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ABSTRACT

A graph H is a minor of a graph G if H can be obtained from a subgraph of GG by contracting
edges. My research is motivated by the famous Hadwiger’s Conjecture from 1943 which states
that every graph with no K;-minor is (¢ — 1)-colorable. This conjecture has been proved true for
t < 6, but remains open for all ¢ > 7. For ¢ = 7, it is not even yet known if a graph with no
K;-minor is 7-colorable. We begin by showing that every graph with no K;-minor is (2t — 6)-
colorable for ¢ = 7,8,9, in the process giving a shorter and computer-free proof of the known
results for t = 7, 8. We also show that this result extends to larger values of ¢ if Mader’s bound for
the extremal function for K;-minors is true. Additionally, we show that any graph with no Kj -
minor is 9-colorable, and any graph with no /g -minor is 8-colorable. The Kempe-chain method
developed for our proofs of the above results may be of independent interest. We also use Mader’s

H-Wege theorem to establish some sufficient conditions for a graph to contain a Kg-minor.

Another motivation for my research is a well-known conjecture of Erdés and Lovész from 1968,
the Double-Critical Graph Conjecture. A connected graph G is double-critical if for all edges
zy € E(G), x(G—x—y) = x(G) — 2. Erd6s and Lovdsz conjectured that the only double-critical
t-chromatic graph is the complete graph K;. This conjecture has been show to be true for ¢ < 5
and remains open for ¢ > 6. It has further been shown that any non-complete, double-critical,
t-chromatic graph contains K; as a minor for ¢ < 8. We give a shorter proof of this result for
t = 7, a computer-free proof for ¢ = 8, and extend the result to show that G contains a Ky-minor
forall ¢ > 9. Finally, we show that the Double-Critical Graph Conjecture is true for double-critical

graphs with chromatic number ¢ < 8 if such graphs are claw-free.
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CHAPTER 1: INTRODUCTION

We begin this dissertation with an overview of basic concepts and definitions in graph theory. We
then proceed with a discussion of historical results which have motivated our work and include our

own results in these areas.

1.1 Basic Definitions

A graph G consists of a vertex set V' (G) and an edge set F(G) such that each edge is associated
with two vertices, called its ends. If an edge e € E(G) has ends x,y € V(G), we may write
e = zy and say that e joins x and y in GG, and that x and y are adjacent or neighbors in G. A loop
is an edge whose ends are both the same vertex. Multiple edges are distinct edges which share the
same two ends. A graph is simple if it contains no loops or multiple edges. All graphs considered

in this dissertation are simple graphs.

The complement of a graph G, denoted G, is the graph with vertex set V(G and edge set {xy :
z,y € V(G) and zy ¢ E(G)}. Two graphs G, and Gy are isomorphic if there exists a bijection
f : V(Gy) — V(Gs) such that zy € E(G,) if and only if f(z)f(y) € E(G2). A graph H is a
subgraph of a graph G, denoted H C G,if V(H) C V(G) and E(H) C E(G). If S C V(G), the
subgraph of G induced by S, denoted G[S], is the subgraph of G with vertex set S and edge set
{zy € E(G) : z,y € S}. Given graphs G and H, we say that G is H-free if G does not contain an

induced subgraph isomorphic to H.

A path P in a graph G is a subgraph of G with V(P) = {vy, v, ..., v} and E(P) = {v;v;41 :
1 <i < k— 1}, and we may write P = vy, v, ..., g, Where the vertices are said to be written in

path order or simply order. The vertices v, and vy, are the ends of P, and vy, . .., v,_; are internal



vertices of P. If a path P has ends v, and vy, we say P is a vy, vx-path or a path from vy to vy. Two
paths P, and P, are disjoint if they share no common vertices; and internally disjoint if they share
no common internal vertices. We define the length of a path to be its number of edges. We may
denote a path of length £ by P, when its specific vertex and edge sets are unimportant. A cycle is
a path whose first and last vertices are joined by an edge, and we may write C' = vy, vs, ..., U,
where the vertices are said to be written in cyclic order. The length of a cycle is also its number of

edges, and we may similarly denote a cycle of length £ by C}, when details are unimportant.

We define vertex deletion and edge deletion as follows. For a vertex set S C V/(G), the graph
obtained from G by deleting S, denoted G — S, is the subgraph G[V(G) \ S] of G induced by
V(G)\ S. If S = {x}, we simply write G — x instead of G — S. For an edge set £ C E(G), the
graph obtained from G by deleting £, denoted G — F, is the subgraph of G with vertex set V (G)
and edge set £(G) \ E. If E = {e}, we simply write G — ¢ instead of G — E. We define edge
addition as follows. Given two vertices x,y € V(G) such that zy ¢ E(G), we define G + xy to

be the graph with vertex set V' (G) and edge set E(G) U {xy}.

Ks K3 K33

Figure 1.1: The complete graph K5, the claw K 3, and the complete bipartite graph K 3.

The complete graph K, is a graph with ¢ vertices such that every pair of vertices are adjacent. We
denote the graphs obtained from K; by deleting one or two edges by K, and K, respectively. A
complete k-partite graph G has a partition of its vertex set into k£ independent sets Ay, ..., Ag such

that A; is complete to A; for all ¢ # j, and if |A;| = ¢, for all i we denote this graph by K, ¢, .
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When k£ = 2, GG is a complete bipartite graph, and in this case we say that GG has a bipartition
(A1, A2). A graph is bipartite if it is a subgraph of a complete bipartite graph. The complete

bipartite graph K ; is called a star, where ¢ > 1 is an integer. When ¢ = 3, K 3 is a claw.

The neighborhood in G of a vertex set S C V/(G), denoted Ng(S), is the set of its neighbors
in V(G) \ S, thatis, Ng(S) = {v € V(G)\ S : zv € E(G) for some z € S}. The closed
neighborhood in G of a vertex set S C V(G), denoted Ng[S], is Ng[S] = Ng(S)U S. If
S = {z}, we will simply write N (z) and Ng[x]. The degree of a vertex = € V(G), denoted
di(x), is defined to be | N (z)|. Let §(G) := min{dg(x) : v € V(G)} and A(G) := max{dg(x) :

x € V(G)}. Then §(G) and A(G) are the minimum degree and maximum degree G, respectively.

Given two disjoint vertex sets A, B C V(G), we say that A is complete (resp. anticomplete) to B
if for every a € A and b € B we have ab € E(G) (resp. ab ¢ E(QG)), and A is mixed on B if A
is neither complete nor anticomplete to B. We use eg(A, B) to denote the number of edges in G
with one end in A and the other end in B. If A = {x}, we simply write eg(x, B) and say that x is

complete to, anticomplete to, or mixed on B.

A clique in a graph G is a subgraph of GG isomorphic to a complete graph. An independent set
in a graph G is a vertex set S C V/(G) such that if x,y € S, then xzy ¢ E(G). Let w(G) =
max{|V(H)| : H C G and H is a clique} and o(G) := max{|S| : S € V(G) and S is an
independent set}. Then w(G) and «(G) are the cliqgue number and independence number of G,

respectively.

A graph G is k-connected if for any set S C V(G) with |S| < k and any z,y € V(G) \ S, there
exists an x, y-path in G — S. Equivalently, by Menger’s Theorem [47], a graph G is k-connected if
for any =,y € V(G) there exist k internally disjoint z, y-paths in G. If G is 1-connected, we simply
say G is connected. If G is not connected, we say G is disconnected. Given a connected graph G,

if G — S is disconnected, we say S is a separating set of GG, and if G — x is disconnected for some



x € V(G), then z is a cut-vertex. A vertex set S C V(G) is connected if G[S] is connected.

A graph G is t-colorable if there exists a function ¢ : V(G) — {1,...,t} such that for any xy €
E(G), c(x) # c(y). Foreachi € {1,2,...,t}, the set of vertices V; := {v € V(GQ) : ¢(v) =i}
is called a color class (of ¢). The chromatic number of a graph G, denoted x(G), is the minimum

integer ¢ such that G is t-colorable. If x(G) = t, we also say that G is t-chromatic.

A graph G contains a subdivision of a graph H if a subgraph of GG can be obtained from H by
replacing the edges of /1 with pairwise internally disjoint paths such that none of these paths
has an internal vertex in V' (H). In this case, we also say that G contains an H-subdivision. We
define edge contraction as follows. Given an edge zy € F(G), the graph obtained from G by
contracting xy, denoted G/xy, is the graph with vertex set V(G — {z,y}) U {2z} and edge set
E(G —{z,y}) U{zv : v € Ng({z,y})}. In other words, G/zxy is the graph obtained from G
by deleting x and y and adding a new vertex z joined to all vertices in Ng(z) U Ng(y) \ {z,y}
(see Figure 1.2). If S C V(G) is connected, then by G/S we mean the graph with vertex set
V(G — S)U{z} and edge set E(G — S) U {zv : v € Ng(S)}. In this case, we may also call
G /S the graph obtained from G by contracting S to a single vertex. A graph H is a minor of a
graph (G, denoted G' > H, if H can be obtained from a subgraph of G by some sequence (possibly
empty) of edge contractions. In this case, we may also say that G contains an H-minor. If G does
not contain an H-minor, then G is H-minor-free.

T

G G/xy

Figure 1.2: An example of edge contraction.



1.2 The Double-Critical Graph Conjecture

One of the motivations for this dissertation is the following well-known conjecture of Erdds and

Lovasz [19] from 1966.

Conjecture 1.2.1 Erdds-Lovasz Tihany Conjecture. (Erdds and Lovasz [19]) For any integers
s,t > 2 and any graph G with w(G) < x(G) = s+t — 1, there exist disjoint subgraphs G, and
G2 of G such that x(G1) > s and x(G3) > t.

The Erd6s-Lovész Tihany Conjecture is hard. To date, the Erdds-Lovasz Tihany Conjecture has
been shown to be true only for values of (s,t) € {(2,2),(2,3),(2,4),(3,3),(3,4),(3,5)}. The
case (2, 2) is trivial. The case (2, 3) was shown by Brown and Jung in 1969 [5]. Mozhan [48] and
Stiebitz [68] each independently showed the case (2, 4) in 1987. The cases (3, 3), (3,4), and (3, 5)

were also settled by Stiebitz in 1987 [69].

Recent work on the Erdds-Lovész Tihany Conjecture has focused on proving the conjecture for
certain classes of graphs. Kostochka and Stiebitz [41] showed the conjecture holds for line graphs.
Balogh, Kostochka, Prince, and Stiebitz [4] then showed that the conjecture holds for all quasi-line
graphs and all graphs G with a(G) = 2. More recently, Chudnovsky, Fradkin, and Plumettaz [10]
proved the following slight weaking of the Erd6s-Lovasz Tihany Conjecture for claw-free graphs,
the proof of which is long and relies heavily on the structure theorem for claw-free graphs devel-

oped by Chudnovsky and Seymour in [12].

Theorem 1.2.2 (Chudnovsky, Fradkin, and Plumettaz [10]) Let G be a claw-free graph with
X(G) > w(G). Then there exists a clique K with |V (K)| < 5 such that x(G — K) > x(G) —
V(K-



The most recent result related to the Erdds-Lovasz Tihany Conjecture is another slight weakening
due to Stiebitz [70], who showed that for integers s,¢ > 2, any graph G with w(G) < x(G) =
s + t — 1 contains disjoint subgraphs GG; and G5 of G with either x(G;) > s and col(Gsy) > t,
or col(Gy) > s and x(G2) > t. Here col(H ) denotes the coloring number of a graph H, i.e. the
smallest positive integer k such that there is an ordering of the vertices of G in which each vertex

is preceded by fewer than £ of its neighbors.

If we restrict s = 2 in the statement of the Erdds-Lovasz Tihany Conjecture, then the conjecture
states that for any graph G' with x(G) > w(G) > 2, there exists an edge zy € E(G) such that
X(G —x —y) > x(G) — 1. If no such edge exists, then x(G — x — y) = x(G) — 2 for every edge
xy € E(G). This motivates the following definition of double-critical graphs. A connected graph
G is double-critical if for every edge ry € FE(G), x(G — = — y) = x(G) — 2. The only known
example of a double-critical, ¢-chromatic graph for any integer ¢ > 2 is the complete graph K.
Any double-critical, t-chromatic graph G' # K, would be a counterexample to the Erdds-Lovasz

Tihany Conjecture, and this motivates the following special case of the conjecture.

Conjecture 1.2.3 Double-Critical Graph Conjecture. (Erdds and Lovész [19]) For any integer

t > 2, the only double-critical, t-chromatic graph is K,.

Since the Double-Critical Graph Conjecture is equivalent to the Erd6s-Lovasz Tihany Conjecture
with s = 2, we see from the discussion above that the Double-Critical Graph Conjecture has been
settled in the affirmative for ¢ < 5 [48, 68], for line graphs [41], and for quasi-line graphs and
graphs with independence number two [4]. The Double-Critical Graph Conjecture remains open

for all ¢t > 6.

Theorem 1.2.4 (Brown and Jung [5]; Mozhan [48]; Stiebitz [68]) For t € {1,...,5}, the only

double-critical, t-chromatic graph is the complete graph K.



The Double-Critical Graph Conjecture is also hard, and some weakenings of it have been stud-
ied. In 2010, Kawarabayashi, Pedersen, and Toft [37] proposed the following, which we call

Hadwiger’s Conjecture for Double-Critical Graphs.

Conjecture 1.2.5 Hadwiger’s Conjecture for Double-Critical Graphs. (Kawarabayashi, Pedersen,

and Toft [37]) For any integer t > 2, any double-critical, t-chromatic graph contains a K;-minor.

Hadwiger’s Conjecture for Double-Critical Graphs clearly holds for ¢ < 5 by the above results
on the Double-Critical Graph Conjecture. In the same paper as the proposal of the conjecture,
Kawarabayashi, Pedersen, and Toft [37] also proved Hadwiger’s Conjecture for Double-Critical
Graphs for the cases ¢ = 6 and ¢ = 7. As a further weakening of the Double-Critical Graph
Conjecture, Pedersen [50] showed that any double-critical, 8-chromatic graph contains K¢ as a
minor. Albar and Gongalves [1] later proved that any double-critical, 8-chromatic graph contains

Ky as a minor. We summarize these results as follows.

Theorem 1.2.6 (Kawarabayashi, Pedersen, and Toft [37], Albar and Gongalves [1]) For any inte-

gert € {6,7,8}, every double-critical, t-chromatic graph contains K; as a minor.

We note here that for Theorem 1.2.6, the proof by Kawarabayashi, Pedersen, and Toft [37] of
the case ¢ = 7 is long, and the proof by Albar and Gongalves [1] of the case ¢ = 8 is computer-
assisted. In Chapter 2, we provide a significantly shorter and computer-free proof of Theorem 1.2.6
for the cases ¢ = 7,8, and we also extend the theorem to the case ¢ = 9. We note here that
while the methods we use in proving the case ¢ = 9 do not utilize a computer, we do make
use of Theorem 1.4.3, whose proof in [67] was computer-assisted. Hence our proof for the case
t = 9 is not strictly computer-free. We will actually prove the following slightly stronger result in

Section 2.3.

Theorem 1.2.7 [59] For integers k,t with k € {1,...,9} and t > k, every double-critical, t-

7



chromatic graph contains K as a minor.

As a different weakening of the Double-Critical Graph Conjecture, the conjecture has been studied
for claw-free graphs. We note that Theorem 1.2.2 does not completely settle the Double-Critical
Graph Conjecture for claw-free graphs. Recently, Huang and Yu [31] proved that the only double-
critical, 6-chromatic, claw-free graph is Kg. We give an alternative, shorter proof of their result,

and further prove the following in Section 2.4.

Theorem 1.2.8 [57] If G is a claw-free, double-critical, t-chromatic graph with t € {6,7,8}, then

G is isomorphic to K.

Kawarabayashi, Pedersen, and Toft [37] proved that no two vertices of degree ¢ 4- 1 can be adjacent
in a double-critical, ¢-chromatic graph for ¢ > 6. One of the main results of Chapter 2 is the

following improvement of their result, and it is crucial in the proof of Theorem 1.2.8.

Theorem 1.2.9 [57] If G is a double-critical, t-chromatic graph with t > 6, then no vertex of

degree t + 1 is adjacent to a vertex of degree t + 1,t + 2, or t + 3.

We prove Theorem 1.2.9 in Section 2.2. Since Theorem 1.2.9 applies to all double-critical graphs,

not just claw-free graphs, it will be useful in any future work on double-critical graphs.

1.3 Hadwiger’s Conjecture

In this section, we introduce the main motivation for my research.

A graph is planar if it can be drawn in the plane in such a way that any two distinct edges do
not intersect except possibly at a common end. If no such drawing exists, the graph is nonplanar.

One of the earliest motivating questions in the field of graph theory was the 4-color conjecture,

8



namely, are planar graphs 4-colorable? In 1890, Heawood [29] gave a short proof showing that
five colors suffices. The question proved very difficult, and it was only with the aid of computers
that it was able to be answered in the affirmative. In 1977, Appel and Haken [2, 3] first proved the
Four Color theorem. A much shorter, but still computer assisted, proof was given by Robertson,

Sanders, Seymour, and Thomas in 1997 [54].

Theorem 1.3.1 Four Color Theorem. (Appel and Haken [2, 3]) Every planar graph is 4-colorable.

It is well-known that the complete graph K5 and complete bipartite graph K33 3 are nonplanar. In
the 1930s it was shown that, in a sense, these two examples characterize all nonplanar graphs. Ku-
ratowski showed in 1930 [43] that a graph is planar if and only if it does not contain a subdivision
of K5 or K33, and Wagner showed in 1937 [73] that excluding minors of K5 and K3 3 suffices,

summarized as follows.

Theorem 1.3.2 Kuratowski’s Theorem. (Kuratowski [43]) A graph is planar if and only if it does

not contain Ky or K3 3 as a subdivision.

Theorem 1.3.3 Wagner’s Theorem. (Wagner [73]) A graph is planar if and only if it does not

contain Ky or K33 as a minor.

We note now that the graph K33, and indeed any bipartite graph, is 2-colorable. Inspired by

Wagner’s Theorem , in 1943, Hadwiger [25] conjectured the following.

Conjecture 1.3.4 Hadwiger’s Conjecture. (Hadwiger [25]) For any integert > 1, every t-chromatic

graph contains a K;-minor.

An equivalent formulation of Hadwiger’s Conjecture states that any graph with no K;-minor is

(t — 1)-colorable. Hadwiger’s Conjecture is trivially true for ¢ < 3. It is easy for ¢ = 4 and



was shown by both Hadwiger [25] and Dirac [17]. An alternative and quite short proof for ¢t = 4
has also been given by Woodall [74]. Wagner [73] proved that the case ¢ = 5 of Hadwiger’s
Conjecture is, in fact, equivalent to the Four Color Theorem. The same was shown for the case

t = 6 by Robertson, Seymour, and Thomas [55] in their proof of the following.

Theorem 1.3.5 (Robertson, Seymour, and Thomas [55]) If G does not contain Kg as a minor, then

G is b-colorable.

Hadwiger’s Conjecture has also been verified for certain classes of graphs. In 2004, Reed and
Seymour [53] proved that Hadwiger’s Conjecture holds for line graphs, where such graphs are
permitted to have multiple edges. In 2008, Chudnovsky and Fradkin [9] proved that Hadwiger’s
Conjecture holds for quasi-line graphs. Plummer, Stiebitz, and Toft [S1] proved in 2003 that
Hadwiger’s Conjecture holds for every H-free graph G with a(G) = 2, where H is any graph
with |V (H)| = 4 and a(H) = 2. This was strengthened by Kriesell [42] in 2010, who showed
that Hadwiger’s Conjecture holds for every H-free graph G with a(G) = 2, where H is any graph
with |V(H)| = 5 and a(H) = 2. More recently, Song and Thomas [66] showed that Hadwiger’s
conjecture holds for graphs G with «(G) > 3 and no induced cycle of length between 4 and

2a(G) — 1.

Hadwiger’s Conjecture remains open for ¢ > 7, and so the first open case of Hadwiger’s Conjecture
is proving that graphs with no K7-minor are 6-colorable. However, it is not yet known if graphs
with no K7-minor are even 7-colorable. In fact, it has only been recently shown by Albar and
Goncalves [1] that K;-minor-free graphs are 8-colorable. There have been several other partial
results towards the case ¢t = 7 of Hadwiger’s Conjecture. Kawarabayashi and Toft [39] proved that
every graph with neither K7 nor K, 4 as a minor is 6-colorable. Jakobsen [33, 34] proved that every
graph with no K7 -minor is 7-colorable and every graph with no A~ -minor is 6-colorable. We note

that the result of Kawarabayashi and Toft and the latter result of Jakobsen are best possible since
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the complete graph K is 6-chromatic and does not contain any of K, K-, or K, 4 as a minor.

In addition to showing that K7-minor-free graphs are 8-colorable, Albar and Goncalves [1] showed

Kg-minor-free graphs are 10-colorable, which we summarize as follows.

Theorem 1.3.6 (Albar and Goncalves [1]) If a graph is K7-minor-free, then it is 8-colorable. If a

graph is Kg-minor-free, then it is 10-colorable.

The proof of Theorem 1.3.6 given by Albar and Gongalves in [1] is long and computer-assisted.
In Chapter 3 we provide a much shorter and computer-free proof of Theorem 1.3.6 by using our
powerful Lemma 1.5.3. We additionally use our Lemma 1.5.3 to extend Theorem 1.3.6 to show that
Ky-minor-free graphs are 12-colorable, although we note that this result does rely on the extremal
function for K9-minors (Theorem 1.4.3) which was proved with computer assistance in [67]. The

main result of Chapter 3 is summarized as follows.

Theorem 1.3.7 [58] For allt € {7,8,9}, any graph with no K;-minor is (2t — 6) colorable.

Since Theorem 1.3.7 does utilize the extremal function for K;-minors introduced in Section 1.4,
extending it to values of ¢ > 10 is hampered by the fact that the extremal function for K;-minors has
not yet been proved for ¢ > 10. In Section 1.4, we see that the bound on the extremal function from
Theorem 1.4.1 with ¢ < 7 extends to ¢ € {8,9} except for a small number of counterexamples.
In Section 3.5 we introduce Conjecture 3.5.2, which claims that this same bound extends to all
t > 10, except for some counterexamples which are all (¢t — 1)-colorable. If we assume that
Conjecture 3.5.2 is true, then we are able to show with Theorem 3.5.3 that for any integer ¢t > 5, a
graph with no K;-minor is (2¢ — 6)-colorable. The method which we use to prove Theorem 3.5.3
is different from that used in the proof of Theorem 1.3.7, and so this provides an alternate proof
of Theorem 1.3.7. Theorem 3.5.3 represents the first result on coloring K;-minor-free graphs for

general values of ¢.
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The Kempe Chain method developed in Lemma 1.5.3, which is crucial in the proof of Theo-

rem 1.3.7 presented in Section 3.2, is then used to prove the following two new results.
Theorem 1.3.8 [58] Every graph with no Kg -minor is 9-colorable.

Theorem 1.3.9 [58] Every graph with no Kg -minor is 8-colorable.

Our proofs of Theorem 1.3.8 and Theorem 1.3.9 are short and will also appear in Chapter 3.

More information on Hadwiger’s Conjecture can be found in an earlier survey by Toft [71] and a

very recent informative survey by Seymour [62].

1.4 The Extremal Functions for K;-minors

The extremal function for a graph H, first introduced by Turdn in 1941 [72], gives the maximum
number of edges in a graph GG which does not contain H as a subgraph. Turan studied the ex-
tremal function for complete graphs K, and completely characterized the K;-free graphs with the
maximum number of edges, namely, complete (¢ — 1)-partite graphs now known as Turan graphs.
The extremal function is naturally extended to graph minors as follows. Given a graph H and an
integer n > |V (H)|, the extremal function for H-minors is the minimum integer p = p(H ) such

that any graph with n vertices and at least p edges contains H as a minor.

