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1. INTRODUCTION 

' 
1.1 Objective and Procedures 

The main goal ~f this thesis is to analyze optimal control of 

a simple position control system by means of a first order system 

model and linear-quadratic state regulator theory. The technique 

used is that of selecting a single, forward system time .. constant for 
.. 

an (n-1)-order model of an n-order system which allows the use of 

optimal tech~iques without becoming involved in the complexities of 

solving ' the Hamilton-Jacobi equation or the Matrix Ricatti equation. 

t . 

In this modeling approach, the physical interpretation · of the 

performance index in terms of the desired first-order syst~ forwa~d 

time constant is used in conjunction 'with the Kalman equation to 

ob~ain ~he op~ima1 con~roi feedback coeificien~s ana ~he closed loop II 

gain. 

The parameters selected for the position ·control system to be 

analyzed are based on the MSlSO Modular Servo System which is a 
. . 

universal teaching aid and demonstration model for automatic control 

and feedback systems. The MSlSO is described in detail in references 

[1] and [2] and is manufactured by FEEDBACK LTn.·of England. 

To attain the stated objective, it will first be necessary to 

evaluate the DC-motor characteristics of the power drive unit. After 

a discussion of the sys~em in terms of DC-motor analysis, second-

order differential equations and state equations in sections 2 and 3, 
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modern control theory is discussed in section 4 as a background to . . 
the establishment of a model of the system. The optimal feedback 

coefficients are then .determined. by an application of the Kalman 

equation. 

The time. response of the model syst~m is determined by 

classical methods, and the IBM 360 Continuous Sys tem t-1odeling 

Program , (360/CSMP) for several values of the control weighting 

-2 factor , .P • 

1.2 Computer Programs 

2 

In reference [3], J. L~ Melsa has compiled a gr oup of computer 

pr~grams which may be used f.or analysis and design of linea·.L~ control 

svstP~~ renresenteri in sta t e var iabJe f orm as 
J • 

• 
X(t) = AX(t) + bU(t) - - -
U(t) = K[e.(t)- KTX(t)] 

1. --

Y(t) = CTX(t) 

(1-1) 

(1-2) 

(1-3) 

The state variable programs inciuded in reference [3] can be 

summarized as followss 

BASMAT - Basic matrix computation of determinant, inverse, 
characteristic equation, eigenvalues and state 
trans ition matrix. 

RTESP - Rational time response of the linear feedback control 
syst em described above. 

GTRESP - Graphical t~e response display for a~ arbitrary input. 

SENSIT Analysis of sensitivity to parameter variations. 

II 

I 
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STVARFD - State variable feedback program may be used to find both 
open and .closed loop' system transfer functions. 

FRESP 

RTLOC 

- Frequency response of a rational transfer function over 
a specified range of frequencies. Both Bode and Nyquist 
plots are available. 

- Root locus plots. - .. -

PRFEXP - Partial fraction expansion of rational transfer functions. 

These programs were used throughout the background work of 

this thesis in addition to the IB~ 360 Continuous System Modeling 

Program, (360/CSMP) which is detailed in reference [4]e Selected 

computer output prints are shown in Appendix 1. 
{ " 

·.• 
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2. SYSTEM DESCRI~TION AND ANALYSIS 

2.1 Rationale of Section 2 

The HSlSO Modular Servo System is defined for purposes of this 

thesis as a simple position control with a small field-cot'!trolled DC 

motor as the plant driving force. The purpose of this section is to 

dev~lop the system describing differential equ~tions, transfer function 

and closed loop parameters based on r~sistance and inductance values 

of the t-1Sl50 DC-motor field and armature as measured in the laboratory. 

The development begins in section 2.2 with fundamental defini-

tions and proceeds to the normal form second-order system transfer 

function. In section 2.3, the method used to approximate a linear 

motor is discussed. The e~feet of velocity· feedback on_ the system 
II i1 

gain and transfer funct ion is discussed in section 2.4. 

2.2 System Dynamics 

· In a ~imple position control system, an error signal is used 

to -energize the field of a DC-motor with- constant armature excitation. 

TI1e motor shaft torque is controlled by the voltage applied to the 

field terminals as .the output controlled vai:'iable ·is m.oved to the 

desired position. The analysis then involves the elec:t:rical transients 

in the field circuit and the dynamics of the mechanica]. load • . The 

following discussion draws extensively from references [1], [s], and 

[6]. All symbols used are listed and defined on pages vii through ix. 

A field controlled motor is shown schematically in Figure 2-1. 
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With torque as the link between the electrical and mechanical 

portions, the following equations can be written whe1~ a compatible 

system of units (MKS) is assumed. The electrical mot~ torque is 

proportional to the field current, 
-- -

(2-1) 

where the electrical torque and field current are·expressed as 

frequency domain variables. 

The field current can be found in terms of the field control 

voltage by applicatio~ of Kirchoff's Voltage Law as, 

·where s represents differentiation with respect to time. Substitution 

into equation 2-1 gives, 

(?~~ ' , __ , 

The electrical motor torque (T ) is used to acce lerate the e 

total inertia (J) of the motor armature and. load and in overcoming 

the viscous frictim1 torque (D). This relation is expressed in the 

frequency domain as, 

T (s) = l' (s) e m (2-4) 

. where, 

2 
Tm(s) = (Js + Ds~em 

With the above expressions combined, the torque and field 
. 

current are eliminated from the expression and the sy t:em dif ferenti a.l 

equation is, 

KtEf(s)/(Lfs + Rf) = (Js
2 

+ Ds)@m (2-5) 

II 

I 

II 



Algebraic manipulation and defini~g~ 

and,. 

t = J/D 
JB 

allows the wTiting of equation (2-5) as, 
2 . 

KtEf(s )/tfs + l)DRf = (tms + s)9m 

(2-6) 

(2-7) 

(2-8) 

To simplify the subsequent development, it is worthwhile to 

consider the time constants defined in equations (2-6) and (2-7). . . 

Manufacturer~s data given in reference [1] and supplementary data 
( ' 

measured in the laboratory are summarized .in Table 2-1. From the 

data in Table 2-1, the rated torque of the motor is, 

Torque = HP(746 watts/HP)/Rated' Speed(radians /second) ·.(2-9) 

Torque = (I/5o)(746 )/6L8 

Torque -5 = 2375.8 x 10 newton-meters. 

If a viscous load is assumed, it will have a torque curve 

which passes through the origin and the rated torque of the motor. 

TI1en the viscous damping constant (D) at the rated torque is, 

7 

D ~ Rated Torque/Rated Speed 

D = 2~75.8 X 16~5/628 

(2-10) 

. . 
D a 3. 7R x ·1o-:5 (ne"\-Tton.:..meter-secottd/radian). 

The manufacturer's data states the motor inertia is about 3.1 x 10-5 

Kg-m2 (see Table 2-1). With the load inertia equal to tne motor 

inertia, the inertial time constant is, 

t c J/D 
m 

(2-11) 

I 
jl 
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-5 -5 
t = -(6.2 X 10 )/(3.78 X 10 ) 
m . • 

t = 1.64 seconds. m 

· · Table 2-1 

MSlSO DC MOTOR DATA 

MANUFACTURERS DATA: 

Name: FRACMO 

Mfg. Fractional HP Motors Lmtd., Enfield, England 

Volts : 24DC 

Amps: 1·CI5 A 

RPM: 6000 { ' 

HP: 1/50 

Inertia: 3.1 -5 
x 10 Kg-m/amp 

~h~J~!':V~7 ~;,."";.,. : 
~_,.~-~ 

ARMATURE:. Sl1-1BOL 

R a 
Resistance, D.c. 

Inductance L 
a 

FIELD : 

Res i stance, D.c. 

Inductance 

Also from Table 2- 1, the motor field time eonstant ' is, 

tf • 0.02483/4.4 

-3 tf = 5.64 x 10 seconds. 

..... 

VALUE 

2.94 ohms 

11.79 mh 

4.4 ohms 

25 mh 

(2-12) 

From the equations (2-11) and (2-12) it can be observed that 

8 

II 

I 
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the motor field electrical time ~~stant, tf, is about three orders 

of magnitude smaller than the inertial. _t ime constant, t: • That is, m 

tf <<< tm 

0.00564 <<< 1.64 (2-13) ... 

In other wordsp the effect of the motor field time constant is 

negligible in comparison to the relatively sluggish mechanical time 

constant. Therefore, to simplify subsequent system considerations, 

tf may be neglected ~rithout serious error and equation (2-2.) becomes, 

(2-14) 

To further simplify equation (2-8), it is convenient to define a 

speed constant, K as, 
s 

K = K /DR s t f (2·-15) 

at DC. Substitution of these results in equation (2-8) gives, 

2 K Ef(s) z (t s + s)e 
s m m (2-16) 

In a closed loop system, the error signal i s used to operate 

the fortvard path as shown in Figure 2-le From the figure, it i.s 

possible to define the reference input, Ei = Keei, the· controlled· 

output, E =· k1K Q and the resulting error as, o e o 

Ee = Ke(ei· - ~leo) (2-17) 

where K is the conversion factor to change radians to volts. For e 

simplicity in the discussion to follow, le.t k
1 

= k
2 

= 1;0. Therefore, 

~here one radian of error gives Ke volts and, since e
0 

• 9m/N, 

equation (2-16) is, 

L 

II 



K [K (ei - e )/N] = (t s
2 ; s)e s e· o m o . . 

By defining a velocity error constant K = (K K /N), we have, 
v s e 

K (G. ·- e ) = t · s 2 + s )e . 
v1.· o m · o 

or, 

KvQi ~ (t s
2 + s + K )Q m v o 

10 

(2-19) 

(2-20) 

(2-21) 

One further rearrangement of equation (2-20) expresses the system 

transfer function as, 

9 /9. = K /(t s
2 + s + K ) (2-22) o 1 v m v 

Equation (2-22) is a second order differential e~uation. If 

this equation is compared to the normalized form of a second order 

equat ion, 

Y/X = W 2t[s2 + (2ZW )s + W 2] 
n n ·n (2-23) 

li it can be seen 1;hat: the oararneter W r tne undamoect natural frequency~ 11 
- n 

and Z, the damping factor are ·given by 

and, 

w = If{ /t n "'1-·v m 

z =.! 1/2-.j~ vm 

(2-24) 

(2-25) . 

Some discussion of K is called for before proceeding to other v 

considerations. It is referred to as the velocity error constant 

and gives the output shaft speed per unlt error., Thi-s factor de-

t ermines the steady state following accuracy and the magnitude of the 

peak in the open loop frequency response. Increasing reduces the 
v 

s teady state following error, but increases the tendeney to oscillate. 

