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ABSTRACT

For a linear regression, the traditional technique deals with a case where the
number of observations n more than the number of predictor variables p (n>p). In the
case n<p, the classical method fails to estimate the coefficients. A solution of this
problem in the case of correlated predictors is provided in this thesis. A new
regularization and variable selection is proposed under the name of Sparse Ridge Fusion
(SRF). In the case of highly correlated predictor , the simulated examples and a real data
show that the SRF always outperforms the lasso, elastic net, and the S-Lasso, and the
results show that the SRF selects more predictor variables than the sample size n while

the maximum selected variables by lasso is n size.
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CHAPTER ONE: INTRODUCTION

Regression analysis was first developed by Sir Francis Galton during the late 19th
century. Galton had observed the relation between heights of parents and offspring, and
he noted that the heights of children of both tall and short parents appeared to regress
towards the mediocre point (mean of the group) [11]. Regression analysis is one of the
most commonly used techniques for analyzing multi factor data. Its wide resumption and
utility result from the conceptually logical process of using an equation to express the
relationship between a response variable and one or more predictor variables. Because of
elegant basic mathematics and statistically advanced theory, the regression analysis is
also interesting theoretically [23].

There are different types of regression models, the linear regression and non-
linear regression model. In the linear regression model, the parameters are linear because
no parameter appears as an exponent or is multiplied or divided by another parameter
[24]. The model which includes only one predictor variable is called simple linear
regression, and the model with more than one predictor variables is a multi linear
regression model. An instance of nonlinear regression is logistic regression, proposed by
Berkson in 1944 with the introduction of the logit model [1]. Logistic regression is used
for the situations where the response variable is a binary value (0 or 1). This method
yields a prediction equation, which is constrained to lie between 0 and 1. Also, some
response variables are counts and the two most popular kinds of regression for count
variables are Poisson regression and negative binomial regression. Each fits a log-linear
model involving both quantitative and categorical predictors. Nonparametric regression

1



analysis is another kind of regression models that is a regression model without an
assumption of linearity. It requires larger sample sizes than regression based on
parametric models because the data must supply the model structure as well as the model
estimates [9]. Two nonparametric regressions are Kernel regression and Local
polynomial regression. The goal of the kernel regression is to obtain efficient predictive
method. Local polynomial regression uses weighted least squares regression to generate
estimated of a mean function at each point of interest. When the degree of the polynomial
is zero, it becomes the kernel regression [12]. The most important challenge in the
nonparametric regression fitting is selecting a suitable bandwidth (smoothing
parameters). The model should find a balance between the variance and bias in order to
get a good fit and leads to the minimization of a mean squared error criterion [21].

The work in this thesis is focused on linear regression. Classical linear regression
deals with the case where the number of variables is less than the number of observations
(p<n); but when p>n, the classical least squares method cannot be used. Alternative
methods based on penalized models are used. Ridge regression, was first published by
Hoerl and Robert Kennard in 1970 [16]. The ridge regression penalty (||]12) shrinks
coefficients toward a common value. Lasso regression penalty was introduced by
Tabshirani in1996. It is another method to solve the regression problem when p>n. Lasso
uses L, — penalty (||8]l;) to shrink some coefficients toward zero. If there is a group of
highly correlated predictors the lasso picks only one predictor and drops the rest from the
model [27]. There are several algorithms to solve the lasso, for instance, the least angle

regression (LARS) algorithm, developed by Efron et al. in 2004 [6]. This algorithm is



similar to forward stepwise regression starting from the null model, and picking the
predictor variable whose coefficient is most correlated with the residuals at each step
[29]. Another algorithm is the coordinate descent, which is shown to be faster than the
LARS algorithm [10]. The coordinate descent algorithm was introduced independently
by (Friedman at al., 2008) and (Wu and Lange, 2008). It is a path-wise algorithm that can
work on very large datasets, and can take advantage of sparsity in the feature set [10, 31].
Another method that performs better than the ridge and lasso is the elastic net, introduced
by (Zou and Hastie) in 2005. The elastic net combines both the L, and L, penalties. It is

used for estimation and model reduction [34].The smooth Lasso method was introduced
by (Hebiri & Van De Geer) in 2008. It uses the L; and fused (Z?ﬂ(ﬁj - ﬁj_l)z)

penalties [15]. The local constancy and local linearity are two methods that were

suggested by (Hawkins & Maboudou-Tchao) in 2013. The locally constant technique

combines the L, and Z?zz(ﬁj - ﬁj_1)2 together, and the locally linear combines the L,

and 372, (B4 — 2B; + B;_1)" together [14].

Even though, the previous work gives good results to estimate and select
variables, some methods need improvement. For instance, the ridge regression cannot get
any interpretable model as it doesn’t set any coefficient to zero. The lasso penalty also
has some problems. When n>>p, the maximum variable selection of the lasso is n, and
with a highly correlated dataset, it only selects one variable and drops the others.

Sometimes, the elastic net penalty cannot give good results for the linear and logistic


http://en.wikipedia.org/wiki/Stepwise_regression

regression models, and it breaks down on model selection consistency when p>>n [4, 17,
35].
In this thesis, a new penalization method is introduced and called Sparse Ridge

Fusion (SRF). The technigue of the SRF is mixture of the L,-lasso penalty (Z].p=1 |Bj| )

and Ly-37 25 (Bjen — 26; + Bj-) -

The rest of the thesis is organized as follows: In chapter two, the existing methods
will be reviewed, chapter three shows the solutions of the S-Lasso by using the
coordinate descents algorithm and discusses the SRF, chapter four explains the
computations of S-Lasso and SRF, chapter five presents some simulated examples and a

dataset, and chapter six shows the conclusion of the thesis.



CHAPTER TOW: LITERATURE REVIEW

In this chapter, the principles and techniques of some previous penalized methods

are presented.

2.1. The principle of the linear regression model

The regression model is a statistical relation that gives two main points:

1. The regression function of Y on X represents the relationship of the mean of the
probability distribution of Y as a function of X; it captures the notion that Y
varies systematically as a function of X

2. The error term represents the deviation of Y from the regression function; there is
a probability distribution of Y for each level of X that represents the scatter of

points around the main direction [18].

When the regression function is linear, the simple linear regression model is

written as following equation.

y=XB + ¢ (2.1)
Where:

e~N, (0,06%21)
y: is a vector of observation with length n
X: is a design matrix n x p, X=( Xy X, .., Xy) "

B: are coefficients vector of length p, B=( B1,B2, .., Bp)T



Assume that the response is centered and the predictors are standardized.

Consequently:

n n

n
Zyi=0 ,injzo , lezl =1, Vje{l1,2,...,p}and Vie{1,2,...,n}
i=1

i=1 i=1

Note that, since the predictors are standardized and the response is centered, no
intercept has to be estimated.

The usual estimation procedure for the parameter vector {8 as a function of X and
y is obtained by minimizing sum of the squared errors with respect to S.
B = argming(y — XB)T (v — XB) (2.2)
It turns out that 8 has the form if n>p:
B= X™X)'XTy (2.3)

The classical least-squares regression cannot use with the dataset that consists of
many more predictor variables with pairwise highly correlated than the observations,
p>>n [7]. When p >> n, the matrix (X7 X ) is not invertible. On the other hand, when the
rows of the design matrix X are highly correlated, the B coefficients are dependent on

different x; .

2.2. Penalized Least Squares

Regularization process for classical regression models are dependent on penalized

least squares:

PLS(A,B) = (v — XB)"(y — XB) + p(A, B) (2.4)



p(4, B) is a penalty term and is based on the tuning parameter A that controls the
shrinkage estimates. Where the tuning parameter A = 0, the penalty term will not have
any impact on the equation (2.4), and the ordinary least squares solution is obtained.
Conversely, the larger the penalty applied, the further the estimates are shrunk towards
zero. The estimates of the parameter 3 are acquired by minimizing the equation (2.4) [8].

g = argmin {PLS(A, B)} (2.5)

2.2.1. Ridge Regression

Ridge regression, proposed by (Hoerl and Robert Kennard) in 1970, adds an
L, — penalty (||8]13) term to residual sum of squares function [16].

