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Two-dimensional discrete Ginzburg-Landau solitons
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We study the two-dimensional discrete Ginzburg-Landau equation. In the linear limit, the dispersion and
gain curves as well as the diffraction pattern are determined analytically. In the nonlinear case, families of
two-dimensional discrete solitons are found numerically as well as approximately in the high-confinement
limit. The instability dynamics are analyzed by direct simulations.

DOI: 10.1103/PhysRevA.76.043839 PACS number�s�: 42.65.Tg, 42.65.Jx

I. INTRODUCTION

The complex Ginzburg-Landau �GL� equation is a ubiq-
uitous model in nature. It appears in diverse branches of
science such as, for example, superconductivity and super-
fluidity, nonequilibrium fluid dynamics and chemical sys-
tems, nonlinear optics, Bose-Einstein condensates, and quan-
tum field theories �1–3�. Localized solutions or dissipative
solitons of the GL equation are possible as a result of the
interplay between gain and loss, complex diffraction �or dis-
persion�, and nonlinearity �3–6�.

On the other hand, the study of discrete or periodic optical
systems has attracted a lot of attention during recent years.
There are two main reasons for this growth: the development
of experimental techniques making it possible to realize ex-
periments in complicated periodic nonlinear structures and
the potential for all-optical switching applications �7�. Opti-
cal discrete solitons were predicted in �8� and experimentally
observed a decade later �9�. The transition from one-
dimensional to two-dimensional periodic systems came a
few years later, and two-dimensional lattice solitons were
observed in Ref. �10� using an optical induction technique
�11,12�. In the coupled mode theory limit, optical periodic
systems can be studied using the discrete nonlinear
Schrödinger equation �DNLS�.

The presence of gain or loss, due to optical amplifiers
and/or saturable absorbers, in waveguide arrays leads to
more complicated dynamics as compared to the conservative
limit. Such nonconservative systems with a periodic index
modulation can be modeled by a discrete Ginzburg-Landau
�DGL� equation. DGL-like systems have been considered in
semiconductor laser arrays �13–15�, and in connection with
spatiotemporal chaos, instabilities, and turbulence �16,17�. In
addition, DGL lattices can also model Taylor and frustrated
vortices in hydrodynamics �18�.

Spatially localized dissipative discrete solitons of the one-
dimensional DGL lattices have been studied in Ref. �19� �see
also �20� for a review�. In that work, the linear properties as
well as the families of dissipative soliton solutions were ana-
lyzed numerically and asymptotically. In the linear limit,
Bloch oscillations are also possible in lattices that have a
linearly varying propagation constant �21�. These oscillations
occur in spite of the fact that the Bloch wave packet experi-
ences coupling gain and �or� loss.

Experimental results have shown that, in multicore fiber
laser arrays, the in-phase or out-of-phase mode is selectively
amplified according to the self-phase-modulation coefficient
�22�. The existence and stability of nonlinear modes in cen-
trally coupled circular arrays of waveguides was considered
in Ref. �23�.

In Ref. �24� it is shown that dissipative optical lattice
solitons are possible in waveguide configurations that in-
volve periodically patterned semiconductor optical amplifiers
and saturable absorbers.

Exact bright soliton solutions are not known to exist for
the DGL equation. However, if one considers an Ablowitz-
Ladik �25� type of discretization of the GL equation, exact
solutions can be found in both nonlocal cubic �26� and non-
local quintic nonlinearities �27�. In Ref. �28� solitons in a
perturbed Ablowitz-Ladik discrete NLS equation are consid-
ered. The perturbations taken into account include linear
dumping, nonlinear cubic amplification and quintic dumping,
and the complex second difference.

Dissipative discrete solitons have also been studied in ar-
rays of coupled waveguide resonators �29�. Modulational in-
stability and generation of nonlinear modulated waves was
also investigated for the DGL equation �30,31�.

