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Two-photon resonance fluorescence

Moorad Alexanian*
Department of Physics and Physical Oceanography, University of North Carolina Wilmington, Wilmington, North Carolina 28403, USA

Subir K. Bose†

Department of Physics, University of Central Florida, Orlando, Florida 32816, USA
�Received 30 June 2006; revised manuscript received 17 November 2006; published 26 December 2006�

We present a theory of two-photon resonance fluorescence of an atom or molecule in which the excitation by
an external electromagnetic field as well as fluorescence emission is mediated by two-photon processes. The
treatment is based on first dressing the atom or molecule by the external field and then evaluating perturba-
tively the effect of the interaction with the vacuum or fluorescent field and so resonance fluorescence can be
considered as spontaneous emission from the dressed atom. The introduction of the combined system of atom
and external field via dressed states leads to simpler calculations and more transparent physics. The fluores-
cence spectrum derived by us has similarities as well as differences with that of one-photon resonance fluo-
rescence and earlier theoretical predictions for the two-photon case.

DOI: 10.1103/PhysRevA.74.063418 PACS number�s�: 42.50.Hz, 32.80.Wr

I. INTRODUCTION

Resonance fluorescence is the response of two-level at-
oms or molecules to a driving field usually provided by a
laser whose frequency is close to the transition frequency of
the atom or molecule. Between states of opposite parity, tran-
sitions are one-photon, while two-photon processes, dictated
by electric-dipole selection rules, mediate transitions be-
tween same parity states. In weak fields, an atom would ab-
sorb a photon and emit spontaneously in the same frequency.
In strong fields, Mollow �1� predicted a three-peak spectrum
of fluorescent light, two symmetrically spaced sidebands
around a central peak, which is at the same frequency as that
of the laser. The sideband frequency depends on the laser-
atom coupling constant and the average number of laser pho-
tons in the quantization volume �2�.

Two-photon fluorescence �TPF� is a process in which a
chromophore simultaneously absorbs two photons from the
laser. The fluorescent light is also mediated by the emission
of two photons. TPF has many advantages over the one-
photon process, especially in biological applications. A laser
of half the frequency of the atomic transition frequency
causes less damage to the sample. Imaging with TPF micros-
copy gives much sharper images than those obtained in one-
photon fluorescence microscopy. Denk et al. �3� first demon-
strated depth-resolved images of tissues by using TPF. This
promising new imaging technique has given rise to a great
deal of experimental work in biological systems �4� and as
diagnostic tools in biomedical research �5�. TPF microscopy
has recently been used to study detection of single mol-
ecules, which allow detailed information about the local en-
vironment of an individual molecule �6�.

In strong fields, the atom-laser field interaction cannot be
treated perturbatively, although the effects of the fluorescent
field can be treated perturbatively. Compagno and Persico �7�

recognized the point and suggested a “dressing” of the atom
by the laser field, which can be carried out by a canonical
transformation �8�. Fluorescence takes place by transitions
between the dressed states of the atom-laser system �9�.

In this paper, we present a theory of TPF using the
dressed-atom picture of Cohen-Tannoudji �9�. The two-
photon interaction between the external driving field and the
two-level atom follows from an exact unitary transformation
of a three-level atom with single-photon electric dipole tran-
sitions only. The unitary transformation decouples the inter-
mediate level from the ground and excited states �10�. The
resulting Hamiltonian for the two-level atom gives rise to
two-photon transitions between states having the same parity
�10�. The dressed-atom approach to TPF, which gives exact
results for arbitrary photon states, is particularly suitable for
large excitation limits that are more appropriate for experi-
mental realizations. We compare our results with earlier
theories of TPF which do not use the dressed-atom approach;
in particular, Holm and Sargent �11�, Hutchinson and
Mavroyannis �12�, Cheung �13�, Basu et al. �14�, and Chen
and Freedhoff �15�.

II. TWO-PHOTON HAMILTONIAN

To study two-photon resonance fluorescence, we consider
an effective two-level atom dressed by an external driving
field of frequency �. The Hamiltonian Hr explicitly repre-
sents two-photon transitions by the occurrence of quadratic
photon field operators. Hr is given by �16�

Hr = ��N + E0 + ���33 + ���11 + ����31a
2 + �13a

†2� ,

�1�

where a and a† are the photon operators of the driving field
and �ij = �i��j� are the atomic transition operators. The opera-
tor N=a†a+�33−�11+1 is a constant of the motion, also
called the excitation number. This is an important parameter
and high values of the eigenvalues of N would represent high
excitation by the driving field. The various parameters E0, �,
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�, and � have been obtained in �16� and depend in a highly
nonlinear fashion on the operator N. In particular, the
intensity-dependent couplings are a direct consequence of
the exact unitary transformation �10� while previous studies
usually introduce them phenomenologically �14�.

