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FREQUENTIST OPTIMALITY OF BAYESIAN WAVELET
SHRINKAGE RULES FOR GAUSSIAN AND
NON-GAUSSIAN NOISE!

BY MARIANNA PENSKY
University of Central Florida

The present paper investigates theoretical performance of various
Bayesian wavelet shrinkage rules in a nonparametric regression model with
ii.d. errors which are not necessarily normally distributed. The main pur-
pose is comparison of various Bayesian models in terms of their frequentist
asymptotic optimality in Sobolev and Besov spaces.

We establish a relationship between hyperparameters, verify that the ma-
jority of Bayesian models studied so far achieve theoretical optimality, state
which Bayesian models cannot achieve optimal convergence rate and explain
why it happens.

1. Introduction. Bayesian techniques for shrinking wavelet coefficients have
become very popular in the last few years. Starting with the paper by Clyde,
Parmigiani and Vidakovic [9], researchers turned to Bayesian methods in wavelet
analysis (see, e.g., [1-4, 6-8, 10, 17, 19, 24, 26]).

The majority of the above papers were devoted to the nonparametric wavelet
regression model

(1.1) Yi=fG/m)+Zi, i=1,....n,

where f is unknown and belongs to some functional space ¥ and Z; are i.i.d.
random variables. In most cases, the errors Z; were assumed to be normally dis-
tributed with zero mean and unknown variance 2. Some papers in engineering
fields modeled errors as double-exponential (see, e.g., [20] or [23]); however, this
approach was not very popular in statistical applications. The only paper known to
the author which deals with nonnormal errors in a Bayesian framework is the one
by Clyde and George [8] where the authors conduct comprehensive simulations
with Z; having various distributions. In what follows we just assume that Z;’s are
i.i.d., symmetric and have finite fourth moment £ Z‘f < 00.

Now let us discuss the error model for wavelet coefficients which is used in
Bayesian inference. If the Z;’s in (1.1) are i.i.d. normal, the errors in wavelet co-
efficients are also i.i.d. normal, and most authors adopted this “real” model for
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Bayesian inference. However, some of the authors (Clyde and George [8] and
Vidakovic [24]) were more adventurous and considered other distributions for er-
ror models, namely, distributions that result from a mixture of normal distribu-
tions over the scale parameter. Various choices of priors were suggested, and the
posterior mean or median was used as an estimator of wavelet coefficients. The
procedures were then justified by extensive simulations. Thus, a variety of algo-
rithms have been suggested for applications; all of them have demonstrated good
computational performance, but until the present time no attempts have been made
to examine frequentist properties of these techniques or to compare various algo-
rithms with each other.

To the best of the author’s knowledge, three manuscripts have been produced
recently with the objective to assess frequentist properties of Bayesian wavelet
shrinkage and thresholding. The first one, by Abramovich, Amato and Angelini
[1], explores optimality of Bayesian wavelet estimators in the case of normal er-
rors in (1.1) and a combination of a point mass at zero and a normal density for
the prior. The authors consider three choices of Bayesian wavelet estimators: the
mean, the median and the mean thresholded on the basis of a Bayes factor rule
[24], and then study optimality of the resulting wavelet regression estimators in
Besov spaces. Johnstone and Silverman [19] go much further than Abramovich,
Amato and Angelini [1], investigating theoretical and computational properties of
the empirical Bayes thresholding rules. They also assume the errors to be normally
distributed and choose priors to be a mixture of an atom probability at zero and a
heavy-tailed density. The mixing weight, or sparsity parameter, for each level of
the transform is chosen by maximizing marginal likelihood. The estimators can be
based on a posterior mean or a posterior median, and they are optimal in Besov
spaces. Finally, Autin, Picard and Rivoirard [5] compare a wide variety of Bayes
shrinkage and thresholding rules based on both normal and heavy-tailed priors
using a novel maxiset approach. However, although Autin, Picard and Rivoirard
[5] and Johnstone and Silverman [19] develop breakthrough theory concerning
regression with normally distributed errors, they do not discuss the case of a non-
Gaussian distribution either for the actual error in (1.1) or as the error model in
Bayesian inference.

The present paper is in a sense complementary to the three papers mentioned
above as well as to Clyde and George [8]. Our interest was sparked by the excellent
paper by Clyde and George [8], who present an amazing volume of simulations
for various error distributions and various Bayesian models. All of their Bayesian
models produce estimators as efficient (or better) than the ones based on traditional
thresholding rules no matter whether the errors in (1.1) are normal or not. Yet, no
theoretical study of these estimators is conducted; hence, some of the simulation
results are stated but not explained.

The present paper examines various Bayesian models in terms of their frequen-
tist asymptotic optimality without a predominant assumption that errors in (1.1)
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are normally distributed. Bayesian estimators for the wavelet coefficients are con-
structed using posterior means for a variety of error models and priors, and these
models are compared in terms of their frequentist optimality. Although theoretical
results of the paper are asymptotic, they allow one to explain some features of the
simulations conducted by Clyde and George [8], namely, differences in the perfor-
mances of “normal error—normal prior” model and the models with heavy-tailed
error and prior distributions.

The material presented in the paper is interesting from several points of view.
First, the relationship between hyperparameters is established, and it is verified
that the majority of Bayesian models studied so far in the literature have indeed
not only excellent computational properties but also theoretical optimality. Second,
it is shown that some Bayesian models cannot achieve the optimal convergence
rate and explained why this happens. Third, the prior distributions on wavelet co-
efficients are compared to see which of them agree with the assumption that the
regression function belongs to a particular Besov space. The latter leads to a more
comprehensive examination of the mixing weights. For example, we discover that
the weights chosen in [1, 3] lead to convergence rates which differ from optimal
(e.g., by the logarithmic factor in the case of normal errors and normal priors).

The rest of the paper is organized as follows. In Section 2 we introduce Bayesian
models for wavelet coefficients. We use some “arbitrary” error model 7;(-) and a
mixture of a point mass at zero and a density £(-) for a prior, keeping in mind
that the actual distribution of wavelet coefficients is unknown at fine resolution
levels and is asymptotically normal at coarse resolution levels according to the
central limit theorem. In Section 3 we discuss assumptions on 7;(-) and &(-) and
provide assertions about asymptotic optimality of regression estimators in Besov
spaces for various choices of 1;(-) and £(-). In Section 4 we present comparison
between various Bayesian models in tabular form and discuss theoretical results
of Section 3. We also explain results of simulations conducted in [8]. Section 5
contains some auxiliary statements as well as proofs of the statements in Section 3.

2. The Bayesian model. Consider a standard nonparametric regression
model (1.1) and assume that f is square integrable and Z; are i.i.d. random vari-
ables with zero mean and finite variance. Application of the discrete wavelet trans-
form (DWT) based on the wavelet i to (1.1) yields

Q1) Yp=wjx+ex, j=0,...,J —1,k=0,...,2/ —1,J =logyn,

where ¢ are uncorrelated random variables due to the unitary property of the
DWT. We assume that the wavelet function i has finite support and s > r vanish-
ing moments. If one is interested in the error of the resulting estimator of f only at
points i /n, one can just use periodized orthogonal wavelets. However, since in this
paper we are interested in the L?-norm based risk as the measure of the quality of
the estimation procedure, some kind of boundary correction is necessary. For this
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reason, we shall use boundary coiflets introduced in [18, 19], which we describe
in detail in Section 3.1.

Denote the scaling and the wavelet coefficients of the original function f by 6;
and 6 ik, respectively, so that f* can be reconstructed as

2L 0o 2/—1
(2.2) f@ =3 02200k -k + Y > b (x)
k=0 j=L k=0

with G = [°0 2L2p(2Ex — k) f(x)dx and O = [ ¥ jk(x) f(x)dx. Here
@(x) is a scaling function corresponding to the mother wavelet ¥ (x), ¥k (x) =
27/ 21#(2/ x — k) and the value of L will be defined later. Denote 6 = w i/ Jn

and recall that 6, ~ 0 (see, e.g., [25]). Later we shall provide a more detailed
treatment of the relation between 6 ik and 6.

We shall use a Bayesian technique to construct estimators 6 of 6 based
on Y. Since wavelet representations of a vast majority of functions contain only
a few nonnegligible coefficients in their expansions, we place the following prior
on the population discrete wavelet coefficient w ji:

(2.3) Wik~ TjnTjn€(Tjnx) + (1 — 7;,)8(0),

where 0 <m;, <1if0<j<J—1land 7, =0if j > J, §(0) is a point mass
at zero and w j are independent. The p.d.f. £(x) is even and unimodal. Note that
the majority of priors used previously for Bayesian wavelet inference follow the
model (2.3). The factors 7, are the prior probabilities that a wavelet coefficient at
level j does not vanish. In what follows, however, we shall impose all conditions
on the odds

(2.4) ﬁjn = _njn)/ﬂjn-

Note that we allow dependence of 7, not only on the resolution level j but also
on n. It is most natural since the proportion of coefficients we are intending to
keep depends not only on the function f but also on the amount of data available:
the larger n is, the more reliable the estimators of coefficients are, the smaller the
coefficients we can keep, the larger the value of 7, for a particular resolution
level j.

Now let us discuss the distribution of errors. It follows from (1.1) that € ~
n—1/22i/2 Y ¥ (2/i/n —k)Z;. Since Z; are i.i.d. with EZf' < 00, the sequence
2i2p=124(2i /n — k) Z; satisfies the Lyapunov condition with § =2 provided
2//n — 0. Hence, if the resolution level is reasonably small (j < Jo where
J — Jo — o0 as n — 00), the errors ¢ are asymptotically normally distributed
N(0,5?) and, thus, asymptotically independent, while at large resolution levels
they are uncorrelated and have some unknown p.d.f. i (x) which is symmetric and
has a finite fourth moment. To incorporate both of these features into the distribu-
tion of ¢ we write it as

(2.5) i~ (1= 1) (0v27) " exp(—x2/(202)) + A jpu(x).
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Here 02 = ffoooxzu(x) dx = EZ12, 0<A; <1, and A; are close to 1 at large
resolution levels and equal to zero at small resolution levels, namely, A; = 1 if
Jj=J —1and A; =0if j < Jy. For a more detailed treatment of asymptotic
normality an interested reader can consult Neumann and von Sachs [21].
The difficulty of using (2.5) in Bayesian inference is that both 1(x) and A ; are
unknown. For this reason, we shall choose the most general distribution for errors,
namely,

(2.6) gjk ~1nj(x),

where n; are level-dependent symmetric densities. As we shall show later, one
does not need the knowledge of the true distribution of ¢j; and can obtain the
optimal estimator of f with a variety of error distributions 7 ;. Moreover, n; does
not even need to be level dependent.

The model (2.6) generalizes the setup of Clyde and George [8], who consid-
ered error distributions other than normal in (1.1), namely, the distributions that
can be obtained from the normal distribution by mixing over the scale parameter.
It also follows the remarkable idea of Vidakovic [24], who assumed that the er-
rors are normally distributed but used a double-exponential distribution for errors
which resulted from the hierarchical Bayes approach, hence, conducting Bayesian
inference with the error distribution different from the true one.

