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WEIGHTED EMPIRICAL LIKELIHOOD IN SOME TWO-SAMPLE
SEMIPARAMETRIC MODELS WITH VARIOUS TYPES
OF CENSORED DATA

BY JIAN-JIAN REN!
University of Central Florida

In this article, the weighted empirical likelihood is applied to a general
setting of two-sample semiparametric models, which includes biased sam-
pling models and case-control logistic regression models as special cases. For
various types of censored data, such as right censored data, doubly censored
data, interval censored data and partly interval-censored data, the weighted
empirical likelihood-based semiparametric maximum likelihood estimator
(6n, Fy) for the underlying parameter 6y and distribution Fp is derived,
and the strong consistency of (6, F;,) and the asymptotic normality of 6,
are established. Under biased sampling models, the weighted empirical log-
likelihood ratio is shown to have an asymptotic scaled chi-squared distribu-
tion for censored data aforementioned. For right censored data, doubly cen-
sored data and partly interval-censored data, it is shown that /n (Fp — Foy)
weakly converges to a centered Gaussian process, which leads to a consistent
goodness-of-fit test for the case-control logistic regression models.

1. Introduction. Consider the following two-sample semiparametric model:

X1, ..., Xy, 1s arandom sample with density fo(x),

(1.1)
Y1, ..., Y, is arandom sample with density go(x) = ¢(x; 6p) fo(x),

where the two samples are independent, and ¢(x; 6p) is a known function with
x € R and a unique unknown parameter 6y € R, while fy and go are the density
functions of unknown nonnegative distribution functions (d.f.) Fy and G, respec-
tively. This model (1.1) includes biased sampling models (Vardi [32]) and case-
control logistic regression models (Prentice and Pyke [22]) as special cases, for
which there has not been any published work dealing with censored data. In this
article, we study model (1.1) when at least one of the two samples is not completely
observable due to censoring. As follows, we use random sample X1, ..., X,, toil-
lustrate the censoring models under consideration here, while Examples 1 and 2
discuss biased sampling models and case-control logistic regression models, re-
spectively.
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Right censored sample. The observed data are O; = (V;, §;), 1 <i <ng, with

X, it X; <C, 8 =
(12) ‘/l_{ l 1 = l 81

- Ci, if X,’ > C,’,
where C; is the right censoring variable and is independent of X;. This type of
censoring has been extensively studied in the literature in the past few decades.

Doubly censored sample. The observed data are O; = (V;,6;), 1 <i < no,
with

Xi, it D; < X; <C;, 8 =1,
(].3) Vl— Cl', ifX,'>C,', 5,':2,
D;, if X; <D, 8 =3,

where C; and D; are right and left censoring variables, respectively, and they are
independent of X; with P{D; < C;} = 1. This type of censoring has been con-
sidered by Turnbull [31], Chang and Yang [4], Gu and Zhang [11] and Mykland
and Ren [17], among others. One recent example of doubly censored data was
encountered in a study of primary breast cancer (Ren and Peer [28]).

Interval censored sample.

CASE 1. The observed data are O; = (C;, §;), 1 <i < ng, with

(1.4) 6 =I{X; < Ci}.

CASE 2. The observed data are O; = (C;, D;, 8;), 1 <i < ng, with
1, ifD; <X, <C;,
(1.5) 8 =12, if X; > Cj,
3, if X; < Dy,
where C; and D; are independent of X; and satisfy P{D; < C;} =1 for Case 2.
These two types of interval censoring were considered by Groeneboom and Well-

ner [10], among others. In practice, interval censored Case 2 data were encountered
in AIDS research (Kim, De Gruttola and Lagakos [16]; see discussion in Ren [26]).

Partly interval-censored sample.

“CASE 1” PARTLY INTERVAL-CENSORED DATA. The observed data are

Oi:{Xi, if 1 <i <ko,

(16) (€180, ifko+1<i<no,

where §; = I{X; < C;} and C; is independent of X;.
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GENERAL PARTLY INTERVAL-CENSORED DATA. The observed data are

| X, if 1 <i <k,
A7) 0’_{(C,6i), if ko +1<i <ny,
where for N potential examination times C; < --- < Cy, letting Co = 0

and Cy41 = o0, we have C = (Cy,...,Cy) and §; = (51.(1),...,81.(1\’“)) with

81.(1 ) — 1, if Cj_; < X; < Cj; 0, elsewhere. This means that for intervals
0, C1], (Cq,C2], ..., (Cpn,00), we know in which one of them X; falls. These
two types of partly interval-censoring were considered by Huang [12], among oth-
ers. As pointed out by Huang [12], in practice the general partly interval-censored
data were encountered in Framingham Heart Disease Study (Odell, Anderson and
D’ Agostino [18]), and in the study on incidence of proteinuria in insulin-dependent
diabetic patients (Enevoldsen et al. [5]).

EXAMPLE 1 (Biased sampling model). In (1.1), let
(1.8) @(x; 6p) = Gow(x), 0 € R,

where w(x) is a weight function with positive value on the support of Fy, and 6y =
1/wq is the weight parameter satisfying wg = f0°° w(x)dFy(x). Then, (1.1)is a
two-sample biased sampling problem, for which the case with length-biased dis-
tribution Gy, that is, w(x) = x in (1.8), was considered by Vardi [32], and the
empirical log-likelihood ratio for the mean of Fy was shown to have an asymptotic
chi-squared distribution by Qin [23]. More general biased sampling models were
considered by Vardi [33], Gill, Vardi and Wellner [9], who discussed various ap-
plication examples, and showed that the maximum likelihood estimator for Fy is
asymptotically Gaussian and efficient. For right censored samples in (1.1), Vardi
[33] gave an estimator for Fp based on the EM algorithm, but the asymptotic prop-
erties of the estimator were not studied. Below, we discuss practical examples of
biased sampling problem with censored data.