Altering any of the factors that make up K will modify K • It is 
. v v 

not necessary to know the individual factors since K can be determined v 



II 

11 

directly. It can be measured by,, 

lv opening the position feedback loop, 

2$ setting the controller gain to zero, 

3~ zeroing the preamplifier so that no rotation occurs, 

4 setting in an error at the input so that the motor will 

rotate,· 

5 . advancing the controller gain to 50 percent o£ full-scale, 

6. adjusting the input error until ~he output rotates at one 

revolution per second as determined by a strobe light. 

The input error required to cause the one revolution per ·second rotation 

will be in the range of 10 to 20 degrees~ Hence, when the controller 

gain ·setting is maximum, K (max) is, 
v 

.... , _ - ' 
"-... ,. ,1.uaA J .. -. . {2-Lo, 

The angle, 9° , with the existing amplification, was found to be about 
r 

17.5 degrees average so that, 

K (max) c 4n/(17~5/57.3) v 

K (max) = 4le2. v 

(2-27) 

The controller gain scale can, therefore, be calibrated directly in 

values of · K • · 
v 

2. 3 MS150 System Time Constant 

· The motor~tachometer unit used in the MSlSO consfists of a 

fractional (one-fiftieth) ·horsepower direct current motQu-with a 30:1 

worm gear and a permanent magnet tachometer as an in~m:ml unit. In 

small machines such as this, the brush friction is the~inant 

f rictional force and is i.ndependent of speed. TherefomJ>_, the frictional 

il 
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characteristics are not viscous and the motor cannot be considered 

linear. The manufacturer of the MS150 has included ccmpensating 

networks and inertia effects in providing what is termed a "defined 

time cons~ant" to approximate a "linear" motor. The effect of brush 

frict ion is characterized as a motor time constant whi.eh. varies in-

versely with the actual motor speed and is simulated in the MS150 by a 

phase advance network in series with a tachometer feedbzck signal. With 

this arrangement, the forward path time constant, t , i reduced to be 
m 

about 0.25 seconds substantially independent of fricti~al effects. 

Therefore, the system time constant~ t = J/D, in equa on (2-11) is 
m 

reduced to be 0.25 seconds by tthe above arrangement. 

· Following procedures outlined in reference [l] • . aection 2.2.1, 

__ .. . .t:----~ ................ " ")C:: 
U...i.a.- .... ~-··\A ......_ &..I~ " • ._ _, 

_"""',_, __ ._..~.,.., 
- _._ -- -"" II 

as expected. The method used consists of applying a S1Pare wave input 

to the system and observing the speed respo~se with an oscilloscope. 

The motor speed responds exponentially and the time conttant is es-

timated from the time required to rise to 63 percent df the final va lue • 

. 2 .4 Tachometer Feedback 

As pointecf out before, increa$ing .K reduces the teady state 
v 

following _error, but increases the tendency _to oscilla~. In order to 

.adjust system pa-r:ameters to improve performance, one m.EUhod is to 

introduce a signal from a tachometer in the forward patlt as mentioned 

in section 2.3. Since the signal is proportional to ~ut shaft speed, 

it is termed "velocity feedback" and provides a powerf means of 

s tabilization and improved transient response. 
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The schematic block diagr~ for this method is shown in Figure 

2-2 (a ). (The parameters, K = 41.2 and t ~ 0.25 were defined in the v m 

previous sections. ) The velocity feedback signal from the tachometer 

is returned to the input with k2 repr~~enting a potentiome:~r across 

the tachometer output. The po~arity of the returned signal is negative. 

The position feedback control is shown as k
1

, w~ich is across the output 

of an operational amplifier. The output position signal is returned for 

compar ison to the desired input to generate the error E • e 

The effect of tachometer feedback on the forward gain and time . 

constant can be shown by deriving the transfer function of the inner 

loop and single integration shown in Figure 2-2(a ) where ·unity position 

feedback i s assumed, (i.e,,k1 • 1). Since, 

,.. ~ - ' Tr _ _ I - , .._ - I ~ ' • 

U"'UJ - 1.~\. f - \.. ""1'1\ti;l -• .L J 

and, 

9
0
(s)/Ee(s) = G(s)/(1 + G(s)H(s )) (2-29) 

Then, 

Q (s)/E ( s ) = K /s[t s + (1 + K k2 )] 
o e v m v 

(2-30). 

which may be rearranged algebraically by separating the factors, 

K = K /(1 + K k2) m v · v (2-31) 

and, 

. (2-32) 

Thus, the tachometer feedback has the effect of making the 

inner loop transfer function equivalent to a single t tne constant 

forward path. Both the time constant, t , and the ve10city error 
m 

constant, Kv' are reduce·d by the factor, 1/(1 + Kvk2 ) .. It does not 

II 
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matter that, . as in the case of the MSlSO, the time constant is not a 
. . 

I 

genuine one but is established by compen~ation as stated in the 

previous section. Substitution of the two factors int o equation (2-30) 

s implifies the inner loop transfer function to, 

Q (s)/E (s) = K /s(ts + 1) 
o e m (2-33) 

The t achomater f eedback coefficient is shown in the denominator of 
.. 

equat ions (2-31) and therefor e tends to r educe forwar d gain and time 

constant as k2 i s increased. The effect of tach~~eter f eedback on . . 

damping factor (Z) can be determined by equating the coefficient of s 

in the normalized equation, (2-23), with the same b0€ff i cient when 

tachometer fe edback is present. That i s , 

(1 + K k2)/ t = 2ZW v m n 
. -~ 

(2-34) 

Thus, t he damping fact or is increased as the tachometer feedback is 

increased . 

The tach~~eter feedback coefficient, k
2 

represents a voltage 

divider acros s t he output of the tachometer. The · writer found in 

laboratory tests that the tachometer gener ator output ~&s about 2.69 

volts per 1000 RPM, measured at the high. spee·d shaft. Therefore, at 

the l ow speed shaft, the output voltage represents,· 

[2.69 volts /3.5 radians/second]= 0.76 volts/radi an/second (2-36) 

This value of k2 is the maximum feedback attainable with the existing 

tachomet er in the MSlSO. 
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' 3. STATE FUNCTIONS 

3.1 Rationale of Section 3 

In section 3.2, the state ·equations which define the closed-loop 

pos itiontng system shown in Figure_ Z-:-L are deve loped. The ,development 

i s for the second-order system· in terms of the field controlled 

(constant armature curr ent) mode of operation. ·The effec t of gai n and 

feedback on pole position in the complex plane are pointed out. In 

addition, the state equa tions are put into the forms convenient for 

computer programming. 

3.2 Equations of State 

The cl·osed loop positioning sy.stern shown in Figure 2-1 was 

described in Sect ion 2 by equation (2-16), 

--·.- --. , ' ("! ' · L 'r;. 
~ C \~) w \~ ~ T ~)~ sf m m 

Di vision by N allows the equation to be written in terms of 9 , 
0 

K Ef(s)/N = (t s2 + s)e . s m o 
(3- 1) 

From Figure 2-1, us ing the voltage conversion factor, Ke ' the voltage 

applied to the field may be defined as, 

(3··2) 

Incacporation of equation (3-2), in effect, closes the loop and the 

expression is, 
• 2 

(K K /N) [9i(s) - k1Q (s) - k29 (~)] = (t s + )9 s e o o m o 
(3-3 ) 

Making use of the definition of K from equation (2-20), we v 

may rewrite equation (3-3) in the time domain as, 
•• 

Kv[e1(t)- k190(~)- k2G
0
(t)] = tmG

0
(t) + G

0
(t) (3-4) 

II 
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By definition, the phase variables of the system are, 

(3-5) 

Therefore, equation (3-4) may be written in phase variables, 

(3-6) 

and the state equations describing the system are,· 

(3-7) 

where, 

K = W 2 = K /t • n v m 

In matrix for m, the closed-loop system state equations are expressed as, 

• ~~1 1~ Kkj + [~J X(t) = -(1/t ;. ) X(t) Qi(t) (3-8) 
m 

Y(.t:) = - o] X(t.),. 11 
~ 

where Y(t) is the state variable representation ·of the output variable, 

9 (t). This expression shows the effect of feedback on the system state 
0 

equations, and consequently, the effect on system perf~mance. 

Specifically, the poles of the closed-loop transf·er fumetion may be 

s~t as desired by proper selection of the controller gain, K, and the 

feedback coefficients, k
1 

and k
2

• 

For convenience of computer programming, equati~ (3-8) may be 

broken down into parts which allow the driving function, U(t), to be 

shown separately as follows, 

X(t) =[: -l:tJ X(t) + [:J U(t) (3-9) 

II 
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U(t) = K[ei(t)- k1X1(t)- k2~2 (t)] , 

Y(t) = [ 1 0] X(t) 

This form of the state equation is commonly used to facilitate identifi-

cation of all the system elements involved. 

One method of solution of equation (3-7) is by integration. 

That is, 

X1(t) = f! X2(t) dt 

X2(t) = f~ . [ Kk1Xf(t)- [(1/tm + Kk2] X2(t) + K91(t)] dt (3~10) 

If the initial conditions are taken to be, 

IC1 = X1(o) = 1 

IC2 = X2(0) = 1 

then the reference. input, Gi, is assumed to the zero, or desired 

(3-ll) 

(3-12) 

of reference [4] provides a convenient method of ·obtainlng a graphical 

and digital presentation of -equations (3-7) and (3-10). The 360/CSMP 

output plots and amplitude versus time results are included in 

section 4.5. 

3.3 State Transition Matrix and Time· Performance 

The solution of the first order linear differential equations 
• 
X(t) = ~~(t) + ~~(t) (3-13) 

involves the deter mination of the time response of all the state 

variables. The state transit ion matrix (STM) provides one· vehicle to 

accomplish this task. A knowledge of the STM and the initial state 

of the system allows one to determine the state at any later time. 