The extremal function for K;-minors was first shown in 1964 for ¢ < 5 by Dirac [15] and then in
1968 for ¢t < 7 by Mader [44]. The case ¢ = 6 was also proved by Gyori [24] in 1982, independent
of Mader.

Theorem 1.4.1 (Dirac [15], Mader [44]) For t < 7, any graph on n > t vertices with at least

(t —2)n — (*;') + 1 edges has a K;-minor.
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While this bound holds for ¢ < 7, for larger values of ¢, counterexamples to this bound have been
found. To describe some of these counterexamples, we must define an (H;, Ha, k)-cockade, which
we do recursively. For graphs H;, H; and an integer k&, we define any graph isomorphic to either
of Hy or Hj to be an (Hy, Hs, k)-cockade. Now, given two (Hy, Hs, k)-cockades G; and G5, any
graph GG obtained from the disjoint union of G; and G5 by identifying a clique of size k in each
of G and G is an (Hy, Hs, k)-cockade. Every (Hy, Hs, k)-cockade can be constructed in this
fashion. If H; = Hy = H, then we simply write (H, k)-cockade.

The extremal function for K;-minors for ¢t = 8 was shown in 1994 by Jgrgensen [35] and for ¢t = 9

in 2006 by Song and Thomas [67].

Theorem 1.4.2 (Jgrgensen [35]) Every graph on n > 8 vertices with at least 6n — 20 edges either

contains Ky as a minor or is isomorphic to a (K292 2.2,5)-cockade.

Theorem 1.4.3 (Song and Thomas [67]) Every graph onn > 9 vertices with at least Tn—27 edges

77777

cockade.

The problem remains open for ¢ > 10, though some partial results for ¢ = 10 and ¢ = 11 have been

given by Song in [65].

Note that it follows immediately from Theorem 1.4.1, Theorem 1.4.2, Theorem 1.4.3, and Propo-

sition 1.5.1(i) that for any integer 0 < ¢ < 9, any graph with no K;-minor is (2t — 5)-colorable.
The extremal function for K; -minors and K, -minors has also been studied.

The extremal function for K, -minors was found for ¢ € {5,6} in 1964 by Dirac [15]. It was then
shown for t = 7 in 1983 by Jakobsen [33, 34]. Most recently, it was shown in 2005 for ¢ = 8 by

Song [64]. The extremal function problem for K, -minors remains open for ¢ > 9.
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Theorem 1.4.4 (Dirac [15]) For t = 5,6, if G is a graph with n > t vertices and at least

(t = 3)n—3(t—3)(t—1) edges, then G contains K; as a minor, or G is a (K,_1,t — 3)-cockade.

Theorem 1.4.5 (Jakobsen [33, 34]) If G is a graph with n > 7 vertices and at least gn — 12 edges,

then G contains K; as a minor, or G is a (K3 2,92, Kg, 4)-cockade.

Theorem 1.4.6 (Song [64]) If G is a graph with n > 8 vertices and at least 5(11n — 35) edges,

then G contains Kg as a minor, or G is a (K1 2,2,2 2, K7, 5)-cockade.

The extremal function for K, -minors was found for t € {5,6} in 1964 by Dirac [15]. It was
found for ¢t € {7,8} in 1971 and 1972, respectively, by Jakobsen [32, 33]. The extremal function

problem for K; -minors remains open for ¢ > 9.

Theorem 1.4.7 (Dirac [15], Jakobsen [32, 33]) For any integer t with 5 < t < 8, every graph with
n > t vertices and at least (t — 3)n — 1(t — 1)(t — 4) edges either contains a K; -minor or is a

(K;_1,t — 4)-cockade.

For general graphs H, some extremal function results are known. The extremal function for K3 3-
minors has been shown by Hall [26]; for integers ¢ > 2, Chudnovsky, Reed, and Seymour [11]
gave the extremal function for K5 ;-minors; Ding [14] has proved the extremal function for K 5 »-
minors; and the extremal function for P-minors has been shown by Hendry and Wood [30], where

P is the Petersen graph.

1.5 Contraction-Critical Graphs

A graph G is t-color-critical, or simply t-critical, if G is t-chromatic and x(H) < x(G) for any
proper subgraph H of G. A graph G is t-contraction-critical if G is t-chromatic and y(H) < x(G)

for any proper minor H of G.
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The motivation behind studying contraction-critical graphs is that if a minimum counterexample
to Hadwiger’s Conjecture exists, then it can be taken to be contraction-critical. This is clear,
since if a graph GG does not contain K; as a minor, then no minor H of G can contain K, as a
minor either. The only known examples of contraction-critical graphs are the complete graphs K.
Contraction-critical graphs were first studied by Dirac [18, 16]. The following basic properties of

contraction-critical graphs are a result of this initial work.

Proposition 1.5.1 (Dirac [18, 16]) If G is a non-complete k-contraction-critical graph, then the
following hold:
(1) 6(GQ) >k,
(17) forany x € V(G), a(G[Ng(x)]) < d(x) — k + 2,
(14i) no minimal separating set S of G can be partitioned into a clique and an independent set,

and

(i) for k > 5, G is 5-connected.

As an improvement of Proposition 1.5.1(iv), in 1968 Mader [46] proved the following deep and

long-standing result on the connectivity of contraction-critical graphs.

Theorem 1.5.2 (Mader [46]) If G is a k-contraction-critical graph with k > 6, then
(i) G is 6-connected for k = 6, and

(i1) G is 7-connected for k > 7.

It seems very difficult to improve Theorem 1.5.2 for small values of k. For larger values of £, some

better results can be found. Kawarabayashi [36] has shown that any minimal non-complete k-

2k

27} -connected, while Kawarabayashi and Yu [40]

contraction-critical graph with no Kj-minor is |

have improved that by showing that any minimal such graph is (%W -connected. Chen, Hu, and
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Song [8] recently improved the bound further by showing that any minimal such graph is (%‘ -

connected.

The following Lemma 1.5.3 represents the linchpin of our arguments proving Theorem 1.3.7, The-
orem 1.3.8, and Theorem 1.3.9. Lemma 1.5.3 turns out to be incredibly powerful, as it provides
a way to circumvent the connectivity restriction of Theorem 1.5.2 for small values of k. A path
consisting of vertices of only two (alternating) colors is a Kempe chain. Given a graph G, any
e ¢ E(G) is a missing edge of G. Lemma 1.5.3 turns out to be very powerfule, as it provides us
with many paths, specifically Kempe chains, connecting ends of missing edges without requiring

the graph G to have high connectivity. We prove Lemma 1.5.3 in Chapter 3.

Figure 1.3: Kempe chains given by Lemma 1.5.3 with ends in Ng(z). Here, S = {s1, 2, s3} and
M = {{a1b11, a1b12, a1biz}, {azbay, azbas}, {azbsi }}.

Lemma 1.5.3 [58] Let G be any k-contraction-critical graph. Let x € V(G) be a vertex of degree

k + s with a(G[Ng(z)]) = s + 2 and let S C Ng(x) with |S| = s + 2 be any independent
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set, where k > 4 and s > 0 are integers. If Ng(x) \ S is not a clique, then for any M =
{{aib11, ..., a1b1p, }y {agbor, . .. asbor, }, ooy {ambma, - - -, Gmbims,, } }, where m,r; > 1, r1 + 1o +
sy, +m < k — 2, the vertices ay, ..., U, b11, .. by, € Ng(x) \ S are all distinct, and
forany i € {1,2,... ,m}, the set {a;b;1,...,a;by.} consists of r; missing edges of G[Ng(zx) \ S|
with a; as a common end, then for each i € {1,2,... m} there exist paths P;, ..., P,. in G such
that each P;; has ends a;,b;j and all its internal vertices in V(G) \ Nglz] forall j = 1,2,...,7;.
Moreover, for any 1 < ¢ < { < m, the paths Py, ..., P, are vertex-disjoint from the paths

PE].?"‘7P€T[‘

1.6 Mader’s H-Wege Theorem

In addition to Lemma 1.5.3, another important tool that can be used to help find minors in graphs
of low connectivity is a deep result of Mader [45], referred to as Mader’s HH-Wege Theorem, which

states the following.

Theorem 1.6.1 Mader’s H-Wege Theorem. (Mader [45]) Let G be a graph, let S C V(G) be an
independent set, and let k > 0 be an integer. Then exactly one of the following holds:

(1) There are k paths of G, each with distinct ends both in S, such that eachv € V(G) \ S is

in at most one of the paths.

(i7) There exist W C V(G) \ S and a partition Y1, ...,Y, of V(G) \ (S U W), and for

1 <i<nasubset X; CY,, such that
(a) W]+ 300, 51Xl <k,
(b) novertex in'Y; \ X; has a neighbor in V(G) \ (W UY;), and

(c) every path of G \ W with distinct ends both in S has an edge with both ends in Y;

for some 1.
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Theorem 1.6.1 is often referred to in the literature as Mader’s S-Paths Theorem. An alternative
and much shorter proof of Theorem 1.6.1 has been given by Schrijver [63]. Given a graph G, let
Hy, ..., H; be subsets of V(G). We say a path in G with ends u, v is good if there exist distinct
i,j € {1,...,n} such that w € H; and v € H;. Note that any vertex in H; N H; with i # j is
considered to be a good path consisting of only a single vertex. In 1993, Robertson, Seymour, and
Thomas [55] gave a slight modification of Mader’s H-Wege Theorem (1.6.1) which allowed for

slightly easier application (see Figure 1.4).

Figure 1.4: The sets W, X1, Y7, ..., X, Y, and some edges allowed by Theorem 1.6.2(ii).

Theorem 1.6.2 (Robertson, Seymour, and Thomas [55]) Let G be a graph, let Hy, ..., H; be
subsets of V(QG), and let k > 0 be an integer. Then exactly one of the following holds:
(1) There are k good paths of G, mutually vertex-disjoint.
(17) There exists W C V(G) and a partition Y1, ..., Y, of V(G)\ W, and for1 <i <na
subset X; CY;, such that
(@) W]+ S, [310] <
(b) for 1 < i < m, no vertex in Y; \ X; has a neighbor in V(G) \ (W UY;), and

YiNH; CX,forl<j<t and
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(c) every good path P in G with V(P) N W = () has an edge with both ends in'Y; for

some 1 <1 <n.

Using Theorem 1.6.2, Robertson, Seymour, and Thomas [55] were able to prove the following

theorem utilized in their paper on the case t = 6 of Hadwiger’s Conjecture.

Theorem 1.6.3 (Robertson, Seymour, and Thomas [55]) Let G be a 6-connected graph such that
G — x is nonplanar for all x € V(QG). If G contains three different subgraphs isomorphic to K,

say Ly, Lo, and L, such that |L; N L;| <2 for1 <i < j <3, then G contains a K¢-minor.

The application of Theorem 1.6.2 in [55] is complex and long. Kawarabayashi and Toft [39] used
Theorem 1.6.2 in the same manner to prove a result extending Theorem 1.6.3 in their proof that

every graph with no K7-minor or K4 4-minor is 6-colorable.

Theorem 1.6.4 (Kawarabayashi and Toft [39]) Let G be a 7-connected graph with at least 19
vertices. If G contains three different subgraphs isomorphic to Ks, say L1, Lo, and L3, such that

|L1 U Ly U Ls| > 12, then G contains a Kr-minor:

Kawarabayashi, Luo, Niu, and Zhang [38] then extended Theorem 1.6.3 and Theorem 1.6.4 to find

a K;-minor for ¢ > 5, again using Theorem 1.6.2.

Theorem 1.6.5 (Kawarabayashi, Luo, Niu, and Zhang [38]) Let G be a (t + 2)-connected graph,
where t > 5. If G contains three different subgraphs isomorphic to Ky, say Ly, Ly, and L3, such

that |Ly U Ly U Ls| > 3t — 3, then G contains a K, o-minor.

Both Theorem 1.6.3 and Theorem 1.6.4 have had application in results related to Hadwiger’s Con-

jecture. The first new case given by Theorem 1.6.5 is that when ¢ = 6. In this case, we require a
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graph to be 8-connected to be able to find a Kg-minor. As discussed in Section 1.5, ¢-contraction-
critical graphs have not yet been shown to be 8-connected for any small values of ¢. The best
result for small values of ¢ is given by Theorem 1.5.2, namely that ¢-contraction-critical graphs
are 7-connected for ¢ > 7. In Section 4.1, we prove Theorem 1.6.6 which can be used to find a

Kg-minor in a 7-connected graph, albeit with additional restrictions.

Theorem 1.6.6 [56] Let G be a 7-connected graph with 6(G) > 8, and let Hy, Hy, H3 C V(G)
be such that G|H,|, G|Hs), and G[H3) are three different subgraphs of G isomorphic to Kg. Then

G contains a Kg-minor if all of the following conditions are satisfied:
(A) for any minimum separating set S of G, G — S has at most two components, A(G[S]) < 4,
and S cannot be partitioned into two sets such that one induces a clique in G and the other

induces an independent set in G,
(B) |Hy N Hy| =1, and the vertex in Hy N Hy has at most 11 neighbors in G, and

(C) HHNHyNHs =0, and |(Hy N Hy) U (HyN H3) U (Hs N Hy)| < 4

While the conditions required for Theorem 1.6.6 may initially seem restrictive, most of them follow
from the properties of contraction-critical graphs. If G is k-contraction-critical for £ > 8, then GG
is 7-connected by Theorem 1.5.2(ii) and has §(G) > k by Proposition 1.5.1. It is also possible
in k-contraction-critical graphs that vertices of minimum degree can have two disjoint cliques in
their neighborhood. Suppose S is a minimum separating set of a k-contraction-critical graph G. If
we can select two vertices = and y of minimum degree from distinct components of G — S such
that G[N¢(x)] and G[N¢(y)] each contain two disjoint cliques, then from this, (B) and (C) should

follow. Only condition (A) may be difficult to verify in general.
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CHAPTER 2: DOUBLE-CRITICAL GRAPHS

2.1 Graphs on a Small Number of Vertices

We begin this chapter by introducing several Lemmas that will be necessary in Section 2.3. The

first Lemma is a result of Jgrgensen [35].

Lemma 2.1.1 (Jgrgensen [35]) Let G be a graph with n < 11 vertices and 6(G) > 6 such that for
every vertex v in G, G — x does not contain K¢ as a minor. Then G is one of the graphs K5 1 o,

K3 3.5 or the complement of the Petersen graph.

Given two graphs GG; and G, the union G1 U (s is the graph with vertex set V(G1) U V(Gs) and
edge set £(G1) U E(G2). From Lemma 2.1.1, we deduce the following lemma which we will

apply in a manner similar to that of Lemma 3.1.2.

Lemma 2.1.2 [59] Fort € {1,2,...,5}, let G be a graph with n < 2t vertices and 6(G) > t.
Then G > K, U K;.

Proof. Let GG and ¢ be given as in the statement. Consider the graph G’ obtained from G by adding
6—1 vertices, each adjacent to all other vertices in the graph. Then G’ has at most 2t+6—t = t+6 <
11 vertices and has §(G’) > t 4+ 6 —t = 6. Since none of K129, K3 33, or the complement of the
Petersen graph has a vertex adjacent to all other vertices in the graph, it follows from Lemma 2.1.1
that G’ contains some vertex x such that G’ — x > K. If © € V(G), then G — x > K, and if

x € V(G"), then G > K, 1, so in either case it follows that G > K, U K. [

We will also need the following technical Lemma of Song and Thomas [67]. We note here that the

proof of Lemma 2.1.3 is computer-assisted.
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Lemma 2.1.3 (Song and Thomas [67]) Letn € {9, 10, ...,13} and let G be a graph on n vertices
with 6(G) > 7. Then either G > K; U K3, or G satisfies the following two properties.
(A) Either G is isomorphic to K 3595, or G has four distinct vertices ay, by, as, by such that
aras, biby ¢ E(G) and for i € {1,2}, the vertex a; is adjacent to b;, the vertices a; and b;
have at most four common neighbors, and G + aas + b1by > Ks.
(B) Forany two sets A, B C V(Q) of cardinality at least five such that neither is complete and
AU B includes all vertices of G of degree at most |G| — 2, either
(B1) there exist a € A and b € B such that G' > Kg, where G' is obtained from G by
adding all edges aa’ and bV for ' € A — {a} and b’ € B — {b}, or

(B2) there exista € A— B andb € B — A such that ab € E(G) and the vertices a and b
have at most five common neighbors in G, or

(B3) one of A and B contains the other and G+ab > K; UK for all distinct nonadjacent

vertices a,b € AN B.

2.2 Properties of Noncomplete, Double Critical Graphs

In this section we introduce several known properties of noncomplete, double-critical ¢-chromatic
graphs. We also prove some new results, including our main result of this chapter, Theorem 1.2.9
which follows as an immediate corollary of Theorem 2.2.6. We begin with some properties first de-
veloped by Kawarabayashi, Pedersen, and Toft in [37], the first paper to explore these graphs. Note
that if G is a noncomplete, double-critical, t-chromatic graph, then it follows from Theorem 1.2.4

that ¢ > 6.

Proposition 2.2.1 (Kawarabayashi, Pedersen, and Toft [37]) If G is a non-complete, double-

critical, t-chromatic graph, then all of the following are true:
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(1) G does not contain K;_y as a subgraph.

(i7) forall edges xy, every proper coloring ¢ : V(G)\{z,y} — {1,2,...,t—2} of G—{z,y},
and any non-empty sequence ji, ja, . . ., j; of i different colors from {1,2, ... ,t—2}, there
is a path of order © + 2 with vertices x, vy, Vs, . .., v;,y in order such that vy is colored j
forallk € {1,2,... i}

(1ii) for any edge vy € E(G), x and y have at least one common neighbor in every color class
of any (t — 2)-coloring of G — {x,y}, in particular, every edge xy € E(G) belongs to at
least t — 2 triangles.

(1v) there exists at least one edge xy € E(G) such that x and y share a common non-neighbor
in G.

(v) for any edge xy € E(G), the subgraph of G induced by N¢g(x) \ Ngly| contains no
isolated vertices. In particular, no vertex can have degree one in m

(vi) 0(G) > t+ 1.

(vii) for any vertex x € V(G), a(G[Ng(z)]) < dg(x) — t + 1. Furthermore, for any vertex
y in a maximum independent set A C Ng(x), we have |Ng(x) N Ng(y)| < dg(z) —
a(Ng(x)) — L.

(viii) for any vertex x with at least one non-neighbor in G, x(G[Ng(z)]) <t — 3.

(iz) for any x € V(G) with dg(x) = t + 1, G[Ng(x)] consists of isolated vertices and cycles
of length at least five.

(x) no two vertices of degree t + 1 are adjacent in G.
(xi) G is 6-connected and no minimal separating set of G can be partitioned into two sets A

and B such that A is an independent set and G[B] is complete.

We will first give a slight improvement of Proposition 2.2.1(xi). It seems hard to use the main idea

in the proof of Proposition 2.2.1(xi) to prove that any non-complete, double-critical, ¢-chromatic
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graph is 7-connected. Instead, we can say a bit more about minimal separating sets of size 6 in
such graphs. We say two proper vertex-colorings ¢; and ¢y of a graph G are equivalent if, for
all z,y € V(G), c1(z) = ¢1(y) if and only if co(x) = co(y). Forany A C V(G), we say that
two vertex-colorings ¢; and ¢y of G are equivalent on A if the restrictions ¢; |4 and ;|4 to A are
equivalent on the subgraph G[A]. Let S be a separating set of G, and let G, G2 be connected
subgraphs of G such that G; U Gy = G and G; N Gy = G[S]. If ¢; is a t-coloring of G and ¢,
is a t-coloring of (G5 such that ¢; and ¢ are equivalent on S, then it is clear that ¢; and ¢, can be

combined to give a t-coloring of GG by a suitable permutation of the color classes of, say cs.

Lemma 2.2.2 [59] Suppose G is a non-complete, double-critical, t-chromatic graph. If S is a

minimal separating set of G with |S| = 6, then either G[S] C K33 or G[S] C Kj 9.

Proof. Suppose G is a non-complete, double-critical, t-chromatic graph. By Proposition 2.2.1(xi),
G is 6-connected. Let S = {vy,...,v6} C V(G) be a minimal separating set of GG such that neither
G[S] € Kj3 nor G[S| C Ky9,. Let H be a component of G — S, and let G; = G[V(H) U 5]
and Go = G — V(H). Then G; UGy = G and G; N Gy = S. Since t > 6 by Theorem 1.2.4, we
have 6(G) > 7 by Proposition 2.2.1(vi). In particular, since |S| = 6, there must exist at least one
edge in each of G; — S and G, — S. It follows then that both GG; and G, are (¢ — 2)-colorable. Let
c¢1 and ¢y be (t — 2)-colorings of Gy and G, respectively. For any set A C V(G) and i € {1, 2},
define |¢;(A)| to be the number of distinct colors assigned to the vertices of A by ¢;. Utilizing a
new color, say «, we will redefine the colorings ¢; and ¢; so that ¢; and ¢, are (¢t — 1)-colorings of
(G1 and G, respectively, and are equivalent on S. This yields a contradiction, as ¢; and ¢y, after a

suitable permutation of the colors of ¢y, can be combined to give a (¢t — 1)-coloring of G.

By Proposition 2.2.1(xi), a(G[S]) < 4 and so neither ¢; nor ¢, applies the same color to more than
four vertices of S. Suppose that one of the colorings ¢; and cs, say ¢y, assigns the same color to

four vertices of .S, say ¢1(v3) = ¢1(vs) = ¢1(vs) = c1(vg). Then {v3, v4, v5,v6} is an independent
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set in G. Since G[S] € Kj29, we have co(v1) # c2(ve). Now redefining co(vs3) = c2(vy4) =
c2(vs) = ea(vg) = v and ¢ (v1) = a will, after a suitable permutation of the colors of ¢y, make ¢;
and ¢, equivalent on S using ¢t — 1 colors. Hence neither ¢; nor ¢ assigns the same color to four

distinct vertices of S.

Next suppose that one of the colorings c¢; and ¢, say ¢y, assigns the same color to three vertices of
S, say c1(vs) = c1(vs) = c1(vg). Then {vy, v, v6} is an independent set in G. Since G[S| € K3 3,
we have |co({v1,ve,v3})] > 2. If |ca({v1,v2,v3})| = 2, we may assume that ca(ve) = co(v3).
Then {vs, v3} is an independent set. Then redefining co(v4) = c2(vs) = c2(vg) = v and ¢1(vy) =
c1(v3) = «a will, after a suitable permutation of the colors of ¢y, make ¢; and ¢, equivalent on S
using ¢t — 1 colors, a contradiction. Thus |co({v1,v2,v3})| = 3 and so ¢, assigns distinct colors
to each of vy, vy, and v3. We redefine co(vy) = c2(vs) = co(vs) = . Clearly ¢; and ¢y are
equivalent on S if ¢; assigns distinct colors to each of vy, vo, v3. Thus |ci({vy, v, v3})| < 2. Since
G[S| € K;3, wehave |c;({v1,v2,v3})| = 2. We may assume that ¢, (v2) = ¢;(v3). Now redefining
c1(v3) = « yields, after a suitable permutation of the colors of ¢s, that ¢; and ¢, are equivalent on
S. This proves that neither c; nor ¢, assigns the same color to three distinct vertices of S. Thus
lc;(S)] > 3 fori € {1,2}. Since G[S] € K, and neither ¢; nor ¢, assigns the same color to

more than two vertices of S, we have |¢;(S)| > 4 fori € {1,2}.

