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Design of nonpolarizing achromatic beamsplitters
with dielectric multilayer coatings

Muamer Zukic
University of Alabama in Huntsville
Department of Physics
Huntsville, Alabama 35899

Karl H. Guenther, FELLOW SPIE

University of Central Florida
Department of Electrical Engineering

and Communication Sciences
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Center for Research in Electro- Optics
and Lasers (CREOL)

Orlando, Florida 32826

Abstract. Optical beamsplitters often consist of repeated pairs of high and
low index quarter -wave layers. At oblique angles of incidence, such coat-
ings typically have a fairly high polarization ratio. Reflectance, transmit-
tance, and phase for the two orthogonal planes of polarization, s and p,
are different in general. Here, we present the results of the design of
all- dielectric beamsplitter coatings with very low polarization ratios. An
initial sinusoidal refractive index profile, optimized with a refining com-
puter program, yields a 50 ±1% beamsplitter in the 450 to 650 nm wave-
length range, with less than 0.5% (abs.) difference between the s and p
reflectance in most of this interval. Matching the elements of the char-
acteristic matrix of this design with those of a generic homogeneous
multilayer stack yields the starting design A(HL)7HS for a reflectance to
transmittance ratio of R:T = 50:50% and 30:70% beamsplitters, which are
optimized for the 500 to 600 nm wavelength range and angles of incidence
of 40 °, 50 °, and 60° using a computer program based on a damped least
squares refining technique. The average deviation from the nominal
beamsplitting ratio is less than 0.5% for all given design examples. The
maximum deviations are about 2% in this wavelength range.

Subject terms: polarization; beamsplitters; coatings; damped least squares de-
sign; dielectrics; gradient index; multilayers; thin films.
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1. INTRODUCTION
Achromatic beamsplitters are necessary for many optical sys-
tems. If absorption can be tolerated, metal -dielectric thin film
coatings' suit the purpose well and are easy to fabricate. For
laser and electro- optical applications, the absorption losses of
these beamsplitters are not tolerable, and all- dielectric de-
signs are used. Dielectric multilayer stacks, however, have
inherent polarization properties when used at angles of inci-

Invited Paper PC -111 received Sept. 7, 1988; revised manuscript received
Nov. 26, 1988; accepted for publication Nov. 28, 1988; received by Manag-
ing Editor Dec. 5, 1988. This paper is a revision of Paper 891 -25, presented
at the SPIE conference Polarization Considerations for Optical Systems, Jan.
11-12, 1988, Los Angeles, Calif. The paper presented there appears (unref-
ereed) in SPIE Proceedings Vol. 891.
© 1989 Society of Photo -Optical Instrumentation Engineers.

dence off normal. For many applications it is desirable to
separate (split) a light beam, coherent or incoherent, for in-
stance into two orthogonal directions, without changing the
polarization ratio of the incident light. Only a few papers on
all -dielectric nonpolarizing beamsplitters have been published
so far.2-4 We propose a novel design strategy that may be
extended to more general applications.

1.1. Polarization effects at a dielectric interface
For the following discussion, let us consider light as an elec-
tromagnetic wave of random polarization. When a beam of
light interacts with solid matter at an oblique angle of inci-
dence Ao relative to the normal of the surface of the body, in
general the electromagnetic wave reflected from or transmit-
ted through this surface will have different amplitude and
phase in the plane of light incidence than in the plane per-
pendicular to it. We refer to this as p and s polarization,
respectively, p standing for parallel and s for "senkrecht"
(German for perpendicular). We can calculate the amplitude
reflection and transmission coefficients for the two planes of
polarization, rp,rs and tp,ts, respectively, from Fresnel's
formulas.

Curves SA in Fig. 1 illustrate the reflectance Rp and RS for
parallel and perpendicular polarization, respectively, as a
function of the angle of incidence 00 for the surface of a
dielectric substrate S, for example, glass with an index of
refraction ns = 1.52, with air A as the ambient medium (nA =
1.00). At the Brewster angle,

eoB = arctan -ns
,

nA
(1)
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1. INTRODUCTION
Achromatic beamsplitters are necessary for many optical sys 
tems. If absorption can be tolerated, metal-dielectric thin film 
coatings 1 suit the purpose well and are easy to fabricate. For 
laser and electro-optical applications, the absorption losses of 
these beamsplitters are not tolerable, and all-dielectric de 
signs are used. Dielectric multilayer stacks, however, have 
inherent polarization properties when used at angles of inci-
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dence off normal. For many applications it is desirable to 
separate (split) a light beam, coherent or incoherent, for in 
stance into two orthogonal directions, without changing the 
polarization ratio of the incident light. Only a few papers on 
all-dielectric nonpolarizing beamsplitters have been published 
so far. 2"4 We propose a novel design strategy that may be 
extended to more general applications.

