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PHYSICAL REVIEW A VOLUME 40, NUMBER 6 SEPTEMBER 15, 1989

Accurate ab initio calculation on the low-energy elastic scattering of electrons from helium

H. P. Saha
Department of Physics, University of Central Florida, Orlando, FL 32816-0993

(Received 5 April 1989)

The multiconfiguration Hartree-Fock method developed by Saha [Phys. Rev. A 39, 5048 (1989)]
to study scattering of electrons from atoms has been applied to the low-energy elastic scattering of
electrons from helium atoms. The short-range electron correlation and the long-range dynamical
polarization of the target by the scattering electron, which are very important in these calculations,
have been taken into account in an accurate ab initio manner through the configuration-interaction
procedure. Detailed results for phase shifts, elastic dift'erential, integral-elastic, and momentum-
transfer cross sections for electrons elastically scattered from helium are reported for the low and
intermediate energies ranging from 0.58 to 50 eV. The present results are compared with accurate
experimental measurements and theoretical calculations. It is found that the present
multiconfiguration self-consistent-field method produces high-quality results that show excellent
agreement with experimental measurements and compare well with other accurate theoretical cal-
culations.

I. INTRODUCTION

In recent years the study of elastic scattering of elec-
trons by atoms has been of great interest to both experi-
rnentalists and theoreticians because of much detailed in-
formation produced by recent measurements. It is found
that normalization of the measured cross sections is a
problem to the experimentalists in obtaining absolute
differential and total-cross-section data. Most available
data are the results of relative measurements, which is
due to the difhculty of calibration in scattering experi-
ments. If the electron scattering cross section for a par-
ticular process is known accurately, this could be used as
a standard to normalize the data obtained from other
cross-section measurements. Because inert gases have a
simple structure, both experimentally and theoretically
they have been the subject of extensive investigations.
Among all the inert gases, helium is the most simple
atom and can be easily handled experimentally. For this
reason, electron-helium scattering has been the subject of
much investigation as an ideal candidate to serve as a
standard.

Elastic scattering is the dominant process arising from
electron-helium scattering, which is why the determina-
tion of accurate elastic differential cross sections for
electron-helium scattering has been given considerable
importance.

In the past few years electron-helium total scattering
cross sections have been measured by many experimen-
talists like Nickel et al. ,

' Kauppila et al. , Charlton
et al. , Blaauw et al. , Kennerly and Bonham, and
Stein et al. The differential cross sections have been
measured by Andrick and Bitsch, Newell et al. , and
McConkey and Preston. In addition, Register et al. '

reported absolute differential, integral, and momentum-
transfer cross sections for electrons elastically scattered
from helium atoms. Scattering phase shifts have been de-
rived from experimental measurements of the differential
cross section of the scattered electrons by Andrick and
Bitsch, Williams" and Newell et al. Recently, Buck-

man and Lohmann' measured absolute total cross sec-
tions for electrons scattered from helium over the energy
range 0.1 —20 eV using a time-of-Bight spectrometer. On
the other hand, there have been a large number of
theoretical calculations on the electron scattering from
the helium atom. McEachran and Stauffer' performed
calculations on the low-energy elastic scattering of elec-
trons from helium atoms in the exchange-adiabatic ap-
proximation. They examined the effects of the polariza-
tion potential in their investigation. They have not in-
cluded exchange-polarization terms which may have a
significant contribution, especially at low energies. They
reported results for phase shifts, differential, total-elastic,
and momentum-transfer cross sections. Fon et al. car-14

ried out R-matrix calculations for the elastic scattering of
electrons from helium atoms in which the ground-state
wave function is coupled with a 'P pseudostate to include
the fu11 static dipole polarizability. They calculated
phase shifts, differential, integrated, and momentum-
transfer cross sections for a wide range of energies. Nes-
bet' reported results for the elastic scattering of elec-
trons from helium atoms using the matrix variational
method. O' Malley et al. ' made an R-matrix calculation
for this atom. Scott and Taylor' applied many-body
theory to calculate elastic scattering of electrons from the
helium atom at energies ranging from 30 to 200 eV. Po-
larized orbital calculations have been made by LaBahn
and Callaway, ' Callaway et al. ,

' and Duxler et al.
Saha et al. ' and Saha used the multiconfiguration

Hartree-Fock (MCHF) approximation to calculate the
photoionization cross section of the atoms. In their
work, electron correlation and dynamical core polariza-
tion effects which are very important in this calculation
were taken into account more accurately in an ab initio
manner than by any other method. The results reported
there were in good agreement with experimental mea-
surements. Very recently Saha extended the
multiconfiguration self-consistent-field (MCSCF) method
to consider the scattering of electrons from atoms and ap-
plied it to the low-energy elastic scattering of electrons
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from neon atoms. The results obtained were in excel-
lent agreement with experimental measurements. It is
the aim of this paper to apply the same ab initio method
to the elastic scattering of electrons from helium atoms at
low- and intermediate-impact energies to provide more
detailed useful and accurate information. In low-energy
scattering, the projectile polarizes the target. This polar-
ization is different for projectiles carrying different kinet-
ic energy. In our approach, distortion of the target orbit-
als due to the presence of the projectile are considered
ab initio through the configuration-interaction pro-
cedure. The polarization effects, which are energy depen-
dent, are taken into account through the bound
configurations which represent the multipole polarization
and by varying the bound and the scattering orbitals
simultaneously for each kinetic energy of the projectile.
The phase shifts of the scattered electron are calculated
by this MCSCF method for a range of low and intermedi-
ate energies. These phase shifts are used to calculate elas-
tic differential, total, and momentum-transfer cross sec-
tions.

