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Effects of Heat Transfer on the Stagnation Flow of a Third-Order Fluid

over a Shrinking Sheet
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This paper is devoted to the study of a stagnation point flow of an incompressible third-order fluid
towards a shrinking sheet (with heat transfer). The governing nonlinear partial differential equations
are reduced into nonlinear ordinary differential equations by means of a similarity transformation
and then solved by the homotopy analysis method. Two types of flow problems, namely, (i) two
dimensional stagnation flow toward a shrinking sheet and (ii) axisymmetric stagnation flow towards
an axisymmetric shrinking surface have been discussed. Also, two types of boundary conditions are
taken into account: (i) prescribed surface temperature (PST) and (ii) prescribed heat flux (PHF) case.
The effects of various emerging parameters of non-Newtonian fluid have been investigated in detail
and shown pictorically. The convergence of the solutions have been discussed through /i-curves and
residual error. For further validity, the homotopy Padé approximation is also applied.

Key words: Stagnation Flow; Heat Transfer; Third-Order Fluid; Shrinking Sheet;

Homotopy Analysis Method.

1. Introduction

The effect of heat transfer over a stretching surface
has been extensively investigated by many researchers
during the last few years because of its applications
in industry and technology. Such applications include
heat treatment of materials manufactured in an extru-
sion process and a casting process of materials etc. Af-
ter the first investigation of Sakiadis [1] numerous re-
searchers have discussed boundary layer flow caused
by a stretching surface [2-5]. Recently, El-Aziz [6]
has discussed the effects of temperature dependent vis-
cosity and thermal conductivity on a three-dimensional
flow over a stretching surface. The influence of ther-
mal radiation on the boundary layer flow due to an
exponentially stretching surface have been examined
by Sajid and Hayat [7]. Liu and Anderson [8] have
discussed the heat transfer in a liquid film on an un-
steady stretching sheet. The boundary layer flow and
heat transfer over an exponential stretching sheet for
a viscoelastic (second-grade) fluid have been stud-
ied by Khan and Sanjayanand [9]. Elbashbeshy and
Bazid [10] have discussed the heat transfer over an
unsteady stretching surface with internal heat genera-
tion or absorption. The heat and mass transfer in the
boundary layers on an exponentially stretching con-

tinuous surface have been examined by Magyari and
Keller [11]. Zakaria [12] has studied magnetohydrody-
namic viscoelastic boundary layer flow past a stretch-
ing plate and heat transfer. Heat transfer in a porous
medium over a stretching surface with internal heat
generation and suction or injection have been studied
by Elpashbeshy and Bazid [13]. The boundary layer
flow due to stagnation flows and a stretching surface is
another rich area which has a number of industrial and
engineering applications: fluid in rotating blades, cool-
ing of silicon wafers, extrusion of a polymer in a melt
spinning process, and the extrudate from the die is gen-
erally drawn and simultaneously stretched into a sheet
which is then solidified through quenching or gradual
cooling by direct contact with water.

In view of these Mahapatra and Gupta [14] have
examined the magnetohydrodynamic (MHD) stagna-
tion point flow towards a stretching surface. The un-
steady boundary layer flow in the region of the stagna-
tion point on a stretching surface has been discussed by
Nazar et al. [15]. Lok et al. [16] examined the mixed
convection flow of a micropolar fluid (near the stagna-
tion point) on a vertical surface. The mixed convection
flow near a non-orthogonal stagnation point towards a
stretching vertical plate has been studied by Yian et
al. [17].
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In the references cited above, the boundary layer
flow due to a stretching surface has been studied. There
is another area which has attracted the attention of re-
searchers due to its applications known as shrinking
sheet phenomena. A process in which the velocity on
the sheet towards a fixed point is known as shrinking
phenomena. Only a limited attention have been given
to this rich area. Mentioned may be the works of [18—
22]. Recently, Wang [23] has discussed the stagna-
tion flow towards a shrinking sheet. Motivated by the
above analysis, the aim of the present paper is to dis-
cuss the stagnation flow of a third-grade fluid towards
a shrinking sheet with heat transfer analysis. Only few
papers dealing with the flow of a third-grade fluid to-
wards a stretching sheet have been reported [24 —25].
To the best knowledge of the authors no attempt has
been made to discuss the third-grade fluid towards a
shrinking sheet. The governing equations of motion
and energy are simplified by using suitable similarity
transformations at two types of problems and discussed
namely (i) two dimensional stagnation flow towards
a shrinking sheet and (ii) on axisymmetric stagnation
flow of a third-grade fluid towards an axially sym-
metric shrinking sheet. The reduced problems are then
solved analytically (semi numerically) by the homo-
topy analysis method (HAM). Some recent develop-
ments on the method are given in [26 —33]. The phys-
ical features of the various parameters have been dis-
cussed through graphs. The convergence of HAM solu-
tions have been checked through i-curves and residual
error.