In this model, p(A, B) = A ||B|I3

fB) = lly — XBlIz + 2 11BII3 (2.6)

The ridge coefficients minimize a penalized residual sum of squares.
Priage = argmin glly — XBII3 + 2 |13 2.7)
Where:

1 n p 2
||y—X,B||§=§ )’i—zxijﬁj i=12,....,n and j=12,...,p
i=1 j=1
p

1B1E = > 57 j=12...p

j=1

A: is the shrinkage parameter which controls the size of the coefficients and amount of

regularization. As A goes up, the amount of shrinkage goes up.



The ridge regression is a shrinkage method, not model selection because the
coefficients are shrunken towards zero, but will never become exactly zero [26, 30]. If
predictors are very similar, the ridge regression shrinks coefficients toward a common
value and tends to give the predictors all equal coefficients. Though the ridge regression
method is computationally simple and standard least square can be used to estimate the
coefficients, it still cannot get any interpretable model as all the coefficients are still in

the model.

2.2.2. Lasso Regression

Least Absolute Shrinkage and Selection Operator (lasso) was proposed by
(Tabshirani 1996). Lasso methods are mostly used in problem with big datasets, such as
genomics [10]. The lasso expected many coefficients to be zero and a small subset to be
nonzero. [25]

The lasso problem uses the L,- penalized least squares criterion to obtain a sparse

solution to the optimization problem [27].

fB) =lly — XBlIz + 211Blly (2.8)
In the equation (2.8) the penalty term is:
r(A4,B) =218l
Minimizing the equation (2.8) gives:
gLasso = argmin ﬁ”y - Xﬁ”% + AllB 1 (2.9)
Where:



p 2

n
1 . 0
||y—X[3||§=E yi—in]-B]— ,i=12,...,n and j=1,2,...,p

i=1 j=1
181l = %5, |B;: is Ly-norm penalty

The lasso does both ongoing shrinkage and automatic variable selection
altogether. The lasso incorporate the beneficial features of backwards-stepwise selection
and ridge regression to equip a sparse, comparatively stable model. Backwards-stepwise
selection “starts with the full model and sequentially deletes the predictor that has the
least impact on fit” (13).

Though the lasso enables a sparse model, it is unstable with high-dimensional
data and cannot select more variables than the sample size before it saturates when p >n
[3, 20, 22, 28, 32, 33].

In general, the lasso fails in the two following cases. [34]

a) When p>>n, the lasso cannot select more than n variables before it saturates. This
is a restricted feature for a variable selection method.

b) If there is a group of highly correlated variables, the lasso only selects one
variable from the group and ignores the rest. The lassodoes not care which one is

selected.

2.2.2.1. Coordinate Descent for lasso problem.

In this section, the coordinate descent algorithm is used to solve the lasso
problem. Each coordinate minimization can be done quickly and the related equations

can be updated as it cycles through the variables [10].



The lasso problem in equation (2.8) is equivalent to:

fB) =13 (vi - ) xij.Bj)Z + 12?=1|5j| (2. 10)
The equation (2.10) can be written as below:

fB) =230 (vi — Tiewj XireBrc — xij.Bj)Z + A T |Br| + 2|85 (2.11)
The equation (2.11) is equivalent to the following equation:

F(B) = 18 (ri = xi3)” + A B |Bicl + 2151 (2.12)

Where:

r. is a partial residual
i =Yyi— Z XikBk
K]
Then, by taking the derivative of the equation (2.12) with respect to B; the

solutions of {; as given by:

n n

(—ZFIXU'FBJZXIZJ'FA , lfB]>O
df(x) _ é i=1 i=1
- n n
d B 5 .
L—Zrixij+BjZXi]-—7\ , lfB]<O
i=1 i=1
Solving if—? = 0 gives the solutions
]
(2iz1 TiXi; — A

— , ifB; >0

i=1 Xjj

B] = Z?:l riXij +A

Sim1 T TR . ifB <0
l in=1Xizj :

If the response variable is centered and the predictors are standardized,

then Zin=1Xizj = 1, and the B; values become

10



R e X — A , if Bj>0
Bj =2 rxi; + 2 . if B;<0 (2.13)
By adopting the soft-threshold [5] to write the coordinate descent solution of the

lasso problem, equation (2.13)

Al _
jasso = S(z,1) (2. 14)

Where S is the soft threshold operator, and is defined as the bellow:

z—A , if z>0and A< |z|
“j@aSSO ={z+21 , if z<0and A< |z] (2.15)
0 . if Az |zl
Where:
n
Z = zrixij
i=1

2.2.3. Elastic Net Penalty

The elastic net was introduced by (Zou and Hastie 2005). Like lasso, it does both
automatic estimation and variable selection of the model altogether. “It is like a
stretchable fishing net that retains “all the big fish” “[34]. Furthermore, the elastic net can
select variables more than the sample size. The elastic net penalty is a combination
of L; and L, penalties, and is given by:

Pener = argming |ly — XBII5 + 41118111 + 22118113 (2.16)

Where:
MBI = A4 X5_1|B;|: is the Ly (Lasso) penalty

A1BII5 = A2 X5, B7: is the L, (Ridge regression) penalty.

11



The elastic net penalty method depends on choosing two parameters, A4, from the

L, penalty and A, from L, penalty.

A2

Assume that ¢ = PSR

then the equation (2.15) is equivalent to minimize of:

Benet = argming |ly — XBII3 subjet to (1 — a)|IBlly + « IBl3 < t for somet
(2. 17)

Where:
(1 —a)|IBll1 + a |IB]I5: is the elastic net penalty
For a = 1 the elastic net penalty becomes the ridge regression, and for ¢ = 0 it

becomes the lasso penalty.

2.2.4. Smooth Lasso (S-Lasso)

The smooth lasso (S-Lasso) is first suggested in [15]. It is a mixture of L,-lasso

penalty and L,-fusion penalty and it is given by:

Bs—Lasso = argmin {% (i - X xijﬁj)z + A4 Z?=1|ﬁj| + A, Z?:z(ﬁj - ﬁj—l)z}
2. 18)

Where:

i=1,2,...,n j=1,2,...,p,and

A 27]‘.’=1| B; |: is the L;-Lasso penalty which is used for sparsisty in the coefficients

A2, (Bi — Bj_l)z : is the L, -Fusion penalty which was introduced in [19].
Smooth lasso penalty tries to stop not only the erratic coefficient, but also

coefficients that differ basically from their neighbors [14]. By tuning (1, A,) = 0 in the

equation (2.18), the S-Lasso penalty controls the smoothness of the model. In the first

12



paper of the S-Lasso, The LARS algorithm solution was used to solve the S-Lasso
problem. In this work, the coordinate descent algorithm solution is used to solve S-Lasso

problem.

2.2.5. Local Constancy and Local Linearity penalties

The local constancy penalty was proposed by (Hawkins & Maboudou-Tchao) in
2013. It combines both [IB]|3 and X" ,(B; — Bj_l)z penalties together and add it to the

function of residual sum of square as shown in bellow:

FB) =130 (yi = Xy xiiBy) + 24 X2y BP + 22 X0, (B — Bin)” (2. 19)

penalty term

Where:
j=1...,.p , i=1..,n
(A1, 4,): are nonnegative regularization parameters.

The first part of the penalty term is the ridge penalty, and the second part is just
L, (sum of squares) match to the L1 (sum of absolute values) penalty of the fused lasso.
The first part shrinks the coefficients toward zero and the second part penalizes
roughness. This gives a smooth model [14]. The local linearity penalty is also suggested

by (Hawkins & Maboudou-Tchao) in 2013. The local linearity penalty uses the ||B]|3 and
- 2
Z?:zl(ﬁj+1 — 2B; + Bj—1) " together.

FB) =230 (vi - Sy xiy) A X0 B XA (Ba — 26+ Ba)’ (2.20)

penalty term

13



The first part of the penalty is just the ridge regression, and the second part is to

penalize the roughness of the model.

14



CHAPTER THREE: SRF FOR LINEAR REGRESSION DETALS

In this section the Sparse Ridge Fusion (SRF) will be introduced. First, the
coordinate descent algorithm solution is presented to solve the S-Lasso problem. Then it
will allow us to a smooth transition to the coordinate descent algorithm solution of the
SRF.

The S-Lasso was introduced by Hibiri and van de Geer, and the LARS algorithm
was used to solve the problem. The goal here in this paper is to estimate the coefficients

B by using the coordinate descent algorithm in lieu of the LARS algorithm.