We shall conduct Bayesian inference for each wavelet coefficient separately.
Denote

2.7 djx =Yjx/V/n, vj =Nt

Taking into account the relation between wj; and 6 and (2.3)~(2.7), we derive
that the posterior p.d.f. of 6 given d i is of the form

Vi (n@jx —dj)viEW;bx) + Bjnv/nnj(/nd;i)8(0)
oo vnnj(Vnx —dj))viE(ix)dx + Bjn/nnj(Vndjr)

Choosing the posterior mean to be an estimator, we arrive at the following estima-
tor of 0:

pOjikldjx) =

R 1:d;
(2.8) O = 1 ()

) J S J - ]’
loj(djr) + Bjn/nnj(/ndjr)

where

(2.9) Iij(d)zfooxiﬁnj[ﬁ(x—d)]ng(ujx)dx, i=0,1,

and 6 ik =0as j > J, so that the estimator of f is of the form

J—12/-1

2l
(2.10) fey =3 8200t -+ > Y duvir).

k=0 j=L k=0
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The objective of the present paper is to formulate conditions under which the
estimator of f based on coefficients 6, is optimal and explore the cases where

this optimality cannot be achieved. For any possible estimator f of f based on n

observations X 1, ..., X,, define the mean integrated square error (MISE) over a
function space ¥ as
(2.11) Rnu",f):}gup Elf = flia0.1y

eF

Donoho and Johnstone [14] showed that when the errors Z; in (1.1) are normally
distributed and f belongs to a ball B’ (A) in the Besov space B [0, 1], then
there exist constants C1 and Cp 1ndependent of n such that

2.12) Cin /Y < inf Ry (B], 4 (A). [) < Con™>//EHD
f Ra (B,

provided r > max(0,1/p — 1/2) and p,q > 1. Since the Sobolev space H" =
Bj ,, the same rates of convergence hold for H" (A). Note that since the normal
distribution for errors is a particular case of (2.5), the lower bounds in our situation
cannot be smaller than (2.12). On the other hand, since for a majority of resolution
levels (j < Jo) the errors ¢ i follow the normal model, we can expect to achieve
convergence rates (2.12) as n — oo for some choices of error models (2.6) and
priors (2.3).

In what follows we shall compare various Bayesian models in terms of their
ability to achieve optimal convergence rates (2.12) as n — o0.

3. Asymptotic optimality.

3.1. Assumptions. In what follows we shall formulate conditions on the
p.d.f’s £(-) and n;(-) and parameters v;, B;, and Jy. We warn the readers that
not all of the conditions listed below will necessarily appear in every statement
later.

Let ¢ and i be boundary coiflets introduced in [18, 19], possessing s > r van-
ishing moments and based on orthonormal coiflets supported in [-S+ 1, S],s < S.
Assume that p > 1, r > max(1/2,1/p) and

r>r,=05[(1/p—1/2)+/(1/p = 1/2> +2(1/p = 1/ I (p < 2),
L >log,(6S —6).

(3.1)

Note that r, =0 when p > 2 and that r,, < (1 + V5)/4 forany p > 1.
Let £(x) and 7;(x) be three times continuously differentiable everywhere ex-
cept possibly x = 0, have finite fourth moments and satisfy the conditions

32 AD [P /E®] < CU+ X" k=1,2,3,4; >0,
33) (A2 [P/ < Ca+ )Y k=1,2,3,3,20,
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(3.4) (A3) [nj(x)/§(x)] < Cgp,

(3.5) (A4) i) <x3ni(),  x1>x2>C5>0,8>0.

Condition (A4) just means that the functions |x|>*p j(x) are nonincreasing for
sufficiently large x. Note that the constants A,, Cy, C¢ ,, 6 and Cs are assumed to
be independent of j which requires some kind of uniformity of the p.d.f.’s 5. The
consequence of these restrictions is that asymptotic expansions of integrals /;;
defined in (2.9) are valid with absolute constants independent of j, so in what
follows we shall suppress the index j in /;;,i =0, 1, unless this leads to confusion.

When conditions (A1) and (A2) hold with ¢ =0 and A, = 0, following
Johnstone and Silverman [17, 19], we shall say that n; and & are heavy-tailed
probability densities. The most common examples of the latter are p.d.f.’s of the
double-exponential or Student ¢ distributions. In this situation, asymptotic expan-
sions

(3.6) Io(d)~viEwid),  |L(@d)/Iod)—d|=0(;/n)  ifv;//n—0,
(3.7 Io(d) ~/nn(vnd), L)/ Io(d)|=0(/n/vi)  ifvj//n— o0,

which are proved later in Lemma 2, are valid for any d as long as the relation be-
tween v; and n holds. If Az and A, are positive, then the expansions (3.6) and (3.7)
can be used under some restrictions on d only. There is one important case though,
when we can obtain asymptotic expansions for the integrals for any value of d: if
& and n; are normal p.d.f.’s and the variances of n; are bounded from above and
from below by a positive value, then

(3.8) 1) /Io(d) —d) = O(ld[vi/n)  ifvj//n—0,
(3.9) Io(d) ~v;E(v;d) ifvj//n— 0,
(3.10) IL(@)/Io@d)] = 0@nld|/vi)  ifv;//n— oo.
We denote

(3.11) jo=@r+1)"og,n,

and assume that the parameter v; is of the form

(3.12) vj=C12mj where m =r + 1/2if p > 2.

The expression for v; when 1 < p < 2 will be presented later [see (3.28)].
REMARK 1. Assumptions about v; can be translated into the ones on 7, us-

ing relation (2.7), namely, 7, = C2m /+/n. This coincides with the choice of T in
for the normal-normal model in [1, 3].
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REMARK 2. The assumption that ¢ (x) and 1/ (x) are boundary coiflets as well
as conditions (3.1) are introduced for the sake of obtaining convergence rates for a
L?-norm-based risk function. All statements of the paper will be true for L = 0 and
an arbitrary s-regular scaling function ¢(x) and wavelet ¥ (x) with s > max(r, » +
1/2 —1/p) if one replaces (2.11) by

Ry(F. fy=supn~' Y E[f(i/n) - f(i/m)].

fo/“ i=1

REMARK 3. Conditions on the existence of the fourth moment are purely
technical conditions that are used for derivation of asymptotic expansions of the
integrals /;;(-). These conditions can be dropped and replaced by requesting that
the conclusions of Lemma 2 remain valid. These conclusions, however, have to be
verified individually for each combination of £(-) and 7;(-). In what follows we
shall consider the case when 7n; and &(-) are p.d.f.’s of Student 7 and Cauchy dis-
tributions, respectively. Later, however, we shall see that it is somewhat beneficial
to apply a distribution with faster descent at oo than the Cauchy.

3.2. Optimality in Sobolev spaces and Besov spaces with p > 2. It is well
known that the Sobolev space H” can be characterized in terms of wavelet coeffi-
cients as Z?‘;L Zi:)l éjzk(l +22/") < 0o (see, e.g., [11], Section 9.2). Therefore,
f belongs to aball H"(A) in H" space with r > 1/2:

oo 2/-1
3.13)  feH'(A) <« Y Y 67,(0+2%) <A, r>
j=L k=0

N[—

For the Besov ball B;, ¢(A) with r > 1/p there is a similar relationship (see, e.g.,

[16]):

2/—1

- —2jr i
(3.14) feB;’q(A) N Zejz'kf B2 , if p>2,
k=0

B272+12=1/p) if < p <2,

for some By > 0. The cases p > 2 and 1 < p < 2 apply to spatially homogeneous
and nonhomogeneous functions, respectively, and, as the reader will see later, the
performance of Bayesian models varies greatly in those two cases. We shall start
with the spatially homogeneous case p > 2 and study optimality of Bayesian esti-
mators in this case. Since H" = Bj ,, this is sufficient to study the general case of
f € B, ,(A) with p > 2; the results for a Sobolev ball will immediately follow.

In this subsection, we assume that » > 1/2 and p > 2. We also assume that v;
is of the form (3.12) and Jy are such that

(3.15) 270 > p1/@2r)
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Condition (3.15) is quite realistic and agrees with the assumption J — Jp — o0
as n — oo above, provided r > 1/2. In practice, the normality assumption can be
checked via level-by-level testing.

In order to make understanding of a variety of assumptions and assertions of this
section easier, we refer the reader to Table 1 in Section 4.2. In effect, we consider
three kinds of models: (1) models with strictly optimal convergence rates (which
include normal £—normal n; or heavy-tailed £-heavy-tailed n;); (2) models opti-
mal up to a log-factor (which include heavy-tailed £—normal 7;); (3) suboptimal
models (which include normal £-heavy-tailed ;). Within the first set of models
we also study what happens when & has a faster descent at =00 than 7;, that is,
condition (A3) is violated.

3.2.1. Models with strictly optimal convergence rates: normal §—normal n; or
heavy-tailed §—heavy-tailed nj. For those models convergence rates are given by

THEOREM 1. Let conditions (Al) and (A2) be valid with A¢ = A, =0, or,
alternatively, conditions (3.8)—(3.10) hold for any value of d. Let also conditions
(A3) and (A4) hold. If for some positive &

(3.16) Bjn=0((vn/v))*)  witha<Qr+1)"'2+8) —1—easj<jo,
then
(3.17) Ry(B}, ,(A), f)=0@m /D) n—oo p>2.

COROLLARY 1. Ifn;(-) and &(-) are the p.d.f.’s of the double-exponential or
the Student t distributions, or both §(-) and n;(-) are normal p.d.f’s, satisfying
conditions (A2) and (A3) [and (A4) for the t distribution], then for Bj, given

by (3.16) the risk Ry (BY, ,(A), f) is of the form (3.17).

Note that in both Theorem 1 and Corollary 1 we assume that §(x) and 7;(x)
have finite fourth moments. This is, however, a sufficient, not a necessary condi-
tion. Namely, the following statement is valid.

COROLLARY 1*. Ifn;(x) are the p.d.f.’s of Student tom j+1 distributions with
m j integers, My <m; < M, and §(x) is the p.d.f. of the Cauchy distribution, then
R, (B;’q (A), f) is of the form (3.17) provided B, is given by (3.16).

Now suppose condition (A3) is violated and & (x) has faster descent to zero than
nj(x) as |x| — oo. Then, in order for convergence rates to still hold, we need
to impose extra conditions on f8;,, namely, B;, should be small for j < jy (i.e.,
a priori more coefficients should be kept at low resolution levels). Consider an
alternative assumption to (A3):

1nj(x)/&()| < U(lx])

where U (x1) > U (xp) for any x1 > xp > 1.

(3.18) (A3%)
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THEOREM 2. Let the conditions of Theorem 1 hold with (A3) replaced
by (A3*). Let also for some & > 0

. S @+ @ren-1-e
Bjn = O(mm([—] ;

Vj
(3.19) Jn 1/@r+D+s—e  9—j/2
] ) =h
Uj U(2312J/2) N

where B is the constant appearing in (3.14). Then Rn(Bl’,,q(A), f) is of the
form (3.17).

Note that the constant Bj is usually unknown. If U (x) is a homogeneous func-
tion of some order [which happens, e.g., when n;(x) and &(x) are the p.d.f.’s of 7
distributions], then the value of By has no bearing on 8;,. Otherwise, one can
replace Bj by any function of n which grows infinitely as n — oo, for example,
Inn.

It is easy to see that condition (3.19) is more restrictive than (3.16). Condi-
tion (3.19) means that we a priori intend to keep many more coefficients than we
“kill.”

3.2.2. Models optimal up to a log-factor: heavy-tailed &—normal ;. Unfortu-
nately, for some combinations of distributions assumption (3.10) holds only when
Jnly/nd|*1 /v; — 0. This happens if 7;(x) are normal distribution p.d.f’s and
£(x) is a heavy-tailed p.d.f., for example, the double-exponential or Student 7. In
this situation we can ensure somewhat weaker conditions on |11 (d)/Iy(d)].

LEMMA 1. If &(x) and nj(x) are even unimodal p.df’s such that
[11(d)| < oo forany j and d, then |11(d)/Ip(d)| < |d].

