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#13  In this chapter, we give an overview of extensions of commutative association schemes

and their applications to many different areas of mathematics. To study association schemes,
we can make use of related matrix algebras such as the Bose—Mesner algebras and the Terwilliger
algebras (introduced by Terwilliger in the 1990s). The representation theory of these algebras
proved to be invaluable in Lie algebras, coding theory, design theory, and asymptotic spectral
analysis. A special family of commutative association schemes (called metric and cometric
schemes) possesses many interesting properties and is an active area of research to this day.
This family is sometimes viewed as rank one association schemes. Hamming association schemes
which are extensions of l1-class commutative association schemes, belong to this family. We
recall several existing results about rank one association schemes (mostly on Hamming
association schemes), and we discuss generalizing some of these results to higher-ranked schemes
obtained through extensions of s—class association schemes with s at least two.

¥ 2% In this chapter, we talk about many important concepts about commutative association
schemes. We recall Terwilliger algebras and the notion of the inner distribution of a code.
We discuss a special type of commutative association schemes called translation association
schemes, and recall the notion of duality among additive codes. We review some important
properties of extensions of commutative association schemes (including Hamming association
schemes), and recall a generalized MacWilliams identity.

¥ 3% Lee association schemes over 74 are extensions of a two—class commutative association
scheme, and are neither metric nor cometric. The structure of the Bose—Mesner algebra of Lee

association schemes is known as discussed in a paper by Mizukawa and Tanaka (2004). Moreover,



Lee association schemes over Z4 corresponds to bivariate Krawtchouk polynomials which are also
known as Rahman polynomials. In this chapter, we describe in detail the irreducible modules
of the Terwilliger algebras of Lee association schemes over Z4. In proving our results, we invoke
several facts from the representation theory of symmetric groups and special linear Lie

algebras.

4= In studying codes and their Hamming weight enumerators, we consider the Hamming
association schemes. In situations where we focus on a more complicated type of weight enumerator
of a block code, we think of a code in question as lying in a structure much finer than a Hamming
association scheme; that is, codewords are vertices of an extension of an s—class association
scheme with s at least 2. The resulting extension scheme is neither metric nor cometric in this
case. It turns out that the representation theory of Terwilliger algebras of some extension
schemes (together with available tools from multivariable polynomial interpolation) is quite
handy in proving an Assmus—Mattson type theorem that works for more complicated weight
enumerators. In this chapter, we prove a general Assmus—Mattson type theorem that works on
many kinds of weight enumerators. This general Assmus—Mattson type theorem covers other

existing Assmus—Mattson type theorems.

#53  Certain families of graphs like strongly-regular graphs correspond to some commutative
association schemes. Recently, there is a growing interest in studying spectra of graphs from
the point of view of quantum probability theory. In this perspective, the Bose—Mesner algebra
of association schemes is viewed as an algebraic probability space with respect to the tracial
state. In fact, the adjacency matrices of the nth Cartesian power of a strongly—regular graph
and the nth Cartesian power of the complement (which is also a strongly-regular graph) belong
to the Bose—Mesner algebra of some extension schemes of length n. Hence, these two adjacency
matrices are treated as a pair of real random variables in the Bose—Mesner algebra and a unique
joint spectral distribution exists for every natural number n. We are interested in the limit
of the joint spectral distribution as the strongly-regular graphs grow. This result is a
bivariate extension of the work done by Hora in 1998 on Hamming graphs (among other families
of graphs), and is guided naturally by the work of Mizukawa and Tanaka in 2004 on a construction

of multivariate Krawtchouk polynomials from arbitrary association schemes.
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