-2 0.88 | 9.7672e-3 0.87 | 7.6456e-3 0.87
2048 | 5.5247e-3 — | 5.3576e-3 — | 4.1908e-3 —
Table 5.7: FVM on Shishkin meshes, 0 = oy,0
lu — ]l = uNew | lu— 0N [
N error rate error rate error rate
16 1.5894e-1  0.83 | 8.9598e-2 0.80 | 7.5370e-2 0.70
32 8.9627e¢-2 0.92 | 5.1417e-2 0.90 | 4.6297e-2 0.84
64 4.7445e-2  0.96 | 2.7514e-2 0.95 | 2.5790e-2 0.92
128 | 2.4388e-2 0.98 | 1.4222¢-2 0.98 | 1.3610e-2 0.96
256 | 1.2360e-2 0.99 | 7.2279-3 0.99 | 6.9899e-3 0.98
512 | 6.2219e-3 1.00 | 3.6430e-3 0.99 | 3.5418e-3 0.99
1024 | 3.1214e-3 1.00 | 1.8288e-3 1.00 | 1.7827e-3 1.00
2048 | 1.5633e-3 — | 9.1618e-4 — | 8.9431le-4 —
Table 5.8: FVM on Shishkin meshes, o = or
[ = u™]l, lu = u™lew I = u™|osw
N error rate error rate error rate
16 1.5359e-1  0.81 | 8.2430e-2 0.77 | 7.6384e-2 0.72
32 8.7574e-2 0.91 | 4.8263e-2 0.88 | 4.6337e-2 0.85
64 4.6686e-2 0.95 | 2.6272e-2 0.93 | 2.5790e-2 0.92
128 | 2.4120e-2 0.98 | 1.3773e-2 0.96 | 1.3610e-2 0.96
256 | 1.2270e-2 0.99 | 7.0752e-3 0.98 | 6.9899¢-3 0.98
512 | 6.1928e-3 0.99 | 3.5935e-3 0.99 | 3.5418e-3 0.99
1024 | 3.1122e-3 1.00 | 1.8132e-3 0.99 | 1.7827e-3 1.00
2048 | 1.5605e-3 — | 9.1144e-4 — | 8.9431le-4 —

Table 5.9: FVM on Shishkin meshes, 0 = oy,2
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Notation

general

— solution of boundary value problem

— numerical approximation to

— perturbation parameter

— differential operator, its adjoint and their discretizations
Green’s functions associated with £ and L

— number of mesh intervals (in each coordinate direction)
— generic constant, independent of ¢ and NV

L, L L,

Q
azaSe os
|

meshes
w:0=zgy<r1<---<zy=1, h;=x;—x;—1, h=maxh;
1
finite differences

hi=(hi+hiy1)/2, i=1,...,.N—1, hg=hny =0
Xi = Oit1hiv1 +oihi, i=1,....N =1, xo=xnv=0, %y, 12 =2i—1+0ih;

T, hi+1 ) Z,1 hz ) Z,1 hi+1 )
Uiyl — Y Uiyl — Vi1 Vi1 — Y -

Vi,q = T’ Vi,i = T, Vi,i = T, V_i = Vi—1

T T 3
norms
. p €
lolloe = esssup o], lolly = l[oll, >l = min ol loll o = 5 M0l + 5 10l

HU||007W , HU||17w , Hv||*w , |||U|||s,oo,w — discrete versions

Sobolev spaces

Ly(D) : (u,v)D:/Duv, ||v||01D=(v7v)}3/2
La@): (w0)= [uv. oy = (v,0)"2

1/2
2 2
H'(D), HY(D): lolyp = ¥ellop llep = {e ol o+ ol o }

1 1 2 2\ /2
HYQ), HY@): Jol, = [Velly, lloll. = {e ol + 1ol }

V¥ C Hg(Q) : finite element space on the mesh w
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