Now by symmetry we may assume that |c1(S)| > |c2(S)]. Clearly ¢; and ¢, are not equivalent on
S, for otherwise ¢; and ¢, after a suitable permutation of the colors of ¢,, can be combined to give
a (t — 2)-coloring of G, a contradiction. Thus |cy(S)| < 5. Suppose that |c2(S)| = 5. Then either
le1(S)] = 5 or |¢1(S)| = 6. Then we can make ¢; and ¢, equivalent on .S by assigning the color «
to one of the two vertices of S that are colored the same color by ¢, and, if |¢;(.S)| = 5, similarly
assigning the color « to one of the two vertices of S that are colored the same color by ¢;. Thus
lc2(S)| = 4. Since neither ¢; nor ¢, assigns the same color to more than two distinct vertices of

S, we may assume that cy(v3) = co(v4) and co(vs) = co(vg). Then vsvy, vsvg ¢ E(G). Since
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G[S] € K192, we have vjv2 € E(G). Thus ¢;(v1) # ¢1(v2). We may assume that ¢;(vs) # ¢1(va)
as ¢ and ¢y are not equivalent on S. If |¢;(S)| = 6, then redefining ¢;(vs) = ¢;(vs) = « and
co(v3) = a will, after a suitable permutation of the colors of ¢y, make ¢; and ¢, equivalent on S
using ¢ — 1 colors, a contradiction. Suppose now |c;(S)| = 5 and that, say, v; is one of the two
vertices of S assigned the same color by S. If ¢;(v5) = ¢1(vg), then we redefine cy(vs3) = «; if
c1(vs) = c1(v3), say, then we redefine co(v3) = co(vs) = «; and if ¢1(vs) = c1(v1), say, then
we redefine ¢;(v3) = ¢1(vy) = v and c2(ve) = c2(vs) = «. In each case we see, after a suitable
permutation of the colors of ¢y, that ¢; and ¢, are equivalent on S using ¢t — 1 colors, a contradiction.
Hence we may assume that, say, v; and vs are the two vertices of S’ assigned the same color by c;.
Now redfining ¢;(vs) = ¢1(vg) = a and ¢3(vy) = ¢a(v3) = « yields that ¢; and ¢y are (t — 1)-
colorings equivalent on S, a contradiction. Thus |c;(S)| = 4. Suppose ¢1(vs) = ¢;1(vg). Since
V109 € E(G), we may assume that ¢;(v1) = ¢1(v3). Now redefining ¢;(vs) = ¢1(v4) = a will
make ¢; and ¢, equivalent on S. Thus ¢;(vs) # ¢1(vg). Let A and B be the two color classes of
c1 on S with |A| = |B| = 2. Suppose v; € A and v, € B. Since G[S] € K32, we cannot have
either {v3,v4} C AUB or {vs,v6} C AU B. Hence we may assume that, say, v3 € A and vs € B.
Redefining c;(vs) = ¢1(vg) = « and ca(v1) = co(v3) = a will make ¢; and ¢, equivalent on S.
Thus {vy, v} € AU B. Suppose v; € A. By symmetry, we may assume B = {v3, vs}. If vy € A,
then we redefine ¢i(vs) = ¢1(vg) = a and cy(v1) = co(v4) = «; and if v € A, then we redefine
c1(vs) = ¢1(vg) = « and c3(v3) = «. In either case we see, after a suitable permutation of the
colors of ¢y, that ¢; and ¢, are equivalent on .S using ¢ — 1 colors, a contradiction. Hence we may
assume by symmetry that A = {v4,v6} and B = {v3,v5}. Now redefining ¢, (vs) = ¢;(vg) = «

and ¢ (v3) = a will make ¢; and ¢, equivalent on S. This completes the proof of Lemma 2.2.2. Bl

Lemma 2.2.3 [57] Let G be a double-critical, t-chromatic graph and let x € V(QG). If dg(z) =

[V(G)| — 1, then G — x is a double-critical, (t — 1)-chromatic graph.
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Proof. Let uv be any edge of G — z. Clearly, x(G — z) = t — 1. Since G is double-critical,
X(G — {u,v}) =t —2and so x(G — {u,v,x}) = t — 3 because x is adjacent to all the other

vertices in G — {u, v}. Hence G — z is double-critical and (¢ — 1)-chromatic. |

Lemma 2.2.4 [57] If G is a non-complete, double-critical, t-chromatic graph, then for any x €
V(G) with at least one non-neighbor in G, x(G — Nglz]) > 3. In particular, G — Ng|x] must

contain an odd cycle, and so dg(z) < |V(G)| — 4.

Proof. Let = be any vertex in G with dg(z) < |V(G)| — 1 and let H = G — Ng[z]. Suppose
that x(H) < 2. Since dg(z) < |V(G)| — 1, H contains at least one vertex. Lety € V(H) be
adjacent to a vertex z € Ng(x). This is possible because G is connected. If H has no edge,
then G — (V(H) U {z}) has a (t — 2)-coloring ¢, which can be extended to a (¢ — 1)-coloring
of G by assigning all vertices in V' (H) the color ¢(x) and assigning a new color to the vertex
z, a contradiction. Thus H must contain at least one edge, and so y(H) = 2. Let (A, B) be a
bipartition of H. Now G — H has a (¢ — 2)-coloring ¢/, which again can be extended to a (¢t — 1)-
coloring of GG by assigning all vertices in A the color ¢/(z) and all vertices in B the same new
color, a contradiction. This proves that xy(H) > 3, and so H must contain an odd cycle. Therefore

dg(x) < [V(G)] - 4. =

Lemma 2.2.5 [57] Let G be a double-critical, t-chromatic graph. For any edge xy € E(G), let ¢
be any (t — 2)-coloring of G — {x,y} with color classes Vy, Vs, ..., Vi_o. Then the following two
statements are true.
(1) Forany i,j € {1,2,...,t — 2} with i # j, if Ng(z) N Ng(y) NV, is anti-complete
to Ng(x) NV}, then there exists at least one edge between (N (y) \ Na(z)) N'V; and
Ng(z) NV; in G. In particular, (Ng(y) \ Ne(x)) N'V; # 0.
(17) Assume that dg(x) =t + 1 and y belongs to a cycle of length k > 5 in m

(a) Ik > T, then da(y) > t + e(G[Na(@)]) - 4;
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(b) If k =6, then dg(y) > max{t + 2,t + e(G[Ng(z)]) — 5}; and

(¢) Ifk =5, then dg(y) > max{t + 2,t + e(G[Ng(z)]) — 6}.

Proof. Let GG, z,y, and ¢ be as given in the statement. For any i,j € {1,2,...,t — 2} with
i # j, if Ng(x) N Ng(y) NV is anti-complete to Ng(z) N V;, then G is non-complete. By
Proposition 2.2.1(ii), there must exist a path =, u;,u;,y in G such that ¢(u;) = j and c(u;) = 1.
Clearly, uju; € E(G) and u; € Ng(z) N'V;. Since Ng(x) N Ng(y) N'V; is anti-complete to

Ne(z) NV, we see that u; € (Ng(y) \ Ne(x)) N V. This proves Lemma 2.2.5(i).

To prove Lemma 2.2.5(ii), let H = G[Ng(x)]. Assume that dg(z) = t + 1 and that y belongs
to a cycle, say Cy, of H, where k£ > 5. By Proposition 2.2.1(x), dg(y) > t + 2, and by Propo-
sition 2.2.1(ix), H is the union of isolated vertices and cycles of length at least five. Clearly,
|Ne(x) N Ng(y)| = t — 2. By Proposition 2.2.1(iii), we may assume that V; N (Ng(z) N Ng(y)) =
{v;} foralli € {1,...,t—2}. Then Ng(2)NNg(y) = {v1,...,v:_2}. Let{a,b} = Ng(x)\ Ngly].
Since a and b are neighbors of y in a cycle of length at least 5 in H, ab € E(G). We may further
assume that @ € V; and b € V5. Then vy, a,y, b, v, forms a path on five vertices of Cj, since
vi,a € Vi and ve,b € V. If k > 6, then vjvy € E(G) and both v; and vy have precisely one
non-neighbor in {vs, vy, ..., v;_2}. We may assume that viv3 ¢ F(G) and vev, ¢ E(G), where
¢ =3ifk=6,and( =4if k> 7. Foranyi,j € {3,4,...,t—2} withi # j,if v;v; ¢ E(G), then
by Lemma 2.2.5(i), there exists v} € V; \ {v;} such that v}y € E(G). By symmetry, there exists
v) € V;\{v;} such that vy € E(G). Therefore, if C'is any cycle in H —V(C}) and V,,NV(C) # ()

for some m € {3,4,...,t — 2}, then y is adjacent to a vertex from V,,, \ {v,, }.

Assume that £ = 5. Then vyvy ¢ E(G), and so de(y) > |Ng(x) N Ne(y)| + {z}| + |E(H —
V(C)| =t —2)+ 1+ (e(H) —5) =t+ e(H) — 6. Next assume that £ = 6. Then v, = vs.
Since both Ng(x) N Ng(y) N Vi and Ng(x) N Ng(y) N V; are anti-complete to Ng(z) N Vs,
by Lemma 2.2.5(i), Ne(y) N (Vi \ {a,v1}) # 0 and Ne(y) 0 (Vo \ {b,v2}) # 0. Then da(y) >
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|Ne(2) W Na(y)|+ {a} + [Na(y) N (Vi\{a, v 1)+ [Na(y) N (Va\ {6, v2}) [+ [ E(H = V(Cy))| =
(t—2)+1+1+1+4+(|E(H)|—6)=t+ |E(H)| — 5. Finally assume that k > 7. Then v, = v,.
Since Ng(x) N Ng(y) NV is anti-complete to Ng(x)NV3 and Ng(x) N Ng(y) NV is anti-complete
to Ng(z) N Vy, by Lemma 2.2.5(1), Ng(y) N (V1 \ {a,v1}) # 0 and Ng(y) N (Vo \ {b,va}) # 0.
As observed earlier, for any i, j € {3,4,...,t — 2} withi # j and v;v; ¢ E(G), y has at least
one neighbor in each of V; \ {v;} and V; \ {v;} in G. Hence d(y) > |Ng(x) N Ng(y)| + {z}] +
[Ne(y) N (Vi\{a, o0 )|+ [Ne(y) 0 (Vo \ {6, 02 1) +[V(Ci) \{a, b, v1, 02, y} [+ [ E(H = V(Ci))| =
(t—2)+14+1+1+(k—=5)+(|E(H)|—k) =t+e(H)—4. Note that since k > 7, |E(H)| > 7,

and so dg(y) >t + |E(H)| — 4 > t + 2. This completes the proof of Lemma 2.2.5(ii). |

We now conclude this section with the following result. It is clear that Theorem 2.2.6 immediately

implies Theorem 1.2.9.

Theorem 2.2.6 [57] If G is a non-complete, double-critical, t-chromatic graph with t > 6, then
for any vertex x € V(G) with dg(x) =t + 1, the following hold:
(i) e(CNG@)]) > 8 and
(77) for any vertexy € Ng(x), da(y) > t + 4. Furthermore, if dg(y) =t + 4 then |Ng(x) N
Ne(y)| =t — 2 and G[Ng(z)| contains either only one cycle, which is isomorphic to Cs,

or exactly two cycles, each of which is isomorphic to Cs.

Proof. Let G and x be as given in the statement. Let H = G[Ng(z)]. Then |V(H)| = t + 1.
Note that if di(z) = |[V(G)| — 1, then it follows from Proposition 2.2.1(vi) that G is isomorphic
to K41, a contradiction. Thus dg(x) < |V(G)| — 1. Now by Proposition 2.2.1(vii) and Proposi-
tion 2.2.1(viii) applied to the vertex x, a(H) < 2 and x(H) < t — 3. Let ¢ be any (¢ — 3)-coloring
of H. Then each color class of ¢ contains at most two vertices. Since |V (H)| = t + 1, we see that

at least four color classes of ¢/ must each contain two vertices. By Proposition 2.2.1(v), H has at

least eight vertices of degree two in H and so e¢(H) > 8. This proves Theorem 2.2.6(i).
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To prove Theorem 2.2.6(ii), let y € Ng(z). Since dg(x) = t + 1, by Proposition 2.2.1(ix), either
|INg(x) N Ng(y)| = tor |[Ng(x) N Ng(y)| =t — 2. Assume that | Ng(z) N Ng(y)| =t — 2. Then
y belongs to a cycle of length £ > 5 in H because H is a disjoint union of isolated vertices and
cycles by Proposition 2.2.1(ix). By Theorem 2.2.6(i), e(H) > 8. Note that if 5 < k < 7, then by
Proposition 2.2.1(ix), H has at least two cycles of length at least 5, and so e(H) > k + 5 > 10.
Thus by Lemma 2.2.5(ii), dg(y) > t + 4. If d(y) = t + 4, then it follows from Lemma 2.2.5(ii)
that either k£ = 8 and H is isomorphic to CsUK,_7 or k = 5 and H is isomorphic to C5UCs UK,_.
So we may assume that | N () NN (y)| = t. Let ¢ be any (t—2)-coloring of G —{z, y} with color
classes Vi, Va, ..., Viy. Since a(H) < 2, we may further assume that Ng(z) NV, = {v;, v},
Ne(x)NVy = {vy,vh} and Ng(2)NV; = {v;} foralli € {3,4,...,t—2}. Then vyv}, vovy € E(H).
By Proposition 2.2.1(i) applied to the vertex z, ey ({vi,v], va, v5},{vs, vy, ..., v4-2}) < 4. By
Theorem 2.2.6(i), e(H) > 8. Thus there must exist at least four vertices in {vs, v4, ..., v;_2}, say
U3, Uy, Vs, Vg, such that dy(v;) = 2 and y is adjacent to at least one vertex of V; \ {v;} in G for
all j € {3,4,5,6}. Therefore |[Ng(y) \ Nglz]| > 4 and so dg(y) = |Ng[z] N Na(y)| + |Na(y) \

Nglz]| > (t +1) + 4 =t + 5. This completes the proof of Theorem 2.2.6. |

2.3 Minors in Double-Critical Graphs

In this section, we will prove Theorem 1.2.7. To accomplish this, we will actually prove the

following much stronger result, from which Theorem 1.2.7 follows.

Theorem 2.3.1 [59] Fort € {6,7,8,9}, let G be a (t — 3)-connected graph witht + 1 < §(G). If
every edge of G is contained in at least t — 2 triangles and for any minimal separating set S of G

and any x € S, G[S \ {x}] is not a clique, then G > K.
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Proof. Let GG be a graph as in the statement with n vertices. By assumption, we have
(Dt+1<6(G)and §(Ng(x)) >t — 2 forany x in G; and

(2) G is (t —3)-connected and for any minimal separating set S of G and any x € S, G[S\ {x}]

is not complete.
By Theorem 1.4.1, Theorem 1.4.2, Theorem 1.4.3, (1), and (2), it follows that
B t+1<6(G) <2t—5.

We first show that the statement is true for ¢ = 6. Assume ¢ = 6. Then G is 3-connected with
d(G) = 7. The statement is trivially true if G is complete, so we may assume G is not complete.
Let z € V(G) be a vertex with dg(z) = 7. By (1), 0(Ng(z)) > 4, and so |E(G[Ng(z)])| > 14.
If |E(G[Ng(x)])| > 16, then by Theorem 1.4.1, Ng(z) > Kj, and so G > G[Ng[z]] > K.
If |E(G[Ng(x)])| = 15, then let K be a component of G — N¢[z]. By (2), |[Ng(K)| > 3 and
G[N¢g(K)] is not complete. Let 2,y € N (K') be non-adjacent in G[Ng(x)] and let P be an z, y-
path with interior vertices in K. We see that G > K by contracting all but one of the edges of
P. So we may assume that |E(G[Ng(x)])| = 14, and so G[Ng(z)] is 4-regular and G[Ng(z)] is
2-regular. Thus W is then either isomorphic to C'; or to Cy U (3, and in both cases it is easy

to see that G[Ng(x)] > K5, and thus G > Kj, as desired. Hence we may assume ¢ € {7,8,9}.
Suppose for a contradiction that G does not contain K; as a minor. We next prove the following.

(4) Let x € V(QG) be such thatt + 1 < dg(x) < 2t — 5. Then there is no component K of
G — N¢|z] such that No(K') N M C Ng(K) for every component K' of G — N¢|x], where M is

the set of vertices of N (x) not adjacent to all other vertices of Ng(x).

Suppose such a component K exists. Among all vertices z with t + 1 < dg(z) < 2t — 5 for which

such a component exists, choose « to be of minimal degree. We first prove that M C Ng(K).
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Suppose for a contradiction that M \ Ng(K) # (), and let y € M \ Ng(K) be such that dg(y) is
minimum. Clearly, dg(y) < dg(x) since y has no neighbor outside N |x]. Let J be the component
of G — N¢|y| containing K. We claim that N (z) \ Ngly] € V(J). Suppose to the contrary that
Ne(z)\ Ngly] € V(J). Let K’ be any other component of G — N¢[z], and let .J' be the component
of G — N¢ly| containing K'. If G — Ng[y] contains only one component, then J is a component
which trivially satisfies that Ng(J') N M, C Ng(J) for every component J' of G — N¢[y|, where
M, is the set of vertices of N¢(y) not adjacent to all other vertices of N(y), contradicting the
choice of z since dg(y) < dg(x). Hence we may assume J' # J. Then J' N (Ng(z) \ Ng[y]) = 0,
and so it follows that Ng(J') = Ng(K') € Ng(y). Since (Ng(x) \ Ngly]) € M, we see
(Na(K') N M) C (Ng(K) N Ng(y)). Thus Ng(J') N M, C Ng(J), where M, is the set of
vertices of N¢(y) not adjacent to all other vertices of N¢(y), again contradicting the choice of x.

Our claim that Ng(z) \ Ngly] € V(J) follows.

Now let H = G[Ng(z) \ (Ngly] U Ng(K))]. Clearly, V(H) C M. We have dg(z) > dg(y)
for all z € V(H) by the choice of y. Let k = |V(H)|. If k = 1, then V(H) is complete to
Ne(y), since no vertex z € V(H) has a neighbor outside Ng[z] by the choice of = and K. But
then the vertex y and component H contradict the choice of z, and so £ > 2. On the other hand
k <dg(z) —de(y) < (2t —5)—(t+1) =t—6 < 3andsot > 8. Notice that £ = 2 when
t = 8. From (1) applied to y, we deduce that N (z) N Ng(y) has minimum degree at least ¢t — 3.
Let L = G[(Ng(z) N Ngly]) U V(H)]. Then E(L) consists of edges of Ng(z) N N (y), edges

incident to y, and edges incident to vertices in V' (H ). Clearly, eq(L — H, H) = >~ vy (da(2) —
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1) - 2| B(H)| > k(dg(y) — 1) — 2| E(H)|. Thus

|E(L)| = |E(G[Ne(z) N Ne(y))| + da(y) =1+ eq(L — H, H) + |E(H)

> L=IMOW =L 4 oty — 1+ Mdoty) 1) ~ 1B(H)

(t—3)(da(y) — 1) 1

> : +da(y) — 1+ k(dg(y) — 1) — Qk(k —-1)
5(da(y) +2) + 42 — 33, if =28

6(da(y) + k) + (k — 2)da(y) — 4 —Th — Lk(k—1), if =9

>a-svwl- (157 41

because d(y) > t+1land2 < k <t —6. If t = 9, since 12 < |V(L)| < 13 the graph L is
not a (K292, 5)-cockade. By Theorem 1.4.1 and Theorem 1.4.2, G[Ng(z)] > L > K. Thus

G > G[Ng|z]] > K, a contradiction. This proves that M C Ng(K).

If Ng(z) > K;_2UKj, then Ng(x) has a vertex y such that G[Ng(x)\{y}] > K;_»2. If y € M, then
G[Ng(z)] > K;_1. Otherwise, by contracting the connected set V' (K) U {y} we can contract K; 4
onto N¢(x) since M C Ng(K). Thus in either case G > K3, a contradiction. Thus G[Ng(z)] #
Ki o UK. Ift <8, then by Lemma 2.1.1 and Lemma 2.1.2, we have ¢t = 8 and G[Ng(x)] is
either isomorphic to K3 3 3 or P, where P is the complement of the Petersen graph. It can be easily
checked that P+ zy > K7 for any zy € E(P). By (2), |[Ng(K)| > 5 and Ng(K) is not complete.
Let z,y € Ng(K) be non-adjacent vertices in Ng(z) and let @) be an z,y-path with interior
vertices in K. We see that G > Ky by contracting all but one of the edges of (), a contradiction.
Thus G[Ng(z)] is isomorphic to K333, and so M = Ng(x). Let {ay, as,as} and {by, ba, b3} be
the vertex sets of two disjoint triangles of G[Ng/(x)]. Suppose G — Ng[z] is either 2-connected
or has at most two vertices. Clearly, the vertices a; and b; have at least two common neighbors in
G — Nglz] for ¢ € {1, 2}, since every edge of G belongs to at least ¢ — 2 triangles. Let v and v’

(resp. w and w’) be two distinct common neighbors of a; and by (resp. as and bs) in G — Ng|x].
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By Menger’s Theorem, G — Ng[z] contains two disjoint paths from {u,u'} to {w,w’} and so
G > G[Nglz]]+ajas +bi1bs > Ksg, a contradiction. Thus G — Ng[z] has at least three vertices and
is not 2-connected. If G — Ng[z] is disconnected, let H; = K, and let H, be another connected
component of G — Ng[z]. If G — Ng|x] has a cut-vertex, say w, let H; be a connected component
of G — Ng[z] — w, and let Hy = G — Ng[z] — V(H;). In either case, H; and H, are disjoint
connected subgraphs of G — N¢|x] such that M C Ng(H;)UNg(Hs), since M C Ng(K). By (2),
G[N¢(H;) N Ng(x)] is not complete and |[Ng(H;) N N(x)| > 4. By the pigeonhole principle, we
see that each of Ny (H;) and N (H>) must contain a missing edge of G[Ng(z)]. If, say, Hs only
contains one missing edge e of G[Ng(z)], then |[Ng(H2)NNg(z)| = 4 and | Ng(Hy)NNg(x)| > 5,
and so G[Ng(H;)| contains at least two missing edges of G[Ng(z)], at least one of which is
disjoint from e. Hence we may assume that ajay € E(G[Ng(H,)]) and bib, € E(G[Ng(H,))]).
By contracting H; onto a; and H, onto b; we see that G > G[Ng[z]] + ajas + biby > Kg, a
contradiction. This proves that ¢ = 9, and so by Lemma 2.1.3, we may assume that G[Ng(x)]

satisfies properties (A) and (B).

Since dg(z) > 10, G[Ng(x)] is not isomorphic to K 2929. If G — Ng[z] is 2-connected or has at
most two vertices, then by property (A) and (2), the set N¢(z) has four distinct vertices aq, by, as,
and by such that ajas, biby ¢ E(G), G[Ng(z)|+ajas+b1by > Kg, and fori € {1, 2}, the vertex a;
is adjacent to b;, and the vertices a; and b; have at least two common neighbors in G — Ng[z]. Let
u, u’ (resp. w, w’) be two distinct common neighbors of a; and by (resp. as and by) in G — Ng|x].
By Menger’s Theorem, G — Ng[z] contains two disjoint paths from {u,u'} to {w,w’}, and so

G > G[Ng[z]] + a1as + b1by > Ko, a contradiction.

Thus G — N¢[x] has at least three vertices and is not 2-connected. If G — N¢|x] is disconnected, let
H, = K, and let H, be another connected component of G — N¢|[z]. If G — N¢[z] has a cut-vertex,
say w, let H, be a connected component of G — Ng[z] — w, and let Hy = G — Ng[z] — V(H;). In

either case, H, and H; are disjoint connected subgraphs of G — N¢[x] such that M C Ng(H;) U

34



Ng(Hs) since M C Ng(K). Fori € {1,2}, let A; = Ng(H;) N Ng(z). By (2), G[A;] is not
complete and |A;| > 5 for i € {1,2}. By property (B), A; and A, satisfy at least one of the
properties (B1), (B2), or (B3).