Thus , the STM, 

I. 
II 
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At 

~(t) = e (3-14) . 

is used to obtain, 

X(t) = 0(t)X(O) (3-15) 

where X(O) is the initial conditi~s_._ The STI1 is related to a 

generalized impulse response assoeiated with ~he system described by 

the A Matrix. The time response of equation _(3-13) where the initial 

state is given at t = 0 can be obtained by application of the convo-

lution integral, 

X(t) = ¢(t)X(O) + ft ~(t t) B U (t)dt 
0 

(3-16) 
r ' 

However, in the particular application _unde~ discussion, the initial 

displacement error of the system output var i ables is assumed to be one, 
' - ~ 

t hat. is, X(O) :; [ ~1 and the de.sir~d pos-ition is the zero position, 

1
· (Q ) t: owarri whici1 i.iu:: S)'~Ct:iu &.:E:u\l oi tv u..:-.v-2. Th~rcfc=~, !J(t) m:!~" be II .i 

considered to be zero for all t, and, 

t - - -f
0 

~(t - t)! U (t)dt = 0 (3-17) 

Hence , the system time response may be written as, 

X(t) = ¢(t)X(O) (3-18)' 

[~ (t) ~12(tJ [:] X(t) =. . 11 

9}2l(t) ¢22(t)_ 
(3-19) 

[(!ll(t) + ~12(t;] X(t) = 
- . 9t2l(t) + ¢22(t) 

(3-20) 

In other words, the expression for the position, X
1
(t) and velocity, 

X2(t), respectively are; 

(3-21) 
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(3-22) 

where 011(t), ~12 Ct), ~21 Ct) and ~22 (t) are the elements of the state 

transition matrix (STM). The STM for each of the conditions which will 

l,' be discussed in section 4 was obtained:using the Melsa programs [3] on 

"' 

II 
I 

the IBN 370. The complete printed computer csutput is included in 

Appendix 1. The computer input data in each ·case is the elements of 

the A-matrix of equat i on (3-13) which are, 

A= 

-
0 

-Kk 1 
:... 

- -
1 

. ~(1/t ) - Kk 
m 2 -

fran equation (3-8) with the appropriate 

( ' 

values of the feedback 

(3-23) 

coef~icients, k1 and k2 while the -gain factor , K 2 164. 8 and i~ = 0.25 

second. 

Time response solution by means of the STM is included to 

complete the discussion of problem solution by st~te variables, 

However, in simple systems such as the one·described here, direct 

analys is by classical methods are adequate . The STM was simplified 

here by judicious definiti ons which caused the convolution integral 

to drop out. 

II 
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4. MODERN CONTROL THEORY 

4.1 Rationale of Section 4 

In this section the concepts of modern control theory 

involving the state function equatimfs and the quadratic per-

formance index are discussed in section 4.2.to set the background 

for a di scussion of the basis for system modeling via performance 

indices in sections 4.3 and 4.4. In section 4o4, the desired 

positioning system is modeled by application of techniques in-

volving the Kalman equation. This appr oach take~ .advantage of 

optimal concepts in a greatly simplified manner. Data and results 

relative to this mode l are presented in Table 4-1, and Figur~ 4-2$ 

Comparable results obtained by the relatively simple 360/CSMP . 

$imulation are then presented in Figure 4-3 through 4-6. Closing 

remarks and conelusi.ons are presented in section 4.6~ 

4.2 Optimal Control 

In the general optimal control probl~~$ t~e plant to be 

controlled is assumed to be described by a set of differential 

equations of the form, 

The performance of the system is judged on the . basis of an 

integral performance index of the form, 

PI= S[X(tf)' tf] + /tf: L(X, U, t)dt 
ti . -

(4-1) 

(4-2) 

21 
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The time interval of interest is designated to be from the 

initial time, ti, to the final time, tf, of the.control period. 

The integrand of the performance index, L(X, u, t), is assumed 

to be a positive definite function- of X, u, and t, where X is 

an n-dimensional state vector and U is an m~dimensional control 

vectore S[X(tf)' tf] is the final cost function. It is desired 

to find the opti.mal control U0 (X) that minimizes the performance 

index PI, or preferably to find the optimal control la~. The 

optimal control l aw enables the generation of U(~~t) from X(t) 

in the true feedback sense. The references for the above dis-

cussion are [7] and [8]. .--. 

4.3 Modeling and Performance Indices 

A basic problem in designing a system by methods/ of optimal 

control theory is the selection of the performance index. One 

choice is to use a quadratic performance index. The selection 

then is of the I?ositive definite matrix P and po_sitive semi-

definite matrix Q in, 

PIc~~ (XTQ X+ UTP U)dt 
. 0--- ---

(4-3 ) 

For the scalar input case equation (4-3) becomes, . 

(4-4) 

Minimiz-ation of the initial performance index, equation 

may be equivalently stated as a minimization of a reduced 
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performance index, 

PI a f1<yTX)2 ·+ pu2]dt 
0 

(4-5) 

Since t~ere are on~y n unknown elements in y, of the n(n+l)/2 

element.s in Q, only n combinations- are critical in deterriilning 

the optimal system. Now y may be chosen directly, rather than 

selecting Q. The reduced performance index has a very important 

feature related to system modeling. 

If the term p in equation (4-5) is ·allowed to vanish, 

(iee~, p = 0), the performance index of equation (4-5) has an 

absolute minimum value of zero, if and only if, 

for all 0 < t < ooo 

~ 

• • y X (t) 'l!r 0 
n n 

With the syst~~ expressed in phase variables, so that 

x
1
(t) ~ d1- 1x

1
(t)/dti-l 

for a.ll i < n, equation (4-6} bec001es, 

(4-6) 

(4-7) 

y
1
X

1
(t) + y

2
dX

1
(t)/dt + ••• ~ yndn-1x

1
(t)/dtn-l= o (4-8) 

Since the system here is represented in phase variable~ and actual 

system parameters are not involved, equation (4-8) may then be 

written, 

• 0 

where Y(t) represents the output variable, 9 (t). 
0 

Equatian (4-9) represents an (n-1) order differential equation 

which the output Y(t) must satisfy if the performance index is to 

I 

I 
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achieve an absolute minimum ef zero •• A time response which satisfies 

this equation is the ideal on model· time .response. In other ~:ords, 

t he describing diff erential equation (4-9) may be referred to as the 

system model. 

Since the model order is (n-1) while the system order is n, Y(t) 

cannot satisfy (4-9) exactly. However, if the performance index is to 

be mi nimized with p = 0, Y(t) must approximate the model r esponse as 

closely as poss i ble. 

The mode l t ime response is determined by the selection of the 

elements of yQ Therefore , y should be chose~ s o that the model time 

response meets such specifications as rise time, overshoot, damping 

ratio~ M- peak and ·phase mar gin • 

. p, of equation (4 - 5), i s l ess than 0.1, the optimal response approxi-

mates the model time response specified by y~ If p is greater than 10~ 
. . 

t he response i s approximat e ly equal to the unforced response, X a A X, 

of the forward sys tem alone . This concept will be investigated in 

se_ct i ons 4. 4 and. 4 o 5. 

4 .4 System Nodel and Optimal Control 

Despite the simplicity of the concept presented above, the choice 

of y in most cases still presents a difficult pr oblem. It can be 

shown , [8], that the choice of y, and for that matter, choice of a 

performance index may be side-stepped by specifying -a system model of 

t he form, 

• 
Y(t) + TY(t) D 0 (4-10) 
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and by selection of a weighting fa~t~r, p, to be applied to the required 

control.. In other words, for discussion · purposes, the performance 

index is of the form, 

(4-11) 

where , 

from the phase variable definitions given in equation (3- 5). In terms 

of the discussim~ in the last paragraph of the previous section, 

p = ~ and the same effects are observed as p is variedo 

With equation (4-10) as the system model, there are several 

approaches available to determine the required feedback · coeffici~nts • 
. ~· ... 

For example, there is the Hamilt~-Jacobi approach [8] to the basic 

oodma 1 con troJ :orob 1em where the AyAt""' i • "" <Tl he<1 by equa t i"" (" - !.) i' 
and the quadratic performance indexo One technique for solution of the 

Hamilton-Jacobi equation is the matrix Ricatti method of determining 

the feedback coefficients which minimize the performance index. 

However, the Kalman equation was developed to obtain an exact solution· 

for the feedbac~ coefficient s without the necessity for · s~lving the 

matrix Ricatti equation. There are several useful forms of the Kalman 

equation, but the one l<rhich wi.ll be used .in this thesis is, 

11 + G(s)Heq(s) j2 = 1 + I T'(s)/j; 12 
. (4-13) 

Since both sides of equation (4- 13) are complex quantities, the 

notation, lm(s) 12 
= m(s)m(-s), can be used to expand the equation 

even though it is only true for s = jw. 
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• 
This technique begins by defining a synthetic transfer function, 

!(s)/p • (1 + Ts) ·G{s)/p (4-14) 

where T is the model time constant and G(s) is the sys tem transfer 
... 

function, 

G(s) = K / s (t s + 1) (4-15) v · m 

where K = 41.2 and t = 0.25o The value of the model time constant, v m 

T, may be selected at the designer's choice. In this case, a value of 

T = 0.1 second will be used and equation (4 -14 ) becomes, 

Jl(s)/p = (1 + O.ls) 41.2/s(0.25s + 1) p 

The right-hand side of equation (4-13) becomes, 

1
' 1 + j<i + 0,1s) 41,2/s (0,25s + 1)i I 2 

I In terms of the nota tion, m(s_) 
2 = m(s) m( -s); equation (~-17) 

I 
may be expressed, 

(4-16) 

(4-17) 

1 + (41.2/p)2 C<1 - O.ls)/(-s)(-0.25s + l )][Cl + O.l s )/s (0.25s + 1)] 
(4-18) 

or, 

[ 
-2 4 o.o62Sp s 2 -2 .] [ 4 2] s (p + 16.97) + 1697 I o.625s -s (4-19) 

The roots of the numerator of equation (4-19) are, 

2 [ -2 -. 1-2 2 -2 s + (p .+ 16.97) +\Q(p + 1~. 97 )- 424.2Sp 

-2 In the case where p = 0.1, the roots are, 
J - 2 /O.l25p (4-20) 

s2 = 1365.6 ± 1256 : 2622 or 110 

s ·.· s + 51.2 and ± 10.5 (4-21) 

Therefore, the roots in the left-half of the complex plane , d.esignated 

by [ooe ]+, can be ~xpressed as, 

[1 + f(s)/p]+ = (s. + 10.S)(s + 51.2) 

[1 + I<s)/p]+ = s2 + 61.7s + 537.6 (4-22) 
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' The left-~and side of equation (4-13) is formed using the 

equivalent f eedback exp~ession, 

He ( s) = k1 + k2s (4-23) 
_q . 

H (s) is defined as the equiva1~nt . £eedback of the system. H (s) eq eq 

is an artificial means of dis.playing the effects of state variable 

feedback in the c1osed~loop system. The equivalent feedback is 

obtained by moving k2 forward to sum with k
1

• TherefGre, the 

left-hand side of equation (4-13) becomes, · 

1 + GH (s) = eq 1 + [4 i.2/s(0.25s + 1)][k1 + k2s ] 

1 + GH ( s) eq = [ s 2 + 4(1 + 41.2k
2

)s +. 164.8k1]/ ( ~ + 4) (4-24 ) 
. 

