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1., INTRODUCTION

1.1 Objective and Procedures
The main goal of this thesis is to analyze optimal control of

a simple position control system by means of a first order system

-

model and linear-quadratic state fégulator theory, The technique
used is that of selecting a single, forwaré system time constant for
aﬁ (n-1)-order model of an n-order sfstem hhich allows the use of
optimal techniques without becoming involved in the complexities of

solving the Hamilton-Jacobi equation or the Matrix Ricatti equation,

In this modeling approach, the physical iﬁterpretation of the
performance index in terms of the desired first-order system forward
tiﬁe constant is used in coﬁjunction'with the Kalman equation to
obtailn the optimal controi feedback coerficients and the closed 1o0p

gain.

The parameters selected for the position control system to be
analyzed are based on the MS150 Mecdular Servo System which is a
universal teaching aid and demonstratibn model for automatic control
and feedback systems, The MS150 is deseribed in detail-in references

[1] and [2] and is manufactured by FEEDBACK LTD, of England.

To attain the stated objective, it will first be necessary to
evaluate the DC-motor characteristics of the power drive unit, After
a discussion of the system in terms of DC-motor analysis, second-

order differential equations and state equations in sections 2 and 3,
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modern control theory is discussgd'in section 4 as a background to
the establishmeét of a model of the system, The optimal feedback
coefficients are then.determined by an application of the Kalman

equation,

The time response of the model syste€m is determined by
classical methods, and the IBM 360 Continuous System Modeling
Program, (360/CSMP) for several values of the control weighting

factor,,sz.

1.2 Computer Programs ‘ O
In reference [3], J. L. Melsa has campiled a group of computer
programs which may be used for analysis and design of lineai control

systems represented in state variable form as

X(t) = AX(t) + bU(t) (1-1)
uce) = Ko, (t) - K'R(t)] ' (1-2)
¥(t) = CX(E) (1-3)

The state variable programs included in reference [3] can be

summarized as follows:

Basic matrix computation of determinant, inverse,
characteristic equation, elgenvalues and state
transition matrix.

BASMAT

RTESP - Rétional time response of the linear feedback control
system described above,

GTRESP - Graphical time response display for an arbitrary input,

SENSIT - Analysis of sensitivity to parameter variatioms,
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STVARFD - State variable feedback program may be used to find both
open and closed loop system transfer functions,
FRESP - Frequency response of a rational transfer function over

a specified range of frequencies, Both Bode and Nyquist
plots are available,

RTLOC - Root locus plots, S

PRFEXP - Partial fraction expansion of rational transfer functiens,

These programs were used throughout the background work of
this thesis in addition to the IBM 360 Continuocus System Modeling
Program, (360/CSMP) which is detailed in reference [4]. sSelected

computer output prints are shown in Appendix 1.




2,  SYSTEM DESCRI?TION AND ANALYSIS
2.1 Rationale oé Section 2

The MS150 Modular Servo System is defined for purposes of this
thesis as a simple bosition control_g}th a small field-controlled DC
motor as the plant driving force. The purpose of this section is to
develop the system describing differential equations, transfer function
and closed loop parameﬁers based on resistance and inducﬁance values

of the MS150 DC-motor field and armature as measured in the laboratory.

The development begins in section 2.2 with fundamental defini-

tions and proceeds to the normal form second-order system transfer

function. In section 2.3, the method used to approximate a linear

motor is discussed, The effect of velocity feedback on the system
gain and trangfer function is discussed in section.Z.é.
2.2 System Dynamics

- In a simple position control systeﬁ, an error signal is used
to energize the field of a DC-motor witﬁ-constant armature excitation.
The motor shaft torque is controlled by the voltage applied to the
field terminals as the output controlled variable is moved to the
desired positioﬁ. The analysis théh involves the electrical transients
in the field circuit and the dynamics of tﬁe mechanical load., The
following discussion draws extensively from references [1], [5], and

[6]. All symbols used are liste& and defined on pages #ii through ix,.

A field controlled motor is shown schematically in Figure 2-1,
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With torque as the 1link betwgen the eiectfical and mechanical
portions, the foilowing equations can bg written where a compatible
system of units (MKS) is assumed, The electrical moter torque is
proportional to the field current, 4
Te(s) = Ktif(s) (2-1)
where the electrical torque and field current are’ expressed as

frequency domain variables,

The field current can be found in terms of the field control v
voltage by application of Kirchoff®s Voltage Law as,

ig(s) = E.(s)/ (R + Lgs) s (2-2)

where s represents differentiation with respect to time, Substitution

into equation 2-1 gives,
'R 47 e . ; . (2._3)

The electrical motor torque (Te) is used to acrelerate the
total inertia (J) of the motor armature and load and in overcoming
the viscous friction torque (D). This relation is expressed in the
frequency domain as,

Te(s) = Ih(s) : (2-4)
where, :

2

Tm(s) = (Js~ + Ds)o

With the above expressions combined; the torque and field
current are eliminated from the expression and the system differential
equation is,

R Eg(s)/(Lgs + R,) = (s Ds)e_ (2-5)




Algebraic manipulation and defining,

Epls L/l g 2-6)
and, -

b D : SR €2-7)
allows the writing of equation (2-5) as,

K E(s)/tzs + 1)DR. = (tms2 +8)0 (2-8)

To simplify the subsequent development, it is worthwhile to
consider the time constants defined in equations (2-6) and (2-7).
Manufacturer®s data given in reference [1] and supplementary data

o
measured in the laboratory are summarized in Table 2-1, From the
data in Table 2-1, the rated torque of the motor is, -
. Torque = HP(746 watts/HP)/Rated Speed(radians/second) _(2-9)

Torque = (1/50)(746)/628

Torque = 2375,8 x 10_5 newton-neters,

If a viscous load is assumed, it will have a torque curve
which passes through the origin and the rated torque of the motor,
Then the viscoué damping constant (D) at the rafed torque is, _

D = Rated Torque/Rated Speed . : = (2-10)

D = 2375.8 x 107" /628

D= 3,78 ‘10.5(newton'-meter—s;acoﬁd/radian)..

The manufacturer®s data states the motor inerﬁia is about 3.1 x 10'S
Kg-m2 (see Table 2-~1), With the load inertia equal to the motor

inertia, the inertial time constant is,

t = J/D o _ (2-11)
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ty = (6.2 x 107)/(3.78 x 107)
b 1.64'seconds.
Table 2-1
MS150 DC MOTOR DATA

MANUFACTURERS DATAs

Name $ FRACMO

Mfg; Fractional HP Motors Lmtd,, Enfield,'England
Volts: 24DC

Amps: 1,5 A

RPM: 6000

HP: 1/50

Inertia: 3.1 x 10-5Kg-m/amp

T OATAATY AR ATIXT ™ A e

LAaUUWALUNL vnins
: ot 2l

ARMATURE s - SYMBOL VALUE
Résistance, DeCs ' Ra 2.94 cohms
Inductance L; 11.79 mh
FIELD:

Resistance, D,C, : kf - 4,4 ohms
Inductance .Lf -25 mh

Also from Table 241, the motor field time constant is,

te = Le/Re (2-12)

te = 0.02483/4.4
te = 5.64 x 1073 seconds,
From the equations (2-11) and (2-12) it can be observed that
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the motor field electrical time constant, tf, is about three orders
of magnitude smaller than the inertial time constant, t e That is,

tf < tm

0.00564 <<< 1,64 _ e (2=13)
In other words, the effect of the @otor field time constant is
negligible in comparison to the relatively gluggish mechanical time
coéstant. Therefore, to simplify subsequenf system considerations,
tp may be neglected without serious error and equation (2-2) becomes,

1p(s) = E (s)/R, : (2-14)

To further simplify equation (2-8), it is conveniént to define a

speed constant, Ks as,

K_= K_/DR ‘ (2-15)
s t/ £ : : :
wnere X_ indicates how fast the motor wili retate per veit appiied

at DC, Substitution of these results in equation (2-8) gives,

- L 2
hsEf(s) (tms

+8)8_ (2-16)

In a closed loop system, the error.signal is used to operate
the forward path as shown in Figure 2-.1. From the figure, it is
possible to define the reference input, E1 o Keei, the'controlled"
output, Eo =»leeeo and the resulting érror'as,

ELm KO =0 - : (2-17)
where Ke is the conversion factor to change radians to volts, For
simplicity in the discussion to follow, let kl = k2

Ec(s) = K (6; - 0) (2-18)

= 1,0, Therefore,

where one radian of error gives Ke volts and, since 90 = Gm/N,

equation (2-16) is,

s
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2._
Ks[Ke(Gi - 8 )/N] = (t s +.s?90

(2-19)
By defining a velocity error constant sz (KsKe/N), we have,
3 2 : A
KGOy —lo 0 =it st diana, - s (2-20)
or, = .-
2
Kvgi = (tms +-8 + Kv)oo : (2-21)

One further rearrangement of equation (2-20) expresses the system

transfer function as,

2k K. ZE(227D)

80/9.1 = KV/(tms
Equation (2-22) is a second order differential equation., If
this equation is compared to the normalized form of a second order

equation,

v/x = u 2[s® + zi s +w 2] (2-23)

it can be seen that the parameter wn, the undamped natural frequency.

and Z, the damping factor are given by

L ' (2-24)
wn s VKV tn
and, ‘
z =1/2K ¢t A (2-25) .