3. 1. Coordinate Descent algorithm for S-Lasso problem

The model equation with the S-Lasso penalty can be written as follows:
1 2 2
fB) =3 iy — Z?zl xiiB;)” + M Z?=1|ﬁj| + A, Z?zz(ﬁj —Bj-1) (3.1)
Now the coordinate descent algorithm can use to solve the S-Lasso problem by
minimizing the equation (3.1). This gives the following theorem.
Theorem 1:

The coordinate descent solution of the S-Lasso problem is given by

Zi— A
(A~ M , if z7>0and 1, < |z|
1+ 4,
FOTj_l,é _5(21;11)_ Z + A
=1, = 1 1 .
1 1+ 1, |1+AZ , if z;<0and A4 < |z]
Lo ,if 4 2 |z

15



Zy, — A
|(1p+/121 , ifz,>0and A, < |z,|
FOT'j:p)BA :—S(Zp,ll):{ Zp +A‘1 .
P 1+ A4 | EN , lfzp<0and/11<|zp|
2
L0 . if A = |z
n
Zp=Zrixip+Azﬁp_1
i=1
zi—A
|(1]+2; , ifzj>0and/11<|zj|
For1<j< IBA-—S(Z]'/M)—{ z +/112
JSPPI= T34, |11+”2 , if z7<0and A4 < |z]
kO ) lf ){12|Z]|

n

zj = Z rixij + A (Bj+1 + Bj-1)

i=1
Proof:

The equation (3.1) is equivalent to:

fB) = % a(r - xijﬁj)z + A1 Ykt Bl + 4 |Bs| + 22 Xk j(Bre — Bre—1)* +

2(Bia1— B)) +2(8 — Bjor)’ (3.2
Where:
n=Yi— 2 xik.ék
k#j

By taking the derivative of the equation (3.2) with respect to g,

n n

v (_zrixij +.8jzxi2j+l1—lz(,8j+1_ﬁj)+/12(,[3j—'[3j_1)’ ifﬁAj >0

n

d B; - .
P D 4B ) xh == (B = B) 1B — i), i B <0

i=1 i=1

16



ar(B)
J

Settmg

YicaTiXip + A2 B —
n_ xz +AZ
FOT"=1, A — i=1""il
J b1 YieaTixi + A By + A4

)

k ixh A '
I(Zz 1er1p + A Bp-1— A
F 4 11 Lp+/12 '
orj=p PBp= IZ‘ \TiXip + Az By + Ay
k ?1 lp+/12 ‘

(XX + /12 (ﬁj+1 +Bj-1) — 4
o lJ + 21,

g Tixij + Az (ﬁj+1 + B 1) + A4
+ 21,

For1<j<p,Bj=

~

lll]

= 0 and solving for g; gives three cases for j; solutions

if B1>0

if B <0

if Bp>0
if Bp<O
if B;>0

if B;<0

As Yyt 1x =1 forj=1{1,2,...,p}, the above cases simplify to

(Yi=1TiXi1 + A2 B2 —

_ n 1+ 2,
Forj=1, Br =3 Yicirixp t A8+ A4
\ 1+ 7,

(Yi=1 TiXip + A2 Bp-1 — 4

] R 1+ 4,
Forj=p, Bo =1 Yic1TiXip + A2 Bp-1 + A4
1+ 4,

\

YicaTiXij + A2 (Bjs1 + Bj—1) — A4
o 1+ 22,
;=5 B = Yharixi+ A (Bis + Bj—1) + A
\ 1+ 21,

By using the soft threshold operator, the solution is given by:

17

if B1>0

if ;<0

if Bp>0
if Bp<O
if ;>0

if B;<0



if zz>0and A, <|z]

if z7<0and Ay < |z]|
0 , if A = |z4]

Where: z; = YL rixi; + A5 B

-2
( le+/121 , if zp>0and 44, < |Zp|

Forj=p, B =—S(Zp'/11)=é Zp + 44
j=p b= 1P+/1 , if z,<0and A < |z,

2
LO ’ Lf Alzlzpl

Where: z, = X7 1ixip + A2 Bp-1

(&4 if z>0and 1, < ||
(z, 1) 41-{_2/12 ’ ! ' !
A SZ', 1
. _Sgh) _ |4
For1<j<p, B; 1+22, |121+2/11 ,ifzj<0and/11<|zj|
2
L0 i Ay 2 |z

Where: z; = Y7 1ixij + A5 (Bj1 + Bj-1)

3.2. Sparse Ridge Fusion (SRF) Penalty

In this section, a new proposal (SRF) is introduced, and the coordinate descent

algorithm is used to solve the problem.
The penalty of Zfz‘zl(ﬁjﬂ — 2B + Bj_l)z applied to the regression problems was
first used in [14] as a local linearity penalty which was combined with the L,- ridge
i p Az yp-1 2 i
penalty. The SRF penalty is A, X7_, || +22 372, (Bj+1 — 2B; + Bj—1) - So, the interest

is to minimize

18



~ 2 _
Psrr = arg min {% ?:1(% -X0 xijﬁj) + 4 X0 |8 + %Z?:zl(ﬁj+1 —2p; + ﬁj—1)2} (3.3)

Where:
i=12,...,n , j=12,...,p

Zﬁ.’=1|ﬁj|: is the L;-Lasso penalty which is used for sparsity in the coefficients. It shrinks

the fitted coefficients towards zero. The second part of the penalty Z?;Zl(ﬁjﬂ —2B; +

2 .
,8]-_1) penalizes roughness.

3.2.1 The Sparse Ridge Fusion Estimate

Given data set (X, y)

Where:
X11 X1p
X nxp) 1S @ design matrix, X = ( P )
xn1 lep nxp
V1
Y(nx1) IS the response variable, y=|Y?
Yn nx1

(A4, A,): are non-negative values
Then the residual sum square function with SRF penalty is given as bellow:
fB) = % iy - 25-;1 xijﬁj)z + A4 2?=1|ﬁj| + 2—22?;21(3]41 —206; + ﬁj—1)2 (3.4)
Then, using the coordinate descent algorithm to solve the SRF problem by
minimizing the equation (3.4) gives the following theorem.
Theorem 2:

The coordinate descent solution of the SRF is given by following result:

19



if z1>0,1 <|z]|

142 '
J ! 1 1+Al I 11+/11 ) lf Z1<OIAI<|Z1|
2
0 , if A1 = |z
n
lezrixil‘l'ZAZ,BZ_AZBB
i=1
Z, — A
(Z» — %M , if 2,> 0,4 < |z
[ 1+2,
FOT' ; ) S(Zp' Al): {Z +Al
j=n p 1+ 4, |110+/1 ,if 2, < 0,4 <z
2
Lo , if A 2 |z
n
zZy, = Z TiXip + 222 Bp—l - /1232)—2
i=1
Zy— A
I( 2 L , lf Z2>0;/11<|ZZ|
S 14541,
. 5 (Z2, 11)_
FOT}—2; 2 1+ 521 - Zz+/11 lf Z<0){<|Z|
N ’ Lo
ko , if A1 = |z,
n
zZ:Zrixiz + 42, B3 — 24, By — Ba
i=1
Zy 1 — A
(" Jf Zpo1> 0,4 < |z,
1+ 52,
FOT'= _1 ﬁA =M= Z_1+Al
J p ) p—-1 1+ 511 |717_|_T ,lf Zp—l < O'Al < |Zp—1|
2
L0 Jif M 2 |z, 4|

n

Zpn = ) TiXips + 4 By — 23 iy — By

i=1

20



Zj_Al i 1
1164, L if z> 0,14 <|z]

~ S(z], A1)
For3sjsp=2 = { Zith .
1+ 54 | T+64 , if z <0, <|z]
ko ’ I'f ).1 2 |Z]|
n
Zj = Zri xXij + 4/12(,Bj+1 +,Bj_1) — 12(,8]-_'_2 + '8]. 2) for3<j<p-2
i=1
Proof:

The equation (3.4) can be written as following equation

f(ﬁ)——Z(n Bxy)” + 2 ) 1Bl + 28| + 22> Bewr = 2Bi + Fir)’
i=1

k+j k+#j

P (B = 2B+ Brr) +2(B =280+ B2) + 2 (Brea— 2B+ B;) 3.5)