The Hamiltonian Hr is derived from a three-level atom of
energy levels E1, E2, E3 in ascending order in a cascade
configuration in interaction with a single-mode electromag-
netic field of frequency �. The middle level E2 is detuned by
�, where �=E1−E2−��=E3−E2−��, and is formally
“eliminated” by a unitary transformation such that Hr is ex-
plicitly two photon �16�.

The excited two-level atom can spontaneously emit into
the fluorescent modes �kj�. A schematic representation of a
resonance fluorescence experiment has been presented by
Compagno et al. �17�. In this scheme, a beam of atoms
crosses a laser beam at right angles. The atoms absorb and
reemit or scatter in all directions into fluorescent field modes,
other than the laser mode. The total Hamiltonian, including
the fluorescence modes and their two-photon interactions, is
given by

H = Hr + �
kj

��kakj
† akj + �

kj

��kj�31akj
2 + �kj

* �13akj
†2� , �2�

where �kj’s are coupling constants.
The eigenvalues En

± and eigenfunctions �	n
±� of Hr repre-

sent mixing or entangling of atomic and photonic states and
are called dressed states. One has �16�

�	n
+� = sin 
n�3,n� + cos 
n�1,n + 2� ,

�	n
−� = cos 
n�3,n� − sin 
n�1,n + 2� , �3�

where �1� and �3� are the lower and upper atomic states,
respectively, and �n� is the photon number eigenstate. Here,

cos 
n =
r�n + 2�1/2

	n�r2 + 1� + 2r2 + 1
,

sin 
n =
�n + 1�1/2

	n�r2 + 1� + 2r2 + 1
, �4�

with r
g1 /g2, where g1 is the dipole-coupling constant be-
tween the ground state level 1 and the intermediate level 2
and g2 is the dipole-coupling constant between the interme-
diate level 2 and the upper level 3 of the three-level atom.

The respective eigenvalues are given �16� by

En
+ = ���n + 1� +

E1 + E3

2
−

�

2

+
1

2
	�2 + 4�2�g1

2�n + 2� + g2
2�n + 1�� ,

En
− = ���n + 1� +

E1 + E3

2
. �5�

Note that the dressed states �3� do not depend on the detun-
ing parameter �, contrary to a similar treatment of the one-
photon resonance fluorescence case �17–19�. However, the

energy eigenvalue En
+ given by Eq. �5� does indeed depend

on the detuning parameter � as does the two-photon Rabi
frequency �R�n�= �En

+−En
−� /�. It is important to remark that

E3−E1=2�� and so the driving field is exactly on resonance.
We now introduce a unitary operator that transforms the

atomic and photonic operators in Hr to a “dressed-operator”
representation �17,18�. Consider the unitary operator

T = exp���31a
2 − �13a

†2�
̂N−2/	N�N − 1�� , �6�

where

sin 
̂N−2 = 	N − 1/	N�r2 + 1� − 1,

and

cos 
̂N−2 = r	N/	N�r2 + 1� − 1. �7�

Note that �N ,�31a
2�= �N ,�13a

†2�=0. On expanding the ex-
ponential in Eq. �6�, the unitary operator T can be written as

T = cos 
̂N−2 + ��31a
2 − �13a

†2�sin 
̂N−2/	N�N − 1� . �8�

The operator T is actually independent of the detuning
parameter � owing to the independence of the dressed states
on �, which differs from the case of one-photon resonance

fluorescence �17�. The dressed operator Ā is defined in terms

of the bare operator A by Ā=TAT† since T−1=T†. The Hamil-
tonian Hr, when expressed in terms of dressed operators,
becomes

Hr = g�N� + EN−2
+ �̄11 + EN−2

− �̄33, �9�

where EN−2
− and EN−2

+ are operators obtained from Eq. �5� and

g�N� = �� + E0�N� −
E1 + E3

2
+

1

2
�

+
1

2
	�2 + 4�2�g1

2N + g2
2�N − 1�� . �10�

Note that the �̄11=�n=0
� �	n

+��	n
+�, �̄33=�n=0

� �	n
−��	n

−�, and the

operator N= N̄. The operator T transforms the bare states into
dressed states as follows, T�3,n�= �	n

−� and T�1,n+2�= �	n
+�.