Up to now, in the area of dissipative optical lattices, only
one dimensional topologies have been investigated. Here, we
consider a two-dimensional dissipative waveguide lattice
which is modeled by a two-dimensional DGL equation. We
study the linear discrete diffraction and gain properties of the
system. In the nonlinear case, families of dissipative discrete
soliton solutions are identified, both numerically and asymp-
totically in the case of high confinement. The stability of the
solutions is tested numerically. In the long-wavelength limit
we also demonstrate that the two-dimensional DGL equation
can be approximated by a two-dimensional GL equation.

II. MODEL

Let us start by writing the two-dimensional discrete
Ginzburg-Landau equation:

iu̇j,k − i�uj,k + ��uj,k + p�uj,k�2uj,k + q�uj,k�4uj,k = 0, �1�

where �uj,k=uj+1,k+uj−1,k+uj,k+1+uj,k−1 is the discrete dif-
fraction operator that accounts for nearest-neighbor cou-
plings in a two-dimensional square lattice. The parameters �,
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p, and q are in general complex and can be expressed in
terms of real variables as �=�r+ i�i, p= pr+ ipi, and q=qr
+ iqi, whereas � is real. In Eq. �1� � accounts for linear gain
or loss and pi ,qi represent the nonlinear gains and/or losses
of the system. pr and qr are the coefficients of the cubic and
quintic nonlinearities. The coefficient �r stands for the linear
coupling among nearest neighbors, and �i corresponds to
gain or loss due to coupling.

III. LINEAR PROPERTIES

The diffraction and gain curves of the system can be ob-
tained by assuming low-amplitude plane wave solutions hav-
ing the form

uj,k = exp�iqz − i��xj + �yk�� �2�

where q=qr+ iqi. In Eq. �2� �x and �y are real, and represent
the Bloch momentum along the x and y directions. Experi-
mentally these parameters can be adjusted by changing the
input tilt of the laser beam inside the array. Substituting Eq.
�2� into the linear part of the DGL equation �1� and separat-
ing the real and imaginary parts, the diffraction

qr = 2�r�cos �x + cos �y� �3�

and gain �or diffusion�

qi = 2�i�cos �x + cos �y� − � �4�

relations are obtained.
From Eq. �3� and assuming a positive coupling coefficient

�r�0, the second order diffraction along the j= �x ,y� direc-
tion �given by 2�r cos � j� is normal when −� /2�� j �� /2
and anomalous for � /2� �� j � ��. Thus, the diffraction rela-
tion is of the elliptic type when cos �x cot �y �0 and hyper-
bolic when cos �x cos �y �0. Utilizing the dispersion rela-
tion, the group velocity of a linear input beam is derived:

vg = − ��qr = 2�r�sin �xx̂ + sin �yŷ� . �5�

On the other hand, the growth rate of a low-intensity �lin-
ear� signal is given by g=−qi. Thus, the discrete Fourier
components of an input beam for which g��x ,�y��0 ��0�
are going to experience growth �decay� along z. A necessary
condition for the stability of a nonlinear spatially localized
beam is the stability of the supporting zero background. The
zero solution is stable when g��x ,�y��0 for all possible val-
ues of �x and �y inside the first Brillouin zone. This latter
condition results in

� � − 4��i� . �6�

The linear diffraction or diffusion pattern, when a single
lattice site is excited at the input �uj,k�0�=� j,0�k,0u0� is de-
rived from the following formula:

uj,k�z� = u0Jj�2�z�Jk�2�z�ei��j+k�/2ei�z. �7�

Furthermore, the equation for diffraction or diffusion of an
arbitrary initial condition can be solved exactly by appropri-
ately superimposing Eq. �7�. In Fig. 1 the linear diffraction
pattern resulting from a single waveguide excitation is
shown for different values of the parameters at z=1.5. In Fig.

1�a� the conservative limit is taken ��=1�. As is graphically
depicted, the diffraction concentrates most of the intensity at
the perimeter of a square. On the other hand, in the noncon-
servative limit �= i�i, the beam intensity maintains a
Gaussian-like profile along z. When �i�0 in-phase modes
are preferably amplified, whereas for �i�0 the field pattern
becomes � out of phase as it evolves. In Fig. 1�b�, �=1+ i,
gain dominates, and at the output the field amplitude has a
bell shape.