Some discussion of Kv is called for before proceseding to other
considerations, It is referred to as the velocity errer éonstant
and gives the output shaft speed per unit error, This factor de-
termines the steady state following accuracy and the magnitude of the
peak in the Opeh loop frequency response. Increasing x; reduces the
steady state following error, but increases the tendency to oscillate,
Altering any of the factors that make up Kv will mo&ify Kv' It is

not necessary to know the individual factors since Kv can be determined




directly. It caﬁ be measured by,« :
1% openiné the position fee&back loop,
2, setting the céntrollep gain to zero,
3. zeroing the preamplifier so_that no rotation'ocgprs,
4, setting in an error at the input so that the motor will
rotatey
5. advancing the controller gain to 50 percent ofvfull-scale,
6. adjusting the input error until the cutput rotates at one
revolution per second as determined by a strebe light,
The input error requi;ed to cause the one revolution per second rotation
will be in the range of 10 to 20 degrees. ﬁence, vhen the controller
gain -setting is maximum, Kv(max) is,.

v o 0220 1o A0 : . S

b » )
B _\mda, = Si/\o _/2/ev J \&=40 )
Y 1 ;

The angle, Qor, with the existing amplification, was feund to be about
17.5 degrees average so that,

K _(max) = 4w/(17.5/57.3) : (2-27)

Kv(max) = 41.2,
The controller gain scale can, therefore, be calibrated directly in
values of K ,°

v

2,3 MS150 System Time Constant

The motor-tachometer unit used in the MS150 consists of a
fracticnal (one-fiftieth) horsepower direct current moter -with a 30:1
worm gear and a permanent magnet tachometer as an integral unit, In
small machines such as this, the brush friction is the dominant

frictiqnal force and is independent of speed., Therefore, the frictional
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characteristics aée not visecous and t?e motor cannot be considered
linear., The manuf;cturer of the MSléO has included compensating
networks and inertia effeéts in providing what is termed a "defined
time constant" to approximate a "linear" motor. The effect of brush
friction is characterized as a motof f;me constant which varies in-
versely with the actual motor speed and is simu}ated in the MS150 by a
phase advance network in series with a tachcmeter feedback signal, With
this arrangement, the forward path time constant, tm’ is reduced to be
about 0,25 seconds substantially independent of frictiemmal effects._
Therefore, the system_time constant, tm = J/D, in equation (2-11) is
reduced to be.O.ZS seconds by the above arréngement.

Followiﬁg procedures outlined in reference [1], section 2.2.1,'
thie M3130 system time canstant was measure
as expected, The method used consists of applying a smare wave input
to the system and observing the speed response with an escilloscope,

The motor speed responds exponehtially and the time comtant is es-
timateﬁ from the time required to rise to 63 percent of the final value,
2.4 Tachometer Feedback

As pointed out before, increasingl%’réduces.the steady state
following error, but increases the tendéncy,to oscillatz, In order to
ad just system parameters to improve performance, one method is to
introduce a signal from a tachometer in the forward patih as mentioned
in section 2,3, Since the signal is proportiocnal te output shaft speed,

it is termed "velocity feedback" and provides a powerfull means of

stabilization and improved transient response,
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The schemétié block diagram for this method is shown in Figure

2-2(a). (The par;meters, Kv = 41.2-And tm = 0,25 were defined in the

previous sections,) The'velocity feedback signal from the tachometer
is returned to the input with kz representing a potentiome%gr across

the tachameter output., The polaritf‘of the returned signal is negative,

The position feedback control is shown as k. , which is across the output

)
of an operational amplifier. The ocutput position signal is returned for
comparison to the desired input to generate the error Ee.

The effect of tachometer feedback on the forward gain and time_
constant can be shown by deriving the transfer function of the inner
loop and single integration shown in.Figure 2-2(a) where unity position

feedback is assumed, (i.,e,,k, = 1), Since,

1
Fadl o R ¢ bl R ST RR T R T, Y = £ 20\
LS 0 WS e e .L).v,v\\-gv ‘ i J - e,
and,
8 (s)/E_(s) = G(s)/(1 + G(s)H(s)) 5 (2-29)
Then, .
8 (s)/E (s) = K, /st s + (1 + K k)] (2-30) .

which may b2 rearranged algebraically by sepérating the factors,

K kv/(l + Kvkz) S (2-31)
and,

t=t [+ KK,) (2-32)

Thus, the tachometer feedback has the effect of making the
inner loop transfer function equivalent to a single time constant
forward path, Both the time constant, tm, and the velocity error

constant, Kv, are reduced by the factor, 1/(1 + Kvkz). It does not
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matter that, as in the case of the MS150, the time constant is not a
genuine one but is established by ;ompengation as stated in the
previous section., Substitution of the two factors into equation (2-30)
gimplifies the inner loop transfer function to,

Qo(s)/Ee(s) = Km/s(ts ) : : (2-33)
The tachomater feedback coefficient is shown in the dencminator of
equations (2-31) and therefore tends té reduée forward gain and time
constant as k, is increased. The effect of tachometer feedback on
damping factor (Z) can be determined by equating the coefficient of s
in the normalized equation, (2-23), with the same toefficient when

tachometer feedback is present, That is,

(1 + Kkt = 220 ' | N34

n

Z=(1+v1w Y2kt - {2-25)
s INE e ey Tn

\

.Thus, the damping factor is increased as the tachometer feedback is
increased.

The tachometer feedback coefficient, kz represents a voltage
divider across the output of the tachometer, The writer found in
laboratory tests that the tachoﬁeter genefator output was about 2,69
volts per 1000 RPM, measured at the high speed shaft, The;efore, at
the low speed shaft, the output voltage:rgpresents;

[2.69 volts/3.5 radians/second] = 0,76 volts/radian/second (2-36)

This value of k2 is the maximum feedback attainable with the existing

tachometer in the MS150,
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3, STATE FUNCTIONS vl

3.1 Rationale of Section 3

In section 3.2, the state-equations which define the closed-loop
positioning system shown in Figure 2-1 are developed. The-development
js for the second-order system in terms of the field controlled
(constant armature.current) mode of operation, " The effect of gain and
feedback on pole pesition in the complex plane are pointed out, In
addition, the state equations are put into the forms convenient for
computer programming,
3.2 Equations of State

The closed loop positioning system shown in Figure 2-1 was
deseribed in Section 2 by equation (2-16),

PEa

-— o= f S e P o .
KE.(s)"= (L 5 = s)6
s“fd / ““m ’®n

Division by N allows the equation to be written in terms of 90,

2 $)0_ : ~ (3-1)

.KSEf(S)/N = (tms
From Figure 2-1, using the voltage conversion factor, Ke’ the voltage
applied to the field may be defined as, :

Ef(s)‘= Re[ei(s) - kleo(s) - kzgo(s)] ; (3-2)
Incorporation of equation (3-2), in éffect, closes the loop and the
expression is,

(K K /9> [8,(s) - k0 () = k,8 ()] = (&5

-+ s)eo (3=-3)
Making use of the definition of Kv from equaticn (2-20), we
may rewrite equation (3-~3) in the time domzin as,

KL0;(6) = K8 (£) = k0 ()] = £ 0.(6) +§ () (34
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By definition, the phase variables of the system are,

X,(t) =8 _(t) .

X,(t) = 6 (t) (3-5)
Therefore, equation (3-4) may be written in phase variables,

tmxz(t) + Xz(t) = Kvgi(t) - Kvklxl(t) - Kvkzxz(t) (3-6)
and the state equations describing the system are,-

Xl(t) = xz(t)

X,(t) = =Kk X, (£) = [(1/e,) + Ki,] Ky(£) + Ko, (&) (3-7)
where,
K = wn2 = Kv/tm.
In matrix form, the closed-loop system staté.equations are expressed as,
. 0 1 0} : ;
Mo le, —aEdi-ng| 2O 7 K], s )

¥(t) = f1 o} x(e).

~where Y(t) is the state variable representation of the output variable,

Go(t). This expression shows the effect of feedback on the system state
equations, and consequently, the effect on}system perfermance,
Specifically, the poles of the closed-loép transfer fumetion may be

set as desired by proper selection of the controller gain, K, and the

feedback coefficients, k, and kz.

1

For convenience of computer programming, equatiem (3-8) may be

broken down into parts which allow the driving functiom, U(t), to be

shown separately as follows,
0 3 0

X(t) = x(®) + | |uc) (3-9)
0 -lltm 1
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uce) = ke, (t) - kX, (t) - k,X,(t)]
Y(t) = [ 1 0] X(t)
This form of the state equation is commonly used to facilitate identifi-
cation of all the system elements involved, 3
One method of solution of equation (3-7) is by integration,
That is,
t
Xl(t) = J‘o xz(t) dt
£ 1
X,(t) = fo_[ Kk X:(t) - [/t + Kkzj X,(t) + Ko, ()] dt (3-10)
If the initial conditions are taken teo be,
IC = xl(o) = ] i (3-11)
IC, = XZ(O) =1 ; : (3-12)

2

then the reference input, Gi’ is assumed to the éero, or desired
positione Tue IDH 360 CuuLinuéus System.ﬁodeling frogram (360/CSMP),
of reference [4] provides a convenient method of obtaining a graphical
and digital presentafion of equations (3-7) and (3-10). The 360/CSMP
output plots and amplitude versus time results are included in
section 4.5, . |
3.3 State Transition Matrix and Time Performance

The solution of the first order iinear differential equations

g;:> = AX(t) + BU(t) . (3-13)
involves the determination.of the time response of 211 the state

variables, The state transition matrix (STM) provides one vehicle to

|laccomplish this task, A knowledge of the STM and the initial state

of the system allows one to determine the state at any later time,

Thus, the STM,
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. At

gic)i=ten s 4 (3-14)
is used to obtain,

X(t) = §(XO) - ' (3-15)
where X(0) is the jinitial conditions, The STM is related to a
generalized impulse response associated with the system described by
the A Matrix, The time response of equation (3-13) where the initial
state is given at t = 0 can be obtained by application of the convo-
lution integral,

X(t) = @(t)X(0) + fz gt - t) g_g_(é)d? (3-16)
However, in the particular application under discu;éion, the initizal
displacement error of the system output variables is assumed to be one,
that.is, X(0) zl[i] and the desired position is the zero posiﬁion,
'(Qi) toward which ihe system tends to move.e Therefore, ! (ES may be
considered to be zero for all‘E, and,

Jo B(t - £) BU (£)dE = 0 | ) (3-17)

Hence, the system time response may be written as,

X(t) = $(t)X(0) _ ' (3-18)
—¢ (t) ¢..(t) 1

()=l Tac e (3-19)
.¢21(t) ¢22(t) 1 '

(6,.(t) + p_(t)
X(e) = | L2 | *(3-20)
5O

In other words, the expression for the position, Xl(t) and velocity,
X,(t), respectively are, |

X1(t) = ¢11(t) & ¢12(t) (3-21)
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X, (E) = 9, () g () T (3-22)
where §..(t), @, (t), @, (t) and §,,(t) are the elements of the state
transition matrix (STM); The STM for each of the conditions which will
be discussed in section 4 was obtained using the Melsa programs [3] on
the IBM 370. The ccmplete printed computer cutput is included in