By equating ·the · coefficients of s in equations (4-22) and (4-24.), 

the feedback coefficients may be determined_, 

oi .7 a r4 + i6~e8~2 
k2 = 57.7/164.8 = 0. 350 (4-25) 

537 0 6 = 164.8k1 

kl = 537 .6 /164.8 = 3.262 (4-26) 

-2 Similarly, by successively ·letting p = 0.1, 1.0, 10.0 and 100.0, 

Table 4-1 was f~rmed based on the system block diagram shown in 

Figure 4-:-1. 

The time ·performance equat ions obtained by class ical methods 

of differential equations are also tabulated in Table 4-i. The 

equation for p2 
a 0.1, for example, was determined usimg the root s 
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given in equation (4-22) and by wrfting, 

X (t) = Ae-10QSt + Be- 51.2t 
t 

29 

(4-27 ) 

. The initial conditions were chosen to be x 1(o) = 1 and x
2

(o) = 1. 

Solution for A and B leads to the t ·ime performance equation·, 

-2 
p 

0.1 

1.0 

x
1
(t) = 1.28e-lO. St 0.28e-51 •2 t 

Table 4-1 

(4-28 ) 

1.000 

-2 Performance vs Weighting Factor, p 

k 2 Performance Equations 

0.350 X
1
(t) = 1.28 e-lO.St- OQ28 e-Sl. 2t 

0.126 X
1
(t) = e-12 •4 t (Cos 3$3t + 4.03 Sin 3u3t ) 

0~049 X
1 

( t ) = e-6
•
06 t(Cos 3.9t +1.81 Sin 3.9t) 

100.0 0.099 0.019 X.(t) = e-3•58t(Cos 1.86t + 2.45 Sin J.R6t) . 
L • 11 

00 
-4t x

1
Ct) = 1.2s· - 0.2$ e 

Solutions for the other value of p2 were obtained by simi lar means. 

These equations are plotted in Figure 4-2. · 1~e ascending line sho~~ 

in Figure 4~2 is the initial siope of the·curves due to the ini tia l 

conditions. In the limit where p2 = oo, it also represe t s . the unforced 

system response where, 

G( s ) = 41.2/s(0.2Ss + 1) (4-29) 

or, by multiplying through by 4, 

G(s ) = 164.8/s(s + 4) 

The roots of the denominator, (characteristic · equation)~ of the 

forward system are s = 0 and s = -4. Therefore, 

I . 
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and = 1 again, 
' 

with X
1

(0) 

X1(t) = -4t 
1.25 - 0.25e (4-32) 

-2 
As stated above, the unforced response is equivalent to making p go 

to infinity. Therefore, we see in Figure 4- 2, the effects pf variation 

-2 of the weighting factor, p , from 0.01 to infinity, or, from the model 

to the unforced response of the forward system$ 

4.5 Simulation in 360/CSMP 

Using the form of the state e~uation developed i n equation 

(3-10), the IBM 360 Cm1t inuous System Modeling Program was used on 
{ . 

t he IBM 370 to obtain the output position plot and data shown in 

-2 Figure 4-3 through 4-6, corresponding top = OGl, 1.0, 10e0 1 and 100.0 • 
... 

( The complete prograt1lS and output prints. are included in Appe~dix 1.) 

11 ~igures 4-3 through 4-6 confirm the result~ ohtalned hy classical 
I 

methods shown in Figure 4-2. The point by point data printed in 

Figure 4- 3 through 4-6 are in exact agreement with .data calculated 

over the range plotted in Figure 4-2e The response can be seen to be 

-2 more sluggish as p advances from 0.1 to lOOoO. The 360/CSMP me thod 

offers an extremely simple, convenient and informative tec~~ique for 

evaluating the · time performance of linear control systems when 

descr ibed as in equation (3-lO)o Otherwise, very sophisticated 

techniques involving interfacing of anal og and digital systems have been 

used as in reference [9] to solve complex systems of equations such as 

these . 
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F I GURE 4- S ~CDf:l POS !TJ U:~ RESPO'I SE, PH 2=10.0 PAGE 1. ; . 
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FIGURE 4-6 KOOE L POSITIO~ RESPONSE, P**Z=lOO.o ~-

TIME 
0.0 
Z.OOOOE-02 
4.0000£-02 
6.0000E-02 
B.OOOOE-02 
!.OOOOE-01 
1.2000E-Ol 
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2.8000E-Ol 
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-------------------------------------------------+ 
-----:--- ----------------------------------------~ 
-----------------------------------~-------------+ 
---------~---------------------------------------+ · -----------------------------------------------+ --.-------------------------------. ------------+ 
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4.6 Conclusion 

One of the problem areas of modern control theory still re-

quiring basic research as reported in reference [10] is the area in-

volving plant model accuracy, performa~ce index definition to · . --

consolidate design and model inaccuracies, and in general, a system-

atic ,approach to optimal system design o The ~pproach used in this 

thesis utilizes a rational method of establishing quadratic cost 

functionals based on specification of a desired syst~~ modelo To be 

specific, a model with a first order system time constant which .gives 

t he desired output variable time response is usedo Onca the cost 

f unctional is .established, a method i s demonstrated whereby feedb.ack 

coefficients for each of the state variables are comput~. based on 

An extension to higher order systems and models mequire 

additional computat ion but not added theory. Thus, the wrinciples 

can be applied to higher order systems since the designe. can choose 

t he model time constant to obtain the desired n-order s}~tem response, 

limited only by the contr ol power considerations. 

I 
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~~COtHINUUUS SYSTEM MODELING PROGRAI4***• 

***PRO.a .H I I NPUT STATEMENTS•** 

I NIT [AL 
1 c 1 "'.1.4J. 
IC2=L..D: 

DYNAHI.C 
X 1 -= I N"GR L{ I c 1 I X 2 l 

---~ ----. -· 

. X2=Hi1:;RL I 1C2,-537 . 6~Xl-61.7 * X2l 

TI ME R FI N f H~ I., OUT DEL =0.02t PR OEL=0.02 
PRf PLOT X1 
LAilE L F!"GUif£ 4-3 I~ODEL POSITI ON RES PON SE, "P** 2 =0.1 
PRTPLOT X2 

~ --.... ..... _.. - -- -... ~ .·. 
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FIGUP.E 4-3 MODEL POSITION RESPO~ISE, pu z ... o.t · . PAGE 1 . .. -· 
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MODEL VELOCITY RESP ON SE, P**2=0.1 PAGE 
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4.0000 E-02 
&.O OO OE-02 
S.OOOOE -02 
l.OOOO E-01 
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-----------------------------------------+ -----------------------------------------+ 
---------------- ------~-------------------+ 
- - - ---------------~ -----------------------+ - ·- -- - - · - -.._ .. __ ..... _ ~ 

---- - - - - -- -- - - ·· - _ _ _ .. _ _ - .. _ _ . _ - --- .. - _ __ .. _ __ 1-

-------------------------------------------+· 
---------------- - ----------------~- --------+ 
-------------------------------------------+ 
- ------ ~-------- - -- --- ~ -- -------- ----------+ 
--- - -----------------------------~---------+ 
-------------------------------------------+ 
-------------------------------------------+ 
--- -- - --------------------- ~------ ---------+ 
----------- -----.:...- ------ ---r- ----- ----------+ 
-------------------------------------·-----+ 
----- ---------- - - --- --------------- --------~ 
- ----- - ------ -- ---------------------~ - -----+ 
------------------ -------------------------+ 
-- - - - ----------~ -- - -- - ---~----- - - - - - --- - - - -+ 

-------------------------------------------+ ----------------------------------- --------+ 
-------------------------------------------+ 
----------------- - ------~-----~---- -- - -----+ 
-------------------------------------------+ -------------------------------------------+ 
-- - -r------------ -- ---~----------- - ---~----+ 

-------------------------------------------+ 
----------~-------- - - - -- -~---- - -- - - --- ----- + 
- ------ ---------- - - -- ----- - ------ - - - ---- ~--+ 
-- -------------- ------------------ ---------+ 
------------------ -------------------------+ 
----------------------------- --------------· -------------------------------------------· 
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****CONTINUOUS SYSTEM MODELING PROGRA~**** 

***PROBL~M INPUT STATE~ENTS*** 

INITIAL 
ICl=l.O 
IC2=1.0 

DYNAMIC _ _ 
Xl="INT GR L!ICl, X2l 
X2= INTGR U IC2,-l.64. B* Xl-24. 8*X2) 

TIMER FINTIK=I., CUTDEL=0.02, PPDEL=0.02 
PRTPLOT Xl -
LA BE L FIGURE 4-4 ~ODEL P O SI~ION RESPO NSE, P**2=1.0 
PRTPLOT X2 
LA HEL MODEL VELOCITY RESPONSE, P** 2=l.O 
END 
STOP 

. _,:. 
OUTPUT VARIABLE SE CUE RCE 
ICl rcz Xl ZZ0003 X2 

OUTPUTS 
9(5001 

I NPUTS PARAMS INTEGS • ME~ BLKS FORTRAN DATA CDS 
13(1 400) 3(4001 2• 0= 2(300) 6(600) 6 

• . .. ~. 

--
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FIGURE ~-4 MODEL POSITION RESPONSE, P••Z=l.O PA:GE 1 . 