In Sec. II, we present our MCSCF method of applica-
tions and Sec. III discusses computational procedures.
Section IV is devoted to a discussion of the present re-
sults, and comparison with experimental and other
theoretical results. Finally conclusions are given in Sec.
V.

II. THEORY

A. MCHF wave function for a scattering state

The wave function for a scattering state with label y,
energy E, and term LS, in the multiconfiguration
Hartree-Fock approximation can be expressed as

m,

+(yLS;N+1)= pa 4(y L,S, ;N)gkI
J

m

+ g c, 4(y, LS;N+1),

where the first term represents a correlated target wave
function coupled with a scattering electron. The N-
electron target that is an eigenstate of L, and S, is de-
scribed in terms of N-electron bound configuration states
4(y~L, S, ;N), with configuration y and term L, S, , and
mixing coefficients a and the total energy E, . This target
is coupled to a scattering wave function PI, I with orbital
angular momentum l, to yield an antisymmetric
configuration state for the (N+1)-electron system, with
final term value LS and configuration y -kl. The second
term represents (N+1)-electron, bound-state configura-
tions, which are eigenstates with the same L and S and
which are included to allow for polarization and electron
correlation effects.

A set of radial functions, say, P, (r), t =1 to m, defines
the above scattering wave function. In the MCSCF
method for the scattering states, all the radial functions
describing the target are assumed to be fixed with the

mixing coefficients a, and the other bound-state radial
functions are determined variationally along with the ra-
dial function for the scattering electron. In this approxi-
mation, all the radial functions are the solutions of the
second-order coupled integro-differential equations of the
form

d2 2Z
dr

1(I + 1)
P, r

r

= —[Y,(r)P, (r)+X, (r)+I, (r)]+ g E, ,'P,'(r),2
r I

1

where the off-diagonal energy parameters c;, are related
to Lagrange multipliers that ensure orthogonality as-
sumptions. The radial function for the scattering elec-
tron differs only in the boundary conditions it satisfies
and the definition of the diagonal energy parameter.
Boundary conditions satisfied by the bound radial func-
tions are

P, (r) ~ r'+', P;(r) ~ 0 .
r 0 r~ oo

(3)

P, (r) ~ k '~'sin kr—

where 6& is the phase shift, and c,; = —k . k is the kinet-
ic energy of the scattering electron in rydbergs. In the
MCSCF method the bound and the scattering radial
functions are determined by solving the above set of
second-order coupled integro-differential equations under
the proper boundary conditions. The scattering radial
functions are normalized by fitting the computed values
at two adjacent points to the regular and the irregular
Bessel functions as soon as the region where the direct
and the exchange potentials are found to be negligible is
reached, which may be considerably smaller values of r
than the asymptotic form given by the boundary condi-
tion of Eq. (4).

The coefficients c, which need to be determined in the
present approximation are the solutions of the system of
equations derived from the condition that & 0'~H E~'0)—
be stationary with respect to variations in the coefficients
where H is the Hamiltonian for the (N+ 1)-electron sys-
tem and E =E, +k l2 (in a.u. ). The coefficients c, are
the solutions of the system of equations

m,

& & +; IH —EI @; &c, + & & @, H E~» &~, =o, —

where

l 1 ) ~ ~ ~ ) Pl 0

4~ =4(y~L, S„N)P&&, j = 1, . . . , m,

In this case the diagonal energy parameter c,, is an eigen-
value of the integro-differential equation and needs to be
determined. The radial functions for the scattering orbit-
al satisfy the conditions

p( )
I+1

r —0
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and

4, =&9(y,LS;N+1), i =1, . . . , m

The phase shifts 6( of various partial waves for a range of
low and intermediate energies are computed in the
present work by the MCSCF method.

B. MCSCF theory of elastic scattering

This paper is concerned mainly with the low- and
intermediate-energy elastic scattering of electrons from
helium atoms. The elastic differential cross section o (8)
in atomic units ao/sr is given by

where the scattering amplitude f (9) is

1
OC

f (9)= g (21+1)[exp(2i61)—1]P,(cosO),
2ik (

where P&(cos0) is the 1th Legendre polynomial, 5& is the
real phase shift, and k is the electron momentum in atom-
ic units.

The total elastic cross section in units of a o is

o.r= g (21+1)sin 5, ,
4~
k (

and the momentum-transfer cross section is (in units of
aoj

4~o.
M

= g (1 + 1)sin (5( —5(+, ) .
k ( —o

The MCSCF method which was used earlier by Saha
et al. ' and Saha for photoionization calculation is ex-
tended further to take into account the dynamic target
polarization and the electron correlation effects to very
efticiently compute phase shifts for different angular
momentum of the scattering electron.

As the polarization of the 1s 'S He target by the
scattering electron and the electron correlation effects are
very important in the calculation of the phase shifts, the
most straightforward method to include these effects is to
extend the configuration-interaction procedure through
the multiconfiguration Hartree-Fock approximation.
The phase shifts obtained in this way are used to calcu-
late elastic differential, total-elastic, and momentum-
transfer cross sections. Our results are compared with
experimental measurements of these quantities and with
other theoretical calculations.