An exact formula for the field evolution can also be de-
rived when the propagation constant varies linearly across
the array. In that case, the input beam experiences Bloch
oscillations in spite of the fact that the Bloch wavepacket
exhibits gain or loss �21�.

The parameter space for which standing DGL solitons bi-
furcate �via a Hopf bifurcation� from the zero solution can be
found by isolating the points for which the growth rate be-
comes zero, g��x ,�y�=0, and in addition ��g=0. Three dif-
ferent such points exist, in particular, the 	 ��x=�y =0�, the X
��x=0,�y = ±� or �x= ±� ,�y =0�, and the M ��x= ±� ,�y

(a)

(b)

FIG. 1. Linear diffraction field amplitude pattern �given by Eq.
�7�� as obtained for �=0 at z=1.5 for �=1 �a� and �b� 1+ i. The
initial condition corresponds to single �central� waveguide
excitation.
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= ±�� points of the Brillouin zone. Notice that in the one-
dimensional case, two bifurcation points, located at the base
and the edge of the Brillouin zone, exist �19�.

IV. LONG-WAVELENGTH APPROXIMATION

Let us express uj,k in terms of the amplitude and phase,
uj,k=
 j,k exp�i� j,k�. In the long-wavelength limit, it is as-
sumed that the optical wave is broad enough that the ampli-
tude difference between adjacent lattice sites is very small
��
 j±1,k−
 j,k � �1 and �
 j,k±1−
 j,k � �1�, and the correspond-
ing phase differences in the x and y directions are almost
constant, say �x and �y, respectively ��� j±1,k−� j,k � ��x and
�� j,k±1−� j,k � ��y�. Then the phase transformation

uj,k = v j,k exp�i��xj + �yk�� �8�

is applied to Eq. �1�. We can consider v j,k as a discretized
sample of the continuous function v�x ,y� with steps �x and
�y in the x and y directions, i.e.,

v j,k = v�xj,yk� , �9�

where

xj = j�x, xk = k�y . �10�

Without loss of generality, we can assume these steps to be
unity, �x=�y=1. The linear coupling terms among nearest
neighbors of the DGL equation can now be expressed by the
following Taylor series around v j,k:

v j±1,k = 	
l=0


�±1�l

l!

�lv�xj,yk�
�xl , �11�

v j,k±1 = 	
l=0


�±1�l

l!

�lv�xj,yk�
�yl . �12�

Substituting the expansions �11� and �12� into Eq. �1�, the
following nonlinear complex Ginzburg-Landau equation
with nonlocal complex diffraction term is obtained:

i
�v
�z

− i�v + p�v�2v + q�v�4v +
�

�

 
 
 


−



dx�dy�dqxdqy

�cos��x − qx�cos��y − qy�ei�qx�x�−x�+qy�y�−y��v�x�,y�� = 0.

�13�

Up to this point, no assumptions have been made about the
form of the solution and thus Eq. �13� is equivalent to the
DGL equation �1�. From the phase transformation �8� in the
long-wavelength limit of v j,k, both the amplitude and the
phase vary slowly with the lattice index and thus

�v j±1,k − v j,k� � 1, �v j,k±1 − v j,k� � 1. �14�

From Eq. �14� it is evident that one can obtain an accurate
approximation of Eq. �13� by keeping up to second-order
derivatives in Eqs. �11� and �12�. Subsequently, the transfor-
mation v=U exp�i�rx� and the coordinate system change X
=x−cxz, Y =y−cyz, Z=z are applied, resulting in the follow-
ing cubic-quintic complex Ginzburg-Landau equation:

i
�U

�Z
− i��U + �x

�2U

�X2 + �y
�2U

�Y2 + p�U�2U + q�U�4U = 0,

�15�

where

�� = � − 2�i�cos �x + cos �y� , �16�

cx = 2� sin �x, cy = 2� sin �y . �17�

and

�x = � cos �x, �y = � cos �y . �18�

V. FAMILIES OF HIGHLY CONFINED DISSIPATIVE
DISCRETE SOLITONS

Families of highly confined DGL soliton solutions can be
identified by utilizing the symmetries of the problem. Let us
first assume that Eq. �1� admits solutions of the form uj,k
=v j,k exp�iqz� and thus

− �q + i��v j,k + ��v j,k + p�v j,k�2v j,k + q�v j,k�4v j,k = 0.