Note that Theorem 1 and Corollaries 1 and 1* are valid for any distributions
of Z;’s in (1.1). However, if (3.10) does not hold for all values of d and the errors
in (1.1) are not normally distributed, one needs additional assumptions to achieve
near the optimal convergence rate. These can be two different kinds of assump-
tions: either p(x) in (2.5) should decrease reasonably fast at 200 or we should
“kill” nearly all coefficients at the highest resolution levels. In particular, we de-
fine gg(n) to be the unique positive solution of the equation

o0
(3.20) / x2p(x)dx =n 2@+,
00(n)

where u(x) and o are as in (2.5), and denote

(3.21) o(n) = max[oo(n), G\/E\/Zr(Zr + 1)~ !lnn+0.5Inlnn .
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THEOREM 3. Let conditions (A1)—(A4) hold with A =0 and A, > 0 and
let Bjn satisfy (3.16). If u(-) is such that

(3.22) lim n~Y* (o(n))*" =0,
n—0o0
or Bjn increases quickly as j > Jy:

(3.23) Bin = O(nj(2/Cpun”/ G+ D)2 /CrED) > gy,
where C,, = Ooo x4u(x) dx, then

(324) Rn(B;,q(A), f) — O(n—2r/(2r+l)(lnn)k,,/@r—‘rl))’ n— 00.

COROLLARY 2. If nj(-) are normal p.d.f’s with variances bounded from
above and from below by common positive numbers and &(x) is the p.d.f. of the
double-exponential or t distribution, then (3.24) is valid provided (3.16) and ei-
ther (3.22) or (3.23) holds.

REMARK 4. Note that if the errors are normally distributed, then A, =1 and
o(n) = O(+/Inn), so that condition (3.22) is unnecessary. If the errors follow
the mixture model (2.5), condition (3.22) is valid whenever 1 (x) decreases at an
exponential rate or at a rate |x|~% witha > 3 + 8r2An/(2r + 1) as |x|] = oo. The
latter requires relatively fast descent (e.g., a > 17/3 for r =1 and A,) = 1) which
may not be true. To overcome this difficulty, one can choose large values for 8,
as j > Jp, suggested by (3.23). This measure will suppress coefficients at higher
resolution levels and relax their dependence on a particular form of p.

3.2.3. Suboptimal models: normal §—heavy-tailed n;. By now, we have ad-
dressed all possible models except for the ones where the prior £(x) is a normal
p.d.f. and the error distributions 7;(x) are heavy-tailed. In this situation, assump-
tion (3.8) may be invalid: instead of (3.8), by Lemma 1, we have

(3.25) [1(d)/Io(d) —d| = 0(dl)  ifvj|vjd|*//n= M.

This happens when, for example, the n;(x) are p.d.f.’s of the double-exponential
or the Student ¢ distribution. In this situation, convergence rates (3.17) or (3.24) do
not hold.

THEOREM 4. Let conditions (A1) and (A2) be valid with Az > 0 and A, = 0.
Let conditions (A3*) and (A4) hold and B, satisfy (3.19). Then

(3.26) Ry(B} ,(A), f)=0(n™2/C+1H9) - p— oo,

Theorem 4 gives an upper bound for the risk. However, in order to conclude that
certain combinations of distributions are asymptotically inferior to the others, we
are interested in the lower bound for the risk.



780 M. PENSKY

COROLLARY 3. If nj(x) = n(x) are identical p.df’s of the double-
exponential or the Student t distribution and &(x) is a normal p.df., then for
some positive C

(3.27) R.(H"(A), f) = Cn 2/ +D 5 00,

Observe that the lower bound in (3.27) is identical to the upper bound in (3.26)
(since Ag =1 for the normal p.d.f.) and both are asymptotically larger than the
optimal convergence rate (3.17). This is due to the fact that the bias of the estima-
tor f converges at a slower rate. The latter happens because the model with the
above combination of £(-) and 7(-) fails to adapt to sparsity, namely, to the situa-
tion when at lower resolution levels we have very few relatively large coefficients.
This is not surprising since in Corollary 3 we have a combination of a rather flat
error model and a sharp prior p.d.f. which may fail to capture the actual value of
the estimated coefficient.

3.3. Optimality in Besov spaces with 1 < p < 2. It follows from the previous
section that the models which satisfy Corollary 1 attain the optimal convergence
rate in Sobolev spaces and spatially homogeneous Besov spaces Bj, ¢ P =2, with
minimal assumptions whether the errors are normally distributed or not. Now, the
question is whether all those models also achieve the optimal convergence rate in
spatially nonhomogeneous spaces B;, ¢» 1 = p < 2. Before giving an answer, we
need to introduce new values of parameters for this case. Denote

i=10+1/2=1/p)@r + D]~ 'rlogy n,
Jo=0.5[logy n + ji],
and let jo and v; be defined by (3.11) and (3.12), respectively, with

my=r+1/2-051/p—1/2), Jj =< Jo,
B28) m={1my=0+1/2)—0/p—-1/2)(A+1/r), Jo<Jj<Ji
m3=r—+1/2, J=n.

Observe that m = r + 1/2 for all resolution levels whenever p = 2. Note also that
the resolution level j; is chosen so that

oo 2/-1

Jj=j1 k=0

The restriction r > r), ensures that J — j; — 00, so that one can choose resolution
level Jo, j1 < Jo < J — 1, such that J — Jy — oo. Assume that

(330) (AS) f T exp(—22/20D) (1 + 2] 2 dz < C,
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where o is the TRUE standard deviation of the error and C is a constant indepen-
dent of j. Again we have the same three types of models as we had in the case of
p > 2. However, neither of the first two types of models delivers strict optimality
when 1 < p < 2. The third type of model is suboptimal even when p > 2, so we
do not consider this type of model here.

3.3.1. Normal §-normal n; or heavy-tailed §—heavy-tailed n; models. Here
we consider the subset of models studied in Section 3.2.1, namely, the models
where the tails of & are at least as heavy as the tails of n;.

THEOREM 5. Let f € B}, ,(A) with 1 < p <2 and r > max(rp, 1/p). Let §
and nj satisfy conditions (A1) and (A2) with L, = A¢ = 0 or let both of them be
normal p.d.f.’s. Assume that (A3) and (A4) hold and

(3.31) n;j(x) < C(x* + 1) exp(—alx]?).
If Bin = (Vn/vj)* for j < ji where
o) € (—oo, min(v — 3, 2r +2 — 1/p)~ v — 1)),

if j < Jjo
(332) o=

1-2
aze[O,v—2+ r+1=2/p }

2r(r+1)+1—p~1@2r+2)

if jo<j=ji
whenever y =0 in (3.31), and o > 0 whenever jo < j < j1 and y > 0 in (3.31),
then

(3:33)  Ru(B) ,(A), f) =0 >/ tDH1(Inp)2), n— 0o.

Here
g1 =0, g2 =8r/[y(4r + pQ2r +1))], ify >0,
e1=[a*(1/p—1/2)]/[v2r 4+ D] >0, & =—p, ify=0,

with o = max(1 + o1, (1 +a2)2r +2)/r). If ap =0, then o™ = 2r + 2)/r, the
minimum possible value, and €1 = 2r +2)/[rv(2r + 1)] for y =0.

(3.34)

Theorem 5 shows that the models where the 7;’s have exponential descent
achieve optimal convergence rates up to a logarithmic factor while n; with
polynomial descent lead to suboptimal convergence rates. Observe that condi-
tion (A5) does not exclude the normal model; it just requires that the variances
of n; be larger than the actual variance of our data. In particular, if n;(x) =

( /2710].2 )1 exp(—x2 /2012), condition (AS5) implies that sz > 202, This does not
contradict Abramovich, Amato and Angelini [1], who considered only the case of
o j =0.
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3.3.2. Heavy-tailed §&—normal n; models. Now we study the models previ-
ously discussed in Section 3.2.2. These models under the assumption that n; are
identical and the actual errors are normally distributed were investigated in depth
by Johnstone and Silverman [19], who demonstrated strict optimality of the mod-
els in an empirical Bayes setup in a wide variety of Besov spaces. However, since
Johnstone and Silverman [19] considered empirical Bayes estimators, we cannot
just reproduce their results here.

THEOREM 6. Let f € B;’q(A) with 1 < p <2 and r > max(ry, 1/p) and let
conditions (A1)—(A4) be valid. Let 1;(-) be normal p.d.f’s and ¢ = 0. Assume
also that either condition (3.22) or (3.23) is valid. If B, = (ﬁ/vj)“ where o > 0
whenever jo < j < ji, then
(3.35) Ry(B, ,(A), f)=0(n™>/®+D(nn)®), n— 00,
where e3 =max(1/[2r + 11, 4r/[4r + p2r + 1)]).

3.4. Optimality of the models with mixture distribution for errors. In Sections
3.2 and 3.3 we considered only error distributions 1; which satisfy certain assump-
tions uniformly. There is, however, one more interesting case, namely, that of n;(-)
being a mixture distribution mimicking (2.5):

(336) () =(1— %) (V2mo0) ' exp(—x?/(208)) + AL (x).
where Ajf =0 for j < Jo. Let {(x) be a heavy-tailed distribution (i.e., A; = 0).

THEOREM 7. Let Ay =0and &(x) > Ct exp(—xz/(2002))f0r any x. Let B,
satisfy the assumptions of Theorem 1 (p > 2) or Theorems 5 and 6 (1 < p < 2). If
E(x) is a p.d.f. of the normal distribution, then as n — oo

Ry(B}, (A). f)
(3.37) O(n—2r/(2r+l))’ ifp=>2,
= 0(n—Zr/(Zr—H)(lnn)4r/(4r+p(2r+l))), ifl1<p<2,

the second assertion being valid provided Ug > 202, where o is the true error
variance given by (2.5). If § (x) is a heavy-tailed p.d.f. (\e = 0) and B, and )»’J‘f are
such that

(3.38) Bin>Po and 2i<Ci  j=lo,
then as n — oo
(3.39) Ru(B), ,(A), f)=0(n~ >/ +D(Inn)")

where e =1/2r + 1) if p > 2, and ¢ = &3 given by Theorem 6 if 1 < p < 2.

The model (3.36) behaves exactly as the model with normal errors for j < J.
The advantage of adding a heavy-tailed term for j > Jy is that even in the case
when £(x) is a heavy-tailed prior, no additional assumptions on the distribution
wu(x) or B, are necessary.
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3.5. Does f € Bl’,q a priori? More about prior odds Bj,. So far, the choice
of the error model 7n;(-) was in the limelight. The main assertion about &(-) was
that it should not have faster descent at 00 than n;(-). However, it is £(-) that
determines whether the regression function f (x) belongs to a Besov space B, q 4
priori. Namely, the following statement is valid.

THEOREM 8. If£(0), vj and B, are such that

o0
(3.40) / 10| Dg(9) do < oo,
—00

o0
(3.41) Tim_ 3 [zj(r+1/2>ﬁ;ll/pv;1]mm<p,q) <o,
j=L

then f € B), , a priori with probability 1.

It is easy to see that condition (3.40) requires £(-) to have at least max(p, g) > 1
finite moments, which immediately eliminates the Cauchy prior from the list. On
the other hand, any prior with exponential descent ensures validity of (3.40).

COROLLARY 4. Let p >2, g > 1 and Bj, = (/n/vj))* with a > 0 as
0<j<jo. Letalso

J—1
; —min(g/p,1)
(3.42) nll)n;)lo Z ,Bjn < 0.
j=jo+1

If the values of v; are given by (3.12) and &(0) satisfies assumption (3.40), then
f € B}, , a priori with probability 1.