1.1. Polarization effects at a dielectric interface

For the following discussion, let us consider light as an elec 
tromagnetic wave of random polarization. When a beam of 
light interacts with solid matter at an oblique angle of inci 
dence 60 relative to the normal of the surface of the body, in 
general the electromagnetic wave reflected from or transmit 
ted through this surface will have different amplitude and 
phase in the plane of light incidence than in the plane per 
pendicular to it. We refer to this as p and s polarization, 
respectively, p standing for parallel and s for "senkrecht" 
(German for perpendicular). We can calculate the amplitude 
reflection and transmission coefficients for the two planes of 
polarization, rp ,rs and tp ,ts , respectively, from Fresnel's 
formulas.

Curves SA in Fig. 1 illustrate the reflectance Rp and Rs for 
parallel and perpendicular polarization, respectively, as a 
function of the angle of incidence 90 for the surface of a 
dielectric substrate S, for example, glass with an index of 
refraction ns = 1.52, with air A as the ambient medium (nA = 
1.00). At the Brewster angle,

60B = arctan    
nA

(1)
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Fig. 1. Angular dependence of the reflectance R for s polarization
(solid lines) and p polarization (dashed lines) of some quarter -wave
thin film combinations H (nH = 2.45) and L (nL = 1.46) on a substrate
S Ins = 1.52). The A represents the ambient air (nA = 1.00). The
quarter -wave optical thicknesses for the H,L layers are matched for
each angle of incidence 0.

the surface reflects only the lightwave polarized perpendic-
ularly to the plane of incidence (Rs = 16 %). The reflectance
for parallel polarization is zero (Rp = O), so the interface acts
as a polarizer. Intracavity Brewster windows or extracavity
Brewster plates in lasers use this principle for defining the
polarization of the laser beam.

1.2. Polarization effects in thin films
How does the polarization change when thin dielectric films
are present on the glass surface? A thin film of Ti02, for
example, with an index of nu = 2.45, increases the reflec-
tance at normal incidence to 35,5% if the optical thickness
nitH is one -quarter of the wavelength of the incident light.
We describe such a high index quarter -wave thin film by the
shorthand notation H. Accordingly, we denote a low index
film of quarter -wave optical thickness (QWOT) by L, for
example, Si02 with nL = 1.46. With S standing for the
substrate and A for the ambient medium (air), we find Rp and
RS for a TiO2 single layer coating, depicted SHA in Fig. 1, as
a function of the angle of incidence 80, with the QWOT
continuously matched for 00. The Brewster angle for Rp = O
has not changed very much from the one for the uncoated
glass surface.

Adding a low index film L (e.g., Si02) of the same QWOT
to the high index layer decreases the reflectance at normal
incidence to 8.93 %. However, the shapes of the s and p
reflectance curves no longer agree with our previous experi-
ence. While R, and Rp are almost equal for angles of inci-
dence O. = 0 to 30 °, now the s component, R5, becomes zero
at an angle of incidence of about 70° (SHLA in Fig. 1).
Again, the QWOTs have been matched for the angle of inci-
dence, 00. An additional high index film H increases the
reflectivity to 70% (SHLHA), and the principal shapes of the
Rp,R, reflectance curves are similar to those of a single layer.
We also find a Brewster angle again (where Rp = 0), now at
00B = 82 °. At this angle, the coating would perform as a
polarizing beamsplitter. Adding another layer L to the pre-

166 / OPTICAL ENGINEERING / February 1989 / Vol. 28 No. 2

vious stack, we find that the RS,Rp curves for the four -layer
system S(HL)2A in Fig. 1 intersect at a particular angle; the
coating would perform as a nonpolarizing beamsplitter. How-
ever, the RS = Rp condition is exactly valid only at that single
angle of incidence for a single wavelength. Manufacturing
tolerances will limit the usefulness of this approach.

Figure 1 shows that thin films of the same coating materials
and thicknesses can produce different polarization effects,
which depend on the arrangement and the number of layers.
Use of just three layers, for example, using TiO2 and Si02 as
coating materials, results in a relatively strong polarization
splitting at an angle of incidence of 80° (R5 = 96.4 %, Rp =
0). With one additional low index layer and correspondingly
matched film thicknesses, the coating becomes a nonpolariz-
ing beamsplitter (RS = Rp = 45 %) at an angle of incidence of
67 °. However, the useful spectral range of these simple de-
vices is rather narrow, and the angular sensitivity is quite
high, making it difficult to align them.

1.3. Design strategy for achromatic nonpolarizing
beamsplitters
In the following study, we present a novel design approach
for nominally nonpolarizing beamsplitters with very low
polarization over an extended wavelength range, with low
angular sensitivity. For the starting design, we used an in-
homogeneous coating with sinusoidal variation of the refrac-
tive index. After optimizing this starting design for minimum
polarization (target function RS = Rp) at the desired splitting
ratio (R:T) in a given wavelength range, we converted the
resulting graded -index coating into a multilayer stack of
homogeneous layers by matching the characteristic matrices
of the two coatings. Finally, we subjected this homogeneous
layer design to a thin film optimization program, with RS =
Rp again being the target function for the desired splitting
ratio in the given wavelength range. The flow chart of this
whole procedure is shown in Fig. 2.