Accordingly, when expressed in terms of dressed operators,
the effect of T is to diagonalize Hr in the dressed state rep-
resentation, where the photon driving field occurs in Hr only
through the operator N. Note also that N�	n

±�= �n+2��	n
±�.

Hence the eigenvalues of N would represent the strength of
the pump laser.

Finally, the expression of the Hamiltonian H in terms of
dressed operators is completed by expressing the bare opera-
tor �13, which appears in the interacting part of the fluores-
cent modes in Eq. �2�, in terms of dressed operator and so

�13 = ŝ1 + ŝ2 + ŝ3 + ŝ4, �11�

where

ŝ1 = �̄13 cos 
̂N−4 cos 
̂N−2,

ŝ2 = − �̄33ā
2 sin 
̂N−4 cos 
̂N−2/	�N − 2��N − 3� ,
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ŝ3 = − �̄31ā
4 sin 
̂N−4 sin 
̂N−2/	N�N − 1��N − 2��N − 3� ,

and

ŝ4 = �̄11ā
2 cos 
̂N−4 sin 
̂N−2/	N�N − 1� . �12�

Carets denote dressed operators; however, for conciseness,
we do not use it on the operator N. It is important to remark
that Eq. �11� is exact and does not represent an expansion for
large N as is necessary for one-photon resonance fluores-
cence �17�. Accordingly, in the two-photon resonance fluo-
rescence case, one can treat both the weak and the strong
field excitations.

The interaction term in Eq. �2�, together with Eq. �11�,
gives rise to transitions between different eigenstates of the
free part of the Hamiltonian �2� with absorption or emission
of two fluorescent photons of frequency �k. Note that,
�̄13�	n

−�= �	n−2
+ �, �̄33ā

2�	n
−�=	N�N−1��	n−2

− �, �̄31ā
4�	n

+�
=	N�N−1��N+1��N+2��	n−2

− �, and �̄11ā
2�	n

+�
=	�N+1��N+2��	n−2

+ �.

III. HEISENBERG EQUATIONS FOR OPERATORS

Consider the Heisenberg equation of motion for an opera-
tor Q that does not depend on the fluorescent modes, viz.
�Q ,akj�=0, then

Q̇ = −
i

�
�Q,Hr� −

i

�
�
kj

��kj�Q,�31�akj
2 + �kj

* akj
†2�Q,�13�� .

�13�

Note that the fluorescent modes are not dressed since
�T ,akj�=0.

In order to evaluate the time evolution of Q, we need to
know the time dependence of the operators akj

2 , akj
†2, �13, and

�31. We wish to evaluate Q to the first Born approximation,
i.e., to second order in the coupling constant �kj �or, to order
��kj�2�. Therefore akj

2 and akj
†2 will be evaluated to order �kj

*

and �kj, respectively, while �13 and �31 will be calculated to
zeroth order in the coupling constant.

Assuming ��0q��akj
† �0�akj�0���0q��=0, viz., the fluorescent

fields at t=0 are all in their respective vacuum states ��0q��,
we have

akj
2 �t� = −

2i

�
�kj

* e−2i�kt

0

t

dt��13�t��e2i�kt�, �14�

where

�13�t� = �
j=1

4

e−2i�̂j�N�tŝ j�0� . �15�

The frequencies depend on N and are defined by

2��̂1�N� = g�N + 2� − g�N� + �ÊN
− − ÊN−2

+ � ,

2��̂2�N� = g�N + 2� − g�N� + �ÊN
− − ÊN−2

− � ,

2��̂3�N� = g�N + 2� − g�N� + �ÊN
+ − ÊN−2

− � ,

2��̂4�N� = g�N + 2� − g�N� + �ÊN
+ − ÊN−2

+ � . �16�

The term g�N+2�−g�N� represents a uniform shift in the
frequency of the resonance fluorescence spectrum.

On integrating Eq. �14� with the aid of Eq. �15� one ob-
tains

akj
2 �t� = −

i

�
�kj

* �
l=1

4 �
���k − �̂l�N�� + iP� 1

�̂l�N� − �k
��ŝl�t� ,

�17�

where P indicates the Cauchy principal value. The equation
of motion �13� becomes, with the help of Eq. �17� and on
summing over the fluorescent photon modes kj,

Q̇ = −
i

�
�Q,Hr� − �Q,�31��

l=1

4

��̂l + i�̂l�ŝl�t� + �
l=1

4

ŝl
†�t���̂l

− i�̂l��Q,�13� , �18�

where

�̂l =
1

�2�
kj

��kj�2P� 1

�̂l�N� − �k
�

and

�̂l =



�2�
kj

��kj�2���̂l�N� − �k� . �19�

Next, the following approximations are made closely fol-
lowing the work of Persico et al. �7,17,20�.