Note that in the case when condition (A3) holds (Theorems 1 and 3), Corol-
lary 4 can be applied. In order for one to be able to choose & > 0 in Theorem 1,
condition (A4) should hold with § > 2r — 1. Condition (3.42) is needed since
Theorem 1 puts absolutely no restrictions on the values of 8, for j > jo. The
inequality (3.42) holds when, for example, B;, = (v; /+/n)*" with o) > 0. The
restriction (3.23) does not affect (3.42) since it imposes not small but large values
of Bj, for j > Jo. However, the case when condition (A3) is violated is trouble-
some since it calls for smaller values of 8, [see (3.19) in Theorem 2].

COROLLARY 5. Let 1 < p <2and v and Bj, be determined by Theorem
5 or 6. If (3.40) holds, Bj, = (/n/vj)* for j < ji where

a1 € (2p, 00), ifj =< jo
3.43 = v . .
(3.43) « {azE(Zp(r—i—l),OO), if jo<j < Ji,
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and

J—1
. —1 i
(344) nli)ngo § [ﬁ]n /P]mm(p,q) < 00,
Jj=j+1

then f € By, , a priori with probability 1.

Note that Corollary 5 is applicable under the conditions of Theorems 5—7 when-
ever assumption (3.31) on 7;(-) holds with y > 0 or v large enough, so that
conditions (3.32) and (3.43) on « can be satisfied simultaneously. Again, assump-
tion (3.44) is necessary since Theorems 5—7 put almost no restrictions on j;, when
J>Ju

Corollaries 4 and 5 imply that in order to ensure f € Bj, . a priori almost surely,

one needs fairly large values B, for example, such that the sums } ﬁj;min(q/ -

are uniformly bounded [see (3.42)]. This fact motivates the choice 7, = 27bJ in
[1, 3], which is equivalent to B, ~ 2% In the present paper, however, we choose
Bjn = (ﬁ/vj)“, so that B, ~ 1 at the “optimal” resolution level jo. Is this a
reasonable choice? The answer is “yes” if one wants to obtain the optimal conver-
gence rate for a wide range of models.

THEOREM 9. Let conditions (A1)—(A4) be valid. Assume that p > 2, v; are
defined by (3.12) and the densities n;j(x) = n(x) are identical. If wj, = 0@~
with b > 0, then for some positive C
Ru(B}, 4 (A). [) = Cumn™2/Cr+D

with u(n) = [r;_l(n_b/(2r+l))]2r/(r+l/2) — 00.
In particular, u(n) ~ (Inn)#/@+Y ifn(x) is a normal p.d.f., u(n) ~ (Inn)*/@+H

if n(x) is a double-exponential p.d.f. and u(n) ~ pbrir+1/2?+o)1! if n(x) ~
x|~ G gs |x| — oo.

(3.45)

4. Discussion.

4.1. Discussion of the simulations. The case of the present paper is an occa-
sion where extensive finite sample simulations have been carried out a few years
before theoretical properties of the estimators have been studied. Clyde and George
[8] discuss wavelet regression with errors being a scale mixture of normal errors
and the priors on wavelet coefficients of the forms

ijl)»jfk,)/jk NN(O,UZCj)/jk/)»’;k), ’;k ~h*, yjk ~ Bernoulli(r ;).

They consider threshold shrinkage and multiple shrinkage estimators, both based
on the posterior mean, with the difference that the first one is calculated conditional
on yj; and data, while the second one is conditional on data only. Similarly to
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Johnstone and Silverman [17, 19], the authors estimate hyperparameters by max-
imizing marginal likelihood. They show that their estimators are computationally
competitive with standard classical thresholding methods and also perform well
in the case of nonnormally distributed errors. It is easy to check that the multiple
shrinkage estimators of Clyde and George [8] coincide with the ones proposed in
the present paper. Simulation study shows (see Figure 2 of their paper) that mul-
tiple shrinkage estimators are superior to the threshold shrinkage ones; therefore,
the authors use multiple shrinkage estimators in their later simulations.

Clyde and George [8] suggest several choices for the prior and error distribu-
tions (normal prior—normal errors, normal prior—Student ¢, errors, t, prior—t, er-
rors, etc.), but the only cases that made it to the actual simulations are normal
prior—normal errors (N), Cauchy prior—t5 errors (C5) and uncorrelated but depen-
dent #5 errors and prior (TS5). Note that all of the three models satisfy Corollary 1
and are asymptotically optimal in Bl”,q with p > 2 without additional assumptions
on the error. Hence, though no studies for the less favorable cases are presented
in the paper by Clyde and George [8], they probably have been eliminated as the
ones producing inferior results.

Clyde and George [8] run simulations for the by now traditional test functions
“blocks,” “bumps,” “doppler” and “heavisine” proposed by Donoho and Johnstone
[12] and report results for three types of actual error distributions: normal, t5 errors
in wavelet domain and #5 errors in data domain (see Figures 3, 5 and 6 of their
paper). Before discussing Clyde and George’s [8] findings we want to draw the
reader’s attention to the fact that their enumeration of resolution levels is just the
opposite from ours: their highest resolution level is the most coarse while ours is
the finest one.

Clyde and George [8] state that empirical Bayes wavelet estimators based on
the models N, C5 and T5 are in the majority of cases superior to the traditional
thresholding rules. However, they have no tool to explain the discrepancy in the
performances of these three models, and discrepancies in the performance of vari-
ous Bayesian models in general. We now are ready to make this final step.

While performing simulations with normal errors the authors discovered that
model N gives somewhat better precision than the T5 and C5 models. The results
reverse when the error has the Student #5 distribution in the wavelet domain: mod-
els TS5 and C5 lead to smaller MSE than model N. Clyde and George [8] remark
that “performance of all the estimators tends to be worse under heavy-tailed error
distributions” and that “the performance of N worsens the most.” However, this is
not surprising in view of the findings of Section 3.2. Note that heavy-tailed error
distributions lead to increase in variance, and model N is the most vulnerable to
this increase. Recall that at high resolution levels the variances of Bayesian esti-
mators of the wavelet coefficients are bounded by a constant times n/ v;‘ for the

models with A, = 0, while for the model N they are proportional to n/ v? times the
variance of the wavelet coefficient. This is the reason why the growth of the vari-
ance decreases efficiency of model N the most. The same phenomenon (although
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somewhat milder due to the central limit theorem) carries over to the case when
the errors have t5 distributions in the data domain.

The above also explains why Bayesian models show the least discrepancy for
the “bumps” test function. This function, as Figure 4 of [8] shows, has the smallest
value of prior variance which translates into higher v; in our notation. This leads
to a higher proportion of the bias component in the overall error, and, by far, the
highest value of the overall error among the four test functions. Hence, the variance
component has the lowest weight in the overall error for the “bumps” function, so
that all three models, N, C5 and T3, show similar performance in this case.

4.2. Discussion and summary of the models. Table 1 summarizes compari-
son of the Bayesian models carried out in the previous section. We assume that
1n;(-) =n(-) are identical and consider three choices for £(-) and 7(-): the normal,
the double-exponential and the ¢ distribution.

The choices of & and 7 are listed in the first row and in the first column, re-
spectively. The table presents asymptotic expressions for n>"/ > +D R (n, B}, (A)),
which we denote by A; when p > 2 and A when 1 < p < 2; hence, A1 and A;
show deviation from the “ideal” rate O (n~2"/+D). We also introduce the com-
mon parameter ¢ = 4r + p(2r + 1). The case of the mixture distribution for errors
is not covered by the table since it mimics the normal n—normal & or normal n—
heavy-tailed &, depending on whether £ is normal or heavy-tailed, with the only
difference that the restriction (3.22) or (3.23) on the unknown distribution @ or
Bjn» respectively, is unnecessary. To be more specific, we distinguish the situations
when we have a mixed model (2.5) or a normal model [A; = 0 in (2.5)] for errors.
If both models give the same results with no additional assumptions, we leave the
cell of the table unmarked; otherwise, if assumption (3.22) or (3.23) is required,
we mark the cell with <>. The cells where the additional assumption (3.19) on 8,
Jj < jo, is required are marked with A.

Table 1 provides a comprehensive comparison of the models. As one can see,
for spatially homogeneous Besov spaces (p > 2), the models of choice are the
models which provide the optimal convergence rate, N-N, DE-DE, DE-T and T-
T, where N, DE and T stand for normal, double-exponential and ¢ distributions,
respectively; the first letter gives the choice of 1 and the second that of &. These
models provide optimal convergence rates with very few restrictions [only (A3)
and (A4)], and no additional assumptions are required if the errors in (1.1) are not
normally distributed. The models N-DE and N-T provide optimal convergence
rates up to a logarithmic factor; however, the main flaw of these models is that
they are sensitive to slow descent of the error distribution p at oo: if (3.23) is
not guaranteed, additional assumptions (3.22) on B, for j > Jy are necessary. To
avoid this feature of N-DE and N-T models one can use models with the mixture
error distribution (3.36), where ¢ (-) is a heavy-tailed p.d.f. We shall denote these
models by N¢—N, N¢-DE and N¢-T, depending on the choice of £. Note that



TABLE 1

Comparison of various models

£(x) Normal Double-exponential t-distribution
L ( x2> L ( |x|) L (1 +1)/2) ()~ /2
= exp(-2 — exp( ="
n(x) Jrro} P\ 20 200 P\ o T (v1/2)(1+ (x2/vy)1+D/2
Normal A1 =0(1) Ay = O((nn)l/@r+D) A1 = O((Inn)!/@r+D)

L e x> )
«/27:03 203

Double-exponential

1 ex ( |x|)
20 P )

t-distribution
T((vg +1)/2)(vym)~1/2

T (v9/2)(1 + (x2/vg))o+D/2

if oy < oq or (3.19)

Ay = 0((Inn)¥/s)
if \/Ea <o0p <01

Ay = O (n?/(@r+DCr+2)))

A
Ay = O(n2r/(@r+D@r+2))

A

Az = O((Inn)*)

K max ’
S 21 + 1

&
Ar=0()

if o9 <oy or (3.19)

Ay = 0((Inn)3'/s)
if og <o

Ar=0()

Ay = O0((Inn)*)
<4r 1
Kk =max| —,
¢ 2r+1
<

Ar=0()

Ay = 0((Inn)8'/s)

A1=0()
if vg > vy or (3.19)

Ay =0n® (Inn)~P)
if vg > vy
2r 42

T=—— 1T
r2r + 1) (1 4+ vg)

)

A =n?/CrTOR, (BY (A), f)withi=1if p>2andi=2if 1 <p <2.

c=4r+pQ2r+1), o2 is the true error variance.
< requires assumption (3.22) or (3.23) for non-Gaussian errors in (1.1).
A requires assumption (3.19) on B, j < jo-
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models N¢—DE and N¢-T behave similarly to N-DE and N-T but do not require
assumption (3.22) or (3.23).

The situation changes if one considers spatially nonhomogeneous Besov spaces
(1 < p < 2). In these cases, the model T-T becomes suboptimal while N-N,
N-DE, N-T, DE-DE and DE-T still provide optimality up to a logarithmic fac-
tor. The model N-N, however, requires the very restrictive assumption 002 > 202,
which can cripple empirical Bayes inference on parameters of the model. The mod-
els N-DE and N-T still require additional assumptions on B, for j > Jy in this
case. Hence, the models of choice in this situation are DE-DE, DE-T (although
they have a slightly higher power of the log-factor), N¢-DE, N¢-T, or N-DE and
N-T if one is sure that the error distribution has fairly fast decay.