2. Formulation of the Problem

Consider an incompressible two-dimensional stag-
nation flow of a third-order fluid towards a shrink-
ing sheet. The velocity components along x, y, and z-
axis are denoted by u, v, and w, respectively. The po-
tential stagnation flow at infinity is taken as u = ax,
w = —agz, whereas stretching (shrinking) surface, the
velocity components are considered as u = b(x+ ¢),
w = 0. Here b is the stretching rate (shrinking if b < 0)
and —c is the location of the stretching origin. The flow
and heat characteristics are governed by the following
boundary layer equations:

du v ow _
ox dy dz
du, du__1dp  J%
ox " Vo:T Tpox Vo2

0, ey

u
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Lo, P udu  oudlu du
p \“OxaZ Tox 02 79z oxdz Vo

o du 9*u ¢ L2t Bs) (3u)2 9%u )

p 0z 0xdz P dz) 9%’

C a_T_;’_ a_T —kaz_T_;’_ @ ?
PEr\"ox Tz ) T oz TH\ 52
.3

du 9%u du d%u u
+ 0 <M8—Z—axaz +Wa—z a—zz> +2(ﬁ2+ﬁ3) <(9_Z> s

where v = (%) is the kinematic viscosity, p is the den-

sity, o, &, and B3 are material constants of the third-
order fluid, T is the temperature, C, the specific heat
at constant pressure, and k is the thermal conductivity.
Note that v and % (i = 1, 2) being O(8?), % (i=1,
2, 3) being O(§*), and terms of O(8) or higher are ne-
glected (where & being the thickness of the boundary
layer).

3. Two-Dimensional Stagnation Flow

Defining [23]

n= \/gz, u=axf'(n)+bch(n),
v=0, w=—vavf(n).
Then (1) is satisfied identically and (2) yields

f///+ff//_f/2 +1 +ﬁ(2f/f///+3f//2 _ffl\/)
+ 2Af//2 + 6BSf//2f/// + 6BZf//2h// + 6BKf///h/2 (5)
+12BZH' f" " + 12BKH f"h" = 0,

h//+fh/_f/h+ﬁ(hf///+f/h//+3f//h/_fh///)

“

6
+2Af"H +6BKW*h' =0, ©
2
where f§ = %, A= %, B = ai(%j&), = —bjf}z,

S= ‘”‘72, and Z = % are the non-dimensional fluid pa-

rameters. The associated boundary conditions are
f(0)=0, f(0)=bla=a, f[f(=)=1, o
h(0)=1, h(e) =0,

where a prime denotes the derivative with respect to 7.

3.1. The Prescribed Surface Temperature (PST) Case

Here

x 2
T:TW:Tw—i—A(—) at 7=0,
[ 8)

T =1, as z — oo,
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where A is a constant. Defining
T-T-

Ty —Ts

Using (8) and (9), then (3) yields

6(x,n) = 9)

0" + P, (fe’ —-2f'6 —xf’a—e —2MhO —Mxh8—6>
ox ox
+RE(f™ +2Mf )+ BRE(f' "+ Mf f'H
+Mhf" — ff "~ MffR —MfH ")+ 2REBS
. (f//4 +4Mf”3h/ + 6M2f//2h/2 + 4M3f//h/3) _ O, (10)
W%+ B(hH f" — fH'R") +2BSM?H* = 0. (11)
The corresponding boundary conditions become

6=1atn=0and 8 -0 as n —oo. (12)

. 272
In the above equations P = K Cp , E = ﬁ are the
Prandtl number and Eckert number respectlvely, while
M= ke,
ax

3.2. The Prescribed Surface Heat Flux (PHF) Case

Here the boundary conditions are of the following
form:

aT x\2
—ka—z = (qw —D(Y) at Z*O, (13)
T — T, as z— oo.
Taking
D /x\2 |v
r-7.= 2 (5) \/;p(x,n). (14)

Making use of (14), then (3) along with its boundary
conditions (13) take the following form:
¢'(x,n)=—1 at n =0, and
¢(x,n)

The governing energy equation is the same as defined
in the previous section except the value of E is different
which is given by

_ka212 a
DG, Vv

4. Axisymmetric Stagnation Flow Towards a
Shrinking Surface

15
=0 as N — oo, (1)

(16)

Wang [23] considered in his analysis the axisym-
metric case; it is not necessary that one should take

Third-Order Fluid over a Shrinking Sheet with Heat Transfer 971

cylinderical coordinates. It is possible to achieve the
same equations in Cartesian coordinates by taking

1 =% umangn) +hent).
v=ayg'(n), w=-2Vavg(n).

With the help of (17), (1) is identically satisfied and (2)
takes the following form:

///

+2gg g/2+1+B(2g/ ///+3g//2_2ggIV)
+2Ag”2+6BSg”2 ///+6Bzg//2 //+6BKgW 2 (18)
+12BZn'g"¢" + 12BKn'g"n" = 0,

n//+zgn/_g/n+ﬁ(ng///+g/n//+3g// !/ gn///)
+2Ag"n +6BKn"n" = 0. (19
The relevant boundary conditions are
2(0)=0, g0)=b/a=a, g(=)=1, 20)
n(0)=1, n(e)=0

4.1. The Prescribed Surface Temperature (PST) Case

Here

x\2
T:TW:Tw—i—A(?) at 7=0,

1)
T —Ts as 7z — oo,
where A is a constant. Defining
T-T,
= . 22
¢(x,m) T T (22)

Using (8) and (9), then (3) yields

" )9 ¢
(0] +R(2g¢) 249 — xga 2Mn¢—Mxn§

+ PrE (g//2 + ZMg"n') + PrEﬁ (g/ 2 + Mg'g"n'