In Patil and Rao [20], the biased sampling problem is discussed in the context
of efficiency of early screening for disease. Using our notations in (1.1), if Fp is
the d.f. of the duration of the preclinical state of certain chronic disease, then the
first sample in (1.1) is taken from those whose clinical state is detected by the
usual medical care. If at a certain point in time some individuals in the preclin-
ical state begin participating in an early detection program, then such a program
identifies them by a length-biased sampling. In other words, the second sample
in (1.1) is taken from those who participated in the early detection program, and
Gy is a length-biased distribution. However, in reality a usual screening program
for “disease” is conducted by examining an individual periodically with a fixed
length of time between two consecutive check-ups. The data encountered in such a
screening program is typically a doubly censored sample (1.3); that is, the actually
observed data for the second sample in (1.1) is doubly censored. In statistical liter-
ature, examples of doubly censored data encountered in screening programs have
been given by Turnbull [31] and Ren and Gu [27], among others.
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EXAMPLE 2 (Case-control logistic regression model). 1In (1.1), let

ao+Pox
9

(1.9) p(x;00) =e
' Fo(x) = P{T <x|Z =0}, Go(x)=P{T <x|Z=1};

then under reparameterization by Qin and Zhang [24], model (1.1) is equivalent to
the following case-control logistic regression model (Prentice and Pyke [22]):

exp(a” + Box)

(1.10) Pz =T =) = T @ + fox)”

where 6y = (g, o) € R2, Z is the binary response variable (with value 1 or 0
to indicate presence or absence of a disease or occurrence of an event of inter-
est), T is the covariate variable, and (a*, Bo) is the regression parameter satis-
fying ap = a® + In[(1 — w) /] for # = P{Z = 1}. Qin and Zhang [24] estab-
lished asymptotic normality of the semiparametric maximum likelihood estimators
(SPMLE) for (6p, Fp) in (1.9) with two complete samples in (1.1), and provided
a goodness-of-fit test for (1.10). Below, we discuss an example to illustrate the
situation with censored covariate variable 7.

In the example of early detection of breast cancer considered by Ren and Gu
[27], T is the age at which the tumor could be detected when screening mammo-
gram is the only detection method, and based on series screening mammograms
the observed data on T are doubly censored. This example is part of a study on
the effectiveness of screening mammograms; see Ren and Peer [28] for precise
description of left and right censored observations. Here, to study the effects of
screening mammograms on survival, we consider those individuals who had breast
cancer, and let Z = 1 represent death due to breast cancer within 5 years of diagno-
sis; Z = 0, otherwise. Then under (1.9), for those “dead” (i.e., Z = 1) the second
sample in (1.1) is taken from the available screening mammogram records; thus
the actually observed data from Go(x) = P{T < x|Z = 1} is a doubly censored
sample. Similarly, for those “survived” (i.e., Z = 0) the first sample in (1.1) is also
taken from screening mammogram records; thus also a doubly censored sample.
Fitting the logistic regression model (1.10) with these two doubly censored case-
control samples, we obtain P{Z = 1|T = xp}, which is the probability of “death”
for an individual whose tumor was detected by screening mammogram at age xg.

In this article, we apply weighted empirical likelihood (Ren [25]) to model (1.1)
with the following two independent samples for n =ng +ny:

Wi Of(, e 0,)1(0 is the observed sample for sample X1, ..., X,,,
' 0{, e 0,}:1 is the observed sample for sample Y7, ..., Y,,,
where OiX ’s or 0;/ ’s is possibly one of those censored samples described above,

and we denote F' and G as the nonparametric maximum likelihood estimators
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(NPMLE) for Fy and G based on OlX’s and 0}/’5, respectively. Section 2 pro-
vides a heuristic explanation of the concept of weighted empirical likelihood. For
censored data (1.2)—(1.7) aforementioned, Section 3 derives the weighted empiri-
cal likelihood-based SPMLE (Qn, F, ) for (6y, Fo), and establishes the strong con-
sistency of (6,, F,,) and the asymptotic normality of §,, while Section 4 further
discusses Example 1 on biased sampling models, and shows that the weighted
empirical log-likelihood ratio has an asymptotic scaled chi-squared distribution.
For right censored data, doubly censored data and partly interval-censored data,
Section 3 also shows that /n (Fn — Fy) weakly converges to a centered Gaussian
process, while Section 5 further discusses Example 2 on case-control logistic re-
gression models, and provides a consistent goodness-of-fit test.

We note that the weighted empirical likelihood approach used in this article
can be adapted to deal with more general biased sampling models. Also note that
based on Ren and Gu [27], our results here on the case-control logistic regression
models can be extended to k-dimensional (k > 1) covariate T, where T contains
one component that is subject to right censoring or doubly censoring.

For interval censored data (1.4)—(1.5), the weighted empirical likelihood ap-
proach enables us to obtain the strong consistency of the SPMLE (6, F,), the
asymptotic normality of 6,,, and the limiting distribution of the log-likelihood ratio
via the asymptotic results on the NPMLE F or G for interval censored data by
Groeneboom and Wellner [10] and Geskus and Groeneboom [6], among others.
However, the techniques used in our proofs show that the weak convergence of F,
for interval censored data relies on that of £ or G for interval censored data, which
is now unknown.