The T-DE model provides optimal convergence rates in spatially homogeneous
Besov spaces but only under condition (3.19) which, as one can see from Corol-
lary 4, prevents f € B; o a priori. Hence, this model is inferior to DE-DE, DE-T
and T-T and, for this reason, has not been studied in the case of p < 2. Note that
N-N, DE-DE and T-T require condition (3.19) if o9 > o1 or vp < vy.

The least advantageous choices in terms of asymptotic convergence rates are
DE-N and T-N. Not only do these models fail to provide optimal convergence
rates but they also require assumption (3.19) which prevents f € B, a priori.

Section 3.5 allows us to supplement our comparison with some restrictions on
£(-). In order that f € B;q, condition (3.40) requires p.d.f. £ to have at least
max(p, ¢) finite moments. Hence, condition (3.40) prevents f € B, whenever §
is a p.d.f. of the ¢ distribution. In general, Theorem 8 calls for prior distributions
with faster descent at =00. However, it should be noted that the considerations of
Theorem 8 have no bearing on the asymptotic convergence rates of the estimator.

Finally, some recommendations for a choice of a model can be drawn. If the
errors in (1.1) are normally distributed, one can use DE-DE, DE-T, N-DE and
N-T models which ensure optimality (up to a logarithmic factor) in both spatially
homogeneous and nonhomogeneous Besov spaces. However, if the normality as-
sumption is violated and errors may have a heavy-tailed distribution, DE-DE,
DE-T, N¢-DE and N¢-T will be safer choices. In addition, if one wants to be
true to the Bayesian spirit and make sure that f € Bj, a priori for any possible g,
then the models where & decreases exponentially (i.e., DE-DE and N¢-DE) may
seem more preferable.

5. Proofs.

PROOF OF LEMMA 1. Since Iy(d) is an even and I;(d) is an odd function
of d, consider the case d > 0. Note that

0= 1@ =dio@ — [ (@—0vmlVatd -0 dx
(5.1) L T
= dio(@) = [ (/v (v;(d = ) dz < dlofd)
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since the integral in (5.1) is nonnegative. Thus, I1(d) <dIy(d). U
Proof of Theorem 1 is based on the following lemmas.

LEMMA 2. Ifvj|d| is bounded or vj|v;d|*¢ //n — 0, then as v;//n — 0

(5.2) Io(d) = v;E;d)[1 + O(H—lvjzlvjd|2A§)]’
LD _ D, O(ﬂﬂ
Ip(d) n %'(Ujd) n
(5.3) )
—d— 0<M>
n

If /nld| is bounded or /n|/nd|*1 Jv; — 0, then as /n/v; — 0
(5.4)  Io(d) ~ ay(vnd)[1+ O (w7 2| /nd )],
I1(d) v '(y/nd) n 2% vn A
. ~&H———7""—|14+0|— d”") | =0 —= dim).
(5.5) Io(d) 52 ujz. n(ﬁd)[ * <v]2|ﬁ | )] (v]2 [nd| >
Here ny = [%_ x*n(x)dx, & = [°2 x?&(x) dx.

—c0X

PROOF. We shall give the proofs for (5.4) and (5.5); the proofs of
(5.2) and (5.3) are conducted in a similar manner. Change variables y = v;x
in (2.9) and use Taylor series expansion:

n 0 n
—=1;(d) =/ y’n(«/ﬁd— £y)é(y)dy
ﬁ —00 UJ'

- [l

— —ﬁyn/(\/ﬁd) - —nzyZn//(ﬁd)
V; 2vj
Vs Jad) + e d.
6v;

Letting i =0 and i =1 in (5.6) and taking into account that £(-) is an even func-
tion, we obtain (5.4) and (5.5). [l

LEMMA 3. Let o(n) be defined by (3.20) and (3.21) and let o be as in (2.5).
Then

(5.6) Edjk—0;0)" =0m™), i=1,2
(5.7) P(Vuldjx —0jx] > av/lnn) = o(n=*/), j < Jy;

(5.8) E[(djx — 0;)*I(vnldjx — 0jkl > 0(n))] = O (n~ /1),
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PROOF. Validity of statements (5.6) and (5.7) follows directly from the fact
that [cf. (2.5)]

dix —0jx ~ (1 — A )V/n(v2ro) ' exp{—nx?/(20%))

5.9

+ Aj/nu(y/nx). U

LEMMA 4. Let ¢ and  be boundary coiflets introduced in [18, 19] pos-

sessing s > r vanishing moments and based on orthonormal coiflets supported

in[-S+ 1,81, s <S§. Assume that p > 1, r > max(1/2,1/p, rp), where r is

defined in (3.1) and L > log,(6S —6). If f € B;ﬁq (A), then for some absolute
positive constants Ay and Aj

J—12/-1
(5.10) Z Z (é’jk _ @jk)Z < Ap~¥/@r+h,
j=L k=0
2/ -1
(5.11) Z QJZk < A22—2j[r—(l/p—l/2)+]‘
k=0

PROOF. The proof is based on Proposition 5 of [18], which under conditions
of Lemma 4 can be written as

271
(5.12) > 10k — 0l” < AC(r, p, @, y)2 " IPHA/P=1/2ip,
k=0

To prove (5.10), consider cases p>2and 1 < p < 2 separately. If p > 2, the
Holder inequality leads to Zk -0 (ij— ]k)Z 02/ +2(/p=1/2)j2j(1=2/p)) =
0(272"7). Adding the terms together we obtain

J—12/-1

Z Z (ejk - ]k) = 0(2 2—2r1> — O(n—l Inn) = O(n—Zr/(2r+1)).

j=L k=0

If 1< p <2 then Y75 @ — 60 < (Cis' 0 — e,kV’))Z/P =
0~ 2/+2(/p=1/2j)  Summing the terms, we arrive at Z - i;ol(ejk —
Jk)z 0 Q2 0+1/2=1/p)y — O (n=2/Cr+D)) provided r > r,.

To derive (5.11), note that 0 e B oo (A), where with some abuse of notation

2—192 _

we use B, to denote Besov space of infinite sequences. Hence ) ¢ k=

0(2%ir= (1/1’ 1/2+)), which in combination with (5.10) yields (5.11). O
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PROOF OF THEOREM 1. Since the wavelet basis is orthonormal,

2L
Ru(B}, ,(A), f) =) E@ —6)°
k=0
(5.13) J-12i-1 ) 00 2/-1
+ 2 2 EO@p— 00+ 30 Y 03
J=L k=0 j=J k=0

Observe that the first term in (5.13) is bounded by 2 22 . [Var(@k) + (6 — Gk)
O (n~"), while the last term is bounded by A2~/ = O(n 21y due to (5.11). By
Lemma 4, the second term in (5.13) is dominated by

J—=12/-1 J—=12/-1
G149 DY EG—-00*<2> > E@jk — 01 + Aon™,
j=L k=0 j=L k=0

that is, the main contribution to Rn(B;ra,q(A)’ f) is made by the first term
in (5. 14) Therefore, we need to construct an asymptotic upper bound for R =

ZJ sz o E@ ik —01)* = R + Ry with

jo 27—1 -1 2/-1
(5.15) Ri=Y 3 E@j—0,0% Z Y E@i— 00
j=L k=0 J=jo+1 k=0

Let us examine each of the terms in turn. Denote

(5.16) Ajn(d) = Bjn/nnj(v/nd)/Io(d)
and note that R; < 2(R1; + Ri2) where
jo 271 2
11 (djx)
Ry = E( - 9'k> ,
ng ,Z;) Idj) 7

jo 2/-1 . . 2
R = Z Z E<Ill(djlj4)/10(d]k) _ 11(djk)> '
J=L k=0 +Ajndjr)  lo(djx)

(5.17)

To establish an asymptotic upper bound for Ry observe that by combination of
Lemma 2 and (3.8), for j < jo

E(L(dj)/To(dji) — 0x)’
< 2[E(L(dji)/To(dji) — dj)* + E(dji — 0j1)°]
= O(E(vjdy/n*) +vi/n* + 07 /n)
= 005 /n* +vi/n*+ 0% /n),

(5.18)



792 M. PENSKY

so that by (3.14)
Jo
(5.19) R11=0<Z[2 20r 4 n? 42702 +2f/n]> O(n2/Cr+D).

In the case of Rj», note that Rj» = R»1 + R12» where

Jo 2/—1 2

Iidjr)  Ajn(dr)

Roi=)Y §:E( I(V‘|d'k|>ca)) :
T a S @ T+ A

(5.20)

Jo 2/—1 2

Lidjr)  Ajn(djr)

Ry = E E E( I(V‘|d'k|§C5)) .
BT a S T+ A

For Ry, recall that since v; < /n and by assumptions (A3) and (A4)
NV _ o [(«/ﬁdjk)“‘sﬂj(«/ﬁdjk)]2”3‘”8 e v
gz(dejk) = (dejk)2+677j(vjdjk) n2+8 = &M 048

By (3.16), (5.16) and since é§ + (2r + D™'> @r 4+ D712+ 8) — 1, the latter
implies that

(5.21)

jo 27—1

R = (Z Y By n ‘(”‘”[E(d,-k—ejk)2+9_,?k]>
j=L k=0

(5.22)

1/@r+1)+8
_ 0( ~2r/@r+1) Z 8 ( ) ) — O(n /@),

For the sake of construction of an upper bound for Rjz;, note that since
vjldjir| < Cs we have Io(djx) ~ viE(vjdjx) > vj&(Caq). Thus, by x/(1 + x) <
min(x, 1), we derive that A ,(djx) = O(min(l, 5}nnv;zn§(ﬁdjk)). Let aj, be

a unique positive solution of ﬂjznnvjfzn%(a jn) =1, that is,

(5.23) @ =5 (w‘?}fx)

Since n;(x) are decreasing as x > 0, A, (djx) < 1iff |djx| > ajn/ﬁ. Hence, by

condition (A4), [d2k min(1, A2 Ldi)] = E[d2k1(ﬁ|djk| < aj)l +
E[d% B3,nv7 > n3 (Vnd )1 (/n |d,k| > ajn)], so that

(5.24)  E[dj, min(1, A%, (d;0)] < a3, /n+ ,8]2~nnv Sag,al,/n=2a3,/n,

since xn;(x) are nonincreasing functions of x for x > 0. Now, note that,
as vj|x| > Cs, by condition (A4) |x|**%n;(x) < C3n;(Cs) < C37n;(0) <
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C3TCepE(0) = C}. Therefore, nj(x) < Cy|x|~*+) for any x and n;'(2) <
CPz=1/@+9) Let B}, = (/n/v;)". Then, from (5.16)

— 1 1 2468
Combining (5.20), (5.24), (5.25) and Lemma 1, we derive

jo 2/—1
Ripp=0 <Z Z E kaln(l A (djk))])
j=L =0

Jjo 271
— O<Z Z I’l n/v (1+(¥)/(2+5)>

j=L k=0

(5.26) Jo njr gy qH®)/2+d)
o235
Vi

j 2r+1)j 11/ @r+1)—(14a)/(2+8
:n—zr/<zr+1>0< ; [2< r+ n}[/(r —(a( )])

j=L

— 0(n—2r/(2r+1))
since (1 + a)(2r + 1) < 2 + 6. Combination of (5.19), (5.20), (5.22) and (5.26)
ensures that Ry = O (n~2/@r+1),

