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i
ABSTRACT

A degeneration of a singular curve on a toric surface, called a tropicalization, was
constructed by E. Shustin. He classified the degeneration of 1-cuspidal curves using
polyhedral complexes called tropical curves. In this thesis, we define a tropical ver-
sion of a 1-tacnodal curve, that is, a curve having exactly one singular point whose
topological type is As, and classify tropical curves which correspond to 1-tacnodal

curves by applying the tropicalization method.
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Introduction

Tropical geometry is a field of combinatorial algebraic geometry developing in recent years.
The objects treated in this geometry are polyhedral complexes, which can be obtained as
the non-linear locus of a polynomial over the tropical algebra. Here, the tropical algebra
is an algebraic system (R;@®,®) where the addition @ is max and the multiplication ® is
+. Tropical geometry was introduced in a paper of G. Mikhalkin [13] and used to describe
pair-of-pants decompositions of smooth complex algebraic hypersurfaces.

Among known results on tropical geometry, the most famous result is an application to
the enumeration problem on toric surfaces by Mikhalkin [14]. He focused on nodal curves
on toric surfaces and solved the following enumeration problem of nodal curves, which was

proposed by physicists in the study of mirror symmetry:

For a lattice polygon A C R? and § € Z>0, how many 0-nodal curves on the
toric surface X (A) which are contained in the complete linear system |D(A)]

and pass through r(6, A)-points lying in general position do there exist?

Here, (X(A), D(A)) is the polarized toric surface associated with A and r(5,A) = #(A N
7Z?) — 1 — 4. For the projective plane CP?, the enumeration problem for rational curves
was studied by M. Kontsevich [11] using the theory of quantum cohomology. In case of
any geometric genus, L. Caporaso and J. Harris [2] proved a recursive formula on the
enumerative number using intersection theory on Severi variety. R. Vakil [21] also proved
that similar results hold on several rational surfaces.

Mikhalkin [14] studied a tropical analogy of the above problem and proved the tropical
enumeration problem is equal to the classical one by giving appropriate multiplicities for
enumerated tropical curves. T. Nishinou and B. Siebert [16] also showed that the enu-
meration problem on toric varieties equals the enumeration of a certain type of tropical

curves.
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It is natural to extend the above enumeration problem to that of general singular curves
on toric surfaces. To formulate the problem for singular curves, we introduce some terminol-
ogy and notations. We denote by & a finite collection of topological types of plane curve sin-
gularities. A plane curve C' is called an G-curve if there exists a bijection o : Sing(C) — &
which maps a singular point (C,p) to an element of topological type in &.

Then the above enumeration problem is extended as follows:

For a lattice polygon A C R?, how many &-curves on X (A) which are contained
in |D(A)| and pass through r(A, &)-points lying in general position do there

exist?

Here, r(A,8) is the dimension of the space of G-curves on X(A). As noted before,
Mikhalkin [14] proved in the case of & = {§A;}. The following cases had been studied

by using the theory of characteristic classes:

e the case of & = {a triple point} on any smooth surface (S. Kleiman and R. Piene

[10]),
e the case of |&| = 1 on CP? (D. Kerner [9]),
e the case of some & on any smooth surface (M. Kazarian [8]).

Tropical approach to the enumeration problem of general singular curves on toric sur-
faces began with E. Shustin [19]. He introduced a degeneration of a curve, called a tropi-
calization, and showed that the tropicalization of a curve which has only one singular point
whose topological type is Aa (he called such a curve a 1-cuspidal curve for simplicity) is
related to a certain tropical curve, called a tropical 1-cuspidal curve. Furthermore, using
the theory of patchworking, he showed that the enumeration of 1-cuspidal curves reduced
into that of the tropical 1-cuspidal curves.

In this thesis, we apply the tropicalization method to 1-tacnodal curves, that is, curves
which have exactly one singular point whose topological type is As, on a toric surface, and
classify them using tropical curves.

To state our result, we prepare some terminology. Let F' be a polynomial in two variables
over the field of convergent Puiseux series over C, denoted by K := C{{t}}. Then we can

define a valuation val : K* := K \ {0} — R as follows. For a given element b(t) € K*, take
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the minimal exponent ¢ of b(t) in ¢, then define val(b(t)) := q. We set
Trop : (K*)? = R?; (z,w) — (—val(z), —val(w)).
We call the closure
Tr := Closure(Trop({F = 0} N (K*)?)) c R?

of the curve defined by F in (K*)? the tropical amoeba defined by F. More generally, a
tropical curve is defined as the non-linear locus of a tropical polynomial function.

The tropical amoeba defined by F' is related to a degeneration, called tropicalization,
of the curve defined by F in X (Np). We will explain the details on the tropicalization in
Subsection 1.6 of this thesis.

It is known that any tropical curve has the structure of 1-dimensional polyhedral com-
plex, whose 1-dimensional polyhedron has a rational slope and a positive integral weight
(See Theorem 1.11). We call a 1-simplex an edge and a O-simplex a verter.

Each tropical curve T has a positive integer rk(T") called a rank, which, roughly speaking,
is the dimension of the space of tropical curves which are combinatorially same as T'. The

formal definition of the rank will be given in Section 1.5.

Definition. For a tropical curve T and a vertex V € T, V is a smooth vertex of T if the

following two conditions are satisfied:

e 1/ is trivalent.

e Let vy,vg,v3 € 72 and w1, w2, w3 € Z>1 be the slopes and weights of edges adjacent

to V, respectively. Then the multiplicity of V
m(V) := wiwa|vr X va| = wows|vy X v3| = waw|vs X vy

is 1, where |u X v| means the area of the parallelogram spanned by u and v.

In other words, any smooth vertex is a vertex which is dual to the standard 2-dimensional

simplex Conv{(0,0), (1,0), (0,1)}.

Definition (Shustin [19, Section 4.1]). A tropical 1-cuspidal curve is a tropical curve having

exactly one of the parts (i), ..., (v) in Figure A, up to the R? x GL(Z?)-equivalence, and
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the rest of the vertices are smooth, where two tropical curves Ty and T are R? x GL(Z?)-

equivalent if there exists an element ¥ € R? x GL(Z?) such that ¥(T}) = T.

(1)

(iii)

/.

weight 2 weight 2 weight 3

. ~ —y

1

_1A 1 m 1
weight 2 weight 3

NN

Figure A: Parts of tropical 1-cuspidal curves [19], where the ends A of (iii) and (iv) are
connected to A of (1), and the end B of (v) is connected to B of (2).

In [19], for each tropical 1-cuspidal curve T', he defined a multiplicity m(T') of T and
the notion of general position of points in tropical geometry appropriately. We omit the
details in this thesis.

For a compact lattice polygon A C R2, let NP(A, Ao, Q) be the number of tropical
1-cuspidal amoebas in R? whose Newton polygons are A and which pass through 7(A, As)
tropical generic points Q counted with the multiplicities m(7T"). Let N(A, A2, P) be the
number of 1-cuspidal curves on X (A) which are contained in the complete linear system

|D(A)| and pass through (A, Ag) generic points P.
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Using the above notations, Shustin [19] proved the following equality. This is a 1-
cuspidal version of Mikhalkin’s result [14, Theorem 1].

Theorem (Shustin [19, Theorem 4]). For any tropically r(As, A)-generic points Q C R,
there exist r(Ag, A)-generic points P C Trop~1(Q) such that the following holds:

N(A, Ay, P) = N"P(A, Ay, Q).

This theorem is proved by combining the following two claims:

Claim 1. Let F € K[z, w| be a polynomial which defines a 1-cuspidal curve. If the rank
of the tropical amoeba Tr defined by F is more than or equal to the number of the lattice

points of the Newton polygon of F' minus three, then Tr is a tropical 1-cuspidal curve.

Claim 2. For a given tropical 1-cuspidal amoeba T with the Newton polygon A which passes
through tropically r(Aa, A)-generic points, there exist r(Aa, A)-generic points in X (A) and
m(T) 1-cuspidal curves which pass through the points.

Notice that, the condition of the rank of Claim 1 corresponds to the assumption that
“passes through the tropically r(As, A)-general points”, and the number #(A N Z?) — 3 is
equal to the dimension r(Ag, A) of the space of the 1-cuspidal curves.

The aim of this thesis is to study a 1-tacnodal version of the above arguments. As the
main theorem, we prove the 1-tacnodal version of Claim 1. Furthermore, in this case, we
see that the criterion for using patchworking of singular curves, which is necessary in the
proof of Claim 2, does not work.

First, we define a tropical version of 1-tacnodal curves as follows.

Definition (Definition 4.1 of this thesis). A tropical 1-tacnodal curve is a tropical curve
having exactly one of the parts (I), ..., (IX), (E) in Figure B, up to the R? x GL(Z?)-

equivalence, and the rest of the vertices are smooth.
The following statement is the main result in this thesis, which corresponds to Claim 1.

Main Theorem. Let F € K[z, w] be a polynomial which defines an irreducible 1-tacnodal
curve. If the rank of the tropical amoeba Tr defined by F is more than or equal to the
number of the lattice points of the Newton polytope of F' minus four and the tropicalization
of the curve defined by F in X (Np) has only isolated singularities, then Tr is a tropical

I1-tacnodal curve.
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connected to @ of (3).
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Note that, the number #(A N Z2) — 4, which is in the above theorem, is equal to the
lower bound of the dimension of the space of 1-tacnodal curves in X (A) (see Corollary 2.6
of this thesis). Note also that there is a possibility there exists a tropicalization which has
non-isolated singularities, see Remark 4.20.

In [19], Claim 2 is proved by using patchworking method. The key of the proof is the
criterion which makes sure that we can use the patchworking method [18, 19]. In the 1-
cuspidal case, the criterion works and we can apply it to the proof of the existence of the
nodal and 1-cuspidal curves. On the other hand, it does not work in the 1-tacnodal case.
We will discuss this in Remark 4.21 of Chapter 4 in details.

We organize this thesis as follows. In Chapter 1, we introduce some basic terminology
and properties of tropical hypersurfaces such as the duality theorem, the structure theorem,
tropical amoeba and the rank of a tropical curve. In Chapter 2, we prepare some notions on
plane curve singularities, such as invariants and Newton diagrams of singularities. We also
consider a necessary and sufficient condition for a complex curve to have a tacnode, and
estimate the dimension of the space of 1-tacnodal curves on a toric surface. In Chapter 3,
we give some attempts to use tropical geometry to the theory of plane curve singularities.
In Sections 4.1 and 4.2 of Chapter 4, before the proof of Main Theorem, we prepare some
definition and lemmata on relation between singular curves and their Newton polytopes.

The proof of Main Theorem is carried out in Section 4.3.



Conventions and Notions

We here introduce some definitions and facts from convex geometry which will be used in
this thesis.

(I) SOME NOTIONS ON POLYHEDRA.

A set in RY is a (lattice) polyhedron if it is the intersection of a finite number of
half-spaces in RY whose vertices are contained in the lattice Z ¢ RY. A polyhedron is d-
dimensional if its affine span, which is the smallest affine space containing the polyhedron,
has dimension d. In this thesis, we assume that any polyhedron always has the maximal
dimension. A set is a polytope in R? if it is a compact polyhedron, that is, the convex hull
of a finite number of lattice points. Here, for a subset A C R", the conver hull Conv(A) of
A is the smallest convex set containing A. Note that we will use the symbols A or P as a
polytope. A subset in a d-dimensional polyhedron is a sub-polyhedron if it is a polyhedron
as a subset on R%. In particular, if a sub-polyhedron is a polytope then the sub-polyhedron
is called a sub-polytope.

A face of a d-dimensional polyhedron A C R¢ is the set

{z € A; f(z) > f(y), Yy € A}

for a linear function f. Particularly, a face of codimension 1 is called a facet. The boundary
OA is the union of all facets of A. The interior IntA is defined by A\ 0A.

Let A C R? be a polytope. We denote the interior lattice points of A, IntA and JA as
Ay, IntAz and 0Az, respectively. That is,

Az :=ANZ IntAy:=IntANZY Az :=0ANZ%.
For any ring R with the zero element Op and a polynomial denoted by

f= Z c(ih_”,in)xill Lzt € Ry, ..., 20,

(ilw-vin)

the Newton polytope Ny of f is defined by
Nf = COHV({(il, ey Zn) SYAS Clix .. in) + OR}) C R™

xii
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In this thesis, a polygon means a 2-dimensional polytope. We call a facet of a polygon
an edge. Similarly, we call the 0-dimensional face obtained as a corner of a polygon a vertex.
We denote the set of the vertices as V(A) for a polygon A. A polygon is said to be parallel
if the opposite edges have the same directional vector (up to orientation) and the same
lattice length. A polygon is called an m-gon if the number of its edges is m.

In two dimensional case, the following classical facts are well-known as the Pick’s for-

mula:
Theorem (Pick). For a polygon A C R?, the following formula holds:

§0Az
2

Area(A) = fIntAz + 1,

where the notation Area(A) means the area of A.

It is known that, for a polygon A C R2, we can construct a polarized toric surface
associated with A over C, denoted by (X(A), D(A)), where D(A) is the polarization on
X (A) associated with A (see [4] for details).

For a topological space X and a subset A C X, the notation Closure(A) stands for the

closure of A in X.

(IT) SUBDIVISION OF POLYTOPES.
Secondly, we introduce some notions on subdivisions of polytopes. Let A C R? be a
d-dimensional polytope. A collection S := {A1,..., Ay} of sub-polytopes of A is a (lattice)

subdivision of A if S satisfies the following three conditions:
(1) For each i =1,..., N, the dimension of A; is d.
(2) The polytope A is the union of Aq,..., Axn.

(3) If i # j, the intersection A; N A; is a common proper face of A; and A; or the empty

set.

A subdivision S of A is regular if there exists a continuous convex PL-function v : A — R
such that S is obtained as the collection of the linearity domains of v, where a linearity
domain of v means a maximal sub-polytope R contained in the domain A such that the

restriction v|g is an affine linear function.

(ITII) POLYHEDRAL COMPLEX.
Thirdly, we introduce the notion of polyhedral complex. A finite collection PC of poly-

hedrons in R? is a polyhedral complez if the collection PC satisfies the following conditions:
(1) PC contains the empty set 0.

(2) If P € PC, all faces of P are contained in PC.
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(3) The intersection of polyhedrons P, @Q € PC is a common face of P and Q.

A polyhedral complex PC is rational if, for each polyhedron in PC, the affine span of
the polyhedron is parallel to some subspace of R" defined over Q.

The dimension of a polyhedral complex PC is defined by the maximum of the dimensions
of polyhedrons contained in PC.

Let PC* be the set of k-dimensional polyhedrons in PC. An n-dimensional polyhedral
complex PC is weighted if the PC is assigned a function w : PCM — Z-.



Chapter 1

Basics of tropical geometry

In this chapter, we discuss some elementally facts on tropical geometry.

1.1 Tropical algebra and tropical polynomial

Definition 1.1 (Semi-ring). Let S be a set and ®,® : S x S — § be binary operations. A
triple (S;®, ®) is a semi-ring if the triple satisfies the following conditions:

(1) The double (S;®) is an abelian semigroup, i.e.,

(1-1) (a®b)@®c=a® (bDc),

(1-2) a®b=0Da.
(2) The double (S;®) is an abelian group with unit element 1g.
(3) The © is distributive on &, i.e.,

(3-1) a©@(b®c)=(a®b) ® (a®c),

(3-2) (a®b)Oc=(a0c)® (bOc).

In some literature, instead of (1), it may be requested that (S; @) is a monoid. Le., each
semi-ring does not necessarily have the unit element with respect to the addition (we call
such an element the zero element for simplicity).