2. Weighted empirical likelihood. For random sample Xj,..., X,, from
d.f. Fp, the empirical likelihood function (Owen [19]) is given by L(F) =
[T:°,[F(X;) — F(X;—)], where F is any d.f. The weighted empirical likelihood
function in Ren [25] may be understood as follows.

For each type of censored data aforementioned, the likelihood function has
been given in literature, and the NPMLE F for Fy is the solution which maxi-
mizes the likelihood function. Moreover, it is shown that from observed censored
data {OZX; 1 <i < ngp}, there exist mq distinct points Wlx < WZX <. < W,ffo
along with ﬁj‘ >0, 1 < j < mygp, such that F can be expressed as F(x) =

Z:""l pX T {WX < x} for above right censored data (Kaplan and Meier [15]), dou-
bly censored data (Mykland and Ren [17]), interval censored data Case 1 and
Case 2 (Groeneboom and Wellner [10]) and partly interval-censored data (Huang
[12]). Since in all these cases F is shown to be a strong uniform consistent es-
timator for Fp under some suitable conditions, we may expect a random sample
X7, ... X ;70 taken from F to behave asymptotically the same as X, ..., X,,. If
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Fy;, denotes the empirical d.f. of X7, ..., X} , then from F Fy we have

no no mo
[[PiXi=xi)~ ] PX;=x/} =] (P{XT=W}DY
i=1 i=1 j=1

il FWX)—Fw¥X
~ H(P{X?:WJX})nO[ ( j)— ( f -]
j=1
mo x
= [[(P{xi=wip™r,
j=1

where k; = no[F,j‘o(WjX) - F,TO(WJX—)]. Thus, the weighted empirical likelihood
function (Ren [25])

mo
2.1) LF) = [[IFWX) — F(WX —ypob?

i=1

may be viewed as the asymptotic version of the empirical likelihood func-
tion L(F) for censored data. When there is no censoring, L(F') coincides with
L(F).

3. SPMLE and asymptotic results. This section derives the semiparametric
maximum likelihood estimator for (6y, Fp) in (1.1) using censored data (1.11), and
studies related asymptotic properties.

As general notations throughout this paper, let F and G be the NPMLE for F
and Gy in (1.1) based on observed censored data OX, e 0,’1(0 and OY, e, 0,);1
in (1.11), respectively. From Section 2, we know that there exist distinct points
WYX <...<WX and W) <... < W) with pX > 0and p} > 0 such that F and
G can be expressed as

mg ni
(3.1) Fy=Y pfriiwX <x} and Gx)=) p/1{w) <x}
i=1 i=1

respectively, for those censored data aforementioned. We also let

Wi, W) = (WK WX WY W,
(32) (ﬁl’---,ﬁm)=(ﬁ{(s---aﬁn)go,ﬁf,---,ﬁ,il),

(@1 @n) = (0P + -+ PPy PLPT + - -+ P1D)s

where m = mg + mp, po =no/n and p; =ny/n.
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To derive an estimator for (6p, Fy) using both samples in (1.11), we apply
weighted empirical likelihood function (2.1) to model (1.1), and obtain

mo " mi .
(H[F(Wﬁ‘) — F(WX—)1"Pi )(1‘[ [GW!) - G<ij_)]n1pj>
i=1 j=1

mo
= (H[F(Wﬁ‘) — F(WX—)JroPit )

i=1

mi Y

X <]_[{¢(WY; 90)[F(WJY) - F(WJY—)]}”IP/'),
j=1

Thus, from (3.2) the weighted empirical likelihood function for model (1.1) is

given by

L@®,F)= (1‘[ p?“"‘>< [T lew;: 9)]"%‘)
i=1

Jj=mo+1
(3.3)
for p; = F(W;) — F(W;—),

and the SPMLE (én, Fn) for (6y, Fp) is the solution that maximizes L(6, F). One
may note that the use of weighted empirical likelihood function (2.1) here provides
a simple and direct way to incorporate the model assumption of (1.1) in the deriva-
tion of likelihood function (3.3) for censored data. Also note that using the usual
likelihood functions for specific types of censored data would result in a much
more complicated likelihood function which is very difficult to handle.

To find (6,, ﬁn), we need to solve the following optimization problem:

m m
max L(0, p) = (H p?w[>( 1_[ [p(W;; 9)]"“”)
i=1 j=mo+1
3.4)
m m
subjectto p; >0, Zpi =1, Zp,-go(W,-; 0) =1,
i=1 i=1
where the last constraint reflects the fact that ¢(x; 0)[F(x) — F(x—)] is a dis-
tribution function. Note that the NPMLE for censored data (1.2)—(1.7) is not al-
ways a proper d.f. (Mykland and Ren [17]). But for the moment, we assume
> ﬁlX =" ﬁlY = 1in (3.1), which will not be needed later on for our main
results of the paper. To solve (3.4), we first maximize L(8, p) with respect to
p = (p1, ..., pn) for fixed 6, then maximize /() =InL(6, p) = max,InL(0, p)
over 6 to find 6,. Noting that for U;(0) = ¢(W;; ), constraints in (3.4) imply
" pilUi(0) — 11 =0, we know that 6 must satisfy

(3.5) [Uay(0) — 1] < 0 < [Ugny (6) — 1].
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Using the Lagrange multiplier method, it can be shown that for any fixed 6 satisfy-
ing (3.5), the convexity of In L(0, p) ensures that L(6, p) is uniquely maximized
by L(6, p) (see pages 90-91 and 164 of Bazaraa, Sherali and Shetty [1]), where
~ w;j

36 | — ’
G0 PET @)W e) - 1
with A(6) as the unique solution on interval (—[U ) (0) — 17171, —[Uwy(0) — 117H
for

i=1,....,m,

m

w;[U; (0) — 1]
3.7 O0=vy(;0)= .
S v 0) ;1+A[Ui(0)—l]
Thus, we have [(0) =n Y wilnpi +n} 7, o wjlng(W;;0).