Suppose first that A; and A, satisfy property (B1). Then there exist a; € A; such that G[Ng(x)] +
{a1a : a € Ay \{a1}} +{aza : a € Ay \ {a2}} > Ks. By contracting the connected sets
V(Hy)U{a1} and V(Hs) U {as} to single vertices, we see that G > K, a contradiction. Suppose
next that A; and A, satisfy property (B2). Then there exist a; € A; \ Ay and ay € Ay \ Ay
such that a;a, € E(G) and the vertices a; and ay have at most five common neighbors in Ng ().
Thus ay,a, € M by (1), and, by another application of (1), there exists a common neighbor
u € V(G) \ Ng|z] of a; and as. Buta; ¢ As and ay € Ay, and hence u ¢ V(H;) UV (Hz). Thus
G — Ng|z] is disconnected and H; = K. But then ay € M C Ng(K) = Ng(H,), a contradiction.
Thus we may assume that A; and A, satisfy (B3), and hence A; C A;_; for some i € {1,2}. As
M C A; U Ay, we have M C Ng(Hs_;). Since A; is not complete, let a,b € A; be distinct and
nonadjacent. By property (B3), G[Ng(x)] + ab > K7 U K. Let P be an a, b-path with interior in
Ve (H;). By contracting all but one of the edges of the path P, and by contracting H3_; similarly

as above, we see that G > Ky, a contradiction. This completes the proof of (4).
(5) G — Ng|[x] is disconnected for every vertex x € V(QG) of degree at most 2t — 5.

If G — Ng[z] is not null, then it is disconnected by (4). Thus we may assume that x is adjacent
to all other vertices of G. Let H = G — x. Then |V(H)| = dg(z) and 6(H) > t. Thus
|E(H)| > @ > (t — 3)dg(z) — (*}°) + 1 because dg(z) < 2t — 5. By Theorem 1.4.1 and
Theorem 1.4.2, G — x has a K;_; minor, and so the graph G has a K; minor, a contradiction. This

proves (5).

(6) Let x € V(G) be such that t + 1 < dg(x) < 2t — 5. Then there is no component K of

G — Nglz| such that dg(y) > 2t — 4 for every vertex y € V(K).
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Assume that such a component K exists. Let G; = G — K and Go = G[K U Ng(K)]. Let d; be
the maximum number of edges that can be added to G, by contracting edges of GG with at least one

end in GG;. More precisely, let d; be the largest integer so that (; contains disjoint sets of vertices

Vi, Va, ..., V, so that G1[V}] is connected,

Ne(K)NVj| = 1for1 < j < p = |Ng(K)

, and
so that the graph obtained from G by contracting V1, V2, ..., V, and deleting V(G1) — (U, V))
has |E(G[Ng(K)])| + dy edges. Let G be the graph with V(G,) = V(G,) and |E(GS)| =
| E(G3)|+ d; obtained from G by contracting each set Vi, Vs, . .., V, to a single vertex and deleting
V(G1) = (U; V))- By (1), [V(GY)| > ¢+ 2. If [E(GY)] > (¢ — 2)[V(Gy)] — (') + 2, then by

Theorem 1.4.1 and Theorem 1.4.2, G > G/, > K, a contradiction. Thus

|E(Ga)| = |E(G)| — da

<u-owiel- (") +1-a

= (t —2)|Ng(K)| + (t = 2)|V(K)| — (t;1> +1—d;.

By contracting the edge xz, where z € Ng(K') has minimum degree ¢ in G[Ng(K)], we see that

dy > |Ng(K)| — 6§ — 1, and hence

BG)I < (¢ Nt + (- 2Vl = (1 1) w240 @

Let k = eq(Ng(K), K). We have |E(G3)| = |F(K)| + k + |E(Ng(K))| and
20E(K)| = (2t = 4)|V(K)| — k, (b)

and hence

kNG

B(Ga)| 2 (¢ = 2V (K| + 5 + 2= ©

36



Since G[Ng(x)] has minimum degree at least ¢t — 2, it follows that the subgraph G[Ng(K)] of
G[N¢(z)] has minimum degree at least (t —2) — (dg(x) — |[Ng(K)|). Thus 6 > (t—2) — (dg(z) —
|INa(K)|) > |Ne(K)| —t + 3. From (a) and (c) we get

L0 =7

k S(|Ng(K)| -2 t—1

53@—@WMKN—(‘42” )—( 2)+2§ 12 if t=8 . (d
18 if t=9

Since G does not contain K as a minor, it follows that K does not contain K; as a minor. Hence

from (b), Theorem 1.4.1, Theorem 1.4.2, and Theorem 1.4.3, we get

14 if t=7
Eo(t=1y_, _ ,
9 = 92 - 20 if t=8 ,
27 if t=9

contradicting (d). This proves (6).

By (3) there is a vertex x € V(G) with t + 1 < dg(x) < 2t — 5. Choose such a vertex x so that
G — N¢[z] has a component K with |V (K)| minimum. Then choose a vertex y € V(K) of least
degree in G. Thus t + 1 < dg(y) < 2t — 5 by (1) and (6). Let L be the component of G — Ng|y]
containing x. We claim that N (L) contains all vertices of N¢(y) that are not adjacent to all other
vertices of N¢(y). Indeed, let z € N¢(y) be not adjacent to some vertex of Ng(y) \ {z}. We may
assume that z ¢ Ng(x), for otherwise z € Ng(L). Thus z € V(K), and hence di(z) > de(y) by
the choice of y. Thus z has a neighbor 2z’ € Ng[z|UV (K — Ngly]). Then 2’ € V (L), for otherwise
the component of G — Ngy| containing 2z’ would be a proper subgraph of K, contradicting our
choice of z and K. Thus z € Ng(L). This proves our claim that N (L) contains all vertices z not
adjacent to all other vertices of Ng(y), contrary to (4). This contradiction completes the proof of

Theorem 2.3.1. [ |

37



We are now ready to prove Theorem 1.2.7.

Proof of Theorem 1.2.7. Let G be a double-critical, t-chromatic graph with ¢ > k as in the
statement of Theorem 1.2.7. The assertion is trivially true if G is complete, so suppose not. By
Theorem 1.2.4, we may assume that ¢ > 6. By Proposition 2.2.1(vi), 6(G) > t+1 > k + 1.
By Proposition 2.2.1(iii), every edge of G is contained in at least ¢t — 2 > k — 2 triangles. By
Proposition 2.2.1(xi), G is 6-connected and no minimal separating set of G can be partitioned into
a clique and an independent set. In particular, if .S is a minimal separating set of G and x € S,

then S\ {x} does not induce a clique in G. By Theorem 2.3.1, G > K, as desired. [

2.4 Claw-Free, Double-Critical Graphs

In this section we focus specifically on claw-free, double-critical graphs. Recall that a graph is
claw-free if it does not contain the claw, K 3, as an induced subgraph. We first prove two lemmas

before proving Theorem 1.2.8.

Lemma 2.4.1 [57] Let G be a double-critical, t-chromatic graph with t > 6. If G is claw-free,

then for any x € V(G), dg(x) < 2t—4. Furthermore, if dg(x) < |V(G)|—1, then dg(x) < 2t—6.

Proof. Let z € V(G) be a vertex of maximum degree in G, and let uv be any edge of G — .
Let ¢ be any (¢ — 2)-coloring of G — {u, v} with color classes Vi, V2, ..., V;_o. We may assume
that v € V, 5. Since G is claw-free, = can have at most two neighbors in each of V;, ..., V; 3.
Additionally, x may be adjacent to  and v in G. Therefore d(z) < 2t—4. If dg(z) < |V(G)|—1,
then x(G[Ng(x)]) < t — 3 by Proposition 2.2.1(viii). Since G is claw-free, each color class in any

(t — 3)-coloring of G[N¢(z)] can contain at most two vertices, and so dg(z) < 2t — 6. |

Lemma 2.4.2 Let G be a double-critical, t-chromatic graph with t > 6. If G is claw-free, then for

38



any x € V(G), G[Ng(x)] is (2t — 1 — dg(x))-connected.

Proof. Let z € V(G) be any vertex and let S be a minimal separating set of G[N¢(x)]. Since G is
claw-free, G| Ng(z)]— S has two components, say C; and Cs, both of which must be cliques. Since
d(G[Ng(z)]) > t—2 by Proposition 2.2.1(iii), we see that |V (C;) US| >t — 1 foreachi € {1, 2}.
Then dg(z) = [V(Ch)| + |V(Co)| +|S| = |[V(Ch) US|+ |[V(Ce) US| —|S| > 2t —2 —|S|, and
so |S| > 2t —2 —dg(z).

Suppose that |S| = 2t—2—dg(x). Then |V (Cy)US| = |V (Cy)US| = t—1. Since §(G[Ng(x)]) >
t — 2, any vertex v € V(C;) is complete to S U (V(C;) \ {v}) for each ¢ € {1,2}. Hence, S is
complete to V(Cy) U V(Cy). Lety € V(C}), and let ¢ be any (¢ — 2)-coloring of G — {z,y}.
Then |Ng(x) N Ne(y)| = |SU (V(Ch) \ {y})| =t — 2. By Proposition 2.2.1(iii), every vertex of
S U (V(Cy) \ {y}) must be assigned a distinct color by c. Since V' (C5) is complete to S and Cy
is a clique, every vertex of V' (C5) U S must then be assigned a distinct color by ¢ as well. Thus

|V (Cs) US| <t— 2, contrary to the fact that |V (Cy) US| =t — 1. [

We are now ready to prove Theorem 1.2.8. It is an easy consequence of Proposition 2.2.1 and

Lemma 2.4.1 that Theorem 1.2.8 is true for ¢t = 6, 7.

Proof of Theorem 1.2.8. Let G and ¢ be as given in the statement. Suppose that G is not isomor-
phic to K;. By Proposition 2.2.1(iv), there exists an edge zy € F(G) such that x and y have a
common non-neighbor. By Proposition 2.2.1(vi) and Lemma 2.4.1, ¢t + 1 < dg(z) < 2t — 6 and
t+1 <dg(ly) <2t—6. Thust > 7. If t = 7, then dg(x) = dg(y) = 8, which contradicts

Proposition 2.2.1(x). Hence we may assume that ¢t = 8. We next show that

(1) G is 10-regular.
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By Lemma 2.2.3 and Theorem 1.2.8 for the case t = 7 above, we have A(G) < |[V(G)| — 2. By
Proposition 2.2.1(vi) and Lemma 2.4.1, we see that 9 < dg(x) < 10 for all vertices z € V(G). By

Theorem 1.2.9, GG is 10-regular. This proves (1).
(2) Forany x € V(G), 2 < 6(G[Ng(z)]) < A(G[Ng(x)]) < 3.

Let z € V(G). Then z has at least one non-neighbor in GG, otherwise G is isomorphic to K7,
by (1), a contradiction. By Proposition 2.2.1(viii), x(G[Ng(x)]) < 5. Since G is claw-free,
we see that a(G[Ng(x)]) = 2, and so x(G[Ng(z)]) = 5 since every color class can contain at
most two vertices. Thus every vertex of Ng(x) has at least one non-neighbor in G[Ng(z)]. By
Proposition 2.2.1(v) and Proposition 2.2.1(iii), 2 < §(G[Na(z)]) < A(G[Ng(x)]) < 3. This

proves (2).
(3) Forany x € V(G), A(G[Ng(z)]) = 3. That is, G[N¢(z)| is not 2-regular.

Suppose that there exists a vertex 2 € V(G) such that G[Ng(z)] is 2-regular. Let yy € Ng(z) and
let ¢ be any 6-coloring of G — {z, y} with color classes V;, Vs, ..., V5. Let W = Ng(z) N Ng(y).
Then |W| = 7 because m is 2-regular. By Proposition 2.2.1(iii), we may assume that
|[VinW| = 2and |V;NW| = 1foreachi € {2,3,4,5,6}. Let ViNW = {vy, w1 } and V,NW = {v;}
foreachi € {2,3,4,5,6}. Since G is claw-free, we may further assume that N (x)NVy = {vg, us}
and Ng(z) NV = {vs, us}. Clearly, yus, yus ¢ E(G) and thus usuz € E(G) because G is claw-
free. Since G[Ng(x)] is 2-regular, we see that G[{v4, vs, vg}] is not a clique. We may assume that
o5 € E(G). By Lemma 2.2.5(1), Na(y) N (V;\ {v;}) # O foreach j € {4,5}. Letwy € V;\ {vs}
and ws € V5 \ {vs} be two other neighbors of y in G. Then Ng(y) \ Ng[z] = {w4, w5} since
G is 10-regular by (1). By Lemma 2.2.5(i), vg must be complete to {v, v3,v4,v5} in G. Notice
that vg is complete to {usy, u3} in G since m is 2-regular. Thus v must be anti-complete to

{v1,u1} in G and so G[{x, vy, u1, v }| is isomorphic to K 3, a contradiction. This proves (3).
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From now on, we fix an arbitrary vertex = € V(G). Let H = G[Ng(z)]. By (3), let y € Ng(z)
with |[Ng(x) N Ng(y)| = 6. We choose such a vertex y € Ng(z) so that Ng(z) \ Ng|y| contains
as many vertices of degree two in H as possible. Let ¢ be any 6-coloring of G — {z, y} with color
classes Vi1, Va, ..., V. We may assume that V; N N (2) N Ng(y) = {v;} foralli € {1,2,3,4,5,6}.
Since G is claw-free, we may further assume that Ng(z) N V; = {v;,u;} forall j € {1,2,3}.
Notice that y is anti-complete to {uy, us, u3} in G and since G is claw-free, G[{u1, uz,us}| is

iSOl’l’lOI‘phiC to Kg. Let A= {Ul, Usa, U3}, B = {’Ul, U2, Ug}, and C = {U4, Vs, ’U6}.
(4) B is not complete to C'in G.

Suppose that B is complete to C' in G. Then ey (C, A) = > _~dy(v) — 2|E(H[C])| > 6 —

veC
2|E(H|[C))|. Foreachi € {1,2,3}, uv;, u;y ¢ E(G) and dy(u;) < 3. Thus ey (A, C') < 3 and so
|E(H[C])| > 2. Since G is claw-free, we have |E(H[C])| = 2. We may assume that vqvg ¢ E(H).
Then vyvg € E(G) and vyvs, v5v6 ¢ E(G). Since dy(vy) > 2, dy(vg) > 2, and B is complete to
C'in G, we may assume that usvy, uzvs ¢ E(G). Note that H is not 3-regular since ey (A, C) < 3
and ey (B, C) = 0. By the choice of y, dy(u;) = 2 and dy(v;) = 2 for all j € {4,5,6}. Since
dp(ug) = dg(ug) = 3, by the choice of y again, dg(vs) = dg(vs) = 3. Thus G[B] is isomorphic

to K3 and so G[{x} U B] is isomorphic to K 3, a contradiction. This proves (4).
(5) G[C] is isomorphic to K.

Suppose that G[C] contains a missing edge, say v,vs ¢ F(G). By Lemma 2.2.5(i), there exist
wy € Vi3 \ {vg} and ws € V5 \ {v5} such that ywy, yws € E(G). By (4), we may assume that
vsv; ¢ E(G) for some j € {4,5,6}. By Lemma 2.2.5(i), y has another neighbor, say w3, in
V3 \ {vs}. Since G is 10-regular by (1), {ws, ws,ws} = Ng(y) \ Nglz], so by Lemma 2.2.5(i),
v4v5 is the only missing edge in G[C] and {v;, v, } is complete to C'in G. If ey (A, C) = 3, then
dy(u;) = 3foralli € {1,2,3}. By the choice of y, dy (v3) = 3, or else we could replace y with us.

Notice that for all i € {4,5,6}, eg({v;}, AU {v3}) > 1, and so by the choice of y, dy(v;) = 3, or
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else we could replace y with vs. Thus ey (A, C') > 5, which is impossible. Hence ey (A, C) < 2.
Notice that ey (A, C) = (du(vs) — 1) + (dg(vs) — 1) + dp(ve) — eg(vs, C') > 2. 1t follows that
eg(A,C) = 2, ey(vs,C) = 2 and dg(v;) = 2 for all ¢ € {4,5,6}. Then Ng(x) \ Ng|y| has
at most one vertex of degree two in H, but Ng(x) \ Ng[vs] has two vertices of degree two in H,

contradicting the choice of y. This proves (5).
(6) viuq, vVousy, and vsus are the only edges in H[A U B].

Suppose that H[A U B] has at least four edges. By (5) and (2), ex(A U B,C) > 6. On the
other hand, ey (AU B,C) = > pdu(v) = 2|E(H[AU B])| =3 < 15 = 2|E(H[A U B])|.
It follows that |[E(H[A U B])| = 4 and A U B contains at most one vertex of degree two in H.
Thus ey (AU B, C) < 7 and so at least two vertices of C, say v, and vs, are of degree two in H.
Since ey (A, C) < 3 and G[C] is isomorphic to K3 by (5), we may assume that vqvy ¢ E(G). If
dy(v3) = 3, then since dy(vy) = 2 and at most one vertex of A U B has degree two in H, by
the choice of y, exactly one of u, us, uz has degree two in H. Then ey(A U B,C') = 6. Thus
di(v;) = 2forall j € {4,5,6} and by the choice of y, each vertex of B is adjacent to at most
one vertex of C'in H. Thus eg(A U B,C) < 5, a contradiction. Hence dy(v3) = 2. Now
dg(u;) = 3foralli € {1,2,3} because at most one vertex of AU B has degree two in H. We see
that Ng(z) \ Ngly] has no vertex of degree two in H but Ng(x) \ Ng[us] has at least one vertex

of degree two in [, contrary to the choice of y. This proves (6).

By (6), we see that for any i € {1, 2,3}, v;v; ¢ E(G) for some j € {4,5,6}. By Lemma 2.2.5(i),
let w; € V; \ {v;} be such that yw; € E(G) forall i € {1,2,3}. Let D = {w;, ws, ws}. Then
Nea(y) \ Nglz] = D and G[D] is isomorphic to K3 because G is claw-free. Clearly, D is not
complete to C'in G, otherwise G[{y}UDUC] is isomorphic to K, contrary to Proposition 2.2.1(i).
We may assume that wsvy ¢ FE(G). For each i € {1,2}, vus,v;u3 € E(G) by (6). Thus

viws, vows ¢ E(G) because G is claw-free. Notice that ws, x, v1,v2,v4 € Ng(y) and ws is anti-
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complete to {z, vy, ve, v4} in G. Thus A(G[Ng(y)]) > 4, contrary to (2). This completes the proof

of Theorem 1.2.8. |
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CHAPTER 3: COLORING GRAPHS WITH FORBIDDEN MINORS

3.1 Preliminary Lemmas

In this section, we will prove several lemmas used throughout Chapter 3. Of particular importance

is Lemma 1.5.3, which we prove first.

Proof of Lemma 1.5.3. Let G, x, S, and M be as given in the statement. Let H be obtained
from G by contracting S U {z} into a single vertex, say w. Then H is (k — 1)-colorable. Let
c:V(H) - {1,2,...,k — 1} be a (k — 1)-coloring of H. We may assume that c¢(w) = 1.
Then each of the colors 2, ...,k — 1 must appear in G[Ng(z) \ S], or else we could assign « the
missing color and assign all vertices in S the color 1 to obtain a proper (k — 1)-coloring of G,
a contradiction. Since |Ng(x) \ S| = k — 2, we have c(u) # ¢(v) for any two distinct vertices
u,v € Ng(z)\ S. We next claim that for each i € {1,2,...,m} and each j € {1,2,...,r;}
there must exist a path between a; and b;; with its internal vertices in V(G) \ Ng[x]. Suppose
not. Leti € {1,2,...,m} and j € {1,2,...,7;} be such that there is no such path between a;
and b;;. Let H' be the subgraph of H induced by all vertices colored either c(a;) or c(b;;) by the
coloring ¢. Then V(H') N Ng(x) = {a;,b;;}. Notice that a; and b;; must belong to different
components of A’ as there is no path between a; and b;; with its internal vertices in V(G) \ N¢|z].
By switching the colors on the component of H’ containing a;, we obtain a (k — 1)-coloring of H
with the color ¢(a;) missing on G[Ng(z) \ S], a contradiction. This proves that there must exist
a path P;; in H' with ends a;, b;; and all its internal vertices in V' (H’) \ Ng[z] C V(G) \ Nglz]
for each i € {1,2,...,m} and each j € {1,2,...,7;}. Clearly, forany 1 < i < ¢ < m,
the paths Py, ..., P, are vertex-disjoint from the paths Py, ..., F,,, because no two vertices of

ai,...,0r,b11, ..., by, are assigned the same color by c. [
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We note here thatif r; = ry = --- = r,,, = 1 in the statement of Lemma 1.5.3, then we simply write
M = {a1b11,asbo1, . .., ambm1}, and so M is a matching of missing edges of G[Ng(x)\ S]. In this
case, the paths Py, Psy, ..., P, are pairwise vertex-disjoint if m > 2. Similarly, if m = 1 in the
statement of Lemma 1.5.3, then we simply write M = {a1b1, ..., a1by,, }. In this case, the paths
Py, ..., P, have a; as a common end and are not necessarily pairwise internally vertex-disjoint

if’l“l 22

Furthermore, we also note that if we keep the same set S C Ng(x), we may be able to usefully
apply Lemma 1.5.3 to two different sets M; and M, if we choose the missing edges a;b;; in each
set carefully. The paths given by applying Lemma 1.5.3 to M; may intersect the paths given by
applying Lemma 1.5.3 to M,. However, since the paths provided by Lemma 1.5.3 are Kempe
chains, we are able to specifically control which paths may intersect by our choices of a;b;; in M;

and M.
We will also need the following lemma in the proofs of Theorem 1.3.8 and Theorem 1.3.9.

Lemma 3.1.1 [58] For any T-connected graph G, if G contains two different subgraphs isomor-

phic to K, then G > Ky .

Proof. Let H, and H, be two different subgraphs of GG such that both are isomorphic to Kg with
V(Hy) =A{v1,...,v6} and V(Hy) = {wy,...,we}. Lett = |V(H;) NV (Hy)|. Then 0 < ¢t < 5.
We may assume that v; = w; foralli < tift # 0. Assume first that ¢ = 5. Then G[V (H,)UV (H)]
is a subgraph of (G isomorphic to K;. Since G is 7-connected, it is easy to see that G > K by
contracting a component of G — (V(H;) U V(H,)) into a single vertex. So we may now assume
that ¢ < 4. Then there exist 6 — ¢ pairwise disjoint paths P, 1, ..., Ps between {v;y1,...,v6}
and {w;y1,...,we} in G — (V(H;) N V(H;)). We may assume that P; has ends v;, w; for all

ie{t+1,...,6}. Then G — {vy,...,vs,we} is connected since G is 7-connected, so there must
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exist a path () with one end, say z, in (V(P,y1) U--- UV (P5)) \ {vt41, ... vs}, the other end, say
y, in V(Ps) \ {ws}, and no internal vertices in {vy, - ,v,} UV (Piy1) U--- U V(Ps) (possibly
x € {Wey1,...,we} or y = vg). We may assume that x lies on the path P; — v;. Let P be
the subpath of P; with ends = and w;, and let P be the subpath of P with ends y and vg. Now
contracting P onto ws, Ps — P. onto vs, P} and () — z onto vg, Py — P onto wg, and each of
Py, ..., Pyto asingle vertex if ¢ < 4, together with vy, ..., v, if £ > 0, yields a K¢ minor in G,

as desired. [ |

The following Lemma 3.1.2 will only be used in the proof of Theorem 1.3.7. It can be obtained
from the (computer-assisted) proof of Lemma 3.7 in [67]. Here we give a computer-free proof of

Lemma 3.1.2 so that the proof of Theorem 1.3.7 is also computer-free for the cases t = 7, 8.
Lemma 3.1.2 (Song and Thomas [67]) For 7 < t < 9, let H be a graph with 2t — 5 vertices and
a(H) =2 Then H > K; U K.
Proof. Suppose that H has no K; 5 U K;-minor. Then w(H) <t — 3. We claim that

(Hw(H) <t—4.