Next we introduce a semi-ring which we work on. We define the triple T := (R; @, ®)
as

a®b:=max(a,b), a®b:=a+b, a,beR,

where the notation + is the usual addition on R. The following statement holds for T:

Proposition 1.2. The triple T = (R; ®, ®) has the structure of semi-ring with unit element
0eR.
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The proof of this statement is done by easily computations. We call T the tropical
algebra. It is also known as the maz-plus algebra. The tropical algebra is an example of

idempotent algebra. I.e., for any a € T,
a ® a =max(a,a) = a.

We also remark that, —oo plays a role of zero element of the tropical algebra.

A polynomial over the tropical algebra is naturally defined as follows:

T(X1,...,Xp) = @ A(iy,..osin) © X?il @0 Xgin
(il,...,in)EA

= max{a(il,.“,in) + ile +- ian; (il, ... ,in) € A},

where a;, ;) € R is a real number and A C Z" is a finite set. We call such a polynomial

as a tropical polynomial in n variables and denote the set of tropical polynomials as
T[X1,..., X,

We also use multi-index for describing tropical polynomials, that is, we denote a tropical
polynomial as
7(X) = ié% a; © X = I?Eaji{ai + (1, X)},

for simplicity, where i = (i1,...,in), X = (X1,...,Xp) and (i,X) := i1 X1 + - + inXp.
Each tropical polynomial in n variables is a continuous concave PL-function from R" to R.
We always treat each tropical polynomial as a function.

Furthermore, each tropical polynomial 7 is obtained as the discrete Legendre transform
of the function

A — R; (il,...,in)»—>—a(

il?'“vin)7

where, for a function s, the discrete Legendre transform * of k is defined as

K*(X) = Iine%X{_K(i) + (i, X)}.

For each tropical polynomial 7 described as above, the polytope
N; :=Conv(A) C R"

is called the Newton polytope of T.

Next, we define an analogy of a hypersurface defined by a tropical polynomial.

Definition 1.3 (Tropical Hypersurface). Let 7 € T[X},..., X,] be a tropical polynomial.
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The tropical hypersurface V; C R™ defined by 7 is the set of non-differentiable points of
7:R" - R.

This definition can be paraphrased as follows:

Proposition 1.4 (Mikhalkin [14, Proposition 3.3]). Let 7 € T[Xy,...,X,] be a tropical
polynomial. The tropical hypersurface V; defined by T is the set of points such that two or

more terms of T attain their mazimum.

Proof. If exactly one term of 7 attains the maximum at a point X € R", then, since 7
matches the term at X locally, 7 is a linear function on a sufficiently small neighborhood
of X and therefore smooth at X. O

By this proof, the set V. is equal to the projection of the intersection of two or more
hyperplanes in R™ x R obtained as the graph of some terms of 7. In other words, V; is the
projection of the “corner” points of the graph of 7 : R — R in R"™ x R. From this fact, V;
is also called the corner locus of .

By paying attention that —oco has a role as a zero element of T, we can describe the
relationship between the definition of a classical hypersurface and that of the tropical hy-

persurface as follows.

Lemma 1.5 (Mikhalkin [14, Proposition 3.5] ). Let 7 € T[X1,...,X,] be a tropical poly-
nomial and Gr(t) C R® x R be the graph of 7. The set

Gr(7) :==Gr(r) U{(X,Y) eR" xR; X € V,, Y < 7(X)}

is the tropical hypersurface defined by 7(X) @Y.

Proof. If (X,Y) € Gr(7), then Y and some terms of 7 attain the maximum of 7(X) ¢ Y.
On the other hand, if X € V; and Y < 7(X), some two terms of 7 attain the maximum of
T(X)®eY. O

For sufficiently small ¢t € R, we obtain V; ~ Gr(7) N {Y = t}. Therefore we can call V;

the “zero set” of 7.

1.2 Non-Archimedean field and tropical amoeba

A field K is non-Archimedean if there exists a function val : K* := K \ {Ox} — R, called

a valuation on K, i.e., a function such that, for a,b € K*,
(1) val(ab) = val(a) + val(b),

(2) val(a 4+ b) < max{val(a), val(b)}.
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The pair (K, val) is called a non-Archimedean field. For the zero element Ox of K, we define
val(0x) = —oo formally.

Example 1.6. We here give an example of a non-Archimedean field. Let C{{t}} be the

set of convergent Puiseux series, which is a convergent series described as

where kg € Z and ¢, # 0. It is well-known that the set C{{t}} has the structure of an
algebraic closed field of characteristic zero. We define the function val : C{{t}}* — R on

the field as

)= 3 ettt o val(e(t)) == %
k=ko

This function is a non-Archimedean valuation. Therefore, (C{{t}}, val) is a non-Archimedean

field. The field is called the field of convergent Puiseux series over C.

A relationship between hypersurfaces over a non-Archimedean field and tropical hyper-

surfaces is described as follows. Let

F(xi,...,xp) = Z Clir, ., in)ﬁl...xi{lGK[xl,...,xn]

be a polynomial over K in n variables and be{ C (K™)™ be the hypersurface defined by F'
in (K*)™.

Definition 1.7 (Tropical Amoeba). Set
Trop : (K*)" = R";  (z1,...,2) = (—val(z1),..., —val(z,)).
The set
T := Closure (Trop(be( )) CR"
is called the tropical amoeba or non-Archimedean amoeba defined by F.
The tropical polynomial tropF defined by F is defined by
tropF(X):= @ —val(e) © X € T[Xy, ..., Xy).
i=(i1,...,in)
Then the following fact, which is well-known as Kapranov’s Theorem, holds:

Theorem 1.8 (Kapranov [3, Theorem 2.2.5]). Let F' € K[xy,...,x,] be a polynomial over
the non-Archimedean field K. The tropical amoeba Tr defined by F' is equal to the tropical
hypersurface defined by the tropical polynomial tropF'.
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1.3 Duality theorem of tropical hypersurfaces

Let
7(X) =P a0 X e T[Xy,..., X,]
icA
be a tropical polynomial whose Newton polytope is A C R™. We define the (n + 1)-

dimensional polyhedron A(7) as

A(r) == Conv({(i,t) e R" xR; i€ A, t <a;}) CR" x R.

The projection R™ x R — R™ induces a homeomorphism from the union of compact
faces of A(T) to A. In particular, by the projection R™ x R — R"™, each compact face of
A(T) is mapped into some sub-polytope of A. Therefore, we obtain a subdivision S; of A
from 7.

The following theorem is the so-called Duality Theorem of tropical hypersurfaces.

Theorem 1.9 (Mikhalkin [14, Theorem 3.11]). Let 7 € T[X1, ..., X,] be a tropical poly-
nomial whose Newton polytope is A C R™. The subdivision S; is combinatorially dual to
the tropical hypersurface V; defined by T, that is, for any k-dimensional polytope P € S;,
there exists a polyhedron V.X' C Vi uniquely such that

(1) the polyhedron VX' is contained in an (n — k)-dimensional affine subspace L¥ C R"
and VP is orthogonal to P,

(2) the relative interior U of VX' in LT is non-empty,
(3) Vr = UPGST UP;

(4) if Py # Py then UM U2 = ),

(5) non-compactness of V.X' is equivalent to P C OA.

Clearly, for a given tropical hypersurface T" which is defined by a tropical polynomial
7, the subdivision S; is determined uniquely. Therefore we use the notation St in place of
Sr, and call it the dual subdivision of T.

1.4 Structure theorem of tropical hypersurfaces

Let PC be an n-dimensional weighted rational polyhedral complex and w : pcll — Z~0
be the weight. By definition, for an n-dimensional polyhedron P € PC "] there exists a
unique Z-linear map cp : Z™ — Z up to sign such that

(1) the kernel Ker(cp) is parallel to P, and
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(2) cp/w(P) is a primitive Z-linear map.
Note that, if an orientation of P is fixed, then the sign of cp is determined.

Definition 1.10 (Balancing Condition [13, Definition 3]). The polyhedral complex PC
satisfies the balancing condition if the following condition is satisfied: For each (n — 1)-
dimensional polyhedron Q € PC"~ Y let Py, ..., P, € PC" be n-dimensional polyhedrons
adjacent to (). A choice of a rational direction about () defines a coherent co-orientation

on these n-dimensional polyhedrons. Then

k

holds.

Theorem 1.11 (Mikhalkin [14, Theorem 3.15]). Let PC be an n-dimensional weighted
rational polyhedral complez and w : PC™ — Z<q be the weight. The polyhedral complex PC
is a tropical hypersurface if and only if the polyhedral complex PC satisfies the balancing

condition.

1.5 The space of tropical curves and the rank of tropical

curves

For a fixed polytope A C R? the set of tropical hypersurfaces having the fixed Newton
polytope A is denoted by T(A), that is,

T(A) = {tropical hypersurface in R? whose Newton polytope is A}.

Proposition 1.12 (Mikhalkin [14, Proposition 3.8]). The set T(A) has the structure of
closed convex polyhedral cone in R¥2=1. The cone T(A) is well-defined up to natural

isomorphism of SLya,—1(Z).
Let S be a regular subdivision of A € R%. Set
T(A;S) = {T € T(A); St = S},

where ST means the subdivision dual to 7" in Theorem 1.9.

Lemma 1.13 (Mikhalkin [14, Lemma 3.14]). The set T(A;S) C T(A) has the structure of

convex polyhedral domain, which is open in its affine span.
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Next, we discuss the dimension of the space of tropical curves. Let S be the dual
subdivision of T' € T(A) and define the rank of the tropical curve T' (or of S) as

rk(T) :=rk(S) := dim T(A; 5).

Let Aq,..., Ay be the polygons of S. According to [19], we define the ezpected rank of

the tropical curve T (or of 5) as

N
Tkexp (T) = rhexp (8) 1= V() =1 = > _(HV(Ax) - 3),
k=1

where V'(S) is the set of vertices of S and V(Ay) is the set of vertices of Ay.

Definition 1.14 (TP-subdivision). A lattice subdivision of a polygon is a T'P-subdivision

if the subdivision consists of only triangles and parallelograms.

We remark that, this definition is same as the definition of the nodal subdivision in [19,
Subsection 3.1] except the condition on the boundary 0A.
For any subdivision S, we denote the number of /-gons and the number of parallel

(2m)-gons contained in S as Ny and N3, , respectively.
Lemma 1.15 (Shustin [19, Lemma 2.2]). For a tropical curve T', the difference
d(T) :=rk(T) — rkexp(T)
satisfies d(T) > 0. Moreover, for the dual subdivision S of T, the difference d(T) satisfies
e d(T) =0 if S is a TP-subdivision and
e 0 <2d(T) < Ng otherwise,

where

N =3 ((2m = 3)Nop — N3, ) + > ((2m — 2)Nap 1) — 1

m>2 m>2
S BRIV pETA
>3 m>2

1.6 Tropicalization of classical curves and its refinement

We briefly introduce the tropicalization of a curve and its refinement (see [19, Section 3]

for more details). In this section, let K be the field of convergent Puiseux series C{{t}}.
Let F' € K[z,w] be a reduced polynomial which defines a curve C C X(Np). Set

A = Np and let Tr be the tropical amoeba defined by F' introduced in Section 1.2 and Sg
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be the dual subdivision of T». We consider the 3-dimensional unbounded polyhedron
Ap := Conv{(i,j,t) € R* x R;t > —vp(i,j)} C R3.

We remark that a compact facet A; of Ap corresponds to a polygon A; in Sg by the
projection Ap € R? x R — R2.

We then obtain a toric flat morphism X (Ar) = X — C from the toric 3-fold associated
with Ap to the complex line, which is called a toric degeneration. A generic fiber ¥, is
isomorphic to X(A), and its central fiber Xo is isomorphic to ;—; _y X(A;) (see [16,
Section 3| for more details). Let D C C be a small disk centered at the origin. We regard
the indeterminate ¢ of K as the variable in D* := D\ {0}. Then we can get an analytic
function F'(t; z,w) in three variables. From this analytic function, we obtain an equisingular

family on the toric surface X (A)
{C® .= Closure({ F(t; z,w) = 0}) }1ep-.

The limit C© of this family is constructed as follows: For each ¢ = 1,..., N, a complex
polynomial f; € C[z,w]| whose Newton polygon is A; € Sp is induced from the face function
of F on A; by the transformation induced by the projection from A; to A;. The union
of these curves is the limit C'©), which is a curve on the central fiber Xy of the toric
degeneration. The limit C©) is called a tropicalization of C.

For each singular point z of C, there exists a continuous family of singular points {z;}
for t € D*, where z € CY) and this family defines a section s : D* — X (Ap). If the limit
$(0) = limy—,0 s(t) does not belong to the intersection lines (J;,; X(A;NA;) and bears just
one singular point of C!), the point s(0) is called a regular singular point. Otherwise it is
called an irregular singular point. Note that if s(0) is a regular singular point then it is
topologically equivalent to the original singularity.

If the singular point s(0) is irregular, additional information can be obtained by the
refinement of the tropicalization, see Figure C. In the rest of this section, we explain this
method briefly. See [19, Subsection 3.5] for the details of the refinement.

Hereafter, we assume that F' defines a 1-tacnodal curve in X (A). Let A; € Sp and
Ay € SF be polygons which have a common edge o of length m > 2 and we observe the
case where an irregular singularity degenerates into the subvariety X (o) of Xy. For each
1=1,2, let f; be a polynomial whose Newton polygon is A; such that the union of curves
ChLUCy ¢ CO defined by fi = fo = 0 intersects X(o) at z € Xp. In this thesis, by
later discussion, we can assume that, for each i = 1,2, the polynomial f; has an isolated
singularity at z € X (o) and their Newton boundary intersects the x- and y-axes at (m;,0)
and (0, m), respectively, where the y-axis corresponds to X (o).

Find an automorphism M, € Aff(Z?) such that M,(A) is contained in the right half-
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plane of R? and M, (c) =: ¢’ is a horizontal segment, see Figure C. The automorphism M,
induces a transformation (z,y) — (2’,v’), by which we obtain a new polynomial F’(z’,y’)
from F. We can assume that F’ € K[2/,y'] by multiplying a monomial. We remark that
the point z corresponds to a root & # 0 of the truncation polynomial F'?'(z/,y') of F’ on
o’. Here the truncation polynomial F'? of a polynomial F' on a facet o of N is the sum of
the terms of F' corresponding to the lattice points on o.

Then we choose an element 7 € K such that the coefficient of #™~! in F(&,§) =
F'(& + & + 7,9) is zero. Moreover, the dual subdivision of the tropical amoeba defined
by F contains a subdivision of the triangle A, := Conv{(m,0), (0,m1), (0, —ms)}. In this
thesis, we call the polygon A, the exceptional polygon for the irregular singularity z € Xj.
We remark that, the exceptional polygon is the union of the complements of the Newton
diagrams of the polynomials f; and fo at z € X (o) in the first quadrant of R%2. Making
the exceptional polygon A, by the translation is an operation similar to a blowing-up of
the 3-fold X. We can restore the topological type of the irregular singularity z in X(A,)
by this operation.

\ /
Ay
My (A1)
Applying
the above
Ay Using M, transformation
> L = L
Ms(A2)

Figure C: A refinement of a tropicalization

Definition 1.16. For each ¢ = 1,2, let f; be a polynomial which defines C; such that
f{ = f3, and ¢; denote the composition of f; and the translation which maps z to the
origin of C2. Set

;= A, NNy, CA,,

where Ny, is the Newton polygon of ¢;. We assume that ¢; is an edge of A,. We call a
polynomial ¢ whose Newton polygon is A, and that satisfies

m=1is yero and

(a) the coefficient of x
(b) the truncation polynomial ¢% is equal to ¢; for each edge &; of A,

a deformation pattern compatible with given data (f1, fa, 2).

We use this deformation pattern in the proof of Main Theorem about 1-tacnodal curves.

In that case, by the same reason as in [19, Subsection 3.5], except case (E) in Figure B,
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if the curve defined by F' has only one singular point which is an irregular singularity and
there does not exist a deformation pattern compatible with the irregular singularity which
defines a 1-tacnodal curve, then F' does not define a 1-tacnodal curve. We will discuss what

happen in case (E) in Subsection 4.2.2.