The derivative of equation (3.5) with respect to §; gives
df(B)
d B;

n n

sl

n

k_z riXij + B; Z x5 =M — 225 (Bj4

— 2Bj + Bj—1) + 2.(B;

D iy By Yk = 22 (Brea — 28+ Byoa) + Ao (B — 281+ By2) + Aa(Byez — 2540 + By). By > 0

— 2Bj—1 + Bj=2) + A2(Bj+2 — 2Bj+1 + B;),B; <O

Setting (ilf(g) = 0 and solving B; gives five cases for ; solutions
]

(XieiTiXip — Ay + 24,8, — A3

, if Bi<0
F . 1 ,[; l 1x11 +AZ !
orj=1, =
J 1 te1TiXip + A + 24,5 — A3 oA
n 2 § lf Bl <0
i=1Xi1 T2

21



YT Xy, — Ay + 22 — 1,06, R
21—1 L *ip 1 Z.Bp 1 Zﬁp 2 ’ if ﬁp <0
~ l 1 lp+/12
Forj=p,f, =1 wyn
p Yi=1Ti Xip +/11+2/12ﬁp 1~ A2Bp—2 A
— ) , if Bp <O
\ i=1 Lp 2
f2?=1rixi2_/1;+‘§12ﬁ3_2/12,31_,34 if Bz<0
T ox5,+5A1
Forj=2ﬁ3=< n s ’
'hz Yic1TiXip + Ay + 44, B3 — 24, B1 — Pa oA
— , If B2<0
L i1 X5+ 54,
(21 17i Xip-1 /11+4/12 Bp—2_2/12 ﬁp_ﬁp—3 . 5 0
For i = 1,8 =4 =1 lp 1 2
] p= IZL 17 Xip- 1+/11+4‘/123p2 leﬁp_ﬁp—3 lf,é <0
-1
k i=1 izp—1+5/12 P
For3<j<p-2
(XX — A+ 4/12(ﬁj+1 + Bj-1) — 22(Bj+2 + Bj-2) A
, lf ﬁ]<0
ﬁ _ l 1 l]+612
7= Z?=1rixij+l1+412(,3]+1+.3] 1)—/12(ﬁj+2+ﬁj—2) if B <0
Z+621 ' J
l 1 l] 2
Asyr 1x = 1forj ={1,2,...,p} the above cases simplify to
(Y™ 1ixg — A + 21 -1 A
iz Ti Xin 1 282 2P3 , if <0
For i< 1.0 < 1+ 4,
orJ = LB=N S x4y + 2258, — Ao <o
\ 1+, ’ 1
(Z?zﬂ’ixip_/11+212,3p—1_12,3p—2 if B <0
For i . 1+ 4, ’ p
or ) _p;ﬁp—< Z?zlrixl-p+/11+212ﬁp_1—12ﬁp_2 Lf ﬁ,\ <0
\ 1+ 4, ’ P
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n

| A I{ YT Xy — M ;—f);/{? 24, B1 — P | if 32 >0
Forj =2, .32:4 Yic1TiXig + A + 44 B3 — 22, 1 — Py : 5

L 14541, st

n
| A lelrl Xip-1 A +14325ﬁ/’{;_2 24, Bp ﬁp—3 if Bp—l >0

Forj=p—-1,Bp1 = Yic1TiXp-1 ¥+ 44, Bpa =22, By = Bp-3 ., 4

| 1+51; =0

For3<j<p-2

Ilen=1 rixij — A + 425 (Bj+1 + Bj—1) — 22(Bj+2 + Bj—2)

, if B;i>0
; _4 1+64, i B
a | e rixg A+ ‘Mz(ﬁjﬂ + ﬁj—l) - Az(ﬁj+2 + ﬁj—z) oA
, lf ﬁ] <0
\ 1464,

By using the soft threshold operator, the solution is given by

z;— A
(11+11 , Af 2> 0,4 <|z|
5 S$(z1, A1) l 2
For j=1, f ={z1+ 4 .
1+4 , 0 7, < 0,4 <|z|
1 I1+AZ f 1 1 1
Lo , if A 2 |z
n
zZy = Z TiXi1 + 225 B2 — 4283
i=1
z, — Ay .
(fT , 1if Zp>0,/11<|zp|
. s S(zp A1) 2
Forj=p  By=—Ti7 =124 if  2,<0,1 <|z|
o144, ’ po= =t
Lo ,if L > |z,

Zp = 2 TiXip + 223 Bp—1 — A2Bp-2

i=1
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Z, — A
(24 , if z;>0and Ay < |z,|

1452
Forj=2, f,=>uzt)_ o
— 4, - L . =4 - 2 1 .
27 1452, | Tvsi, , if 2z, <0and Ay < |z,
Lo ,if A 2 |2

n
Z :Zrixiz + 44, B3 — 225 B1 — Pa

i=1

Zy_1— A
(% ) if 2p1> 0,4 <z
Forj=p—1, B :M:{ Zp_1+/121
¢ T 14 5), | T+s13, 7 ot < O < el
lo , if A 2 |2y

Zp1 = Z T Xip—1 + 443 Pp—2 — 243 Bp — Bp-3
i=1

zi—A
(1]+6/11 i 7> 0,4 <z
For3<j<p-2, A.:M: Zj+/112 |
71464, | T+ o1, , if Zj<0,/11<|zj|
o i 12z

zj = Y X + 4/12(ﬁj+1 + ﬁj—l) - /12(/3]+2 + ﬁj—z) for3<j<p-2
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CHAPTER FOUR: COMPUTATIONS

In this section, an augmented data set is created in order to streamline
computation of the coordinate descent algorithm solution to solve the S-Lasso and SRF

problems.

4.1. Augmented data set for S-Lasso

Given data set (X, y)

Where:
X11 X1p

X: is a design matrix n x p X = ( 2 >
Xn1 " Xnp nxp
Y1

y: IS an n observations vector y = Y?
Y3 nx1

And (A4,2,) =0

Now define

X" = G() ,and y* = (%)’)

Where:

0 is a vector of size p which contains only zeros and J is the p X p matrix defined as

- 0 0 0 0 0

V2, —VA, 0 0 0

0 VA -V, 0 0

] = 2 0
i 0 0 0 Vi, V2,

pxp
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X*: becomesa (n + p) X p design matrix, and y* becomes (n + p)x1 vector of
observations.

According to (X*,y*) data set, the lasso penalty will be:

(4.1)

f(ﬁ) 2% 1(yl l]ﬁ]) + /11

The minimizing of the equation (4.1) brings the following theorem.
Theorem 3:

The S-Lasso solves the lasso type problem by using an augmented data set

artificially to define a new data set(X*,y*), and the solutions are:

Z, — A
|( - ! , if z1>0,4; <|z|
1+ 4,
Forj=1 ,BA*—S(ZI'/M) 4 +/1
i LT 144, ! , if Z; <0, < |z]
LO ) Lf Alzlzll
n
zZy = Z Tixin + 42 B3
i=1
Z, — A
(Z L , if Zp>0,/11<|zp|
1+,
Forj =p,fy =222 _ 7, 4+ 4y
' Fp 1+AZ | 1+AZ ) lf Zp<0,/11<|Zp|
L0 T A = |z,
n
szirixlp +2'2ﬁp 1
i=1
4~ ‘ 7> 0,4 <|z]
1+2/12 Y 1
For1<j<p B?:S(z-,ll) zi+A
[ 1+2},2 |1+2/12 ) lf Z]<0,/11<|Z]|
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Yi=1TiXij + A2 (Bi11-Bi—1)

Zj =
Proof:
The equation 4.1 is equivalent to the below:
* * 2 *

fB) == Z 1(7” ij,Bj) + A Dk jl Bl + 44 4.2)

Where:

=y ) %

k#j
n=n+p

While the sample size X* is n + p, The S-Lasso can possibly select all p predictor

variables in all situations.
The derivative of equation (4.2) with respect to ;" gives

l 1rlx +.B l 1x +Al i if |ﬁ*| >0
are) ; . (4.3)
d Bj i= 1rxl]+ﬁ] l 1x +/11 ) if 1" <0 '
In the equation (4.3)
l 17‘ x _21 1rlxl]+21 1TL]l] (4- 4)
(4.5)