III. COMPUTATIONAL PROCEDURE

In this paper calculations were performed using the
MCHF program which has been extended further to
study the elastic scattering of electrons from atoms. First
of all, the 1s wave function of the target helium atom is
obtained by the Hartree-Fock (HF) calculation of the
1s 'S ground state. Finally, the correlated ground-state

~ak
(2l + 3)(2t +1)(21—1)

(6)

is used to calculate higher partial-wave contributions. a
is the static dipole polarizability of the target atom. In
the case of helium, experimental dipole polarizability
a = l. 384 138 (a~ ) is used in the present calculation. The
effective range formula (6) provides reasonably accurate
higher partial-wave phase shifts, since the contributions
to the cross sections in the energy range considered are,
in general, quite small.

The extended programs were vectorized and optimized
according to the architecture of the supercomputer
CYBER 205. All calculations in this paper were per-
formed on the CYBER 205 supercomputer.

wave function of the target helium atom is calculated
by the MCHF wave-function expansion over the 35
configuration states coupled to form a 'S term. These
configurations are generated by the single and double re-
placements of the 1s orbital of the helium atom by the ex-
cited orbitals 2s, 2p, 3s, 3p, 3d, 4s, 4p, 4d, 4f, Ss, Sp, and
5d. The eigenenergy of the 'S state of the helium atom
was found to be —2.903 297 1 a.u. These wave functions
are used as an input in the calculation of the scattering
wave functions and the phase shifts for various partial
waves.

As mentioned earlier, polarization of the 1s target
atom by the scattering electron is very important in the
low-energy e -He scattering calculations. This polariza-
tion of the target atom has been taken into account very
accurately through the configuration-interaction pro-
cedure. Polarization is nothing but the distortion of the
1s orbital of the helium atom due to the presence of the
electric field of the scattering electron. It is found that
only dipole polarization of the target is important in this
case of the e -He scattering problem. Quadrupole and
multipole polarizations are not found to be important in
this case. The dipole polarization effects have been taken
into account by the bound configurations generated by
the replacement 1s ~np. All the configurations generat-
ed in this way, which give considerable contributions, are
retained in the expansion of the scattering wave func-
tions. The bound radial functions np are varied simul-
taneously along with the scattering radial function kl for
each kinetic energy of the projectile. This procedure in-
cludes the dynamical polarization of the target more ac-
curately in an ab initio manner.

A large number of configurations, which represent
electron correlation and polarization effects, were used to
calculate scattering wave functions for the various partial
waves over a range of impact energies. For a particular
partial wave, the same set of configurations is used for
various kinetic energies of the scattering electron. As the
dipole polarization of the target is energy dependent,
both the bound and the scattering electron orbitals are
varied simultaneously at each kinetic energy of the
scattering electron. Partial waves up to I =0—6 are cal-
culated directly by the MCHF method. The effective
range formula
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IV. RESULTS AND DISCUSSION
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A. Phase shifts

In Table I, the present phase shifts for l=0, 1, and 2,
calculated in the MCSCF approximation for few impact
energies, are compared with the experimental phase shifts
of Andrick and Bitsch and the theoretical results of
McEachran and Stauffer' (MS), Fon et al. ' (FBH), and
Nesbet' (N).

The present s- and p-wave phase shifts are in excellent
agreement with the experimental measurements of An-
drick and Bitsch. Andrick and Bitsch derived s- and p-
wave phase shifts from their experimental angular distri-
butions of electrons elastically scattered from ground-
state He. Their results are available for energies
k=0.3834, 0.6062, 0.9391, and 1.1817 (ao ' ). Compar-
ison of the present s-, p-, and d-wave phase shifts with the
theoretical calculations of Nesbet' and Fon et al. ' indi-
cates that the present results are in excellent agreement
with these calculations. Excellent agreement is also ob-
served between the calculations of Fon et al. ' and of
Nesbet' and the experimenta1 measurements of Andrick
and Bitsch. Nesbet' used the matrix variational
method to calculate phase shifts for low-energy electron-
helium scattering. Fon et al. ' performed an R-matrix
calculation for the elastic scattering of electrons from
helium atoms in which the He ground-state wave func-
tion is coupled with a 'P pseudostate to include the full
static dipole polarizability. There is good agreement be-
tween the present calculation and theoretical calculation
made by McEachran and Stauffer. ' The results obtained
by McEachran and Stauffer' are slightly higher than the
present results, the other theoretical results, and also the
experimental measurements of Andrick and Bitsch.
McEachran and Stauffer' applied adiabatic exchange ap-
proximation to calculate phase shifts. They examined the
effects of polarization and the exchange on the elastic
scattering of electrons from the helium atom for a range
of low energies. They did not include the exchange-
polarization terms in their calculation. This might have
a significant effect on the calculation of phase shifts.

The present phase shifts for l =0—2 obtained in the
MCSCF approximation are compared with the experi-
mental measurements of Williams" and the theoretical
results of Nesbet' and of Fon et al. ' in Table II for im-
pact energies ranging from 0.58 to 20 eV. Williams" has
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performed a phase-shift analysis of his experimental an-
gular distribution of electrons elastically scattered from
the ground state of He and has obtained s-, p-, and d-
wave phase shifts. Comparing the present s- and d-wave
phase shifts with the experimental results of Williams"
and the theoretical results of Nesbet' and Fon et al. ,

' it
is found that the present phase shifts are in excellent
agreement with the theoretical results of Nesbet' and of
Fon et al. ' (where available) and the experimental re-
sults of Williams" throughout the range of energies con-
sidered. There is excellent agreement between the
present p-wave phase shifts and those of Nesbet' and the
experimental measurements of Williams. " The results
obtained by Fon et al. ' in the R-matrix calculation for
the p-wave phase shifts are also very close to the present
results and the experimental results of Williams. " Their
results are slightly lower than the present results; the
difference increases with the increase of energy.