Chapter 2

Preliminaries on singularity theory

2.1 Basics of plane curve singularity

Let C{x,y} be the ring of convergent series in two variables over the field of complex
numbers and m be the maximal ideal given by {f € C{z,y}; f(0) = 0}.
The Jacobi ideal J(f) associated by a series f € C{z,y} is defined by

J(f) = <§;ﬁ fj;> c Cla,y}.

For f € m, the number (possibly infinity) defined by

u(f) := dime C{z,y}/J(f)

is called the Milnor number of f.
Let
Oy == C{a,y}/(f) = O{t1} @ O{t2} ® --- ® O{t, sy} =: Of

be the normalization of Of. Then the delta number of f is defined as
(5(f) = dimc 6f/0f.
A relationship between the Milnor number and the delta number can be described as follows:

Theorem 2.1 (Milnor [15, Theorem 10.5]). For a reduced holomorphic germ f € m, the
equality
26(f) = p(f) +r(f) -1

holds, where r(f) is the number of irreducible factors of f.

Let X be a projective surface with only isolated singularity over C and C C X be an
algebraic curve in X such that C' N Sing(X) = (). For any germ of curve (C,p), we can take

11
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f € m which defines the curve C locally at p.

A point p € C is a singular point (or a singularity of C) if the germ (C,p) defines an
f € m which satisfies df (0) = 0.

The Milnor number u(C,p) of (C,p) is defined by

n(Cyp) = p(f),

where f € m defines (C,p) locally. Similarly, the delta number 6(C,p) of (C,p) is defined
by
6(C,p) =6(f).

Note that p € C is a singular point if and only if u(C,p) > 0.

2.2 Newton diagram of plane curve singularity

Let f € m be a convergent series described as

f(z,y) = Z C(i,j)xiyj'
(1:3)€(Z20)?
Definition 2.2 (Newton diagram/boundary). We define the polyhedron I'y(f) as the

convex hull

Conv U {G,5) + (R>0)?; Clig) 7 0}
(4,9)
and call it the Newton diagram of f at the origin. We denote the union of all compact facet
of the Newton diagram I'; (f) by I'(f) and call it the Newton boundary of f.
We auxiliary define I'_(f) as the cone over the Newton boundary I'(f) whose vertex is

the origin of R2.

For a face P C T'(f), the truncation function (or the face function) of f on P is defined
by
fr(z,y) = Z C(i,j)miyj.
(i,j)ePNZ2
Definition 2.3 (Newton non-degenerate/convenient). A function f € m is Newton non-

degenerate if, for any compact facet P C I';.(f), the equation

ofr _ 0fr

oxr Oy =0

has no solution in (C*)2,
A function f € m is convenient if the Newton boundary I'(f) intersects both of z- and

y-axes.



CHAPTER 2. PRELIMINARIES ON SINGULARITY THEORY 13

If the Milnor number of f is finite, we can always assume that f is convenient by the
fact that, for a sufficiently large integer n € Z>g, the topological types of the singularities
of f and f 4 2™ at the origin are the same.

We denote by Vi, the sum of the volumes of k-dimensional faces of I'_(f) containing the

origin of R2. We define the Newton number v(f) of f as the alternating sum of k!V}, i.e.,
v(f) =2V — 11V) + Vj.

Theorem 2.4 (Kouchnirenko [12, Théoreme I]). For any convenient f € C{xz,y}, the
inequality u(f) > v(f) holds. Moreover, u(f) = v(f) if and only if f is Newton non-

degenerate.

2.3 Some remarks on 1-tacnodal curves

In this thesis, a curve on a projective surface is called a I-tacnodal curve if the curve
has exactly one singular point at a smooth point of the surface whose topological type is
As. The term “tacnode” means an As-singularity. In this subsection we prepare a lemma
concerning a 1-tacnodal curve.

For a polynomial f and p € C2, we use the notations f,(p) = g—f;(p), fy(p) = g—i(p) and
S0 on. We set Hess(f)(p) = fra(p) fyy(p) — fuy(p)? and

K(f)(p) = _fxy(p)gfxxx(p)+3fxz(p)fxy(p)2fxxy(p)
- 3fm(p)2fxy(p)fxyy(p) + fm(p)Sfyyy(p)-

Lemma 2.5. Suppose that a polynomial f € Clz,y| satisfies frz(p) # 0. Then the curve
{f =0} € C? has a tacnode at p if and only if f satisfies

(1) f(p) = fo(p) = fy(p) =0,
(2) Hess(f)(p) =0,

(3) K(f)(p) =0,

(4) a12(p)? — Afra(p)ava(p) # 0,

where

a12(p) ::fzy(p)Qfx:m(p) — 2fze (p)f:vy(p)fxxy(p) + fzx(p)szyy(p)’
ao4(p) Zfoy(p)4fxxxx(p) - 4fzx(p)fxy(p)3fzx:cy(p)
+ 6fm(p)2fxy(P)2fmyy(p) - 4fm:(P)3f:cy(P)f:cyyy(p) + fmx(P)4fyyyy(p)-
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Proof. For simplicity, we assume that p is the origin (0,0) of C2. First, if the origin is a

singular point then we can represent f as
f = Az® + Bxy + Cy? + (higher terms),

where (A, B,C) = (f22(0,0)/2, f24(0,0), fyy(0,0)/2). If Hess(f)(0,0) # 0, then the origin
is an Aj-singularity of {f = 0}. Therefore Hess(f)(0,0) = 0 for the origin to be an As-

singularity. Then we can rewrite f as

f= H(QAQ; + By)2 + (higher terms).

The tangent line of {f = 0} at the origin is defined by

fxa:(O; 0)-@ + fmy(O, O)y =0.

Now we define new coordinates (u,v) as

u) f22(0,0)  fzy(0,0) x
v] 0 1 Y

f(uvv) = f(x(uvv)’y(u7v))'

Note that the condition f(0,0) = f;(0,0) = f,(0,0) = Hess(f)(0,0) = 0 is equivalent to

£(0,0) = £,(0,0) = £,(0,0) = Hess(f)(0,0) = 0.
By direct computation, we obtain the equalities:

and set

A 1
fuu(ov 0) - M7
fun(0,0) =0,

fon(0,0) = mHessm(o,o»

Furn(0,0) = meo, 0),
Foun(0.0) = 5 K(7)(0.0),

fU’UU’U(O7 0) = a04(0,0).

1
f22(0,0)

By Kouchnirenko’s Theorem 2.4, the condition that the singularity at the origin is As

can be rewritten as

Fun(0,0) = f1u(0,0) = fouu(0,0) =0, fuu(0,0) #0
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and
fuvv(oa 0)2 - 4fuu(0a O)fvvvv(oa 0) 7£ 0

on the new coordinate system. By (*), these conditions coincide with the conditions in the

assertion. ]

For pn = 1,3, let U(A, A,) denote a locally closed subvariety in the complete linear
system |D(A)| of D(A) which parametrizes the set of curves having exactly one singular
point whose topological type is A,. Let V(A, A,) be the closure of U(A, A,,) in |[D(A)].

Corollary 2.6. If V(A, A3) is non-empty then dim V (A, Ag) > Az — 4.
Proof. For p=1,3, we set
Y(A,A,) = {(C,p);p is a singular point of C} C U(A, A,) x X(A) C |D(A)| x X(A).

For a curve C € U(A, A,) C V(A, A,), we choose a local coordinate system (z,y) of X(A)
around the singular point p = (z9,y0) € C. By Lemma 2.5, 3(A, A3) is defined in a
neighborhood of C' in (A, As) by

f(@o,y0) = fz(®o,y0) = fy(zo,y0) = Hess(f)(zo,y0) = K(f)(z0,y0) = 0. (**)

where f is a polynomial whose Newton polygon is A. Note that, by [7, Theorem (1.49)],
the dimension of the Severi variety V (A, A;) satisfies

dim V(A, Al) = dim E(A, Al) = ﬁAZ —1-1
and X(A, Ay) is defined by the first three equations of (**). Therefore, we obtain

dim V(A,Ag) > dim E(A,Ag) > ﬁAZ —1-3= ﬁAZ —4.



Chapter 3

Construction of certain singular curves

via tropical geometry

The main claim in this chapter can be found in [20].

3.1 Statement of a result

We first prepare several notations and notions. Let A C R? be a polygon and T € T(A) be
a tropical curve whose Newton polygon is A. We use the notation S as the dual subdivision
of T.

To state the claim we consider a union of polygons corresponding to a part of S. Let
A’ be a sub-polygon of A. A subset T" of T is called the tropical sub-curve with respect to
A" if A’ is a union of sub-polygons of S and 7" is dual to the subdivision of A’ induced
by S. We denote it by T|as. Note that if A’ = A then T'|as = T. The exact definition of
this notion will be given in Definition 3.2 in Section 3.2. For a tropical sub-curve T'|a, let
v(T'|ar) denote the number of 4-valent vertices of T'|a and 7(T'|a/) denote the number of
bounded components of R? \ T'|a:.

The following claim asserts that we can get the Milnor number of an isolated plane

curve singularity (f,0) from the tropical curve associated with a subdivision of I'_(f).

Theorem 3.1 ([20]). For any Newton non-degenerate and convenient isolated singularity
(f,0), there is a polynomial F := Fy € C{{t}}[x,y] such that Np = Conv(I'_(f)) C R?
and Tr|r_(y) gives the Milnor number by

u(f,0) = v(Trlr_p) +r(Trlr_(p)-

For plane curve singularities, the real morsification due to A’Campo [1] and Gusein-Zade
[6] gives an explicit way to understand the configuration of vanishing cycles. Our hope is

that we can perform the same observation for tropical curves realized in I'_(f).

16
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Theorem 3.1 is an analogy of the following equality valid for a real morsification:

M(f) = 5(fs) + r(fs)a

where fs is a real morsification of f, §(fs) is the number of double points of { fs = 0}|r2y,
where U is a small neighborhood of the origin fixed before the deformation, and r(f;) is the
number of regions in U bounded by {fs = 0}|g2. As a corollary of Theorem 3.1 we have
the equality 0(f) = v(Tr|r_(s)), where 0(f) is the d-invariant of (f,0), see Corollary 3.6.

3.2 Proof of Theorem 3.1

In this section, let K denote the field of convergent Puiseux series C{{t}}.
Let F' € KJz,y] be a polynomial over K and

Sp:AL,... Ay

be the dual subdivision of the tropical amoeba T defined by F. Due to the structure
theorem in tropical geometry, a tropical hypersurface has the structure of a polyhedral
complex. In particular, a plane tropical curve is an embedded plane graph in R2.

Let [u,v] denote the edge of the tropical curve T whose endpoints are 0-cells u and v.
Set [u,v) = [u,v] \ {v}. We allow that one of the endpoints is at co. In this case, the other
endpoint is contained in the O-cells of the curve.

Let

Sp i Dgyyey Mg,

be a subset of S such that |J S \ S}S] is connected, where S}E’] is the set of vertices of Sf.
Let A’ be a sub-polyhedron of N given as the union of S%.
Let V ={v1,...,on} and E = {[u,v] ; u,v € V'} be the set of vertices and edges of Tr

respectively.

Definition 3.2 (Tropical sub-curve). A subset of Tr is called the tropical sub-curve with
respect to A" if it has the structure of a metric (open) sub-graph (V’, E’) of the tropical
curve Tr which satisfies the following conditions:

(1) the set of vertices V! C V is given by {vk,, ..., vk, },

(2) the set of edges E’ is given by the following manners: for each [u,v] € E,

(i) if u,v € V' then [u,v] € F,
(ii) if v = 00 and u € V' then [u,v] € F,

(ii) if w € V' and v € V' \ V' then [u,v’) € E’, where v’ is taken as the middle point of

[u, v].
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We denote the tropical sub-curve of T with respect to A’ by Tr|ar.

Example 3.3. (1) Let F' be a polynomial over K given by

F=1+tz+tw+ 322 + 22w + 3w + 1923 + t*2%w + t*20° + t50°

+ 10,4 + t 2w + 122207 + t7 2w’ + 10 + #1925 4+ 1500,

The Newton polygon Ng of F is Conv{(0,0),(0,5),(5,0)}. See on the left in Figure D.
This polynomial F'is Fy in Theorem 3.1 for the singularity of 2 4 2%y? 4+ 9° at the origin.
The polyhedron A’ in the figure is I'_(f) for the singularity (f,0). The tropical sub-curve
Tr|pr_(p) with respect to I'_(f) is as shown on the right. Since u(f) = 11,v(Tr|r_(p) = 6
and 7(Tr|r_(s)) = 5, the equality u(f) = v(Tr|r_p) + r(Trlr_(5)) in Theorem 3.1 is

verified.

Tr|ar

Figure D: Np, A" and Tr|as in Example 3.3 (1).
(2) Let F be a polynomial over K given by
F =14tz +tw+ 222 + 220 + t3w® + tOuw?.

The Newton polygon Np = A’ of F'is Conv{(0,0), (2,0), (0,3)}. See on the left in Figure E.
This polynomial F' is Fy in Theorem 3.1 for the singularity of x? + y3 at the origin. The
polyhedron N in the figure is I'_(f) for the singularity (f,0). The tropical sub-curve
Tr|r_(f) with respect to I'_(f) is as shown on the right. Since u(f) = 2,v(Tr[r_(p) =1
and r(Tr|r_(s)) = 1, the equality in Theorem 3.1 holds.

Suppose that f is convenient. For the lattice points (i, j) € I'_(f)NZ2, we define a map
vile_(prze s T-(f) N Z? = R by

Vf(i,j):a0+a1—i—---—i—ai—i-bo—i-bl—i—‘--—l—bj

where {a }ren, {bk }ren are non-negative strictly increasing sequences of integers. We then
extend it to the whole domain I'_(f) as a continuous piecewise linear function and obtain

amap vy : I'_(f) — R. Taking sufficiently large values for vy at the lattice points of the
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Figure E: Np(= A" =T_(f)) and Tr in Example 3.3 (2).

Newton boundary of f, we may assume that each sub-polygon which is not a square is a

triangle of area 1/2.

Definition 3.4. We call the subdivision of I'_(f) defined as above the special subdivision

of ' _(f) and each square in this subdivision the special square.

For example, the special subdivisions of the polyhedrons A’ in Example 3.3 are as in
the following figures. Here, A’ in (1), (2) of Example 3.3 are represented by Aj, Ag,

respectively.

5 kA1

3 3 Ay

2 2

1 1

0 1 2 3 4 5 0 1 2

Figure F: The special subdivisions of Ay and As.

Lemma 3.5. Let p,q € N be coprime integers. The number of special squares in the special
subdivision of A, ;) = Conv{(0,0), (p,0), (0,q)} CR? is (p — 1)(¢ — 1)/2.

Proof. Let A be the rectangle given by

A = Conv{(0,0), (p,0), (0,9), (p,q)} C R?.

We consider the special subdivision of A. We decompose it into p vertical rectangles

~

Ai=(lii+1]xR)NAcA, i=0,....,p—1.

The special subdivision of A induces a special subdivision of each A,. Let £ be the segment

connecting (p,0) and (0,q). We denote by I the number of special squares in A which
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intersect £. Similarly, we denote by I; the number of special squares in A; which intersect
¢. Obviously I = >~ I.

Let A be the number of special squares of A(,,. Notice that A = %(pq — I) since
pq =2\ + I. Thus it is enough to show I = p+ ¢ — 1. Without loss of generality, we may
assume p < q. Let k, [ be integers such that ¢ = pk + 1 and 0 < [ < p. The segment ¢ can

be denoted as

(m,—%x+q) = (x, (pk+1—kx) — Il)a:), x € [0, p].