T‘* xl*jz = :l 1xl] +2? 1]lj
By plugging the equations (4.4) and (4.5) into (4.3), the derivatives become as

below:
df(x) _ ~(Z 17Xy + X 1rJU) +B; (i 1le + 2L 1]u )+ if 187> 0
dpg; _(Zizﬂ”ixij +Z TL[U) +[3] (Zl 1xl] +Zf 1]11) A if 1B <0

(4. 6)

Settin i = 0 and solving B; gives three cases for B; solutions
9 J j

]
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(YieqTixip + (\//12 ,8;)\//12 - A

) Ax Lixh+ (\/’12)2 - fi=0
Fori =L B =\gn oy + 2 BV, + 44 ;<o
\ ?=1xi21 + (\/AZ)Z ’ '
(SR 1 + (VAo By (—VA) — X4 oy g0
Forj=p, By={cn Ry + (V)"
" X +<—szﬁp D)+ .
k Tt N7Re , if py <0

l(Z?=1rixij + (_\/Az :31* 1)(_\/12) + (\//123]*+1) — M

if Br>0
F 1 i - { l 1 l] + ( \//12)2 + (\//12)2 !
orl<j<p,pb; =
L (B )N + (i)t g
L nox 4 (VA% + (VA,)? !
As Yyt 1x =1 forj=1,2,..,p the above cases simplify to:
f2?=1 TiXip + A2 B2 — A4 , 5
| N 1+, , if B1>0
Forf=b  PI=Asn o + 2,85+ 4, PR
L 1+ 4, , if By
(Xieq TiXip + Az .3;—1 -M , 55
. .. 1+ 2, B0
Forj=p B =R may, + L Bpos + 14 P
\ 1+ 2, B
(Yicatixij + A2(Bj— + Biv) — 4 Cif >0
. . 1+22, g
B D T (T Ll N
\ 1+22, ' J

By using the soft threshold operator, the solution is given by
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(21—11

. A% S(lell) 1+ /12
For]:]_, Bl:W: Z1+Al
2 1421,
0 ,
n
zZ1 = Z Tixin + A2 B
i=1
(Zp_ll
1+ 2, ’
" S(z,, A
2 L1+/12 ’
0 ,
n
Zp=zrixip + A2 Bp-1
i=1
(Zj_ll
. A S(Zj,/ll) 1 + 2 AZ
FOT1<j<p,ﬂ]*=1-I_T= Zj+ll
2 1+24,
0

Z.

= Yicq TiXij + Az (ﬁfﬂ'ﬁ}*—ﬂ

if z7>0and A <|z]

)

lf Z1 <0 and Al < |Z1|

if

A =z

if z,>0and A; < |Zp|

if z, <0and A, < |z,|

if

, if zj > 0Oand A, < |Zj|

, if z;<0and 44 < |Zj|

if A = |z

)

4.2. Augmented Data Set Estimate for SRF problem

Identical to the previous method used to solve the S-Lasso problem, an

augmented data is created here to simplify computation of the coordinate descent solution

to solve the SRF problem.
Therefore,

v-()

X
K
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v = (o)
Where:

0 is a vector of size p which contains only zeros and K is the p X p matrix

0 0o . . . 0

0 0o . . . 0
kolv  2va, VA JO ) '

0 V2, 2V2, .{12 T

i T UL 2V, VA

0 0 \/12 2 2

Thus, X* becomes an* X p design matrix, and y* becomes an n* x 1 vector of
observations, and
n"=n+p

Since the sample size in the augmented problem is n + p , the sparse ridge fusion
(SRF) can possibly select all p predictors in all situations.

According to (X*,y*) data set, the lasso penalty will be

£ 1 * * ¥ p¥)2
fBY) =3 Zia(vi = Zhaa xiB7)” + M Ziy

Where:

B; (4.7)

i=12,...,n" and j=12,...,p
The minimizing of the equation (4.7) brings the following theorem.

Theorem 4:

The SRF solves the lasso type problem by using an augmented data set(X*,y*),

and the solutions are:
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(21—/11

1+ 7, ,Uf 21> 0,4 <|z]
Forj=1 g _S@d) 71+ A
=1, =———={2Z1t/4 .
17142, By ,if 21 <0, < |z
0 ,if Ay = |z4]
n
21=Zrixi1+ZAZB2—AZB3
i=1
(zp—/ll ]
|1+Az , if Zp>0,/11<|zp|
Forj=p 3 —S(Zl’ll):{ Zy + A4
: P14+ 4, | T+ 7, , if 2y <0, <z,
L0 , if A = |z

i=1

Zy— A
(2= if 2>04 <l

Forj = ﬂA=S(ZZI/11)={Z+/12
J=4 PRT sy |12+5/112 L if 2, < 0,4 < |zl
Lo . if A 2 |z,

Z :Zrixiz + 41, B3 — 225 f1 — Pa

i=1
1= A
(Zizl)iS/ll , if Zp_1>0,/11<|zp_1|
2
Fm-j=p_1“3“p_1=s(zp_—1’/11)= Zp_1+ A
1+ 54, | 1553, if  Zp-1 < 0,1 < |z,
Lo , if A = |z

n

Zpn = ) TiXips + 4 By — 23 iy — By

i=1
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S(Z Al) (1 T 612 , lf Zj > 0,11 < |Z]|
. s 2\ + A

For3 <j<p, B = 1+ 64, {|121+6/11 ,if 7 < 0,4 <|z|
2

lo , if A 2 |z

n

Zj = Zri xij + 4‘/12(,8j+1 + :Bj—l) - 12(,8]'4_2 + ,8]'_2) fOT' 3 S] < p— 2

i=1
Proof:

The equation (4.7) is equivalent to the bellow

* * 2 *
fB) ==Xt 1(7' 'xij) + 4 Zk¢j|.3k| + 4 (4.8)
Where:
=y —Zx{‘kﬁ,ﬁ,and n=n+p
k*j
The derivative of equation (4.8) with respect to ;' gives
P - 1rlx +ﬁj i 1x +Al , ifﬁ;-"> 0 o
dﬁ,*'_ llrxl]+ﬁ] llx] — A ) ifﬁ;<0 (4.9)
In the equation (4.9)
v 1r x = Y1 TiXij +Zl 1 TiK;; (4.10)
x50 =2 1xU + 3P K (4.11)
By plugging the equations (4.10) and (4.11) into (4.9), the derivatives become as
below:
Ar (%) (Zz 17X + YT l]) +B; (Zl 1le + 2 5‘ ) +A if B> 0
apg; (Zz 1rlxl]+2l 17 l])+ﬁj(zl 1x11+2 izj)_ll if Bj <0

(4. 12)

32



df(ﬂ)

Setting ——= = 0 and solving g; gives five cases for §; solutions
]
If (j =1), then
(Yrarixa + (=22, B3 + V83 (—A2) — 44 i Bt >0
2 ) 1
Fori=1 B* = ?=1xi21 + (_\//1_2)
JZ PP TSR i + (=240 B + VB (<) + Ay <o
2 ) 1
\ ?=1xi21 + (_\/’1_2)
llrlxlp+( 2\/_ﬁp 1+\/—ﬁp 2)( \/_) /11 ,l.fﬁ;>0
ot Loy + (VR
g P 71'1=1rixip + (_2\/_.310 1 +\/_ﬁp 2)(_\/72) + A4 . Ak
JAf Bp <0
\ l 1 lp + ( \/_)
For j=2
(T rixi + (2 B + VB (V) + (—2J B +BD — 4 .
I 2 2 Jif B2 >0
[?* _ ) i=1 Xz (2\/’1_2) + (_\//1_2)
L Sk mixie + (22 B +V22B3)(2(A2) + (=24 2aB5 + ABD) + Ay s,
— > > Jif 3 <0
L Loxd +(2422) + (—/22)

For j=p-1
Y riXipo1 + (V2 By = 228y 2) (—22) + (VaByz + 2B 2 22) — Ay .
2 2 'ﬁp—l >0
5 iy xhoq + (2422) + (=VA2)
1T | m i1 + (A2 Bz — 24 B 2) (—V22) + W AaBy—z + 22By) (24 22) + A4 B <o
»Pp-1

| S +(24E) + (V)

For 2<j<p-—1
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(2?=1 TiXij + 4AZ(B]*+1 + :8]* 1) - \/—(:8]*+2 + B]* 2) -1 if BA* >0

o+ (V) + (V3 + (R) ’
Z?=1 TiXij + 4AZ(B]+1 + :8] 1) - \/—(:8]+2 + B] 2) + /11
\ o+ (—VE) + (VR + (VA