2. THEORY

2.1. Fundamentals
The amplitude reflection of a multilayer stack is given by

(m11 + m12u0u0 - (m21 + 1112211s)r-
(mil + m12us)u° + (m21 + m22us)

(2)

where u = (e /µ)' cos0 for s polarization and u = (µ /s)1/2cos0
for p polarization.

The subscripts o and s correspond to the incident and final
medium (substrate), respectively, and m1 are the elements of
the characteristic matrix M of the multilayer stack. For each
polarization, the reflectance R of the stack is given by

R = rr* , (3)

with r* being the complex conjugate of r.
If the incident light is randomly polarized, then the overall

reflection is the arithmetic mean of the values for the s and p
components.

2.2. Homogeneous optical thin films

We refer to an optical thin film with a refractive index inde-
pendent of its thickness as homogeneous. For a homogeneous
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thin film combinations H (nH = 2.45) and L (n L = 1.46) on a substrate 
S (ns = 1.52). The A represents the ambient air (nA = 1.00). The 
quarter-wave optical thicknesses for the H,L layers are matched for 
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the surface reflects only the lightwave polarized perpendic 
ularly to the plane of incidence (Rs = 16%). The reflectance 
for parallel polarization is zero (Rp = O), so the interface acts 
as a polarizer. Intracavity Brewster windows or extracavity 
Brewster plates in lasers use this principle for defining the 
polarization of the laser beam.

1.2. Polarization effects in thin films
How does the polarization change when thin dielectric films 
are present on the glass surface? A thin film of TiO2 , for 
example, with an index of nH = 2.45, increases the reflec 
tance at normal incidence to 35,5% if the optical thickness 
nHtn is one-quarter of the wavelength of the incident light. 
We describe such a high index quarter-wave thin film by the 
shorthand notation H. Accordingly, we denote a low index 
film of quarter-wave optical thickness (QWOT) by L, for 
example, SiO2 with nL = 1.46. With S standing for the 
substrate and A for the ambient medium (air), we find Rp and 
Rs for a TiO2 single layer coating, depicted SHA in Fig. 1, as 
a function of the angle of incidence 60 , with the QWOT 
continuously matched for 60 . The Brewster angle for Rp = O 
has not changed very much from the one for the uncoated 
glass surface.

Adding a low index film L (e.g., SiO2) of the same QWOT 
to the high index layer decreases the reflectance at normal 
incidence to 8.93%. However, the shapes of the s and p 
reflectance curves no longer agree with our previous experi 
ence. While Rs and Rp are almost equal for angles of inci 
dence 60 = 0 to 30°, now the s component, Rs , becomes zero 
at an angle of incidence of about 70° (SHLA in Fig. 1). 
Again, the QWOTs have been matched for the angle of inci 
dence, 60 . An additional high index film H increases the 
reflectivity to 70% (SHLHA), and the principal shapes of the 
RP ,RS reflectance curves are similar to those of a single layer. 
We also find a Brewster angle again (where Rp = 0), now at 
60B = 82°. At this angle, the coating would perform as a 
polarizing beamsplitter. Adding another layer L to the pre

vious stack, we find that the RS ,RP curves for the four-layer 
system S(HL)2A in Fig. 1 intersect at a particular angle; the 
coating would perform as a nonpolarizing beamsplitter. How 
ever, the Rs = Rp condition is exactly valid only at that single 
angle of incidence for a single wavelength. Manufacturing 
tolerances will limit the usefulness of this approach.

Figure 1 shows that thin films of the same coating materials 
and thicknesses can produce different polarization effects, 
which depend on the arrangement and the number of layers. 
Use of just three layers, for example, using TiO2 and SiO2 as 
coating materials, results in a relatively strong polarization 
splitting at an angle of incidence of 80° (Rs = 96.4%, Rp = 
0). With one additional low index layer and correspondingly 
matched film thicknesses, the coating becomes a nonpolariz 
ing beamsplitter (Rs = Rp = 45%) at an angle of incidence of 
67°. However, the useful spectral range of these simple de 
vices is rather narrow, and the angular sensitivity is quite 
high, making it difficult to align them.

1.3. Design strategy for achromatic nonpolarizing 
beamsplitters
In the following study, we present a novel design approach 
for nominally nonpolarizing beamsplitters with very low 
polarization over an extended wavelength range, with low 
angular sensitivity. For the starting design, we used an in- 
homogeneous coating with sinusoidal variation of the refrac 
tive index. After optimizing this starting design for minimum 
polarization (target function Rs = Rp) at the desired splitting 
ratio (R:T) in a given wavelength range, we converted the 
resulting graded-index coating into a multilayer stack of 
homogeneous layers by matching the characteristic matrices 
of the two coatings. Finally, we subjected this homogeneous 
layer design to a thin film optimization program, with Rs = 
Rp again being the target function for the desired splitting 
ratio in the given wavelength range. The flow chart of this 
whole procedure is shown in Fig. 2.