Set () = %:L’. Then, I; is calculated as

I =pk+1—nk = [£6)] = {pk+1— i+ Dk~ [€G+1)] -1}
=k+1-[£0)] + [£(i+1)]

fori=1,...,p—2 and
10: p—1:k+17

where || means the largest integer not greater than o € R. Thus, we obtain

p—1

I=) Li=Io+(p-2)(k+1)+[&p— 1)) = [EQ)] + L
=0

I
=pk+p+L];(p—1)J =p+q—1

O]

Proof of Theorem 3.1. Choose a polynomial F' such that the Newton polygon N coincides
with Conv(I'_(f)). To determine coefficients of F, we take the convex function v : Np N
Z* — R as a linear extension of v¢ used in the definition of the special subdivision of I'_(f),

and define F' as the patchworking polynomial defined by v, that is,

F(z,y) = Z V) gyl

(i,§)ENpNZ2

In the rest of the proof, we check that TF]p_( 1) satisfies the equality in the assertion. To
calculate the number of special squares, we decompose I'_(f) into two sub-polyhedrons as
follows. First, set the coordinates of the intersection points of the Newton boundary I'(f)
of f and the lattice as

T(f)NZ? = {(0,q), (P1,Q1), - (Pn-1,Qn-1), (p,0)},
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where 0 < Py < --- < P,_1<p. Weset Py =0,F, =p,Qo=q,Q, =0 and define

pi =P =P, ¢ =1Qi — Qi—1], i=1,...,n.

Notice that p=p1 +---+pp,and ¢g=qg1+---+¢q,. Fori =1,...,n, we define the subset
A; of T_(f) as

A; = Conv{(P;—1,Qi-1), (Pi-1,Qi), (Pi, Qi) } = A, .a0)

and

A; CT_(f), Eg:=Closure(l_(f)\Z1) CT_(f).

I
Il
=

=1
Then, I'_(f) decomposes as I'_(f) = 21 UE,. For i = 1,2, we denote by |Z;| the number of
special squares contained in the special subdivision of Z; induced by that of I'_(f). Then,
using Lemma 3.5, we have
"1
ENEDY 5P = (g - 1),

i=1

n—1
B2l =) i (@it +an)
=1
n—1
= Zpi Ag— (g1 + -+ ¢qi—1)} = Vol(=2).
=1

Next we will show the following equalities:

1Z1] + |22 = v(TF[r_(p)), (3.1)
Z1] 4 B2 = (n = 1) = r(TFlr_(p))- (3:2)

The correspondence between subdivisions and tropical curves, introduced in Theorem 1.9,
gives a 1-to-1 correspondence between parallelograms and 4-valent vertices. In our case,
any 4-valent vertex corresponds to a special square. Thus, the number of special squares,
|Z1] + |22/, coincides with the number of 4-valent vertices of Tr|p_(s). Hence equality (3.1)
holds.

We prove the other equality. There is a 1-to-1 correspondence between
{special square B contained in special subdivision of I'_(f) ; V(B) NnT(f) = 0}

and
int(I_ () 22,
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where V' (H) is the set of vertices of a special square B in I'_( f). Moreover, by Theorem 1.9,
we have a 1-to-1 correspondence between the bounded regions contained in the complement
of Tr|r_(sy € R? and the interior lattice points int(I'_(f) N Z?) in I_(f). Since

#{special square H contained in special subdivision of I'_(f); V() N T'(f) # 0}

=n-1,
we get

r(Trlr_(p) = #(int(D_(f)) N Z?)
‘E1| + |EQ| — (n — 1).

Thus equality (3.2) holds.
Set L =3"7" | pigi- From equality (3.1), we get L = 2|=1| 4+ (p+ ¢) — n as

n n
_ 1 1
|Z1] = E 5(101‘ —1)(gi—1) = 3 E (pigi —pi —qi + 1)

=1 =1

1
= 5{L— (p+q)+n}.
For the Milnor number u(f), we use Kouchnirenko’s Theorem 2.4:
p(f)=2Ve = Vi +1,

where V53 is the area of I'_(f) and V; is the sum of lengths of the segments obtained as the

intersection of I'_(f) and the z- and y-axes. In our case, they are given by

L
V2:§+|:2|, V1 :p+q.

Thus, we get

p(f) =2 -V +1
=L+2[E[-(p+tq+1
={21E1|+(p+q)—n}+2Z -~ (p+q) +1
=v(Trlr_¢p) +r(Trlr_(p)-

O]

Corollary 3.6. Let ' := Ft be a polynomial obtained in Theorem 3.1. Then the d-invariant
6(f) of (f,0) coincides with v(Tr|r_(y))-

Proof. In [17, Theorem 22(4)], we have r(f) = $(Z*> N T'(f)) — 1, where r(f) is the number
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of local irreducible components of {f = 0} at 0. We also have

p(f) = 2(121] + [22]) - {#(Z* N T(f)) - 2}
= 20(Tr|r_(p) — {#(Z° NT(f)) — 2}

from the argument in the proof of Theorem 3.1. By Theorem 2.1, we obtain

26(f)

u(f)+r(f) =1
= 20(Trlr_()) — {§(Z* NT(f)) = 2} +4(Z* NT(f)) — 1 -1
QU(TF‘F_(f))

0

As in [1, 6], we can obtain the intersection form of vanishing cycles from the immersed
curve of a real morsification. To study the intersection form in our tropical curve we need

to fix “framings” on the edges of the curve in I'_(f), though we do not have any good way

to see these “framings”.



Chapter 4

Tropicalization of 1-tacnodal curves

4.1 Tropical 1-tacnodal curves

4.1.1 Definition of tropical 1-tacnodal curves

In this subsection, we define a tropical 1-tacnodal curve. We can think of it as a tropical
version of a 1-tacnodal curve, which is the main theorem in this thesis.
Set

Ap := Conv{(0,7),(1,0),(2,0)}, A := Conv{(0,7),(2,0),(3,0)},

Arqpr := Conv{(0,0),(2,0),(1,3)}, Ary := Conv{(0,0),(2,0),(1,2)}

Ay := Conv{(0,0), (4,0),(0,1)}, Ayr := Conv{(1,0),(2,0),(0,3),(1,3)},

Avir += Conv{(0,0), (1,0, (2,1), (0,1), (1,2)},

Avyrpy := Conv{(0,0),(1,0),(0,1),(3,3)}, Ax := Conv{(0,0), (1,0),(0,1),(4,2)},
Ag := Conv{(0,0), (2,0),(0,1),(1,2)},

see Figure G.
We say that a polygon P C R? is equivalent to P’ C R? if there exists an affine
isomorphism A € Aff(Z?) such that A(P) = P’, and denote it as P ~ P’

Definition 4.1. A tropical curve T is said to be tropical 1-tacnodal if the dual subdivision

S of T contains one of the following polygons or unions of polygons:
(I) a triangle equivalent to Ay,
(IT) a triangle equivalent to Ay,

(ITI) the union of a triangle equivalent to Ay and a triangle with edges of lattice length
1, 1 and 2 and without interior lattice point glued in such a way that they share the
edge of lattice length 2,

24
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(IV) the union of two triangles equivalent to Apy which share the edge of lattice length 2,
(V) the union of two triangles equivalent to Ay which share the edge of lattice length 4,
(VI) a parallelogram equivalent to Avyr,

(VII) a pentagon equivalent to Ay,

(VIII) a quadrangle equivalent to Ay,
(IX) a quadrangle equivalent to Arx,

(E) the union of a quadrangle equivalent to Ag and a triangle with edges of lattice length
1, 1 and 2 and without interior lattice point which share the edge of lattice length 2,

and the rest of S consists of triangles of area 1/2.

7 7
Ar Ay
AIH AIV
4 3 2
3 \ 2 / 1
2 2 —
\\ 1 ’
1 1 —
0 2
T 2 T 2 3 -1 -2
Ayt Ay
3 3
Avnr
1~Av 2\ 2 P
e N\ D
—1
1 2 0 1 2 0 1 2 3
AIX
2
1
0 1 2 4

Figure G: Polygons in Definition 4.1. The notation A means a lattice point on the boundary
which is not a vertex and the notation x means an interior lattice point.
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4.1.2 Polygons corresponding to tropical 1-tacnodal curves

In this subsection, we mention some remark on polygons appearing in Definition 4.1.
We denote an m-gon which has edges of lattice lengths ¢1, ..., ¢, and [ interior lattice
points by
Ap (Ll .oy ly).

Similarly, we denote a parallel 2m-gon which has m pairs of antipodal parallel edges of
lattice length ¢1,..., 4, by
AN (T b1,y b))

When we consider polygons of the same type (I;¢1,..., ;) simultaneously, we denote one
as Ap(L; 0, .., 0y) and the others as A! (I3 01, ..., by), AV (I;¢1,...,4y) and so on.
Lemma 4.2. The following holds up to the equivalence:

(1) A triangle A3(3;1,1,1) is either Ay or Ary.

(2) A triangle A3(2;2,1,1) is Ary.

(3) A triangle As(1;2,1,1) is Ary.

(4) A triangle A3(0;4,1,1) is Ay.

(5) A parallelogram AL™(2;1,1) is Ayr.

(6) A pentagon As(1;1,1,1,1,1) is Ayr.

(7) A non-parallel quadrangle Ay(2;1,1,1,1) is equivalent to one of the following polygons:

AVHL AIX; COHV{(L 0), (0, 1), (2, 1), (1, 3)}
Proof. (1) We can take A € Aff(Z?) which maps A3(3;1,1,1) to

A, == Conv{(0,q), (n,0),(n+1,0)}

for some ¢,n. By Pick’s formula, we obtain ¢ = 7. We remark that, A,, and An+7 are

L1 KKk
(1) (=

Moreover we do not have to discuss the cases n = 0 and n = 6 since they have an edge of

equivalent by

lattice length more than 1.
We get the isomorphisms
Al ~ A5, AQ ~ A4

&)

Because of the configuration of interior lattice points, we can show that Ay = A and

by the reflection, and Ay ~ Ag by
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AQ = Ay are not isomorphic.
(2) For any A3(2;2,1,1), there exists A € Aff(Z?) such that A3(2;2,1,1) maps to

Conv{(p,0), (p + 2,0),(0,9)}

for some p,q € N. Then we have ¢ = 3 by Pick’s formula, and we may assume p = 0,1,2
by the isomorphism (***). But the cases p = 0,1 do not satisfy the conditions of lattice
length. Hence we get p = 2. This triangle is equivalent to Arpy.
The claims (3), (4), (5) and (6) can be proved by the same method.

(7) We can split P := A4(2;1,1,1,1) into two triangles which satisfy one of the following:
As3(1;2,1,1) and A3(0;2,1,1) such that their intersection is a segment of length 2,
As(21,1,1) )
e A3(0;3,1,1) and A§(0;3,1,1) such that their intersection is a segment of length 3,

Az(1;1,1,1) and A§(1;1,1,1) such that their intersection is a segment of length 1.
In the first case, A3(1;2,1,1) is uniquely determined as Conv{(0,0), (2,0),(1,2)}, so P

has two descriptions

and A3(0;1,1,1) such that their intersection is a segment of length 1,

Py := Conv{(0,0),(2,0),(1,2),(0,—1)}, P, := Conv{(0,0),(2,0),(1,2), (1,-1)}.
In the second case, by [19, Lemma 4.1], any triangle As(2;1,1,1) is isomorphic to
Q= COHV{(O, O)a (37 2)7 (27 3)}

We denote the other triangle, which is Az(0;1,1,1), by R. We can easily check that @ is

equivalent to

@1 := Conv{(0,1),(0,2),(0,5)}, Q2 := Conv{(0,2),(0,3),(0,5)}.

If the intersection of @ with R is Conv{(0,0),(3,2)} C @ or Conv{(0,0),(2,3)} C @, then
we can assume that the intersection is the bottom edge of 1. Similarly, if the intersection
is Conv{(2,3), (3,2)} C @, then we can assume that R shares the bottom edge of Q2. Thus,
the polygon P is equivalent to either

Py := Conv{(1,0), (2,0), (0,5), (2, ~1)} or Py := Conv{(2,0),(3,0), (0,5), (3, ~1)}.

In the third and fourth cases, we obtain the following polygons in the same way as

above:

P5 := Conv{(0,0),(0,1), (1,-1),(3,0)}, Ps:= Conv{(0,0),(0,1),(2,—1),(3,0)}.
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Between the polygons ]51, ey ]56, we have the following isomorphisms:

. . -1 0 - - -1 -1 - - 0 -1
P12P3by (3 _1>,P52P4by <2 1>,P62P2by (1 1>

Notice that, the polygon P is the translation of Conv{(1,0), (0,1),(2,1), (1,3)}. Also, the
polygons Pg and Pj are equivalent to Arx and Ay by

11
VARV
-1 0

Furthermore, by the configuration of interior lattice points and vertices, we obtain
AVHI ¢ AIXa AIX ¢ COHV{(L O)v (07 1)1 (27 1)7 (17 3)}7 and COHV{(L 0)7 (07 1)7 (2> 1)1 (17 3)} ;é
Avrr. O

respectively.

Lemma 4.3. A quadrangle Ay(1;2,1,1,1) is Ag.

Proof. We can split P = A4(1;2,1,1,1) into two polygons @, R which are either

(3-1) @ = A3(0;1,1,1), R=A4(1;1,1,1,1) and these polygons share an edge of length 1,
(3-2) Q@ = A3(0;2,1,1), R = A4(0;2,1,1,1) and these polygons share the edge of length 2,
(3-3) @ =A3(1;1,1,1), R = A4(0;1,1,1,1) and these polygons share an edge of length 1,
(3-4) @ = A3(1;2,1,1), R = A3(0;1,1,1) and these polygons share an edge of length 1,
(3-5) @ = A3(0;2,2,1), R = A3(0;2,1,1) and these polygons share an edge of length 2, or
(3-6) @ = A3(0;2,1,1), R = A3(1;1,1,1) and these polygons share an edge of length 1.

Among them, case (3-5) can not occur by Lemma 4.12.

(3-1) If R is a parallelogram, then we can assume that R is
Conv{(1,0),(2,0),(0,2),(1,2)}

and the common edge of R with @ is its bottom edge. Hence, we get
Q@ = Conv{(1,0),(2,0),(2,—-1)}

by Pick’s formula, but their union does not satisfy the condition of P.

If R is not a parallelogram, then we can assume that R is

Conv{(0,0),(1,0),(0,1),(2,2)}
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and the common edge with @ is either
Conv{(0,0),(1,0)} or Conv{(1,0),(2,2)}.
In the former case, @) is uniquely determined as
Conv{(0,0), (1,0), (0,—-1)}

and the union @ U R = Conv{(0,—1), (1,0),(0,1),(2,2)} is isomorphic to P. In the latter

case, we can assume that R is
Conv{(1,0),(2,0),(0,2),(0,3)}
and the common edge is the bottom edge. Then () must be
Conv{(1,0),(2,0),(2,1)},

but the union Q U R does not satisfy the condition of P.
(3-2) We can assume that R is

Conv{<07 0)7 (27 0)7(07 1)7(17 1)}
and the common edge is the bottom edge. Then ) must be either
COHV{(O, 0)7 (27 0)7 (07 _1)} or COHV{(O, 0)7 (27 0)7 (37 _1)}

In both cases, the union Q) U R is isomorphic to P.
(3-3) We can assume that R is

Conv{(0,0),(1,0),(0,1),(1,1)},

but any union with @ does not satisfy the condition of P.
(3-4) We can assume that @ is

COHV{(Q O)a (17 0)? (_27 4)}
and the common edge is its bottom edge. Then R must be
COHV{(()? 0)7 (17 0)7 (17 _1)}

Their union R U @ is isomorphic to P.
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(3-6) We assume that R is
Conv{(1,0),(2,0),(0,3)}

and the common edge is its bottom edge. Then ) must be either
COHV{(L 0)7 (27 0)7 (27 _2)} or COIIV{(L 0)7 (27 0)7 (37 _2)}

In both cases, the union Q) U R is isomorphic to P. O

4.2 Definitions and Lemmata

4.2.1 Existence of 1-tacnodal curves for Ay, ... Ax

For a polygon P, we set
F(P):={f € Clx,y]; Ny = P}.