Suppose w(H) =t — 3. Let K C H be isomorphic to K; 3. Then |V(H) \ V(K)| =t —2 > 5.
If H — K contains an induced path on three vertices, say P, with ends y and z, then every vertex
in V(K) is adjacent to either y or z because a(H) = 2. By contracting the path P into a single
vertex, we see that H[V (K) U V(P)] > K;_5, and so H > K, » U K}, a contradiction. Thus
H — K does not contain an induced path on three vertices. Since a(H) = 2, it follows that H — K

is a disjoint union of two cliques, say A; and A,. Fori € {1,2}, let

K; = {v € V(K) : v is not adjacent to some vertex in V' (A3_;)}.
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Since «(H) = 2 and V' (A,;) is anticomplete to V' (Ay), K is complete to V' (A;) foreach i € {1, 2}.
Thus H — (K; UV (A;)) is a clique for each i € {1,2} and so, since K and K, are disjoint, either
H— (KyUV(Ay))or H— (KyUV(Ay)) is aclique of size at least t — 2, contrary to the fact that
w(H) <t — 3. This proves (1).

(2) for any y € V(H) and any A C Ng(y) with |A| > 6, either H[A U {y}| contains two

vertex-disjoint, induced paths on three vertices or H|A] is a disjoint union of two cliques.

Suppose H[A] is not a disjoint union of two cliques. Then H[A] is connected because a(H) = 2.
We next show that H[AU{y}] contains two vertex-disjoint, induced paths on three vertices. By (1),
HJA] is not a clique and thus contains an induced path on three vertices, say P, with ends a and c,
and V(P) = {a,b,c}. Let{dy,ds, . ..,ds} = A\V(P), where s = |A|—3 > 3. Clearly H[AU{y}]
contains two vertex-disjoint, induced paths on three vertices if H[{d;,ds,...,d,}] is not a clique,
since yd; is an edge for all ¢ € {1,2,...,s}. So we may assume that H[{dy,dy, ..., ds}] is
isomorphic to K. First suppose that a is complete to {d;,ds, ...,ds}. By (1), b is not complete
to {dy,ds, ...,ds}. We may assume that bd; ¢ E(H). Clearly H[{a,y,c}] and H[{dy,b,d;}] are
two vertex-disjoint, induced paths on three vertices if bd; € E(H) for some i # 1. So we may
assume that bd; ¢ FE(H) for all i € {1,2,...,s}. Now either H[{b,a,d;}| and H[{c,y, d2}] (if
cdy ¢ E(H))or H[{a,dy,c}] and H[{b,y,d;}] (if cdy € E(H)) are two vertex-disjoint, induced
paths on three vertices. Next suppose that a is not complete to {d;,ds, . ..,ds}. We may assume
that ad; ¢ E(H). Then cd; € E(H) because a(H) = 2. By symmetry, we may assume that
cdy ¢ E(H). Then ady € E(H). Now either H[{c,d,,d>}] and H[{a,y,ds}] (if ads ¢ E(H)) or
H[{a,ds,d,}] and H[{c,y,d2}] (if ad3 € E(H)) are two vertex-disjoint, induced paths on three

vertices, as desired. This proves (2).

Letd := d(H) andlety € V(H) be a vertex with d(y) = d. Let J = H — Ngly|. Since a(H) = 2,
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J is a clique of size 2t — § — 6. By (1),

J=2t—§—-6<t—4andsod >t —2.
B)o=t—2

Suppose § > ¢ — 1. By Theorem 1.4.1, (t —4)(2t — 6) — (*,*) > |E(H —y)| > 0|V/(H)|/2—6 =
S(|V(H)| —2)/2 > (t —1)(2t — 7)/2, which yields that t = 9and 6 =t — 1 = 8. Then H is
a graph with |V (H)| = 2t — 5 = 13. Clearly, J is isomorphic to K4. Let z € Ng(y) be such
that [Ny (2) N V(J)| is maximum. Since ey (V' (J), Ng(y)) > 20, we have |[Ng(z) N V(J)| >
3. If INg(2) N V(J)| = 4, then H[{z} U V(J)] is isomorphic to K5 and [Ny (y) \ {z}| = 7.
Clearly H > K; U K, if H[Ngly|] \ {z}] has two vertex-disjoint, induced paths on three vertices.
By (2), H[Ny[y] \ {z}] is thus a disjoint union of two cliques, say A; and A,. By (1), we may
assume that A; is isomorphic to K3 and A, is isomorphic to K. Let a € V(A;). By (1) again,
a is not complete to {z} U V(J) and thus dg(a) < 7, contrary to the fact that 6 = 8. Thus
INg(2) NV (J)| = 3. Let 2/ € V(J) be the non-neighbor of z. By the choice of z, every vertex
in Ny (y) has at least one non-neighbor in V() and so §(H[Ng(y)]) > 4. In particular, since
d(z) > 8,|Ng(2)NNy(y)| > 4. By (1), H[Ny(2) N Ny (y)] is not a clique and so z’ is adjacent to
at least one vertex, say w, in Ng(z) N Ng(y), because a( H) = 2. Now the edge zw is dominating
J, that is, every vertex in J is adjacent to either z or w. Notice that [Ny (y) \ {z,w}| = 6. If
H[Ngly] \ {z,w}] contains two vertex-disjoint, induced paths on three vertices, say P, and P,
then > K7 U K, by contracting the edge zw and the two paths P, and P; each into a distinct
vertex, respectively, a contradiction. Thus H[Nyy] \ {2z, w}] does not contain two vertex-disjoint,
induced paths on three vertices. By (2), H[Ng(y) \ {z, w}] is thus a disjoint union of two cliques,
say B and By. Since §( H[Ny(y)]) > 4, we must have both B; and B, isomorphic to K3. By (1),
H[V(B;1) U {z,w,y}] is not a clique. Let w’ € V(Bj) be such that either ww’ ¢ E(H) or
zw' ¢ E(H). Since w' is adjacent to at most three vertices of V' (.J), we see that dy(w') < 7,

contrary to the fact that 6 = 8. This proves (3).
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By (3),§ =t — 2. If t = 7, then H is a graph on nine vertices with §( H) = 5. Thus there exists a
vertex z € V' (H ) such that dy(z) > 6 and so Ny [z] contains a subgraph isomorphic to K, because
a(H[Ny(z)]) = 2, contrary to (1). Hence t > 8. Now H — Ngly] is a clique of size ¢t — 4 and
INg(y)| =t—2 > 6. Clearly H > K; 2 UK if H— Ny(y) contains two vertex-disjoint, induced
paths on three vertices, a contradiction. Thus by (2), Ny (y) is a disjoint union of two cliques, say

Ajand A,. Fori = 1,2, let

K, ={v € V(H — Ngly]) : v is not adjacent to some vertex in Az, }.

Since a(H) = 2 and V' (A;) is anticomplete to V' (As), K; is complete to V' (A;) foreach i € {1,2}.
Thus, since H[K;] is a clique, H — (K; UV (A;) U{y}) is a clique for each ¢ € {1,2}. Therefore,
since K and K, are disjoint, at least one of either H — (K1 UV (A;)U{y}) or H — (K; UV (A2)U

{y}) is a clique of size at least t — 3, contrary to (1). This completes the proof of Lemma 3.1.2. B

Given two graphs GGy and Go, the join Gy + G is the graph with vertex set V(G;) U V(G3) and
edge set £(G1) U E(Gs) U{zy : © € V(Gy),y € V(G3)}. For our proof of Theorem 1.3.8, we

will need the following lemma from [64].

Figure 3.1: The graph J.
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Lemma 3.1.3 (Song [64]) Let G be a graph with 8 < |V (G)| < 10 and 6(G) > 5. Then either
G > K4 U K, or G is isomorphic to one of Cs, Cy + Cy, K3+ C5, Ky + Cg, K33, or J, where
J is the graph depicted in Figure 3.1. In particular, all of these graphs are edge maximal (subject

to not having a K; U K,-minor) with maximum degree at most |V (G)| — 2. Moreover, Cs > K,

C,+C, > K¢, and J > K.

Notice that of the counterexamples listed in Lemma 3.1.3, only the graph .J has ten vertices, and
none has exactly nine vertices. We next prove the following lemma, which we will also need for

the proof of Theorem 1.3.8.

Lemma 3.1.4 [58] Let G be a graph with |V (G)| = 10 and o(G) = 2. Then either G > K5 UK,
or G contains a subgraph isomorphic to K5 U K5, or G is isomorphic to the graph J depicted in

Figure 3.1.

Proof. If 6(G) > 5, then by Lemma 3.1.3, either G > K U K or G is isomorphic to .J. So we
may assume that 6(G) < 4. Let x € V(G) be such that dg(z) = §(G). Since o(G) = 2, one can
easily see that G > K¢ U K if dg(z) < 3. Hence we may further assume that dg(z) = 4. Then
G — N¢|x] must be isomorphic to K5 as a(G) = 2. If G[Ng[x]] is also isomorphic to K5, then
G contains a subgraph isomorphic to K5 U K. Otherwise, some edge is missing from G[Ng(x)],
say ¥,z € Ng(z) with yz ¢ E(G). Then since a(G) = 2, each vertex in V(G) \ Ng[z] must be
adjacent to either y or z. Thus by contracting {z, y, 2} to a single vertex, we see that G > KgU K],

as desired. This completes the proof of Lemma 3.1.4. |
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3.2 Proof of Theorem 1.3.7

Suppose the assertion is false. Let G be a graph with no K;-minor such that GG is not (2t — 6)-
colorable. We may choose such a graph G so that it is (2¢ — 5)-contraction-critical. Let x € V(G)
be a vertex of minimum degree. Since K5 5933 and each (K222 29,5)-cockade are 5-colorable,
and Theorem 1.4.3 that d;(z) < 2t —5. On the other hand, since G is (2t — 5)-contraction-critical,
by Proposition 1.5.1(i), dg(z) > 2t — 5. Thus dg(x) = 2t — 5 > t 4 2. By Proposition 1.5.1(ii),

we have a(G[Ng(x)]) = 2. We next show that
(1) G has no K;_1-subgraph.

Suppose G contains K; 1 as a subgraph. Let H C G be isomorphic to K; ;. Since §(G) =
da(x) > t+2, every vertex in v(H) is adjacent to at least one vertex in V(G — H). Then G — H is
disconnected, since otherwise G > K by contracting G — H into a single vertex, a contradiction.
Let G; be a component of G — H. Then Ng(V(G4)) C V(H) is a minimal separating set of G. In

particular, N (V (G1)) induces a clique in G, contrary to Proposition 1.5.1(iii). This proves (1).

(2) For any u € Ng(x),

Ne(z) N Ng(u)| >t — 3.

Suppose that there exists a vertex u € Ng(z) such that |[Ng(z) N Ng(u)| < t — 4. Since
a(G[Ng(x)]) = 2, Ng(z) contains a clique of size |[Ng(z) \ Nglu]| > ¢t — 2 and so Ng[z]

has a subgraph isomorphic to K;_1, contrary to (1). This proves (2).

By Lemma 3.1.2, G[Ng(z)] > K;—» U K;. Let y € Ng(z) be such that G[Ng(z) \ {y}] > Ki—o.
Clearly, y is not complete to N (z) \ {y}, for otherwise G > Ng[z| > K}, a contradiction. Let
{y1,...,yp} = Ng(z) \ Ngly], where p = 2t — 5 — |[Ng(x) N Ng[y]|. Then y is anticomplete

to {y1,%2,-..,Yp}. By (1) and (2), Ngly] N Ng(z) is not a clique. Let uw be a missing edge
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in G[Ng(y) N Ng(x)]. By Lemma 1.5.3 applied to Ng(z) with k = 2t — 5, S = {u,w} and
M = {yy1,yye,...,yy,}, there exists a path P, between y and y; with its internal vertices in
V(G) \ Nglz] for each i € {1,2,...,p}. Note that the paths P, — y;,..., P, — y, have y as a

common end. By contracting all paths P, — y; onto y, we see that G > K, a contradiction. |

3.3 Proof of Theorem 1.3.8

Let G be a graph that does not contain K as a minor. Suppose for a contradiction that x(G) > 10.
We may choose such a graph G so that it is 10-contraction-critical. Then by Proposition 1.5.1(i),
d(G) > 10. On the other hand, since every (K222, K7,5)-cockade is 7-colorable, by Theo-
rem 1.4.6 we see that §(G) < 10. Thus §(G) = 10. Let x € V(G) be such that dg(z) = 10. Since

G has no K -minor, by Proposition 1.5.1(ii) we have
(D) a(G[Ng(2)]) = 2.

We next show that
(2) G[N¢(x)] is not isomorphic to the graph J.

Suppose that N¢(x) is isomorphic to the graph J. Let the vertices of .J be labeled as depicted in
Figure 3.1. By Lemma 1.5.3 applied to J with S = {vs,v5} and M = {{ujug, usuy, u1vs, ugvs},
{ugus}} with m = 2, r; = 4, and ro = 1, there exist paths Py, P2, Pi3, P14, and Ps; such that
the paths Py, P, P13, P4, and P,y have ends {uy, us}, {uq, us}, {ug,vs}, {us,v4}, and {us, us},
respectively, and all their internal vertices in V(G) \ Ng[x]. Moreover, the paths Py, Pjo, Pi3, and
Py, are vertex-disjoint from the path P»;. By contracting (V(Py1) \ {us}) U (V(Pi2) \ {us}) U
(V(Pi3) \ {vs}) U (V(Pus) \ {vs}) onto uy, V(Pay) \ {uz} onto us, and {vy, vy, v5} into a single
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vertex, we see that G > Ky, a contradiction. This proves (2).
(3) G[N¢(x)] contains a subgraph isomorphic to K5 U K.

Suppose that G[Ng(x)] does not contain a subgraph isomorphic to K5 U K5. Then by (1), (2),
and Lemma 3.1.4, we see that G[Ng(z)] > K5 U K. Let y € Ng(z) be a vertex such that
G[N¢g(x)\{y}] > K . Clearly, y is not complete to N (x)\ {y}, for otherwise G > Ng[z] > K,
a contradiction. Let {y1,...,y,} = Ng(z) \ Ngly], where p = 10 — |Ng(x) N Ngly]| > 1.
Then y is anticomplete to {y1,¥s,...,y,}. Clearly, G[Ng(x) \ {y,v:}] is not a clique for all
i€{1,2,...,p}. By Lemma 1.5.3 applied p times to G[N¢(z)] with k = 10, s = 0, and m = 1
(where for i € {1,2,...,p}, we have M = {yy;} and S = {u;, v;}, where w;v; is any missing
edge in G[Ng(x) \ {y,v:}]), there exists a path P, between y and y; with its internal vertices in
V(G) \ N¢|z] foreachi € {1,2,...,p}. Note that the paths P, ..., P, all have y as a common
end. By contracting each set V(P;) \ {y;} onto y, we see that G > Kj, a contradiction. This

proves (3).

By (3), x belongs to two different subgraphs of G isomorphic to K¢. By Theorem 1.5.2(ii), G is 7-

connected. By Lemma 3.1.1, G > K . This contradiction completes the proof of Theorem 1.3.8.
|

3.4 Proof of Theorem 1.3.9

Suppose the assertion is false. Let G be a graph with no K -minor such that x(G) > 9. We may
choose such a graph G so that it is 9-contraction-critical. Let x € V(G) be a vertex of minimum
degree. By Proposition 1.5.1(1), dg(z) > 9. On the other hand, since each (K7, 4)-cockade is

4-colorable, it follows from Theorem 1.4.7 for p = 8 that dg(z) < 9. Thus dg(x) = 9. It follows
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from Theorem 1.4.7 for p = 8 again that
(1) G contains at least 28 vertices of degree 9.
Since G has no K¢ -minor, by Proposition 1.5.1(ii),
2) o(GN(z)]) = 2.
We next show that
(3) Ng(x) contains a subgraph isomorphic to K.

Suppose that N (z) does not contain a subgraph isomorphic to K5. Then w(G[Ng(x)]) < 4 and
by (2), §(G[Ng(x)]) > 4. We claim that 6(G[Ng(z)]) = 4. Suppose that 6(G[Ng(z)]) > 5.
By Lemma 3.1.3 applied to Ng(x), we see that Ng(x) > Kg U K. Lety € Ng(z) be such
that G[Ng(x)] —y > Kg. Clearly y has at least two non-neighbors in Ng(z) — y, otherwise
G[N¢[z]] > Kg, a contradiction. Let {y1,vy2,...,y,} = Ng(z) \ Ng[y] be all non-neighbors
of y in Ng(z), where p = |Ng(z) \ Ngly]| > 2. Since w(G[Ng(z)]) < 4, G[Ng(x) N Ne(y)]
must have a missing edge, say uv. By Lemma 1.5.3 applied to G[Ng(z)] with S = {u,v} and
M = {yyi,...,yy,}. there exist p paths P, P», ..., P, such that each path P, has ends {y, y;} and
all its internal vertices in V(G) \ Ng|x]. By contracting all the edges of each P, — y; onto y for
alli € {1,2,...,p}, we see that G > Ky, a contradiction. This proves that 6(G[Ng(z)]) = 4, as

claimed.

Let y € N¢(x) be such that y has degree four in G| N¢(x)] with the number of edges in G[Ng(z)N
N¢(y)] maximum. Let Z = {z1, 29, 23, 24} be the set of all neighbors of y in Ng(z). Since
w(G[Ng(z)]) < 4, G[Ng(z) N Ngly]] is not complete. We may assume that 2125 ¢ E(G). By (2),
G[Ng(x) \ Ngly]] is isomorphic to Ky. Let W = {wy, we, w3, ws} = Ng(x) \ Ngly]. We next
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show that
(3.1) each of z3, z4 has at most one neighbor in W.

Suppose, say z4, is adjacent to at least two vertices in WW. Then the subgraph G[W U {z,}] has
a K> -minor and thus G[Ng|z]] > K if 23 is adjacent to all vertices in 1 (by contracting the
path z,y2- into a single vertex), a contradiction. Thus we may assume that 23 is not adjacent to
wy,...,w, where 1 < k < 4. By Lemma 1.5.3 applied to G[N¢g(x)] with S = {z1, 22} and
M = {zzwy, ..., z3wy}, there exist k paths Py, P, ..., P, such that foreach i = 1,2,... k, the
path P, has ends {z3, w; } and all its internal vertices in V' (G) \ Ng[z]. By contracting each P; — w;
onto z3 and contracting {21, y, 22 } into a single vertex, we see that G > K, a contradiction. This

proves (3.1).

We next claim that G[Ng[y] N Ng(x)] is isomorphic to K5 . Suppose z3z4 ¢ E(G). By symmetry,
we may apply (3.1) to the missing edge 2324 in G[Ng ()], and so we see that each of z; and z; has
at most one neighbor in W. Hence ex(Z, W) < 4. On the other hand, since a(G[Ng(z)]) = 2,
each w; must be adjacent to at least one of the vertices in each of {z1, 2o} and {z3, 24}, for all
i € {1,2,3,4}. Thus eq(W,Z) > 8, a contradiction. This proves that z3z4 € F(G) and thus
G[N¢g(x) N Ngly]] does not have two independent missing edges. Next if z;25 ¢ E(G), then
2923 € E(G) because a(G[Ng(z)]) = 2. Since G[Ng(x) N Ng|y|] does not have two independent
missing edges, we see that 2024 € F(G). If 2124 ¢ E(G), then since 6(G[Ng(x)]) > 4 and
N¢(x) does not contain a subgraph isomorphic to K5, we may assume z; is adjacent to wq, w3, wy.
Then since a(G[Ng(x)]) = 2 by (2), we have w; complete to {zo, 23, 24 }. By symmetry, we may
apply (3.1) to each of the missing edges 2129, 2123, and 2124 to conclude that 25, 23, and z, have
no other neighbors in W. But now wy has four neighbors in N (z) and G[Ng(x) N Ng[ws]] has
5 edges, contrary to our choice of y. Hence 2124 € E(G) and G[Ng(x) N Ng[y]] is isomorphic to

KZ . Since w(G[Ng(z)]) < 4, we may assume that zyw; ¢ E(G). Then w; must be adjacent to
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both 29 and 23 by (2). By symmetry again, we may apply (3.1) to the missing edges z; z; and z; 23,
to see that {zy, 23} is anticomplete to {ws, w3, w,} and that z, has at most one neighbor in W.
By (2), z; is complete to {ws, w3, w,}. Since z4 has at most one neighbor in W, we may assume
that wyz4 ¢ F(G). Now wy has degree four in Ng(x) with Ng(z) N Ng[w,] is isomorphic to K,
contrary to the choice of y. Thus G[Ng(x) N N¢[y|] isomorphic to K~ with z; z5 the only missing

edge, as claimed.

Since §(G[Ng(z)]) = 4, each of z; and z, has at least one neighbor in W. By (2), each of
wy, ..., wy 1s adjacent to at least one of 2; and z,, and so either z; or 25 has at least two neighbors
in W. By symmetry, we may assume that | Ng(2z1) "W > | Ng(z2) N W|. On the other hand, each
vertex in Z has at least one non-neighbor in W as w(G[Ng(z)]) < 4. Thus, 2; has either two or

three neighbors in 1W. We consider the following two cases.

Figure 3.2: Finding a K3 -minor when z; has exactly two neighbors in .

First, assume that z; has exactly two neighbors in W, say w;, wy. Then z; must have exactly two
neighbors in W, namely w3 and wy. By (3.1), each of z3 and z4 has at most one neighbor in . We

may assume that z, is not adjacent to ws and w,, and that 25 is not adjacent to ws. By Lemma 1.5.3
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applied twice to G[Ng(z)] with S = {z1, 22} and M € {{ywy, z3wa, z4ws}, {ywa, 24w, } }, there
exist three vertex-disjoint paths P;, P, (); and two vertex-disjoint paths Pj, ()> such that the paths
Py, Py, P5, Q1, and Q)3 have ends {y, w; }, {23, wa}, {y, w2}, {24, w3} and {z4, w4}, respectively,
and all their internal vertices in V(G) \ Ngz], as depicted in Figure 3.2. Notice that for all
i €{1,2,3} and all j € {1,2}, the ends of each P are distinct from the ends of each ();, and so
each P; is chosen to be vertex-disjoint from (); when applying Lemma 1.5.3. Similarly, P and P,
are chosen to be vertex-disjoint, but P; is not necessarily internally disjoint from either of P, or F.
If P; and P, have only wy in common, then contracting P, — w; and P35 — w» onto y, contracting
P, — wy onto z3, contracting (); — w3 and ()2 — w, onto 24, and contracting each of w;w;3 and
wowy into distinct vertices yields a K g -minor in GG, a contradiction. Thus P; and P, must have an
internal vertex in common. Let w be the first vertex on P; (when Pj is read in order from y to ws)
that is also on P,. Then w ¢ V(P;) U {z3}. Let Pj be the subpath of P; from y to w and P, be
the subpath of P, from w to ws. Notice that P; — w is vertex-disjoint from P, but not necessarily
internally disjoint from P;. Now contracting P, — w; and P — w onto y, contracting P; onto ws,
contracting P, — Pj onto z3, contracting () — ws and Q2 — wy4 onto z4, and contracting each of

wyws and wow, into distinct vertices yields another Kg -minor in G, a contradiction.