Appendix 1. The computer input data in each case is the elements of

the A-matrix of equation (3-13) which are,

o 4] 1
A= (3-23)
-Kk ‘(I/tm) - Kk2 < :

1
from equation (3-8) with the appropriafe values of the feedback
coefficients, kl and kz while the gain factor, K = 164,.8 and th = 0.25
second. : |

Time response solution by means of the STM is included to
complete the discussion of problem solution by state variables,
However, in simple systems such as the one ‘described here, direct
analysis by classical methods are adequate, The STM was simplified

here by judicious definitions which caused the convolution integral

to drop out,




4, MODERN CONTROI THEORY

4,1 Rationale of Section 4

In this section‘the conceéts of medern contrel theory
involving the state function equations and the quadratic ;er-
formance index are discussed in section 4,2 to set the background
for a discussion of the basis for system modeling via performénce
indices in sections 4.3 and 4.4, In section 4.4, the desired
positioning system is modeled by aéplication of techniiques in-
volving the Kalman equation. This approach takes .advantage of
optimal concepts in a greatly simplified manner, DPata and results
relative to this model are presented in Table 4-1, and Figure 4-2,
Comparable results obtained by the relétively simple 360/CSMP .
simulation are then presented in Figure 4~3 through 4-6, Closing
remarks and conclusions are presented in section 4.6,
4.2 Optimal Contreol

In the.general optimal control problem, the plant to be
controlled is assumed to be described by a set of differential
equations of the form,

X=£&, U, t) ~‘ : 1 (a=1)
The performance of the systeﬁ is judged.on the basis of an

integral performance index of the form,

PI = S[X(t), t.] + ftf.L(X, U, t)dt 4-2)
e :

20)
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The time interval of interest is Heéignated to be from the
initial tine, ti’ to the final time, tf; of the control period.
The integrand of the performance.index, L(§, U, t), is assumed
to be a positive definite function of X, U, and t, where g_is
an n-dimensional state vector and U is an m-dimensional control
vector, S[X(tf), tf] is the final cost function, It is desifed
to find the optimal control g?(X) that minimizes the performance
index PI, or preferably to find thé optimal control law, The
optimal control law enables the generation of U(x.t) from X(t)
in the true feedback sense, The references for the above dis-
cussion are [7] and [8].
4,3 Modeling and Performance Indices‘

A basic problem in designing a system by methods of optimal
control theory is the selection of the performance index, One
choice is to use a quadratic performance index, The selection
then is of the positive definite matrix P and positive semi-
definite matrix Q in,

BE S GGG X e Whage o -3
For the scalar input case equation (4-3) becomes, .

PI = J:(ng)_c + pUz)dt . . : (4-4)

Minimization of the initial performance index, equation

may be equivalently stated as a minimization of a reduced
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performance index, »

PI = f:[(ka)z + pu?Jat ' (4-5)
Since there are only n unknown elements in Y¥s of the n(n+1)/2
elements in Q, only n combinations are critical in determining
the optimal system, Now x.méy be chosen directly, rather than
selecting Q. Thé reduced performance index has a very important
feature related to system modeling.

If the term p in equation (4-5) is allowed to vanish,
(i.eey p = 0), the performance index of equation (4~5) has anA
absolute minimum value of zero, if and onlf if,

YL =y % () H oy X)L X (D)= (4-6)
for all 0 < t < oo, | " '

With the system expressed in phase variables, so that
i-1 i-1

Xi(t) = d Xl(t)/dt 4-7)
for all i < n, equation (4-6) becomes,
VX, () + v,dR (e)/dt + o o o + &nd“'lxl(t)/dt“‘1= 0 (4-8)

Since the system here is represented in phase variables and actual
gsystem parameters are not involved, equation (4-8) may then be
written,

Y, Y(E) + (v, d¥(e)/de) + o o o + v [d" (@) ]/at" = 0 (4-9)
where Y(t) repfesents the output variable, Oo(t).

Equation (4-9) represent§ an (n-1) order differe;tial equation

which the output Y(t) must satisfy if the performance index is to
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achieve an absolutg minimum of zero. , A time response which satisfies
this equation is the ideal or model time response. In ether words,
the describing differential equation (4-9) may be referred to as the

system model,

-

Since the model order is (n-1) while the system order is n, Y(t)
cannot satisfy (4-9) exactly. However, if thg performance index is to
be minimized with p = 0, Y(t) must approximate the model response as
closely as possible,

The model time response is determined by the selection of the

elements of y. Therefore, y should be chosen so that the model time

response meets such specifications as rise time; overshocot; damping

ratio, M-peak and phase margin.

Schultz and Melsa; [8}, state that if the sealar cest functien;

ps of equation (4~5), is less than 0.1, the optimal response approxi-

mates the model time response specified by y. If p is greater than 10,
the response is approximatelyAequal to the.unforced response, g.a A X,
of the forward system alone, This concept will be investigated in
sections 4,4 and 4.5,
4,4 System Model and Optimal Control

Despite the simplicity of the concept preéénted above, the choice
of ¥y in most cases still presents a difficult problem, It can be
shown, [8], that the choice of y, and for that matter, choice of a
performance index may be side-stepped by speéifying a system model of

the form,

Y(t) + TY(t) = 0 el (4-10)




optimal control problem where the system is deseribed hy equation (4-1)
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and by selection of a weighting factor, p, to be applied to the required
control. In other words, for discussion- purpeoses, the performance
index is of the form,

PI = [ T + p2u?) at . < (4=11)
where,

Y= X, (£) + TX,(t) : ; - (4-12)
from the phase variable definitions given in equation (3-5), In terms
of the discussion in the laét paragraph of the previous section,
5= Jb and the same effects are cbserved as p is vari'ed°

With equation (4-10) as the system model, gﬁere are several
approaches available to determine the required feedback coefficients,

-

For example, there is the Hamilton-Jacebi approach [8] to the basic

aﬁd the quadratic performance index, One technique for solution of the
Hamilton-Jacobi equation is the matrix Ricatti method of determining
the feedback coefficients which minimize tﬁe performance index,
However, the Kalman equation was developed teo obtain an exact solution
for the feedback ceefficients without the necessity for‘sqlving the
matrix Ricatti equation. There are seve£al ﬁseful forms of the Kalman

equation, but the one which will be used .in this thesis is,
2

L

™) /D lz ' (4-13)

1 + G(s)Heq(s)
Since both sides of equation (4-13) are complex quantities, the

notation,

m(s)

2 & m(s)m(-s), can be used to expand the equation

even though it is only true for s = jw,
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kY

This technique begins by definihg a synthetic transfer function,
Is)p= 1 + T8) G(s)/p (4-14)

where T is the model time constant and G(s) is the system transfer

-~

function,

G(s) = K fs (ts+1) (4-15)
whereﬁKv = 41,2 and E = 0.25, The value of the.model time constant,
T, may be selected at the designer's chéice. In this case, a value of
T = 0,1 second will be used and equation (4-14) becomes, :

£(s)/p = (1 + 0.18) 41.2/s5(0.25s + 1) p _ (4-16)

The right-hand side of'equation (4-13) beconmes,

2

1+ |+ 0.1s) 41.2/s (0.255 + 1)p (4=~17)

In terms of the notation, m(s) 2 o m(s) m(~s), equation (4-17)

may be expressed,

1+ 41.2/5)2 [ - 0.18)/(-8)(~0.25s + 1)][(1 + 0.18)/5(0.25s + 1)]
: (4-18)
Or,

" [0.0625p5%s"

The roots of the numerator of equation (4-19) are,

s2 + (52

2

+ 16.97) £\G2 + 16.97)%- 424,255 -}/0.12552 (4-20)

In the case where 52 = 0,1, the roots are,

s? = 1365.6 * 1256 = 2622 or 110

s ‘= + 51,2 and * 10,5 (4-21)
Therefore, the roots in the left-half of the complex plane, designated
<+
by [eee] » can be expressed as,

[1 + £ts)/p]" = (s + 10.5)(s + 51.2)

[1+ Ke)/p] = s2 + 61.7s + 537.6 . ; | (4=-22)

s = 32(52 +116,97) + 1697]/[0.62554 -32] (4-19)
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The left-hand side of eqdhtion (4-13) is formed using the
equivalent feedback expression,
Heq(s) = kl f kzs X (4-23)

Heq(s) is defined as the equivalent feedback of the system, Heq(s)
is an artificial means of displaying the effects of state variable
feedback in the closed-loop system, The equivalent feedback is

obtained by moving k., forward to sum with k.. Therefcre, the

2 1
left-hand side of equation (4-13) becomes,
1+GH, (s) =1+ [41.2/5(0.25s + 1)][k, + k,s]
1+ GHeq(s) = [s2 + 4(1 + 41.2K,)s +'164.8k1]/s(s + 4) (4~24)

By equating the coefficients of s in equations (4-22) and (4-24),

' the feedback coefficients may be determined;

61,7 =4 + 164,86k,
K, = 57.7/164.8 = 0.350 (4=-25)
and,
 537.6 = 1648k,
k, = 537.6/164.,8 = 3,262 (4-26)

Simjilarly, by successively letting 52 = 0.1; 1.0, 10.0 énd 100.0,
Table 4-1 was forméd based on the system biock diagram shewn in
Figure 4-1,

The time-performancé equations obtained by classical methods
of differential equations are also tabulated in Table 4~1, The

equation for 52 = 0,1, for example, was determined usimg the roots
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given in equation (4-22) and by writing,
X, (t) = Bei 0ot apanenelt (46-27)
The initial conditions were chosen to be xl(o) = lvand XZ(O) = 1,
Solution for A and B leads to the time performance equation,
XO(E) = igBe 0t 0 ome iR (4-28)
Table 4-1

Performance vs Weighting Factor, 52

52 kl kz Pérformance Equatiens

0.1 3,262 ' 10.350/ X (v) = 1.787eil P38 L o8 07014t |
10 1.000 0,126 X, (t) = e 2** (Cos 3.3t + 4,03 sin 3.3t)