+Mng zgg//g/// ZMgg//n// _ ZMgl’l,gm) (23)
+ ZPrEBS(g"4 + 4Mg"3n' + 6M2g//2n/2
+4M3gl/n/3) — O,
n?+ B(nn'g" — gn'n") +2BSM?n'* = 0. (24)
The corresponding boundary conditions are
¢=1atn=0and § -0 as N — oo, (25)
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where P, = ”Cp L E =

the Eckert number, respectively, while M = 2

C A are the Prandtl number and

4.2. The Prescribed Surface Heat Flux (PHF) Case

Here the boundary conditions are of the following
form:

oT >
=gy =D ~0,
ko =1 (7) atz=0 (26)
T — T, as 7 — oo.
Taking
D /x\2 |v
T-T.= 2 (7)) Swiem), @)

we obtain the differential equations (23) and (24) with
the following boundary conditions:

x,m)=-—1, at =0, and
v (x,m) n 28)
y(x,m) =0 as N — oo,
In this case the Eckert number is defined as
272
_ ka’l \/E. (29)
DG, Vv

5. Solution of the Problem

5.1. Solution for Two-Dimensional Stagnation Flow
Towards a Shrinking Sheet

For HAM solution, we select the following initial
approximations and auxiliary linear operators:

for(n) = (1 —a)(exp(=n)—1) +n, (30)
ho1(n) = exp(—n), (31)
6o1(n) = exp(—n), (32)
= Pf(m;p) . P*f(n:p)
Lolf(mip)l = =5 5=+ =57 (3
~ O*h(n:p)  Ih(n:p)
~ 9%0(n;p)  36(n;p)

S. Nadeem et al. -
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where the (subscript 01 means the first-order and the
other subscripts denotes the next-orders) and the prop-
erties satisfied by the auxiliary linear operator are

Lo1[C1 +Con +Cze 1 =0, (36)
Ly[Cs+Cse M =0, (37
L3[Cs+Cre7 1 =0, (38)

in which C; (i = 1-7) are arbitrary constants. If p €
[0, 1] is an embedding parameter and /; (i = 1 —4) are
non-zero auxiliary parameters, then the zeroth-order
and mth-order deformation problems are as follows:

5.1.1. Zeroth-Order Deformation Problems:

(1=p)La[f(n:p) — for(M)] (39)
= phuNi[f(n:p)],
(1—=p)Lo2 [h(nA;p) - hol(n)} 40)
= ploNa k(1 p), f(M:p)],
(1—p)Lo3[0(n; ) — 601 ()] @)
:Ph3N3[9(77v ) (77,17)» ( )}7
F(0:p)=0, F(0:p)=a, fleoip)=1, (42)
h(0;p) =1, h(s;p) = (43)
0(0;p) =1, B(c0;p) =0, (44)
= P fn; 2f(n;
Nl msp)] = SEE)  Fnsp) L)
of(m:p)\’ of(n:p) 3 f(n:p)
_( on )HH{Z FEELE
2fm:p)\> = 9*f(n:p)
+3( an? ) N an* ]
2f(n;p)\° 22 f(n;p)\>*f(n:p)
+2A< o +6BS< a . ) prE
2
+6BZ<82f n:p ) azh
+6BK? (3 )
ah(w) 2f(n,p) 2*f(n:p)
1282 P FTE
Ih(n;p) *f(n:p) 3*h(n:p)
+12BK— o’ gz (45)
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~ ~ 9%h(n; -~ oh(n; n(0) =0,  hp(o0) =0, 52
Nz[f(n;p),h(n;p)]—73(;72p)+f(n;p)7$7p) @ (=) o
R af(np) 83]?(77}7) em(o) =0, 6m(m) =0, (53)
—h(n; — + B |h(n;p)—F5—
n:2) Bl =5k Run(m) = 124 (M) + (1= )
af(n p) 92h(n p) 9*f(n:p) dh(n:p) ! !
an anz +B 3 anz an + Z [fmflfkfli/_fr/n—l—kflﬂ—i_ﬁ Z [zfr/n—l—kfléﬁ
iy aSh n.p azf(n’p) a/};(n’p) /7 /1 ////
_f(nvp)%} +2A anz an +3fm 1— kfk Jm—1- kfk +2AZ m—1 kfk}
ail\ 5 zaziz\ ; m—1 rm—1
+6BK< e )> L (46) +682 Y {): i p}
= o
N R R 28 on. —1 Tm—1 (54)
N3[8(n:p). f(m:p),h(n:p)] = %ﬁz’p) +6Bskzo D: Tpfi- p}fﬁ K
~ ~ m—1 rm—1
= . 90(nsp) o L df(n:p) +6BK { W ] £
+Pr[f(n7p)7an 26(n:p) an kzo Z p=1"—p | Jm—k
. R m—1 rm—1 ” ///
afé?] :2) ng,p)} PM{Zh(n p)8(n;p) “2322 {Zh ~1fi- p] m—k
2 2 m 1
+xh(n }JFPEKaf’”’) +12BKZ[Zh lf,g/p] "
2
+2Ma J;( i ) (an )} ﬁpE[ f(n:p) ) el /
n/\ R2m(77): mfl(n)—i— Z[hm—l—kfk_hmflfkfk
(821‘(17 p)) Ly :p) 32f(77;p) (n;p)} =0
In? 2:977 28n2 9271 F2AR, S A B Y i+ by 55)
°f(m; ~ *f(n; k=0
+pre i) (5 ) < Fon ) I g )
83f(n;p)} o 2 f(n:p) *h(n:p) (SRS
T —ﬁREM[f(n;p) +6BK [ W,_\h, ] "
on’ - an? an? kZO Zo —1M—p k
- Ih( 8
+f(n;p) (n:p) +2P.BES 1
817 " / /
Ram(M) =6 (M) + P Y | 1168 — 2101 46k
azf 77 p) 2f 77 p) k=0
+2P.BES |4 -
, BGk aek
, Xk _2Mhm—1—k6k_MXhm—1—k¥
ag )+6M2<3fnp>(8hnp)] -
+RE Z 1w fi +2M Sy by