Jif Bf <0

Asyt 1x =1 forj=1,2,..,p the above cases simplify

Forj=1
((Yicatixy + 22,5 — .65 — 4 5
, [ >0
j 1+ 4, if Bi
T TiXin + 22, B3 — A3 + A4 o A
L 1+ 2, U Bi<0
Forj=p
(XiciTiXip + 225 Bp—1 — A2Bp-2 — X4 if By>0
5 1+ 4,
PN Y TiXip + 24, Bpq — AaBpn + A4 if By<0
1+ 4,
For j =2

(Yiirixip+ 44, B3+ 24, 1 — A, B — 44

N 1+ 54 U B2 >0
B S mix + 40, B+ 200 B = A it Ny ;<o

L 1+ 54, ' 2

For j=p—1

fz?=1rixip—1 + 42, Bp—z + 2020 — A2Bp_3 — M if .é* >0

A % 1 + 5/12 ’ p—1
Pot =\ Tl rixipo + 422 By + 2008y — AaBys + Ay ;B <o

L 1+51, ' p-1

For2<j<p-—-1

34



I(Z?=1 rixij + 43’2(:8]11 + :8;—1) - \/A—Z(,B;+2 + B]"F—Z) - /11

1+ 64,

b = {| =1 X + 44, (ﬁ;ﬂ + Bf—1) ~ \//1_2(3;+2 + ﬁ;—Z) A

, if B;>0

\ 1+ 64,

, if Br<0

By using the soft threshold operator, the solution is given by

(21—11

1+2

. A S(ZFA') z
Forj =1, Bl=ﬁ= 1+ 4
2142,

n

zZ1 = Z TiXip + 23 B2 — 435

i=1
(Zp_ll
1+ 4,
~ S(z, A4
Forj=p, Bp=%= Zp + A
2 1+ 4,

|
Lo

( 22— M

5 5(z2, M) 145,
Forj =2, ﬁ2=1+51 = 2+
2 1+ 54,

z, =zrixi2 + 4, B3 — 24, f1 — Pa

i=1

, if z1>0,4 <|z4]

, Uif 2 <0, <z
, if A = |z

, if z,>0,4 < |Zp|

, if 2, <0,4 < |Zp|

, lf Al 2 |Zp|

, Uif 2> 0,44 <z

, if 2, <0, < |z

, if A= |Zz|

35



if z,-1>0,4 < |Zp_1|

F j = - 11 -1 = [
orj p :Bp 1 1+ 5/12 Lf Zp—1 < 0,).1 < |Zp—1|

|(

s _ S h) { Zyor + 14
|
ko ’ lf )'1 = |ZP_1|

n

Zp1 = Z T Xip—1 + 442 Bp—2 — 243 Bp — Bp-3

i=1
zi—A
|(1]+6112 , lf Zj>0,){1<|Zj|
For3<j<p B:M:{zjhll
>/ =P J) 1+612 |1+6/12 B lf Z]<O,11<|Z]|
kO , lf )112|Z]|

zj = X1 1 xi; + 425 (Bjar + Bj—1) — 22(Bjsz + Bj—2) for3<j<p-—2

4.3. Computational Techniques

The glmnet package in R program, written by (Jerome Friedman, Trevor Hastie
and Rob Tibshirani 2008), contains very efficient procedures for fitting lasso or elastic-
net regularization paths for generalized linear models. This algorithm is fast and can
handle a large number of variables p. The efficiency of this algorithm comes from using
cyclical coordinate descent in the optimization process [10]. Since the S-Lasso and SRF
solve the lasso type problem with the augmented data set(X*, y*), shown in theorem 3

and theorem 4, the glmnet algorithms can use for fitting the S-Lasso and SRF problems.

4.3.1 Tuning parameters

One of the most important functions to use in the glmnet package is cv. glmnet.

The glmnet function is first run to get a sequence of A-values that corresponding to
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getting one additional non-zero coefficient. After getting the possibilityA,, the program

does n-fold cross-validation with n=10 by default, so glmnet is run n times, each with a
fraction nT_l of the data, and prediction error are collected on the remaining fold [29]. The

elastic net penalty needs to compute a pair of parameters(a and A,), so for each a a
sequence of A; is computed, then the best A,is chosen that gives the minimum of the
mean cross-validation error (cvm). Also the S-Lasso and SRF have two parameters to
compute (4, ,4,), so the process first needs to use cross-validation to choose appropriate
values of the penalties A, andA,. For each 4, a sequence of A, is computed, then the

optimal 4, that gives the minimum value of the mean cross validation error [14].
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CHAPTER FIVE: PERFORMANCE STUDY

In this section several simulated examples and a real data set will introduce to
compute the mean square error (MSE) and mean prediction error (MPE) to present the

results of Lasso, elastic net, S-Lasso and SRF problems.

5.1. Mean Square Error (MSE) and Mean Predictor Error (MPE)

There are two error terms to illustrate the experimental results of the lasso, elastic
net, S-Lasso and SRF
1. Mean square error (MSE) is a measure of the quality of an estimator. In other
words, MSE measures the expected squared distance between an estimator
and the true underlying parameters
MSE = E(f — ) (5.1)
2. The mean squared prediction error measures the expected squared distance
between what a predictor predicts for a specific value and what the true value
is, thus it is a measurement of the quality of predictor.
MPE = E {3, (¥, - 7))’} (5.2)
While £’s are supposed to be known in the simulated example, it is easy to
compute the MSE, but in the real data set the MSE cannot be calculate because of the
unknown f’s, and instead of it, the MPE is calculated that closely related to MSE.

To show relation between MSE and MPE suppose that
Y=nk) + ¢ (5.3)
Where:
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n(x) =X, e~Ny, (0,0%)
(fi(x) = XB) : is an estimate of 1(x)

Therefore, mean square error is defined by:
MSE = E[(x) —n(x)]? (5.4)
MPE = E[y — i(x)]? = MSE + o2 (5.5)
MPE = E[y —/i(x)]* = E[Y —(x) + n(x) — n(x)]*

= E[A(x) =10 + 2E[(A(x) —=n())(Y = n(x))] + E[Y — n(x)]>

E[f(x) —=n(0)]* = ¢ E[Y = n(x)]* = MSE, and E[(H(x) —n(x))(Y = n(x))] =0
Thus, MPE = MSE + o?

Therefore, the minimizing MPE is equivalent to minimizing MSE.
The MSE in term of matrix becomes [27].
MSE = (8- 5)"z (8- B) (5.6)
Where

. is the population covariance matrix of X.

5.2. Simulated data

In this section, six simulated examples are used to compare the prediction
performance of the lasso, elastic net, S-Lasso and SRF. The first two examples were first
used the in original paper of lasso to compare the prediction performance between the
lasso and ridge regression [27]. Third and fourth examples were created as a grouped

variable situation to show the prediction performance results between the lasso and
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elastic net has been introduced in [34]. The last two examples are based on the
smoothness regression that have been stated in [15]

All examples are simulated from the true model
Y=BTX+o0¢ (5.7
Where  e~N(0,1)
a) In example 1, a data set is simulated with 20 observations and 8 predictors

p; = 0.85 forj=1,2,...,8

The pairwise correlation between x; and x; is designed to be

¥;,; = 0.5/ for i,j€{1,2,...,8},and 6 = 3

b) In example 2, a data set is simulated with 30 observations and 40 predictors
=3
I e

And the correlation variables are constructed
Yi=1 forje{1,2,...,15}

1

= E-D [, j 12,...,15
Yij a700D fori # j,and (i,j) € { }

Y =0 otherwise
C) In example 3, the number of observations is 100, and the number of predictors is
40
g =(,...,0,2, ..s,2,0,...,0,2,...,2)
10 10 10 10
Y;; =05 for i,je€{1,2,...,40},and 0 = 15
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d) In example 4, the data set is simulated with 50 observations and 40 predictors

pg=3..3,0..,0),andoc =15

15 25

The predictors X were generated as follows:
X;=Z,+¢&¥ Z,-N(01), i=1,....,5,
Xi=Z,+¢&*, Z,~N(0,1), i=6,....,10,
Xi=1Zs+¢&, Zy~N(0,1), i=11,....,15,
X; -~ N(0,1), X; independent identically distributed, i = 16,...,40
Where ¢/ are independent identically distributed N(0,0.01),i = 1,...,15
e) Example 5 is about Smooth regression vector. In that example, the regression
vector is be:
B = (3—-02j)% for j=1,..,15
Bi=0 ,  otherwise
The correlation between X; and X; is set by:
Y =exp(—li—j) For (i,j) € {1,..,p}*
Two cases are tested with this example, the first one, when the p < n
p =50,n =70 . The second case iswhenp >n,p = 100 and n = 30.
f) Example 6 is about high sparsity index and smooth regression vector where the
regression vector is designed by:
B; = (4—0.1j)?, jEf1,..,40}
B;=0 : otherwise

The correlations are the same as in example (e).
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For this example difference number of p and n are tested in both cases when p <

n,and whenp > n.