�1� The terms proportional to �̂l in Eq. �18� represent part
of the Lamb shifts, which contribute small changes in the
frequencies of the time development of Q and are thus ne-
glected.

�2� The terms proportional to �̂l in Eq. �18� contribute to
the time decay of Q�t�, which in the case, say, Q�t�= ŝl, de-
termines the linewidth of the lth line in the fluorescence
spectrum. Accordingly, the l-dependence in Eq. �19� is ne-
glected and so �̂l=�.

�3� Finally, for Q�t�= ŝl in Eq. �18�, the terms on the right-
hand side of Eq. �18� are proportional to ŝm and so are ne-
glected for l�m owing to the fast oscillation of
eit��̂l�N�−�̂m�N��. Note, however, that the difference �̂2�N�
− �̂4�N� approaches zero for large N and so the resulting
equations for ŝ2 and ŝ4 are coupled whereas those for ŝ1 and
ŝ3 are not.

The resulting equations of motions for ŝl, l=1¯4, be-
come, with the aid of the above approximations,

d

dt
ŝ1 = − 2i�̂1�N�ŝ1 − �̂1�N�ŝ1,

d

dt
ŝ2 = A�N�ŝ2 + B�N�ŝ4,
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d

dt
ŝ3 = − 2i�̂3�N�ŝ3 − �̂3�N�ŝ3,

and

d

dt
ŝ4 = D�N�ŝ4 + C�N�ŝ2, �20�

where

�̂1�N� = � cos2 
̂N + � sin2 
̂N−2 + 2� cos2 
̂N−4 sin2 
̂N−2,

�̂3�N� = � sin2 
̂N + � cos2 
̂N−2 + 2� sin2 
̂N−4 cos2 
̂N−2,

A�N� = − 2i�̂2�N� − � cos2 
̂N − � cos2 
̂N−2 cos�2
̂N−4� ,

B�N� = − 2� sin2 
̂N−4 sin2 
̂N−2,

C�N� = − 2� cos2 
̂N−4 cos2 
̂N−2,

and

D�N� = − 2i�̂4�N� − � sin2 
̂N + � sin2 
̂N−2 cos�2
̂N−4� .

�21�

Note that the equations of motion for ŝ2 and ŝ4 are coupled
owing to �̂4�N�− �̂2�N��	g1

2+g2
2 /2	N for large values of

the eigenvalues of the operator N. It is shown below that the
terms associated with ŝ2 and ŝ4 give rise to the elastic scat-
tering term in the resonance fluorescence spectrum.

IV. SOLUTIONS OF HEISENBERG EQUATIONS

The solutions to Eq. �20� follow by direct integration and
are

ŝ1�t�� = e−�2i�̂1�N�+�̂1�N���t�−t��ŝ1�t�� ,

ŝ3�t�� = e−�2i�̂3�N�+�̂3�N���t�−t��ŝ3�t�� ,

ŝ2�t�� =
e�A�N�+�+�N���t�−t��

�−�N� − �+�N�
��−�N�ŝ2�t�� − B�N�ŝ4�t���

+
e�A�N�+�−�N���t�−t��

�−�N� − �+�N�
�B�N�ŝ4�t�� − �+�N�ŝ2�t��� ,

and

ŝ4�t�� =
e�A�N�+�+�N���t�−t��

�−�N� − �+�N�
�− C�N�ŝ2�t�� − �+�N�ŝ4�t���

+
e�A�N�+�−�N���t�−t��

�−�N� − �+�N�
�C�N�ŝ2�t�� + �−�N�ŝ4�t��� ,

�22�

where

�±�N� =
1

2
�D�N� − A�N� ± 	�A�N� − D�N��2 + 4B�N�C�N�� .

�23�

V. FLUORESCENCE SPECTRUM

In one-photon resonance fluorescence, the excited atom
spontaneously emits light of the same frequency as that of
the driving field when the excitation is weak �21�. In strong
fields, however, the fluorescence spectrum has three-peak
sideband structure �1�. In this paper, we investigate the spec-
trum of two-photon resonance fluorescence for arbitrary ini-
tial states of the radiation field and atoms in the atomic
beam. Quantitative analysis of the spectrum starts with an
evaluation of the average number of spontaneously emitted
photons by the dressed atom in the mode �kj� �11�. The
average �akl

† �t�akl�t�� is taken over initial states that are de-
void of fluorescent photons and over arbitrary initial states of
the atoms in the atomic beam and the photon driving field,
which may be a laser.