2
2PBES {41\438 J;(nz ) <ahan p)ﬂ, 47) L pet
n +ﬁp52[2f,, S }f
5.1.2. mth-Order Deformation Problems: B

m—1
Lorlfn(m) = Znfur (D] = i Rin(n),  (48) “”’EMZ {Zf i }

— m—1
Loo[hn(M) = Xmhm-1(N)] = aRam(M),  49)  +BREM Z {th 1fk_,,} S

k=0
L03[0n(N) = XmOn—1(N)] = 13 R3,(n),  (50) -

—BPE . 1/ 111
BO)=0, fH0)=0, fe==0, 6 ;L,Zf” i "}f’""
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_ﬁpEMmi1 |:mZ’1fp i p:| m
_ﬁpEMi {"’if,, i p}f,:;'k
+2PBES{m - kazﬁ'szl"/ fi
+AME, Z e Z f5f, 1"’}

—|—2PBES{6M2 S ka;ﬁ’thz _ih;

HAM [y kzhk zzhz - 1] (56)
0, mgl,
X’”:{ 1, m>1. 57)

The symbolic software Mathematica is used to get the
solutions of (48) to (50) up to the first few orders of
approximations. It is found that the solution for f and &
are

(=) M
— 1 0
- Eoﬁn(n) - A}}an [mzoam,o
2M+1 2M  2m+1-—n (58)
N Z (1) ( y Z dm )]
n=1 m=n—1
h(n) =Y ha(n)
m=0
) 2M+1 1) 2M  2m+1—n (59)
“pm| L2 )]
6(n) =Y. 6u(n)
m=0
) 2M+1 ) 2M  2m+1-n (60)
| XX g )]

in which the coefficients az} », by n, and cihn of fin(N),
hm(N), and 6,(n) can be determined by using the
given boundary conditions and by initial guess approx-
imations in (30) to (32). We note that the solution for
@ (M) is the same as 6,,(1) given in (60). The numer-
ical results of the above mentioned solutions are pre-
sented by graphs.

5.2. Axisymmetric Stagnation Flow Towards a
Shrinking Surface

In order to find HAM solutions of (18), (19),
and (23), we choose the initial approximations and the

S. Nadeem et al. -
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linear operators as

g2(n) = (1—oa)(exp(—=n) —1)+n, (61)

no2(n) = exp(—1n), (62)

Po2(1) = exp(—1), (63)
N 2°g(n;p) . 9*8(n:p)

£o4[g(7‘l,P)] an3 anz ) (64)
. *n on(n;

Colitmip) = 54 OEEL )
- *9(n:p) | 39(n:p)

which satisfy

Lo4[Cs +Con +C1oefn] =0, (67)

Los[Ci1+Cize " =0, (68)

Los[C13+Crae M =0, (69)

where C; (i = 8§ — 14) are arbitrary constants. Adopting
the procedure of the previous subsection we get the

5.2.1. Zeroth-Order Deformation Problems:
(1=p)Los[g(n;p) —g02(N)] = phaNa[g(n;
(1= p)Los[n(n: p) — no2(n)] =

p)], (70)

(71)
phsNs[n(n:p),g(n:p)],
(1= p)Los[®(M:p) — 902(n)] = -
pheNs[9(n:p),8(n:p),n(n:p)],
g(0:p) =0, g(0;p) =0, g(eosp)=1, (73)
n(0;p) =1, n(eo;p) =0, (74)
0(0:p) =1, ¢(o0sp) =0, (75)
N 2%g(n; N 2%3(n;
Na[g(n:p)] = 7‘3(”3 2) +2g(n;p)7§(gzp)
ag(n:p) g(n:p) °g(n:p)
_< an >+1+ﬁ[ an I’
2°g(n:p) 9*g(n;p)
+3(—a k ) 280m:p) 5 ]
%8 p)\’ 2%¢(n:p)\ > 9°2(n; p)
+2A<73n2 )+6BS< - ) o
22g(n;p)\ > 9%i(n; p) 9°g(n;p)
—|—6BZ( o ) Snr - HOBK=G S
on(n;p)\ > an(n:p) 9*°g(n:p) 3°g(n: p)
( an )HZBZ an on? o’
on(n;p) 9°g(n;p) I*a(n;p)
+12BK on a2 o (76)
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N5[§(772P)a
ag(n;p)

—n(n;p)

dg(n;p) 9*a(n:p)

9*a(n; p)
an?

B {ﬁ(n;m

n(n;p) = +2g(n;
2°g(n:p)

an on?

)9ﬁ(n;p)

an

(n p) 9n(n;p)

+an

N 0
—2g(n;p)

J+ob%5

an?
37(n; p)

an

p)

}+2A82 (n p) an(n;

on3 on?
9*n(n;p)

+6BK <

oi(n;p)\°
an

p),8(n:p);

)

278 (.
in:p)) = ZLP) (2(7;72’1))

on?

Ne[o(n:
-2
~20(n;p)

+xn(1;p)
2’g(n:

(ax p)] +5 [2§(n;p)

N
)] + PRE
n(n;p

é
Sl U552)
p)d

+2M

(S

an

+BPE[Mn(n )(

d
{ 8(
2 817 on
n;p) In(

an

(77)

29 (n;p)

an

[2'1(77 p)9(n:p)

n;p)

)] +BRE
an an?

npa”(
2%5(m:p)\
Eno)

) e

g(n;p)

an(n;p)
an

2

2°g(n;p)

an?