5.3. Results of Simulated Examples

In this section, the methods of the lasso, elastic net, S-Lasso, and SRF are
compared with each other in terms of accuracy. The performance of their estimator £ in

term of mean square error ( MSE) is clarified by box plots in Figures 1 to 9 and Tables 1

t0 9.
o
(D_
LO—
<t
" o 4
7]
o
2 O
o b
Q
[a VI = o [a}
o o
L}
: ! } o
1 1
Y I ] ]
Df —_ —_ :

lasso elst.net smooth.L SRF

Figure 1. Comparing the accuracy of prediction of the lasso, the elastic net, the S-
Lasso and the SRF, applied to Example (a) where n=20, p=8 and 6=3

Table 1: MSE for the simulated example (a) and number of nonzero coefficients
of four methods where p=8 and n=20 (p<n).
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Methods Lasso Elastic Net S-Lasso SRF

MSE 0.8521311 0.7885526 0.3766703 0.3264858

Non-zero 8 8 8 8

Coefficients.

Table 1 and Figure 1 both summarize the predictor results of the simulated
example (a).The results show that the mean squared error (MSE) value of the SRF
(0.3264858) and the S-Lasso (0.3766703) are a little smaller than the lasso (0.8521311
and elastic net (0.7885526), the SRF and the S-Lasso therefore are significantly more
accurate than the others. On the other hand, this example was constructed with some high
correlated between covariates, therefore the lasso did not give the good results; the elastic
net had a better performs than the lasso. In this example the number of predictors is less
than the number of observations (p<n), and all of the four methods select all the variables

without dropping any coefficient to 0.
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Figure 2:.Comparing the accuracy of prediction of the lasso, the elastic net, the S-
Lasso and the SRF, applied to Example (b) where n=30, p=40 and ¢=3.

Table 2: MSE for the simulated example (b) and number of nonzero coefficients
of four methods where p=40 and n=30 (p<n).

Methods Lasso Elastic Net S-Lasso SRF
MSE 267.88064 236.77387 19.94284 15.59672
Non-zero 15 31 40 40

Coefficients.
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Table 2 and Figure 2 both summarize the predictor results of the simulated
example (b). This example is constructed with three groups of the correlated predictor
variables, and the results suggest that the SRF has a very small MSE value (15.59672)
compared to the lasso (267.88064) and elastic net (236.77387).Also, the S-Lasso gives a
good result with its MSE value (19.94284). This example was built with a situation of
some groups of highly correlated between covariate. It is clear that the lasso cannot give
good results under collinearity conditions, and the elastic net just gives small better
results than lasso in this situation, On the other hand, the S-Lasso designed to provide a
smooth and sparse solution, and this is true under the collinearity condition. However, the
S-Lasso cannot be better than the SRF because there are some points of roughness with
the true coefficients, and the SRF penalty is designed to penalize the roughness points
and makes successive coefficients close to each other. In this example the number of
predictors is more than the number of observations (p<n). Therefore, in selected
variables, lasso selected 15 variables out of the p=40 because lasso only selects one
variable from each group of highly correlated variables and ignored the rest while the
number of selected variables by the elastic net, the S-Lasso, and the SRF are 31, 40, and

40 respectively. Therefore, the SRF is significantly more accurate than the other methods.
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Figure 3:.Comparing the accuracy of prediction of the lasso, the elastic net, the S-
Lasso and the SRF, applied to Example (c) where n=100, p=40 and c=15.

The results of the example (c) are shown in the following table:

Table 3: MSE for the simulated example (c) and number of nonzero coefficients
of four methods where p=40 and n=100 (p<n).

Methods Lasso Elastic Net S-Lasso SRF
MSE 47.29836 43.58239 43.02816 38.82478
Non-zero 21 22 21 22

Coefficients.
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Table 3 and Figure 3 show the predictor results of the simulated example (c). In
this example the number of predictor variables is less than the number of
observations (p < n). This example is constructed with an equal correlation between the
covariates, and a set of 20 pure noise features; this means there are 20 true features and
20 noise features. The results show that the mean squared error (MSE) value of the SRF
(38.82478) is smaller than the MSE values of the lasso (47.29836), elastic net (43.58239),
and S-Lasso (43.02816) because the SRF solves the roughness of the coefficients. On the
other hand, the S-Lasso gives better results than the lasso, and it presents almost the same
results as elastic net because the coefficient vector is not smooth. Therefore, SRF is
significantly more accurate than lasso, elastic net and S-Lasso. In the selected variables,
the SRF and elastic net each selects 22 predictor variables and the others values of the
coefficients are to 0 while the lasso and S-Lasso each selects 21 variables. Moreover, in
this example true coefficients are set with two levels of values 0 and 3, and it gives some
roughness points of coefficients. Therefore, the S-Lasso could not select more variables
than the lasso in this situation. On the other hand, while there are not groups of highly
correlated variables, it gives to lasso more ability to select variables. Results of the
simulated example (c) demonstrate that the SRF outperforms of the lasso, elastic net, and

the S-Lasso.
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Figure 4:.Comparing the accuracy of prediction of the lasso, the elastic net, the S-
Lasso and the SRF, applied to Example (d) where n=100, p=40 and c=15

The results of the example (d) are shown in the following table:

Table 4: MSE for the simulated example (d) and number of nonzero coefficients
of four methods where p=40 and n=50 (p<n).

Methods Lasso Elastic Net S-Lasso SRF
MSE 141.7251 139.1600 111.7977 106.1705
Non-zero 11 12 17 20

Coefficients.
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Table 4 and Figure 4 show the results of the simulated example (d). This example
contains three groups with five components for each groups, and a set of 25 pure noise
features, it means there are 15 true features and 25 noise features. In this example, the
number of predictor variables is less than the number of observations (p < n). Since the
mean squared error (MSE) value of the SRF (106.1705) is smaller than the MSE values
of the other methods, the SRF is significantly more accurate than the lasso, elastic net and
S-Lasso because the SRF tackles the roughness situation and the SRF always gives better
results than the other methods under collinearity condition. On the other hand, the SRF
selected 20 predictor variables out of p = 40 and gave 0 to the other coefficients while
the number of variables selection by the lasso, elastic net and S-Lasso are (11, 12 and 17)
respectively. While there are three groups of the covariates with strong collinearlity
between the variables within each group, the lasso cannot be a good method to select
variables. The elastic net gives better results with collinearity situation, but this example
constructed with high dimension (o = 15), and the elastic net breaks down in selected
variables under the high dimension situation.. Therefore, the results of the simulated

example (d) show that the SRF dominates the methods of lasso, elastic net and S-Lasso.
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Figure 5:.Comparing the accuracy of prediction of the lasso, the elastic net, the S-
Lasso and the SRF, applied to Example (e). Left plot is the case where p=100 and n =30
(p>n). Right plot is the case where p=50 and n=70 (p<n), =3 for both case.

The following tables are presented the results of example (e) with the both cases
p<n and p>n.

Table 5: MSE for the simulated example (e) and number of nonzero coefficients
of four methods where p=50 and n=70 (p<n).

Methods Lasso Elastic Net S-Lasso SRF
MSE 4.898895 5.290685 4.1022717 3.495497
Non-zero 30 29 36 36

Coefficients.
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Table 6: MSE for the simulated example (d) and number of nonzero coefficients
of four methods where p=100 and n=30 (p>n).