TIME 
o.o 
Z.OOOOE-02 
4.0000E-02 
6. 00 00E-02 
S. OOOOE-02 
1.0000E -01 
1.2000E-Ol 
1.4000E-Ol 
l.bOOOE-01 
l.aOOOE-01 
Z. OOOO E-01 
2.2oooe-o1 
z.t. OOOE-01 
2.6000E-Ol 
2. 3000E -Ol 
3.0000E-Ol 
3.20 00E-Ol 
3.4:>COE-Ol 
3- 6000E-Ol 
3.8000E-Ol 
4.0000E-01 
4.2000E-01 
-..~ v v oc-c, t 

4.60uuE-Ot 
4, 8000E-Ol 
~.OOOO E-01 

S.Z OOOE-01 
5.4000E -Ol 
5.6000 E-Ol 
S.BOOOE - 01 
6,COOOE-Ol 
6.2000E-Ol 
6.4000E-Ol 
6.6 000 E- Ol 
b. SO OO E-01 
7 . OOOOE -01 . 
7.2000E-Ol 
7.i, OO OE-Ol 
7.6 0COE-Ol 
7.3000E-Ol 
B.OOOOE-01 
8.20 00E-Ol 
S.t.OOOE -01 
3.60 00E-Ol 
3.8000£-01 
9.0 0 0 0 £-01 
9.2 0 00E-Ol 
9.4 00C E-Ol 
9.t-OOOE-Ol 
9, SOOOE-Ol 
l.O OOOE 00 

MINIMUM 
-8.0681E-06 

I 

Xl VERSUS T fME MAXIMUM 
·1.0025E 00 

I Xl 
l.·OOOOE 00 
9.8762E-Ol 
9. 2 '>0 3E-Ol 
8.453 4 E-Ol 
7.5 0~ 9 E-Ol 

6.5 42 3E-Ol 
5.61f,9E-Ol 
4 . 7630E-Ol 
3.9'?68E-Ol 
3.3237E-Ol 
2. 7:.2 QE -Ol 
2. 2460 E-Ol 
1.8279E-01 
l.47 SB E-Ol 
l.l898E -Ol 
9.5229£- 02 
7. 584 4E-02 
6.0l20E-02 
4.7437£-02 
).72 6 1£-02 
2.9!39E-02 
2.2 687E -02 

·-..:.-----------------:----------------------------+ 
------------------------------~---------------~--+ ---------------------------------------------+ 
-------------~----------------------------· · -------------------------------------+ 
------------------~-------------+ 
----------------------------+ 
---------~-------------+ -------------------+ ------------7---+ 
-------------+ ----------:-+ 
---------i-
-------~ 

-----· ----· 
---+ 
--+ 
--+ _ .. 
-+ 
-+ 

• i, a :.c:-u£ ~ 

1~ 3::>b~r: -ti2 ~ 
1.042 3E-02 + 
7. 96 76E-03 + 
6.0608£ -03 + 
4. 58 64E-03 .. 
3.t. 514E-03 + 
2.5 819E -03 + 
!. 9190E -03 + 
l.41 6 1E- 03 + 
1.0366 E-03 + 
7. 519'JE- Oft + 
5. 3979E-04 + 
3 . 8266E -04 + 
2.67 20£- 04 + 
l. ll308E -04 + 
1. 223-JE-04 + 
7.9! G6E -OS + 
4.86; 9E-05 + 
2.7603E -05 + 
1.33 54E -05 • 
3.9869E -Ob + 

-l.9 Z:6E- 06 + 
-5:4234E-06 + 
-7. 2 74 3E-Ob + 
- S . 0255E- 06 + 
- S . Ooil lt-06 + 
-7.677lt:-o6 + 
-7.04 2 lf:-06 + 

.· 
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MODEL VELUCITY RESPONSE, P* *2=1.0 PAGE 1 

TIME 
o.o 
2.COOOE-02 
4 • . COOOE-02 
6.0000E-02 
e.ooooe-o2 
1.0000E-01 
1.20 0CE-Ol 
1.4000E-Ol 
l.bO OOE-01 
1.8000E-01 
z.u OOOE-01 
2 .• 2000~-01 
2.4000E-Ol 
2~60 00E-Ol 

2. 8000E-Ol 
3.00 00E-Ol 
3.2 000E-Ol 
3.<.000E-O l · 
3.6000E-Ol 
3.8000E-Cl 
4•0 000 E-Ol 
lt. ~ OO O E- Cll 
4.4000E-Ol 
.. . oC OUl: - \,1 
4. ;:~o o oe - o l 
S. OOOOE-01 
5.200U E-Ol 
5.4 0 00 E-Ol 
5.6000E-Ol 

- S.SOOOE-01 
6.0000E-O l 
'6. 2000E-O 1 
6.4000E .:_O l 
6.6000E-Ol 
6.8000F.-Ol 
7.0000E-Ol 
7.2000E-Ol 
1.4000E-Ol 
1.6000E-Ol 
7.600 0 E-Ol 
B.OOO OE-01 
8.2000£:-01 
6.4000E-Ol 
8.6000E-Ol 
S.BOOOE-01 
9 . 0000E~Ol 

9.2000E-Ol 
9.4000E-Ol 
9.6000E-Ol 
9.8000E-Ol 
1 .OOOOE 00 · 

X2 

MINIMUM 
-4.8374E 00 

I 

VERSUS TIME MAXIMUM 
l.OOOOE 00 

I 
l.OOOOE 00 

-·1. 98 4.9E 00 
-------------------------------------------------+ 

-.3. 7 000E 00 
-4. 5 532E 00 
-4.3374E 00 
-4.76 05E 00 
-4 .4675E 00 
-4.0583E 00 
-3.5 99 3E 00 
-3-13 3 7E 00 
- 2_ .6883E 00 . 
- 2 -27BOE 00 
-1.9105E 00 
-l .?o79 E DO 
-l .3li94 E 00 
-l ~.0 721E 00 
- 8~7222 t:- Ol 

-7 .0 540E-Ol 
·-5.6 73 5E-O! 
-4-539 7E-Ol 
-3 .b l ~ SE-O ! 

- 2. . SM3E-Ol 
.·-2.2594E-Ol . - - , .., _ ... . 

- ... ... i, _;. \.-u ~ 

- L. ;o -; £ L- Cl 
-!. 0 797E-OJ 
- &· ~ 3669 E-02 
-6 .. 4 54 4E-02 
-4. 9 562 E-02 
- 3 . 7877E-02 
-2. 8 80i; E-02 
-2 c l790E-02 
-l. 63 92E - 02 
-1.225 CI E-02 
-9. 1 066E-03 
-6.7170E-03 
- 4 . 9 146E-03 
·• 3 • 56 3 1 E- 0 3 
-2.555 BE- 03 
-l.Bl04 E-03 
-l.2626E -03 

· -B.o414E:_ 04 
-5.7669E-0 4 
-3.7183E-04 
-2.276 6 E-04 
- l. 2 8 ~t lE-04 

-6.1 2l!> E-05 
-1. 7l30E-05 
l. 0 601E-05 
2.6941E-05 
3.549 8 E- 05 

------------------------+ ---------+ 
--+ 
+ 
+ 
---+ 

------+ ----------+ 
------..--------+ 
------------·------+ 
---------------------+ 
-------------------------· ---------------------------+ ------------------------------·+ 
---~----------------------------+ ---------------------------------+ -----------------------------------+ . -------------------------·----------"'-+ 
---------------~--------------------+ ------:------------ - -------;- - --- --------·· 
-------------·-----------------------+ 
--------------·--- ----------------------
__ _ _ :. __ ~ -- -.. - -- -- - - --- ··- -- -- ~ a------ - ---..-...r• • 

- - - -- -~-- --- - --- --.- ·----- - - -- ---- - --- --- · 
---------------------------------- --~ 
~---------------------------------------+ 
---------------------------------~------+ 
----·--------- -----·----------------------+ 
--.------------ ------------------:------.-+ 
----;-------------------,..--------------·-+ .· 
----------------------------------------+ 
------------~--------------------------+ 
----------:-----------·-----------.-~------+ 

-----------------------------------------+ -----------------------------------------+ --------------------------------------·--+ 
-----------.----------------.-------------+ 
---------------------------------------.:.. + ----------------------------------------+ 
------------------------~--------~------+ 
----------------------------·----------- -+ 
---------------'-------------------------+ 
-----------------------------------------+ ----------------------------------------+ -----------------------------------------+ 
----------------------------------~------+ ---------------------- -- ----- -----------+ 
----------------- -----·----····-----------+ 
-----------------------------------------+ -----------------------------------------+ 
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••~~CONTINUOUS SYSTEM MODELING PROGRAM**** 

* .. PROBL !E'M INPUT STATEME'lTSH* 

INITIAL 
ICl=l. OJ 
IC2=l •. Gl 

DYNAMIC 
Xl=INT.!i_;"l.{ l( IGl,_ X21 
X2=I NTX::SR L ( IC2, -51. 9* Xl-12.12*X21 

TlHER FINT! ~l- • OUTDEL=0.02, PR DEL=0.02 
PRTPLOT Xl 
LABEL FIGUR E-: -4-5 MODEL POSITION RESPONSE, .P**2=10.0 
PRTPLOT X2 
LA BEL HODEL ~£LOC!TY RESPO NSE, P•*2=10.0 
END 
STOP 

OUTPUT VARIABLE SEQU8NC E • 
lCl IC2 Xl d Z000 3 X2 

' OUTPUTS 
9(500: 

INPUTS ll>~R .t.MS INTEG$ + "\EM BLKS FORTRA N DATA ·COS 
13(1400) 3 (400·1 2+ 0= 213001 6(6001 6 

.· 
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FIGURE 4-5 MODEL POSITION RESPONSEt P* *Z=lO.O PAGE . 1 

TII"E 
o.o 
Z.OOOOE-02 
4.0000E-02 
o.O OOOt:-02 
s.oooue -o2 
l.O OOOE-01 
1.2000E-Ol 
l. 4000E-Ol 
l.bOOOE-01 
l. So'OOE-01 
Z. OOOO E- 01 
2.2UOOE-Ol 
2.4 JOOE-Ol 
z.oOOOE- 01 
2.SOOOE-Ol 
3.0UO OE-01 
3.2000E -01 
3.4000E-Gl 
3.6000E-Ol 
). 8 000~-01 

't. OOOUE -01 
4.2 COOE-Ol 
4.4 000E -Ol 
4. 60001: -01 
4.8 000E -Ol 
S.O OOOE-01 
5.2000E-01 
5.4000E-01 
-5 . 6000E-01 
5. 6000E-01 
6.0000E-Ol 
6.2UOOE -01 
6.4 \JOOE -01 
6.6 0 00E-01 
&. SOOO E-01 
7 . • 0 0 00 E-O l 
7.2000!:- 01 
7.4 uOOE -01 
7. 6000E -01 
7.5 JOO t-01 
S.GOOOt-01 
3 .20 0UE-01 
S.4000E-Ol 
S . bO OOE-01 
a . sJ OuE-01 
~.O J Out-01 

<) .lvOOE-01 
9 ... uooE-u1 . 
9.6 UO OE-01 
~. ~CO OE-01 

1. O,lu ll E 00 

Xl 

MINIHUX 
-J.6043c-03 

I 

Xl vERSUS TI"E MAXI~UM 

- l.OOelE 00 
I 

1 .-(1000£: 00 
l~OG BtE 00 
9 .959')£:-01 
9.b6JoE-Ol 
9.2b36 E-Ol 
S. ·bCI .H:-01 
S.2607E-01 
T . 6b46t -Ol" 
7. 0'i l OE- Ol 
6-.4 ? 47t-O.l 
S.. 9072E- O l 
5•. 3374t: -O l 
4,_ 7921 E-O l 
'f.-276\JE-01 
3 .• 7<J23E-Ol 
31.3<,29E -Ol 
Z.9257t-Ol 
2-S 49 6E -Ol 
2'.2055f.-01 
L. ~-~ 4 8E -01 

l.6l60 t -Ol 
I-36 15t-01 
l- l474E- Ol 
9 - S350 E-02 
7 ~ 38 1E-02 
b- 3t.2 1 t-02 
5-0868E-02 
3. -9924E -02 
3 ~ <D cv n -02 
2.2722 E-02 