10,0 0.315 0,049 X (t) = e 005 cos 3,9t +1.81 Sin 3.9t)
100,0 0.099 0,019 X (t) = e 2?2 Cos 1.36t + 2,45 Sin 1.86t)
o 4 % X, (t) = 125 - 0025 e

Solutions for the other value of 52 were obtained by similar means,
These equations are plotted in Figure 4-2, The ascending line shown

in Figure 4-2 is the initial slope of the curves due to the initial

i conditions, In the 1limit where 52 = o, it also represents the uwnforced

syétem response ﬁﬁere,

G(s) = 41,2/s(0,25s +1) - i O (4=29)
or, by multiplying through by 4,

G(s) = 164,8/s(s + 4) : - (4-30)
The roots of the denominator, (characteristic equation)s of the
forward system are s = 0 and s = -4, Therefore,

~4t

Xl(t) = A + Be (4-31)
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and with XI(O) = l'again,

X (t) = 1,25 - 0,25¢™" -- (4-32)
As stated above, the unforced response is equivalént to making 62 go
to infinity, Therefore, we see in F;gqre 4-2, the effects of variation
of the weighting factor, 62, from 0,01 to inf@nity, or, from the model
to the unforced response of the forward system.
I 4,5 Simulation in 360/CSMP

Using the form of the.state equation developed in equation
(3-10), thé IBM 360 Centinuous System Modeling Program.was used on
the IBM 370 to obtain the output position plot and Hata shown in
Figure 4-3 through 4-6, corresponding to p2- 0.1, 1,0, 10,0, and 100 0.
(The eomplete programs and output prints are included in Appendly 1.)
Figures 4-3 through 4-6 confirm the results obtained by classical
meﬁhods shown in Figure 4-2, The point by peint data printed in
Figure 4-~3 through 4-6 are in exact agreement with data calculated
over the range plotted in Figure 4-2, The fesponse can be seen to be
more sluggish as 52 advances from 0,1 to 100.0, The 360/CSMP methed
offers an extremely simple, convenient an& informative téchnique for
evaluating the time performance of 1ineaf conirol systems when
described as in equation (3-10). Otherwise, very séphisticafed
techniques invelving interfacing of analog and digital systems have been

used as in reference [9] to solve complex systems of equations such as

these,
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: 3.6000E-01
: 3.8000E-01
4.,0000E-01
4.2000c-01
4.4000€E-01
4 .6000E-01
4.3000€-01
5.0000E-01
5.2000E-01
5.4000E-01
5.6000E-01
5.8000E-01
6.0000E-01
6.2000E-01
6.4000E-01
6.6000E-01
6.8000E-01
- 7.0000E-01
7.2000E-01
7.4000E-01
7.6C00€E-01
7.2000E-01
8.0000E-01
8.2000E-01
8.4000E-01
8.6000E-01
8.8000E-01
9.0000E-01
9.2000E-01
3.4000E-01
9.6000E-C1i
9.8000E-01
1.0000E 00

FIGURE 4-6 MODEL POSITION RESPONSE,

5

X1
1.GO00E 00
1.0155E 00
1.0228E 00
1.0223t 0OC
1.0167€ 00
L.0052E 0C
$.8919E-01
$.6927E-01
9.4612E-01
9.2032€E-01
8.9237t-01
8.6273E-01
8.3181E-01
7.9997E-01
71.6751E-01
7.3473E-01
7.0186E-01
6.6911€E-01
6.3667€-01
£.047CE-O1
5.7331E-01
Yevzowc—uUl
D.1276E-01
4.8376€E-01
4.5568E-01
4.2859€E-01
4.0251€E-01
3.7747E-01
3.5347€-01
3.3053E-01
3.0865t-01
2.8781E-01
2.6800E-01
2.4921c~01
2.3141€E-01
2.1458€E-01
1.9870€-01
1.8373E-01
1.6964E-01
1.5640E-01
1.4397€E-01
1.3233€-01
1.2144E-01
1.1127E-01

1.0177€-01

9.2930€E-02
8.4702€-02
T.7057c-02
6.9964E~02
6.3393E-02
5.T314E-02

P¥#2=100.0""

MINIMUM X1
«7314E-02

-VERSUS TIKE"

"' PAGE

Bt T D —

e e e 28 e = —— ————

e e - s o o - s - ———
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MAX I MUM
1.0229€E GO
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4,6 Conclusion : ‘ : S

One of the problem areas of modern control theory still re-
quiring basic research as reported in reference [10] is the area in-
volving plgnt model aécuracy, performance index definiticn to
consolidate design and model inaccuracies, and in general, a system-
atic approach to oﬁtimal system design., The approach used in this
thesis utilizes a rational method of establishing quadratic cost
functionals based on specification of a desired system model, To be
specific,va model with a first order system time constant which'givesA
the desired output variable time response is used. Once the cost |

functional is established, a method is demonstrated whereby feedback

coefficients for each of the state variables.aré computed based on

ower considerations for optimizaticn

)
R et

3
¢
(
'
¢
(
b
:
»
t
.
¢
¢

An extension to higher order systems and models Tequire
additional computation but not added theory: Thus, the ﬁrinciples

can be applied to higher order systems since the designer can choose

the model time constant to obtain the desired n-order system response,

1imited only by the control power considerations,




[1]

[4]

[5]

[]

(8]

s

[10]

o

LIST OFiREFERENCES

Feedback Ltd., Technical Informations Modular Servo, Type MS150,

Parts I & II. Crowborough, England, n.d.

Feedback Ltd., Technical Information: Modular Servo, Type MS150,

Introductory Experiments, Crowborough, England, n.d,

Melsa, JoL., Computer Programs for Computational Assistance in

the Study of Linear Control Theory, McGrawaHili Book Co.,

New York, 1970,

IBM Corpe., System/360 Continuous System Modeling Program Form -

Ko, GH 20~0367—4, IBM Corp., Technical Publications Department,

White Plains, N.Y., 1972,
Fitzgerald, Kingsley, Kusko, Electric Machinery, Third Edition.
MeGraw-Hill Book Co., New York, 1971,

Murphy, G.Je, Basic Automatic Control Theory, D. Van Nostrand-

Ce., Inc., Princeton, New Jersey, 1957,

- Melsa, J.L, and Schultz, D.G., Linear Céntrol Systems, McGraw-

Hill Boolk Co.s New York, 1969,

Schulitz, D.G. and Melsa, J.L., State Functions and Linear Control
Systems, McGraw-Hill Book Co.; New York, 1967,

Stewart, E.C., E,C., Kavanaugh, W.P., Brocker, D.H., An Adaptive

Random-Search Algorithm for Implementation of the Maximum

Princinle; NASA TN D-5642, Washington, D.Ce., Feb., 1970,

Athans, M., "On the LQG Problem", IEEE Transactions on Autcmatic

Control, Vel, AC-16, No, 6, Dec. 1971,




APPENDIX 1

COMPUTER OUTPUT DATA

38




#0ksCONTINUOUS SYSTEM MODELING PRUGRAM**%%
*#%PROMEM INPUT STATEMENTS###

INITIAL
1C1=LD.
1C2=LD

ODYNAMIC ) .

X1=INGRL(ICl, X2)

© 2= INDRL(IC2,-53T.63X1-61.T¥X2)  ~ 7 7o st s

TIMER FINTHM=l., GUTDEL=0.02, PRDEL=0.02

PRTPLOT X1 2 =

LAZEL FIGUHE 4-3 MODEL POSITION RESPUNSE, P*%2=0.1
PRTPLOT X2 :
LABEL MODEL VELOCITY RESPONSE, P##2=0.1
END :
S10P

OUTPUT VARIABLE SEQIENCE

ICl1

ic2

OUIPUTS
9{500)

X1

220003 X2

INPUTS PARAHS' INTEGS + MEM BLKS FORTRAN DATA CDS
13{1400) 3{400) 2+ 0= 2(300) 6(6CO} 6




4 -
. .
FIGURE 4-3 MODEL POSITICN RESPONSE, P&#2=0.1 = PAGE 1
© MINIMUM x1 VERSUS TIME MAX TMUM
3.5318€-05 AL AT 1.0008€ 00

TIME X1 i ¢ I
0.0 1.0000E 00  =———m e e e e e +
2.C00GE-02 9,321 3E =01  mmm e e e e e —_— T
4,0C00E~-02 B.0H2SE=01  mmmmmm e = e
6.0000€-02 6:639BE-01 Soemmom e + =
8.0000E-02 5,4398E-0]1 —mm—mmmmmm e e it S R RS
1.0000E-01 404712E=01  m—mmmmmmmmmm e

1.2000E-01 3.6319E-0) ——mmmmmmmmmmmmm e +

1.4000E-01 2.9457E-0F ——m=m—mm—mmeee 3 7 =% =
1.60006-01 2.36%96E-01  —=—mmmm————

1.800C€E-91 1.93736-01  ==--—-=—-- + :
2.0000E-01 1.27056-01 @ ==-—=-- i e Ty
2.20008-01 1.2730E-01  ——-——-- +
2.40D0E~C1 1.93196-01 -—--- )
2.6000E-01 8.3647E~02  ---—+% e - - =
2.3000€-01 6.730D3E-02 —--——+
3.0000E-01 5.4960E-02 —--+

3.2000£-01 4.4550E-02 -—~+ s
3.4000FE-01 3.6112£8-02 -+

3.6000E-01 2.9272E-02 -+

3.R000E~-01 2.37276-02 -+ g
4,0000F-01 1.9233E-02

4.2000E-01
4 .400vuc—-uL
4.6000E-01
4.3000E-01
5.0000€E-01
5.2000E-01
5.400CE-01
5.6000€E-01
5..8000E-01
6.0000E-01
6.2C00E-01
6.4000E-01
6.6000€-01
6.5000€E-01
7.C200E-01
7.2000E-01
- T.4000E-01
7.8C00E-C1
1.3000¢-01
8.0000E-01
8.2000E-01
8.4000%5-C1
8.63C0E-C1
8.2200E-01
9,000CE~01L
9,2C008-01
9.4C00E-01
9.6000&-01
9.8300€E~-01
1.Co00E VO