We denote the plane curve defined by f € F(P) in X(P) as Vy. We remark that V; is a

member of |[D(P)|. We consider the following two conditions:

(S1) Vy C X(P) is a 1-tacnodal curve whose singular point is contained in the maximal
torus of X (P),

(S2) V; intersects the toric boundary X (0P) transversally.

In the rest of this section, except cases (III), (IV), and (V), we only consider polygons
whose edges are only of length one. Hence the condition (S2) is automatically satisfied

except the three cases.

Lemma 4.4. For each i = I,II and given coefficients c;; on the vertices (i,j) € V(P),
there is a polynomial f € F(A;) which has the fized coefficients on the vertices and satisfies
the conditions (S1), (S2). Furthermore, there is no polynomial f € F(A;) that defines a
curve with more complicated singularity than As, i.e., the curve does not have an isolated

singularity whose Milnor number is more than 3.

Proof. (I) We first show that we can assume that the coefficients on the vertices of Ay are

1. We transform the polynomial
f = ci0z + co0x® + Azy + Bay® + Cxy® + cory” € F(A))
by substituting + = X!,y = Y and multiplying X?. Then we get a new polynomial

Fi=co0+ 10X + AXY + BXY? + CXY? + c0r X2V
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By multiplying suitable constants to the variables and the whole polynomial, we can assume

that co9 = c19 = cg7 = 1. Transforming f by z = X~y =Y again, we get
z+ 2%+ Aley + B'ay? + Clay® + 7.

We re-denote this polynomial by f.

For a polynomial
f=x+2%+ Azy + Bry? + Cxy® +y" € F(A),

we apply Lemma 2.5 and eliminate the variables by the system f = f, = f, = Hess(f) =
K(f)=0. First, by f =0, we can get A as

x+ 22 + Bay? + Czy® + o7
Ty '

A:

Therefore the system is reduced as

(1) «? —y" =0,

(2) —x— 22+ Bay? + 2Czy® + 6y =0,
(3) substituting A for Hess(f) =0,

(4) substituting A for K(f) = 0.

Secondly, by equation (2), we can get B as

x4+ 2% — 2Czy3 — 697
xy? ’

B =
Then the system is reduced as

(1’) $2 - y7 = 07
(3") 4a® + 4zt +4Cx3y3 + 6022y" — 49y = 0,
(4) 202 4 Toy* + T72%y* + 702y — 42y = 0.

Thirdly, by equation (3’), we can get C' as

o - 4% —dat —602y" + 49y
- 4a3y3 ’
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Then the system is reduced as

22—y’ =0,
827 + 825 — 160xty” + 49022y — 343y2! = 0.

Hence we obtain z = 8/5 and the equation
y' —(8/5)*=0. (%)

Next, we check that the above f satisfies the condition (S1). Let yo,y1,...,ys be the
solutions of equation (****) and, for each i = 1,...,6, let f() denote the polynomial f
with the solution y = y;. By the above calculation, the curve Vi defined by f@ has a
tacnode at (8/5,;) € (C*)2. Notice that the coefficients A, B and C of f() are determined
by z = 8/5 and y = ;. Let (s,t) be a singular point of f) on Vi@ . Solving fs(i) =0, we
obtain s = so(t,y0). Set

filt.yo) == FO(solt,y0),t),  falt,yo) = ft(i)(SO(tayO)vt)'

Eliminating yo from f1, fa by yJ — (8/5)? = 0, we obtain two equations with variable t. We
can check that their greatest common divisor is 7 — (5/8)2. Thus, the singularities of f(*)
are only tacnodes.

The coefficient A of f() depends only on the solution gy of (****) and we can check
directly that the coefficients A for y = y; and y = y; are different if ¢ # j. That is, the
defining polynomials f® and f() are different for i # j. Therefore each f() satisfies the
condition (S1).

(II) For the polynomial
f =2+ 2%+ Ax*y + B2®y* + Cay* + 4" € F(An),

we apply Lemma 2.5 and eliminate the variables by the system f = f, = f, = Hess(f) =
K(f)=0. First, by f =0, we can get A as

_2?+ 2% + By + Cay' + 47

A=
x2y
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Therefore the system is reduced as

(1) 23 — Cay* — 2y" =0,

(2) —2? — 23+ Ba?y? + 3Cxy* + 6y" = 0,
(3) substituting A for Hess(f) = 0,

(4) substituting A for K(f) = 0.

Secondly, by equation (2), we can get B as

22 + 2% — 3Cxy* — 6y’

B = 2292

Then the system is reduced as

(1) 23 — Caxy* — 297 =0,
(3") 82° + 828 — 4Cx3y* + 20Cx y* — 422y" + 11623y7 — 28C22%y® — 184Cxy'! — 256y = 0,
(4’) substituting B for (4) = 0.

Thirdly, by equation (1), we can get C as

x3 —2y7

C =
xyt

Then the system is reduced as

23 +y" +ay’ =0,
42° + 1425y" + 52Ty + 1623y + 1124y + 6y2! + T2y?t = 0.

By direct computation, we can see that the solution of the above system is

(,9) = (5, %), (FFF)

where g is a solution of y'4 + 47 +1 = 0.

Next, we check that the above f satisfies the condition (S1). Notice that the curve
Vi defined by f has a tacnode at (y§,y0) € (C*)?, where yo is a solution of (****¥).
Let (s,t) € (C*)? be a singular point of Vy. Then, we can easily check that the system
f(s,t) = fu(s,t) = fy(s,t) = ya* + yJ + 1 = 0 implies ¢ = y. After substituting y = ¢
for f(s,t), fz(s,t), fy(s,t), we obtain s — y{ as their greatest common divisor. That is,
the singularities of V; are only tacnodes. Moreover, we can easily check that for two
different solutions yo and y; of y* +y" 4+ 1 =0, the triples (A, B,C) of the coefficients of
the polynomial f, which are determined by yo and yj, are different. Therefore, for each
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solution of y'* +y” 4+ 1 = 0, the polynomial f satisfies the condition (S1). O

Lemma 4.5. For each i = VI, VII, VIII, IX, and given coefficients c;; on the vertices (i,j) €
V(P), there is a polynomial f € F(A;) which has the fized coefficients on the vertices and
satisfies (S1) and (S2) if and only if

® co3c0 = 64cipci3, if i = VI,

e co1cly = —degicly, and ciachy = —4ciock,, if i = VII,

o 85¢33¢5, = 5°clocdy, if i = VIII,

® 256c40¢0y = (41 + 38V —1)cjocdy, or 256cqachy, = (41 — 38v/—1)clocdy, if i=1IX.

Furthermore, there is no polynomial f € F(A;) that defines a curve with more compli-

cated singularity than As.
Proof. (VI) We transform the polynomial
fi=cpzr+ Cgoxz + Axy + Basy2 + 003y3 + clgscy3 € f(AVI)
by substituting z = X!,y = Y and multiplying X2. Then we get the new polynomial
fi=c10X +co0+ A XY + B'XY? + ¢03X2Y3 + 13 XY3.
By multiplying suitable constants to the variables and the whole polynomial, we can rewrite
f as
1+ X+ A"XY +B"XY?+ XY3 + OX2Y3,

where
€03C20
C =

C10C13

For the polynomial
1 + x4+ Azy + Bay? + xy® + Ca?y?

we apply Lemma 2.5 and eliminate the variables by the system f = f, = f, = Hess(f) =
K(f)=0. First, by f =0, we can get A as

14+ Bxy? + xy? + Cz?y?
Ty ’

A:
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Therefore the system is reduced as

;

(1) —1+Cz%y3 =0,

(2) —1— 2+ Bxy? + 22y + 2C22%y> = 0,
(3) substituting A for Hess(f) =0,

(4) substituting A for K(f) = 0.

Then the system is reduced as

(2)) 1— 2+ Baxy? +22y° = 0,
(3") — 4+ 8z — 2% — 4Bxy? + 2Bx?y? — day® + 422y — B2yt — 4Ba?%y® — 422y =0,
(4) 48 — 144x + 3622 + 48 Bay? + 48xy> — 48 Bx?y? — 72223 + 12B%2%y* 4 24Bx2y° = 0.

Thirdly, by equation (2’), we can get B as

1—z+ 223

B =
xy?

Then the system is reduced as

4o + 4xyd — 1 =0,
6z + 2zy3 — 1 = 0.

The solution of the above system is

(z,y) = (1/8,90), (FFE)

where 1 is a solution of y> = 1. Then we obtain
A==9/yo, B=-9/y5, C=1/a*y’ =64

Next, we check that the above f satisfies the condition (S1). Notice that the curve V¢
defined by f has a tacnode at (1/8,y0) € (C*)?, where gy is a solution of (******). TLet
(s,t) € (C*)? be a singular point of Vy. Then, we obtain > — 1 = 0 and s = 1/8 from
the system f(s,t) = fu(s,t) = fy(s,t) = 0 and the equation y3 — 1 = 0. That is, the
singularities of V; are only tacnodes. Moreover, we can easily check that for two different

solutions yy and y;, of y3—1 =0, the triples (A, B, C) of the coefficients of the polynomial f,
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which are determined by yo and yj,, are different. Therefore, for each solution of y3—1=0,

the polynomial f satisfies the condition (S1).

(VII) We can rewrite the polynomial
f=coo+ crom + cory + Azy + ca12”y + crozy® € F(Avi)

as
f=1+xz+y+ Azy + Bz’y + Cay?

by the same manner as above, where

2 2
C21C C12C
B = 00 (7 — 00

2 2 "
C01Cqg C10€C

For the polynomial
f=1+x+y+ Azy + Bx’y + Cxy?,

we apply Lemma 2.5 and eliminate the variables by the system f = f, = f, = Hess(f) =
K(f)=0. First, by f =0, we can get A as

_1+x—|—y+Bm2y+C’:Ey2
xy ’

A=

Therefore the system is reduced as

(

(1) —1—y+ Ba?y =0,
(2) —1—z+Cxy*=0,
(3)
(4)

substituting A for Hess(f) =0,
substituting A for K(f) = 0.

Secondly, by equations (1) and (2), we can get B and C' as

1+

B= -

1
L C
%y vy

respectively. Then the system is reduced as

(3’) 344z + 4y + 4ay = 0,
(4) (1+y)*(1+2z) =0.

The solution of the above system is

(z,y) = (=1/2,-1/2),
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and we obtain
A=B=C=—-4.

Next, we check that the above f satisfies the condition (S1). Notice that the curve
V¢ defined by f has a tacnode at (—1/2,—1/2) € (C*)2. Let (s,t) € (C*)? be a singular
point of V;. Then, we can solve f(s,t) = fu(s,t) = fy(s,t) = 0, and the solution is
(s,t) = (=1/2,—1/2). That is, the singularity of f is only one point and is a tacnode.
Therefore the f satisfies the condition (S1).

(VIII) We can rewrite the polynomial
f = coo + 102 + cory + Awy + Br*y? + e332’y’ € F(Avm)

as
f=1+z+y+ Azy + Bz?y? + Ca3y?

by the same manner as above, where

5
€33C00
C = 33
10€01

For the polynomial

f=1+z+y+ Azy + Bz?y? + Caz3y3,

we apply Lemma 2.5 and eliminate the variables by the system f = f, = f, = Hess(f) =
K(f)=0. First, by f =0, we can get A as

1+ x4y + Bax?y? + Ca3y3
xy ’

A=
Therefore the system is reduced as
(1) —1—y+ Bax?y? + 20233 = 0,
(2) —1—z+ Ba?y? +2Cx3y3 =0,
(3)
(4)

3
4

substituting A for Hess(f) = 0,
substituting A for K(f) = 0.

Secondly, by equation (1), we can get B as

_ 1+y—2Cx33

B 2

2y



CHAPTER 4. TROPICALIZATION OF 1-TACNODAL CURVES
Then the system is reduced as

(2’) r—Y= 07
(3") 4—x+ 4y +4Cx3y3 = 0,
(4’) substituting B for (4) = 0.

Thirdly, by equation (3’), we can get C as

—4+xz—4y
C=——5F—7
4393

Then the system is reduced as

r—y=0,
—8+43x — 8y = 0.

The solution of the above system is

and we also obtain
A=175/64, B=—5%/212 (O =5°/8°

38

Next, we check that the above f satisfies the condition (S1). Notice that the curve
V¢ defined by f has a tacnode at (—8/5,—8/5) € (C*)2. Let (s,t) € (C*)? be a singular
point of Vy. Then, we can solve f(s,t) = fz(s,t) = fy(s,t) = 0, and the solution is
(s,t) = (—8/5,—8/5). That is, the singularity of f is only one point and is a tacnode.

Therefore the f satisfies the condition (S1).

(IX) We can rewrite the polynomial

f = coo + cr0z + cory + Azy + B’y + capr'y? € F(Ax)

as
f=1+z+y+ Azy + Bz’y + Cazty?

by the same manner as above, where

5
C42Cq0

C:C4C2.
1001

For the polynomial

f=14xz+y+ Azy + Bx’y + Ca*y?,
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we apply Lemma 2.5 and eliminate the variables by the system f = f, = f, = Hess(f) =
K(f)=0. First, by f =0, we can get A as

1+ z 4y + Ba?y + Caty?
xy '

A=

Therefore the system is reduced as

(1) —1—y+ Ba?y+ 3C2*? =0,
(2) —1—a2+Cax'y? =0,

3)
(4)

4

substituting A for Hess(f) = 0,

substituting A for K(f) = 0.

Secondly, by equation (1), we can get B as

_ 1+y — 3Cxty?

2y

B

Then the system is reduced as
(2) —1—z+Caly?* =0,
(3)) 1—402%y? — 8Cz3y? — 4C2%y3 + 40225y = 0,
(4’) substituting B for (4) = 0.

Thirdly, by equation (2’), we can get C as

_1—i—x

iy

Then the system is reduced as

4 + 4y + 322 + 42y = 0,
(4 + 32) (162 + 8y + 2422 + 22zy + 4y® + 92 + 1222y + 5ay?) = 0.

The solutions of the above system are
6 2 2 4 6 2 2 4
3 =\— % = _157_7 _]->7 3 = <_7_7 _157 = _1)7
(70, 4o) <5+5“ 5 5" (@1,1) 5 5V 55

and we obtain

A1 19 4119
—_ _ — 1 = = — —_— —]_ 'f = .
O=-g56 T gVt 1 #=20, CU=goptgv-l il w=m
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Next, we check that the above f satisfies the condition (S1). Notice that the curve V;
defined by f has a tacnode at (zg,%0) € (C*)2. Let (s,t) € (C*)? be a singular point of
Vy. Then, we can solve f(s,t) = fz(s,t) = fy(s,t) =0, and the solution is (s,t) = (x0,¥0)-
That is, the singularity of f is only one point and is a tacnode. Therefore the f satisfies the

condition (S1). Also, we can check the condition (S1) for (z1,y1) by the same manner. [J

Lemma 4.6. For each i =1I1,1V,V and given coefficients c;; on the vertices (i,j) € V(P),
there is a polynomial f € F(A;) which has the fized coefficients on the vertices such that f

defines a curve which has
(III) an As-singularity on the toric divisor corresponding to the edge of length 2,
(IV) an Ap-singularity on the toric divisor corresponding to the edge of length 2,

(V) an intersection with the toric divisor corresponding to the edge of length 4 whose

multiplicity is 4.

Proof. (III) We set
f:=1+ Az + 2%+ Bay + Cay® + zy® € F(Am).

Let o C Ay be the edge of length 2. The intersection point of X (o) and the curve defined
by f is an As-singularity and this implies A = £2.