It remains to consider the case when z; has exactly three neighbors, say wy, ws, w3 in W. Then
25 1s adjacent to wy. By (3.1), we may assume that w; is not adjacent to z3 and z4, and that
ws is not adjacent to zy. By Lemma 1.5.3 applied twice to G[Ng(z)] with S = {z1, 22} and
M € {{yws, z3wq, zgws}, {z4w; } }, there exist vertex-disjoint paths P, ()1, Q2 and another path
@3 such that the paths Py, ()1, @2, and Q3 have ends {y, ws}, {23, w1}, {24, w3}, and {z4, w1},
respectively, and all their internal vertices in V' (G) \ Ng[z], as depicted in Figure 3.3. Notice that
P, is vertex-disjoint from (); for all j € {1,2, 3}, but that (3 is not necessarily internally disjoint
from either of (); or (). If ()3 and ()5 have only 2z, in common, then we obtain a Kg -minor by

contracting each of P, and zsw, into distinct vertices, contracting (); — z3 and (3 — z4 onto wy,
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and contracting (o — 24 onto ws, a contradiction. Thus ()3 and () must have an internal vertex in
common. Let w be the first vertex on ()3 (when ()3 is read from w; to z,) that is also on Q5. Then
w ¢ V(Q1) U{ws}. Let Q be the subpath of Q)3 from w; to w and Q)% be the subpath of Q)5 from
w to z4. Notice that (), — w is vertex-disjoint from (), but not necessarily internally disjoint from
(1. Now we obtain another K -minor by contracting each of P, and z,w, into distinct vertices,
contracting ()1 — z3 and Q5 — w onto wy, contracting Q% onto z4, and contracting ()2 — % onto

ws, a contradiction. This completes the proof of (3).

Figure 3.3: Finding a Kg -minor when z; has exactly three neighbors in V.

By (3), every vertex of degree 9 belongs to some subgraph of GG isomorphic to K¢4. By (1), G
contains at least five different subgraphs isomorphic to K¢. By Theorem 1.5.2(ii), G is 7-connected

and thus G > K¢ by Lemma 3.1.1. This contradiction completes the proof of Theorem 1.3.9. W
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3.5 K;-minor free graphs for ¢ > 10

Our Theorem 1.3.7, which we proved in Section 3.2, relies on the extremal function for K;-minors
for t € {7,8,9}, namely Theorem 1.4.1, Theorem 1.4.2, and Theorem 1.4.3. As mentioned in
Section 1.4, the extremal function for /K;-minors remains open for all ¢ > 10. By noting that any
(Hy, Hy, k)-cockade not isomorphic to either of H; or H, is at most k-connected and that any

complete multipartite graph K}, ;. has a fixed number of vertices, Seymour and Thomas [67]

.....

proposed the following conjecture.

Conjecture 3.5.1 (Seymour and Thomas [67]) For every t > 1 there exists a constant N = N (t)
such that every (t — 2)-connected graph onn > N vertices with at least (t —2)n— (') +1 edges

has a K;-minor.

By the results mentioned in Section 1.4, Conjecture 3.5.1 is true for ¢ < 9. However, as mentioned
in Section 1.5, it seems very hard to prove that even 8-contraction-critical, non-complete graphs
are 8-connected. Hence Conjecture 3.5.1 cannot be easily applied to prove results on the coloring

of K;-minor free graphs for ¢t > 10.

By noting that any (H;, Ho, k)-cockade is max{x(H;), x(H>)}-colorable and any complete mul-

tipartite graph Ky, , 1s r-colorable, we instead propose the following conjecture.

-----

Conjecture 3.5.2 [58] Foreveryt > 1, every graph G on n vertices with at least (t—2)n— (tgl) +1

edges either has a Ky-minor or is (t — 1)-colorable.

Again by the results mentioned in Section 1.4, Conjecture 3.5.2 is true for ¢ < 9. To end this
chapter, we apply our versatile Lemma 1.5.3 along with an idea different from that used in the
proof of Theorem 1.3.7 in Section 3.2 (namely, considering the chromatic number of G[N¢g(x)]

instead of showing that Ng(z) > K, 5 U K;) to prove that the truth of Conjecture 3.5.2 implies
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that every graph with no K;-minor is (2t — 6)-colorable for all ¢ > 5. Since Conjecture 3.5.2 is

true for t < 9, we see that the following Theorem 3.5.3 implies Theorem 1.3.7.

Theorem 3.5.3 [58] If Conjecture 3.5.2 is true, then every graph with no K;-minor is (2t — 6)-

colorable for all t > 5.

Proof. Suppose the assertion is false. By Wagner’s Theorem and the Four Color Theorem for
t = 5, Theorem 1.3.5 for t = 6, and Theorem 1.3.7 for t € {7,8,9}, we see the conclusion
holds for all t € {5,...,9}. Hence ¢ > 10. Among all minimum counterexamples, we choose
G so that G has no K;-minor and G is (2¢ — 5)-contraction-critical. Let € V(G) be such that
de(z) = 0(G). By the assumed truth of Conjecture 3.5.2, we see that dg(z) < 2t — 5. On the
other hand, by Proposition 1.5.1(i), we see that d;(z) > 2t — 5. Hence dg(x) = 2t — 5. By

Proposition 1.5.1(ii), we have

(1) a(G[Ng(z)]) = 2

Our strategy now will be to examine the subgraph G[Ng(z)] and its chromatic number. We first

show that
(2) w(G[Ng(x)]) <t —3, and so §(G[Ng(x)]) >t — 3.

Suppose w(G[Ng(z)]) >t — 2. Let H C G[Ng[z]] be isomorphic to K;_;. Since §(G) = 2t — 5,
every vertex in V' (H) is adjacent to ¢ — 3 vertices in V(G — H). Then G — H is disconnected,
for otherwise G > K, by contracting G — H into a single vertex, a contradiction. Let G; be a
component of G — H. Then N (G1) is a minimal separating set of G. In particular, N5 (G1) is a
clique, contrary to Proposition 1.5.1(iii). This proves that w(G[Ng(x)]) < t — 3. By (1), we see

that 6(G[Ng(z)]) > t — 3. This proves (2).

) x(G[Ng(z)]) =t —2.
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Suppose to the contrary that x(G[Ng(z)]) # t — 2. By (1), it is clear that x(G[Ng(z)]) >
t — 2. Thus x(G[Ng(x)]) = p for some p > ¢t — 1. Let V},..., V], be the color classes of any
p-coloring of G[N¢(x)]. We may assume that the color classes are ordered so that V; = {a;} for
ie{l,2,...,2p—2t+5}and V; = {a;,b;} fori € {2p—2t+6,...,p}. Letr =2p—2t+6 > 4.
Since x(G[Ng(z)]) = p, we see that there is at least one edge between any pair of color classes
Vi,...,V,in G. Hence {a, as, ...,a,_1} induces a clique in G[Ng(z)], and so r < t — 2 by (2).
Furthermore, a; is adjacent to either a; or b, foreachi € {1,2,...,r—1}andeachj € {r,..., p}.
Notice that if p = ¢ — 1, then » = 4. Suppose either that p > ¢t or that p = ¢ — 1 and a4, a; and
a3 have a common neighbor in N (x) \ {a1, as, as}, say as. By Lemma 1.5.3 applied to G[Ng(x)]
with S = {a,,b.} and M = {a,41b,41,...,a,b,}, there exist p — r pairwise vertex-disjoint paths
P,.4,..., P, such that each P, has ends {a;, b;} and all its internal vertices in V' (G) \ Ng[z]. By
contracting each P; to a single vertex for all j € {r +1,...,p}, together with z,ay,...,a,_; (if
t > p) or together with x, ay, as, as, and a4 (if p =t — 1, where a4 = a, is a common neighbor of
ay, as, and az), we obtain a clique minor with (p — r) + r = p > t vertices in the former case and
(p—r)+r+1=p+1=tvertices in the latter case, a contradiction. Thus p =t — 1 and a4, as,

and a3 have no common neighbor in N¢(z) \ {a1, as, as}.

Figure 3.4: Finding a K;-minor when x(G[Ng(z)]) =t — 1.
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Since each of ay, aq, and a3 is adjacent to either a5 or b;, by symmetry, we may assume that as
is adjacent to a; and as, but not to az. Then b5 is adjacent to a3. We may assume that b is
not adjacent to a,. For the worst case scenario, we may further assume that b5 is not adjacent
to ay. By Lemma 1.5.3 applied twice to G[Ng(z)] with S = {a4,bs} and M € {{{agbs}, ...,
{apby},{bsa1, bsaz, bsas}}, {asas}}, there exist pairwise vertex-disjoint paths P, . . ., P, such that
each P; has ends {a;,b;} and all its internal vertices in V(G) \ Ng[z], and paths Q1, Q2, @5, Q
with ends {bs, a1}, {bs, a2}, {bs,as}, and {as, as}, respectively, and all their internal vertices in
V(G) \ N¢|z]. Notice that each P; is vertex-disjoint from ()1, 2, @5, and (), and that () is vertex-
disjoint from (); and () but not necessarily from ()5. Let w be the first vertex on () (when read
from a3 to as) that is also on Q5. Note that w could be as. Let ()’ be the subpath of () between w
and a3, as depicted in Figure 3.4. By contracting each P; to a single vertex for all j € {6,...,p},
contracting ()1 — a1 and ()2 — as onto bs, contracting () — w onto a3, and contracting ()5 — bs
onto as, together with the vertices x, ay, as, and ag, we obtain a K;-minor, a contradiction. This

proves (3).
4) 6(G[Ng(x)]) >t — 2.

By (1) and (2), we have d(G[N¢(z)]) > t — 3. Suppose there exists a vertex y € N (x) such that
y has exactly ¢ — 3 neighbors in Ng(x). Then Ng(z) \ N¢ly] induces a clique in G[Ng(z)] with
t — 3 vertices. Furthermore, by (2), G[Ng(z) N Ng(y)] must have some missing edge, say uv.
Then every vertex of Ng(x) \ Ng[y] is adjacent to at least one of u and v. Thus, by contracting

{u,y,v} to a single vertex, we can see that G[Ng(x)] > K;_o U K;.

Now we can assume without loss of generality that y € Ng(z) is such that G[Ng(z) \ {y}] >
K, 5. Clearly y is not adjacent to every vertex in Ng(x) \ {y}, or else G > G[Ng[z]|] > K,
a contradiction. Let {y1,...,y,} = Ng(x) \ Ngly|, where p > 1. Again, by (2), G[N¢(y)]

must have some missing edge, say uv. By Lemma 1.5.3 applied to G[Ng(z)] with S = {u,v}
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and M = {yyi,...,yy,}, there exist paths P, ..., P, such that each P; has ends {y, y;} and all
internal vertices in V' (G) \ N¢[x]. Now by contracting each P; — y; onto y, we see that G > K,

a contradiction. This proves (3).

By (2) and (4), N¢(x) does not contain K;_» as a subgraph and 6(G[Ng(z)]) > t — 2. By (3),
X(G[Ng(x)]) =t —2. Let Vi, ..., V;_o be the color classes of any (¢ — 2)-coloring of G[N¢(x)].
By (1), we may assume that the color classes are ordered so that V; = {a;} and V; = {a;,b;}

for j € {2,...,t — 2}. Since x(G[Ng(z)]) = t — 2, we see that there is at least one edge

between any pair of color classes Vi,...,V;_5 in G. By (4), a; must be complete to some color
class V; € {Vs,...,V, 5}, say Vo. By (4) again, ay and b, must have one common neighbor in
some color class V; € {V5,...,V; 5}, say V3. We may assume that ag is adjacent to both ay and

by. By symmetry, we may further assume that b3 is adjacent to a;. By Lemma 1.5.3 applied to
G[Ng(z)] with S = {ag,bo} and M = {{bsay,bsas}, {asbs},...,{ar_2b,_2}}, there exist paths
Py, P, and pairwise vertex-disjoint paths Qy, . .., Q;—o such that P, and P, have ends {b3, a, } and
{bs, as}, respectively, each (), has ends {a;, b;}, and all such paths have their internal vertices in
V(G) \ N¢|z]. By contracting P, — a; and P, — a3 onto bg, contracting the edge byas onto as, and
contracting each (); into a single vertex for 4 < j <t — 2, we see that G > K}, a contradiction.

This contradiction completes the proof of Theorem 3.5.3. [
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CHAPTER 4: FINDING Kg-MINORS USING MADER’S H-WEGE
THEOREM

4.1 Proof of Theorem 1.6.6

We will now proceed with the proof of Theorem 1.6.6.

Proof of Theorem 1.6.6. Let G, H,, H,, and H3 be given as in the statement of Theorem 1.6.6.
Suppose for a contradiction that G does not contain a Kg-minor. Let M := (H; N Hy) U (Ha N
H3) U (Hs N Hy). Then 1 < |M| < 4 by (B) and (C). Note that any vertex © € M corresponds to
a good path on a single vertex. We also note here that there is symmetry between {; and H,, and

in general there is no symmetry between H3 and either H; or Hs.
(1) G does not have eight disjoint good paths.

For suppose Py, ..., Py are disjoint good paths. Then for any distinct 7, 5 € {1,2,...,8}, P, has
an end in two of the sets Hy, Hy, H3, and similarly for P;. Hence there exists k£ € {1,2,3} such
that H}, contains an end of each of F;, P;. Therefore, it follows that contracting each of these good

paths to a single vertex gives a Kg-minor in G, a contradiction. This proves (1).
From Theorem 1.6.2 and (1), we can immediately conclude the following (see Figure 1.4):

(2) There exists a set W C V(G) and a partition Yy, ..., Y, of V(G) \ W, and for 1 <i <n
a subset X; C Y, such that
(@) Wi+ 51Xl <7
(7i) no vertexinY; \ X; has a neighborin V(G)\ (W UY;), and Y; N (H; U Hy U H3) C X;

for1 <1 <n,and
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(1i1) every good path disjoint from W has an edge with both ends in'Y; for some 1.

Let us choose the sets W, Yy, ..., Y,, X;,..., X, as in (2) such that W is maximum. We may

assume that Y; # () forall i € {1,2,...,n}.
BMCW.

Since each v € M corresponds to a good path consisting of only a single vertex, (3) follows

immediately from (2.iii).
@)n>2.

Ifn = 1, then H, U Hy U Hy C W U X, by (2.ii), but since | H; U H, U H;| = 18 — |M] by (C),
and since M C W by (3), we then have |IWW| + L% | X4 |J > 9, contradicting (2.i). This proves (4).

(5) X; # 0 foranyi e {1,2,...,n}.

Suppose for a contradiction that X; = (J, say. Then Y7 \ X; = Y}, and by (2.ii) every vertex of Y}
has neighbors only in Y; U W. Let y; € Y7. By (4), Y5 # (), so let i, € Y5. Then every y;, yo-path
in G must meet W. Since G is 7-connected, this implies |W| > 7. By (2.i), we conclude that
|W| = 7 and that | X;| < 2foralli € {2,3,...,n}. Since HH UH, UH; CWUX; U---UX,
by (2.ii), and since |H; U Ho U H3| = 18 — |M| and | M| < 4 by (C), we deduce that at least 7 sets

X, must be non-empty. It follows that n > 7. Thus we have shown
SGHW|=7n>7and |X;| <1forallie€ {2,3,...,n}
Now we show
(5.2) X; # O foranyi € {2,3,...,n}.

Suppose that X, = (), say. The sets Y; and Y5 are non-empty, and, for i € {1,2}, any y € Y; has
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neighbors only in W U Y; by (2.ii). Thus G[Y;] and G[Y>] each contain at least one component of
G—-W.Sincen > 7,and Y;NY; = () when 7 # 7, there is at least one more component of G — W

disjoint from G[Y; U Y3, contradicting (A). This proves (5.2).
It follows immediately from (5.2) and (A) applied to the minimum separating set W of G that
(5.3) G — W —Y] is connected.

Since |WW| = 7 and by (C), there is at most one H; such that H; C W. Say, H; \ W # () and
H; \W # { for some j € {2,3}. Letw; € H; \ W and u; € H; \ W. By (2.ii) and since
X1 =0, HHUH; C WU, Xi, and so uy,u; ¢ Y;. By (5.3), there exists a uy, uj-path P
which avoids W. Then P is a good path, so by (2.iii) some edge of P has both ends in Y}, for some
k€ {2,3,...,n}. Say k = 2 and zz; is an edge of P with both ends in Y5, where uy, 21, 2;, u;
appear on P in order (note that u; and z; are not necessarily distinct fori € {1,j}). If z; € Y5\ Xo,
then by (2.ii) and since P avoids W and u; ¢ Y, \ X,, some vertex of P between u; and z; must
belong to X5. Otherwise z; € X,. Similarly, either z; € X, or some vertex of P between u; and

z; belongs to X,. Hence | X,| > 2, contradicting (5.1). This completes the proof of (5).
(6) | X;| is odd for all i € {1,2,...,n}.

Suppose that | X1] is even, say. By (5), | X;| > 2. Let x € X;. Define W/ = W U {z}, X] = X1 \
{z}, Y/ =Y \{z},and X] = X, Y/ =Y, fori € {2,3,...,n}. Then W, X1, ..., X/, Y],..., Y]

n

satisfy (2), contradicting our choice of W' as maximum. This proves (6).

Now for j € {1, 2, 3} let us define the set Z; to be the union of the vertex sets of all paths P meeting
H; and avoiding W such that P has no edge with both ends in Y; for any i € {1,2,...,n}. In

particular, note that any such path P is not a good path. The following is clear from (2.i1), (2.ii1),
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and our definition of Z;:

(7) For j € {1,2,3},
(1) Hj\W C Z; CV(G)\W,

(iii) the sets Zy, Zs, Z3 are mutually disjoint.

(8) Forany j, k € {1,2,3} with j # k, every Z;, Z-path avoiding W has at least 2 vertices in

X, for some i € {1,2,...,n}.

For suppose that G has a path () avoiding W with ends u € Z;, say, and v € Z; for some
Jj € {2,3}. By the definition of Z; and Z;, there exists both a path P of G — W from some
u’ € H, towand a path R of G — W from v to some v" € Hj, such that both P and R have no edge
with both ends in Y; for any i € {1,2,...,n} (possibly u = u' or v = v/, and the corresponding
path P or R consists of only a single vertex). Let S be a subpath of P U Q U R with ends
and v’. Then S is a good path avoiding W and so has an edge e with both ends in Y; for some
i€ {1,2,...,n} by (2.ii). Since V(P) C Z; and V(R) C Z; by our choice of P and R, this
edge e must belong to () by the definition of Z; and Z;. By (7.ii) and the definition of Z; and Z;,
u and v belong to X; U - - - U X, so by (2.ii) the part of () from  to the first end of e must contain
a vertex from X; and the part of () from the second end of e to v must similarly contain a vertex

from X, as required, where () is read from « to v. This proves (8).
©) W] <6.

Suppose |W| > 6. By (2.i), [W| = 7. First suppose G — W has some component which contains
vertices from at least two of the sets Z;. Say at least one vertex of each of Z; and Z; for some
J € {2,3} belong to the same component of G — W. Thus there must exist some Z;, Z;-path

in G which avoids . By (8), at least two vertices of this path belong to the same X} for some
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ke {1,2,...,n}. Butthen [W|+ 37| |1]|X;|| > 8, contradicting (2.i).

Thus we may suppose that no component of G — W contains vertices from more than one ;. Since
G — W contains at most two components by (A), this means there exists j € {1,2,3} such that
Z; = 0. Thus, H; C W by the definition of Z;. Further, since |IW| = 7, no other H; C W for
i €{1,2,3},i # j. Thus G — W is disconnected, with Z;, Z;; belonging to separate components
of G — W, where {i,7,j} = {1,2,3}. But then IV is a separating set of G with |W| = 7 and

H; € W, contradicting (A). This proves (9).
(10) [W| < 5.
Suppose |W| > 5. By (9), |W| = 6. We first show the following:

(10.1) There do not exist vertices x1,x2,x3 € X; for some i € {1,2,... n} such that for
Jj € {1,2,3}, x; € Z;, and such that there exist vertices y1,Ys,ys € Y; (not necessarily distinct
from the x;) and internally disjoint paths Py, Pa, P3, Q12, Q13, Q23 C Y; where for j, k € {1,2,3}

with j # k, P; has ends x;,y;, and Q ;i has ends y;, y. (See Figure 4.1.)

Figure 4.1: The arrangement of paths and vertices forbidden by (10.1).

By (8) and (2.1), we may assume that {1, x5, z3} = X7, say. Since |WW| =6 and X; N (W) = (), it
not hard to see that H, C W U X, for at most one k € {1, 2,3}, and so without loss of generality

we may assume that Z; and Z,, say, each have a vertex in G — W — X, where ¢ € {2,3}. As
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the proof is identical for both values of ¢, we will assume that / = 2 for the sake of notational
clarity. Say z; € Z; \ {x1} and 25 € Z5 \ {25} are vertices of G — W — X;. Then Z; and Z, both
belong to the same component C' of G — W — x3 since P, U Q1o U P, C G — W — x3 and the sets
Zy, Z are each connected by definition. If there exists a 21, 2zo-path P in C' which avoids at least
one of x; and x9, then by (8) and the fact that {x1, zo, 23} = X, there exists i € {2,3,...,n}
such that X; contains two vertices of P, and so |[W|+ Y7 [1|X;|| > 8, contradicting (2.i).
Thus we may assume that every 21, zo-path in C' includes both vertices x; and z,. In particular,
C' is not 2-connected and C' — z; is disconnected for each ¢ € {1,2}. Let C; be the component
of C' — {x1, o} which contains z; for each i € {1,2}. It is clear that for i € {1, 2}, no vertex of
C; can be adjacent to any vertex of P; U P, U P3 U Q12 U Q13 U Qo3 \ {1, 22, 23}, since then a
21, Zo-path in C' avoiding one of z; or x5 can be found. We further claim that no vertex of C; is
adjacent to x3 for i € {1, 2}, thatis z3 ¢ V(C;). Indeed, if 23 € V(C}), say, then there is a path P
from z; to x3 contained in C}. In particular, P is a Z;, Z3-path avoiding W U {x1, 25}, so by (8),

we will have [W|+ 37| |1[X;[| > 8, contradicting (2.i).

Since G is 7-connected, there exist 7 internally disjoint z;, zo-paths in G. We have shown that at
most one of these paths is contained in C, so at least 6 of these paths must meet W U {z3}. As
Ne(C;) CWU{a;} fori € {1,2} and |W| = 6, none of these paths meets x3, and so every vertex
of W belongs to one such path. If H3 C W U {z3}, then by contracting each of C; U {x;}, P;, and
Q13U P3U Qa3 \ {y1, 92} to a single vertex for ¢ € {1,2} and contracting ()15 to a single edge, we

obtain a Kg-minor of (7, a contradiction.

Thus Hy & W U {x3}, and in particular that some vertex z3 € Z3isin G — W — X;. Let C3 be
the component of G — W — X; which contains Z3. By the same argument as above, no vertex of
(3 is adjacent to any vertex in Py U P, U P3 U Q12 U Qo3 U Q31 U {x1, x2}. In particular, the graph
G — W — z3 is disconnected and Cj is one of its components. Thus Ng(C3) C W U {z3}. Now,

H; C C3UWU{x3}. Since G is 7-connected, there exist 6 disjoint paths Ry, . .., Rg of G with one
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end in H3 and the other end in W U {x3}. Additionally, we may select these paths Ry, ..., Rg such
that all internal vertices of these paths belong to C3. Since |W U {z3}| = 7,by (A), G — W — z3
has two components, one of which contains both Z; and Z,. Thus, the above arguments apply, and
so the component C; of G — W — X containing z; satisfies Ng(C;) = W U {z;} fori € {1,2}.
Therefore, contracting each of Ry, ..., Rg, P, UC}, P, Uy, and P; to a single vertex and each of

12, Q13, Q23 to a single edge gives a Kg-minor in GG, a contradiction. This proves (10.1).