Now, consider Ry given by (5.15). Since |éjk| <I|Ii(djr)/Io(djr)|, by combi-
nation of Lemma 2 and (3.10)

w0 £ Fe(i) )

j=Jjo+1 k=0
J—1 2/-1 2Ed2
—o( ¥ ¥ [Ee " )
(5:27) j=jo+1 k=0 vj

J—1

0( Z [Zjn2—1(4r+2) + 2—2jr])
J=Jjo+1

— O(n ¥/,

which completes the proof. [

PROOF OF COROLLARY 1. Proof follows directly from Theorem 1 by
Lemma 2 whenever Az = A, = 0. If £(x) and 7n;(x) are normal p.d.f’s, validity
of (3.8)—(3.10) can be verified by direct calculation of Iy(d) and I;(d). O
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PROOF OF COROLLARY 1*. Using properties of the Fourier transform and
formulae (8.432.5), (8.468), (3.944.5) and (3.944.6) of [15], one can show by
direct calculation that |I{(d)/lo(d) — d| = 0(|d|vj/ﬁ), Io(d) ~vj&(v;d), if
vj//n — 0 and |I1(d)/Io(d)| = O(/nld|/vj) if vj//n — o0, so Theorem 1
remains valid. [

PROOF OF THEOREM 2. It is easy to see that condition (A3) is used only
for derivation of the Ryz; term in (5.20). Since I (v;|dji| > Cs) < I(ﬁ|djk —

ikl > avInn) + I (vjldjx| > Cs)I (vjld;k| < vjl0k| +av;/~/Inny/n), we have
R121 = R1211 + R1212. Here, by Lemma 3,

Jo 2/-1
R =0 (Z Y E[d}I(Vnldjx — ,k|>av1nn)])

j=L k=0

Jo 2/-1
= 0(2 Y [EWji =60 + 05 P(Vnldji — 6] > aVInn)]>

j=L k=0

Jo

_ O(n—Zr/(Zr—l—l)) + O(Z 2—2jrn_a2/2(72> _ O(n—Zr/(Zr—H))’
Jj=L

provided a’ > 4rc72/(2r + 1). For Rj312, comparing with (5.21) and (5.22), take

into account that v;[0;;| < B127/2 and vj«/lnn/\/ﬁ = 0(2//?). Using (3.19), ob-

tain

Ripip=0 (IJZOLZICJZOI[ﬁJZ”<_')1+6<vj|9jk|+a%my
x U (v]|9]k|+a\/ﬁ«/E)D

Jo '82 1)2. 1+6 )
— O(Z ./Il. (#) 2JU2(2312]/2)> — 0(n—2r/(2r+1))'

22r j

Jj=L O

PROOF OF THEOREM 3. Note that since condition (3.10) is no longer valid,
we need to derive new upper bounds for R,. Note that [0 — 60| < [0x| + |0«]

and ZJ =jo+1 sz ! 02 = O(n~2/@*D) 50 we shall be concerned with the [0 |

term only. Partition Z j > 67 62 5 into the sum over jo < j<Jopand Jo+ 1</ <
— 1 and denote the respectlve sums by Rz and Rjy.
To analyze R3 note that |9]k| <11 (djx)/1o(djr)| and that

1 < 1(V/nl0jk| > avnn) + I (/nldjx — k| > avlnn)

(5.28)
+ I(v/nldjx — 0k < avlnn)I(v/n|0jk| <avinn).
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Hence R3; = R31 + R3» + R33, where by Lemmas 1 and 3

Jo 2/-1
R31=0 (Z > E[d} 1 f|9,k|>a«/ﬂ)]>

j=Jjo+1 k=0

(5.29) ( f: 2]2:1[ ]k+E(djk_ k) I( Q}k )])

2
it k=0 a“Inn

— 0(n—2r/(2r+l))’

Jo 21
Ry =0 ( Z Z ]kI \/_|djk_ Jk|>a\/ln—n)])

Jj=Jjo+1 k=0

Jo 2/-1
=0< Y Y [VEWj -0

Jj=Jjo+1 k=0

(5.30) <\ P(Idji — ji15/n > av/nn) +912k]>

Jo 2/-1
— 0( Z Z [n—ln—Zr/(Zr-H) +9]2k])

j=jo+1 k=0
— 0(2J0n—(4r+1)/(2r+1)) :O(H—Zr/(Zr-H))

provided a? > 802r/(2r + 1). To derive an asymptotic upper bound for R33, note
that

I(Vnldjx — 6k < av/Inn )1 (v/nl0k| < av/Inn)
< I(v/nldji| <2av/nn)

< I(vnldji| <2avnn)I (f(m)*u@

(5.31) v;

n 1(%(«/@)‘)‘” - 0(1))
107 Wa(Valdel)" = 0) + 127D = 0 (n(nny*)).
Note that Lemma 2 and /nv; ' (v/nldji[)* — 0 imply that
E[[(dj)/ T 1 (v ' Va(/nldjil)" — 0)]

= 0 (nv;* (Valdj)) " 1(v; ' n(Vnldje )" — 0)
=0W; ) =02 ¥*h)
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Therefore, by calculations similar to (5.27), the portion of R33 corresponding to
the first term in (5.31) is O (n =2/ +1D),

By Lemma 1, E[I1(d;x)/Io(djx)]> = O(Eldjx — 0jx1* + Q}k), so the second
term in the portion is

Jo  2/-1
( Z Z[n ][ 2 = 0(nl/(Zr-H)(lnn))»n/(Zr—H))])

Jj=Jjo+1 k=0
— 0(n—2r/(2r+1)(lnn))\n/(Zr—l—l))‘

Consequently,
(5.32) Ry = 0(n—2”/(2r+1)(lnn)kn/(2r+1))’

and (5.29), (5.30) and (5.32) imply that R3p; = O (n=2"/Cr+D (Inp)*n/ 2+,

Derivation of an asymptotic upper bound for Ry is, by and large, similar to
that for R3. First, assume that condition (3.22) holds. Rewrite (5.28) and (5.31)
with a~/Inn replaced by o(n) and observe that under assumption (3.22) the sec-
ond indicator 1(2/®"*D = O(n(Inn)*)) in (5.31) vanishes. Now, same as be-
fore, R41 = o(n=2/@+DY) and Ry = O~/ *D) by (5.8). To ensure that
R4z = O(n=2/(Zr+h) repeat calculations for the R33 corresponding to the first
term in (5.31).

If assumption (3.22) is violated, the only term in the proof which is af-
fected is R43. Namely, the second indicator in (5.31) does not vanish. Re-

call that Ry3 = O(XIZh | T2V EI63 1 (Vnldjel < 20(n))). Since 18] <
|1 (dj)|/[Bjn/nnj(v/ndji)] and |11 (d)| < n(0)/nv; " [%3, 12|(2) dz, we derive
that, by (3.23), R43 = O(Zj’.:}o T Zi]: oL E[Bjnvjnj(20(n))172). To complete the

proof note that the assumption that  has at least four finite moments implies that
o(n) <,/Cun"/@ D Consequently, Ry3 = O (n=>"/CrtD)y O

PROOF OF COROLLARY 2. The proof follows directly from Lemma 2. [

PROOF OF THEOREM 4. The fact that condition (3.25) replaces (3.8) affects
the term Ry only. Denote A jx = I1(djr)/1o(djkx) — 11(0x)/10(0j1) and observe
that

J—12/-1 )
(5.33) Ri1 =2 Z Z [E(I1 0j) /10O jr) — Ojk)” + EA?,(] =2(Ry11 + Ri12).
j=L k=0
For an upper bound on Ry note that (5.11) implies that |0| < VA2 50 that
Wjl0k)v; /= 021 T/2+1/2) | /). The last expression does not turn to
zero only if 2/ > Cn!/Z+14%8) for some C > 0. Also, it follows from Lemma 2
that

(5.34) 10 vi/n—0 = |01/ IoOjk) — Okl = O(1//n).
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Hence,

Jjo Jo 291
Ry = O(Z 2j/n> + 0(2 Y 0nI[2 > Cnl/(zr“ﬂs)])

j=L j=L k=0
-0 (n—2r/(2r+)xg+l))‘

To examine Rjpj» consider three separate cases. If both (vj|9jk|)X5 vj YN
and (vjldjkl)kévj/\/ﬁ tend to zero, then A <|I1(djr)/Io(djk) —djik| + |dji —
Oikl + h(@x)/1ojr) — Ojk| and, by Lemma 2 and (5.34) we
have EA%k = O(1/n). Consequently, the respective portion of Rjyjp is
O(n=2/@r+y If (vj|9jk|)Aé v;j/+/n does not tend to zero, then, as was men-
tioned earlier, 2/ > Cn!/@"+14%) for some C > 0. Hence the respective por-
tion of Rz is O(Zm LZZI ! k1(2j > Cpl/@r+l+re)y 4 E(djx — ij)z]) =
O(n=2/@rtre+Dy - The third case occurs if (v;|0jx))*v;//n — 0 but
(v]|djk|)kévj/\/7 does not tend to zero. Then A?k = 0{/n) + O(ldjk —
Jklz) + O0(d? ) and f|djk — Ojk| = C*(n/vz)(ké“)/”‘f. Considering cases
n/v? 7> Inn and n/v? ;< Inn separately and applying Lemma 3, we obtain
Ripp = O(n~2/@+itDy O

The proof of Corollary 5 is based on the following lemmas.

LEMMA 5. Let §(-) and n;j(-) = n(-) be such that |11(d)/Io(d) — d| = |d|/2
ford = JAJ2270" with iy < jo. Then R(n, H" (A)) > (A/8)2~ 20",

PROOF. ~ Consider f(x) =67 Wiy 0(x) with 67 o = /A/2270" iy > L. It is
easy to check that 6;, 0 = 9;‘(‘)70 and 6k = 0 otherwise. Thus, the coefficients 6
satisfy condition (5.11) with A, = A and p = 2. For this function f, under the
condition of Lemma 5, the bias term exceeds R| > C2 L Zzl ! szk = 610’0 >
(A/8)2 210r

]

LEMMA 6. If&(x) is a p.d.f. of the normal distribution and n(x) is a p.d.f.
of the double-exponential or the Student t distribution, then Lemma 5 holds with
io=Q2r+2)"! log, n.

PROOF. Letv;//n— 0,andd = VA/227I" If n(x) is the Student ¢ distrib-
ution, then direct calculations show that |11 (d)/Io(d) —d| ~ |d(C1,<72/(vja’)2 -1
where C,, is a constant depending on the degrees of freedom of the ¢ distribution;
hence |11(d)/Io(d) — d| > |d|/2 for j > iy with 270 > p1/@r+2),
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In the case where n(x) is the double-exponential distribution, |I1(d)/Io(d) —
d| ~|d—o*/nv —2| > |d|/2 for j > io with i satisfying 2/0 > (8no4A 1/ @r+),
O

PROOF OF COROLLARY 3. Corollary 3 follows directly from Lemmas
Sand 6.

The proof of Theorem 5 is based on the following lemma.

LEMMA 7. If f € B}, ,(A), then for b >0

2/ -1
Z Z 9]2]{1(\/;|9]k| 5 (lnl’l)b) — 0(n—Zr/(Zr-H)[lnn]4br/(2r+l))’
j k=0
2/—1
Y3 0 (Valojkl > (nn)?) = 0 (n =2/ F D [Inn] Y.
j k=0

PROOF. The proof is an adaptation of the proof in Donoho, Johnstone,
Kerkyacharian and Picard [13]. [

PROOF OF THEOREM 5. Similarly to (5.15), partition R as R = R1+ Rs+ R»
where R, Rs and R, correspond to j < jo, jo < j < ji1 and j > jj, respectively,
and consider each term separately. Note also that in condition (A4), § can be made
as large as one desires if y >0and § <v —2if y =0.