We assume A = 2 and the singularity is at (—1,0). For f = (1+z)%+ Bay + Cxy? +y3,
the solution of f(—1,0) = f,(—1,0) = f,(—=1,0) = Hess(f)(—1,0) = 0is B = C = 0.
Therefore we obtain the polynomial f := 1+ 2z + 22 4+ zy3 € F(Am).

(IV) We set
f:=1+ Az + 2° + Bxy + zy® € F(Aw).

Let 0 C Ayy be the edge of length 2. The intersection point of X (o) and the curve defined
by f is an A;-singularity and this implies A = £2.

We assume A = 2 and the singularity is at (—1,0). For f = (1 + )% + Bxy + xy?,
the solution of f(—1,0) = fz(—1,0) = f,(=1,0) = 0 is B = 0. Therefore we obtain the
polynomial f := 14 2z + 22 + 2y* € F(Ary).

(V) We can prove that the polynomial
f=0xa) +ye F(Ay)

satisfies the condition. O



CHAPTER 4. TROPICALIZATION OF 1-TACNODAL CURVES 41
Set

A := Conv{(0, 1), (2,0), (0,3)},
Ay := Conv{(0,—2), (2,0), (0,2)},
Av := Conv{(0,—-1),(4,0),(0,1)},

see Figure H.

Figure H: Polygons AHI, AIV and AV. The notation A means a lattice point on the boundary
which is not a vertex and the notation » means an interior lattice point.

For the polygons Ay and As(0;2,1,1) appearing in Definition 4.1 (III), the polynomial
on Ajyr obtained in Lemma 4.6 induces the polynomial on A3(0;2,1,1) as

1+ Az + 22 +y,

where A = +2. Therefore the exceptional polygon in this case is A
For the polygons Ary and As(1;2,1,1) appearing in Definition 4.1 (IV), the polynomial

on Ary obtained in Lemma 4.6 induces the polynomial on Az(1;2,1,1) as
1+ Az + 2% + By + zv°,

where A = £2. If B = 0, the exceptional polygon compatible with the data is AIV. Note
that, if B # 0, the exceptional polygon compatible with the data is

Conv{(2,0),(0,2), (0, —1)},

and it has no deformation pattern which defines an 1-tacnodal curve, see the discussion in
Lemma 4.17.

For the polygons Ay and As3(0;4,1,1) appearing in Definition 4.1 (V), the polynomial
on Ay obtained in Lemma 4.6 induces the same polynomial on A3(0;4,1,1). Therefore,
the exceptional polygon compatible with the data is Ay.

Lemma 4.7. For each i =1I1,1V,V, there is a deformation pattern ¢ € ]-"(Az) compatible
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with given data in Lemma 4.6 which has the fized coefficients on the vertices such that the

~

curve defined by ¢ in X(A;) is a 1-tacnodal curve.

Proof. (III) For the polynomial
¢ =1+ Ay + 2%y + By’ + Czy® + Dy* + y* € F(Am)

we apply Lemma 2.5 and eliminate the variables by the system ¢ = ¢, = ¢, = Hess(¢) =
K(¢) = 0. Notice that y is nonzero. First, by ¢, = 0, we can get C as

2x
e

C =

Therefore the system is reduced as

(

(1) 14 Ay — 2%y + By? + Dy® + y* = 0,
(2) A—322+2By+ 3Dy? + 4y =0,
(3) 4By — 1222 4+ 12Dy? + 2433 = 0,
(4)

4) — 2?2+ Dy? +4y3 =0.

\

Secondly, by equation (4), we obtain
x? = y*(D + 4y).
Then the system is reduced as

(1') 14 Ay — 3y* + By? =0,
(2') A—8y>+2By =0,
(3") — B+6y%>=0.

Thirdly, by equation (3’), we can get B as
B = 6y>.
Then the system is reduced as

(17) 1+ Ay +3y* =0,
(27) A+4y3 =0.

Hence we obtain A = —4y> and then the equation

yt—1=0.



CHAPTER 4. TROPICALIZATION OF 1-TACNODAL CURVES 43

The solution is
(A, B, C, D, x, y) = (_4y87 6y87 —21’0/y0, Da o, yo)v

where 7 is a solution of y* — 1 = 0 and g is a solution of z? = y% (D + 4yo).

Next, we check that the above ¢ has only one singularity and it is a tacnode. Notice
that the curve V,, defined by ¢ has a tacnode at (2o, yo) € C2. Let (s,t) € C? be a singular
point of V. Then we solve ¢(s,t) = ¢z(s,t) = ¢y(s,t) = 0 and we check that the solution
is only (s,t) = (xo,y0). That is, the singularity of ¢ is only one point and is a tacnode.

(IV) We consider the following polynomial
¢:= 1+ Ay + By’ + Cy’ +y* + cuwy + cizay’ + 2°y* € F(Aw).

Note that c11, 13 are both zero because of the form of the polynomials derived by Lemma 4.6 (IV).
For the polynomial

¢:=1+ Ay + By* + Cy® + y* + 2%y* € }"(AIV%

we eliminate the variables by the system ¢ = ¢, = ¢, = Hess(¢) = K(¢) = 0 by Lemma 2.5.
Notice that y is nonzero. First, by ¢, = 0, we obtain z = 0. Therefore the system is reduced

as

(1) 1+ Ay + By?> + Cy® +y* =0,
(2) A+ 2By +3Cy% +4y> =0,
(3) B+3Cy+6y* =0,
(

4) C+4y=0.

Secondly, by equation (4), we obtain

Then the system is reduced as

(1) 1+4y+ By* - 3y* =0,
(2') A+2By—8y® =0,
(3") B —6y%=0.

Thirdly, by equation (3’), we can get B as

B = 6y
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Then the system is reduced as

(17) 1+ Ay +3y* =0,
(27) A+ 4y =0.

Hence we obtain A = —4y> and then the equation
yt—1=0.
The solution is

(A7 37 07 z, l/) = (—43487 63/87 _4y01 Oa y0)7

where 7 is a solution of y* — 1 = 0.

Next, we check that the above ¢ has only one singularity and it is a tacnode. Notice
that the curve V,, defined by ¢ has a tacnode at (0,yp) € C2 Let (s,t) € C? be a singular
point of V4. Then, we solve ¢(s,t) = ¢, (s,t) = ¢y(s,t) = 0 and check that the solution is
only (s,t) = (0,y0). That is, the singularity of ¢ is only one point and is a tacnode.

(V) In this case, in order to achieve ¢,, # 0, we exchange the variables z and y in ¢.
For the polynomial

¢ =1+ Az + Bxy + Czy® + zy* + 2 G]:(AV),

we eliminate the variables by the system ¢ = ¢, = ¢, = Hess(¢) = K(¢) = 0 by Lemma 2.5.

Notice that x is nonzero. First, by ¢ = 0, we obtain

_1—{—x2—{—Bxy—|—ny2—|—xy4
. .

A=

Therefore the system is reduced as

1) (z—1(xz+1)=0,
2) B+2Cy+ 4y3 =0,
3) substituting A for Hess(¢) = 0,

4) substituting A for K(¢) = 0.

(1)
(2)
(3)
(4)

Secondly, by equation (2), we obtain

B = —2y(C + 2y).
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Then the system is reduced as

(1) (z—=1D(xz+1)=0,
(3") 4z(C +6y?) = 0,
(4) 1922y = 0.

Thirdly, by equation (3’), we can get C' as
C = —6y°>.

The solution is
(A,B,C,z,y) = (F2,0,0,+1,0).

Next, we check that the above ¢ has only one singularity and it is a tacnode. Suppose
that the tacnode is at (1,0). Let (s,t) € C? be a singular point of V. Then we solve
o(s,t) = ¢x(s,t) = ¢y(s,t) = 0 and check that the solution is only (s,t) = (1,0). That is,
the singularity of ¢ is only one point and is a tacnode. We can check the condition for the

case where the tacnode is at (—1,0) by the same manner. O

Remark 4.8. Among the calculation in this section, there are finitely many polynomials
which define 1-tacnodal curves except case (III) in Lemma 4.7. In case (III) in Lemma 4.7,
we can get the conclusion without eliminating the variable D. This means that there exists

a one-parameter family of deformation patterns which define 1-tacnodal curves.

4.2.2 Remarks on the polygon Ag

By the above discussion, for each tropical 1-tacnodal curve, except case (E), there is a
“degenerate model of a 1-tacnodal curve” whose tropical amoeba is the tropical 1-tacnodal

curve. In this subsection, we discuss what happens in case (E).

Lemma 4.9. There is NO polynomial f € F(Ag) which defines a 1-tacnodal curve on
X(Ag).

Proof. We assume that a polynomial
f = coo + Az + c202® + cory + By + crpxy’

defines a 1-tacnodal curve. Then, since f,, is non-zero, we can apply Lemma 2.5 and obtain
y = —B/2c¢12. Substituting it for f, = co1 + Bx + 2ci2zy = 0, we get co1 = 0, but this is a

contradiction. O

On the other hand, there is a polynomial f € F(Ag) which has a Newton degenerate
singularity on X (o) C X(Ag), where 0 C Apg is the edge of length 2. Actually, we
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can calculate as follows: Set P := A4(1;2,1,1,1),Q := A3(0;2,1,1). We consider the
polynomial
[ = coo + Az + cory + co0z? + Bay + crazy® € F(P).

By multiplying suitable constants to the variables and the whole polynomial, we can rewrite

f as
1+ Az 4y + 2?2 + Bay + Cxy® € F(P).

If the curve Vy C X (P) defined by f intersects X (o) at two points, we can easily check
that these points are smooth points of V; and the intersection V; N X (o) is transversal.

Therefore Vy N X (o) is exactly one point. Then, f can be rewritten as follows:
f=(e+x)?+y+ Bxy+ Cxy® € F(P),
where € = £1. Set (X,Y) := (2 +¢,y). Then f is rewritten as follows:
f(X,Y):=X?4+BXY+(1FB)Y +CXY?FCY?2

Thus the most complicated isolated singular point defined by this polynomial at the

origin (under the condition that the form of the polynomial does not change) is given as
2 1,9 -
X°+ XY + ZY + (higher terms).

By a direct computation, the curve defined by f has no singularity more complicated than
As. Since f is irreducible, the curve has only a cusp as the singularity.

Applying the refinement argument mechanically in this case, we find that the edge
Ay(1;2,1,1,1) N A3(0;2,1,1) does not correspond to a 1-tacnodal curve as follows: By the
above discussion, the exceptional polygon in this case is Ay. We only consider the case of
€ = 1. The other case can be proved by the same argument. According to the explanation
of a deformation pattern in Definition 1.16, we set

¢:=1+ Ay+ 2%y + B'y* + xy* + iy3 e F(Ay).
By a direct computation, we get ¢, # 0. Using Lemma 2.5, we obtain 8 B’z = 0. Both
cases x = 0 and B’ = 0 contradict ¢ = 0.

In [19], it is assumed that each polynomial f; has only semi-quasi-homogeneous singular-
ity since the paper only deals with the case of nodal or 1-cuspidal curves. This assumption
may not be reasonable in the case of 1-tacnodal curves. Actually, when we list the possible
polygons for 1-tacnodal curves we cannot ignore case (E). This is the reason why this case
is included in the definition of tropical 1-tacnodal curves. Note that, in fact, by the above

discussion, there is no degenerate model of 1-tacnodal curve corresponding to case (E).
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4.3 Proof of Main Theorem

The main theorem of this thesis is the following:

Main Theorem. Let F € K[z, w| be a polynomial which defines an irreducible 1-tacnodal
curve. If the rank of the tropical amoeba Tr defined by F is more than or equal to the
number of the lattice points of the Newton polygon of F' minus four and the tropicalization
of the curve defined by F in X (Np) has only isolated singularities, then Tr is a tropical

1-tacnodal curve.

Let F be a polynomial in the assertion, Tr be the tropical amoeba defined by F', whose

rank satisfies
f1A7 — 1 > 1k(Tp) > 1Az — 4,

and S be the dual subdivision of Tp. We remark that, from the discussion in [19, Section
4], if 1Ay — 1 > rk(TF) > 8Az — 3, then TF is smooth, nodal or 1-cuspidal. Moreover, by
Remark 4.14 below, we can assume that the rank of T is fAz — 4.

From the discussion in [19, Subsection 3.3] and the equality g(C®) = #IntAz — 2, we
can see that

10Az —4(V(S)NnoA) =0or 1.
We decompose the proof into four cases
(A) S is a TP-subdivision and satisfies f0Az — §(V(S) N 9A) =0,
(B) S is a TP-subdivision and satisfies f0A7 — §(V(S) N 0A) =1,
(C) S is NOT a TP-subdivision and satisfies f0Az — #(V(S) N 0A) = 0,
(D) S is NOT a TP-subdivision and satisfies §0Az — (V' (S) N 0A) = 1.

For each case, we remove polygons which cannot correspond to a 1-tacnodal curve and show
that the remaining polygons are exactly tropical 1-tacnodal curves in Definition 4.1.

To explain the removing process more precisely, we prepare some terminologies.

Definition 4.10. A 2-dimensional polygon P is I-tacnodal if there is a polynomial f €
F(P) which defines a 1-tacnodal curve Vy € |D(P)]| satisfying the conditions (S1) and (S2)
in Subsection 4.2.1.

Let 0 := P; N P> be an edge which is the intersection of 2-dimensional polygons P; and
P,. The edge o is 1-tacnodal if there is a pair of polynomials (f1, f2) € F(P1) x F(P2) such
that

e their truncation polynomials f{, f§ on o are same,

e cach of the curves C] and C defined by f; and fs has a smooth point or an isolated

singular point at z in X (o),
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e there exists a deformation pattern ¢ € F(A,) compatible with the above data which

defines a 1-tacnodal curve in X (A,).

It can be seen from the discussion in Subsection 4.2.1 that the polygons and the pairs
of polygons appearing in Definition 4.1 are 1-tacnodal. To prove the theorem, for each of

cases (A), (B), (C) and (D), we carry out the following arguments.

(1) Remove configurations of edges and interior lattice points of polygons which do not

exist.
(2) Classify polygons that are not 1-tacnodal.
(3) From the list in (2), remove polygons which do not have 1-tacnodal edges.

In Subsection 4.3.1, we prepare lemmata for the non-existence of polygons in (1), and
then prove the theorem for case (A), (B), (C) and (D) in Subsection 4.3.2, 4.3.3, 4.3.4 and
4.3.5, respectively.

4.3.1 Auxiliary definitions and lemmata

Lemma 4.11 (On interior lattice points). (1) The number of interior lattice points of a
non-parallel quadrangle whose edges are length 1 is larger than 0.

(2) For an integer m > 5, the number of interior lattice points of an m-gon is larger than
0.

Proof. (1) If a non-parallel A4(0;1,1,1,1) exists, it can be decomposed into two triangles

of area 1/2. Thus, we can map this polygon to

Conv{(0,0), (1,0),(0,1), (p, q)}

by some isomorphism. Then, from Pick’s formula, we obtain

pta_
2

1.

Hence p = ¢ = 1. This is a parallelogram.
(2) It is obvious from the facts that the minimum pentagon is Ay and any m-gon can be

decomposed into polygons including a pentagon. O

Lemma 4.12 (Non-existence of some polygons). (1) The following polygons do NOT exist:
A3(1a 2a 27 ]-)7 A3(17 37 ]-7 1)> A?)(Oa 27 27 1)’ A3(07 37 27 1)7 A5(0, 27 17 17 1> 1)

(2) There is NO non-parallel quadrangle A4(0;2,2,1,1).
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Proof. (1) The first triangle is equivalent to

Conv{(p,0), (p +2,0),(0,9)}.

By Pick’s formula, we obtain ¢ = 5/2. But this contradicts ¢ € Z. We can easily check
the non-existence of the second, third and fourth triangles. If there exists a pentagon
A5(0;2,1,1,1,1), we can split it into two quadrangles A4(0;1,1,1,1) and A/(0;1,1,1,1).
But these quadrangles are parallelograms by the fact that is proved in Lemma 4.11 (1).