. l. 6l2lt-02 
1. OD44E -02 
6.14 ~5 t-03 

2.5C 9 oE-03 
-3 -9-Z12 t -04 
-2 •. Mr3 2E-OJ 
_,, - 3'}::>9t-03 
-5.-6 7 .:. 7E-03 
-d-573 9E -03 
-1'-1 5:: -.t: -03 
-1.4 &5>:~ E -03 

-7·. 6C-3E-03 
-7. 5')-:"'7E -03 

~ -7. ~ !il .. Jt·iH 
-7"-1 032t -0 ) 
- 6. 762ut: ·03 
-6- ){>::,l}r.-0' 
-5 • .-. 3-'UL·OJ 
-s. ,, q:. ~ t -OJ 
- 5 .O•,· CE-0 3 
-4.5'i7 HC: -GJ 

·---------------------------~---------------------+ 
----------7·---------------------- - -------------~+ 
-------------------------------------------------+ 
------------------------------------------~-----+ 
-------- - -----~-------------------------------+ 
-------------------------------------------+ 
-----------------------------------------+ . ------.------------ ------------------=-- t 

------------------------~----------~ 
--------------------------------+ 
-----------------~-- - --------+ 
----- ~- --- ----------------+ 

-----------------------+ ---------------------+ 
-------------------+ 
----------------+ 
--------------+ 
------------+ 
-----------+ 
---- -----+· 
---:-----+ 
-------+ 
------+ 
-----+ 
----+ 
---+ 
--+ . 
--+. 
-+ -· -· + 
+ 
+ 
+ 
+ 
+ 
+ 
t 

+ 
+ 
+ 
t 

+ 
+ 
~ 

+ 
+ 
+ 
+ 
+ 
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... 

HODEL VELOCITY JESPCNSE, P**Z=IO.O 

l I r~ E .A:Z 

;~I N I Mt.;,'l . 
-2.9d':i6 E 00 

. I 

xz VtF<SUS T lt1E 

PAGE 

MAX I /'.(J ,'-1 
1. OOOOE . 00 

I . 
o.o 
z.ooooe -oz 
4.oooo c:-oz 
6. 00 0(;E -U2 
o.G OO(;E -02 
l.O OOOE -01 
l.2 000c: -Ol 
l.4GO CC: -O! 
1. bUOc'E -0 I 
l. S000!: -01 
Z.O OO Ct:-01 
2.2ooot:-o1 
2.4000E -Ol 
?.6000E-Ol 
z.aoooc: -o1 
J. OO OOE -01 
3.2 000E-Ol 
3. 1t u0 Uc:'-Ol , 
3.6000 E-Ol 
3.8 00GE: -Ol 
4.0 COGE -Ol 
4 . 201) ( "- -'11 
4,4oor- -01 
4.6GOOE- Ol 
4.8 00C E-Ol 
5. 000CE - Ol 
S.ZOOOE- 01 
~ • 1,00 ~c: -O I 
5.6COOE -01 
S. cOOO E-01 
b.OO OOE-01 

l..OOOO E 00 
-1.4 t67<: -ot 

--------------~---~-----------------------~------· 

. o.2000 t-01 
o.400CE-Ol 
6.6 COOE -Gl 
o.!lO O"O E-01 . 
7,0000 E-Cl 
7.2000 E-Ol 
7.4 00CE -Ol 
7.600 0E -Ol 
1. SCOvt-01 
6.0000c:-o"l 
B.200Ct:' -lll 
d.4 00 C ~-Ol 

S.6J00~-Cl 

c.tl JOO t-01 
9.0000E-Ol 
9.200uE-Ol 
9.4u0Ct-Ol 
9.6000E-Ol 
9.d Ql1 0E-Ol 
l.OiJOOE 00 

-I.03ocic .oo 
-i.71 9.k 0 0 
- 2 .2233E 00 
-2. 5 77 8 E 00 
-Z. i3 0137E 00 
-z.:uau: oo 
-Z. 9& 56t 00 
-2. 96 79f.. 0 0 
-2. 8994E 00 
-z. H23c oo 
-Z. 6'> 69 E 00 
-2.50 17 E 00 
-2..333 9C: oo 
-z.I S9]c oo 
-l.98Z 5E 00 
-1. 80 721: 00 
-1.636 SE 00 
-'-l.4724C: 00 
-1.3165E 00 
-1 . 169.:1: co 
-! . 03~ ': ~ 00 
--9. 0 72J E-Ol 
- 7. 9.1 50 E- 0 l 
-t>. 86 13E-Ol. 
-s.9oazc: -ot 
-5. 05 l':> E-Ol 
-4.2 863t -Ol 
-3. 6069 E- Ol 
-3.00 73 E-Ol 
:..z . 'tli l '>E -0 l 
-2. 02 3Z t: -Ol 
-1.6263 C:- Ol 
-l•2 8 4'"1 E- Ol 
-9. 9339C.:-02 
-7.4632 E-02 
-5.38 70E -02 
- L 65:l :)E_-02 
- 2 • 2 3 '• ~ t - 0 l 
-l.07o::> t; -OZ 
-l. '·764E-03 

5. d jqJ I'; -0 3 
l.l47 JE -02 
1. :)653~ -oz 

i . :;6-) dt -02 
2. 0 72 0 i: -02 
2 • l ·)l b F. - 0 2 
2.2468 E-02 
2 • l ., tWE - 0 2 
z.207C> c -02 

-----------------------------------+ 
----.------------------- -+ 
---------------+ 
---'------+ 
-----+ --· + 
+ 
+ 
-+ --· ----+ 
------+ 
--------+ 
----------.+ 
------------· --------------+ 
------~---------+ 
------------------· · . . 
--------------------+ 
~- - - - -- -- --- -- ----- -- -~ 
-------------- - - - -- ~ - . - ·1 

--------------------------+ 
---~--~--------------------+ 
-------------~--------------+ 

- ;., 

-------------------- - --------~+ 
-------------------------------+ 
--------------------------------+ 
--------------------------------+ 
--------------------- ---~--------+ · 
--------------------- -------------+ 
----------------------------------+ 
----------------------- -~ ----------+ 
-----------------------------------+ 
---------- -~---- -----.--- - --------- --+ 

--------~---------------------------+ ------------------------------------· 
------------------------------------+ 
------------~------------------------· 

--------------------~- -----~------ - --· 
----- ----~----------- - ----------~----· -------------------------------------· 
--------- - --------- ~ -- --- ----------r - ~ 

-------------------------------------· ------- :_ ___ --------- - _._- -------------· 
-------------------------------------+ 
------------------- - ------~------ - ---· 

---------------------------------~---· -------------------------------------· -------------------------------------+ 

\ 

, ··· --· ~ 

• 
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i) 6 • •***CO~TINUOUS SYSTEM MODELING PROGRAM**** 

.•••PRO ff!l.EM INPUT STATEMENTS*** 

INITIAL 
ICl=l.l£! 
IC2=1.0 

DYNAMIC 
Xl~IN eGRLilCl, X21 

"X2=-!N ';.GRLIIC2 ;- f6. 34=Xl-7 .16*X21 
TIMER Fl N TI ~; l., OUTOEL=0.02, PRUEL=0.02 
PRr"PLOT Xl 
LABEL FIGU KE 4-6 MO DEL POSITION RE-SPONSE·, P**2=100.0 
PRTPLOT X2 
LABEL MODEL ~ELOCITY RESPU~SE, P**Z=lOO.O 
END 
STOP 

OUTPUT VARIABLE SECU E ~ CE 
ICl IC2 Xl L ZOOOJ X.2 

·ouTPul s 
91500 ) 

INPUTS PA RAMS INTE GS + ME M BLKS FORTRAN DATA ·COS 
13114001 3(400) 2+ 0? 21300) 6(6001 . 6 
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FIGURE 4-6 ~OOEL POSITION RESPONSE, P•*Z=lOO.O 

TIME 
o.o 
l.OOOOE-02 
4.0000E-02 
b.OOOCJE-CZ 
B.OOOOE-02 
l.OOOOE-01 
1.200QE-Ol 
l.4QOOE-01 
l.bOOOE-01 
t.6 0 00 E-01 
2.0000E-Ol 
2.2 0 00E-Ol 
2.4000E-Ol 
2.6000E-Ol 
2.8000E-01 
3.00 0 0 E-Ol 
3.20 00E-01 
3.4000E-C1 
3.6000E-Ol 
3.800 0E-Cl 
4. u ... v uc- Ul 
4.2 v00 E:- ci 
4.4 0 00E-01 
4.6 uOO E- 0 1 
4.ilOOOE-Ol 
5.0UOOE-Ol 
5.2000E-01 
5.4 0 00E-01 
5.6\.lO OE-01 
5.8000E-01 
b.OOO OE -01 
6.2000E-Ol 
6.4UOOE-Ol 
t>.o OOOE-01 
6.8 0 00f:-Ol 
.7.0 0 00E-Ol 
7.2000E-01 
7.4000E - 01 
7. 60 0 0 E-01 
7. 8000E:-01 
8 .OOOOE--01 
8.2COOt:-Cl 
8.4000E-Ol 
8 . 60 00E-01 
8. dO OOE-Ol 
9. UO OOE-Ol 
9,2J00 t: -Ol 
9 .'•vOOE-Ol 
'l.oOOOE-01 
~.RuOOE-01 

l.O OOOE 00 

PAGE 

MIN 1 HI.JI'• 
0 5.73l4E-02 

1 )(1 
l~OOOOE 00 
l. 01S:.E 00 
l.0228E 00 
1.022~E: 00 
l.Ol67E 00 
l.0052t 00 
9 .89~9E-Ol 

9.6927E-o·~ 
9 .'+612t:-Ol 
9. 2032 E-Ol 
6 . 923 H:-0 1 
8 .6273 E-Ol 
.8 .3181E-Ol 
1 . 9997E-Ol 
1. 6751E-01 
1 . 3413E-01 
7 .01 8 ot-Ol 
6.6911E-Ol 
!r . 366 7E-O 1 
e,. 0470E-Ol 