B. Differential cross sections

Comparison of differential cross sections with the ex-
perimental measurements and other theoretical calcula-
tions is an excellent test of any theory. In this paper the
differential cross sections computed from the present cal-
culated phase shifts obtained in the MCSCF approxima-
tion for k =5, 12, 20, 30, and 50 eV are compared in
Tables III—VII from 0' to 180 with the experimental
measurements and the theoretical calculations. As men-
tioned earlier, the phase shifts for l =0—6 have been cal-
culated directly by the MCSCF method. The contribu-
tions of phase shifts for l =7—500 have been calculated
by using the effective-range formula (6). It is found that
the differential cross sections converge by 1=60. As the
convergence is very slow in the forward direction, we use
the following relation for the elastic differential cross
section in the forward direction:

TABLE III. Comparison of differential cross sections (10 ' cm /sr) at E=5 eV, with experiments
and other theories.

0
(deg)

0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
175
180

Present

0.2450
0.2419
0.2403
0.2403
0.2417
0.2447
0.2493
0.2554
0.2631
0.2724
0.2833
0.2958
0.3097
0.3250
0.3416
0.3592
0.3777
0.3971
0.4170
0.4375
0.4582
0.4790
0.4996
0.5199
0.5397
0.5588
0.5770
0.5942
0.6101
0.6248
0.6380
0.6495
0.6593
0.6671
0.6729
0.6763
0.6774

RTS
(Ref. 10)

0.2465

0.2503

0.2720

0.2993

0.3164

0.3407

0.3810

0.4157

0.4624

0.5061

0.5442

0.5905

0.6267

0.6567

AB
(Ref. 7)

0.250
0.257
0.264
0.267
0.268
0.277
0.285
0.294
0.311
0.321
0.340
0.355
0.374
0.387
0.403
0.425
0.446
0.470
0.498
0.512
0.536
0.581
0.587
0.607
0.635
0.657
0.665

FBH
(Ref. 14)

0.2408
0.2391
0.2388

0.2419

0.2510

0.2662

0.2871

0.3136

0.3449

0.3801

0.4181

0.4575

0.4970

0.5320

0.5701

0.6009

0.6262

0.6449

0.6564

0.6601

MS
(Ref. 13)

0.244
0.240
0.236
0.233
0.232
0.232
0.235
0.239
0.245
0.254
0.264
0.276
0.290
0.306
0.323
0.342
0.362
0.383
0.405
0.428
0.452
0.475
0.499
0.522
0.545
0.566
0.587
0.607
0.625
0.641
0.656
0.668
0.679
0.687
0.693
0.697
0.698

N
(Ref. 15)

0.245
0.242
0.240
0.239
0.241
0.244
0.248
0.255
0.263
0.272
0.283
0.296
0.310
0.325
0.342
0.360
0.378
0.397
0.417
0.438
0.458
0.479
0.499
0.520
0.539
0.558
0.576
0.593
0.609
0.623
0.635
0.646
0.655
0.662
0.668
0.671
0.672



2982 H. P. SABA

2
1 ihl(2l + 1)e 'sin5i
k /=o

do
dQ

~c to
z g (2l+1)sin251

410 1 /=o
2

ok

41o —1

where 10=7 and the effective-range formula, Eq. (6), has
been used for I )7 to derive this formula.

In Table III, we compare present differential cross sec-
tions at 5 eV with the experimental results of Register
et al. ' (RTS) and of Andrick and Bitsch (AB) and the

theoretical results of Fon et ai. ,
' McEachran and

Stauffer, ' and of Nesbet. ' Register et al. ' obtained ab-
solute differential cross sections from the measurements
of angular distributions in a crossed-beam geometry using
a collimated, differentially pumped atomic-beam source
which requires no effective-path-length correction. The
agreement with the experimental measurements of Regis-
ter et al. ' is excellent for all angles at this energy. The
experimental differential cross sections of Andrick and
Bitsch are very close but slightly higher than the present
results and the results obtained by Register et aI. ' The
theoretical results obtained by Fon et al. ' and of Nes-
bet' agree very well with the present and the experimen-
tal results of Register et al. ' and of Andrick and
Bitsch. The results obtained by McEachran and
Stauffer' agree well with the present and the other
theoretical and the experimental results. Their results
are slightly lower for 0=0'—110' and are little higher for

TABLE IV. Comparison of dift'erentia1 cross sections (10 ' cm'/sr) at E= 12 eV, with experiments
and other theories.