Thus the union can not be a pentagon.

(2) If it exists, then the edges of length 2 are either adjacent or in opposite sides. The
former case can not occur since a triangle A3(0;2,2,1) does not exist. In the latter case,
we can split it into two triangles Az(0;2,1,1) and A5(0;2,1,1). We can assume that one of
the triangles is isomorphic to Conv{(0,0), (1,0), (0,2)} and the common edge is the bottom
edge. Then, by Pick’s formula, the last vertex of A4(0;2,2,1,1) must be one of the following

lattice points
(0> _2)’ (17 _2)7 (2a _2)a

but all of them do not satisfy the required conditions. O

Lemma 4.13. For the polygon
P := Conv{(0,0),(2,0),(0,1),(2,1)},
the polynomial
[ = coo + Az + co02? + cory + Bay + 12’y € F(P)
satisfies f = fp = fy = Hess(f) =0 if and only if
€21€00 = €20€01-

Moreover, if f satisfies f = fo = fy = Hess(f) =0, i.e., Vi C X(P) has a singularity more
complicated than A1, then f has the form

(y+1)(z£1)°

up to multiplication of a non-zero constant. In particular, the set of singularities of V; is

non-isolated.

Proof. By direct computation. ]
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Remark 4.14 (Known Results). (1) Let I >0, s,t,u > 1 be integers such that
0<I+(s—14+t—-1)+(u—-1)<2

For each (I;s,t,u), a triangle As(I;s,t,u) is uniquely determined up to the equivalence as

follows:

A3(2;1,1,1) ~ Conv{(0,0), (3,2), (2,3)},
As3(1;2,1,1) ~ Conv{(0,0),(2,0),(1,2)},
As3(1;1,1,1) ~ Conv{(0,0),(1,2),(2,1)},
A3(0;3,1,1) ~ Conv{(0,0),(3,0),(0,1)},
A3(0;2,1,1) ~ Conv{(0,0), (2,0),(0,1)},
A3(0;1,1,1) ~ Conv{(0,0), (1,0), (0,1)}.

(2) For integers I € {0,1}, s,t > 1 such that
0<I+2(s—1)+2(t—1)<2,
a parallelogram A} (I;s,t) is uniquely determined up to the equivalence as follows:

AP™(1;1,1) ~ Conv{(0,0),(1,0),(1,2),(2,2)},
AY™(0;2,1) ~ Conv{(0,0),(2,0),(0,1),(2,1)},

(3) The polygons in this remark are not 1-tacnodal (By [19, Lemma 4.2] and Lemma 4.13,

or direct computation).

Lemma 4.15 (Describing some polygons). (1) Let I >0, s,t,u > 1 be integers such that
I+(s—1)+({t—-1)+(u—1)=3.
For each (I;s,t,u), a triangle As(I;s,t,u) has the following isomorphisms:

A3(3;1,1,1) ~ Ar, A,

A3(2;2,1,1) ~ Conv{(0,0),(2,0),(1,3)},
As3(0;4,1,1) ~ Conv{(0,0),(0,1),(4,0)},
A3(0;2,2,2) ~ Conv{(0,0),(2,0),(0,2)}.

(2) A quadrangle A4(0;2,1,1,1) is uniquely determined as Conv{(0,0),(2,0),(0,1),(1,1)}

up to the equivalence.
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Proof. (1) These claims, except the last case, are the same as Lemma 4.2. We prove the

last one. Without loss of generality, the polygon can be assumed to be

Conv{(p,0), (p +2,0),(0,9)}.

From Pick’s formula, we obtain ¢ = 2 and p = 2k for some k € Z. Thus, by the isomorphism

1k
VARV
0 1

it is mapped to the polygon Conv{(0,0), (2,0), (0,2)}.

(2) We can split P = A4(0;2,1,1,1) into two polygons @, R which are either
e Q=A3(0;2,1,1), R=A3(0;1,1,1) and these polygons share an edge of length 1, or
e Q=A3(0;1,1,1), R=A4(0;1,1,1,1) and these polygons share an edge of length 1.

In the former case, we can assume that @ is
Conv{(0,0), (1,0), (0,2)}

and the common edge is its bottom edge. Then the last vertex of P must be (1,—1). In

the latter case, we can assume that R is
Conv{(0,0), (1,0),(0,1),(1,1)}

and the common edge is its bottom edge. Then the last vertex of P must be either (0, —1),

or (1,—1). All of them are equivalent to
Conv{(0,0),(2,0),(0,1), (1, 1)}.

O]

Lemma 4.16 (Non 1-tacnodal polygons). The following polygons are NOT 1-tacnodal
polygons:

(1) A3(0;2,2,2),

(2) A3(0:4,1,1),

(3) A3(252,1,1),

(4) A4(0;2,1,1,1),

(5) Conv{(1,0),(0,1),(2,1),(1,3)}.

Proof. (1) This is by the fact that the Milnor number of an isolated singularity of a pro-

jective conic does not exceed 1.
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(2) Notice that this polygon is uniquely determined as Conv{(0,0), (0,1),(4,0)}. Then a

polynomial f with this Newton polygon has no singularity since f, is a non-zero constant.

(3) We assume that a polynomial
fi=1+ Az +2® + Bay + Cazy® + xy® € F(A3(2;2,1,1))

satisfies the condition (S1). Since the polynomial f satisfies fy, # 0, the system f = f, =
fy = Hess(f) = K(f) = 0 must have a solution. But, we obtain K(f) = 48z. This is a

contradiction.

(4) Notice that this polygon is uniquely determined as Conv{(0,0), (2,0), (0,1),(1,1)}. We

set a polynomial f as
f = coo + Az + co02® + co1y + cr1zy € F(Conv{(0,0), (2,0), (0,1), (1,1)}).

Then we have Hess(f) = —c3; # 0.

(5) We assume that a polynomial
f = cio7 + cony + Azy + ca12’y + Bay® + cizzy®
defines a 1-tacnodal curve. Then, since f,, is non-zero, we can apply Lemma 2.5 and obtain
deqrz(crzy” + c10) = —deorcrzzy’ = 0.

This is a contradiction. O

Set

see Figure I.

Lemma 4.17 (Non 1-tacnodal edges). The following edges o are not 1-tacnodal edges:
(1) the edge A3(0;2,1,1) N A3(0;2,1,1) of length 2,

(2) the edge A3(1;2,1,1)NA3(0;2,1,1) of length 2 and the edge As(1;2,1,1)NA4(0;2,1,1,1)
of length 2,

(8) the edge As(0;3,1,1) N A3(0;3,1,1) of length 3,

(4) the edge A4(0;2,1,1,1) N A3(0;2,1,1) of length 2,

(5) the edge A4(0;2,1,1,1) N A4(0;2,1,1,1) of length 2,
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A;
Al 2 A3
1 13 1
0 2 0 2 0 3
~1 -1 ~1

Figure I: Polygons Al, Ay and Ag. The notation » means a lattice point on the boundary
which is not a vertex and the notation * means an interior lattice point.

(6) the edge AY™(0;2,1)NA3(0;2,1,1) of length 2 and the edge AJ™(0;2,1)NA4(0;2,1,1,1)
of length 2,
(7) the edge A3(0;2,2,2) N A3(0;2,1,1) of length 2.

Proof. The assertion for cases (1), (3), (4) and (5) are already proved in [19, Lemma 3.9,
3.10 and 4.4]. Here we only prove (2), (6) and (7).

(2) Set P := A3(1;2,1,1),Q := A3(0;2,1,1). It is easy to check that a curve in |D(P)|
cannot have an isolated singularity more complicated than A;. Also, we can easily check
that if a curve Vy intersects X (o) at two points then the points are smooth points of V

and those intersections are transversal. Therefore we can set
fi=(z+ e+ Axy + xy® € F(P),

where € = £1 and suppose that f defines a curve which has an A;-singularity on X (o) C
X (P). With a simple calculation, we obtain A = 0. The polynomial corresponding to the
polygon @) becomes

fl=(x+e?+yeFQ).

Then the exceptional polygon in this case is As. According to the explanation of a defor-

mation pattern in Definition 1.16, we set
¢:=1+Ay+ex’y+By>+1° ¢ f(Ag).

In the case € = 1, we get ¢, # 0 by y # 0. Using Lemma 2.5, we obtain 48y® = 0, but this

is a contradiction. We also have a contradiction in the case ¢ = —1.

6) Set P:= AF(0;2,1),Q := A3(0;2,1,1). For P, we set
4

fi=(e+a)?+ (1+ Ax +2®)y € F(P),
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where ¢ = £1. Then a polynomial corresponding to () must be
fl=(e+2)*+yecFQ).

Then the exceptional polygon in this case is Aq.

Ife=1, ¢ is given as
¢p:=1+z2y+ 1>+ Ay e F(A),
and we can easily check that the solution of the system ¢ = ¢, = ¢, = Hess(¢) = 0 does

not exist. The case e = —1 can be proved by the same argument.

(7) Set P := A3(0;2,2,2),Q := A3(0;2,1,1). Without loss of generality, we can assume
that P and @ are

For P, we set
f::1+26x+x2+By+y2+nyEF(P),

where e = £1. Applying the new coordinates (X,Y) := (z + €,y) for f, we obtain
f=X24(B-CeY +CXY +Y2

Notice that, if Hess(f) = C? —4 = 0, f defines a line of multiplicity 2, that is, f has non-
isolated singularity. Therefore we may assume C? — 4 # 0. If B — Ce # 0, the exceptional
polygon in this case is Ay. If B — Ce = 0, then (€,0) € C? is an A;-singularity, i.e., f has
the form f = X2 4+ CXY + Y?2. Hence, the exceptional polygon in this case is Ay. The
conclusion is derived by the same calculation as in (7) for the former case and in (2) for

the latter case, respectively. ]

Remark 4.18 (On an edge of length 1). Let Aq, Ay be polygons such that their intersection
o := A1 N Ay is an edge of length 1. The edge ¢ is NOT an 1-tacnodal edge. Actually, we

can prove it as follows: For integers mj, mge > 0 and the triangle

A := Conv{(1,0), (0,m1), (0, —m2)},
a polynomial ¢ € F(A) can be given as

¢=1+vY(y) +ay™,

where ¢ € Cl[y]| is a polynomial in y which satisfies 1)(0) = 0. If the polynomial ¢ defines a
singular curve, then ¢ = ¢, = ¢, = 0 at the singular point. By ¢, = y™? = 0, the singular
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point satisfies y = 0. However it satisfies ¢(z,0) # 0 and this is a contradiction. Therefore,

any deformation pattern cannot define a 1-tacnodal curve.

To prevent complication of the proof of the main theorem, we give the following auxiliary

definition.

Definition 4.19. The notation T_; means the set of polygons equivalent to Ag(1;1,1,1)
and pairs of polygons equivalent to the pair of Az(0;2,1,1) and A%(0;2,1, 1) such that their
intersection A3(0;2,1,1) N A%(0;2,1,1) is a segment of length 2.

The notation T_y means the set of polygons equivalent to As(2;1,1,1) and pairs of

polygons equivalent to either

e the pair of Az(1;2,1,1) and A3(0;2,1,1) such that their intersection Ag(1;2,1,1)N
A3(0;2,1,1) is a segment of length 2,

e the pair of A3(0;3,1,1) and A§(0;3,1,1) such that their intersection Az(0;3,1,1) N
A%(0;3,1,1) is a segment of length 3.

The triple A3(0;2,2,1), A3(0;2,1,1) and A%5(0;2,1, 1) such that the intersections A3z(0;2,2,1)N
A3(0;2,1,1) and A3(0;2,2,1) N A5(0;2,1,1) are segments of length 2 does not exist by
Lemma 4.12.

Note that, from the above discussion, these polygons and their sharing edges are not
1-tacnodal.

4.3.2 Case (A)

Let S be the dual subdivision of Tr. We assume that S is a TP-subdivision and satisfies
f0A7z — #(V(S) N OA) = 0. Then d(S) = 0 by Lemma 1.15. Thus

I‘k(TF) = I‘kexp(TF) = ﬁAZ —4.

By the definition of rkex,(TF), we get

N

1Az —4=4V(S) - 1= (1V(Ax) - 3)
k=1
=4V(S) —1— Nj.

Since £V (S) < Ay, we obtain 0 < Nj < 3.

(A-0) If S satisfies Nj = 0, then it satisfies $V'(S) = §Az — 3 and consists of triangles. Then,

the subdivision S must contain exactly one of the following polygons:

(i) Asz(3;1,1,1),
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(ii) As(2;1,1,1) with one of T_;,

(i) As(2;2,1,1) and As3(0;2,1,1) such that their intersection is a segment whose
length is 2,

(iv) As(1;2,1,1) and Asz(1;2,1,1) such that their intersection is a segment whose
length is 2,

(v) Asz(1;2,1,1) and A3(0;2,1,1) such that their intersection is a segment whose
length is 2 with one of T_1,

(vi) A3(1;2,2,1), A3(0;2,1,1) and A%(0;2,1,1) such that their intersections As(1;2,2,1)N
A3(0;2,1,1) and As(1;2,2,1) N A5(0;2,1,1) are segments whose lengths are 2,
(vii) A3(0;2,2,1), A3(0;2,1,1) and A3(1;2,1,1) such that their intersections As(0;2,2,1)N
A3(0;2,1,1) and A3(0;2,2,1) N Asz(1;2,1,1) are segments whose lengths are 2,

(viil) A3(0;2,2,2), Az(0;2,1,1), A5(0;2,1,1) and A%(0;2,1,1) such that their inter-
(0;
)

sections A3(0;2,2,2)NA3(0;2,1,1), Az(0;2,2,2)NA%5(0;2,1,1) and A3z(0;2,2,2)N
A%(0;2,1,1) are segments whose lengths are 2,

(ix) As(1;3,1,1) and A3(0;3, 1, 1) such that their intersection As(1;3,1,1)NA3(0;3,1,1)
is a segment whose length is 3,

(x) A3(0;3,1,1) and A§(0;3,1,1) such that their intersection A3(0;3,1,1)NA3(0;3,1,1)
is a segment whose length is 3, with one of T_;,

(xi) A3(0;3,2,1), A3(0;3,1,1) and A3(0;2,1, 1) such that their intersections Az(0; 3,2, 1)N
A3(0;3,1,1) and A3(0;3,2,1) N A3(0;2,1,1) are segments whose lengths are 3
and 2, respectively,

(xii) As3(0;4,1,1) and A%(0;4,1, 1) such that their intersection Az(0;4,1,1)NA%(0;4,1,1)
is a segment whose length is 4,

(xiii) three of T_q,

(xiv) one of T_o and one of T_;.
(A-1) If S satisfies Nj = 1, then it satisfies §V/(S) = Az — 2 and contains only one paral-
lelogram in the following list and the rest of S consists of triangles:
(i) AF™(2:1,1),

(i) AJ*¥(0;2,1), Ag(0;2,1,1) and A%(0;2,1,1) such that their intersections AJ* (0;2,1)N
A3(0;2,1,1) and AY™(0;2,1) N A4(0;2,1,1) are segments whose lengths are 2,

(iii) AJ*(1;1,1) with one of T_q,
(iv) ALY*(0;1,1) with two of T_q,
(v) AF*(0;1,1) with one of T_s.
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(A-2) If S satisfies Nj = 2, then it satisfies V' (S) = #Az — 1 and contains exactly two

parallelograms in the following list and the rest of S consists of triangles:

(i) AF*(1;1,1), AF*(0;1,1)
(i) two AR*(0;1,1) with one of T_;.

(A-3) If S satisfies Nj = 3, then £V (S) = #Az holds and S contains exactly three parallel-
ograms. Thus S has three A}*(0;1,1) and the rest of S consists of triangles whose

area is 1/2.