For our examples, we have 6y € R or 6y € R2 in (1.1), and that for some func-
tions i1(0) and h>(x), the following assumption holds for ¢ (x; 8) with 6 € R or
0 € R2:

(ASO) Ve(x;0) =@(x; O)hi(0)(1, ha(x))T for V= (3/361,3/06,) 7,

where 0 < h1(0) € R is twice differentiable for 6 € ®; 0 < hy(x) € R is monotone
for x > 0; in the case 6 € R, we have degenerating /> (x) = 0; in the case 0 € R2,
we always have strictly monotone /3(x) on the support of Fy. Throughout this
paper, our notations mean that for the case 6 € R, only the nondegenerating
component in equations, vectors and matrices is meaningful. To minimize /(6),
from (3.2), (3.6)—(3.7), ¥ (1(0);6) = 0 and constraints in (3.4), we obtain that
under assumption (ASO0):

81 m N m
@=—nx(9)h1<9>2pigo<wi;e)+nh1<9> Y o
1 i=1 j=mo+1

(3.8) =nh(@)[p1 —10)],

al m m
—=nh1(9)<m > ﬁjhzwv,-)—M@Zﬁw(w,-;e)hz(vvi)),

96> j=mo+1 i=1

where the use of VA(0) in deriving (3.8) can easily be justified by the theorems on
implicit functions in mathematical analysis. If 6,, is a solution of VI(8) = 0, then

m m
(3.9) A =p1 and Y piha(Wj) =Y pigp(Wis 0)ha(Wi) = 0.
j=mo+1 i=1

In the Appendix, we show that 6, is equivalently given by the solution of equa-
tion(s):

©  o(x;0) o0
0= 0) = S A _ N S
(3.10) “ @ /0 o + p19o(x; ) ) /0 po + p1e(x;0)

© @(x;0)ha(x) A o0 ha(x)
0=20,(0) = A JF(x) — 7
8200) /0 po + p1e(x; 0) ) /o po + pre(x; 0)

G(x),

G(x),
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by which we always mean that én € R is the solution of g1(8) = 0if h(x) = 0. For
our examples, the unique existence of solution 6, for (3.10) is shown in Sections 4
and 5, respectively, and it can be shown that 6, maximizes [(9) over those 6 satis-
fying (3.5) (the proofs are omitted). Thus, 6, is the SPMLE for 6 in (1.1). Conse-
quently, replacing 6 by 6, in (3.6), we obtain the following SPMLE F, for Fy:

t

(3.11) ﬁna):iﬁil{wisr}:/ L dlpeFw) + mGL
i=1 0 po+ p1e(x; 6y)

Since the equations in (3.10) only depend on the NPMLE F and G, thus
for the rest of the paper, 6, denotes the solution of (3.10) without assumption
> ﬁlX > ﬁlY =11in (3.1), and is used to compute F, in (3.11). In the fol-
lowing theorems, some asymptotic results on (6,, F},) are established under some
of the assumptions listed below, while the proofs are deferred to the Appendix.

(AS1) (a) ¢(x;6) is monotone in x for any fixed 6 € ®, where ® = {01]a; <
0) <oo}if0 eR; O ={(61,62)|a; <6; <oo,i=1,2}if 6 € R?;
(b) ¢(x;0) isincreasing in 81 (and in 6; if 6 € R2) for any fixed x > 0;
(c) for fixed x > 0 (and fixed 6, if 6 € R?), ¢(x;0) — 00(0), as
01 — oo(ay);
(d) for® = (01, 6) € R? and fixed x > 0, when —01/6 > y with0 <y <
00: p(x;0) = 0(c0) if x < y(x > y), as By — o0; p(x; 0) — 0(c0) if
x>y <y),as bh — ay;
(AS2) po = ”0 and p; = 2L - remain the same as n — 00;

D
(AS3) /ng f°° %d F(x) — Fo(x)] = N(0,02 ), as n — 00, /n| x

I's %d[(}@) — Go(0)] B3 N(0,02 ), as n — oo, where k =
0,1, and [h2(x)]° =

(AS4) ||F — Fol| 0, |G — Goll 23 0, as n — oo;

(ASS) [5°Tha(0)FdF (x) — Fo(x)] =3 0, [§C[ha(x)F d[G (x) — Go(x)] =5 0, as
n — oo, with finite [ [h2(x)]*dFo(x) and [5°[h2(x)1¥dGo(x), where
k=1,2,3;

(AS6) ﬁo(ﬁ —Fy) = Grp, ﬁl(é —Go) = Gg,asn — 0o, where Gp and Gg
are centered Gaussian processes.

THEOREM 1. Assume (ASO)—(ASS). Under model (1.1), we have:

@) 0, b 6o, as n — o0;
(i) /(6 — 80) 2 N(O, o), as n — 00;
Gii) | F, — Foll 230, as n — oo.