2*g(n;p) . 9%8(n;p) 9*n(n;p)
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5.2.2. mth-Order Deformation Problems:
Loalgm(M) = Xm&m—-1(M)] = laRam(n),  (79)
EOS[”m( ) anm—l(n)}_FlSRSm(n) (80)
Lo6[Om(N) = XmPm—1(N)] = hsRem(n),  (81)
gm(O):O, g:n(O):O’ gm( ) 0, (82)
n(O) 0, nm(°°) =0, (83)
¢m(0) = 07 ¢m(°°) = 07 (84)
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m—1 —
_2BPEMZ |:ng lnk p:|gm k

k= pO

+2PBES{8m - kzgk 1281 &
170 j=0

i, Y Y g;',»g;f]
=0 j:O

1
+2P.BES {6M2gm -k Zgg—l Z nffjn}
Jj=0

1
+a4M gy, anzzZnﬁjn}}, (87)
0 j=0
where
0, m<l1,
x{ Uomet (88)
and the solutions are
g(n)= mg,ogm(n) :A/lllg}n [ Z:’ A0
2M+1 oM 2m+1-n (89)
+Ze (n+1)n ( Z Z mnn):|
n=1 m=n—1 k=0
n(n) = Z nm(N)
m=0
2M+1 (ns1) 2M  2m+1—n (90)
“am [ Le( L,y )
n)= Z Om (M)
m=0
2M+1 ) 2M  2m+1—n (91)
— 1 —(n+
[ L e 2 )]

in which the coefficients af, », by », and ¢, of gm(1),
nm(N), and ¢(n) are constants. We observed that the
solution for y;,(n) is the same as @,,(1) given in (91).

6. Results and Discussion

The analytic solutions of the two problems de-
fined by (5)-(6), (10), (18)—(19), and (23) have been
computed. Obviously, the obtained solutions for (29)
to (30) and (58) to (60) contain non-zero auxiliary pa-
rameters i; (i = 1—8) which can adjust and control
the convergence of the solutions. The 7i-curves are pre-
sented in Figures 1 — 8 and they ensure the convergence
of the solutions in the admissible range of the values of
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ad=B=A=B=K=M=P=-R=5=Z=04

1
——  10th-order app.
0.8
e
* 0.6
0.4
-1.2 -1 -0.8 06 04 0.2 0 0.2

Fiq

Fig. 1. fi-curve of f for two-dimensional stagnation flow.

a:ﬁ:A:B:K:M:P:R:S:Z:O.-‘
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-0.8 ——— 10th-order app.
- -1
S
S 1.2
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-1 -0.8-0.6 -0.4 -0.2 0
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Fig. 2. fi-curve of h for two-dimensional stagnation flow.

0.2
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Fig. 3. hi-curve of 6 for two-dimensional stagnation flow
(PST case).
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0’=ﬁ=A=B=K=M=P=R=S=Z=O.4
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1 -
0.8
0.6
0.4
0.2

10th-order app.

©™(0)

-1.2 -1 -0.8-0.6-04_-0.2 O
fiq

Fig. 4. hi-curve of ¢ for two-dimensional stagnation flow
(PHF case).
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0.625

10th-order app.
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Fig. 5. ii-curve of g for axisymmetric stagnation flow towards
a shrinking surface.
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10th-order app.
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-1 -0.8 -0.6 -0.4 -0.2 O
fig

0.2

Fig. 6. hi-curve of n for axisymmetric stagnation flow towards
a shrinking surface.
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1
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S
©_0.5
_1 \
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Fig. 7. li-curve of ¢ for axisymmetric stagnation flow towards
a shrinking surface (PST case).
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Fig. 8. li-curve of y for axisymmetric stagnation flow to-
wards a shrinking surface (PHF case).
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Fig. 9. Residual error of f for two dimensional stagnation
flow
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Errar
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0.0004
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09 8 07 06
Fig. 10. Residual error of g for axisymmetric stagnation flow
towards a shrinking surface.

il=h2=03=-06, f=A=B=K=M=P=R=5=Z=04
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i
Fig. 11. Influence of stretching parameter o on f for two-
dimensional stagnation flow.
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'\
2 a =05
a =10
a =13
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U
Fig. 12. Influence of stretching parameter ¢ on A for two-
dimensional stagnation flow.
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fit=12=03=-06,5=A=B=K=M=P=R=5=7=04

1
— a =05
o8t &« | - a =10
- @ =15
0.6 -- a =20
<04
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n

Fig. 13. Influence of stretching parameter ¢ on 8 for two-
dimensional stagnation flow (PST case).
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Fig. 14. Influence of stretching parameter o on ¢ for two-
dimensional stagnation flow (PHF case).
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Fig. 15. Influence of shrinking parameter @ on f for two-
dimensional stagnation flow.
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fit=1h2=03=-06,=A=B=K=M=F=R=5S=72=04

1
— a =-0.5
Ll o N g @ =-1.0
0.6 - =-1.5
-— a=-20
= 04
= 3
021 1\
So eI
of \ g
—02} -
L
0 1 2 3 4

Fig. 16. Influence of shrinking parameter o on & for two-
dimensional stagnation flow.
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Fig. 17. Influence of shrinking parameter ¢ on 8 for two-
dimensional stagnation flow (PST case) .
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Fig. 18. Influence of shrinking parameter ¢« on ¢ for two-
dimensional stagnation flow (PHF case) .
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Table 1. Homotopy Padé approximation for f” when o =
B=A=B=S=Z=K =0.1 for two-dimensional stagna-
tion flow.