2. THEORY

2.1. Fundamentals
The amplitude reflection of a multilayer stack is given by

(mn + m 12us)u0 - (m2 i + m22us)r =
(mn + m 12us)u0 + (m2 i + m22us)

(2)

where u = (e/|x) 1/2cos9 for s polarization and u = (|x/e) 1/Jcos0 
for p polarization.

The subscripts o and s correspond to the incident and final 
medium (substrate), respectively, and my are the elements of 
the characteristic matrix M of the multilayer stack. For each 
polarization, the reflectance R of the stack is given by

= rr* (3)

with r* being the complex conjugate of r.
If the incident light is randomly polarized, then the overall 

reflection is the arithmetic mean of the values for the s and p 
components.

2.2. Homogeneous optical thin films

We refer to an optical thin film with a refractive index inde 
pendent of its thickness as homogeneous. For a homogeneous
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Fig. 2. Flow chart for the design of achromatic nonpolarizing beam -
splitters.

layer of dielectric material, Maxwell's equations for s and p
polarizations have the same simple form:

U" + Uk2n2cos29 = 0 ,

V" + Vk2n2cos29 = 0 ,

where U and V are the complex amplitudes of the electric and
magnetic fields, respectively, k = 2ar /X, and n2 = e (µ = 1).
The particular solutions, i.e. , the elements of the character-
istic matrix of the layer, are given by

(4)

m11 = m22 = cos4) ,

m12 =
U2

11121 - ll Slri4) ,

(5)

where = (2'rr /A)ntcose, with t being the physical thickness of
the layer, and O is the angle of incidence.

2.3. Inhomogeneous (graded- index) optical thin films
We refer to an optical thin film as inhomogeneous or graded
when its refractive index changes continuously along the axis
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Fig. 3. Refractive index profiles of a low (nonpolarizing beamsplitter,
showing initial (sinusoidal) and final (optimized) index profiles.

perpendicular to the film plane. For most optical materials p,
= 1 and Maxwell's equations for the electric field vector are

U"+k2(n2-S2)U=O,

U"-(2-° IU'+k2(n2-S2)U=O,
j

(6)

for s and p polarizations, respectively, where S is Snell's
constant. Primes indicate first and second derivatives with
respect to the propagation direction of the light. These differ-
ential equations have analytical solutions for only a few real
refractive index profiles.5 Other profiles require either a
numerical technique or an approximation technique for solv-
ing Maxwell's equations. One possibility for solving Eqs. 6 is
to divide the inhomogeneous thin film into a number of homo-
geneous thin films. The calculation of the spectral perfor-
mance of the film is then the same as for a homogeneous
multilayer stack.6 This method gives good results with a
reasonable number of sublayers. The accuracy of this "slab"
approximation can be controlled by direct integration of Max-
well's equations over the refractive index profile. We used the
Runge -Kutta integrating technique with a suitable distribution
of integration points.

2.4. Design and refining technique
Intuitively, we chose the initial refractive index profile to be a
sine wave. The refractive indices of the incident medium and
substrate are such that they provide the light traveling through
all boundaries near (not beyond) the critical angle. Such an
initial design is shown in Fig. 3. The final refractive index
profile is obtained by optimizing the profile to give equal s
and p reflectance (or transmittance) for a given incidence
angle and required intensity within a certain wavelength inter-
val. The optimized index profile, also shown in Fig. 3, has
the spectral performance shown in Fig. 4 for an angle of
incidence of 45 °. The average deviation from the nominal
intensity splitting ratio (R:T = 50:50) is less than 0.5% in the
wavelength interval 450 to 650 nm.

Usual thin film deposition equipment normally allows the
deposition of homogeneous layers only. For the production of
achromatic, all- dielectric beamsplitters it is therefore highly
desirable to convert this (and any other) graded -index design

OPTICAL ENGINEERING / February 1989 / Vol. 28 No. 2 / 167
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layer of dielectric material, Maxwell's equations for s and p 
polarizations have the same simple form:

U" + Uk2n2cos29 = 0 , 
V" + Vk2n2cos20 = 0 , (4)

where U and V are the complex amplitudes of the electric and 
magnetic fields, respectively, k = 2ir/X, and n2 = e(jx=l). 
The particular solutions, i.e., the elements of the character 
istic matrix of the layer, are given by

= COS<|) , (5)

m 12 =   ]sin<|> 
u ,

where <|> = (2ir/X)ntcosO, with t being the physical thickness of 
the layer, and 0 is the angle of incidence.