The equation for the fluorescent photon number operator
in the �kl� mode is given by

i�
d

dt
�akl

† akl� = 2��kj
* akj

†2�13 − �kjakj
2 �31� . �24�

Equation �24� can be integrated to give the average number
of photons at time t,

�akl
† �t�akl�t�� =

2i

�
�kj�


0

t

dt�akj
2 �t���31�t��� + H.c.

�25�

Note that the average on the right-hand side of Eq. �25� is
over the states of initial atoms, and pump and fluorescent
photon fields. Using the Born approximation for akj

2 �t�� and
akj

†2�t�� and since there are no fluorescent photons at t=0, we
obtain

�akl
† �t�akl�t�� =

8

�2 ��kl�2 Re 

0

t

dt�

0

t�
dt�e−2i�k�t�−t��

���31�t���13�t��� , �26�

where the average of the correlation function in Eq. �26� is
over the initial states of the atoms and photon driving field,
which may be represented in terms of the eigenstates �3� of
the Hamiltonian Hr given by Eq. �1�, and Re denotes the real
part. The nonzero terms in the correlation function in Eq.
�26� are ��31�t���13�t���=� j=1

4 �sj
†�t��sj�t���. Using the results

of Eq. �22�, �akl
† �t�akl�t�� can be evaluated by performing the

time integrations and keeping the t-dependent terms, which
are the leading terms for large values of t, and so one obtains
for the rate of production of fluorescent photons
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1

t
�akl

† �t�akl�t�� =
8

�2 ��kl�2�� �̂1�N − 2�cos2 
̂N−4 cos2 
̂N−2

�2�k − 2�̂1�N − 2��2 + �̂1
2�N − 2�

�̄33� +� �̂3�N − 2�sin2 
̂N−4 sin2 
̂N−2

�2�k − 2�̂3�N − 2��2 + �̂3
2�N − 2�

�̄11�
+� �̂e�N − 2�Re�M̂e�N − 2�� + 2��k − �e

ˆ �N − 2��Im�M̂e�N − 2��

�2�k − 2�̂e�N − 2��2 + �̂e
2�N − 2�

�
+� �̂i Re�M̂i�N − 2�� + 2��k − �i

ˆ �N − 2��Im�M̂i�N − 2��

�2�k − 2�̂i�N − 2��2 + �̂i
2�N − 2�

�� , �27�

with

M̂e�N� =
1

��−
*�N� − �+

*�N��
†��−

*�N�

− C�N��sin2 
̂N−2 cos2 
̂N�̄33 − �B�N�

+ �+
*�N��cos2 
̂N−2 sin2 
̂N�̄11‡ ,

M̂i�N� =
1

��−
*�N� − �+

*�N��
†�C�N�

− �+
*�N��sin2 
̂N−2 cos2 
̂N�̄33 + �B�N�

+ �−
*�N��cos2 
̂N−2 sin2 
̂N�̄11‡ ,

where �̂e�N�, �̂i�N�, �̂e�N�, and �̂i�N� are defined by

�̂e�N� =
1

2
Im�A*�N� + �+

*�N��, �e = − Re�A*�N� + �+
*�N�� ,

and

�̂i�N� =
1

2
Im�A*�N� + �−

*�N��, �i = − Re�A*�N� + �−
*�N�� ,

�28�

where Re and Im are the real and imaginary parts, respec-
tively. Note that in the expectation values on the right-hand
side of Eq. �27�, the state �	n

−� contributes in the first term,
the state �	n

+� contributes in the second term, and both states
contribute in the third and fourth terms.