1.5550c-02
le20>ic—0c
1.0243E-02
8.2G30E-03
6.7303E-03
5.4555£-03
4.4221E-03
3.53453€£-03
2.3055€E-03
2.3352E-03
1.9021E-03
1.5475£-03
1.2344E-03
1.0163E-03
8.2417€~04
6.5805E-04
S.4152E-04
4.,3:55E-04
3.5520€E-04
2.3541E-04%
2.3273E-04
1.3352E-04
1.53606-04
1.2451E-0%
1.0093c~-04

8.15800--05
6.531 i:~-05
SieB N = =05

4.357:¢-09
3JS53L3E-05

B IR T TF Tk T T T S o S S S S S S S A B A
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MODEL VELOCITY RESPONSE,

TINME

0:0

2.0000E-02
4.0000€-02
6.0000E-02
8.000CE-02
1.0000E-01
1.2000€E-01
1.4000€E-01
1.6000€E-01
1.8000€E-01
2.0000€E-01
2.2000€-01
2.4000E-01
2.6000E-01
2.8000E-01
3.0000€E-01

3.2000E-C1

3.4000E-01
3.6000E-C1
3.8000E-01
4.0000€-01

2 AnAAC A
eV T

e T va

4.6000E-G1
4 .8000E-C1
5.0000£E-01
5.2000E-01
5.4000E-01
5.6000E-01
5.8000E-01
6.0000E-01
6.2000€-01
6.4000E-01
6.6000E-01
6.8C00€~C1
7.0000£-01
7.2000€-01
7.4000€-01
7.6000€-C1
7.8000E-01
8.0000E-01
8.2000E-01
8.4000E-01
8.6000€E-01
8.8000E-01
9.0000E-01
9.2000E-01
9.4000E-01
9.6000E-C1
9.8000E-01
1.0000€ 00

~3.7083¢€~-0%

. +
P*#2:0.1 = . ; : PAGE I
MINIMUM x2 VERSUS " TIME MAX IMUM
-6.9820E 00 : 1.0000E 00
X2 i _ , I :
1.0000E 00 == mm oo o e o e o B

-5.7199E 00  -=—-=-- +

-6.9820€ 00 + -
~6.5014E 00 ---+ .
-5.5726E 00  -=—=--==- +

~4.6259E 00  ————-m—---eeeo +

~3.7833E 00 -———————=—---—m———-—y ,

~3.0852E 00 r-=-—=——e—m—e———— e + % -
~2.5058E Q0  ———mmmmmmmmem—m e +

=2.07308 00  ——mmmmmmmm ey

1. BLE 00  mmmmmm o B

=1¢%366E 00 === ommmm e + ¢

=1.G835E 00  —==mmmmmm oo +
—B.7828E=0} === e o +
=701193E-01  =-=rm—mm e i
=5.TT08E=01  ——mmm oo +

4 bTTTE=0Ll  mmmmm e e o o o *
—3.T917E=01  ——mmm e +
=3.0735E-01 =—=mmm—m e e +
=2.4G13E=01  mmmmmmm o +
—2.0194E=01 —=—mmm—m e e e e +
=1.3289E700 ommmrmemmm e m e e e e e e e
~1e0755E=01  —mm oo +
—847181E~02  ==r——m— e e +
—7.0668E=02  =mmmmm e e e +
~5.72832E-02  mmmmm e e +
“64.6432E=02 e e e e +
=3.7637E-02 ——m=mmm e e e +
=3.0508E-02  —=mmmmmm e e e +
“2.4T29E-02 —m—mmmm e e e e +
~2.0045E-02  =====m-=cmm—e—m— e Temmm e +
~146248E=02  —mmmmmm e e am——— +
“1e3170E=02 =—mmm e e e +
—1.05T6E=02  =mmmmm e e L *
~8.653BE-03 . ==m—m e e e e +
~7.0146E-03  ~--===m————cm——m— e ittt S +
=5,6859E~03  —mmmm e e e e +
—4.6039E-03  ————- e m e e e 3

=3, 7359€=03 | m-—-mm—mmm e e — oo +
-3.02836-03 ~—---m—=msm—mmm——e———— oo e e +
=2.459TE=03 | —-rmmmremem e e oo +
~1.9897E-03  —mmmmmm e e e +
~1.612BE=03 =~ rormmme e e e e +
—103073E-03 " -m—mmmmemmm oo +
=1.0597E-03  =m—mmmmmmm e e e e +
“8.5899E=04  mmmmmmmmm e e e +
~6.96285-04 mmmmmmmm e e o m oo +
~5.6440F 04  —m-mmtm e e — o mm e — e +
“4,5T4FE=084 == mrm e e e e +

------------------------------------------- + .
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#+x%CONTINUQUS SYSTEX MODELING PROGRAM®*%%

**#PROBLEM INPUT STATEMENTS###

INITIAL
IC1=1.0 ; o
1C2=1.0
DYNAMIC e
X1=INTGRLIICL, X2)
X2=INTGRL{IC2,~164.B¥X1-26.8%X2)
TIMER FINTIM=1., CUTDEL=0.02, PPDEL=0.02

PRTPLOT X1
LABEL FIGURE 4-4 MODEL POSITION RESPONSE, P*#2=1.0
PRTPLOT X2 A
LABEL MODEL VELOCITY RESPONSE, P*#%2=1.0
END RO
STOP 2
OUTPUT VARIABLE SEQUENCE 1
1C1 IC2 X1 270003 Xx2
QUTPUTS INPUTS PARAMS INTEGS + MEM BLKS FORTRAN DATA CDS

9(509)

13(1400)

3(400) 2+ 0= 2{(300) 6(600) 6
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FIGURE 4-4 MODEL POSITION RESPONSE, P&¢#2=1.0

TIME
0.0
2.0000E-02
4.,0000E-02
6.0000E-02

+0000E-02
1.0000E-01
1.2000E-01
1.40C0E-01
1,6000E-01
1.3000E-01
2.0000€-01
2.2000€E-01
2.4%000E-01
2.6000E-01
2.3000E-01
3.0000&-01
3.2000E-01
3.40C0E-01
3.6000E-01
3.8000E-01
4 .9000E-01
4.2000E-0C1
4.4000c-01
4,600UE-01L
4,.8000E-01
5.000CE-01
5.2000E-01
5.4C00E-01
5.6000£E-01
5.8000€-01
6.C000E-01
6.2000E-01
6.4000E-01
6.6000E-01
6.8000E-01
7.0000E-01
7.2000€-01
7.4000E-01
7.60C0E-01
. 1.8C00E-01
8.0000E-01
8.2000E-01
8.4000£E-01
8.6000E-01
8.8J000E-01
9.0000€E-01
9.200CE-01
9.4000E-01
9.6000€E-01
9,.8C0CE-01
1.0000€ 00

MINIMUR = X1

VERSUS TIME

-8.0681E-06

X1
1.-0C00E 00
9.8762E-01
9.2503€E-01
B.4534€E-01
7.5048€E-01
6.5423E-01
5.6169E-01
4.7630E-01
3.9968€-01
3.3237E-01
2.7420€-01
2.2460E-01
1.8279€E-01
1.4788€E-01
1.1898E-01
9.52295-02
7.5844E-02
6.0120E-02
4.7437E-02
3.7261E-02
2.9139€E-02
2.2587E-02

 1a7585e-02
1.3569E-02
1.0423E-02
T.9676E-03
6.0508E-03
4.53864E-03
3.4514E-03
2.5819€-03
1.9190€E-03
1.4161E-03
1.0366E-03
7.5193E-04
5.3979€-04
3.8256E-04
2.6720E-04
1.8308E-04
1.2239E-04
7.91G6E-05
4.8655E-05
2.7603€E-05
1.3354€E-05
3.9869E-05
-1.9226£-06
-5.4234E-08
-T7.2743E-006
-8.025%€-06
-8.0681t-08
-7.6771e-0%
-T.0421€-06

B I T T S S S S S S T T . i S SR S SR S S A N

-

MAX I MUM

SE 00
1

43




MCDEL VELDCITY RESPONSE, P##2=1.0

TIME
0.0
2.0000E-02
4.C0G0E-02

, 6.0000E-02
£.0000E-02
1.0000E-01
1.200CE-01
1.40C0E-01
1.6000€E-01
1.8000E-01
2.0000E-01
2.2000€E-01
2.4000E-01
2.6000E-01
2.8000E-01
3.0000E-01
3.2000E-01

3.4000E-01-

3.6000E-01
3.8000E-C1
4+-0000E-01
4.2000E-QL
4.4000€-01
4.6C00UC-0L
4.5000E-01
5.GC00E-01
5.20CUE-O1
5.4000£E-01
5.6000E-01
5.8000E-01
6.00C0E-01
6.2000E-01
6.4000€E-01
6.6000E-01
6.8000E-01
7.0000€E-01
. 1.2000E-01
7.4000E-01
7.6000E-01
7.8000€E-01
8.0000E-01
8.2000E-01
8.4000E-01
8.6000E-01
8.80C0E-01
9.0000E-~01
9.2000E-0C1
9.4000E-01
9.5000€-01
9.8000E-01
1.0000E 00

MINIMUM

-4.8374E 00

x2
1.6000E 00
-1.9849E 00
~3.7000E 00
-4.5532E 00
-4.8374E 00
-4.7605€ 00
-4.4675E 00
~4.0583E 00
-3.5993E 00
-3.1337€ 00

-2.6883E 6O’

~-2.278BCE 00
-1.9105E 00
-1.5873€ 00
-1.30US4E 00
-1.0721€E 00
-8.7222t-01
-7.0540€-01
‘=5.6735E~01
-4 .5397E-~01
-3.5145E-01
~-2-8A43E-01

~242594E-01

= PFiR3€-0%
~{a3672C-01
~1.9D797E-0]
-6 3€66%E-02
~6.4544E-02
-4.9562E-02
~-3.7B77E-02
-2.8804E-02
-2-1790€-02
-1.6392E-02
-1.2258E-02
-9.1066E-03
-6.7170€E-03
-4.9146E-03
~3.5631E-03
-2.5558€-03
~-1.8104E-03
-1.2628E-03
*-B.6414E-04
-5.7T669E-04
-3.7183E-04
~2.2786E-0%
~1.2841E-04
-6.1215E-05
-1.7130E-05
1.0601E-05
2.6941E-05
3.5498E-05