THEOREM 2. Assume (AS0)-(AS6). Under model (1.1), we have that
Jn(F, — Fy) weakly converges to a centered Gaussian process.
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REMARK 1 (Assumptions of theorems). For our examples, (AS0)-(AS1) hold,
which will be discussed in Sections 4 and 5, respectively. From Gill [7], Gu
and Zhang [11], Huang [12], Huang and Wellner [13] and Geskus and Groene-
boom [6], we know that under some suitable conditions, (AS3) holds for censored
data (1.2)—(1.7) aforementioned. We also know that for these types of censored
data, (AS4) holds under some suitable conditions; see Stute and Wang [30], Gu
and Zhang [11], Huang [12] and Groeneboom and Wellner [10]. For right cen-
sored data, (AS5) holds under some regularity conditions (Stute and Wang [30]).
For other types of censored data, (AS5) is implied by (AS4) if the support of Fp is
finite. On the other hand, if weaker consistency result is desired in Theorem 1(i),
assumption (AS5) can be weakened. Moreover, from Gill [7], Gu and Zhang [11]
and Huang [12], we know that (AS6) holds under some suitable conditions for
right censored data, doubly censored data and partly interval-censored data. The
techniques used in our proofs show that the weak convergence of F,, for interval
censored data relies on that of NPMLE F or G for interval censored data, which
is now unknown.

4. Biased sampling models. For the biased sampling problem in Example 1,
this section discusses assumptions (AS0)—(AS1), shows the unique existence of
SPMLE én for g € R in (1.8), and studies the weighted empirical log-likelihood
ratio for wo.

Under (1.8), we have that in (ASO0), 21(0) = 1/0 for 6 € ® = {fla; =0 <
0 < oo} and hy(x) =0, and that (AS1)(a)—(c) obviously hold for any monotone
weight function w(x), while (AS1)(d) does not apply. Since hy(x) = 0, 5,1 eR
is determined by the first equation of (3.10). Note that (AST)(c) and the Domi-
nated Convergence Theorem (DCT) imply: limg_.0g1(0) = —G(00)/p9 < 0 and
limg_, 0 g1(f) = F(c0)/p1 > 0. Thus, the solution G, of equation g1(0) =0
uniquely exists because g} (6) > 0 for 6 > 0.

Weighted empirical log-likelihood ratio. From (3.3) and (3.6), we know
that under (1.8), the weighted empirical likelihood ratio is given by R(F)
L(©, F)/L(6n, Fn) = (0/6)" TI{Z (pi/ pi)"", where F(x) = 3L pil{Wi
x}, 0= 1/[0, prw(Wi)] and pi = wi/lpo + p16aw(Wi)]. Then, set S
{fwkx)dF (x)|Ié(F ) > ¢} may be used as confidence interval for wg, where
0 < c¢ < 1isaconstant. Let

IA -l

r(60) = sup{ 0/60" T (pi/ 5" 1pi = 0,
i=1

(4.1)
m m l
dopi=1Y piwW)= 9—}-
i=1 i=1 0

It is easy to show that S is an interval expressed by S = [X1, Xy], and that
X1 <wp < Xy if and only if r(6p) > ¢, where X = inf{fooo wx)dF(x)|F € ¥}
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and Xy = sup{f;° w(x)dF (x)|F € F}for ¥ = {FIR(F) > c, pi=0,3" pi=
1}. We call [ X, Xy] the weighted empirical likelihood ratio confidence interval
for wo, and the limiting distribution of weighted empirical log-likelihood ratio for
those censored data (1.2)—(1.7) is given in the following theorem with a proof
sketched in the Appendix.

THEOREM 3. Assume (AS2)-(ASS) for model (1.8). Then, —2Inr(6o) 2)
co X12, as n — oo, where 0 < ¢y < 00 is a constant and X12 has a chi-squared
distribution.

5. Case-control logistic regression models. For the case-control logistic re-
gression model in Example 2, this section discusses assumptions (AS0)—(AS1),
shows the unique existence of SPMLE én for 6y € R? in (1.9), and provides a
goodness-of-fit test for model (1.10).

Under (1.9), we have that in (AS0)-(AS1), h1(#) =1 for 0 € ® with a; =
ap = —oo and hy(x) = x, and that (AS1) holds for ¢(x; 8) = exp(a + Bx) with
0= (a,p) e R2. In the Appendix, we show that the solution 6, of (3.10) exists
uniquely.

Goodness-of-fit test. To assess the validity of logistic regression model as-
sumption (1.10) with censored data, note that there are two ways to estimate
d.f. Fp in (1.9) using censored data (1.11). One is the NPMLE F based on the
first sample, and the other is the SPMLE F,, based on both samples under model
assumption (1.10), that is, (1.9). Based on Theorems 1 and 2, we have the follow-
ing corollary on the asymptotic properties of F and F, with proofs deferred to the
Appendix.

COROLLARY 1. Assume (AS2)—(ASS) for model (1.9). Then, as n — oo:

Q) |1, — || 2 0 under model (1.10);
(i) [|F, — F1|| & 0 when model (1.10) does not hold [i.e., go(x) = ¢(x; 6p) X
fo(x) does not hold], where F1 # Fy;

(ii1) ﬁ(ﬁn —F ) weakly converges to a centered Gaussian process under
model (1.10) and assumption (AS6).

Thus, from Remark 1 we know that for right censored data, doubly censored
data and partly interval-censored data, we may use the following Kolmogorov—
Smirnov-type statistic to measure the difference between F and F,, which gives a
goodness-of-fit test statistic for case-control logistic regression model (1.10):

(5.1) Ty =/nlFy,— Fll=n sup |F,(t) — F(1)l.