In a typical resonance fluorescence experiment before the
atoms enter the region of the pump field, the atom-field
beams system is in the disentangled state �in=�R � �A. An
arbitrary atomic state is represented by �A=�i,j=1,3Ai,j�i��j�
with tr �A=1. The arbitrary pump field is represented by �R

=�n,n�=0
� Rn,n��n��n�� with tr �R=1. Therefore, with the aid of

Eq. �3�, one has for an arbitrary function of the operator N,

�f�N��̄11� = �
n=0

�

Rn,nA1,1 cos2 
n−2f�n�

+ �
n=0

�

Rn,n−2A1,3 sin 
n−2 cos 
n−2f�n�

+ �
n=0

�

Rn,n+2A3,1 sin 
n cos 
nf�n + 2�

+ �
n=0

�

Rn,nA3,3 sin2 
nf�n + 2� ,

and

�f�N��̄33� = �
n=0

�

Rn,nA1,1 sin2 
n−2f�n�

− �
n=0

�

Rn,n−2A1,3 sin 
n−2 cos 
n−2f�n�

− �
n=0

�

Rn,n+2A3,1 sin 
n cos 
nf�n + 2�

+ �
n=0

�

Rn,nA3,3 cos2 
nf�n + 2� , �29�

which gives �f�N��=�n=0
� Rn,nA1,1f�n�+�n=0

� Rn,nA3,3f�n+2�.
Note that for strong driving fields, f�n+2�� f�n� and so
�f�N����n=0

� f�n�Rn,n=tr�f�a†a��R�, which does not depend
on the initial state of the atoms as they enter the interaction
region comprising the atomic and laser beams. In particular,
if the driving field is a strong laser, described by a coherent
state ��� with Rn,n�=e−���2�n�*n� /	n!n�! peaked at n= ���2
where the width becomes arbitrarily narrow for ���2�1, one
has that �f�N��= f��a†a��, where �a†a�= ���2 is the average
number of photons in the laser field, which is proportional to
the intensity of the laser beam. One should remark that the
c-number description of the driving field is strictly equiva-
lent to the quantum description provided the state of the field
is a coherent state �22,23�. However, our result �Eq. �27��
applies equally well to arbitrary quantum states of the driv-
ing field.
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The fluorescent spectrum given by Eq. �27� is valid for
arbitrary values of the eigenvalues of the excitation operator
N. The spectrum shows four peaks, two Lorentzians located,
respectively, at 2�k=2�̂1�N−2� ,2�̂3�N−2� and two non-
Lorentzian located, respectively, at 2�k=2�̂e�N−2� ,2�̂i�N
−2�. The Lorentzian peak at �̂1�n� arises from the spontane-
ous emission from the dressed atom �	n

−�→ �	n−2
+ � for En

−

�En−2
+ or �	n−2

+ �→ �	n
−� for En−2

+ �En
− and at �̂3�n� from the

spontaneous emission �	n
+�→ �	n−2

− �, with widths given by
Eq. �21�. The locations of the non-Lorentzian peaks are
given by

�̂e�N� =
1

2
��̂2�N� + �̂4�N�� −

1

4	2
��a2 + b2�1/2 − a�1/2,

�̂i�N� =
1

2
��̂2�N� + �̂4�N�� +

1

4	2
��a2 + b2�1/2 − a�1/2,

�30�

where

a = − 4��̂4�N� − �̂2�N��2 + �2�cos 2
̂N + cos 2
̂N−4�2

+ �2 sin2 2
̂N−4 sin2 2
̂N−2,

b = − 4���̂4�N� − �̂2�N���cos 2
̂N + cos 2
̂N−4� . �31�

The corresponding widths �̂e and �̂i are given by

�̂e =
�

2
+

�

2
cos 2
̂N−2 cos 2
̂N−4 −

1

2	2
��a2 + b2�1/2 + a�1/2,

�̂i =
�

2
+

�

2
cos 2
̂N−2 cos 2
̂N−4 +

1

2	2
��a2 + b2�1/2 + a�1/2.

�32�

It is to be noted that the non-Lorentzian peaks of the spec-
trum at �̂e�N� and �̂i�N� are functions both of ��̂2�N�
+ �̂4�N�� and ��̂2�N�− �̂4�N��, whereas �̂e and �̂i are only
functions of ��̂2�N�− �̂4�N��.

A. Large N limit

The resonance fluorescence spectrum �27� has explicit de-
pendence on N. The spectrum �27� simplifies considerably
for values of N when one can approximate N± j�N, where j
is a small integer, say, j=2,4. In addition, the value of N can
be compared to the detuning parameter � as it occurs, say, in
En

+ in Eq. �5�. In the latter case, one can introduce the notions
of the limit of small or large detuning.