B ——

— o —— o — —

. . - — T ——————— 4

- —— . ———————— ——————— -~ —

-—

+

+

-—-4

------ +

______ -

B e e e ——
- — —— — —————— " - A -
- ——————— T — — T . ———}
- —————————— > =" - ———— At = = ————————
- ———— 1 7 .
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> MAXIMUM

1.0000€ 00




96 °*

=

*3#%CONTINUOUS SYSTEM MbDELING PROGRAMS %%
_¥*¥PRUBLEM INPUT STATEMENTS**%

INITIAL
ICl=1.Q
1C2=1.0
DYNAMIC
X1=INTLRL(ICL, X2)
> X2=INTGRL(IC2, -51.9%X1-12.12%X2} -
¢ TIMER FINTIM=1l., GUTDEL=0.02, PRDEL=0.02
PRTPLOT X1 2
LABEL FIGURE: -4-5 MODEL POSITION RESPONSE, P¥%2=10.0
PRTPLOT X2
LABEL MODEL WVELOCITY RESPONSE, P$%2=10.0
END
sTOoP

OUTPUT VARIABLE SEQUEINCE
IC1 1C2 X1 /70003 X2

"OUTPUTS INPUTS PARAMS INTEGS + MEM BLKS FORTRAN DATA CDS
. S(500} 13(1400) 3(400) 2+ 0= 2(300) 6(600) 6
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4
-, FIGURE 4-5 MODEL POSITION RESPONSE, P%#2=10.0 PAGE ~ 1
ERe T ’ MINIMUM : X1 VERSUS TIME MAX [YUM
-7.6043£-03 ¥ 1.00e1E 0O
TIME x1 1 1
= 0.0 1.0000E 00 “=m—mm e e e e e e +
2.0000€-02 1.OGBLE 00  ——mcmmm s e e o o e e e D
4.0000E-02 9 u859F9E=01  mmmmmmm e e e e e +
6.0000E-02 9. 6EIOE-0]  mmmmmmm—mmmmmmmm e +
8.0900E-02 GuZB36F-01  —mmmm e e e +
1.0000E-01 BubUl3E-01  —mmmmmm e e e 4
1.2000E-01 BuZb0TE=QGLl == e e e e +
1.4000E-01 T —-—+
1.6000E-01 7.0S108-01  —=====—- e e +,
1.8000E-01 bt TETE-0]  =mmmmmm e +
2.0000E-01 5e90T2E-01  ==m=—mmmmmmm e e +
2.2000E-01 523374£-0]  =—mmm—m—mmmmmm e e
2.4000E-01 4w TS21E-01  ==mmm—mmmmm e +
2.5000€-01 4.2T760E-0]  mmmmmmmm—mmmmm e +
2.8000E-01 3.7923E=01  —mmm————mm—mm——e e +
3.0000E-01 F.3429E-01  ——mmmmmmmm—m—— e + 2
3.2000E-01 2-92376-01  ———mmmm—m———m— + ¢
 3.4000E-0C1 2549BE=-01 = =—mm——-————= +
3.6000E-01 2.20556=-01  ———=m———-—- +
3.62005-01 W T24BE-Q1 mmmmmmm e /s
4.0000E-01 1.6160E-01  =—=-==—- +
I 4.2000E-01 o f el S D e + i
4.4000E-01 1.2474E-01  —=——-- +
4.6000E-01 9.5350£-02  ——--- -
4.8000E-01 7.683816-02 - —--——%
5.0000E-01 6.36216-02  ---+
5.2000E-01 5.0858E-02  -—+
' 5.4000E-01 3.9524E-02  --+
5.6000E-01 3.0601E-02 -+
5.6000E-01 2.2722¢-02 -+
6.C000E-01 1.6121:-02 -+
6.2000E-01 1.0644E-02  +
6.4000E-01 6.14356-03  +
6.5000E-01 2.5C98E-03  +
6.8000E-01 -3.9272£-064  +
7.0000E-01 -2.6&32€E-03  +
7.2000E-01  ~4.3559:£-03 ¢
5 7.4000E-01 =-5.67476-03  +
7.60006-01 -&.5739E-03  +
7.5000E-01 ~7a153-£-03  + -
§.0000E-01 =T7-4&%2£-03  +
3.2C000E-01 -T7.6C=3E-03  +
8.4000E~-01 -7.55T7£-03  +
8.6000E-01 « -7-3520t-93 +
8.8000E-01 -7.1032E-03  +
3.0000E-01 =6.7626t-03 4
9.2000E-01 =-6.3659r-03  +
9.4000E-01  -5.9337t-03  + 2
9.6000E~01 =5.4943t-03  +
9.5000E-01 -5.04<CE-03 ¢
1.0000E 00 -4.5978c-03  + ’
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6
HODEL VELOCITY 3ESPCNSE, P##2=10.0 2
& : PAGE 1
MINIMUM . X2 VERSUS TIME MAX I MUM
-2.3856E 00 : 1.00C0E 00
T IHE £2 1 I
< 0.0 1.0000F 00 == mm e e oo e e e e e e o +
©2.0000€6-02 - =1.42675-01  —==—m——m—mmm e __ + .
4.00006-02  -1.0368c 00 ==-—r~—=—m—mmmmmeom +
6.000CE-02 ~ =1.7193c 00  ——--—--mmo—mmem -
8.000CE-02  -2.2233F 006  ~—-=——=—- +
1.0000E-01  -2.5778 00 —---——-+
1.2G00E~-01 -2.3087€ 00 --# %
1.460Cc-01  -2.338lt 00  + :
1.600CE-01  -2.9856t 00 +
1,8000E-01 -2.9679¢ 00  + :
2.0000e-01  -2.8994& 00 -+ :
2.2000E-01  -2.7923% 00 —-+ i
2.4000E-01  =—2.6569E 00  -—-—+
2.6000€-01  -2.5017E 00 —-—--- ~+
2.8000€-01  -2.3339¢ 00 -------- +
3.0000E-01  =2.1593& 00  —=—=—=--=—-— i T
3.200GE~C1  -1.9825E 00  =———=—-=-—=-—— +
3.4000c-01, =1.8072E 00  ————==——=-=—-=—— + D
3.6000E-01  -1.6365€ 00  ———--——mm—m—em +
3.8000£-01  =1.4724€ 00  ———-—-————m———eu—o +
4.0C0GE-01  =1.3163E 00  —=—=—---———m—mmmo o + %
©.2000E-01  -1.1699E 00  m====mmmm——m e P
4.4000F-01  =1,0334E 00  ——m—m—mmmm—m e -
4.6000E-01  -9.0720E-01  —=—=-———mmmmmmmmmme +
4.800CE-01  -7.9150E-01  ———-—mmmm—mmm e +
5.000CE-G1  -5.3613E-01  —=———-—mm=mmmmm e +
5.2000E-01  =5.9082E-01  =—==———=m-m——mmmmmm Iy
5.4000c=01  =5.05015E=01 === m—mmmmmmm e +
5.6C00E-01  -4.2863E-01  —==——————mmm e + 5
5.80006-01  =3.6069E-01  —~-————-—m—mmmm e +
6.0000E-01  -3.0073E-01  ——me-m—m—m—mmm e + ~ :
-64200CE-01  -2.4815E=01  ====m—mmmmmm oo +
644C00E~01  -2.0232E-01  =-—m-mmmmm e +
6.5000E~01  —1.62638-01  —===m———mm—-mmmmem mmm—m o +
©0.8000E-01 . =1.28496-01  —=—————m—m—mmmmm e +
7,0000E-C1l = =9.9339¢-02  —-—mmmmmmm =t +
7.2000€-01  ~7.4632E-02  —=—-—mmmmmm e +
7.4000E-01  =5.3870E-02  ——=-m-—mm—mm o +
7.6000E-01  =3.8583E-02  ———m-mmmrmmmmmmmm e +
7.8000E-01  =2.23488-02  ———mm-mmmm e . X
6.0000c-01  =1.0763£-02  —=-=---m—mmm—mmmmoo s e e +
5.200CE=01 = =1.4784E-03  ———mmommmfmm e e +
8.400CE-01 5.339TFE=03  mmmmmmmmmm e B L
i © $.6000E-Cl 1.1473E-02  ~—=—=-—=-moom—mm—e o A m e m e -t
$.8000E-01 1.56835-02 == =m-m—mmmmm e e v
9.0000E-G1 156988202  =-mmmmmmmmmm o +
9.200CE-01 2.07208-02  —=mmmmm e e +
9.4000t-01 2.1928F-02  mmmmmmmmmm e +
9.5000€E-01 2.2468E-02  mmmmmmmmm e e +
9.8300E~-01  2.26805-02 === mmmmmemmm e e +
1.0000¢€ 00 2.2076E-02  smmmm——em e eemmemea oo} Ttk
! .
\ -~
— —




#$%+CONTINUDUS SYSTEM MODELING PROGRAM*%#%#
F*¥PROZLEM INPUT STATEMENTS**%

INITIAL
ICl=1.2
1C2=1.0
DYNAMIC
X1=INTGRLIICL, X2)
X2=INTGRLUIC2,-16.3%5X1-7.16%X2)
TIMER FINTIM=1., OUTDEL=0.02, PRDEL=0.02
PRTPLOT X1 s
LABEL FIGURE 4-6 MODEL POSITION RESPONSE, P#%2=100.0

PRTPLOT X2
LABEL MODEL VELOCITY RESPUNSE, P#%2=100.0
END : :
STOP
GUTPUT VARIABLE SEQUENCE
1cl 1IC2 X1 210003 X2
DUTPUTS INPUTS  PARAMS INTEGS + MEM BLKS FORTRAN DATA CDS
9(500)  13(1400)  3(400) 2+ 0= 2(300) 6(600) 6
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FIGURE 4-6 MODEL POSITION RESPONSE, P#%2=100.0

F : S PAGE 1

MINIHUM X1 VERSUS TIVE MAXTMUM

) - 5.7314€-02 1.0229t GO
TIME X1 - I e : : I
0.0 1.0000E 00  ——=—=—mc————— e e — o}
2.0000E-02 1S 01S5ER00N === es e e s s +
4.0000E-02 1.0228E 00/ | —=———=————— e o= ¢
6.0000E-C2 2 022 E 00 e e e o=