J(l VERSuS Tli'E I-lA X I I'UI"o 
1.02291: c.o 

1 

--------------------------~--------------------7· 
---------~-----~---------------- - ----------------· -----------------------------------------7-------· -------------------------------------------------+ 
-------------~---------------------------------:-• 
-------------------------------------------------+ 
-----~--------------------------------~--------- + 
---- - -------------------------- ~---~-----------+ 
- -------·---------------,-----------~----------· 

--------------------------------------------· 
-------------------- - ------------~2 --------+ 
-------------------------------~---------· ---'---------------·----------------------· 
--------------------------------------· 
------------------------------------· 
-----~-----------------------------· 
-----------.------------ ----------· 
-------------------------------· 
-----------~------ ~ -----------· 
----------------------------+ 

j ., J3l t - v• --- - --- - - ---------- - --- -- - • 
j . 42 6 4E- 0 1 -------------------------T 
5 .1276E-Ol -----------------------+ 
~ .837 6 t:-Cl -----~------- ---------+ 
~~ ,,68E-Ol . --------------------+ 
~.2859E-Ol -------------------+ . 
4.0251E-01 ---~-------------+ 
3 .7747E-Ol - - -------------- • 
3-~347E-or --~------------+ 
3.3os3=-o1 --------------• 
~- 0865t:-Ol ------------,-+ 
2.S 781 E-Ol -----------+ 
2 .6oOOE-Ol ----------+ 
~ .492lc-ot - --------• 

. 2 .3141 E-Ol - - -------• 
2-l45 &E-01 --------+ 
l.9 8 70E-01 ----- --+ 
l-8373 E-Ol ------+ 
l " 6 9 64 E-Ol -----• 
!.56 40t: -Ol -----+ 
E.4397E-Ol ----+ 
L.3231t-Ol ---+ 
l.Ll44t-Ol ---+ 

t-1127 1:: -01 --· 
1-0l71t-Ol --+ 
~ - 29 30E-02 - t 

8·- '· 702 ( -0 2 -+ 
1-1051C.-O .! -• 
6-'q964 t -O~ + 
t::.33q3 t' -O.:: + 
~-73141:-0l + 

0 -~ 
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HODEL VELOCITY RESPONSE, ?•*2=100.0 

TIME 
o.o 
2.0000E-02 
4.0000!:-02 
b.OuOOf::-02 
B.O OOOE-02 
l.OOOO E-01 
1.2000E-01 
1.4000E-0 1 
1.6000E-Ol 
l. aOOOE-0 1 
2.0COOE-0 1 
2.2000E-01 
2.4000E-Ol 
2.6000t-01 
2.800 0E-Ol 
3.0000E-Ot 
3.2CO OE-O l 

.3.4COOE-Ol 
3.bOOOE-0 1 
3.8CO OE ·· Ol 
4 . 0 000 1=-f)l 
4.?COOE-OJ · 
4.4COO E- 0 1 
4.6 000E - 01 
4.8000 E-0 1 
5.0C OOE-Ql 
S.ZOOO E- 01 
5.4000 E-Ol 
5.6000E-Ol 
5.8COOE-Ol 
b.OO OOE -01 
6.2 UOO E-01 . 
6.4 00 0E-Ol 
o.600uE-O l 
6.8000E -01 
7.0000t-Ol 
7.20C OE -Ol 
7.4COOE-0 1 
7.6C 00 t- 0 1 
7.8 000 E-01 
S.OOOOE-01 
tl.2 0 00E-01 
8.40 001: -01 
8.60 0 0 E-01 
6-oOOOE-01 
~.0 C l · Ot -C1 

9.20 JUE -01 
~.4 00 J E -lll 

9.6000 E-Ot 
'1 • .,cooE - 01 
l.OOOUE 0 0 

IH I'tl MuM 
-l.6432E 00 

1 

X2 'w'Eil.SuS T!l-iE 

PAGE 

1-\AX[HUM 
t.OOOOE . OO 

I X2 
l.OOOOE 00' 
S.6022E-01 
}.7571 £: -0t 

-------------------------------------------------+ 

-L.5 857t: -Ol 
-4.472 ilE -Ol 
-6.947f.E-Ol 
-9.0500E-Ol 
-1.0&17i:: 00 
-!.2283:: 00 
-t.347oE 00 
-l.4432 t 00 
-1. 5171E 00 
-l.S720t 00 
-1.6100E 00 
-l.6331E 00 
-l.b432t 00 
-l.-642 0E: 00 
-I.f>31 Gt 00 
-l.6ll()f 00 
-1.5850c: 00 
-' ~ 5 523E 0 0 
-1.5 1 4 ;,;: 00 
-l.4 726E 00 
-l.42BE 00 
-l- 3795E 00 
-1.3290E 00 
-l-2783E 00 
-l- .2261 E 00 
-l.l734 C: 00 
-1.120 c= 00 
-l.0680E 00 
-t.Ol6 0c: 00 
- 9 .647 5C:-O l 
- 9 .-1451::-01 
.:.5.654 ~.- c:-Ot 
-8.U75 h -Ol 
-7.111 <7t -01 
-7 • .2o3 CE-01 
-6. S L9 9!: -01 
-6.<1tl3I c - o t 

· -6. i0 l2 9E -01 
-~.lb297 E -Ot 

-5. 26 3 4c:- 01 
;--4.91'i vL - Ci. 
-4. '58 1'.::-01 
-4- ..?bs .. ::-o t 
-3.1o'l :-- 01 
-3 . b d 1 ti :-0 1 
-3.-'tl H::-01 
-3-1602~ -01 
-2. "12 1S c:-O l 

-----------~-----------------------------+ 
----------------------------------+ 
----------------------------+ 
----------------------+ 
-------~---------+ 
-------·------+ 
----------~ 
-------+ 
-----+ 
---+ 
--+ 
-+ 
+ 
+ 
+ 
+ 
+ 
+ 
-+ 
-+ 
--+ 

---+ 

----+ 
. ----+ 
----- t 

----~-+ 
-------+ 
----:----+ 
---------+ 
----------+ 
-----------+ 
------------i 
-------------+ 
--------------+ 
---------------+ 
------------~---+ 
-----------------+ 
------------------+ 
------------------+ -------------------+ 
--------------------+ 
---------------------+ ---------------------+ 
-------~---- ~---------~ 
-----------------------+ 
-----------------------+ ------------------------+ 
------------------------+ -------------------------+ 
-------------------------· 
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u. F-. c: .-c. S Y S T t I'! L 0 (; 4 GCT 72 

-CAN~ON -oEG EXtC-110-C M 
00 7-T RK , 01 9-TRKS FT U0 01 

CA '-<NON. OCC,FTU001-K! IIG UUT 

$ 16.46.14 
s 16.46.14 
SQlo.46.16 
·4lo.46.lt.. 
~16.47.37 

~16.47.31 

s 16.47.47 

JO". 596 
J Oo 596 
JO :i 59o 
J() :} '5'16 
JO b 596 
J CB 59& 
JOB 59& 

lc r£ 33 A M u C 0 , ~ Tl.J0 0 1, ,C t.r NG:;,LO•\u 
1E C20~ 1 CA .~JO~ FTUOOl OC O TR=OOO,TW=OOO,EG=C OO ,CL=ODO ,N=OOO,Sl0=00993 
I cC202E K OCO ,FTUOOl ,_Nl ,CA :I"<ON,LOI>O 
f:l'iD EXEC 

//CANN ON .JOB (30I O,OC76,9, 9 l, 'CA~~O~ A.',CLA SS= M,MSGL~VEL=(2,0) 
*~*SETUP TlP E9 ,l,FT U00 1 
***~tSSAGE *** VQLSER=FTUOOl - ~~ ~ GOUT, KE EP **** 
//L OAD EXEC P GM= I ~HMU~E 
//SYSPRINT CD SYS OUT=A { 
/ISYSUTl CO U ~I !T= ~Y S C~ .OJ SP=OL O , VD L?SER=wu~K Ol 
I IDOl DO CS . =SYSCTLG, u I S?=Srl~, U'd·T=3330, 'J~.;L=ScR=SYSI?l 
/ILCT DU DSN=F T U LCT, O ! SP= t ~E~ , KtEP l,SPACE=tCYL, (~,~,211, 
II VOL=SE ~=~O~K0 1,UN IT=SYSDA 
/IT APEI N 00 U~IT=TAPE~,VOL=SfR=FTUOOl,LABEL=(l,Nll, 
II OCd=tR =CFM=F b, LRE CL= d O,SLKSIZE =800 ,uE N= 3J,DISP=OLD 
//SYSIN DD * 
! tF3 731 STEP IL OAU I STA~T 72278.1 646 
!t F3 741 STE~ /L 8~D I ST OP 72278.1647 C?U OMl ~ Ol.36SEC ~ ~ I N 
:: L X[ ~ r ~ ;.~:J .'..: ~ · : ~ 
.' .' ~;- L! c ~ !:' :: ~ ' :- !" '!' '-'!.. c T I 0! s p = ( Ol :'1 ; K;: I' 0 l 'I.IN l T = s v Sf\ A. vo.L =sF~= .. QR l< 0 1 
/IFT 05F0 01 CD DD~ ~~E=SYSlh 
// FTO o FOOl OD SYS OU T= A 
/I SYSIN DO * 

JOB 596 

IcF37 3 1 ST tP I I STA~T 72278.1647 
I EF J741 STEP I I STOP 72218.1647 CPU O~JN 00.23SEC HAl~ 96K LCS OK 
II EXEC PGM=F~ESP 
//ST EP LIB OD ~ S ~=f TUL C T,Q!SP=(OL D ,K E E?l,U~1T=SYSD~ ,VOL=St R~~CRK01 
/I FT05F0 01 DD O C I~Mf=S YSI ~ . 
/I FTObF001 OD SYS uU T=A 
1/SVSI N DC * 
l fF3 731 STEP I I ST~RT 72278.1647 
I E F 3 T 4 I S lE P I I ST u I·' 7 2 27 8 • 1 6 4 7 CPU 0 I' 1 N 0 2. 2 3 S t C M'A I N 116 K l C S 0 K 
! EF3 7)1 JQ~ /C ~~~O~ I ST AR T 72278 .1646 
lt:J-37ol JU!:I IC A ·~ ·· JN I ST ut' 72278 .1647 CPU Ol'. lt~ 03.825EC 

II 
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SYSTEM SU~PORT UTILITIES IEH~OVE 

COPY PGS=FTULCT,T0=333G=WORKOl,F KOM=2400=fTUOOl,FR~XUO=T4PtlN 
A PREALLOGATfD UATA SET IS dEI~G USED 

MtHBER BASMAT HAS acE~ HOVED/COPJEO. 
HtMdE~ FRES ~ HAS 8~E~ HOVED/COPIEO. 
HEHdER GTRESP HAS bEE ii ~O~E~/CUPIEO. 
MtH~tK PR FE~P HAS eEEN ~OVcO/CUP!EO. 
McMdER RTLOC HAS uEEN MOVED/COPIED. 
HEMrlER KTRESP HAS UEEM MOVED/COPltD. 
M~MdE~ SE NS IT HAS eE EN ~OVEO/COPif6. 
MEM BER STVARFO HAS BEE~ MOJE~/COPIED. 