Let us consider first the case when one sets N± j�N.
Then the resonance fluorescence spectrum �27� becomes

1

t
�akl

† �t�akl�t�� =
8

�2 ��kl�2�� � cos4 


�2�k − 2�̂−�N��2 + �2 �̄33�
+ � � sin4 


�2�k − 2�̂+�N��2 + �2 �̄11�
+

�i

�2�k − 2��2 + �i
2 �m̂i�� +

4


�2 ��kl�2��2�k

− 2���m̂e� , �33�

where cos 
=r /	r2+1,

2��̂±�N� = 2�� � �/2 ±
1

2
	�2 + 4�2�g1

2 + g2
2�N ,

� = � + 2�r2/�1 + r2�2, �i = 2��1 + r4�/�1 + r2�2,

m̂e =
r2�1 − r2�

�1 + r2��1 + r4�
��̄33 − �̄11�, m̂i

=
2r2

�1 + r4��1 + r2�2 �r4�̄33 + �̄11� . �34�

The terms in the square brackets in Eq. �33� represent the
inelastic spectrum for two-photon resonance florescence,
which has the Mollow three-peaked structure of one-photon
resonance fluorescence �1�, with Lorentzians peaked at
2�̂−�N�, 2�̂+�N�, and 2�, respectively. As can be seen, the
sidebands depend on the intensity of the incident laser radia-
tion and are symmetrically spaced vis-à-vis the central peak
as in the one-photon case. However, that is not so for finite N
when the spectrum is given by the more general expression
�27�.

The last term in Eq. �33� corresponds to the elastic or
Rayleigh component peaked at twice the pump mode fre-
quency �. It is important to remark that the elastic scattering
component is finite for large N provided r�1. This is con-
trary to the one-photon resonance florescence case where the
elastic term is of O�1/N� as N→� �17�.

B. Large and small detuning

In analyzing the fluorescence spectrum given by Eq. �33�,
one can introduce limits of large and small detuning, i.e.,
4�2�g1

2+g2
2�N��2 and 4�2�g1

2+g2
2�N��2. In the large de-

tuning limit, the frequency shift of the sidebands from the
central peak goes like ��g1

2+g2
2�N /� and �±��. However,

for small detuning the frequency shifts of the sidebands from
the central peak goes like �	�g1

2+g2
2�N−� /2��, which is pro-

portional to the square root of the intensity of the pump field.
The case of �=0, of course, is also possible for particular
three-level atoms/molecules.

C. Fluorescence of ground-state atoms

The spectrum given by Eq. �33� holds for arbitrary initial
pump photonic and atomic states. If the atoms enter the re-
gion of the pump field in the ground state, as will be the
situation in fluorescence experiments, the spectrum simpli-
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fies considerably. We now analyze the case where the atoms
in the beam are initially in the ground state �1� and the pump
field is now assumed to be in a coherent state ���, such as
might be produced by an ideal intense laser and so �in
= �1��1� � ������, then Eq. �33� becomes

1

t
�akl

† �t�akl�t�� =
8

�2 ��kl�2� r4

�r2 + 1�3

�

�2�k − 2�̂−����2��2 + �2

+
r2

�r2 + 1�3

�

�2�k − 2�̂+����2��2 + �2

+
2r4

�1 + r4��1 + r2�2

�i

�2�k − 2��2 + �i
2�

+
4


�2 ��kl�2
r2�1 − r2�2

�1 + r4��1 + r2�2��2�k − 2�� .

�35�

The ratios of intensities at the Lorentzian peaks of the spec-
trum as given by Eq. �35� are

I�−

I�

=
�1 + r4�2

�1 + r2��1 + 4r2 + r4�
,

I�+

I�

=
�1 + r4�2

r2�1 + r2��1 + 4r2 + r4�
. �36�

For r=1, I�−
/ I�= I�+

/ I�=1/3. However, for r�1, we obtain
different intensity ratios depending upon whether r�1 or r
�1. The ratio of the widths is

�

�i
=

�1 + 4r2 + r4�
2�1 + r4�

. �37�

For r=1, we obtain � /�i=3/2.
The spectrum �2�

8t��kl�2
�akl

† �t�akl�t�� is actually a function of
r=g1 /g2 and the Rabi frequency for two-photon resonance
fluorescence divided by �, that is, �R����2� /�, where
��R����2�=−� /2+	�� /2�2+�2�g1

2+g2
2����2. To illustrate the

dependence of the fluorescence spectrum on the coupling
constant ratio r, we plot the inelastic part of the spectrum for
r=0.5, 1.0, and 1.5, in Figs. 1–3. We choose values of �
=0, g2=7�105 s−1 �16�, �= 1

3 �10−3 s−1, and ���2=200. The
parameter �R����2� /� was scaled by a factor of 10−3.