0<t<oo
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Bootstrap method. To compute the p-value for test statistic 7, in (5.1), we sug-
gest the following n out of n bootstrap method Smce 0, = (@n, ,Bn) is determlned
by (3.10), it is a functional of the NPMLE F and G denoted as 9n = 9(F G)
in turn 3. 11) 1mphes that F (1) — F (¢) is a functional of F and G denoted as
F,— F= ‘E(F G) Note that under model (1.1), 6 is the unique solution of equa-

tion(s).
o0 @(x;0) o0
0=g01(0) = — T dFy(x) — E—T
5.2 g01(6) fo po + p1e(x; 0) otx) /o po+ p1e(x; 0) o(x):
o _ [ e O)ha(x) o )
0=802(6) :/o Po + pre(x; 0) 4Fo(x) /o Po + pre(x; 0) 4Go(x),

by which we always mean that 6y € R is the solution of go1(6) = 0 if hy(x) =0.
Thus, under (1.9) we have 6y = (o, Bo) = 0(Fop, Go); in turn, t(Fp, Go) =0,
which means 7,, = ﬁ“r(ﬁ, é) — ©(Fp, Go)|| under model (1.10). Hence, from
the formulation given in Bickel and Ren [3], the distribution of T, under
model (1.10) can be estimated by that of 7, = f||t(F* G*) - ‘[(F G)|| where
F* and G* are calculated based on the 7 out of n bootstrap samples, respectively.
For instance, F* is calculated based on the bootstrap sample 0¥ .., 0 ,)fo* taken

with replacement from {0, ..., Offo}. The p-value is estimated by the percent-
age of T,"’s that are greater than test statistic 7,,. Note that the n out of n bootstrap
consistency for ﬁo(ﬁ — Fp) estimated by ﬁo(ﬁ * _ F) has been established
for right censored data, doubly censored data and partly interval-censored data by
Bickel and Ren [2] and Huang [12].

REMARK 2. The proposed test (5.1) can be used for any type of censored
data as long as (AS2)—(AS6) hold. When (AS6) does not hold, such as for interval
censored data, Corollary 1 shows that we may graphically check the model fitting
for (1.10) by comparing curves of F and F,,. Note that when model (1.10) does not
hold, statistic 7, is still asymptotically a function of a centered Gaussian process,

but T, = 0o based on Corollary 1(ii). Thus, our proposed test is consistent. In
terms of computing (&,, B,), it can be done using the Newton—Raphson method
described on page 374 of Press et al. [21] to solve (3.10); a computation routine in
FORTRAN is available from the author. Although not presented here, our exten-
sive simulation studies on (&, Bn) and the comparison between the distributions
of T, and T, give excellent results.

APPENDIX

PROOF OF “8, IS EQUIVALENTLY GIVEN BY THE SOLUTION OF (3.10).”  Under

assumption Z;n:o] ﬁlx = 27”1 ﬁly = 1, the first equation of (3.9) is equivalent to

¥ (p1; 0) =0, which by (3.7) and (3.1)-(3.2), gives g1(#) = 0 in (3.10). The proof
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follows from that (3.6) and A(0) = p; imply that the second equation of (3.9) is
0=—pog2(6). U

PROOF OF “UNIQUE EXISTENCE OF 6, IN EXAMPLE 2.” Let

o0 1 N
Ru(6) = /0 p—ln[po+p1</>(x:9)]dF(X)

LAt

Since F and G are step functions with finite jumps, we know that R, (0) is well
defined on R%. From (A.1) and (3.10), we have VR, (0) = h1(0)(g1(0), g2(6)) "
and

(A1)

9%R, 9%R,
s. | ¢ 090200
Ra6 =1 92R,  9°R,

36196 063
= (g1(9), £20) T (VA1 (9)"

(e)f <h2<x> 228>

@(x;0) . )
dlpoF GOl
[oo + p1o(x; 9)]2 [poF(x) + p1G(x)]

Thus, VR, (0) = 0 is equivalent to (3.10) because /21(0) > 0 by (ASO). For Ex-
ample 2, we have h1(6) =1 and h,(x) = x, which imply that X 4 is a positive-
definite matrix. Hence, R, () is strictly convex. Moreover, note that under (1.9),
we have in (A.1) R,(0) > (Inpg)/p1 + (Inp1)/po for any 6 = («, B) € R2, and
that by a similar argument used in (6.5) of Ren and Gu [27], we can show:
lim) _, o inf R, (Aeq, Aez) = oo for any ef + e% = 1. Hence, R, () has a unique
global minimum point which must be the solution of (3.10) (see pages 101-102 of
Bazaraa, Sherali and Shetty [1]). [J

(A2)

PROOF OF THEOREM 1(i). Let i(x) = poﬁ(x) + plé(x); then (3.10) gives

ﬁ'(oo) — /oo L)N < i’
0 po+p1e(x;6,) PO
® pifdat) _ 1
0 po+p1e(x;6,)  P1
where (AS4) implies ﬁ(oo) 2% 1, G(oo) B 1, as n — oo. As follows, we show

5,, = O(1) almost surely for case 5,1 = (5,5 1), 5,&2)) e R? (the proof for case 0~n eR
is similar).

(A.3)
G(oo) =
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Assume 5,52) >0.1If 5,51) — 00, then from integration by parts, the boundedness
of the integrand function, (AS1)(b)—(c) and the DCT, we have that in (A.3):

00 dpo(x) /00 ) do(x)
_ <

(A4) 1= lim

— < lim =0,
=00 Jo  po+ pre(x;6,)  Jo

=% oo+ prp(x: By, 0)
a contradiction, where po(x) = po Fo(x) + p1Go(x). Thus, 5,&2) > 0 implies 0,,1) =
O(l) or 5,51) — ay. Similarly, we know that 0 < é,?) < M, < oo and 67(1)
ay imply 1 = lim [5°[po + p1¢o(x; 01" dpo(x) > [ lim[pg + p1g(x; Oy
M)~ 1duo(x) = 1/p0, a contradiction. Hence, if 9,5 ) > 0, then 9,52) O(1) im-
plies 9,, = 0(1).