In the above list, by Remark 4.14 and Lemma 4.12, cases (vi), (vii), (ix), (xi) in (A-0)
does NOT occur. Furthermore, the following cases do NOT have a regular singularity by
Lemma 4.16:

o (i), (v), (viii), (x), (xiii), (xiv) in (A-0),
o (i), (iii), (iv), (v) in (A-1),

o (i), (i) in (A-2),

o (A-3).

Among them, the refinement of the following cases do NOT have an irregular singularity
by Lemma 4.17 and Remark 4.18:

o (i), (v), (viii), (x), (xiil), (xiv) in (A-0),
o (ii), (iii), (iv), (v) in (A-1),

o (i), (i) in (A-2),

o (A-3).

The remaining cases are (i), (iii), (iv) and (xii) in (A-0) and (i) in (A-1), and they correspond
to the polygons Ar, A, A, Arv, Ay and Avyry, respectively, by Lemma 4.2. Moreover, by
Lemma 4.4, 4.5, 4.6 and 4.7, these polygons are 1-tacnodal.

4.3.3 Case (B)

We assume that S is a TP-subdivision and satisfies §0Az —#(V (S)NOJA) = 1. By the latter
condition, S must have exactly one polygon P € S such that PNJA is a segment of length
2. By Lemma 1.15, we get

rk(TF) = I‘kexp(TF) = ﬁAZ —4.
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By the definition of rkex,(TF), we obtain

N

1Az —4=4V(S)— 1= (1V(Ax) - 3)
k=1
=4V(S)—1— Ny.

Since £V (S) < Az — 1, we have 0 < Nj < 2.

(B-0) If S satisfies Nj = 0, then S satisfies V' (S) = Az — 3 and consists of triangles. Let
P € S be a polygon which intersects OA as a segment of length 2. Then S satisfies

one of the following:

(i) P=A3(0;2,1,1) and S contains two of T_; or one of T_g,
(ii) P = A3(1;2,1,1) and S contains one of T_,

(iii) P = A3(2;2,1,1),

(iv) P =A3(0;2,2,2),

(v) P=A3(0;2,2,1), and S contains one of T_j,

(vi) P=A3(1;2,2,1),

(vii) P = A3(0;2,3,1).

(B-1) If S satisfies Nj = 1, then S satisfies {V'(S) = §Az —2. Let P € S be a polygon which

intersects 0A as a segment of length 2. Then S satisfies one of the following:

(i) P =AL"(0;2,1) and A3(0;2,1,1) such that their intersection P N A3(0;2,1,1)

is a segment of length 2,

(ii) P = A3(0;2,1,1) and S contains A}™(1;1,1),
(iii) P = A3(1;2,1,1) and S contains A}*(0;1,1),
(iv) P =A3(0;2,2,1) and S contains AJ*(0;1,1),
(v) P =A3(0;2,1,1) and S contains AJ*(0;1,1), and one of T_;.

(B-2) If S satisfies Nj = 2, then S satisfies §V(S) = $Az and contains exactly two parallel-
ograms. Thus P = A3(0;2,1,1) and S contains two A}™(0;1,1).

In the above list, by Lemma 4.12, the following cases do NOT occur:
e (v), (vi), (vii) in (B-0),
e (iv) in (B-1).

Furthermore, the following cases do NOT have a regular singularity by Remark 4.14

and Lemma 4.16:
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e (i), (ii), (iv) in (B-0),
e (i), (ii), (iii), (v) in (B-1),
e (B-2).

Among them, (iv) in (B-0) does NOT have an irregular singularity by Lemma 4.17 and
the other polygons except (iii) in (B-0) also do NOT have it since they have only one edge
of length more than 1, which should be on the boundary A, and this edge cannot be a
1-tacnodal edge. The remaining case is (iii) in (B-0) and this corresponds to the polygon
Arrr by Lemma 4.2. Moreover, by Lemma 4.16 (3), this polygon is NOT 1-tacnodal.
4.3.4 Case (C)

We assume that S is NOT a TP-subdivision. Then
N
d(S) = Az —4— {fV(S) — 1= (tV(Ax) —3)}
k=1
= 1Az — 4V (S) — 3+ Z(ﬁvmw -3)

k=1

N
> -3+ (tV(Ar) - 3)

=> (mi 3)N,, — 3.

m>3

By 0 < d(S) < Ns/2 due to Lemma 1.15, we get

> (m=3)Npm<—> Ny, +5 and > N, <2

m>3 m>2 m>2
We decompose the proof into the following three cases:
(C-0) > 50 Nopy =0 and 3~ 5(m — 3) Ny, <5,
(C-1) > 50 Nopy =1 and 37 ~5(m — 3) Ny, < 4,

(C-2) X pzo Noyy =2 and 3, 5 5(m — 3) N, < 3.

(C-0) In this case, since Ny + 2N5 + 3Ng +4N7+5Ng < 5 and ZmZQ N}, =0, the possible
patterns are the following;:
(i) Ng=1and N§ =0,
(ii) N7 = 1, N4 = 0,1 and Ni = 0,
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(iii) No =1, N}, N}, =0 and (N, N5) = (0,0), (1,0), (2,0), (0, 1),
(iv) N5 =2, Ny =0,1 and N; =0,

(v) Ns=1, Ny=0,1,2,3 and N} = 0,

(vi) Ny =1,2,3,4,5 and Nj = 0.

In case (i), Ng = 1 and N}, = 0. Since Ng = 4, we get 0 < d(S) < 2. On the other

hand, any octagon has two or more inner lattice points (Lemma 4.11), so

d(S5) = 1Az —4 — {4V (5) -1 -5}
= tAz — 4V (S) + 2
>4,

This is a contradiction. Therefore case (i) does not occur. We can prove that the
above cases except the cases (v) with Ny = 0 and (vi) with Ny = 1,2 do NOT occur

by the same argument.

Next, we observe the remaining cases.

Case (v) with Ny =0. S has exactly one pentagon and the rest of S consists of
triangles. Then rtkex,(S) = #V(S) — 3 holds. Therefore, the set (A N Z?) \ V(9)
is exactly one lattice point. By Lemma 4.11 (2), the pentagon is Az(1;1,1,1,1,1).

This polygon is equivalent to Ayy by Lemma 4.2 (6). Moreover, by Lemma 4.5, the

pentagon is a 1-tacnodal polygon.

Case (vi) with Ny = 1. S has exactly one non-parallel quadrangle and the rest of S
consists of triangles. Since rkexp(S) = #V(S) — 2, the set (A NZ?)\ V(S) consists

of two lattice points. Therefore, a possible non-parallel quadrangle Ay(I;s,t, u,v) is

one of the following list:

(a) A4(0;1,1,1,1),
(b) A4(0;2,1,1,1),
(c) A4(052,2,1,1),
(d) Ag(1;1,1,1,1),
(e) A4(1;2,1,1,1),
(f) Ag(2;1,1,1,1).
Cases (a) and (c) do NOT occur by Lemma 4.11 and Lemma 4.12, respectively. The
polygons in (b) and (e) are NOT 1-tacnodal polygons by (4) of Lemma 4.16 and
Lemma 4.9, respectively. Also the polygon in (d) is NOT a 1l-tacnodal polygon by
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(C-1)

[19, Lemma 4.2 (7)]. Notice that, by Remark 4.18, the polygon in (d) does NOT have

a 1-tacnodal edge.

By Lemma 4.2, the polygon (f) is equivalent to one of
AVIIL AIX and CODV{(I,O),(0,1),(2,1),(1,3)}.

The polygons Avyrr, Arx are 1-tacnodal polygons by Lemma 4.5. On the other
hand, the polygon Conv{(1,0),(0,1),(2,1),(1,3)} is NOT a 1-tacnodal polygon by
Lemma 4.16 (5) and does NOT have a 1-tacnodal edge by Remark 4.18.

If S contains the polygon in (b), since rkex,(S) = #Az — 3, the adjacent polygon
which shares the edge of length 2 of Ay(1;2,1,1,1) must be either A3(0;2,1,1) or
As3(1;2,1,1). Each of their intersection with Ay(1;2,1,1,1) is NOT a 1-tacnodal
edge by (2) and (4) of Lemma 4.17. Therefore, any edge contained in S is NOT a
1-tacnodal edge.

If S contains the polygon (e), since rkexp(S) = §Az —4 = rk(S), the adjacent polygon
which shares the edge of length 2 of Ay(1;2,1,1,1) must be Ag(0;2,1,1). This is a

dual subdivision of a tropical 1-tacnodal curve of type (E).

Case (vi) with Ny = 2. S has exactly two non-parallel quadrangles and the rest of S
consists of triangles. Since rkex,(S) = £V (S) — 3, the set (A N Z2)\ V(S) consists of
exactly one lattice point. Therefore S contains A4(0;2,1,1,1) and A/(0;2,1,1, 1) such

that their intersection is a segment whose length is 2. This is because a non-parallel

quadrangle must satisfy either “the number of interior lattice points is non-zero” or
“the polygon has an edge of length > 27, by Lemma 4.11. These polygons are NOT
1-tacnodal polygons by Lemma 4.16. Also their intersection is NOT a 1-tacnodal
edge by Lemma 4.17 (5).

In this case, since Ny + 2N5 + 3Ng + 4N7 < 4 and Emzz N}, = 1, the following
patterns can occur:

(i) N6 =Ng=1, Ny =0,1 and N} =0,

(i) Ny=Nj=1, Ng=1and N} =0,
(iii) Ny =2, Ny =1and N5 =1,
(iv) Ny=Nj;=1and N; =1,
(v) Ny=2,3,4and Nj = 1.

However, we can check that the cases, except case (v) with Ny = 2, are impossible by

the same argument as in case (i) in (C-0).
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(C-2)

We observe case (v) with Ny = 2. S contains a non-parallel quadrangle P and a
parallelogram @, and the rest of S consists of triangles. Notice that, by Lemma 4.11, P
must satisfy either “the number of interior lattice points is non-zero” or “the polygon
has an edge of length > 27. Since rkexp(S) = $V(9) — 3, the set (AN Z?)\ V(S)

consists of exactly one lattice point. Therefore P and ) must be either

o P=Ay(1;1,1,1,1) and Q = A}*(0;1,1), or
o P = NA40;2,1,1,1) and Q = ALY*(0;1,1) such that the edge of length 2 of P
intersects a triangle As(0;2,1,1).

In both cases, the polygons are not 1-tacnodal by Lemma 4.16, Lemma 4.17 and
Remark 4.18.

In this case, since N4 + 2N5 4+ 3Ng < 3 and Zm22 Nj,. = 2, any possible subdivision
satisfies Ny = 3 and Nj = 2. Since Ng = 0, we get d(S) = 0. On the other hand,
since §V'(S) < Az — 1 by Lemma 4.11,

d(S) = tAz — 4V(S) > 1.

This is a contradiction.

4.3.5 Case (D)

We assume that S is NOT a TP-subdivision and satisfies §0Az — 4(V(S) N 0A) = 1. By

the former condition, we can apply the argument in case (C) to case (D) and obtain the

list of possible subdivisions as follows:

(1) (v) with Ny =0 in (C-0),

(2) (vi) with Ny =1 in (C-0),

(3) (vi) with Ny =2 in (C-0),

(4) (v) with Ny =2 in (C-1).

Case (1). S has exactly one pentagon and the rest of S consists of triangles. Then
rkexp(S) = £V(S) — 3 holds. By the boundary condition, the set (A N Z?%) \ V(S) is
empty. If S contains a triangle P whose intersection with A is an edge of length 2,

then, by Lemma 4.11, S does NOT have a pentagon. Therefore, the possible pentagon is
A5(0;2,1,1,1,1), whose intersection with OA is an edge of length 2. However, the pentagon
does NOT exist by Lemma 4.12.

Case (2). S has exactly one non-parallel quadrangle and the rest of S consists of triangles.
By tkexp(S) = $V(S) — 2 and the boundary condition, the set (A N Z?)\ V(S) consists of
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one lattice point. Therefore, the possible non-parallel quadrangle Ay4(1;s,t, u,v) is one of

the following list:
(a) A4(0;1,1,1,1),
(b) A4(0;2,1,1,1),
(c) A4(151,1,1,1),

Case (a) does NOT occur by Lemma 4.11. The polygon in (b) is NOT a 1-tacnodal
polygon by Lemma 4.16 (4). Also the polygon in (¢) is NOT a 1-tacnodal polygon by
[19, Lemma 4.2 (7)]. Notice that, by Remark 4.18, the polygon in (c¢) does NOT have a
1-tacnodal edge.

If S contains the polygon in (b), since rkecp(S) = #Az — 4, the intersection of the
quadrangle A4(0;2,1,1,1) and OA is an edge of length 2. Thus the edge is NOT a 1-

tacnodal edge.

Case (3) and (4). S has exactly two non-parallel quadrangles and the rest of S consists of
triangles. By rkexp(S) = §V(S) — 3 and the boundary condition, the set (A NZ2)\ V(S)
is empty. Therefore, such a subdivision S does NOT exist by the fact that a non-parallel

quadrangle must satisfy either “the number of interior lattice points is non-zero” or “the

polygon has an edge of length > 2” in Lemma 4.11. O

Remark 4.20 (The case of tropicalization having a non-isolated singularity). By the up-
per semi-continuity of the Milnor number, there is a possibility that a tropicalization has
non-isolated singularities. By Lemma 4.13 and the assumption of the rank, we can make
a list of polygons whose tropicalizations may have non-isolated singularities. For example,
the polygon Ax in Figure J satisfies these conditions. In [19, Section 3.6], the refinement of
tropicalization along a non-isolated singularity is defined. Applying the method mechani-

cally, by simple calculation, we get that the exceptional polygon is Ax shown on the right

in Figure J.
Ax A
2 2R
1 S 12 *x
0 2 0 2
-1 1

Figure J: Polygons Ax and Ax. The notation » means a lattice point on the boundary
which is not a vertex and the notation x means an interior lattice point.
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Remark 4.21 (On a possibility of patchworking). As mentioned in the introduction, this
research aims to construct the tropical version of enumerative geometry of 1-tacnodal curves.
Therefore, we would like to lift the 1-tacnodal curve from a given degenerate 1-tacnodal
curve by patchworking. It is known that there is no obstruction if the singular point is
A1, and this is still true even if it is As, which can be checked by a numerical criterion
of the vanishing of the obstruction constructed by Shustin (See [18, Theorem 4.1}, or [19,
Lemma 5.4] for a tropical version). But, unfortunately, this criterion does not work if it is
As because of the following reason:

We recall a sufficient condition to apply patchworking [19, Lemma 5.5 (i)], called
transversality. Let S be the dual subdivision of a tropical curve T, Aq,...,An be the

2-dimensional polygons of S and (C1,...,Cx) be a collection of complex curves such that
the Newton polygon of the defining polynomial f; of C; is A; € S and, if ;5 := A;jNA; # 0,
=1,

For an irreducible curve Cy, for some k € {1,... N}, if there is a union A, of edges of

Ay, such that Cj satisfies the following inequality

S 0O+ WCHQ) + Y (G- X(0) — 0 < Y (Ch- X(0)),

ocCOA
where

e if C has a tacnode, then b(C,&) = 1 for both branches, if C is locally given by
{aP" + 49" = 0} for coprime integers p, g, then b(C,€&) = p+ ¢ — 1 for each branch,

e > ranges over all local branches & of C, centered at the points z € Sing(Cy,) N (C*)2,

e > ranges over all local branches Q of Cy, centered at the points z € Sing(Cy) N
X (0Ay), and

e > ranges over all non-singular points z of Cy on X (9A) with e = 0if ¢ C A, and

€ = 1 otherwise,

then (', is transversal.

Let V C X (Aqnr) be a curve which is constructed in Lemma 4.6. We can easily check

ST =0 Y bV,Q =4, S ((V-X(0))—¢)20 and 3 (V- X(0)) = 4

ocCOA

Therefore V' does not satisfy the above inequality.
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