VI. COMPARISON WITH OTHER THEORIES

Two-photon resonance fluorescence calculated in Refs.
�12–14� follows the Green’s function method. In Ref. �14�,
Basu et al. assumed a phenomenological two-photon Hamil-
tonian. However, the coupling constant is arbitrary. While
this comes close to the two photon interaction Hamiltonian
�1� obtained previously by us �16�, our result obtained by a
unitary transformation is exact, and the coupling constant is
not arbitrary. As stated in Ref. �14�, the results are valid for
high pump field intensity. The spectrum shows three Lorent-
zian lines: one at twice the pump frequency and two sym-
metrically located sidebands, whose frequency shift from the

main peak depends on the pump field intensity. However, the
spectrum is otherwise identical to that found by Mollow �1�
for the one-photon case but without the elastic peak. On the
other hand, Mavroyannis et al. �12� found the spectrum to
have a four-peak structure, an intense peak at twice the pump
frequency, two sidebands, and a weak peak at the pump fre-
quency. The widths of the three peaks are equal and one-half
that of the one-photon peak.

S(x)

0.25

0.05

0.2

0.1

0.15

0

x

200-20-40 40

FIG. 1. Two-photon resonant-fluorescence spectrum S�x� vs x,
where S�x�=�2� /8t��kl�2�akl

† �t�akl�t��, x=2��k−�� /�, and the
�-function in Eq. �35� is not included. Choose �=0, g1=g2=7
�105 s−1, �= 1

3 �103 s−1, and ���2=200 �16�. The positions of the
sidebands have been rescaled by the factor of 10−3, i.e., the actual
positions of the sidebands are at ±42 000.

S(x)

0.06

0.04

0.08

0.02

0

x

40-40 20-20 0

FIG. 2. Same as Fig. 1 but with g2=7�105 s−1 and r=g1 /g2

=0.5. The actual positions of the sidebands are at ±32 000.
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In Ref. �13�, Cheung takes into account energy noncon-
serving terms in the Hamiltonian. The fluorescence spectrum
shows four Lorentzians. The results are similar to those of
Ref. �12�, except that the peaks appear with different heights.
In Ref. �11�, Holm and Sargent consider the rate of produc-
tion of fluorescent photons, as is done by us, to calculate the
spectrum of fluorescence. However, the pump field is taken
to be classical. In this theory, the two fluorescent photons are
allowed to have different frequencies. The spectrum is fairly
complicated. Interestingly, an elastic component, the Ray-
leigh peak, is also found in the spectrum, similar to the result
obtained in this paper for large N. Note that none of the
results of Refs. �12–15� show an elastic peak. The work of
Ref. �15� is based on adapting the Heitler-Ma nonperturba-
tive method for single-photon transition to the case of two-

photon resonance fluorescence. An effective interaction
Hamiltonian is introduced but their results are rather puz-
zling since the spectrum is effectively indistinguishable for
the cases of weak or strong excitation fields.

The fluorescence spectrum derived by us, using the
dressed-atom formalism, is valid for arbitrary values of the
excitation number N. The most general spectrum given by
Eq. �27� has four peaks, two Lorentzian and two non-
Lorentzian lines. The spectrum is quite different from those
found in pervious works. The location as well as the widths
of the peaks are functions of N. In the large N limit, the
spectrum shows three Lorentzians and an elastic scattering or
Raleigh component.

The fluorescence spectrum for large N, Eqs. �33� and �35�,
show a sensitive dependence on r, the ratio of the coupling
constants of the 1→2 and 2→3 atomic transitions. The po-
sitions as well as the widths are sensitive functions of r. This
is a result not found in any previous works on two-photon
fluorescence. For r=1, the elastic scattering term vanishes.
The ratio of widths of the sidebands to the width of the
central peak in this case is 3 /2, whereas the ratio of the
intensity of the central peak to the intensities of the side-
bands is 3.

VII. SUMMARY AND CONCLUSIONS

The theory of two-photon fluorescence presented here is
useful in the context of recent developments in two-photon
fluorescence microscopy as diagnostic and imaging tools in
medicine and biology. We have used the dressed-atom repre-
sentation that allows evaluation of the resonance fluores-
cence spectrum in high pump field excitations. The most
general spectrum for arbitrary excitations exhibits four
peaks, two Lorentzian and two non-Lorentzian terms. Such a
spectrum has not been seen in previous theories of two-
photon fluorescence. In the large excitation limit, the spec-
trum shows three Lorentzian peaks and an elastic scattering
component. The spectrum shows a sensitive dependence on
the ratio of the coupling constants of the three-level atom.
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