�19�

Equation �19� follows a simple phase invariance. More
specifically, if v j,k is a solution of Eq. �19�, v j,k exp�i�� is
also a solution. This invariance can be used to consider so-
lutions such that v0,0=A where A is a positive number.

Let us focus on solutions that are highly confined in the
lattice. We can assume that the amplitude of v j,k is A on the
maximum-intensity lattice sites, and ��� �� being a complex
number� on the lattice sites that are adjacent to the high-
intensity sites. Thus, the condition for high confinement
results as ����A.

Notice that the solutions have specific symmetries accord-
ing to their quadrant. For the sake of simplicity, let us ana-
lyze the symmetries in the one-dimensional case and then
generalize these results for two-dimensional lattices. Such a
symmetry analysis is adopted from linear discrete systems
�32�. In one dimension the z-independent form of the DGL
equation is

Ljv j = − �q + i��v j + ��v j + Fjv j = 0, �20�

where Fj = p�v j�2+q�v j�4. First, we consider “on-site” soliton
solutions such that �i� the field amplitude is maximum for
lattice element 0 and decreases for increasing �j� and �ii� the
amplitude is an even function of j with symmetry �v j�= �v−j�.
From the second condition, Fj =F−j, and thus L−jv j =0.
Applying the transformation j→−j we find that

Ljv−j = 0. �21�

From Eqs. �20� and �21� the phase condition v j =v−j exp�i��
between positive and negative waveguides is obtained. How-
ever, since uj has a unique value for j=0, we find that �=0,
i.e., v−j =v j for soliton solutions with a single peak.

On the other hand, off-site discrete solitons have their
maxima at two adjacent lattice sites, i.e., �v0�= �v1�=A, and, in
addition, satisfy the even parity condition �v j�= �v1−j� which
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results in L1−jv j =0. Applying the transformation j→1− j, we
obtain

Ljv1−j = 0. �22�

From Eqs. �20� and �22� it turns out that v j =v1−j exp�i��.
Subtracting the equation L1v1=0 from L0v0=0 results in the
phase condition exp�2i��=1, or �=0,�. Thus, there is an
exact 0 or � phase difference between the high-amplitude
lattice sites although the lattice parameters are complex.

Notice that, in the DNLS equation case, the phase differ-
ence between first neighbors ��� j =� j+1−� j where v j
=
 j exp�i� j�� is the same for all values of j and is equal to 0
or �. On the other hand, in dissipative DGL lattices the
phase difference �� j in general depends on j.

Similar symmetry arguments can be applied for two-
dimensional lattices. All the families of dissipative soliton
solutions discussed here are shown in Table I. We are con-
sidering three different cases shown in the three columns of
Table I. These soliton families are on-site which has a single
intensity peak, the off-site with two peaks, and off-site with
four high-intensity peaks.

Let us first consider the on-site solution whose amplitude
has the symmetries Fj,k=F−j,k=Fj,−k=F−j,−k. Following a
similar analysis as for the one-dimensional case, it can be
shown that uj,k=u−j,k=uj,−k=u−j,−k. For off-site solutions with
two peaks, we consider the intensity pattern with the parity
Fi,j =F1−i,j =Fi,−j =F1−i,−j. In this case, two different possibili-
ties for the field exist, which are shown in the second column
of Table I. The quadrants of the first family of such solutions
�Table I�b�� satisfy ui,j =u1−i,j =ui,−j =u1−i,−j and thus the
phase difference among the high-intensity elements is zero.
The quadrants of the second family �Table I�c�� have the
symmetry ui,j =ui,−j =−u1−i,j =−u1−i,−j and, thus the phase dif-
ference between the high intensity sites is �. Finally, in the
right column of Table I off-site solitons having four high-