Low resolution levels: j < jo. Note that v; is chosen so that v;//n = o(1)

and ZJO L Zzl 1(n_2vJ2 +n 2y ;‘02 ) = O(n~2/r+D) 5o that the upper bound
(5.19) for Ry is still valid. Partition Ri2 = Ri21 + Rji22 as in (5.20). Consider
the cases y > 0 and y = 0 separately. If > 0, then taking into account that
vjldjk| > Cs,

2

5 ( ndj) v/2 .U
o e sl {(3) et

§-(vjdjk) V7 N
for any v > 0. In the case y =0,

m; (Vndji) (1+vid3)"/? v; 7Y
oo o[ 4])
£2(vjdjk) (1 4+ nd%)v/? Jn

Hence, following (5.22) and denoting u = v for y > 0 and u = v for y =0, we
obtain

(5.36)

Jo
Rip = 0(2 n—(u—l—a1)22j[m1(u—l—a1)—(r+1/2—1/p)])

(5.37) =

— O(n~2/@r+D)
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provided «; satisfies (3.32) if ¥ > 0 (we have no restrictions on « if y > 0). The
last term, R172, we partition into R12p = R1221 + R1222 depending on the values of

Vn|0jk|. Here

jo 271
Rini = 0(2 Y E[d3 min(1, A3, (dj©) ] (Vnl0jk] < (lnn)b)])

j=L k=0

(5.38) Jo 21
= 0(2 Y [T 05 I(Vnlojl < <1nn>b)]>

j=L k=0
— 0([n(lnn)72b]72r/(2)’+1))

by Lemma 7. For Rj72,, repeating (5.24) and (5.25), we derive

Jo 27-1

(539) Rip=0 (Z D VP (IR Y (ﬁ|9,-k|><lnn>")]2).

j=L k=0

By assumption on the decay of n; we derive that

Clin(n/v)]V” if y >0,

_ 14+«
(5.40) " 1([vj/f] + N < [C(n/vz)(pra])/(zv) if y =0.

Consider the two cases separately. If y > 0, then by (5.40) and Lemma 7,

1 2/y Jo 2/—1
Ri220=0 <(nn) Z Z \/”_l|9jk|>(ln”)b))

(5.41) s

— 0(n—2r/(2r+1)[lnn]2/y—pb)‘

Now, to obtain (3.34), choose b minimizing max(4br/(2r + 1),2/y — pb). If
y =0, then using (3.32) and (5.40), we derive by direct calculation that

Jo
Ri220 =0 (Z n12/ (n/vjz,)(l-ml)/v)

j=L
O (n=2/ @D+ (e 0@r+10)(1/p=1/2)),

(5.42)

which agrees with (3.34).

High resolution levels: j1 +1 < j < J — 1. Repeat (5.27) with jp replaced
by ji. Then R, = O (n~2"/@ D) follows from (3.29) and (5.27) and from the fact

J —
that Y771 | Yp2g! n/vd = O (n=2/@r D),
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Medium resolution levels: jy < j < ji. Partition Rs = Rg + R7 where

1 2i—1
(5.43) Re= Y Y E@j—0;)°1(v/nl0jr| > (nn)),
j=jo+1 k=0

and R7 has < instead of > inside the indicator function; then further partition Rg
into Re; and Rgy in a manner similar to (5.17). Repeat (5.18) and note that m» is
chosen so that

27—
(5.44) Yo Y i P+ onvin A= 0(n ¥/,
j=Jo+1 k=0

Then, by Lemma 7,

(Z 2"21[3 O] +azl(ﬁ|9jk|><lnn>b)]>
n2

j=jo+1 k=0 n
— O(nY/CrHDy,

(5.45)

Partitioning Rep further into Rep1 and Rgp7 in a manner similar to Rip; and Ry
in (5.20), we derive

i 27— 9
Lidir) Aindi) (vildik] <C
R()Zl =0 E E E|: 1( fk) ./”( Jk) (le jk| = 8)i|
it kim0 Hotdjo) L+ Ajn(dji)

5.46) 1(v/nl0jx| > (lnn)b))

:0( —2r/(2r+1) +O( Z ,82 2+25 (1+8)2—2j(r+1/2—1/p))
Jj=Jjo+1
_ 0(n—2r/(2r+1))

by Lemmas 1 and 7, (5.21), condition (3.32) on «; and the choice of m;. For Rep»
we obtain an upper bound similar to (5.39):

12—l
(547) Ren=0 ( Yoo > ([vj/v/n ] I(\/ﬁ|9‘ik|>(lnn)b)>.
Jj=Jjo+1 k=0
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In the case where 7;(x) has exponential decay (y > 0) we just repeat (5.41) to
obtain (3.34). In the case y = 0 denote (1 + «a»)/v = h and observe that

g1 27-1
Rexn = 0< Yoo X T ) (Vo > (hm)”))

Jj=Jjo+1 k=0
(5.48) L e e L TN [
= pb 22j(r+1/2—1/p)
Pl (Inn)r? 2

— 0(n—2r/(2r+l)+h(1/p—1/2)(r+1)/(r(r+1/2)))’

which agrees with (3.34). Now, to complete the proof we need to consider the
term Ry given by (5.43). Since

|éjk_9jk|5|11(djk)/10(djk)—djk|+ |djx — 0kl
1+ Aj,(djr) 1+ Aj,(djr)
16kl
————— + [0«
5.49) 1+ Ajdy) 7
: 2 —1
:O(ﬁ vildjkln |djk — 0kl +|9.k|>
no 1+ Apudix) 1+ Aj(dji) I

vj |djx — 0kl
B 1+ Aj(djr)

we partition R7 into R7y, R72 and R73. Here, by Lemma 7 and (5.44)

i 27-1
Ry = 0( Yo > 0 I(Vnlop] E(lnn)b))

(5 50) Jj=Jjo+1 k=0
) _ 0([n(lnn)—Zb]—Zr/Qr-}-l))’
1 271
(5.51) Ry = 0( Z Z v?/nz) _ (n—Zr/(Zr-H)).
Jj=Jjo+1 k=0

The third term, R73, we partition into R731 and R73> where

e o i 2J'Z1E[ (djx —0jr)? }I(1<«f|9‘ < (nn)?)
BL= ) k0 (1+Aju(djr))? = VPl = e ’
(5.52) I

1 27-1 dir —0:2)2
R732=0< > E[M}I(«/a@jﬂfl)).
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By Lemma 7,

o2-1
553 T ( > 2 nT T <0501 (vl < (nn) ))

j=Jo+1 k=0
— O(n~ /D1 g 4br/CrD)y

For an upper bound for R73; note that since £(x) is bounded

E[(djk — ;0> (1 + Aju(dj) *1(v/nl6jx] < 1)

0o (x — )2
= 0(/ a —Jlk 2
—00 (1 +,3jn\/7_”}j nj(ﬁx))

X L —n(x— 9]1() /20' dx[(\/_|9]k| = 1))

2no
=037 [ Pexp(-/207) 1 4 IzD) Pz )

=0W;B;,n%)
by condition (A5). Hence, whenever «; > 0, by (5.44) we have

s 2/-1
(5.54) Ryz = 0( oy vf.n—2> = 0(n~2/Crth),

Jj=jo+1 k=0

Combination of (5.37), (5.38), (5.41), (5.42) and (5.45)—(5.54) completes the
proof.
O

PROOF OF THEOREM 6. Note that for j < ji, the derivation of the error is
identical to that for Theorem 5. When j > ji, the proof is very similar to the proof
of Theorem 3 with jj replaced by j; and A, = 1. Again, since |0x — 0 x| < 0|+
|é x| and due to (3.29), we shall be concerned with the |é k| term only. Noting that
|éjk| < 11(djk)/1o(djk)| and using the inequality (5.28), we partition the error and
derive upper bounds identical to those in (5.29), (5.30) and (5.32), which leads to
Z]1+1 Zil ! E(OJk —0jx)? = O(m=2/@ D (Inp)l/Cr+D) Derivation of the up-
per bound for Z]J.:}O 41 Zij:ol E® ik — jk)2 repeats the derivation of R4 in Theo-
rem 3, and similarly, we obtain Z]J.;}OH Z,%;Bl E(éjk — ij)z = O(n=2r/Cr+hy,

O

PROOF OF THEOREM 7. The validity of Theorem 6 follows from Theorems
1, 3, 5 and 6. The only portion of the error which needs additional consideration is
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the one corresponding to j > Jy. Recall that
_ Ajll(djk)-l-(l—)»j)lf‘(djk)
Nilo(dji) + (1 = AD15(djk) + Bjns/nnj(/nd i) '

where 7;(x) and )ﬁj’f are given by (3.36),

(5.55) Ok

I;(d) = /oo xi\/ﬁ(«/ﬂao)_lexp(—n(d —x)z/(ZGOZ))VjS(vjx)dx,
i=0,1,

11.*(61):/0o x'/ne (Vn(d — x))vjE(vix) dx, i=0,1.

Consider the cases when £ is a normal and a heavy-tailed prior separately. If £ is a
normal prior, then by Lemma 2

J—1 2/-1 A
Rg= S E@j —0j)*

j=Jo+1 k=0
J—1 2/-1 5 N 5
11 (djr) I5(dx)
5.56 =0 E ( J ) +<171) +92])
( : <j:%:+1 kg(:) |: IO(djk) Iék(djk) Jk

J—1 2/-1
j=Jo+1 k=0

If L¢ =0, then partition Rg as Rg = Rgj + Rg> where
2/ -1

w=o( 35 [B{(Rany (1)) p(H0) )

j=Jo+1 k=0

so that Rg; = O (n—2/(@r+1)) by Lemma 2 and calculation similar to (5.56), and

e o ( o sz—IEK 1(djx) )2
82 = T k=0 To(djr) + ()\p_lﬁjn\/ﬁg(\/ﬁdﬂ()
S M>]>
Vj

(5.57)  Cr.i(o0v2m) " exp{—x2/202} < c1(x) < Cro(x* + 1)1 (x)

Let ¢1(x) be a heavy-tailed p.d.f. such that

for some positive C; 1 and C¢ ». Then, it is easy to see that Ip(d) < C;i [ /n¢ x
(Wn(d — x)vjE(jx)dx ~ /n¢1(/nd). Thus, by Lemma 2 /n¢(/ndji)/
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Io(dji) = C;%g(\/ﬁdjk)/fl(\/ﬁdjk) and

o 2SN [/ o0 P ) nldji] = M)
Ry =0 L
N <,~:JZO+”§ m,-n@;f)—lz(ﬁdjk)/awﬁdjk)]z)

(5.58) J—1 2/-1
- 0( Yo Y Elmdi) AR I (v; nldj] = M)])

j=Jo+1 k=0

_ O(n /D),

which completes the proof. [J

PROOF OF THEOREM 8. The proof is based on the following obvious corol-
lary of Kolmogorov’s three series theorem: if Zy, Z», ..., Z, are independent vari-
ables such that ), E|Z,| < oo, then the series ), Z, converges with probability 1
(see, e.g., [22], Section 4.2). Since we impose priors on each coefficient indepen-
dently, it follows from the above that f € B; q if

oo 2/ -1 q/p
(5.59) Si=)Y. 21(’“/2—1/1’)‘119[ > |9jk|l’} <0
j=L k=0

where the expectation is taken over the prior p.d.f. 7,v;§(v;x) + (1 — 7;,)8(0).
Note that for a > 0 we have E|0;|¢ = Carrjnvj_“ where C, = [ |x|&(x) dx pro-
vided the last integral is convergent. If ¢/p < 1, then using Jensen’s inequality
E(|Y]9/P) < (E|Y|)4/P and the expression for E|0;|? we obtain

2/ -1 /P ;

Jr+1/2—1/p)q p 2 +1/2)q,, =4 9/P

(5.60) 51<Z;2 LZ(:) E|6k| } Z v nd)
] :

Taking into account that B;, = (1 + 7 Jn)_ we derive (3.41).
If g > p, note thatif f € Bp o then f € B’ ».,q> S0 1tis enough to consider g = p.
Repeating the previous calculation, we arrive at (3.41) again. [

PROOF OF COROLLARY 4. Plug the values of v; and B;, into (3.41) and

check that the sum (3.41) is uniformly bounded by a constant independent of n.
O

PROOF OF COROLLARY 5. Plugging the values of v; given by (3.28)
into (3.41), we derive that (3.41) holds whenever the sum S* = Z?O: 127V x

ﬁj_,,mm(q/ T uniformly bounded, where
(1/p—1/2)/2, L<j<jo
(5.61) v=4{ (A/p—-1/20+1/r), jo<Jj <

0, Jj> 1.
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Now to complete the proof, check that S* is uniformly bounded whenever (3.43)
isvalid. O

The proof of Theorem 9 is based on the following lemma.