Assume 612 — 0o, 8" /6% — y with 0 < y < oo. Similarly as (A.4), (AS1)
gives

00 d
(A5) lzf lim o(x) _ :/Lo()/)’
0 "% po+ p1(x; 6,) PO

where we must have 0 < y < oo to be inside the support of Fy; a contradiction
otherwise. Also, if we let n — oo in the second equation of (3.10), then from
(AS4)—(ASS), Holder’s inequality, the DCT and an argument similar to above, we
have

1 0o 1 4
(A.6) - f Iy (x) d Fox) = — / I (x) dGo(x).
P1 Jy £0 JO

(1)

However, (A.5)~(A.6) contradict [Go(y) [;° ha(x)dFo(x) — Fo(y) X

S (@) dGo@)] = [, oy, [h2(y) — ha(x)]d Fo(y) dGo(x) # 0, which is im-

plied by (AS0). Thus, if 6.2 > 0, we must have 8,> = O(1); in turn, 6" = O(1).

Slmllarly, we can show 9( ) = 0(1) and 0(1) oQ) if 6(2) < 0. Hence, we have
6, = O (1) almost surely.

Assume 6, — no, as n — o0. Then, from (3.10) and an argument similar to that
used in (A.6), we know that 7g is a solution of (5.2). Note that for nondegenerating
h>(x), to obtain the second equation of (5.2) for ny9 we use (ASS) and the proof
of Lemma 3 of Gill [8], noticing that /5 (x) is monotone and [pg + p1¢(x; no)]_1
is bounded and continuous. Hence, the proof follows from the uniqueness of the
solution for (5.2). O

PROOF OF THEOREM 1(ii). Here, we only prove the case 5,, € R?, because the
proof for case 8, € R is similar. For R, (6) in (A.1), we have that under model (1.1):

VR, (60) = h1(60)(Ig1(60) — g01(60)], [2(60) — 202(60)]) ',
VR (6p) = VR (00) + TR, 0000 —00) " + 2(r1(0n), r20) 7,

where g1, g2 and go1, go2 are given in (3.10) and (5.2), respectively; X g, ¢ is given
in (A.2); and from (AS5), Theorem 1(i) and straightforward calculation based

(A7)
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on (A.2), we have r; (5,,) = op(én — 0p). From (A.7), (AS3), the independence

between F and G, and page 4 of Serfling [29], we know that \/nV R, (6p) con-
verges in distribution to a normal random vector, while (A.2), (5.2) and a similar
argument in (A.6) imply

a.s. hy(x) @(x;600) dpo(x)
s TRty — Z1= (9°)f <h2<x> h2<x>> Lo+ pro: 6)]2
' as n — 0o,

where X is positive-definite. Hence, VR, (én) =0, (A.7)—(A.8) and Theorem 1(i)
give

(A.9) By —60) = —E7'/nV Ry (60) + 0, (1). O

PROOF OF THEOREM 1(iii). Here, we only prove the case 6, € R2, because
the proof for case 6, € R is similar. For any t > 0, we let F t)=g3 (9 )in (3.11);
then

Fu(t) = g30n)
= £3(00) + (6n — 00)Vg3(00) + 5(On — 00) T g5, (0 — 00) ",

where &, is between 5,1 and 6, and

(A.10)

Vg3(0) = —p1h1(6) /t<1 By —2% 0
0 [po + pro(x; 0)]% '
3%g3 3%g3
962 96, 96,
Y0 = 1
8.6 3%g3 3g3
36196, 063
(A.11) =[h1(0)]"' Vg3 (O)[Vh1(0)]"

=@ [ (1oter 1o

w(x 0)po — p1o(x; 0)]
[0 + p190(x; 0)]1
From (AS5) and Theorem 1(i), we have that uniformly in ¢,
‘ 3%g3(&n) / @(x; E)ha(X)[(3%h1(6,)/063) + hz(én)hz(X)]
902 [0 + p19(x; €)1

di(x).

di(x)

= Oa.s.(l),

which also holds for other partial derivatives in (A.11). Thus, Theorem 1(ii) im-
plies that with (6, — 89)Vg3(6p) = 0a5.(1), (A.10) can be written as

(A.12) F(t) = 3(60) + (01 — 00)V £3(60) + Ous.(16n — 60°).
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From (AS4) and integration by parts, we have |g3(6p) — Fo(?)| 230 for any fixed
t > 0; in turn, the proof follows from (A.12) and Pélya’s Theorem. [J

PROOF OF THEOREM 2. Here, we only prove the case 6, € RZ, because
the proof for case 6, € R is similar. Let (D1, 02)" = Vg3(fy) as in (A.11),
and let (v1, v2) T = —pih1(60) o (1, ha(x)) T @ (x; 60) Lo + p19o(x; 60)] > d o (x).
From (AS4) and integration by parts, we have |0 (t) — vg(¢)] 230 for any fixed
t > 0, where k = 1, 2. Since 0x(¢) and v (¢) are continuous and monotone in ¢,
then from (AS5) and a similar argument used in the proof of Theorem 1(i) for
showing ng as the solution of (5.2), we have |0 — vi|| % 0, as n — oo0. Thus, if
we let ug(x) = 1/[po + p19(x; 0p)], u1(x) = uo(x)@(x; ), and A;; the elements
of Efl, then (A.7), (A.9), (A.12), (1.1) and Theorem 1(ii) imply

ValE, (1) — Fo(1)]

=op(1)
(A.13) t
" ﬁ(/o uo(x) dfi(x) — Fo(r) — (01 (1), ﬁz(r))zflvzen(eo))