intensity peaks and even intensity symmetry Fi,j =F1−i,j
=Fi,1−j =F1−i,1−j are shown. Following the algebra one can
find that there are three nondegenerate cases for the field. In
case �d�, ui,j =u1−i,jui,1−j =u1−i,1−j, for �e�, ui,j =−u1−i,j =ui,1−j
=−u1−i,1−j, whereas for �f�, ui,j =−u1−i,j =−ui,1−j =u1−i,1−j.

VI. APPROXIMATE DGL HIGHLY CONFINED
SOLITONS

Approximate analytic expressions for the dissipative DGL
solitons shown in Table I can be found in the case of discrete
modes that are highly localized inside the lattice. The high-
confinement limit is widely used for finding approximate ac-
curate solutions in conservative discrete lattices �33,34�.

Let us start by considering the first family of solutions
�Table I�a�� which has a maximum on a single lattice site.
This family of solution is called on site because the maxi-
mum of an imaginary envelope is located exactly at the lat-
tice site �0, 0�. Following the algebra and assuming that
v0,0=A� �vi,j� where �i , j�� �0,0�, we get

A2 =
1

2qi
�− pi ± �pi

2 + 4qi�� . �23�

In Eq. �23� the amplitude as a function of the bifurcation
parameter � is obtained. Notice that the solutions of the DGL
equation have codimension 1. Thus, for fixed � only a finite
discrete set �and not a family� of on-site solutions exists.
More specifically, according to the values of the parameters,
Eq. �23� supports zero, one, or two different soliton solu-
tions, each one of them having a different amplitude. In ad-
dition, the soliton propagation constant is obtained from

q = prA
2 + qrA

4. �24�

Finally, the amplitude of the four lattice sites adjacent to the
high-intensity central one is well approximated by

TABLE I. Different families of two-dimensional dissipative solitons. Parameter A is positive, whereas �
is in general complex and, in addition, �� � �A.

On site
Single peak

Off site

Two peaks Four peaks

�a� � �

� A �

�
� �b� � � �

� A A �

� �
� �d� � � �

� A A �

� A A �

� �
�

�c� � � −�

� A −A −�

� −�
� �e� � � −�

� A −A −�

� A −A −�

� −�
�

�f� � � −�

� A −A −�

−� −A A �

−� �
�
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ui,j = � =
A�

q + i�
=

A�

prA
2 + qrA

4 + i�
, �25�

where �i , j�= ±1. The necessary condition for high lattice
confinement �� /A��1 using Eqs. �23� and �25� becomes

� A�

prA
2 + qrA

4 + i�
�2

� 1. �26�

The same analysis can be repeated for all the families of
solutions shown in Table I. For each of these families, there
is a simple transformation that can be applied to Eqs. �23�
and �24� to determine A2 and q. Notice that parameter � is
always given by Eq. �25�. Specifically, for the solutions
shown in Table I�b� this change of variables is �→�−�i
along with q→q−�r. For the family �c� A2 and q are ob-
tained through �→�+�i and q→q+2�r, For the solutions
shown in Table I�d� the transformation is �→�−2�i and q
→q−2�r, whereas for the families �e� and �f� Eqs. �23� and
�24� remain unchanged.

The decay of soliton solutions for large values of �m2+n2

can be obtained asymptotically in the long-wavelength limit.
In this case, the form of the solution at infinity becomes

K0�q + i�

�
− 4��m2 + n2� , �27�

where K0 is a modified Bessel function.
It is perhaps interesting to point out that, from the above

analysis for highly confined solutions, no distinction is made
between solutions residing at different points of the Brillouin
zone. This happens because, up to the first-order approxima-
tion considered here, all three families of solutions become
essentially identical in the strong-localization limit.