Methods Lasso Elastic Net S-Lasso SRF
MSE 31.009490 36.322612 9.464144 8.579100
Non-zero 20 30 66 64

Coefficients.

Example (e) is the situation where the regression vector is smooth. In this
example two cases are considered. The cases are related to the number of the
observations n and predictors p. Right plot of the Figure 5 and Table 5 explain the results
of the simulated example (e) with case of p < n where p = 50,n = 70. There are two
level set of true coefficients, a level with contains 15 components of nonzero and another
one with 35 zero components. The coefficients of the regression vector vary slowly, or
smooth. The results of the box plot and the table are clear that the mean squared error
(MSE) value of the SRF (3.495497) is a smaller than the MSE values of the other
methods, therefore SRF is significantly more accurate than the lasso, elastic net and S
Lasso. It is clear that the S-Lasso also gives a better performance than the lasso and
elastic net under the smooth regression vector, but the S-Lasso doesn’t gives better results
than the SRF because the SRF penalizes the roughness within three points while the S-
Lasso does it in two points. On the other hand, while there is a big group of zero
components, the elastic net has a poor performance compared with the lasso. In the case
of variable selection, the SRF and S-Lasso both select 36 predictor variables out of
p = 50 and gave 0 to the other coefficients. The number of variables selected by the
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lasso and elastic net are 30 and 29 respectively. Therefore, the results of the simulated
example (e) demonstrate that the SRF dominates the methods of the lasso, the elastic net
and the S-Lasso.

Left plot of Figure 5 and Table 6 show the results of the simulated example (e) in
case of p>n where p=100 and n=30. According to the results, the SRF has a high
performance compare with the other methods, and the lasso still performs better than the
elastic net. Here the elastic net still has poor results because of big set of the zero
features. On the other hand, the SRF and S-Lasso give a big set of non-zero coefficients
64 and 66 respectively which means both have more predictor variables than sample size
n. The lasso gives only 20 non-zero coefficients and elastic net gives 30, and it is clear
that the lasso selected variables less than the sample size. Therefore, the results of the
simulated example (e) in both cases show that the SRF outperforms the methods of lasso,

elastic net and S-Lasso.
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Figure 6: Comparing the accuracy of prediction of the lasso, the elastic net, the S-
Lasso and the SRF, applied to Example (f). Left plot is the case where p=100 and n =30
(p>n). Right plot is the case where p=50 and n=70 (p<n), 6=3 for both case.

The results of the both cases (p<n) and (p>n) of the example (e) are shown in the
two following tables

Table 7: MSE for the simulated example (f) and number of nonzero coefficients
of four methods where p=50 and n=70 (p<n).

Methods Lasso Elastic Net S-Lasso SRF
MSE 15.77443 15.92286 10.02195 7.46686
Non-zero 43 45 45 45

Coefficients.
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Table 8: MSE for the simulated example (f) and number of nonzero coefficients
of four methods where p=100 and n=30 (p>n).

Methods Lasso Elastic Net S-Lasso SRF
MSE 1533.27022 1394.21921 113.88964 86.22573
Non-zero 12 17 55 60

Coefficients.

Example (f) is the situation of high sparsity index and smooth regression vector.
In this example two cases are discussed. When the number of predictors p is less than the
number of observations n (p < n) and the opposite situation when (p > n). Left plot of
the Figure 6 and Table 7 summarize the results of the simulated example (f) with case of
p < n where p = 50,n = 70. The results show that the mean squared error (MSE) value
of the SRF (7.46686) is smaller than the MSE of the other methods, and SRF is
significantly more accurate than the lasso, elastic net and S-Lasso. The S-Lasso also has a
better performance compared than the lasso and elastic net because of the smoothness of
the regression vector. On the other hand, while the MSE value of the lasso (15.77443) is
smaller than the MSE value of the elastic net (15.92286), the lasso outperforms the elastic
net because in this case the sparsity index=40 is smaller than the sample size n=70. The
SRF, the S-Lasso and the elastic net each selects 45 predictor variables out of p = 50 and
gave 0 for the other coefficients while the number of variables selected by the lasso is 43.

Right plot of Figure 6 and Table 8 explain the results of the simulated example ()
in case of p>n where p=100 and n=30. According to the results, the SRF has a high
performance compare with other methods. Also the S-Lasso has better performance than
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the lasso and elastic net. In the smoothness of the regression vector, the SRF gives the
better performance the S-Lasso. On the other hand, in this case (p>n) the elastic net
performed better than the lasso because the sparsity index is more than the sample size in
this case. The SRF and S-Lasso give a big set of the number of non-zero coefficients 60
and 55 respectively which means both had more predictor variables than sample size n
while the lasso gives only 12 non-zero coefficients and elastic net gives 17. Therefore,
the results of the simulated example (f) in both cases show that the SRF dominates the

methods of lasso, elastic net and S-Lasso.

5.4. Real Data Set

In this section the calibration problems in near-infrared (NIR) is applied which
considered in [2]. The original spectral data consist of 700 points measured from 1100 to
2498 nanometers (nm) wavelengths in steps of 2 nm. Four constituents of biscuit dough
fat, sugar, flour, and water discussed in this prediction. They had 40 calibration set or
training set and 40 validation set measured at a different time, but they excluded one
sample from each of these two data sets, leaving 39 samples in each. The problem was to
use these spectra to predict four constituents of the dough-fat, sugar, flour, and water. In
this thesis, the data sets focus only on the constituent of the dough- water.

Since B’s are unknown with the real data set, the MSE cannot be easily calculated.

However, predicted error (MPE) can be calculated, which is closely related to MSE.
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Figure 7:.Evaluation of cross-validation plots of the lasso, the elastic net, the S-
Lasso and the SRF, based on the calibration data (dough-water) to choose the best
lambda that gives the minimum MSE.

It is clear from the C.V plot in Figure 7 that as lambda increases, the MSE
increases rapidly. The coefficients are reduced too much and they do not adequately fit
the responses. In contrast, as lambda decreases, the models are larger and have more

nonzero coefficients. The increasing MSE suggests that the models are over-fitted.
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Figure 8: plots of the number of predictors in the fitted lasso, elastic net, S-lasso
and SRF regularization as a function of lambda.

The graph of the lasso, elastic net, S-Lasso and SRF on the Figure 8 estimate
which variables enter the model based on the lambda of their estimates. The optimal

solution depends on the selected value of lambda, which is chosen based on cross-

validation.
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Figure 9:.Comparing the accuracy of prediction of the lasso, the elastic net, the S-
Lasso and the SRF, applied to calibration data (dough-water) where p=700 and the
number observations based on the training and validation sets, n=39 for each of the sets

The following table is summarized the results:

Table 9: MPE for the calibration data set (dough-water) and number of nonzero
coefficients of four methods where p=700 and n=39 (p>n).

Methods Lasso Elastic Net S-Lasso SRF
MPE 0.21358440 0.18511157 0.02819653 0.02778441
Non-zero 9 66 49 47

Coefficients.
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The plot of Figure 9 and Table 9 explain the results of the calibration data set
focused only on dough-water. The situation here is the number of predictors (p = 700)
greatly exceeds the number of observations (n = 39) . The procedure of the fitted model
depends on two stages. The first stage which is based on the training data set and the
model is fitted in this stage. Then for stage two the validation data set is used to test the
results. According to the results, the mean predictor error (MPE) value of the SRF
(0.02778441) is smaller than the other methods results; therefore SRF is significantly
more accurate than the lasso, elastic net and S-Lasso. On the other hand, the SRF, the S-
Lasso, and the elastic net selected more predictor variables than sample size n, which are
47, 49 and 66 respectively while the lasso only selected 8 variables and gave 0
coefficients to others. Therefore, the SRF overcomes the methods of the lasso, elastic net

and S-Lasso.
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CHAPTER SIX: COUNCLUSIONS

This thesis proposed sparse ridge fusion (SRF) as a new procedure to solve the
generalized linear model problem. Several simulated examples with different situations
of the grouping effect and smooth regression vector were used to test the SRF and
compared with the lasso, elastic net and smooth lasso methods. The conclusions
demonstrate that the SRF appears to perform well on all simulated examples compare to
the other methods in terms of prediction accuracy in the cases when p <n and when p>n.
Moreover, when the methods are tested on the calibration data set (dough-water), the

results illustrate that the SRF dominates the lasso, elastic net, and S-Lasso.
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