As G is 7-connected and |WW| = 6, G — W is connected. Also since |W| = 6, it is easy to see that
there are at least two sets Z; such that |Z;| > 2, say Z; and Z, for some ¢ € {2,3}. Again the
proof is identical for both values of ¢, so for notational convenience we will assume ¢ = 2. If there
exist two disjoint Z;, Zo-paths in G — W, then by (8), [W |+ >, |3]X;|| > 8, contradicting (2.i).
Thus there is at most one disjoint Z;, Z,-path P in G —W. G — W is connected, so we may choose
P as short as possible with ends z; € Z; for j € {1,2}. By (8), at least two vertices of P belong
to the same set X; for some ¢ € {1,2,...,n}. Let P’ be the longest subpath of P such that P’
has distinct ends in the same set X, say x1, 22 € X;, and such that z1, x1, 29, 25 appear on P in
order (note that z; and z; are not necessarily distinct for i € {1, 2}). By an application of Menger’s
Theorem [47], there exists a vertex p € V' (P) such that G — W — p is disconnected. Since W U {p}
is a separating set in G with [W U {p}| = 7, we have H3 W U {p} by (A), and so Z3 # () and
there exists a shortest Z3, P-path () in G — W. Let ¢ be the unique vertex in V' (P) NV (Q), and let

z3 € Zs3 be the other end of (). We next prove the following.

(10.2) t & {x1,x2}.

If t = x4, say, then we first claim 1 ¢ Z3. For if x; € Z3, then the subpath of P from z; to z; is a
Z3, Z1-path avoiding W, and so must contain two vertices from some X; by (8). By the maximality
of P/, these two vertices cannot belong to X, and therefore we will have [W|+Y"" | |1]X;|| > 8,

contradicting (2.i). So z1 ¢ Z3, and thus () contains at least two vertices. The subpath R of P U )
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with ends 2z, 23 is a Z;, Zs-path avoiding WW. By (8), two vertices of R belong to the same X;. Let
@' be the longest subpath of R such that the ends of )’ belong to the same set X;. By (2.i) and the
maximality of P, the ends of ()’ must be z; and, say z3, where X; = {1, 2, x3} and 21, 1, x3, 23

appear on () in order (again, z3 and x3 are not necessarily distinct). Hence Q' C Q.

We now claim that z; € Z; for j € {1,2,3}. The proof is similar for all j, so we will suppose
x1 ¢ Zy. Since the subpath P* of P from z; to x; does not meet IV, by the definition of the set
71, P* must contain some edge with both ends in Y; for some i € {1,2,...,n}. By (2.ii), (7.ii),
and the maximality of P’, we conclude that ¢ # 1. Say e € E(P*) has both ends in Y;. Then
the subpath of P* from z; to the first end of e must contain some vertex from X5, and the subpath
of P* from the second end of e to x; must contain another vertex of X, by (2.ii) and the fact that
P* avoids W. But then |[W|+ -7 | |1|X;|| > 8, contradicting (2.i). This proves the claim that
x; € Zj for j € {1,2,3}. In particular, we have z; = z; for j € {1, 2,3} by the minimality of P
and Q).

We next claim that V(P U Q') C Y;. Assume to the contrary that P’, say, has a vertex outside Y].
No interior vertex of P’ can belong to X since the minimality of () implies x3 ¢ V (P’) and since
X = {x1,x9, z3}. By (2.i) no two interior vertices of P’ can belong to the same set X, and so we
must have P’ C X; U---U X, by (2.ii). But then since x; € Z; and x5 € Z3, and by the definition
of Z;, we have that P’ C Z; and P’ C Z,, contradicting (7.iii). The proof in the case that ()’ has a

vertex outside Y; is similar, and so our claim that P’ U )’ C Y} follows.

Now since xo ¢ Hs, |Z;| > 2 for j € {1,2}, and | Z5| > 1, and by (A), there exist at least two sets
Z; belonging to the same component C' of G — W — x,. By (8) and (2.1), for j, k € {1,2,3} with
j # k, any Z;, Zy-path in C' must contain both z; and z3, as otherwise |W |+ 1", [5|X;|] > 8,
a contradiction. Thus we may assume j = 1 and k = 3, since 1 € Z; and x5 € Z3. Let R be

the subpath of any Z;, Z3-path in C such that the ends of R’ are x; and x3. By the same argument
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applied to P" U Q' above, it can be shown that R* C Y;. Since R’ avoids x5, some subpath of
R’ is a P',()-path containing at least one edge. Therefore, for i € {1,2,3}, we have vertices
x1, o, 3 € X1 such that x; € Z;, and within P’ U )’ U R’ we can find vertices y1, y2, y3 € Y; and
internally disjoint paths Py, P, P35, Q12, (23, @31 where P; has ends x;, y; and ();; has ends y;, y;
(here {z3} = {y2} = V(P,)). This contradicts (10.1), and so (10.2) follows.

If t € P — P, then we may assume 2, ¢, z; appear on P in order (possibly t = z1, but t #
by (10.2)). Then the subpath of P U () with ends z1, z3 is a Z;, Z3-path avoiding W. As neither x;
nor x belong to this subpath, by (8), we will have W[+ >"" | |1|X;|| > 8, contradicting (2.i).
Hence by this argument and (10.2), we may assume that t € P’ — {x, x5 }. Let R, be the subpath
of PUQ withends z;, z3 for j € {1,2}. Then for j € {1,2}, R, is a Z;, Zs-path avoiding W, and
so by (8) contains two vertices in some set X;. By (2.i), R; contains z; and, say, x5 for j € {1,2}.

Let Q' be the subpath of () with ends x3, t.

By the same argument as in the proof of (10.2), it can be shown that x; € Z;, and thus that
x; = z; for j € {1,2,3}. Also by the same argument as in the proof of (10.2), we can show that

PUQ CY,.

Suppose t # z3 and consider the graph G’ := G—W —t. Then z; € V(G’) for j € {1, 2, 3}. Since
G’ has at most two components by (A), at least two of the vertices z; = z; must belong to the same
component of G', say x; and x5 belong to the component C' of G'. Thus there is a Z;, Zy-path R
in C. In particular, R is a path in G’ with ends x1, x5 which avoids ¢. Using the same argument as
above, we can show that R C Y]. Therefore it is easy to see that P’ U Q" U R contains some set of

paths which contradicts (10.1).

Thus we may assume that ¢ = z3 = w3, and so )’ consists of only the single vertex ¢. Again
consider the graph G’ := G — W — t. If Z; and Z, belong to the same component C of G', a

similar argument to the above allows us to find an x, xo-path R avoiding ¢ such that R C Y7, and
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therefore such that P’ U ()" U R contains some set of paths contradicting (10.1). Thus Z; and 7,
must belong to distinct components of G’. But then H3 Z W U {t} by (A). Hence there is a vertex
zh € Hyin G’ such that 2§ € Z3. As G’ has at most two components by (A), z; must belong to
the same component as one of Z; or Z,, say Z;. Then there is a Z;, Zs-path in G’ which avoids
both z3 and x5, and thus by (8) we will have [W| + Y7 | |1]|X;|| > 8, contradicting (2.i). This

completes the proof of (10).
The following two statements are immediate consequences of (10).
(1) Fori € {1,2,...,n}, if | Xi| = 1, then Y; = X,.

Suppose, say, | X1| = 1and Y7\ X; # 0. By (2.ii), WU X separates Y; \ X; from V(G)\ X; UW.

But |V U X | < 6 by (10), contradicting that G is 7-connected.
(12) Z; # 0 for any j € {1,2,3}.

Since |[W| < 5 by (10), we have |H; \ W| > 6 — |W| > 1 for all j € {1,2,3}. Thus, for any
j€{1,2,3}. by (7.0), Z; D H; \ W # 0.

(13) Forall j € {1,2,3} andi € {1,2,...,n}, ifz € Z; N X, has a neighbor in G — W — Z;,
then | X;| > 3.

Suppose z € Z; N X3, say, has a neighbor y in G — W — Z; be a neighbor of z. By the definition
of the set Z; and by (2.ii), y € Y7, and so |Y3| > 2. By (11), | X;]| # 1, and so by (6), | X;| > 3.

(14) There are at least two sets Z; such that every z € Z; has a neighbor in G — W — Z; for

je{1,2,3).

Suppose to the contrary that there exist two sets Z; such that some z; € Z; has no neighbor

in G — W — Z;. The proof is identical no matter which two sets Z; satisfy the above, so we will
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assume that for j € {2, 3}, there exists a vertex z; € Z; such that z; has no neighborin G—W —Z;.
For each j € {1,2,3}, define G, := G — (W U Z;) and define N; to be the set of vertices in Z;
with a neighbor in G;. Let r := 7 — |IW|. Note that by (10), » > 2. Since G — W is r-connected
and |Z;| > 6 — |[W| = r — 1, either each vertex in Z; has a neighbor in G}, or at least r vertices of
Z; have a neighbor in G; for j € {1,2,3}. Thus, for j € {2, 3}, since z; has no neighbor in G,
|N;| > r. By (13), there exists at least one ¢ € {1,2,...,n} such that | X;| > 3. Let us reorder
the sets Y;, X; so that | X;| > |Xs| > --- > | X,,|, and let s be the integer such that | X;| > 3 for
all i € {1,2,...,s}and |X;| = 1 foralli € {s+ 1,5+ 2,...,n}. Again by (13), we see that
N; CXjU---UX;forje{l,2,3}, and that

3
Un;

Jj=1

> >(r—1)+r+r=3r—1=20-3W|.

Ux
i=1

By (2.i), it is easy to see that either we have |X;| = 5,|X;| = 3 fori € {2,3,...,s}, and
s =1 —1,or we have |X;| = 3fori € {1,2,...,s} and s = r. By (2.i) and (13), the values of
| N;| are restricted as follows. We may have |N;| = r or r—1. If | N;| = r — 1, then we may assume
| No| = r and either | N3| = r with | X;| = 5 and |X;| = 3foralli € {2,3,...,s}or |[N3| =r+1
with | X;| = 3foralli € {1,2,...,s}. If |Ny| = r then | N3] = |N3| = r and |X;| = 3 for all

ie{l,2,...,s}.

(14.1) Foranyi € {1,2,...,s}, if Z1 N X; # 0, then | Z, N X;| = 1. If, in addition, | X;| = 3,
then |Z; N X;| = 1forj € {1,2,3}.

For suppose that | Z; N X | > 2, say. By the above, | V;| < r. Since G — W is r-connected, we may
select | V| disjoint Ny, Z,-paths with no internal vertices in Z; U Z,. Then two of these paths must
have an end in X;. If | X;| = 3, then since the paths have no internal vertices in Z; U Z5, both paths
with an end in X; must meet the third vertex of X, contradicting that the paths are disjoint. If

| X1| =5, then s =r — 1, and |N;| = r for j € {2, 3}. Itis easy to see that since | Ny| = |N3| =7,
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there mustexisti € {2,3,...,s}and j € {2,3}, suchthat | X; N Z;| = 2. Say | XN Z5| = 2. Now
| X2| = 3, and so by applying the same argument to a set of r disjoint Ny, Z3-paths, we obtain a

contradiction. This same argument can again be used to prove the final part of the statement, and

so (14.1) follows.

(14.2) For j € {2,3}, we can select a set of |Ny| disjoint Zy, Z;-paths in G — W such that
each path P will have both ends in the same set X;, and P C'Y;. Additionally, if | X1| = 5, then a
7y, Zy-path Q1, a Z, Zs-path Qy and a Zy, Z3-path Q3 with Q1 U Q2 U Q3 C Y] can be chosen

with Q3 disjoint from Q1 U Qs.

There are two primary cases to consider based on |Ny|. If | N;| = r, then | Ny| = | N3| = r, and for
ie€{1,2,...,s}and j € {1,2,3}, |X;| = 3 and so by (14.1), | X; N Z;| = 1. For j € {2,3}, we
claim that if P is a Z;, Z;-path in G — W with ends 2z, € Z;, z; € Z; say, such that z;, 2; € X,
forsome i € {1,2,...,s} and no interior vertex of P is in Z; U Z;, then P CY;. For if not, some
interior vertex of P must belong to Y;: for some i’ # i. It is clear from the definition of the sets Z;
and Z; that the neighbors on P of z; and z; must belong to Y;. Thus by (2.i1), the part of P from z;
to Y, must contain two vertices of X, and likewise the part of P from Y}, to z;. But then | X;| > 4,
a contradiction, thus proving our claim. Now since G — W is r-connected, for j € {2, 3}, we can
select r = |Ny| disjoint Z, Z;-paths in G — W with no interior vertex in Z; U Z;. These paths

must each have their two ends in the same set X; by our claim, and so (14.2) follows in this case.

Now consider the case |N;| = r — 1. The same argument as above can be applied to any set X;
with | X; N Z;| = 1 and | X;| = 3 to find a path P C Y;. So let us assume that | X;| = 5, and so
|Na| = |N3| = r. It is clear from (14.1) that we must have |X; N Z;| = 2 for j € {2,3}. Now
for j € {2, 3}, by deleting a single vertex from X; N Z5_; if necessary, we may find a set of r — 1
disjoint Ny, Z;-paths with no interior vertex in (U3_, Z;) \ (UL, X;). Say j = 2, and let P be the

Ny, Zy-path with an end in N; N X;. The subpath P’ of P from N; C Z; to its first vertex in
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Zy, say s, 1s then clearly contained in Y;. Now, consider a set of r disjoint Ny, N3-paths with no
interior vertex in Z, U Z3. Let (Q and @)’ be the N5, N3-paths with one end in Z; N X;. By extending
the argument above, it is clear that the second end of each of () and )" belongs to Z3 N X7, and so
@, Q" C Y;, since otherwise we would have | X;| > 6, a contradiction. Since 25 must be an end of
either Q) or ', we see P’ N (Q U Q') # (). So we may assume that the first vertex of Q U Q" on P
belongs to (), where P is read from its end in N; N X; to xo. Then for j € {2,3}, P’ U contains
a subpath R; with ends in Z; N X, and Z; N X; such that R; C Y3, and R; is disjoint from ()’ (See
Figure 4.2). This proves (14.2).

Z1N Xy

P/

ZgﬂXl ZQOXI

Figure 4.2: Z;, Z;-paths in Y; when |X;| = 5.

By (14.2), let P’ be a collection of |Ny| Zy, Z,-paths and |N;| Z;, Z3-paths in G — W where for
each P € P’ there is some some ¢ € {1,2,...,s} such that P has both ends in the same set X;
and P C Y;. By (14.2), we may further select these paths P’ so that if |X;| = 5 there exists a
Zy, Z3-path Q C Y; disjoint from [ J /V(P). Note that the paths P € P’ are not necessarily
pairwise internally disjoint. Now, sirI:ceeP H, C Z; UW by (7.) and G is 7-connected, there exist 6
disjoint paths Py, ..., Ps in G with one end in H; the other end in 1/ U /N1, and no internal vertices

in H; UW U N;. Let P C P’ be the subset consisting of paths which share an end with one of

Py, ..., Ps. From here, we consider two cases.
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Figure 4.3: A Kg-minor in G when N; \ H; # () and shown here with s = 3.

If there exists € Nj such that x ¢ H,, then |W U Ny| = |W| + r = 7 because either H; C
W U N; \ {z} or WU N is a separating set in G. We select the 6 paths Py, ..., Ps in G — x.
Since Ng(Z; \ N1) C W U N; and Ny C Z3, itis clear that Py, ..., Ps may be selected such that
W_,V(P) C WU Z. Since x € Nj, we must have x € X; for some i € {1,2,...,s}, say
x € X1. As there exists a Z1, Zy-path P € P' and a 7, Z3-path P’ € P’ such that P, P’ C Y}, we
see that some subpath )’ of PU P’ is a Z,, Z3-path. Since x is not an end of any of Py, ..., Ps, we
see that ()’ is disjoint from P. Note that since |N;| = r in this case, | X;| = 3 fori € {1,2,...,s}.
We also have |N;| = r, and so Ng(Z; \ N;) = N; UW for j € {2,3}. Now by contracting each
of Pi,...Ps, Zs, and Z5 to a single vertex, and contracting ()’ and each P € P to a single edge,

we obtain a Kg-minor in (G, a contradiction (see Figure 4.3).

On the other hand, if x € H; for every x € Ny, then either |[N;| = r — 1 and |[W U N;| = 6,

or |[N;| = r and there exists a single vertex w € W \ H; such that w is not an end of any path
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Py, ..., P (by picking these paths in G'—w, if necessary). We consider these two cases, separately.

First, suppose |N;| = r — 1 and |W U N;| = 6. Then we must have H; = W U N;. If | X;| = 5,
then let ()’ be the Z, Z3-path () disjoint from [J / V(P) given by (14.2). If | X;| = 3, then since
there are r sets X; with | X;| = 3 and | N;| = rP—epl, we may assume that N; N X; = (). By (14.1)
and since |[Ny| = r, |[N3| = r + 1, we have Ny N X # () and N3 N X # (). As there are r disjoint
Zs, Zz-paths in G — W, it is clear that a Z5, Z3-path Q" can be found such that Q" C Y;. Now in

either case, by contracting each of Py, ... Ps, Z5, and Z3 to a single vertex, and contracting ()’ and

each P € P to a single edge, as before, we obtain a Kg-minor in (5, a contradiction.

Lastly, suppose | N;| = r and there exists a single vertex w € W \ H; such that w is not an end of
any path P,..., P. Then |X;| = 3, and by (14.1) |Z, N X;| = 1 forall forall i € {1,2,...,s}
and j € {1,2,3}. Furthermore, we have |[No| = |N3| = r, and so [Ny UW| = [N;3UW| = T.
Since G is 7-connected, in any set of 7 disjoint 2o, z3-paths, one path @)’, say, must meet w. It is
clear that @)’ is disjoint from Py, ..., Ps and every P € P since Q' N (Z; UY; U---UYj) = 0.
Thus we may once again obtain a Kg-minor in GG by contracting each of Py, ... Fs, Z5, and Z3 to a
single vertex, and contracting ()’ and each P € P to a single edge, a contradiction. This completes

the proof of (14).
(15) max{|Z|,| Zs, | Z5|} = 7 — |[W]|.

Suppose to the contrary that | Z;| < 6 — |IW| forall j € {1,2,3}. Since H; C Z; U W, we have
|Z;j| > 6 —|W]|,and so |Z;| = 6 — |W| for j € {1,2,3}. Since Z; and W are mutually disjoint, it
follows that |Z; U W| = |Z;| + |W| = 6, and so Z; U W induces the K4-subgraph G[H,] for all
j € {1,2,3}. Therefore W C Hy N HyN Hs. But [W| > 1by (B) and (3),and H; N Ho N Hy = ()

by (C), a contradiction. (15) follows.

(16) At most one of Zy, Zs, Z3 has at most 6 — |W | vertices.
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Suppose not. By (15), exactly two sets Z; satisfy |Z;| < 6 — |W|, say Z; and Zj for some
k € {2,3}. By the same argument as in the proof of (15), we have that Z; U W and Z, U W
induce the Kg-subgraphs G[H;] and G[Hy], respectively. Thus W C H; N Hy, and so we must
have k = 2, W = M = Hy N H,, and |W| = 1 by (B) and (3). Further, since H; C Z; UW
by (7.i), we have | Z;| = 5 for j € {1,2}. Then H; N W = () by (C), so |Z3| > 6.

We first claim for any i € {1,2,...,s} thatif Z; N X; # () for some j € {1,2}, then | X;| > 5.
Suppose z € Z; N X; with | X;| < 5. Then | X;| = 1 or 3 by (6). If there exists y € Y] \ X7, then
by (2.ii), X7 U W is a separating set in G with | X; U W| < 4, contradicting that G is 7-connected.
Therefore Y} = X;. Now by (2.iii) and the definition of the set Z;, z can only have neighbors in
ZUYTUWA\A{z}. But |[Z,UY T UWN {2} < |[Z)\ {z}|+ Y\ {z}| +W|=4+2+1=T,

contradicting that 6(G) > 8. This proves our claim.

By (2.i), there are at most three sets X; such that | X;| > 5. Thus, by our above claim, we may
assume that Z; U Z, C X7 U X, U X3 say. Then | X; U X5, U X3 < 15 by (2.1). Let 2z € Z;NX;
for some j € {1,2} and some i € {1,2,3}, say z € Z; N X;. Then z cannot be adjacent to a
vertex y € X \ Hp unless £ = 1, since by the definition of Z; any such vertex y would belong
to Z; and then |Z;| > 6, a contradiction. Thus it follows that W U X; U X, U X3\ (Z1 U Zs) is
a separating set in G with at most 6 vertices, contradicting that G is 7-connected. This completes

the proof of (16).

We will utilize the following definition from the proof of (14) throughout the remainder of the
proof of Theorem 1.6.6. For j € {1,2, 3}, define N; to be the set of vertices of Z; with a neighbor

(17)|Z;| > 7 — |W| for j € {1,2,3}.

Suppose to the contrary. By (16), we have only one set Z; with |Z;| < 6 — |W/|. Since |Z;| >
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6 — |[W] by (7.1), we have |Z;| = 6 — |W] for some j € {1,2,3}. Hence W C H;, and so
j € {1,2},say |Z1| = 6 — |W|. Then N; = Z; since G is 7-connected. By (2.i), (13), and that G
is 7-connected, each of | N,| and | N3| must be equal to one of 7 — |W| or 8 — |W|, with at most

one equal to the latter. We now prove the following.
(17.1) | X;| < 3foralli € {1,2,...,n}.

For suppose |X;| > 3. By (6), |Xi| > 5. By (2.i) and (13), we must have |[No| = |N;| =
7 — |W|, and additionally |X;| = 5 and | X;| < 3foralli € {2,3,...,n}. If | X; N Z;| > 3, then

(Z1\ X1) U (X1 \ Z1) UW is a separating set of G with cardinality

(Z\ X)) U (X \ Z)UW[ = |20\ Xq| + | Xo\ Zo| + W[ < (3= [W]) +2+ W] =5,

contradicting that G is 7-connected. If | X; N Z;| = 2 or 0, then it is easy to see that some other set
X, say X, must have | Xy N N;| = 2 for some j € {1,2,3}. Butthen (IV; \ X5) U (X3 \ N;) UW

is a separating set of G with cardinality

[(V; \ Xo) U (Xa \ Nj) UW | = |N; \ Xo| + [Xo \ NG| + [W] < (5 = [W]) + 1+ W] =6,

again contradicting that G is 7-connected. Thus we must have | X; N Z;| = 1. If | X; N N;| > 3
for j € {2,3}, then (N; \ X1) U (X7 \ N;) U W is a separating set of G of cardinality at most 6, a
contradiction. Thus we have | X; N Ny| = |X; N N3| = 2. By a similar argument again, we must

have | X; N N,;| =1foralli € {2,3,...,n} and j € {1,2,3} such that |.X;| = 3.

Now by (B), (C), (7.i), and since W C H;, we must have |Zy| > |Hs \ W| > 5 and |Z5| >
|Hs \ W| > 3. By (14), either |Z5| = |No| = 7 — |W] or |Z3] = |N3| = 7 — |W]|, and thus
|W| < 4. Therefore | Z,| > 2, and so there is a set, say X, with | X3 N Z;| = 1 and | X5| = 3. Let

x € Xy N Zy. Then the neighbors of x in G mustbe in Z; UW U Y. As |[Z UW \ {z}| =5,z
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must have at least 3 neighbors in Y3 since §(G) > 8. Thus Y2 # X5, and so X, U W is a separating
set in G of size 3+ |W|. Since G is 7-connected, we conclude |W| > 4. Therefore |W| = 4. Since
|Z5| > 5 and now | No| = 3, we have Zy # N,. Thus Z3 = N3 by (14). Since |Z3| = 3, we see
that |H, N Hs| = 3. Butnow S := H; U X, \ (Z; N X3) is a separating set in G with |S| = 7 and
A(G[S]) > 5, contradicting (A). This proves (17.1).