8.0000E-0C2
1.0000€E-01

1.0167€ 00
1.0052e 00

1.2000E-01 $.8919E-01 B e
1.4000€-01 $.6927E-01 e e e e
1.6000E-01 9.4612¢-01 e e
1.5000E-01 $42032E-01  —mmmmmm e -
2.0000E-01 £.9237c-01 e ettt
2.2000E-01 Eab2T3E-01  —mmm e
2.4000E-01 3.3181E-01 e e e e e e e e
2.6000E-C1 T2999TE-0L  ——m—mmm e e e e
2.800CE-01 TabT51E=~01  ———m e e e
3.0000E-01 Fa3473E-01  —-mmmmmmmm e e e
3.2000€-01 Fo0186E-0]1 ————mmm—m e m e e +
3.4000E-C1 62+6911E-01  ——=——mmmmmm e +
3.6000€E-01 §2366TE-01  —————mmm e e +
3.8000E~C1 &204T0E-01  —=--——mm e +
4.0vle-Ul o e e M S b § e e o s e +
4.2000e-C 3.42646-01  —mmmm—mmmmmmmm—m e -
4.4000€E-01 5.1276€E-01 ———————m—emmmmm e +
4.6U00E-01 %.8376E-01l  —=———cmmmmm e +
4.3000E-01 %.5568E-01° —————————————— +
5.0000E-01 %.2859E-01 ————m—— e — e ¢
5.2000E-01 4.0251E-01 —— e +
 5.4000E-01 3.TT74TE-0L —-——mmmmmmmmo B
5.6000E-01 3.53476-0F ——=—m————m-=———-
5.8000E6-01 3.30535-01 ———-mm—-m—e—meo
6.0000E-01 3.0865t-01 ————— e
6.2000E-01 2.8781E-01 —————===——=
6.4000E-01 Z2.6500E-01 —mmm
6.0000E-01 2.4921¢-01  —--==—=-- +
6.8000€E-01 243141E-01  ——------- +
7.0000€E-01 2.1456E-01 ——-—---- +
7.2000€E-01 1.98706-01  —-=--=—--- +
7.4000E-01 1.83738-01 ------ +
7.6000€-01 1-56964£-01 —---- +
7.8000E-01 1-56640£-01  —----- +
8.0000€E-01 E.4397E-01 ————t
8.2C00c-C1 1.3233:-01 -—-%
8.4000E-01 L<2144t-01 ———+ .
2.6U00€E-01 t.1127£-01 --2
3.3000€E-01 1-0177E-01 -—+
9.0000E~-01 $.2930E-02 —¢
9.2000t-01 8. 47026-02 -+
5.4000E-01 7-.7057c-02 -+
9.,6000E-01 £.-99641-02 +
3.8uU00E-01 &+3393r-02 +
1.0000E 00 Se7314t-02 +




1.0000E 00

=2.9215:-01

7y 4
.~
MODEL VELOCITY RESPONSE, P#%2=100.0
- PAGE 1
HINIMUM X2 VERSUS TIME MAX [ MUM
-1.6432E 00 1.0000€ .00

TIKME x2 [ I
0.0 1.0000E 00 ——=—— e e a4
2.0000€E-02 5.6022E-01 ——————————— e +
4.0000E-02 1a75T1E-0]  —=mmm e e + 7
6.CU00E-02 -1.58576=0] —mmmmmmm e +

8.0G00E-02 ~4.4728E-01  ———m———————— —————— +

1.0000E-01 ~6.9476E-01 —————m=—m—————m ——t

1.2000€E-01 ~9.0500E-01 —=——=————m————e + i
1.4000E-01 -1.0817c 00  —=—=—=-———- +

1.6000E-01 -1.22835 00  ——==-—- T -

1.8000E-01 -1.3473€E 00 ----- +

2.0C00E-01 -1.4432c 00 ---+ P

2.2000E-01 -1.5171E 00 --+¢

2.4000E-01 -1.572CE 00 -+ -

2.6000£-01 ~-1.6100E CO +

2.8000E-01 -1.6331€ 00 + )
3.0000E-01 -1.5432€ 00 +

3.2C00E-01 -1.642Ct 00 + -
.3.4C00E-01 -1.631GE 00  +

3.6000E-01 -1.6115€ 00 +

3.8C00E-01 -1.5850c 00 -+
4.0000F-01 -1.5523F 0Q -+
4.2000E-01 -1.51458 00 -—-+
4.4C0CE-CL -1.&726E 00 -—-+

4.6000E-01 -1.4273F 00 —----%
4.,8000E-01 -1.37956 00 ~----+

5.0C00E-01 -1.3296E 00 ———-—¢

5.2000E-01 -1.2783E 00 -—----=- + >

5.4000E-01 -1.2261F 00 -—-—--- + -

5.6G00€E-01 -1.1734¢ 00 -—=--7--- +

* 5.8000E-01 -1.120cz 00 -——=—-—-- +

6.C000E-C1 -1.0680E 00 ——==-—---— + :

6.2000€-01 -1.0160t 00 ————m—————— +

6.4000E-01 ~9.5475¢-01 ——mmm—m————— +

©.6000E-01 ~3.14512-01  ————m—m—————— +

65.8C00E-01 -8.554Lc=-01 mmmmmmmm—————- +

7.0000£-01 -§.1753:-01  ——=mm—m—s——m— e +

7.20C0E-01 =T7e71156-01  —==m—m—m————lfemo +

7.4000E-C1 ~Te26308-01  ———=m—mmmmmm——— o +

7.6CC0E-01 —6.8299E-01  m—mmm—mmmmmmemm— e v -
71.8000€-01 ~6.%1310-01  —mmmmmmmm—m e o + -

8.0000E-01 ~ =6.0129¢-01 =——=—=—m-——=—--—m——m—m +

8.2000€-01 —5.%2976-01  ———m—mmmmmmmm——mm— +

8.4000E-01 ~5.2634£-01  ——m—mmmm—mmmmemm— —-—+ %

B.6000E-01 +=4.3140¢-04  —====m-——mmm—mmmmm——— +

£.5000€-01 -4.58145-0]1  —mmmmm—hm—mmmemm—mmeee 4

9.0000¢&-C1 ~4.26593-01  mmmmmmmmmm e mmm e m e +

3.2000E-01 =3.796555-01  mmmmmmmmm e mmmm e +

3.4000E-01 -3,88]18:2-0]  mmmmmmm—mm—mmmmme——m e +

9.56000€-01 -3.%134c=-01 mmmmemmm——mm—me——e ~—————— +

9.3C00E-01 =3.16025-01  m=mm-mmmeemmmmmm—mm—— o + % S

......................... A
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$ 1l6.46.14
$ 16.46.14
$%lo.46.16
‘*loe.bb.18
$16.47.37
$16.47.37
$ l6.4T.47

Jos
JCo
JO3
J03s
JOs
Jis
JObB

596
596
5906
536
5356
595
596

U.F'.C-'C- S Y S T = ]
-CANNON -BEG EXEC-110-C M S
€0 7-TRK, 01 9-TRKS FTUOOL
CANNON . OCC,FTUCOL-KING GUT

[EF¢33A M OCO,FTUOOL, s CANNGH s LOAD
1EC2091 CANNON
1EC202E K GCO,FTUCOL,NL,CA*INON,LOAD
END EXEC

-

//CANNON JOB (3010,0076,94+9), 'CANNON A.',CLASS=M,MSGLEVEL=(2,0)
#%*SETUP TAPES,1,FTLOOL

*+*NESSAGE *%% VOLSER=FTUCO1l - RINGOUT, KEEP *¥¥%¥ x ;

//LGAD EXEC PGM=1EHMUVE

//SYSPRINT CD SYSOUT=A <

//SYSUT1
//t01 DD
//LCT DU
/7

//TAPEIN

D UNIT=SYSCA,DISP=0LO,YIL=SER=WURKO]

DSN=SYSCTLG,ulSP=5SHR,UNIT=3330,VulL=ScR=SYSIPL

DSN=FTULCT,DISP=(NEW,KEEP ), SPACE=(CYLs(2s24+2)),
VOL=SER=AORKO1,UNIT=SYSDA

DD UNIT=TAPE3,VOL=SER=FTUOCL,LABEL=(1,NL),

/7

//SYSIN DD #*
TEF3731 STEP /LOAD
I£F3741 STED /LCAD
£ EXEC BASMAT
LASTEPLIB B NEN-ETULCT,DISP={0LD,KEFP),UNIT=SYSDA.VOL=SFR=n0ORKG]
//FTO5F001 CD DUNAME=SYSIN

//7FT06FD01 0D SYSOUT=A
//SYSIN OC #

DCB=(RZCFM=Fb, LRECL=40,8LKSI1ZE=800,LEN=3),DI5P=0LD

/ START 72278.1¢46

/ STOP 72278.1647 CPU., OMIN 01.36SEC MAIN

fa Ball T I
Fors

IcF3731 STeP /
IEF3741 STEP /

/ START 72278.1647

// EXEC

PGM=FRESP

/8 STOR

72278.1647 CPU

OMIN 00.23SEC MAIN

//STEPLIB CO CSN=FTULCT'DKSP=(0LD;KEEP)yUNlT=SYSDA,VOL=SER5nCRK01
//FTO5FC01 DD DO{AME=SYSIN .

//FTOLFOO01 DD SYSuUT=A

//SYSIN DO *

TEF3731 STEP / / START 72278.1647

1EF3741 STEP / : / STOP 72278.1647 CPU OFIN 02.23SEC MAIN
IEF3751 J3B /CAaNNON  / START 72278.1646

ItF370l1 Jus /CANNON / SToP  72278.1647 CPU OoMIN 03.82SEC

LOG

-

4 OCT 72

JOB 596
62K LCS 0K
36K LCS OK

116K LCS 0K
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FTUOOL OCO TR=0CO,TW=000,EG=000,CL=000,N=000,S106=00993




zar ) Lo

SYSTEM SUPPORT UTILITIES ---- IEHMOVE

cary PCS=FTULCY'10=3330=HURK011FR0H=2400=fTU001.FRUMUD=TAP&!N

A PREALLOCATED DATA SET 1S 3EING USED

MEMBER BASMAT HAS 3cEN MOVED/COPIED.
MEMJER FRESP HAS B=EN MOVED/COPIED.
MEMBER GTRESP HAS bBEEW MOVEU/CUPIED.
MEMDER PRFEXP HAS EBEEN MOVcD/CUPIED.
MEMSER RTLOCC HAS OBEEN MOVED/COPIED.
MEM3ER RTRESP HAS ©EEN MOVED/COPIED.
MEMBER SENSIT HAS BEEN HMOVED/CCPIED.
MEMBER STVARFD HAS BEEN MOVED/CCPIED.