2.3. Inhomogeneous (graded-index) optical thin films
We refer to an optical thin film as inhomogeneous or graded 
when its refractive index changes continuously along the axis
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perpendicular to the film plane. For most optical materials JJL 
= 1 and Maxwell's equations for the electric field vector are

U" + k2(n2 - S2)U = 0 , 

2n'
(6)

U"- U' + k2(n2 - S 2)U = 0 ,

for s and p polarizations, respectively, where S is Snell's 
constant. Primes indicate first and second derivatives with 
respect to the propagation direction of the light. These differ 
ential equations have analytical solutions for only a few real 
refractive index profiles. 5 Other profiles require either a 
numerical technique or an approximation technique for solv 
ing Maxwell's equations. One possibility for solving Eqs. 6 is 
to divide the inhomogeneous thin film into a number of homo 
geneous thin films. The calculation of the spectral perfor 
mance of the film is then the same as for a homogeneous 
multilayer stack. 6 This method gives good results with a 
reasonable number of sublayers. The accuracy of this "slab" 
approximation can be controlled by direct integration of Max 
well's equations over the refractive index profile. We used the 
Runge-Kutta integrating technique with a suitable distribution 
of integration points. 7

2.4. Design and refining technique
Intuitively, we chose the initial refractive index profile to be a 
sine wave. The refractive indices of the incident medium and 
substrate are such that they provide the light traveling through 
all boundaries near (not beyond) the critical angle. Such an 
initial design is shown in Fig. 3. The final refractive index 
profile is obtained by optimizing the profile to give equal s 
and p reflectance (or transmittance) for a given incidence 
angle and required intensity within a certain wavelength inter 
val. The optimized index profile, also shown in Fig. 3, has 
the spectral performance shown in Fig. 4 for an angle of 
incidence of 45°. The average deviation from the nominal 
intensity splitting ratio (R:T = 50:50) is less than 0.5% in the 
wavelength interval 450 to 650 nm.

Usual thin film deposition equipment normally allows the 
deposition of homogeneous layers only. For the production of 
achromatic, all-dielectric beamsplitters it is therefore highly 
desirable to convert this (and any other) graded-index design
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Fig. 4. Calculated spectral reflectance of the optimized nonpolarizing
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50:50, in the wavelength interval 450 to 650 nm (8 = 45 °1.

into a stack of homogeneous thin films. One way to do this is
to arrange the thicknesses and refractive indices of the replac-
ing homogeneous multilayer stack such that it approximates
the refractive index profile of the inhomogeneous (graded-
index) film.6 Our novel approach is to match the elements of
the characteristic matrices for s and p polarization of the
replacing periodic multilayer stack with the elements of the
characteristic matrices for s and p polarization obtained in the
graded -index film calculation.

To explain the matching procedure, we briefly review the
matrix calculations for periodic optical multilayers. By defi-
nition, in a periodic multilayer stack a certain sequence of
layers (the basic period) repeats itself two or more times. Let
Mg be the characteristic matrix of this basic period, where

M = m11 í'm12

mi mz1 22

(7)

If the sequence is repeated two times, then the characteristic
matrix of the complete stack is given by

MI)M2 =Mp.

For q repetitions (q ? 2),

m1 1 Sq-1(a) -Sq-2(a)
Mg=MP=

i'm2isq-1(a)

where

sin[(q + 1)cos-1(a)]
Sq(a)

V1 - a2

i'm12Sg-1(a)

m22Sq-1(a)-Sq-2(a)

are the Chebyshev polynomials of the second kind,

a = 1 Tr(Mp) ,
2

(8)

(9)

(10)

with Tr being the trace of the characteristic matrix, and m; j
are the real values of the elements of the characteristic matrix
Mg [Eq. (7)] of the fundamental cell of the periodic stack.
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Let Mg be the characteristic matrix obtained for a gradient -
index profiles that satisfies certain spectral requirements.

M = M11

P
L1M21

iM12 1

M22
(12)

Then the matching conditions for a periodic stack of homo-
geneous layers at a given wavelength are

M11 = mllsq-1(a) - Sq-2(a) , M12 = m12Sg-1(a) ,
(13)

M21 = m21Sq -1(a) , M22 = m22Sq -1(a) - Sq -2(a)

The elements of the characteristic matrix are real at the main
diagonal and imaginary elsewhere. For convenience, we in-
troduce

X1=M11,

X2=M12,

X3=M21,

X4=M22,

Y1 = m11Sg-1(a) - Sq-2(a) ,

Y2 = m12Sq-1(a)

Y3 = m21Sq-1(a) ,

Y4 = m22Sg-1(a) - Sq_2(a)

(14)

The merit function for the matching of the matrix elements
M;j,m; j (i,j = 1 ... 2) then can be defined as

N 4

F = E E IXZ.j - Y; jI2W; ,

i=1 j=1
(15)

where N is the number of wavelengths, W; are weighting
factors at different wavelengths, and Xi,j,Y ;j are the X1,YY
from Eqs. (14) for the ith wavelength.