DATA SET FTULCT HAS BEE~ COPIED TO YOLUHE(S) 
~U~KOl 
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~A>lC ~ATRIX PROG~AM 
PR~BLEM IDENT!F!CATIUN ~ 

-2 Model STH p • 0.10 

THE A MATRIX 

o.o 
-5. 375S9&5E 02 

1.000000')t: GO 
· -6 . 1o99997E: 01 

THE DETERMI NANT OF THE: MAT~IX 

5 .• 3 7 5'i98SE 02 

THe lNvtKSE UF THE MATKIX 

·- 53 

IHC20iji IBC OH - PROGRAM I~TER~UPT- . UNDERFLOW OLD PSW IS f}450GODA20D53BA • . REGISTE:R 

TKACEdACK RGUTINE CALLE0 fK OM IS~ REG. 14 

SIMEQ 

I'.AIN 

E~TRY POINT= 010C5C48 

STA NDARD FIXUP TAKEN 
-1.147c934E-Dl 

1. ODOCOOO E 00 

0033 · 420C65E2 

00012912 

EXECUTION CONTINUING 
-l. ee0119 4E-03 
o.o . 

i<eG. 15 Rt:G. 0 

OC004CF8 00000000 

ul0CSC48 FLIOCOOOd 

THE MATRIX COEFFICIE NTS OF ThE NUMER ATOR UF THE RESOLVENT MATRIX 

THE MATRIX COEFFICIENT OF S~ * l 

1.000COOOE 00 
o.o 

o.o 
l.O COO.OOJE 00 

TH~ MAT~IX C OEFFICIE~T OF S• • O 

6.1b9 ':1~ 97E 01 
-5.375'1985£ D2 

l.OOO OOOJt 00 
o.o 

THE CH AK ~CT EK IST!C P0LY NOM IAL - IN iSCE ~J 1 NG PU~ E RS 0 F S 

5. 375 ·NB5E 02 1. OOC ODOOE: 00 

TH.E EIGE~VALLit S uF "TI"'E A )1.\JRIX 
ReAL P~RT l ~ lGI\~RY PAKT 

-l.050C OCOE: .Ol 0.0 
-5.11999B 2E 01 u.o 

REG. 1 

OOOC5074 

00104FF8 



--
I 

I! 

I 

THt Eli::!";tNTS OF THE STAT.tTRM;S!TlON MATRIX 

THE ~ATRIX C~EFFIC!E ~ T Uf EXPI-l.O~OOQO~ _OllT 

1.25798 51E 00 
-1.3208847E 01 

2.4570033t-02 
-2.,79b571E-Ol 

THE MATRIX Cu HFICIE fiT OF EXPI-5.119998E OllT 

-2.579853SE'-Ol 
1.320b c3'i7E 01 

-2.4570033E-02 
1.257985lE 00 

.· 
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SASIC MATRIX PKOGRAM 
PROblt~ IDE N TI~ICATI O~S . 

-2 Model STM p • 1.0 

THt A MATRIX 

o.o 
-1.6479999E oz 

l.OOO OOO Ot: 00 
-z ·.47999138E ul 

THE DETERMI NA NT UF ThE ~AT~IX 

1.64799991: 02 

T~t: INVERSE uF THE MATRIX 

-1.!)048534E-01 
l.OOOOOOOE 00 

- .6.067961St-C3 
o.o 

{' 

THE MATRIX COEFFIC IENTS OF THE NUMERATOR OF THE RESOLVEN T ~ATRlX 

THE ~ATRIX COEFFICIENT OF S**l 

l.OOOOOOOE 00 
o.o 

o.c 
l,OOO OOO OE 00 

THE ~ATRIX CUEFF ICIE NT OF S**O 
""" .. ..., ... " ,.. ....... ~ " ' 
... ... j "'-; , ... _ ... o.J .. l. C'JO ~(} COt 00 

0.0 

THE CHARACTE RISTIC P U LY NOMIA~ - IN ASCENJ ! N~ POWtRS OF S 

1.6479993E 02 2.47 99988E 01 

THE EIGE NVALUES UF Tht A MA TRIX 
REAL PA~ T !MA G ! ~~R Y PAR T 

-1.239999<tE 01 
-1.2399994E ul 

-3. 3226624E 00 
3. 3£26~24E 00 

**************************** * * * ~············· 

l. QiJOO OCOE 00 

THE EltMi NlS UF T ~ E ST4 TET~4~S ITICN ~~TRIX 

THE ~ATRIX C JC FFICIE~T UF EXP (-l.239999E Ol~T•COS( 3.322662E OOIT 

l.OOOOOO'O E 00 
o.o 

o.o 
l.C OOL' O iJ ~ t 00 

THE ¥ATRIX CuEfFIClE~T u~ tXP!- l.239 ~99 E c liT*Sl ~ ! 3.3 ~2~62E DOlT 

3.73l'J450E 0 1) 

-4,95'l.:l7'>'it Ol 
3. ~(;'1:- 34 0t -Ol 

-3.731.;4) 0 <: 1)0 
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~ASIC MATPlX PRO~R~~ 
PRO'BLE:M lDENllf-IC.Hl tiN S . 

Model s~ p2 
• 10.0 

THE A 14ATkllC 

o.o 
-s.la99994E 01· 

{.OOOOOOOE 00 
_-1_.212000010 01 

THE CETERM(N~NT OF Tkt MATRlX 

s.lc99994E 01 

THE INVERSE uF THE MATRIX 

.-2. 3352599E-Ol 
l..OOOOOOOt 00 

-1.92618241:-02 
·0. 0 

THE ,..ATRIX COEFFlCIEIHS- OF THE NUI-IERATOR OF THE RfS_OLVENT MATRIX 

THE ~ATRIX COEFFICIENT OF 5~*1 

l. O.OOOOOOE 00 
o.o 

c.o 
l.OCOOOCOE 00 

THE MATRIX ~OEFFICIENT OF S**O 

1. 2\20000E 0 l 
-~.l699 99't.E 01 

l. OCOOOO OE 00 
o.o 

THE CHA~ACTER!ST IC POLYNGMIAL - IN ASCE~9! ~G PO~ERS GF S 

5.1899994E 01 1.2120000€ 01 

TH E E!GE NV4LUES UF TrlE A M4T~IX 
REAL PART I MAv!N~RY PAR T 

-6.0599995t:: 00 
-6.0599995E 00 

-3.895:.909f 00 
3.89)6909E 00 

1.00000001: 00 

THt flt~tNTS OF ThE STATtTRA~SIT ION ~A TRIX 

H IE "llATRlX CuEFFIC I EN T OF EXPI-6.059999E OOIT *COSI 3.8~5o91E OO )ll 

l.O COvOQO E 00 
o.o 

• 0. 0. 
1.00020COE 00 

Tt •t I'AT~IX C .;EH I~IE ~ T Ut' EX;>(-6.059 ·J'"9E OCIT*SI\1 3.!'~5o 9lE OOJllT 

1.5-55 5~BE 00 
-t.J;z.: .. o9t: ut 

2. s:,~'l3Hl-Ul 
-1. ''5 ->64~c 00 
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-2 BASIC ~AT~l~ PRUuqAM 
PRU~Lt~ IO~ ~ ILIFIC~TIUN~ 

Model STM p • 100.0 

THE A MATRix.< 

o.o 
-l.6299988E CG l 

THE OETEKMIN MNT 

1.629998BE WI 

THE INVERSE (ll f 

-4. 39264l2E- Wl 
l. OOOOOOOE .00 

OF 

TH E 

1.0000000E 00 
.-7 .• l59999et: GO 

THE MATRIX 

MATRIX 

-6.l3't9738E-02 
·a. o 

--

THE MATRIX CUlE FFICIENT S OF THE NlJKERATOR GF THE RESOt:VcNT I'ATR!X 

THE I'.ATRIX CffiEFFlCIE NT OF SUl 

1. OOOOOOOE · OJO 
o.o 

o. 0 . 
1.0000COOE CO 

THE ~ATRIX Cui EFF!CicNT OF s ~~ o 

' ~ 0 0 0 C: O C 0E 00 
') , 0 

THE CHARACTE R~ISTIC PO LY NOM IAL- IN ASCE NC l N~ PCWtRS GF S 

1.629998 Bc QU 7.15999 98 E 00 

' ~"~*"***~ *"**~** ** ~** "· "' * ***** ** * ***** ******** 
THE EIGE ~Nt. ll!.U E S OF THE A 1-' H RIX 

REAL P~~ I M AG; ~AR Y PA~i 

-3.57999 9910 .0 0 
-3.5799999E OJO 

-l.&66't37 9E 00 
l.S6643T 9 00 

l.O OOOOOOE 00 

THt ELE~ENTS ill F Tht ST~T E T~A ~ SITI C~ MATRI ~ 

THt ~ATRIX CUic FFICIENT OF EXPI-3.5 SCOOOE OOJT *COSI l.S~643 ? E OOIT 

1. OOOOO OCE CO O 
o;o 

o.o· 
1. O U~O O ;:>O t uv 

THE ~aTqJx C C~ FFICIE N T 0~ ~ X~(-3.5SO O O O E C O IT • SI ~ I 1.~66~3 6 E OOIT 

l.9180Ql 8t 01 0 
-d. 733201 /l t 1.~J O 

S.3'>779 t: Jt-,)l 
-1.·H tlv 91 tlE 0 0 
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O~TIMIZATION ANALYSIS OF A SIMPLE 

POSITION CONTROL SYSTEM 

ABSTRACT 

One of the problem areas of modern optimal control theory is 

the definition of suitable performance indices. 

This thesis demonstrates a rational method of establishing a 

quadratic performanc~ index derived from a desired system model. 

Specifically,_ a first ord~r model is used to provide a quadratic. 

performance index for which a second order system is optimized. Ex-

.... .a...,,~.,..;"',.. ..., ........ ,. 
- - "'1"-4-----o ----

computations, i.n,•olves no additional theoretical complexities, 

I 
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