LEMMA 8. Under the conditions of Theorem 9, for some positive absolute
constant C

" jO ) . C ﬁ
R, (B (A), >C 2—2r./]( in Vi (8—)>
(5.62) (Bpq(A)- 1) j; Pin= i\ =,

O (n 2Dy,

PROOF. Repeating the beginning of the proof of Theorem 1, we derive that
Ry(B} (A), f) = R > Ry where R, is defined in (5.15). Since for any ran-
dom variables X and Y E(X + Y)2 > 0.5EX? — EY?, we obtain that R >
0.5R12 — Ry where, just as in (5.19), Rj; = O(n~2"/@+D) Now, by (5.20)
R > R151. Consequently,

(5.63) Ry(B}, ,(A), f) = 0.5R 121 — O(n™2/%+1)
where Rp>; is defined in (5.20). Recall (5.23) and by direct calculation verify that
ojn > Cso/nv; " if and only if

—1y7—1
(5.64) Bjin = vi[an(Csv/mvi )] "
For the values of j for which (5.64) holds, A%n (djx) = 1, so that [A,(djx)/(1 +
Ajn(djx))]? > 0.25. Hence

jo 27-1
Ri21>025) " Y E[d51(Csv;" <ldjk| <ajn/v/n)]

j=L k=0
(5.65)

Jo
>0.25C2 Y 270721 (Bjn = vi[un(Csv/nvi )] 7).

j=L

Plug the value of v; into (5.65). The combination of (5.63)—(5.65) completes the
proof. Note that in Theorem 1 the choice of B;, makes the inequality o, >

C(;\/ﬁvj_l impossible. I

PROOF OF THEOREM 9. Plugging B, = 207 into (5.62) we obtain that

Bin > vilVan(Cov)]” = vz Gl @I
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Recalling that j < jo, we note that 2/ +1/2=0)y=1/2 < ;,=b/Cr+1) Hence, by
Lemma 5.62,

R (B}, ,(A), f)

- € 2T (B0 = v [Vn(Covu)] )

j=L

Jo
e Z 2_2,”(21 > [C(S\/ﬁ]l/(r+1/2)[n—l(n—b/(2r+l))]*1/(r+1/2))
j=L

= 2/ QD [y (bl @y 2/ 04 1/2)

for some positive absolute constants C and C1, which proves (3.45). To finish the
proof, consider various cases for n(x). U

Acknowledgment. The author thanks the referees for their extremely helpful
and constructive comments.

(6]
(7]
(8]

(10]

[11]
[12]

[13]

REFERENCES

ABRAMOVICH, F., AMATO, U. and ANGELINI, C. (2004). On optimality of Bayesian wavelet
estimators. Scand. J. Statist. 31 217-234. MR2066250

ABRAMOVICH, F., BESBEAS, P. and SAPATINAS, T. (2002). Empirical Bayes approach to
block wavelet function estimation. Comput. Statist. Data Anal. 39 435-451. MR1910021

ABRAMOVICH, F., SAPATINAS, T. and SILVERMAN, B. W. (1998). Wavelet thresholding via
a Bayesian approach. J. R. Stat. Soc. Ser. B Stat. Methodol. 60 725-749. MR1649547

ANGELINI, C. and SAPATINAS, T. (2004). Empirical Bayes approach to wavelet regression
using e-contaminated priors. J. Stat. Comput. Simul. 74 741-764. MR2075964

AUTIN, F., PICARD, D. and RIVOIRARD, V. (2004). Maxiset comparisons of procedures, ap-
plication to choosing priors in a Bayesian nonparametric setting. Unpublished manuscript.
Available at www.proba.jussieu.fr/mathdoc/textes/PMA-931.pdf.

BARBER, S., NASON, G. P. and SILVERMAN, B. W. (2002). Posterior probability intervals
for wavelet thresholding. J. R. Stat. Soc. Ser. B Stat. Methodol. 64 189-205. MR1904700

CHIPMAN, H. A., KOLACZYK, E. D. and MCCULLOCH, R. E. (1997). Adaptive Bayesian
wavelet shrinkage. J. Amer. Statist. Assoc. 92 1413-1421.

CLYDE, M. and GEORGE, E. I. (2000). Flexible empirical Bayes estimation for wavelets. J. R.
Stat. Soc. Ser. B Stat. Methodol. 62 681-698. MR1796285

CLYDE, M., PARMIGIANI, G. and VIDAKOVIC, B. (1996). Bayesian strategies for wavelet
analysis. Statist. Comput. Graph. Newsletter 7 2.

CLYDE, M., PARMIGIANI, G. and VIDAKOVIC, B. (1998). Multiple shrinkage and subset
selection in wavelets. Biometrika 85 391-401. MR1649120

DAUBECHIES, 1. (1992). Ten Lectures on Wavelets. SIAM, Philadelphia. MR1162107

DoNOHO, D. L. and JOHNSTONE, 1. M. (1994). Ideal spatial adaptation by wavelet shrinkage.
Biometrika 81 425-455. MR1311089

DONOHO, D. L., JOHNSTONE, I. M., KERKYACHARIAN, G. and PICARD, D. (1996). Density
estimation by wavelet thresholding. Ann. Statist. 24 508-539. MR1394974


http://www.ams.org/mathscinet-getitem?mr=2066250
http://www.ams.org/mathscinet-getitem?mr=1910021
http://www.ams.org/mathscinet-getitem?mr=1649547
http://www.ams.org/mathscinet-getitem?mr=2075964
www.proba.jussieu.fr/mathdoc/textes/PMA-931.pdf
http://www.ams.org/mathscinet-getitem?mr=1904700
http://www.ams.org/mathscinet-getitem?mr=1796285
http://www.ams.org/mathscinet-getitem?mr=1649120
http://www.ams.org/mathscinet-getitem?mr=1162107
http://www.ams.org/mathscinet-getitem?mr=1311089
http://www.ams.org/mathscinet-getitem?mr=1394974

(14]
(15]
[16]

(17]

(18]

(19]

[20]

(21]

[22]

(23]

[24]

[25]
[26]

FREQUENTIST OPTIMALITY OF BAYES RULES 807

DONOHO, D. L. and JOHNSTONE, I. M. (1998). Minimax estimation via wavelet shrinkage.
Ann. Statist. 26 879-921. MR1635414

GRADSHTEYN, I. S. and RYZHIK, I. M. (1980). Tables of Integrals, Series, and Products.
Academic Press, New York. MR0582453

JOHNSTONE, I. M. (2004). Function Estimation and Gaussian Sequence Models. Unpublished
monograph. Available at www-stat.stanford.edu/~imj/.

JOHNSTONE, 1. M. and SILVERMAN, B. W. (2004). Finding needles and straw in haystacks:
Empirical Bayes estimates of possibly sparse sequences. Ann. Statist. 32 1594-1649.
MR2089135

JOHNSTONE, 1. M. and SILVERMAN, B. W. (2004). Boundary coiflets for wavelet shrinkage
in function estimation. J. Appl. Probab. 41A 81-98. MR2057567

JOHNSTONE, I. M. and SILVERMAN, B. W. (2005). Empirical Bayes selection of wavelet
thresholds. Ann. Statist. 33 1700-1752. MR2166560

MALLAT, S. G. (1989). A theory for multiresolution signal decomposition: The wavelet repre-
sentation. IEEE Trans. Pattern Analysis Machine Intelligence 11 674—693.

NEUMANN, M. H. and VON SACHS, R. (1995). Wavelet thresholding: Beyond the Gaussian
i.i.d. situation. Wavelets and Statistics. Lecture Notes in Statist. 103 301-329. Springer,
New York. MR1364677

SHIRYAEV, A. N. (1996). Probability, 2nd ed. Springer, New York. MR1368405

SIMONCELLI, E. P. (1997). Statistical models for images: Compression, restoration and syn-
thesis. In Proc. 31st Asilomar Conference on Signals, Systems and Computers 673—678.
IEEE Comput. Soc., Pacific Grove, CA.

VIDAKOVIC, B. (1998). Nonlinear wavelet shrinkage with Bayes rules and Bayes factors.
J. Amer. Statist. Assoc. 93 173-179. MR1614620

VIDAKOVIC, B. (1999). Statistical Modeling by Wavelets. Wiley, New York. MR1681904

VIDAKOVIC, B. and RUGGERI, F. (2001). BAMS method: Theory and simulations. Sankhya
Ser. B 63 234-249. MR1895791

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CENTRAL FLORIDA
ORLANDO, FLORIDA 32816-1364
USA

E-MAIL: mpensky @pegasus.cc.ucf.edu


http://www.ams.org/mathscinet-getitem?mr=1635414
http://www.ams.org/mathscinet-getitem?mr=0582453
www-stat.stanford.edu/~imj/
http://www.ams.org/mathscinet-getitem?mr=2089135
http://www.ams.org/mathscinet-getitem?mr=2057567
http://www.ams.org/mathscinet-getitem?mr=2166560
http://www.ams.org/mathscinet-getitem?mr=1364677
http://www.ams.org/mathscinet-getitem?mr=1368405
http://www.ams.org/mathscinet-getitem?mr=1614620
http://www.ams.org/mathscinet-getitem?mr=1681904
http://www.ams.org/mathscinet-getitem?mr=1895791
mailto:mpensky@pegasus.cc.ucf.edu

	Frequentist optimality of Bayesian wavelet shrinkage rules for Gaussian and non-Gaussian noise
	Recommended Citation

	Introduction
	The Bayesian model
	Asymptotic optimality
	Assumptions
	Optimality in Sobolev spaces and Besov spaces with p >=2
	Models with strictly optimal convergence rates: normal xi-normal etaj or heavy-tailed xi-heavy-tailed etaj
	Models optimal up to a log-factor: heavy-tailed xi-normal etaj
	Suboptimal models: normal xi-heavy-tailed etaj

	Optimality in Besov spaces with 1 <=p <2
	Normal xi-normal etaj or heavy-tailed xi-heavy-tailed etaj models
	Heavy-tailed xi-normal etaj models

	Optimality of the models with mixture distribution for errors
	Does f Bpqr a priori? More about prior odds betajn

	Discussion
	Discussion of the simulations
	Discussion and summary of the models

	Proofs
	Low resolution levels: j<=j0
	High resolution levels: j1+1 <=j <=J-1
	Medium resolution levels: j0< j <=j1

	Acknowledgment
	References
	Author's Addresses