Next, we used the periodic multilayer stack obtained from
the above matching procedure as the starting design for an
optical thin film optimization program.9 In fact, probably any
commercially available thin film program10 may be suitable
and deliver the same results as those we obtained, provided its
optimization routine [damped least square (DLS), simplex,
simulated thermal annealing' I] allows for a merit function for
the spectral profile of a multilayer stack of the following
general form:

L N

F = E E {Ws.ilRs.i -Rs.I2 + WP..iIRP.J - RR.iI2} , (16)
i=1 j=1

where L is the overall number of specified angles, N is the
number of specified wavelengths, RS and R,, are the calculated
reflectances, and R's and R p are the target values of the
spectral functions for s and p polarization, respectively; W ; ,j
are weighting factors. The optimization variables in the
homogeneous multilayer stack calculations are the physical
thicknesses of the layers. (In the optimization of the initial
graded -index coating, the optimization variables were the
refractive indices along the normal to the film boundaries.)

In our computer program, the iteration for each wavelength
starts at q = 2 and ends when satisfactory matching is ob-
tained or when the number of sequences (layers) gets too
large. Chebyshev polynomials are oscillatory functions with
the argument within the interval ( -1,1) and asymptotically
approaching infinity at the end points of the interval; i.e., for
q >_2,
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Fig. 4. Calculated spectral reflectance of the optimized nonpolarizing 
beamsplitter from Fig. 3, with a nominal splitting ratio of R:T = 
50:50, in the wavelength interval 450 to 650 nm (0 = 45°).

into a stack of homogeneous thin films. One way to do this is 
to arrange the thicknesses and refractive indices of the replac 
ing homogeneous multilayer stack such that it approximates 
the refractive index profile of the inhomogeneous (graded- 
index) film. 6 Our novel approach is to match the elements of 
the characteristic matrices for s and p polarization of the 
replacing periodic multilayer stack with the elements of the 
characteristic matrices for s and p polarization obtained in the 
graded-index film calculation.

To explain the matching procedure, we briefly review the 
matrix calculations for periodic optical multilayers. By defi 
nition, in a periodic multilayer stack a certain sequence of 
layers (the basic period) repeats itself two or more times. Let 
Mp be the characteristic matrix of this basic period, where

i-m 12 l 

m22 J
(7)

If the sequence is repeated two times, then the characteristic 
matrix of the complete stack is given by

M2 = M2P .

For q repetitions (q > 2),

mnSq_ 1 (a)-Sq_ 2(a) i-m12Sq_i(a)
Mq = Mg =

where

_ i-m2iSq_ 1 (a) m22Sq_i(a)-Sq_ 2(a)_

(8)

(9)

sin[(q + l)cos l (a)] 

are the Chebyshev polynomials of the second kind,

a =   Tr(Mp),

(10)

(11)

with Tr being the trace of the characteristic matrix, and m^ 
are the real values of the elements of the characteristic matrix 
Mp [Eq. (7)] of the fundamental cell of the periodic stack.

Let Mg be the characteristic matrix obtained for a gradient- 
index profile8 that satisfies certain spectral requirements.

r MH i. Ml2 -i
L i-M2 , M22 J

(12)

Then the matching conditions for a periodic stack of homo 
geneous layers at a given wavelength are

MH = mn Sq -i(a) - Sq _ 2(a) , M 12 = m 12Sq_i(a) , 

M21 = m2 iSq _ ] (a) , M22 = m22Sq_i(a) - Sq _ 2(a) .
(13)

The elements of the characteristic matrix are real at the main 
diagonal and imaginary elsewhere. For convenience, we in 
troduce

Xi = M n , Yj = mn Sq -i(a) - Sq _ 2(a) ,

X2 = M 12 , Y2 = mi 2Sq _i(a) ,

X3 = M21 , Y3 = m2 iSq_i(a) ,

X4 = M22 , Y4 = m22Sq_i(a) - Sq _ 2(a) .

(14)

The merit function for the matching of the matrix elements 
Mij.niij (i,j = 1 ... 2) then can be defined as

N 4

j - Yf/W, f (15)

where N is the number of wavelengths, Wj are weighting 
factors at different wavelengths, and Xy^Yy are the Xj,Yj 
from Eqs. (14) for the \th wavelength.

Next, we used the periodic multilayer stack obtained from 
the above matching procedure as the starting design for an 
optical thin film optimization program. 9 In fact, probably any 
commercially available thin film program 10 may be suitable 
and deliver the same results as those we obtained, provided its 
optimization routine [damped least square (DLS), simplex, 
simulated thermal annealing 11 ] allows for a merit function for 
the spectral profile of a multilayer stack of the following 
general form:

(16)

where L is the overall number of specified angles, N is the 
number of specified wavelengths, Rs and Rp are the calculated 
reflectances, and R's and R p are the target values of the 
spectral functions for s and p polarization, respectively; Wy 
are weighting factors. The optimization variables in the 
homogeneous multilayer stack calculations are the physical 
thicknesses of the layers. (In the optimization of the initial 
graded-index coating, the optimization variables were the 
refractive indices along the normal to the film boundaries.)