0
(deg)

0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105
110
115
i20
125
130
135
140
145
150
155
160
165
170
175
180

Present

0.5570
0.5143
0.4764
0.4420
0.4110
0.3833
0.3588
0.3373
0.3189
0.3035
0.2911
0.2816
0.2750
0.2711
0.2698
0.2706
0.2736
0.2783
0.2847
0.2924
0.3013
0.3111
0.3216
0.3324
0.3435
0.3545
0.3653
0.3757
0.3857
0.3951
0.4037
0.4116
0.4184
0.4240
0.4282
0.4308
0.4316

RTS
(Ref. 10)

0.4603
0.4271
0.3885
0.3641
0.3364
0.3206

0.2918

0.2768

0.2708

0.2717

0.2848

0.2986

0.3206

0.3438

0.3681

0.3915

0.4138

AB
(Ref. 7)

0.460
0.415
0.393
0.360
0.339
0.319
0.305
0.287
0.279
0.273
0.274
0.270
0.272
0.275
0.271
0.281
0.294
0.297
0.313
0.322
0.327
0.347
0.350
0.366
0.387
0.388
0.405

FBH
(Ref. 14)

0.5171
0.4826
0.4466

0.3859

0.3389

0.3043

0.2813

0.2689

0.2660

0.2713

0.2831

0.2997

0.3194

0.3403

0.3609

0.3797

0.3956

0.4077

0.4152

0.4176

MS
(Ref. 13)

0.608
0.573
0.529
0.488
0.451
0.416
0.386
0.357
0.334
0.313
0.297
0.284
0.275
0.269
0.266
0.267
0.269
0.275
0.282
0.291
0.301
0.313
0.325
0.338
0.351
0.364
0.377
0.389
0.400
0.411
0.420
0.428
0.435
0.441
0.445
0.447
0.448

N
(Ref. 15)

0.552
0.509
0.470
0.435
0.403
0.375
0.351
0.330
0.312
0.298
0.286
0.278
0.272
0.268
0.268
0.269
0.272
0.277
0.283
0.291
0.300
0.310
0.320
0.331
0.342
0.353
0.364
0.374
0.384
0.393
0.401
0.408
0.414
0.419
0.422
0.424
0.425
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TABLE V. Comparison of differential cross sections (10
crn'/sr) at E=20 eV, with experiments and other theories.

0
(deg)

0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
175
180

Present

0.7839
0.7043
0.6338
0.5701
0.5129
0.4618
0.4163
0.3762
0.3409
0.3103
0.2839
0.2617
0.2431
0.2281
0.2161
0.2069
0.2002
0.1957
0.1930
0.1918
0.1920
0.1932
0.1953
0.1979
0.2010
0.2044
0.2080
0.2117
0.2155
0.2194
0.2231
0.2267
0.2301
0.2329
0.2351
0.2364
0.2368

RTS
(Ref. 10)

0.5854
0.5175
0.4549
0.4092
0.3706
0.3319

0.2730

0.2340

0.2061

0.1928

0.1872

0.1846

0.1872

0.1942

0.2012

0.2061

0.2154

FBH
(Ref. 14)

0.7132
0.6470
0.5800

0.4681

0.3808

0.3142

0.2652

0.2311

0.2091

0.1969

0.1921

0.1927

0.1970

0.2032

0.2103

0.2171

0.2229

0.2273

0.2300

0.2309

MS
(Ref. 13)

0.833
0.771
0.696
0.625
0.561
0.503
0.451
0.404
0.363
0.327
0.297
0.271
0.250
0.232
0.218
0.208
0.201
0.196
0.193
0.192
0.193
0.195
0.198
0.201
0.205
0.210
0.214
0.219
0.223
0.227
0,231
0.234
0.237
0.239
0.241
0.242
0.243

0= 115 —180' than the present results.
At 12 eV, the present differential cross sections are

compared with the experimental measurements of Regis-
ter et al. ' and of Andrick and Bitsch and the theoreti-
cal results of Fon et al. ,

' McEachran and Stauffer, ' and
of Nesbet, ' in Table IV. Comparison with the experi-
mental measurements of Register et al. ' and of Andrick
and Bitsch shows that the present results are in excellent
agreement with these experimental measurements. The
two experimental results are very close to each other.
The present differential cross sections agree remarkably
well with the theoretical results of Nesbet. ' The results
obtained by Fon et al. ' agree very well with the present
results. Except at a few angles, their results are slightly
lower than the present results. The results obtained by
McEachran and Stauffer' are a little higher than the

present results for 0=0 —55'. For 0=65'—100, their re-
sults are little lower than the present results. For the
remaining angles their results are again a little higher.
Both experimental and the theoretical results show a
minimum at 0=70. It is also found that the magnitude
of the minimum obtained by different experimental mea-
surements and the different theoretical calculations at
this energy are in excellent agreement.

In Table V, we compare the present differential cross
sections at 20 eV with the experimental results of Regis-
ter et al. ' and the theoretical results of Fon et al. ' and
of McEachran and Stauffer. ' The present results are in
excellent agreement with the experimental measurements
of Register et al. ' The theoretical results obtained by
Fon et a1. ' agree very well with the present results.
Their results are little lower than the present results for
0=0 —90' and for 0= 150 —180'. For 0= 100 —140' their
results are slightly higher than the present results. The
present results are in very good agreement with the
theoretical results obtained by McEachran and Stauffer. '

Except for a few angles their results are slightly higher
than the present results. The difference gradually de-
creases as the angle increases, goes to a minimum, and
then increases. At this energy the present results go to a
minimum at 0=95'. This agrees very well with the
minimum obtained by the experimental measurements
and the other theoretical calculations.