It is clear from (13) and (17.1) that | Ny| + | Na| +| V5| must be divisible by 3, and so {|Na|, | N3|} =
{7 —|W|,8 — |[W|}. Now let x € Z;. Since Z; = Ny, x belongs to some set, say X7, such that
| X1| = 3. Since Z; U X7 U W \ (Z; N X)) is a separating set of G, it is clear that |Z; N X;| = 1.
Now x can have neighbors in G only in Y1 U Z; UW. As W U Z; C H;, we see that x must
have at least three neighbors in Y] since 6(G) > 8, and so Y7 # X;. Thus, by (2.ii), X; U W is
a separating set of G with | X; U W| = 3 + |IW|. Since G is 7-connected, we conclude |W| > 4.
Since |Z3| > 5, we see | Zs| > 9 — |W|, and so Zy # N,. By (14), Z3 = Nj. Since |Hs N Hy| < 3,

we see |Z3| > 3.

We claim thatXlﬂZ:; 7é (Z) Indeed, lelﬂZ:g = (Z), then |X1ﬂN2| = 2and NQUX1UW\(X1QN2>

is a separating set of G with

INo U X7 UW N\ (X7 N No)| < [ No| + | Xy| + [W]| = | X1 N Ny| = |No| + |[W|—1.

Since G is 7-connected, this gives |[No| > 8—|W|, and so | No| = 8—|W|. Thus | Z3| = 7—|W| < 3
since |W| > 4, and since |Z3| > 3 we must have |W| = 4 and | Z3| = 3. Now it is not hard to see
that there must exist some set X;, say X», such that | Z3NX5| > 2. But then Z3UXoUW\ (Z3NX5)
is a separating set with |Z3 U Xo U \ (Z3 N X3)| < 6, contradicting that G is 7-connected. This

proves the claim. But now S := H; U X; \ (H; N X)) is a separating set in G with |S| = 7 and
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A(GJ[S]) > 5, contradicting (A). This proves (17).
(18) [N;| =7 — |W|for j € {1,2,3}.

Since G is 7-connected and |Z;| > 7 — |[W| by (17), it follows that |N;| > 7 — |W]| for all

j € {1,2,3}. By (13) and (2.i), it is easy to see that (18) follows.
(19) |X;| < 3foralli e {1,2,...,n}.

By (18), |[Ny| + | Na| + |N3| = 21 — 3|W/|, and so it is clear by (13) and (2.i) that there must exist
exactly 7 — |W| sets X; with | X;| = 3, and all other sets X have | X;| = 1.

(20) |X; N N;| =1forall j € {1,2,3} and i € {1,2,... ,n} such that | X;| = 3.

For if | X; N N;| > 2, then X; U N; UW \ (X, N ;) is a separating set in G with | X; U N; UW \

(X; N N;)| <6, a contradiction.
COIfFIW| <3, then X; =Y, foralli € {1,2,...,n}.

By (11), this is true if |X;| = 1. So assume by (19) that, say, | X;| = 3 and X # Y;. Then X; UW
is a separating set in G with | X; UW| = 3+ |W|. Since G is 7-connected, we must have |W| > 4,

and (21) follows.
(22) Fori € {1,2,...,n}, if | Xi| = 3 and X; =Y, then X; induces a Ks3-subgraph of G.

By (14) and the symmetry between Z; and Z,, we may assume that Z7; = N;. Let x € Z;, and
suppose by (13) and (19) that x € X, say, where |X;| = 3 and X; = Y;. Then z can have
neighbors in G only in Z; UY; UW. Since |Z; UW \ {z}| = 6 by (18), and since §(G) > 8, x
must have at least two neighbors in Y}, namely the two vertices of X \ Z;. By (14), there exists
J € {2,3} such that N; = Z;. By (20), there exists 2’ € Z; N X;. Then by the same argument, z’

also must have at least two neighbors in Y;. Since | X | = 3, it is clear that X; must then induce a
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K3-subgraph in G. This proves (22).
(23) [W] > 2.

Suppose to the contrary that || < 1. By (B) and (3),

W| > 1. Thus |W| = 1. Then |N3| = 6
by (18). Since G is 7-connected, G — W is 6-connected. So let P, ..., Py be disjoint paths in
G — W such that one end of P; belongs to Hj3 and the other end belongs to N5 for each i €
{1,2,...,6}. Note that it is possible some paths P, may consist of only a single vertex. For each
i€ {1,2,...,6}, let z; be the end of P; in N3, and by (13), (19), and (20), we may assume that
x; € X;, where |X;| = 3. By (20) and (22), each x; has a neighbor in each of Z; and Z, for
i€ {1,2,...,6}. But then contracting each of P, ..., Ps, Z1, and Z, UW to a single vertex gives

a Kg-minor in G, a contradiction. This proves (23).
(24) [W| > 3.

Suppose to the contrary that || < 2. By (23), |IW| > 2. Thus |W| = 2. First, consider the case
that W C Hy, say. Then WNH;3 = HiNH;. If HiNH;3 # 0, then |H,\W | = |H3\W| = 5. By (14)
and (18), either Zy = Hy \ W or Z3 = Hy \ W. If Hy N H3 = (), then | Z3| > |H3| > 7 — |W|, and
so Z3 # N3 by (18). Hence Z; = Ny = H, \ W by (14) and (18). In either case, Z; induces a K-
subgraph of G for some j € {2,3}. Suppose Z, = Ny = Hy\W, and let z € NoN X3, say. Then
can have neighbors only in Z, UY; UW by (2.ii) and the definition of Z,. Since |Z,UY; \ {z}| =6
by (21), x must be adjacent to both vertices of W since §(G) > 8. It follows that Z5 is complete
to . But then Z, U W induces a K;-subgraph of (5, and so a Kg-minor can be easily found since

G is 7-connected, a contradiction. A similar argument holds if Z3 = N3 = H3 \ .

Thus W ¢ H, for any j € {1,2,3}. If |[M| = 2, then W = M C H; for some j € {1,2,3},
and so we must have |M| = 1. Then if W N Hy = (), then W C H; for some j € {1,2}, and

so |W N Hs| = 1. By symmetry and (14), we may assume that Z; = N;. Then by (14), either
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Zy = Nyor Z3 = Ns. If Zy = Ny, then Zy = Hy \ W by (18). Let © € Z, and suppose x € X1,
say. Since x can have neighbors only in Z U Y3 U W, and since |Z, U Y7 \ {z}| = 6 by (21),
we see that = must be adjacent to both vertices of W since §(G) > 8. Thus it follows that 7, is
complete to W, and by symmetry Z; is complete to W as well. Let Py, ..., P; be disjoint paths in
Z3 with one end in H3 \ W and the other end in N3, where possibly the paths Py consist of only a
single vertex. Then contracting each of P, ..., P5, Z;, and H> to a single vertex gives a Kg-minor
in G (along with the vertex in H3 N W) by (21) and (22), a contradiction. If instead Z3 = N3, a
similar argument shows that Z3 and Z; are complete to ¥/, and suitable paths from Hs to /N5 can

be contracted along with Z;, a Z;, W-edge and Z3 to give a Kg-minor. This proves (24).
(25) [W] > 4.

Suppose to the contrary that || < 4. By (24),

W| = 3. We may assume that |WNH,| > |WNH,|

by symmetry.
(25.1) |M| > 2.

If |[M| = 1, it is not hard to see that this is only possible if [IW N H;| = 2 for j € {1,2} by (14)
and (18). Then |Z3| > |H3| =6 > 7 — |W

,and so Z3 # N3 by (18). By (14), (18), and (7.i),
N; =Z; = H; \ W for j € {1,2}. Let z € Z, N X, say. Then x can have neighbors only in
Zs UY; UW by (2.ii) and the definition of Z,. Since Y7 = X; by (21) and |Z, U Y7 \ {z}| = 5,
it is clear that x must be complete to W since §(G) > 8, and so every vertex in W has at least
one neighbor in Z,. Now let y € Z3 \ N3. Since G is 7-connected, there exist 7 x, y-paths in G,
disjoint except for their ends. As any vertex of Z3 \ N3 can have neighbors only in Z3 U W and
|Ns UW| = 7, it is clear that each vertex of N3 U IV is met by one of these paths. In particular,
each vertex in WW has at least one neighbor in Z3. Additionally note by (22) that each set X; with
| X;] = 3 induces a triangle for any ¢ € {1,2,...,n}. Since every vertex of H; either belongs to

W or to N7, we therefore deduce that every vertex in H; has some neighbor in each of Z; and Zj3.
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Then Z, and Z3 are adjacent via any set X; with | X;| = 3. By contracting each of Z, and Z3 to a

single vertex, we obtain a Kg-subgraph in Gz, a contradiction. This proves (25.1).
252) W = M.

Suppose to the contrary that W # M. By (3) and (25.1), |[M| = 2. Since |H; N Hy| = 1 by (B),
we may assume |H; N Hs| = 1, say. Letw € W\ M. If w € Hy, then |Z;| > 5 > 7 — |W| and
Z; # N; by (18) for j € {2,3}, contradicting (14). So by symmetry, we may assume w € Hs,
say. Then |Zs| > 5, and so Zy # N,. Then by (14), Z; = N, for j € {1,3}. Letx € Z5 N Xy,
say. Then x can have neighbors only in Z3 U Y; U W, and since |Z3 U Y7 \ {z}| = 5 by (21), it
is clear that z must be complete to W since 6(G) > 8. It follows that Z3 is complete to W, and
in particular that y € Hy N H, is complete to Z3. But this contradicts that d(y) < 11 by (B). This

proves (25.2).

From (25.2), we have |M| = 3. Thus either |H; N H;| = 1 for j € {1,2} or |H3 N H;| = 2 and
|H3 N Hy| = 0. In the former case, by symmetry and (14), we may assume Z; = Np. In the latter
case, |Zy| > 5 > 7 — |W]|, and so Zy # N, by (18), and by (14), Z; = N;. So in either case, we
have Z; = N;. Let x € Z; N X4, say. Then z can have neighbors only in Z; U Y; U W. By (21),
Y, = Xy, andso [Z; UY, UW \ {z}| = 8. Thus z is complete to Z; UY; U W \ {z} since
d(G) > 8, and it follows both that Z; is complete to W and that Z; induces a clique in G (note
if |[H3 N Hy| = 2, then Z; # Hy \ W). As W = M also induces a clique, we see that Z; U W
induces a K;-subgraph of G. Since G is 7-connected, a Kg-minor can be easily obtained, which is

a contradiction. This proves (25).
(26) |W| = 5.

Suppose to the contrary that || # 5. By (10) and (25), |W| = 4. By symmetry, we may assume

that |W N Hy| > |W N Hy|. Then it is not too hard to see that there are only three possibilities
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which satisfy (14) and (18):
(1) |Hy N Hs| =2and |Hy N Hs| = 1;
(13) |M| =3, |Hy N Hs| =2,and |W N Hs| =1; or
(131) |Hi N Hs| =3and Z; # Hy \ W.

Note that in each of these cases, | Zz| > 4, so Zy # N, and thus by (14), Z; = N, for j € {1,3}.

We claim that for any ¢ € {1,2,...,n}, if |X; N Z;] = 1forall j € {1,2,3}, then X; =Y.

Suppose to the contrary that, say, | X; N Z;| = 1 for j € {1,2,3}, and that X; # Y;. Then
S := X; UW is a separating set in G and so |S| = 7 by (19). Butz € H; N Hy C W has five

neighbors in S, contradicting that A(G[S]) < 4 by (A). This proves the claim.

It now follows that each x € Z3 belongs to some X; where X; = Y; by (13) and (19), since
Z3 = Ns. Say z € Z3 N X;. As such an x can have neighbors only in Z5 U Y; U W and
|Z5 U Yy \ {z}| = 4, itis clear that x is complete to W since 6(G) > 8. It follows that Zs is
complete to I/, and in particular that y € H; N H, is complete to Z3. But this contradicts that

d(y) < 11 by (B). This proves (26).

By (18) and (26), we have |N;| = 2 for all j € {1,2,3}. In order to satisfy this and (14), it is not

hard to see that, by symmetry, we must have |H; N H3| = 3,

M| =4,and H3 O (W \ M) # (.
Then |Z,| > |H3 \ W| > 5, and so Zy # N,. By (14), H; \ W = Z; = N, for j € {1, 3}.

(27) Fori € {1,2,...,n}, if Y; # X, then every vertex in X; UW has a neighbor in every
component of G[Y; \ X;].

Suppose Y; # Xj, say. Then | X;| = 3 by (11) and (19), and S := X; U W is a separating set
of G with |S| = 8. Thus for any component C' of G[Y; \ X}], at least seven vertices of S have
a neighbor in V' (C') since G is 7-connected. If only seven vertices of S have a neighbor in some

component C' of G[Y; \ X, say « € S is anticomplete to V' (C'), then S\ {z} is a separating set
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with |S \ {z}| = 7, but then any vertex in H; N H3 \ {x} has at least five neighbors in S\ {z},

contradicting (A). Thus (27) follows.

(28) For i € {1,2,...,n}, the subgraph of G induced by Y; is connected. Additionally, if

| X;| = 3 and x,y € X, then the subgraph of G induced by Y; \ {x,y} is connected.

If X; = Y; this follows from (11) and (22). So we may assume that X; # Y7, say. From (27) we
see that each vertex of X has at least one neighbor in every component of G[Y; \ X], and so (28)

follows.
(29) Fori € {1,2,...,n}, if | X;| = 3 then X; # Y.

For suppose there exists ¢ € {1,2,...,n} such that |.X;| = 3and X; =Y, say i = 1. By (22), X,
induces a K3-subgraph of G. Let x € N3 N X;. Then x can have neighbors only in Z3 UY; U W,
and since |Z3 UY] \ {z}| = 3, we can see that x must be complete to IV since 6(G) > 8, and in
particular x is complete to M. Thus H' := M UX; \ N, induces a clique in G with |H’| = 6. There
must be one more set X; with | X;| = 3, say X5. Then by (28), Y5\ (/V; U N) induces a connected
subgraph of G for all j, k € {1,2,3} with j # k, and it follows that there is an Ny, N3-path P
avoiding N,, and a P, N»-path () disjoint from P except for its end, such that both P and () are
in Y5. It is clear that every vertex in H' is adjacent to at least one end of P. Lastly, W U N, is a
minimum separating set in (7, and so it follows that every vertex of ¥ has a neighbor in Z5 \ Ns.
Since X induces a K3, we see that every vertex of H’ thus has a neighbor in Z,. Then contracting
each of V(P) and Zo UV (Q) \ V(P) to a single vertex will give a Kg-minor in GG, a contradiction.

This proves (29).

Now, by (18) and (26), |N;| = 3 for all j € {1,2,3}. By (13) and (19), there are two sets X; with
| X;| = 3, say X7 and X5. It follows from (29) and (27) that the vertex y € H; N H, has at least
one neighbor in each of Y7 \ X; and Y5 \ Xs. Since (H; U Ho) N (Y; \ X;) = 0 fori € {1,2}, we
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see y has at least twelve neighbors in GG, contradicting (B). This contradiction completes the proof

of Theorem 1.6.6. |

88



CHAPTER 5: FUTURE WORK

In this chapter, we discuss possible extensions of our work in this dissertation, as well as other

topics of interest.

5.1 Double-Critical Graph Conjecture

Our ultimate goal in this area is to prove the next open case of the Double-Critical Graph Conjec-
ture, namely that the only double-critical, 6-chromatic graph is the complete graph Kg. In [68],
Stiebitz showed that any non-complete, 5-chromatic, double-critical graph must contain a K3, and
hence a K, thereby obtaining a contradiction when the vertices of any edge disjoint from the
K, are deleted. The additional color in a non-complete, 6-chromatic, double-critical graph pre-
vents Stiebitz’s method from being applied directly. It is not even clear that any non-complete,

6-chromatic, double-critical graph must contain K, as a subgraph.

We also hope to prove the next case of the Double-Critical Graph Conjecture for claw-free graphs.
That is, we want to show that any 9-chromatic, double-critical, claw-free graph must be Ky. Our
methods presented in Section 2.4 applied to this case show that any such graph must contain
vertices of only degree 11 or 12. We believe that it should be possible, although very tedious, to
prove this case by analyzing the neighborhoods of vertices of degree 11 or 12 in a manner similar
to our examination of the neighborhoods of vertices of degree 10 in the proof of Theorem 1.2.8.
One approach to simplify this would be to improve Theorem 1.2.9. If we can show that no vertex
of degree t + 2 is adjacent to a vertex of degree ¢ + 2 or ¢ + 3, then any 9-chromatic, double-critical,

claw-free graph must be 12-regular.
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5.2 Hadwiger’s Conjecture

We hope to apply our powerful Lemma 1.5.3 to improve Theorem 1.3.7. Our main goal is to show
that any K7-minor-free graph is 7-colorable. Hadwiger’s Conjecture says that any K;-minor-free
graph is 6-colorable. We have been able to make some partial progress on this particular problem.
If G is an 8-contraction-critical, K7-minor-free graph, then we are able to show in [61] that G
contains at most one vertex of degree 8. If we can similarly restrict the number of vertices of
degree 9 in such graphs, then it will follow from Theorem 1.4.1 that G contains a K-minor, a

contradiction. This task, however, seems very hard.

Other applications of Lemma 1.5.3 are possible. If Theorem 1.4.6 can be extended to give an edge
bound for K -minors, then we believe that Lemma 1.5.3 can be used to extend our Theorem 1.3.8
to show that any Ky -minor free graph is 11-colorable. Similarly, if Theorem 1.4.7 can be extended
to give an edge bound for K§ -minors, then we believe that Lemma 1.5.3 can be used to extend
Theorem 1.3.9 to show that any Ky -minor free graph is 10-colorable. In general, if a suitable
analogue to Conjecture 3.5.2 holds true for K, -minors and K -minors, then we believe it can
be shown that any K, -minor-free graph is (2t — 7)-colorable and any K -minor-free graph is

(2t — 8)-colorable.

5.3 On Ry (K3, Tr)-saturated Graphs

Given graphs G, Hy, ..., H;, we write G — (Hy,..., H;) if every t-edge-coloring of G con-
tains a monochromatic H; in color i for some i € {1,2,...,t}. The classical Ramsey number
r(Hy,..., H;) is the minimum positive integer n such that K,, — (Hy,..., H;). A graph G is
(Hy, ..., H;)-Ramsey-minimal if G — (Hy, ..., H;), but for any proper subgraph G’ of G, G’ /4
(Hy,...,H;). We define Ryin(H1, ..., H;) to be the family of (Hy, ..., H;)-Ramsey-minimal
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graphs. It is straightforward to prove by induction that a graph G satisfies G — (Hy, ..., H;) if and
only if there exists a subgraph G’ of G such that G’ is (Hy, ..., H;)-Ramsey-minimal. Ramsey’s
theorem [52] implies that R, (Hy, . . ., Hy) # () for all integers ¢ and all finite graphs Hy, ..., H;.
As pointed out in a recent paper of Fox, Grinshpun, Liebenau, Person, and Szab6 [21], “it is still
widely open to classify the graphs in R, (H, ..., H;), or even to prove that these graphs have
certain properties”. Some properties of Rin(Hj, ..., H;) have been studied, such as the mini-
mum degree s(H, ..., H;) := min{é(G) : G € Ruin(Hi, ..., H;)}, which was first introduced
by Burr, Erdés, and Lovasz [6]. Recent results on s(Hj, ..., H;) can be found in [22, 21]. For
more information on Ramsey-related topics, the readers are referred to a very recent informative

survey due to Conlon, Fox, and Sudakov [13].

A graph G is Ryn(Hy, . . ., Hy)-saturated if no element of R (Hy, ..., H;) is a subgraph of
G, but for any edge e in G, some element of Rumin(Hi, ..., H;) is a subgraph of G + e. This

notion was initiated by NeSetfil [49] in 1986 when he asked whether there are infinitely many

Rumin(Ha, . .., H;)-saturated graphs. This was answered in the positive by Galluccio, Siminovits,
and Simonyi [23]. We define sat(n, Rumin(H1, .. ., H;)) to be the minimum number of edges over
all Ryin(H1, ..., Hy)-saturated graphs on n vertices. This notion was first discussed by Hanson

and Toft [28] in 1987 when H1, ..., H; are complete graphs. They proposed the following conjec-

ture.

Conjecture 5.3.1 (Hanson and Toft [28]) Let r = (K}, , . .., Ky, ) be the classical Ramsey num-

ber for complete graphs. Then

(5). ner
sat(n, Rumin(Kgys .., Ky,)) = r_9
(r—2)(n—r+2)—|—( ), n>r

Chen, Ferrara, Gould, Magnant, and Schmitt [7] proved that sat(n, Ruin (K3, K3)) = 4n — 10 for
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n > 56. This settles the first non-trivial case of Conjecture 5.3.1 for sufficiently large n, and is
so far the only settled case. Ferrara, Kim, and Yeager [20] proved that sat(n, Ruyin(mi Ko, . . .,
myKs)) =3(my+---+my —t) formy,...,my > Tandn > 3(my + - -+ my —t). The problem

of finding sat(n, Rumin (K3, T))) was also explored in [7].

Proposition 5.3.2 (Chen, Ferrara, Gould, Magnant, and Schmitt [7]) Let k > 2 and t > 2 be

integers. Then

sat(n, Roin (K, T)) < n(t —2)(k —1) — (t — 2)%(k — 1) — (t — 2) (k - 1)

() ()0

where r = n (mod k — 1).

It was conjectured in [7] that the upper bound in Proposition 5.3.2 is asymptotically correct. Note
that there is only one tree on three vertices, namely, P;. A slightly better result was obtained for

Rmin (K3, P3)-saturated graphs in [7].

Theorem 5.3.3 (Chen, Ferrara, Gould, Magnant, and Schmitt [7]) For n > 11, sat(n, Ry (K3,

- |2 s

Motivated by Conjecture 5.3.1, we study the following problem in [60]. Let 7 be the fam-
ily of all trees on k vertices. Instead of fixing a tree on k vertices as in Proposition 5.3.2, we
will investigate sat(n, Ruin (K3, Tr)), where a graph G is (K3, Ti)-Ramsey-minimal if for any 2-
coloring ¢ : E(G) — {red, blue}, G has either a red K3 or a blue tree T, € T, and we define
Rumin (K3, Ti) to be the family of (K3, 7;)-Ramsey-minimal graphs. By Theorem 5.3.3, we see
that sat(n, Rumin(K3,7T3)) = |5n/2] — 5 for n > 11. In [60], we prove the following two main

results. We first establish the exact bound for sat(n, Ruyin (K3, T4)) for n > 18, and then obtain an
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asymptotic bound for sat(n, Ruyin (K3, Tg)) forall k > 5and n > 2k + ([k/2] + 1)[k/2] — 2.

b}
Theorem 5.3.4 [60] For n > 18, sat(n, Ruin(K3,T1)) = {%LJ

Theorem 5.3.5 [60] For any integers k > 5 and n > 2k + ([k/2] + 1)[k/2] — 2, there exist

constants ¢ = (% (%W + %) k—2and C = 2k*> — 6k + % — (%W (k — % (%1 — 1) such that

(2 2[4V < st Rt = (25 L[5

The constants ¢ and C' in Theorem 5.3.5 are both quadratic in k. We believe that the true value of

sat(n, Rumin(K3, Ty)) is closer to the upper bound in Theorem 5.3.5.

For future work in this area, we plan to investigate sat(n, Rumin (K3, T))) for fixed trees T}, rather
than the family of trees 7. Further, we we believe the method developed in the proof of Theo-

rem 5.3.5 can be used to find sat(n, Ry (Ky, Tr))-
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