Padé approximands
(1711 [2/2] [3/3] [4/4] [5/5] [6/6] [7/7]1 [8/8]
£7(0) 0.3159 0.3255 0.3263 0.3262 0.3262 0.3262 0.3262 0.3262

Table 2. Homotopy Padé approximation for g” when a =
B=A=B=S=Z7=K=0.1 for axisymmetric stagnation
flow towards a shrinking surface.

Padé approximands
[1/11 [2/2] [3/3]1 [4/4]1 [5/5] [6/6] [7/7] [8/8]
£"(0) 0.3199 0.3218 0.3200 0.3196 0.3196 0.3196 0.3196 0.3196

fitl=i2=03=-06,a=A=B=K=M=P=R=S=7=04

0.9}
0.8}

=07}
0.6}
0.5
0.4}

7

Fig. 19. Influence of non-dimensional parameter § on f for
two-dimensional stagnation flow.

the auxiliary parameters 7;. In the present cases, 10th
and 12th order of h;-curves are plotted in Figures 1 —
4 for the two-dimensional stagnation flow and in Fig-
ures 5-8 for the axisymmetric stagnation flow. It is
seen from these figures that the ranges for the admis-
sible values of i; are —0.8 <7/ < —-0.3, —0.8 <Ny, <
02, -1 <h3 <-0.2, -08<hy <-0.3, -0.8<
hs < —-04, -08 <hg < —-0.3, -1 <y <—-0.2, and
—1 < hg < —0.4. For the validity of convergence so-
lution the residual errors are also calculated and are
shown in Figures 9 and 10. Further, the homotopy
Padé approximation solution is also calculated and pre-
sented in Tables 1 and 2.

The velocity profiles f’, h, and the temperature
variation that corresponds to 6(x,7n) and ¢(x,n) in
the PST and PHF case for two-dimensional stagna-
tion flow are plotted in Figures 11-54. The non-
dimensional velocity f’ and h against 1} for different
values of stretching rate & > 0 (shrinking rate o0 < 0)
are displayed in Figures 11 -14. Here, both f’ and &
increases but 6 and ¢ decreases with an increase in the
stretching parameter (o > 0). The results are quite op-

Brought to you by | University of Central Florida - UCF
Authenticated
Download Date | 11/28/18 6:55 PM



980

1= h2=h3=-06 a=A=B=K=M=F=R=5=7=04
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Fig. 20. Influence of non-dimensional parameter 3 on A for
two-dimensional stagnation flow.

fif=H2=13=-06 a=A=B=K=M=P=R=5=72=04
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5;0,5
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0

Fig. 21. Influence of non-dimensional parameter 3 on 6 for
two-dimensional stagnation flow (PST case).

fif= 12=03=-06,a=A=B=K=M=P=R=5=7=04

2.5

(6, E SRR TR

Fig. 22. Influence of non-dimensional parameter 3 on ¢ for
two-dimensional stagnation flow (PHF case).
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I
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0.6}
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Fig. 23. Influence of non-dimensional parameter A on f for
two-dimensional stagnation flow.
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Fig. 24. Influence of non-dimensional parameter A on / for
two-dimensional stagnation flow.
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Fig. 25. Influence of non-dimensional parameter A on 6 for
two-dimensional stagnation flow (PST case).
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?"zf?= 12=13=-06, a==B=K=M=FP=R=58=72=04

wln)

U
Fig. 26. Influence of non-dimensional parameter A on ¢ for
two-dimensional stagnation flow (PHF case).

fif= i2=fi3=-086,a==A=K=M=F=R=8=7=04
1 T T T T T

0 1 2 3 4 5
n

Fig. 27. Influence of non-dimensional parameter B on f for
two-dimensional stagnation flow.

fil= i2=h3=-06, a=0=A=K=M=FP=R=5=7=04
2 _|'\

1.5}

hs)

Fig. 28. Influence of non-dimensional parameter B on & for
two-dimensional stagnation flow.
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fit=12=03=-06,a==A=K=M=P=R=5=72=04

1
sl | 2 a0
0.6} ™, -—-- B =40
= 04 !
= 0.2
0
-0.2 \“ - -
0 1 2 3 4 5

Fig. 29. Influence of non-dimensional parameter B on 6 for
two-dimensional stagnation flow (PST case).
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Fig. 30. Influence of non-dimensional parameter B on ¢ for
two-dimensional stagnation flow (PHF case).
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Fig. 31. Influence of non-dimensional parameter K on f for
two-dimensional stagnation flow.
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fif=12=13=-06, a=0=A=B=K=M=P=R=5=04

25 I\ — K =10
2 N K =20
[T - K =23

—15 l’\\\ \ - K :25

7
Fig. 32. Influence of non-dimensional parameter K on & for
two-dimensional stagnation flow.
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Fig. 33. Influence of non-dimensional parameter K on 6 for
two-dimensional stagnation flow (PST case).
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Fig. 34. Influence of non-dimensional parameter K on ¢ for
two-dimensional stagnation flow (PHF case).
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fil=12=M3=-06, a=5=A=B=K=M=P=R=2=04
1F
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Fig. 35. Influence of non-dimensional parameter S on f for
two-dimensional stagnation flow.
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Fig. 36. Influence of non-dimensional parameter S on /4 for
two-dimensional stagnation flow.