At 30 eV, the present differential cross sections are
compared with the experimental results of Register
et al. ' and the theoretical results of Fon et al. ,

'

McEachran and Stauffer, ' and of Scott and Taylor, ' in
Table VI. Scott and -Taylor' (ST) used many-body
theory to the electron-helium atom scattering and report-
ed results for elastic differential cross sections obtained
from their calculated phase shifts. The present
differential cross sections at this energy agree well with
the experimental results of Register et al. ' For
0=20 —150' the present results are slightly higher than
the experimental results. There is good agreement be-
tween the theoretical results obtained by Fon et al. ' and
the present results. Their results for 0=30'—100' are
slightly lower than the present results but they are closer
to the experimental results of Register et al. ' For
0= 110'—180, their results are a little higher. The results
obtained by McEachran and Stauffer' also agree well
with the present results but their results are slightly
higher than the present results throughout the angles
considered. The present results agree very well with the
theoretical results obtained by Scott and Taylor. ' For
0=25 —110, their results are lower than the present re-
sults but closer to the experimental results of Register
et al. ' For 0= 120'—140', their results are slightly
higher. The minimum at this energy occurs at 0=130',
whereas the experimental minimum is at 0=110'. The
minima in the differential cross sections, obtained by Fon
et al. ,

'" McEachran and Stauffer, ' and Scott and Tay-
lor, ' at this energy occur, respectively, at 0=110', 120,
and 100'.

The present differential cross sections at 50 eV are
compared with the experimental results of Register
et al. ' and of McConkey and Preston (MP) and the
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theoretical results of Fon et al. ,
' McEachran and

Stauffer, ' and Scott and Taylor, ' in Table VII. The
present differential cross sections agree well with the ex-
perimental measurements of Register et al. ' and of
McConkey and Preston. The present results are slightly
higher for L9 = 15'—130' and are slightly lower for
0=140'—150' than the experimental results of Register
et al. ' For t9=30' —90', the present results are in better
agreement with the experimental results of McConkey
and Preston. The measurements of McConkey and Pres-
ton are limited in the range of scattering angles
20 0~90'. The results obtained by Fon et aI. ' agree
well with the present results. For 8=10'—90', their re-
sults are closer to the experimental results of Register
et aI. ' than the present results. For 0=100'—180, the
present results are in better agreement. Good agreement
is observed between the results of McEachran and

Stauffer' and the present results. Their results are slight-
ly higher than the present results. The results obtained
by Scott and Taylor' are lower than the present results
for 0=0' —110'. Their results are higher for
0= 120'- 140'.

C. Integral-elastic cross section

We compare in Table VIII the present integral-elastic
cross sections with the theoretical results of McEachran
and Stauffer, ' Fon et al. ,

' Nesbet, ' Scott and Taylor, '

de Heer and Jansen (DJ) and the experimental results of
Buckman and Lohmann' (BL), Nickel et al. ' (NIRT),
Charlton et al. (CGHT), Kauppila et al. (K), Newell
et al. (NBS), Register et al. ,

' Blaauw et al. (BWBH),
Kennerly and Bonham (KB), Andrick and Bitsch, and
McConkey and Preston. We presented our results for

TABLE VI. Comparison of differential cross sections (10 ' crn /sr) at E=30 eV, with experiments
and other theories.

0
(deg)

0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
175
180

Present

0.8990
0.7865
0.6897
0.6045
0.5299
0.4647
0.4077
0.3581
0.3150
0.2778
0.2459
0.3190
0.1964
0.1777
0.1623
0.1499
0.1400
0.1321
0.1260
0.1213
0.1178
0.1152
0.1134
0.1123
0.1116
0.1112
0.1111
0.1112
0.1115
0.1119
0.1125
0.1131
0.1138
0.1145
0.1150
0.1154
0.1154

RTS
(Ref. 10)

0.6172
0.5255
0.4478
0.3862
0.3256
0.2872

0.2219

0.1718

0.1412

0.1231

0.1114

0.1049

0.1006

0.1029

0.1055

0.1086

0.1089

FBH
(Ref. 14)

0.8601
0.7581
0.6599

0.4997

0.3798

0.2921

0.2290

0.1847

0.1545

0.1347

0.1227

0.1165

0.1146

0.1156

0.1184

0.1221

0.1258

0.1289

0.1310

0.1316

MS
(Ref. 13)

0.934
0.848
0.746
0.653
0.571
0.498
0.435
0.379
0.332
0.291
0.256
0.227
0.202
0.182
0.166
0.153
0.142
0.134
0.128
0.123
0.120
0.118
0.116
0.116
0.115
0.116
0.116
0.117
0.117
0.118
0.119
0.120
0.120
0.121
0.122
0.122
0.122

ST
(Ref. 17)

0.890
0.804
0.700
0.605
0.521
0.445
0.381
0.325
0.277

0.207

0.161

0.134

0.119

0.112

0.110

0.111

0.113

0.116

0.119
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impact energies from 0.58 to 50 eV. The present results
are in excellent agreement with the theoretical results of
Nesbet. ' The results obtained by McEachran and
Stauffer' were slightly lower at 2.0 and 5.0 eV, whereas
their results are a little higher for the other energies. The
present results agree very well with the theoretical results
obtained by Fon et al. ' in the R-matrix method. The re-
sults obtained by Scott and Taylor' in the many-body
theory for energies 30, 40, and 50 eV are lower than the
present results. The semiempirical result obtained by de
Heer and Jansen at 5 eV is higher than the present re-
sults. At other energies shown in the table, their results
are lower but close to the present results. At energies 1.0
and 1.51 eV the present cross sections agree very well
with the experimental results of Kennerly and Bonham.
The experimental result obtained by Buckman and