DATA SET FTULCT HAS BEEN COPIED TGO VIOLUME(S)

WURKOL
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BASIC MATRIX PROGRAM

PROBLEY IDENTIFICATIONS Model STM 52

SESFRRBARAFLFHEAS AP FSHERAT XD AL IHLOERISABEXHEE
THE A FATRIX

0.0 -
. - -5.3755785€E 02

1.0000002c GO
‘=6.1699997€ 01

THE DETERMINANT OF THE MATRIX
5.3755985€ 02

THe INvERSE UF THE MATRIX

IHC2081 IBCSH - PROGRAM [NTERRUPT- UﬁOERFLOH
TRACEBSACK RCUTINE CALLEU FROM ISN REG. 14
SIMEQ 0q33' 420C65€2
MAIN 00012912

ENTRY POINT= 010C5C48

STANDARD FIXUP TAKEN , EXECUTION CONTINUING

-1.147c934E-01
1.000C000&e 0O

=2 o » .
B D e et s

-1.2€601194E-03
0.0

s s S e P
Fr AR N FFTEHEST s

= 0,10

OLD PSW IS
ReGe 15
0COD4CF8

010C5C48

53

FF450G0DA20D53BA . REGISTER

-

REGS: %0 WNREGe- 1 .
00060000  000C5074
FLOC0008

CO104FF8

THE MATRIX COEFF[CIENIS OF THE NUMERATCR UF THE RESOLVENT HATR[X

THE MATRIX CCEFFICIE

1.000C00CE 00
0.0

THE MATRIX CUEFFICIE

6.1693397€ Ol
-5.375%3985E €2

FXESEFREF AT R FIRETVRIEXXS

= THE CHARACTERISTIC P

5.3759985€ 02

FELIFEREEFTLERTFPIXISXG I

THE EIGENVALUES uF°T
RcAL PART

-1.050¢3C0E .01
-5.11959482E 01

FISISEEITLECXRIPEIRRNENREL

NT OF S¥%1

0.0
1.0C00000E 00

NT OF S**Q

1.0000003t 00
0.0

EREEFIEREHRFSHRTLERE
ULYNOMIAL -
6.1693937¢€ 01

FXREXTERR TR ERRXRLIEKE

KE A MATRIX
[MAGINARY PART

0.0
U.O

FERXCILERITFFNIDR2GRR

1.00C00G0E 00

IN ASCENJING PUWERS OF S




THE ELEMENYS OF THE STATETRANSITION MATRIX
THE KATRIX CUEFFICIENT UF EXP(-1.0500008 OL)T

1.2579851€E 0O 2.4570033e-02
-1.3208847¢ Ol -2.5798571E-01

THE MATRIX CuEFFICIENT OF EXP(-5.119998E OL)T

-2.5798535€E-01 -2.4570033E-02
1.3208347€ 01 1.2579851E 00
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BASIC MATRIX PROGRAM

-2
S ENTICTCAT I ON L LodeliSTHIpE=ALEO

S EFERSELL NS IR ARUSE SRR RABSLFSUESLANESHHRES

THE A MATRIX s

0.0 ' 1.0600000c 00
-1.6479999E 02 ~2.4799988E 0l

THE DETERMINANT UF THE MATRIX
1.6473993%c 02

THE INVERSE uF THE MATRIX

-1.5048534€-01 -6.0673615E-C3 ' ; -
1.0000000E 00 0.0 2

T T T T T e e et e e L et
( -~
THE MATRIX CCEFFICIENTS OF THE NUMERATOR OF THE RESOLVENT MATRIX
THE MATRIX COEFFICIENT OF S¥=1

1.0000000E 00 0.C -
0.0 1.000000GE 00

THE MATRIX CUEFFICIENT OF S*#0

fJr=

FEHEFEFFFFFSERETIIRFREFRRFAFFLFCHAIAREIRFERR
THE CHARACTERISTIC PCLYNOMIAL — IN ASCEN2ING POWERS GF S
1.6479993E 02 2.4793988E 01 1.00000C0OE 00
3t#t*¢¢¢t¢¢#::t:::«:*act*::::#ag;vn:ttttttttt

THE EIGENVALUES UF Thrk A MATRIX
REAL PART [MAGINARY PART

-3.3226624E 00
3.3226524E 00

-1.2399994E 01
-1.2339994E 01

B T T T T RS S A LR S
THE ELEMENTS UF THE STATETRANSITICN MATRIX -~
THE MATRIX CUEFFICIERT UF EXP(-1.239999E OLIT*COS( 3.322652E 0C)T

1.0000000€ GO =ik
0.0 L.

THE MATRIX CUEFFICIEWT UF £EXP(-1.239499€ C1)T#SIn 3.322562E 00)T

3.7319450E ©0 3.009:340E-01
~4,9593755¢c Cl -3.731545Cc U0
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BASIC MATPIX PROGRAM

X Model STM 52 = 10.0
PROBLEM IDENTIFICATIUNS. i

25455 UL AR RIREEITIIFEILKLFAEI LA UFESRNIFELS o

THE A MATRIX

0.0 ; t.0000000E 0O
-5.1399994E O1° ~1.2120000c 01

THE DETERMINANT UOF THE MATRIX
5.18993994E 01
THE INVERSE UF THE MATRIX

-2.3352599€E-01 -1.9261824£-02
1.00000C00t 00 ‘0.0 - -

*t#*###*tttt##t#t#t##t####t###t:#####;#tt##tt
THE MATRIX COEFFICIENTS CF THE NUMERATOR OF THE RESOLVENT MATRIX
THE MATRIX CUEFFICIENT OF S¥*1

1.0000000E 00 c.0
0.0 1.0C000CCE 00

THE MATRIX CGEFFICIENT OF S$#%%#0

1.2120000E Ol 1.0G00Q00E 00
-5.1699994E 0l 0.0

ELHE AT IE AT FRRTAEIEL B EFETEFEAERFIXTRFHEKFEILRE
THE CHARACTERISTIC PULYNCMIAL - IN ASCENDING POWERS UF S

1.0000000E 0O

5.18999934Et 01 1.21200G0€ 01

;t##tt#*##t*‘tﬁ#t3#######*0########tt*#tit#ttt

THE EIGENVALUES UF THE A MaTRIX
REAL PART IMAGINARY PART

-3.8955909€ 00
3.8956909E 00

-6.0599995¢ 00
-6.0599935€ GO

SEAICEAEA SRR RS EE TRV B E ORI TXATAFSEATRXTNFEI0F
THE eLEVENTS OF ThE STATETRANSITION SATRIX =
THE MATRIX CJUEFFICIENT OF EXP(-6.059999E 00)T+COSt 3.8950691E 0O

1.0C000QOE 0O . 0.0°
0.0 d 1.0002CCCE CO

The WATRIX CUEFFICIENT UF EXP(-6.059999E 0CIT#SIN{ 3.8950691E ooam

25563384t -01
=1.5555649c CO

1.5555583%E GO
-14332.409€ 01
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BASIC KATRIXC PRUGRAM Model STM p2 = 100.0
PRUBLEM ICEWITIFICATIONS

B Tl s s
THE A MATRIX

0.0 ! 1.0G00000E 00
-1.6299988t @1 ~7.1599%998t CO

THE DETERMINZANT OF THE MATRIX
1.6299988E W1 ;
THE INVERSE F THE MATRIX

-4.3926412E-(01 -6.1349738BE-02
1.0000000€ OO 0.0 e

FIETHEE AT RS FFF E S A AT AL TR F RIS T I RARFIRRL R RS
THE MATRIX CUIEFFICIENTS OF THE NUKERATOR GF THE RESOLVENT MATRIX
THE MATRIX CUIEFFICIENT OF S*%]

1.0000000& 030 0.0 :
0.0 : 1.0000C0CE CO

THE MATRIX CGIEFFICIENT OF S*=0

7.31599998F 010 1. 000C0A0E

-1.629998/F n1] n.n

n

FIHEIFETFFF T EAFILA RIS TFTEREF S FRR RIS ERTHAS
THE CHARACTERVISTIC POL;NOHIAL - IN ASCENCING PCWERS OF S
1.6299988& Cil 7.1599998E 00 1.00000G6CE 00
R T e T e PP e E e e

THE EIGENVALLUES OF THE A MATRIX ' 3

REAL PART IMAGINARY PART
-3.579993%9c 00 -1.8664379E 00

-3.5799999¢ CI0 1.8664373t 00

FEET R R FE AL FIIN L R EIFEIFTFRFEXPERIT LR IIERER LXK

THE ELEMENTS (OF The STATETRANSITICN MATRIX
THE MATRIX CUIEFFICIENT OF EXP(-3.58C000E 00)T*COS( L.85543%E 00137

1.000000CE WG <" 0.0°
0.0 1.0000020t G

THE MATRIX CCIEFFICIENT OF £XP(-3.5SCO00E COIT*SInt 1.566%33€ 0007

1.9180°18¢ €0 5¢35779¢:3t-01
-8.7332058: 830 -1.9183918E 0C
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OPTIMIZATION ANALYSIS OF A SIMPLE
POSITION CONTROL SYSTEM

ABSTRACT

One of the problem areas of modern optimal control theory is
the definition of suitable performance indices,

This thesis demonstrates a rational method of establishing a
quadratic performance index derived fram a desired system model, |
Specifically, a first order model is.used to pfovide a quadratic,
performance index for which a second order system is optimized, Ex-
tension ot the.mernod to hiéhnr order sy¢*ams;.while reﬁuiring more

computations; involves no additional theoretical complexities,
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