posite for the case for shrinking (o < 0), which are
shown in Figures 15—18. The effect of the non-
dimensional parameter § on f’, h, 6, and ¢ are de-
picted in the Figures 19—22. It is noticed that for large
B, f' decreases while h, 6, and @ increases. The be-
haviour of the non-dimensional parameter A on f, h,
0, and ¢ are shown in Figures 23—26, which gives
increase in f’, @ and decrease in h, ¢ with an in-
crease in A. The results are quite opposite for the
non-dimensional parameters B and K which are shown
in Figures 27-34. There is a decrease in f’, h, 0
and increase in ¢ with an increase in S (see Figs. 35
and 38). Figure 39 show increase in f” and Figures 40 —
42 show decrease in &, 0, ¢ with an increase in the
non-dimensional parameter Z. Figures 43 — 44 show no
change in f’, h and Figures 45 —46 indicate a decrease
in O and ¢ with an increase in the Eckert number E.
The results are similar for non-dimensional parame-
ter M which are shown in Figures 47 —50. No change
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1= 12=h3=-06,a=f=A=B=K=M=P=R=7=04
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Fig. 37. Influence of non-dimensional parameter S on 6 for
two-dimensional stagnation flow (PST case).

fif=H2=03=-06,a=5=A=B=K=M=FP=R=2=0:+
1.4
Y
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Fig. 38. Influence of non-dimensional parameter S on ¢ for
two-dimensional stagnation flow (PHF case).
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Fig. 39. Influence of non-dimensional parameter Z on f for
two-dimensional stagnation flow.
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Fig. 40. Influence of non-dimensional parameter Z on h for
two-dimensional stagnation flow.
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Fig. 41. Influence of non-dimensional parameter Z on 6 for
two-dimensional stagnation flow (PST case).

fif= i2=13=-06, a==A=B=K=M=FP=R=5=0«

T — Z-05
-------- Z=10
0.8 - 2 =15
\ - 2 =20
06} "N
=N
0.4
0.2
0
0 1 2 3 4 5

Fig. 42. Influence of non-dimensional parameter Z on ¢ for
two-dimensional stagnation flow (PHF case).
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fif=h2=h3=-06,0=F=A=B=K=M=FP=8=7=04
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7
Fig. 43. Influence of Eckert number E on f for two-
dimensional stagnation flow.
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Fig. 44. Influence of Eckert number E on h for two-
dimensional stagnation flow.

fit=fi2=73=-06 a=F=A=B=K=M=P=5=72=04
1

— E
0.8

Sobg
00O

N = = @

mmm

0.6

o)

0.4

0.2

Fig. 45. Influence of Eckert number £ on 6 for two-
dimensional stagnation flow (PST case).
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Fig. 46. Influence of Eckert number E on ¢ for two-
dimensional stagnation flow (PHF case).
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Fig. 47. Influence of non-dimensional parameter M on f for
two-dimensional stagnation flow.
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Fig. 48. Influence of non-dimensional parameter M on h for
two-dimensional stagnation flow.

Brought to you by | University of Central Florida - UCF
Authenticated
Download Date | 11/28/18 6:55 PM



S. Nadeem et al. - Third-Order Fluid over a Shrinking Sheet with Heat Transfer

fif=H12=03=-08, a==A=B=K=P=R=8=7Z=04

P

—— M =55
0175 ________ M :6‘0
0.5 - M =65
0.25 -~ M=70

0(7)

-0.25
-0.5

m
Fig. 49. Influence of non-dimensional parameter M on 6 for
two-dimensional stagnation flow (PST case).
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Fig. 50. Influence of non-dimensional parameter M on ¢ for
two-dimensional stagnation flow (PHF case).

Af=h2=n3=-08,a=F=A=B=K=M=R=5=2=04
1

— P, =20
-------- P, =25
—— P, =30
-- P, =35
3 4 5

n
Fig. 51. Influence of Prandtl number P; on f for two-
dimensional stagnation flow.
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Fig. 52. Influence of Prandtl number P; on h for two-
dimensional stagnation flow.

ff= MZ=h3=-00,a=F=A=B=K=M=R=5=2=04
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Fig. 53. Influence of Prandtl number P, on 6 for two-
dimensional stagnation flow (PST case).

has been found in f’, i; while 8 and ¢ show oppo-
site behaviour with the increase in Prandtl number P;
(see Figs. 51 —54). Figures 55-98 depict ¢’, n, ¢, and
V against 1 for various values of the non-dimensional
parameters o, 3, A, B, K, S, E, M, P;, and Z for the ax-
isymmetric stagnation flow. It is shown that both g’ and
n increases (see Figs. 55—56) but ¢ and y decreases
with an increase in the stretching parameter (o > 0)
(see Figs. 57—58). The results are quite opposite for
the case of shrinking (o < 0). These are shown in Fig-
ures 59 —62. The behaviour of the non-dimensional pa-
rameter A on g’, n, ¢, and W are shown in Figures 63 —
66, which give an increase in g, ¢ and a decrease in n,
y with an increase in A. The results are quite opposite
for the non-dimensional parameters B and K, which
are shown in Figures 67—70 and 79-82. There is a
decrease in g’, n, ¢ and an increase in ¥ with an in-
crease in S (see Figs. 91 and 94). Figure 95 reflects
an increase in g’ and Figures 9698 show a decrease
in n, ¢, Yy with an increase in the non-dimensional
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Fig. 54. Influence of Prandtl number P on ¢ for two-
dimensional stagnation flow (PHF case).
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Fig. 55. Influence of stretching parameter ¢ on g for axisym-
metric stagnation flow towards a shrinking surface.
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Fig. 56. Influence of stretching parameter ¢ on n for axisym-
metric stagnation flow towards a shrinking surface.
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Fig. 57. Influence of stretching parameter & on ¢ for ax-
isymmetric stagnation flow towards a shrinking surface (PST
case).
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Fig. 58. Influence of stretching parameter o on y for ax-