Lohmann' at 1.0 eV is also in very good agreement with
the present result. The experimental results of Kauppila
et al. at energies 3.40, 4.44, 5.40, 6.40, 7.40, 8.40, 9.40,
10.40, 11.40, 12.40, 13.40, 14.40, 15.40, 16.40, 17.40, and
18.40 eV show excellent agreement with the present re-
sults and the theoretical calculations of Nesbet' and of
Fon et al. ' At 2.0 and 3.0 eV, there is excellent agree-
ment between the present results and the experimental
measurements of Buckman and Lohmann, ' Kennerly
and Bonham, and Kauppila et al. In comparison with
the measurements at energies 5.0, 6.0, 8.0, 10.0, and 12.0
eV, the present results show excellent agreement with the
experimental results of Buckman and Lohmann, '

Kennerly and Bonham, and Nickel et al. ' The measure-
ments of Register et al. ' at 5.0 and 12.0 eV agree very
well with the present calculations. The results of Charl-

TABLE VII. Comparison of differential cross sections (10 ' cm'/sr) at E=50 eV, with experiments
and other theories.

0
(deg)

0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
175
180

Present

0.9574
0.7994
0.6687
0.5591
0.4674
0.3912
0.3279
0.2756
0.2323
0.1965
0.1671
0.1431
0.1235
0.1076
0.0948
0.0845
0.0762
0.0695
0.0640
0.0595
0.0558
0.0528
0.0503
0.0482
0.0464
0.0450
0.0439
0.0431
0.0424
0.0419
0.0416
0.0415
0.0414
0.0414
0.0415
0.0415
0.0415

RTS
(Ref. 10)

0.6765
0.5475
0.4364
0.3514
0.2810
0.2334
0.1931

0.1316

0.0984

0.0771

0.0623

0.0541

0.0474

0.0429

0.0403

0.0388

0.0426

0.0426

FBH
(Ref. 14)

0.9663
0.8195
0.6763

0.4497

0.2999

0.2061

0.1480

0.1118

0.0888

0.0738

0.0639

0.0573

0.0529

0.0500

0.0481

0.0470

0.0463

0.0460

0.0458

0.0458

MS
(Ref. 13)

0.971
0.851
0.715
0.596
0.498
0.416
0.348
0.291
0.244
0.206
0.175
0.149
0.129
0.112
0.098
0.087
0.078
0.071
0.066
0.061
0.057
0.054
0.052
0.050
0.048
0.047
0.046
0.045
0.044
0.043
0.043
0.043
0.043
0.042
0.042
0.042
0.043

ST
(Ref. 17)

0.893
0.770
0.641
0.526
0.428
0.344
0.278
0.223
0.181

0.125

0.093

0.074

0.062

0.055

0.051

0.050

0.051

0.051

0.052

MP
(Ref. 9)

0.358
0.329
0.285
0.257
0.218
0.187
0.164
0.140
0.117
0.103
0.088
0.084
0.077
0.067
0.062
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ton et al. at 5.0 and 10.0 eV and of Newell et al. at
10.0 eV are lower than the present results. At energies
7.0, 9.0, and 11.0 eV, the present results are in excellent
agreement with the experimental result of Kauppila
et al. At 13.0 eV, the result obtained by Andrick and
Bitsch shows excellent agreement with the present re-
sult. The present result at 14.0 eV is in excellent agree-
ment with the experimental result of Kauppila et al.
and Nickel et al. ' The results obtained by Buckman and
Lohmann, ' Kennerly and Bonham, and Andrick and
Bitsch are also very close to the present result. The re-
sults obtained by Andrick and Bitsch and Kauppila
et al. at 15.0 eV show excellent agreement with the
present result. Excellent agreement is also observed be-
tween the present cross section at 16.0 eV and the experi-
mental results of Andrick and Bitsch and Nickel et al. '

The results of Blaauw et al. , Buckman and Lohmann, '

Kennerly and Bonham, and Kauppila et al. at this en-

ergy are very close and are lower than the present result.
The measurement of Andrick and Bitsch agrees very
well with the present cross section at 17.0 eV. The exper-
imental results of Andrick and Bitsch, Nickel et al. ,

'

and Register et al. ,
' at 18.0 eV are in excellent agree-

ment with the present result. The results obtained by
Blaauw et al. , Buckman and Lohmann, ' Kennerly and
Bonham, and Kauppila et al. are very close to each
other but are slightly lower than the present result. At
19.0 eV, the present result agrees very well with the ex-
perimental results of Blaauw et al. and of Andrick and
Bitsch. The present results at 20.0 and 25.0 eV are re-
markably in best agreement with the results of Nickel
et al. ,

' Blaauw et al. , and of Register et al. ' The re-
sults of Buckman and Lohmann' and of Kennerly and
Bonham at this energy are also very close. The results
obtained by McConkey and Preston and Kauppila
et al. at 25.0 eV are lower than the present result. The
present cross section at 30.0 eV is in excellent agreement
with the experimental result of Charlton et al. , Kauppi-
la et al. , Kennerly and Bonham, Nickel et al. ,

' Regis-
ter et al. ' and Blaauw et al. The present result at 35.0
eV, shows excellent agreement with the experimental re-
sults of Kennerly and Bonham, Blaauw et al. , and of
Register et al. ' Good agreement is observed between
the present cross section at 40.0 eV and the experimental
measurements of Kennerly and Bonham, Blaauw et al. ,
and of Register et al. ' Comparison of the present cross
section at 50.0 eV indicates that there is good agreement
with the experimental result of Charlton et al. ,
Kennerly and Bonham, and of Register et al. '