VII. NUMERICAL RESULTS

Exact numerical solutions of the DGL equation were ob-
tained using Newton’s iteration scheme. Initial conditions for
the numerics were provided by the asymptotic analysis of the

previous section. In Fig. 2 a typical bifurcation curve having
codimension 1 is depicted for the on-site mode shown in
Table I�a�. The numerically obtained bifurcation curve is in
very good agreement with the asymptotically obtained one
�given by Eq. �23�� in the high-confinement limit �A�1�.

A stable background is a necessary requirement for the
stability of a bright DGL soliton. We have seen that the zero
solution is linearly stable against any type of perturbation
when Eq. �6� is satisfied. In addition, stability requires a
subcritical bifurcation of the zero solution with the soliton
followed by a saddle-node bifurcation. Such a sequence of

−1.5 −1 −0.5 0 0.5
0

1

2

3

4

5

ε

A
2

α = 0.6−0.1i

p = 1−i

q = 0.1+0.2i

FIG. 2. Numerically obtained bifurcation curve of the on-site
mode schematically shown in Table I�a� �thick solid and dash-
dotted curves�. The solid and dash-dotted curves correspond to
stable and unstable solutions, respectively. The approximate analyti-
cal expression for the curve in the case of high confinement �Eq.
�23�� is depicted with a thin dashed curve. The parameters of the
DGL equation can be found inside the figure.
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FIG. 3. Numerically obtained dissipative soliton solutions of the
DGL equation. In the left, center, and right columns the field am-
plitude and the real and imaginary parts of the solution are depicted,
respectively. These solutions have been chosen to have maximum
amplitude A=1.9. Rows �a�–�f� correspond to solutions with the
same index in Table I. The parameters of the DGL system are those
of Fig. 2.
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bifurcations is possible when pi�0 and qi�0. From the ap-
proximate expressions for highly confined dissipative soli-
tons, the saddle-node bifurcation of the on-site mode hap-
pens for ��−pi

2 /4qi. Notice that the aforementioned
conditions are necessary but not sufficient for the stability of
the solutions. Thus, one can look for stable solitons in the
upper branch of the bifurcation curve, for values of � that lie
approximately in the region �−pi

2 /4qi ,−4��i��.
In Fig. 3 typical examples of numerically obtained soliton

solutions are shown. We have tested the stability by perform-
ing a series of numerical simulations for all the modes shown
in Table I and for different values of the parameters. The
parameter space of the DGL equation chosen is such that the
single-peak �on-site� mode is stable. Our simulations re-
vealed that three of the modes are always stable, whereas the
remaining three are unstable. More specifically, the single-
peak soliton is selected to be stable, one of the two double-
peaked modes is stable, and one of the three four-peaked
modes is also stable.

The dynamics of the unstable modes can lead to different
scenarios. For example, for the parameters shown in Fig. 2
and for maximum intensity A2=1.9, all of the unstable

modes transform to mode �a�, i.e., �a�→ �a�, �b�→ �a�, �c�
→ �c�, �d�→ �a�, �e�→ �a�, �f�→ �f�. According to the values
of the parameters and the perturbations applied, different in-
stability dynamics occurred. However, we noticed that as the
parameters pi and qi become larger, there is a trend for all
n-peaked solutions to transform to the corresponding stable
n-peaked solution. For example, for p=1−3i, q=1+ �1/3�i,
and for maximum soliton amplitude A=2.6, the instability
dynamics result in �a�→ �a�, �b�→ �c�, �c�→ �c�, �d�→ �f�,
�e�→ �f�, �f�→ �f�.

VIII. CONCLUSIONS

In conclusion, we have considered a two-dimensional dis-
sipative waveguide lattice which is modeled by a two-
dimensional DGL equation. We have studied the linear dis-
crete diffraction and gain properties of the system. In the
nonlinear case, families of dissipative discrete soliton solu-
tions have been identified, both numerically and asymptoti-
cally in the case of high confinement, and their stability has
been examined numerically.
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