isymmetric stagnation flow towards a shrinking surface (PHF
case).
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Fig. 59. Influence of shrinking parameter ¢« on g for axisym-
metric stagnation flow towards a shrinking surface.
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Fig. 60. Influence of shrinking parameter ¢ on n for axisym-
metric stagnation flow towards a shrinking surface.
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Fig. 61. Influence of shrinking parameter & on ¢ for ax-
isymmetric stagnation flow towards a shrinking surface (PST
case).
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Fig. 62. Influence of shrinking parameter & on y for ax-

isymmetric stagnation flow towards a shrinking surface (PHF
case).
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Fig. 63. Influence of non-dimensional parameter parameter

A on g for axisymmetric stagnation flow towards a shrinking
surface.

n(y)

0 1 2 3 4 5

Fig. 64. Influence of non-dimensional parameter parameter
A on n for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 65. Influence of non-dimensional parameter parameter
A on ¢ for axisymmetric stagnation flow towards a shrinking
surface (PST case).
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Fig. 66. Influence of non-dimensional parameter parameter A
on Y for axisymmetric stagnation flow towards a shrinking
surface (PHF case).
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Fig. 67. Influence of non-dimensional parameter parameter
B on g for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 68. Influence of non-dimensional parameter parameter

B on n for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 69. Influence of non-dimensional parameter parameter

B on ¢ for axisymmetric stagnation flow towards a shrinking
surface (PST case).
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Fig. 70. Influence of non-dimensional parameter parameter B
on Y for axisymmetric stagnation flow towards a shrinking
surface (PHF case).
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Fig. 71. Influence of non-dimensional parameter parameter

B on g for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 72. Influence of non-dimensional parameter parameter
B on n for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 73. Influence of non-dimensional parameter parameter
B on ¢ for axisymmetric stagnation flow towards a shrinking
surface (PST case).
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Fig. 74. Influence of non-dimensional parameter parameter 3

on Y for axisymmetric stagnation flow towards a shrinking
surface (PHF case).
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Fig. 75. Influence of Eckert number E on g for axisymmetric
stagnation flow towards a shrinking surface.
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Fig. 76. Influence of Eckert number E on n for axisymmetric
stagnation flow towards a shrinking surface.
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Fig. 77. Influence of Eckert number E on ¢ for axisymmetric
stagnation flow towards a shrinking surface (PST case).
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Fig. 78. Influence of Eckert number E on y for axisymmetric
stagnation flow towards a shrinking surface (PHF case).
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Fig. 79. Influence of non-dimensional parameter parameter
K on g for axisymmetric stagnation flow towards a shrinking
surface.

Af= A2=#3=-06,0=F=A=B=K=M=P=R=5=04

2.5} K =10

K =20

2t K -23

_ 15} K =25

E
]_
0.5}
of -
4 5

n

Fig. 80. Influence of non-dimensional parameter parameter
K on n for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 81. Influence of non-dimensional parameter parameter
K on ¢ for axisymmetric stagnation flow towards a shrinking
surface (PST case).
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Fig. 82. Influence of non-dimensional parameter parameter K
on Y for axisymmetric stagnation flow towards a shrinking
surface (PHF case).
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Fig. 83. Influence of non-dimensional parameter parameter

M on g for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 84. Influence of non-dimensional parameter parameter
M on n for axisymmetric stagnation flow towards a shrinking
surface.
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Fig. 85. Influence of non-dimensional parameter parameter
M on ¢ for axisymmetric stagnation flow towards a shrinking
surface (PST case).
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Fig. 86. Influence of non-dimensional parameter parameter

M on y for axisymmetric stagnation flow towards a shrinking
surface (PHF case).
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Fig. 87. Influence of Prandtl number P; on g for axisymmetric
stagnation flow towards a shrinking surface.
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Fig. 88. Influence of Prandtl number P; on n for axisymmetric
stagnation flow towards a shrinking surface.

Fig. 89. Influence of Prandtl number P; on ¢ for axisymmet-
ric stagnation flow towards a shrinking surface (PST case).
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Fig. 90. Influence of Prandtl number P on y for axisymmet-
ric stagnation flow towards a shrinking surface (PHF case).
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Fig. 91. Influence of non-dimensional parameter S on g for
axisymmetric stagnation flow towards a shrinking surface.
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Fig. 92. Influence of non-dimensional parameter S on n for
axisymmetric stagnation flow towards a shrinking surface.
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Fig. 93. Influence of non-dimensional parameter S on ¢ for
axisymmetric stagnation flow towards a shrinking surface
(PST case).
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Fig. 94. Influence of non-dimensional parameter S on y for
axisymmetric stagnation flow towards a shrinking surface
(PHF case).
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Fig. 95. Influence of non-dimensional parameter Z on g for
axisymmetric stagnation flow towards a shrinking surface.
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Fig. 96. Influence of non-dimensional parameter Z on n for
axisymmetric stagnation flow towards a shrinking surface.
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Fig. 97. Influence of non-dimensional parameter Z on ¢ for
axisymmetric stagnation flow towards a shrinking surface
(PST case).
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