=0,(1) + V(U — Ur) + vn(Ug — Ug),

where for s1(t) = h1(6p)[A11v1(r) + A21v2(2)] and s2(f) = h1(6p)[A12v1(2) +
Anva(1)],

VlUF(t) — U ()]
= 11 (Vno(F — Fp))

t A
(A.14) — (,00 fo wo(x) d[F (x) — Fo(x)]
— 510 f w1 (0 dIF(x) — Fo(x)]
0

— 500 /0 T () dLF(x) — Fo(x)]),

VnlUg(t) — Ug ()]
= 1 (v/n1(G — Gp))

t A
(A.15) _ i (m [ w06 = Gt
+a0 [ T w0 dIG(x) — Go(n)]
0

+sz(l)f0 1o (x)h2(x) d[G (x) —Go(X)]>-
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As (A.14) is a linear functional of ﬁo(ﬁ — Fy), (AS6) implies ﬁ(l?p —Up) =
71(GF), as n — oo, where from pages 154-157 of Iranpour and Chacon [14],
we know that t1(Gp) is a centered Gaussian process. Similarly,  /n [UG — Ug]
in (A.15) weakly converges to a centered Gaussian process 72(Gg). The proof
follows from (A.13)—(A.15), and that 71(GFr) and 12(Gg) are two independent
centered Gaussian processes. [J

PROOF OF COROLLARY 1. Note that part (i) follows directly from Theo-
rem 1(iii) and (AS4), while part (iii) follows from some minor adjustments in the
proof of Theorem 2. Thus, we only give the proof of part (ii) as follows.

Here, we have h1(0) =1 and hy(x) = x; thus in (A.2) we have Vi () = 0.
From the proofs of the unique existence of §, and Theorem 1(i), we know
that when model (1.10) does not hold, én is still well defined, and satisfies
|§n — 01 s 0, as n — oo, where 61 = (a1, f1) is the unique solution of (5.2) for
o(x;0) = exp(a + Bx). Applying this, (AS4) and integration by parts to (3.11),
we have ||F, — Fi|| 23 0, where Fi(1) = [jlpo + p1exp(ar + Bix)] ™ dpo(x).
It is easy to verify that F; # Fo when (1.10) does not hold [otherwise, we have
20(x) = @(x; 0)) fo(x) with 8; = ], and that the first equation of (5.2) implies
that F) is a distribution function. [

PROOF OF THEOREM 3. For a simpler argument, we assume Z:"OI ﬁlX =
Z;"ll ﬁIY =1 in (3.1), which can be removed with some additional work in our
proof here. To get an expression of r(fp), it can be shown by using the La-
grange multiplier method that the solution of the maximization problem in (4.1) is
pi = wi/(1 4+ AU;j), 1 <i <m, where U; = [6pw(W;) — 1], w; is given in (3.2),
and Mg is the unique solution of equation ¢ (A) = 0 on interval (—U (Tnl), U (_1)1) for
oM =371 piUi =371 (0 Up) /(1 + AU;). Thus, we have

m 1+ hU;
(A.16) lnr(90)=—n2a)iln( AR

~ — np1 1n(6, /60).
izl po + /019nw(Wi)) !

Using Taylor’s expansion on ¢ (1), we have that from v (po1; 5,1) =01n (3.7),

¢’ (€)(p1 — 1o) = ¢ (p1) — P (o)
= (w;U)/(1 +pUp)
i=1
- wilfw(Wy) — 11
=1 Po+ p16ow(Wi)

(A.17) -
wi[Opw(W;) — 1]

1 00+ P10, w(W;)

ot

i=1

wiw(W;) (0 — 0, )
[po + p1&iw(W;)]?
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where & is between p; and )Aq, and &; is between 6y and én. From (AS4), integration
by parts and Theorem 1(i), we know that (A.17) implies

(A.18) (p1 — o) = (B —é)( : i i (W) —|—0(1)>
2O A= RO T I o) & oo + prbow (WD )

Also using Taylor’s expansion, we have

In[pp + p16ow(W;)]
U;
(A.19) =1n<1+p1Ui>=1n(1+AoUi)+m(m— A0)
U? U?
TS IATAG *0)” MG 0’
In[po + p160w(W;)]
~ W; ~
= In[po + 10w (W)l + f “”95 zW.)wo—en)
(A.20) ) PO T P1ULWW;
[o1w(W;)] ~ 5
- _ (6o — 6,)
2000 + p1Buw (W2
Low (W] -
60 — 6n)°,
600 + prcw(wop 0~
—1In(6,,/60)
(A.21) . N .
60— 6y (Bo—02)> (60— 6n)°
= = —_— ~ + ’
O 202 6¢

where 7); is between p; and Ao, while ¢; and ¢ are between 6y and 5 Since (A.18)
and Theorem 1(ii) imply (o1 — A9) = O,(n~'/?), then from Y L (@iUn /(1 +
AU = 0 and 6, X1 [w;w(Wi)1/[po + p16,w(W)] = X1, pio(Wi; 0,) = 1,
and by applying (A.19)—(A.21) to (A.16), we obtain

n(p1 — ro)? i w;U?

Inr(6p) = 0, (n~/?) —
nr(6o) = Ople 79 2 = +xU)?

(A.22)

n(9—90)2</01 i wi[p1w(W;)]? )
2 iz ,00-1—,019 w(W)1?

Hence, the proof follows from Theorem 1(ii) and applying (A.18) to (A.22), where
the limits of the coefficients of n(6, — 6y)? are handled similarly to (A.8). U
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