D. Momentum-transfer cross section

oo
Ch

t O
oo

t
ooO C 0 t
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~war t oooomO~O~OO

In Table IX, the momentum-transfer cross sections are
compared with the theoretical results of Nesbet, '

McEachran and Stauffer, ' and Fon et al. ' and the ex-
perimental results of Newell et al. , Register et al. ,

'

Milloy and Crompton ' (MC), Andrick and Bitsch, and
of Crompton et al. (CER), at impact energies ranging
from 0.58 to 50 eV. Comparing the present cross section
with the theoretica1 results, it is found that the present
results are in excellent agreement with the results ob-
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tained by Nesbet. ' The present results are also in very
good agreement with the theoretical results of Fon
et al. ' Their results are slightly lower than the present
results except for energies from 20 to 50 eV, for which

their results are higher. The present results also agree
very well with the theoretical results of McEachran and
Stauffer. ' Their results are little higher than the present
results. The experimental results of Crompton et al.

TABLE IX. Comparison of momentum-transfer cross sections ( 10 ' cm') with experiments and other theories.

E
(e&)

0.58
1.0
1.23
1.51
2.0
2.176
2.75
3.0
3.40
3.90
4.44
4.91
5.0
5.02
5.40
5.51
6.0
6.10
6.40
6.66
7.0
7.01
7.40
8.0
8.4
8.71
9.0
9.4

10.0
10.4
1 1.0
1 1.4
12.0
12.4
13.0
13.4
14.0
14.4
15.0
15.4
16.0
16.4
17.0
17.4
18.0
18.4
19.0
20.0
25.0
30.0
35.0
40.0
50.0

Present

6.6500
6.8573
6.9369
6.9750
6.9609
6.9695
6.8967
6.8490
6.7643
6.6412
6.4940
6.3574
6.3306
6.3228
6.2090
6.1747
6.0198
5.9881
5.8931
5 ~ 8088
5.6999
5.6928
5.5719
5.3832
5.2590
5.1643
5.0754
4.9572
4.7824
4.6682
4.5027
4.3957
4.2400
4.1395
3.9930
3.8995
3.7632
3.6759
3.5491
3.4683
3.3501
3.2743
3.1647
3.0951
2.9940
2.9276
2.8329
2.6847
2.0789
1.6384
1.3292
1.1253
0.7957

MS
(Ref. 13)

6.832

6.342

4.864

4.323

3.625

3.060

2.897
2.745
2.132
1.697

1.145
0.824

FBH
(Ref. 14)

6.278

5.959

5.633

5.315

5.007

4.714

4.438

4.180

3.938

3.713

3.504

3.309

3.130

2.963

2.809
3.028
2.376
1 ~ 896

1.281
0.913

N
(Ref. 15)

6.880

6.980
7.005

6.856

6.320

5.994

5.670

5.354

5.049

4.755

4.476

4.213

2.996

2.86

NBS
(Ref. 8)

4.601

3.498

RTS
(Ref. 10)

6.451

4.270

3.041

2.576
1.947
1.506

0.977
0.702

MC
(Ref. 31)

6.31

6.00

5.68

5.35

5.03

4.72

4.44

4.15

AB
(Ref. 7)

7.2

6.64

4.28

3.013

2.86

CER
(Ref. 32)

6.85

6.96
6.99

6.89

6.26

6.01
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are in excellent agreement with the present results. Good
agreement is observed between the measurement of An-
drick and Bitsch and the present result at 2.0 eV. The
present result at 5.0 eV shows excellent agreement with
the experimental result of Milloy and Crompton. ' It
also agrees well with the experimental result of Register
et aI. ' The result obtained by Andrick and Bitsch at
this energy is higher than the present result. At 12 eV,
the present result is in excellent agreement with the ex-
perimental results of Register et al. ' and of Andrick and
Bitsch. The experimental result obtained by Milloy and
Crompton ' is slightly lower than the present result.
There is good agreement between the present results and
the experimental results of Newell et aI. at 10 and 15
eV. Excellent agreement is observed between the present
result and the experimental results of Andrick and
Bitsch and of Register et al. ' at 18.0 eV. The experi-
mental result of Andrick and Bitsch shows excellent
agreement with the present result at 19.0 eV. There is
very good agreement between the present results and the
experimental results of Register et al. ' at energies 20,
25, 30, 40, and 50 eV.

It is found that only the dipole part of the polarization is
important in this simple case of electron-helium scatter-
ing. We have carried out detailed calculations on phase
shifts, elastic differential, integral-elastic, and momen-
tum-transfer cross sections for a range of energies from
0.58 to 50 eV. The phase shifts calculated in the present
MCSCF method are in excellent agreement with the ex-
perimental phase shifts derived by Williams" and An-
drick and Bitsch from their elastic differential cross-
section measurements. Comparison of differential,
integral-elastic, and momentum-transfer cross sections
with experimental measurements and other theoretical
calculations, which is an accurate test of any theory,
shows that the present MCSCF calculations achieve ex-
cellent agreement with accurate experimental measure-
ments and theoretical calculations on these quantities
over the range of energies considered. Finally, we con-
clude from our present results that the MCSCF calcula-
tion is capable of producing high-quality data on the elas-
tic scattering of electrons from atoms over the low- and
intermediate-energy ranges.
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