In our computer program, the iteration for each wavelength 
starts at q = 2 and ends when satisfactory matching is ob 
tained or when the number of sequences (layers) gets too 
large. Chebyshev polynomials are oscillatory functions with 
the argument within the interval ( 1,1) and asymptotically 
approaching infinity at the end points of the interval; i.e., for
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Sy(+1) -> ±co . (17)

Inspecting the trace of the characteristic matrix of the starting
basic period may provide some useful information. For ex-
ample, if lal = 'ITr(Mp), > 0.8, then the Chebyshev poly-
nomials for 2 <- q <_ 6 have values ISq(a)I ? 1. This additional
information helps in selecting the basic sequence of the initial
design of the periodic multilayer stack.

In all examples given in this paper the basic sequence
(fundamental cell) is of the form HL, where both H and L are
not necessarily quarter -wave layers for a given reference
wavelength. For all beamsplitters presented, the order of the
Chebyshev polynomials is q = 7, which of course is also the
number of repetitions of the basic sequence. However, it
turned out to be an advantage to add an H layer to the repeti-
tion stack so as to make the starting design for the final
optimization routine symmetric, i.e., (HL)7H.

3. RESULTS

The spectral reflectance curves of the graded films (Fig. 4)
were obtained by the slab approximation method. These re-
sults were verified by a Runge -Kutta integration of Maxwell's
equations along the index gradient. For the optimization of
both index profiles and homogeneous multilayer stacks we
used a damped least squares technique.9

The initial multilayer design for achromatic beamsplitters
at the three different angles of incidence investigated (0 =
40 °, 50 °, and 60 °) turned out to be the same in all cases, and
also for the two different beamsplitting ratios (50:50 and
30:70). With physical thicknesses of 220 nm A1203 for the H
layer and 145 nm Si02 for the L layer, we started out with a
(HL)7H design. Figure 5 gives the corresponding spectral
curves, and Figs. 6 and 7 the refined performance. All opti-
mized beamsplitter designs satisfy the imposed matching con-
dition (of equal p and s reflectance) at more than two wave-
lengths within the wavelength region of 500 to 600 nm. The
final design of the 50° beamsplitter for R:T = 30:70 has 14
layers. It is an antisymmetric stack. This is an interesting
result since the matching started with the (HL)7H symmetric
structure. Besides the HL fundamental cell, HLH may be used
for the initial design with different materials and different
order q with a good probability of successful refinement.

For all designs, the substrate material assumed is optical
glass BK7 (ns = 1.52, dispersive). For the ambient medium
(incident medium), higher refractive indices had to be chosen
for smaller angles of light incidence (measured inside the
incident medium), as listed in Table I. For convenience, the
indices given were selected from existing coating material
files, which include dispersion (also assumed for the H and L
layer materials).

The multilayer designs do not change the spectral perform-
ances with deviations of the angle of incidence of ± 0.25 °.
They are probably useful (depending on the requirement) up
to angle deviations of ± 1 °. The graded -index film design has
lower angular sensitivity, as can also be expected from the
extended spectral range.

4. DISCUSSION
The matching procedures have not yet been fully automated,
still requiring some educated guesses from the designer (see
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Fig. 5. Calculated spectral reflectance curves of the initial nonpolariz-
¡ng beamsplitter designs shown in Table I, for (a) 0 = 40 °, (b) 0 = 50°,
and (c) e = 60 °.

flow chart in Fig. 2). Hence, there is room for further im-
provement. Once the fully automatic matching procedure
exists, the designs obtained with discrete multilayers will give
spectral performances still closer to those obtained for gradi-
ent -index films.

Bulk materials with the refractive indices chosen for the
incident medium (listed in Table I) may be not readily avail-
able for the manufacture of beamsplitter prisms. In such
cases, a prism made of lower index material (e.g., optical
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Inspecting the trace of the characteristic matrix of the starting 
basic period may provide some useful information. For ex 
ample, if |a| = V4|Tr(Mp)| > 0.8, then the Chebyshev poly 
nomials for 2 < q < 6 have values |Sq(a)| ^ 1. This additional 
information helps in selecting the basic sequence of the initial 
design of the periodic multilayer stack.

In all examples given in this paper the basic sequence 
(fundamental cell) is of the form HL, where both H and L are 
not necessarily quarter-wave layers for a given reference 
wavelength. For all beamsplitters presented, the order of the 
Chebyshev polynomials is q = 7, which of course is also the 
number of repetitions of the basic sequence. However, it 
turned out to be an advantage to add an H layer to the repeti 
tion stack so as to make the starting design for the final 
optimization routine symmetric, i.e., (HL)7H.

