ABSTRACT

In this poster, well-posedness in C*(R) (a.k.a.
classical solutions) for a generalized Camassa-
Holm equation (g-kbCH) having (k + 1)-degree
nonlinearities is explored. This result holds for
the Camassa-Holm, the Degasperi-Procesi and
the Novikov equations, which improves upon
earlier results in Sobolev and Besov spaces.

MAIN INGREDIENTS

Fork € Z" and b € R, we consider the Cauchy problem
for the following generalized Camassa-Holm (g-£bCH)
equation

|

which takes the following non-local form

u(x,0) =u(0), x € Randt e R,

Oru + 1" 0pu + F(u) = 0,

b

F(u) = 0,(1 — 82)_1 [k - 1uk+1 I 3k2— buk_l(&,;u)Q]
+(1— 82)—1 [(k — 1)2([7 — k) uk_Q((‘?xu)g]

Theorem 1 (Picard-Lindeldf) Let X be a Banach space.
Suppose that f : X — X is locally Lipschitz on a closed
ball Br(uo) C X where R > 0and uo € X. Let

M= swp [lf(w)] < oo
u€EBR(ug)
Then the initial value problem
o= f(u)
u(0) = uo

has a continuously differentiable local solution w(t). This

solution is defined in the time interval t € (—4,0) where
0 =R/M.
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OBJECTIVE

We will show that this family of shallow wa-
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THE SEMI-LINEAR SYSTEM

ter wave equations .is Well-po§ed in ‘the space %w = —P1(w,v,q) — Ri(w,v,q),
qf bounded and cqntmuously d1fferent1able.func— %v _ kT—bwk—lv2 | kilwkﬂ — Py(w,v,q) — Ra(w,v,q), (1)
tions on the real line, denoted C*, and equipped d . pak—1
with the norm atd = MW
d with initial data
| fllcr = sup |f(z)| + sup |——f(@)].
reR reR ’LU(.CB, O) _ uO(.ﬁE)
METHODOLOGY /(2,0) = (@) 2
q(x,0) =1,
We begin by showing how one formally con-
structs an equivelent ODE system to the g-£6CH where
equation. Assuming a solution, u, exists and is a | oo b N
C'! solution of the g-kbCH initial value problem, Pl(w,v,q)i—/ e~ S a(y;t)dy| < wh g _ wk_1v2q> (z,t)dz
we have our trajectories satisty the ODE 2 Ja k41 2
. _ 1 / e~ /s a(y;t)dy| b wqu | 3k — bwk—leQ (z,t)dz
{m(ac,t) = u*(n(x, 1), 1) 2 ) o k1 2
n(x,0) = .
P (w,v,q) = 1/6_”; Q(y’t)dw{ ’ w4 3K — bwk_lvz}qdz
Moreover, the above ODE has a unique solution 2 k+1 2
n(x,t) which is also continuously differentiable,
' k—1)(b—k .
therefore, we may define Ry (w,v. q)i( )4( ) /e" 2 a0 k=2 (5 )03 (2. )q(z. 1) d.
w(z,t) =u(n(x,t),t), v(x,t)=u(n(x,t),t),
q(x,t) = nz(z,1), (3) oo
E—1)(b—Fk)1 .
Ra(w,v, =DK1 / e~ e dw Wk =2 (2 )03 (2,1)q(2, t)dz

and we see that we may easily obtain u(z, t) from K 2 Ja

iti k—1)(b—k)1 [ -
the composition ( )2( ) > / e 17 a2 )03 (2, t)g(z, t)dz.

u:won_l.

SUMMARY OF PROOF FOR WELL-POSEDNESS

e We show that the forcing terms from the o.d.e. (1) are locally Lipschitz in the space C* x C x C.

We will first find a system of equations satisfied
by w, v and ¢, and then show that this system of
equations is indeed an ODE system, and therefore
the solutions are uniquely defined. Using w, we
will then construct n and u similarly to the above
formal definitions.

1 1
2[uoll®, ’ 2L

e This gives us a unique solution (w, v, q) within the time interval ¢t € [-T,T] where T' = min {

}

e We construct our solution u(x, t) from our particle trajectories n : R — R and show uniqueness and continu-
ous dependence on the initial data.

where L is our Lipschitz constant.
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