3. RESULTS

The spectral reflectance curves of the graded films (Fig. 4) 
were obtained by the slab approximation method. These re 
sults were verified by a Runge-Kutta integration of Maxwell's 
equations along the index gradient. For the optimization of 
both index profiles and homogeneous multilayer stacks we 
used a damped least squares technique. 9

The initial multilayer design for achromatic beamsplitters 
at the three different angles of incidence investigated (6 = 
40°, 50°, and 60°) turned out to be the same in all cases, and 
also for the two different beamsplitting ratios (50:50 and 
30:70). With physical thicknesses of 220 nm A12O3 for the H 
layer and 145 nm SiO2 for the L layer, we started out with a 
(HL)7H design. Figure 5 gives the corresponding spectral 
curves, and Figs. 6 and 7 the refined performance. All opti 
mized beamsplitter designs satisfy the imposed matching con 
dition (of equal p and s reflectance) at more than two wave 
lengths within the wavelength region of 500 to 600 nm. The 
final design of the 50° beamsplitter for R:T = 30:70 has 14 
layers. It is an antisymmetric stack. This is an interesting 
result since the matching started with the (HL)7H symmetric 
structure. Besides the HL fundamental cell, HLH may be used 
for the initial design with different materials and different 
order q with a good probability of successful refinement.

For all designs, the substrate material assumed is optical 
glass BK7 (ns = 1.52, dispersive). For the ambient medium 
(incident medium), higher refractive indices had to be chosen 
for smaller angles of light incidence (measured inside the 
incident medium), as listed in Table I. For convenience, the 
indices given were selected from existing coating material 
files, which include dispersion (also assumed for the H and L 
layer materials).

The multilayer designs do not change the spectral perform 
ances with deviations of the angle of incidence of ±0.25°. 
They are probably useful (depending on the requirement) up 
to angle deviations of ± 1°. The graded-index film design has 
lower angular sensitivity, as can also be expected from the 
extended spectral range.

4. DISCUSSION
The matching procedures have not yet been fully automated, 
still requiring some educated guesses from the designer (see
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Fig. 5. Calculated spectral reflectance curves of the initial nonpolariz- 
ing beamsplitter designs shown in Table I, for (a) 0 = 40°, (b) 6 = 50°, 
and (c) 6 = 60°.

flow chart in Fig. 2). Hence, there is room for further im 
provement. Once the fully automatic matching procedure 
exists, the designs obtained with discrete multilayers will give 
spectral performances still closer to those obtained for gradi 
ent-index films.

Bulk materials with the refractive indices chosen for the 
incident medium (listed in Table I) may be not readily avail 
able for the manufacture of beamsplitter prisms. In such 
cases, a prism made of lower index material (e.g., optical
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Fig. 6. Calculated spectral reflectance curves of the nonpolarizing
beamsplitter designs shown in Table I, optimized for R:T = 30:70,
for (a) 0 = 40 °, (b) 0 = 50 °, and (c) O = 60 °.

glass BK7) can be used if its hypotenuse is coated with a
graded -index film with a decreasing index profile. Jacobsson5
used a similar approach to satisfy the square root criterion for
a single layer antireflection coating.

5. CONCLUSIONS

We have obtained a high degree of intensity matching for s
and p polarization in a given wavelength interval, from 500 to
600 nm, in our particular examples, for homogeneous multi-
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layer stacks derived from an initial graded -index film design
by matching of the characteristic matrices. This graded -index
film design maintains a very low polarization ratio for almost
the complete visible region, covering a wavelength range
about twice that covered by the derived homogeneous multi -
layer stack.
The described matrix matching technique may be useful for

the transformation of a graded -index film with any desired
spectral response into a multilayer stack of homogeneous
layers with similar spectral performance.
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glass BK7) can be used if its hypotenuse is coated with a 
graded-index film with a decreasing index profile. Jacobsson5 
used a similar approach to satisfy the square root criterion for 
a single layer antireflection coating.

5. CONCLUSIONS
We have obtained a high degree of intensity matching for s 
and p polarization in a given wavelength interval, from 500 to 
600 nm, in our particular examples, for homogeneous multi

layer stacks derived from an initial graded-index film design 
by matching of the characteristic matrices. This graded-index 
film design maintains a very low polarization ratio for almost 
the complete visible region, covering a wavelength range 
about twice that covered by the derived homogeneous multi 
layer stack.
The described matrix matching technique may be useful for 

the transformation of a graded-index film with any desired 
spectral response into a multilayer stack of homogeneous 
layers with similar spectral performance.
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TABLE I. Refractive indices and candidate materials for the incident
medium beamsplitter prism for three angles of incidence (measured
inside the medium).

Refractive index nA

Optical materials

Angle of incidence 00

40°

2.31

Anatas

50° 60°

1.94 1.72

SF59* MgO, SF18*

*SF59 and SF18 are optical glasses from Schott.
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TABLE I. Refractive indices and candidate materials for the incident 
medium beamsplitter prism for three angles of incidence (measured 
inside the medium).___________________________

Angle of incidence 90

Refractive index nA 
Optical materials

40° 

2.31 
Anatas

50° 60° 
1,94 1,72 

SF59* MgO,SF18*
*SF59 and SF18 are optical glasses from Schott.
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