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XANEDEES

This thesis is concerned with some extremal problems in the theory of geometric function. The
purpose of Chapter 1 is to review and assemble for late reference some of the general principles
which underlie the present thesis. We open 1t with some well-researched subclasses of analytic
functions defined both analytically and geometrically. The use of linear methods is well
established in the areas of complex analysis. After giving the definitions of convex hull and
extreme points of a set, we quote the Krein-Milman theorem which is a fundamental tool in the
study of linear extremal problems. We end this chapter with a brief instruction to the convolution
theory. Especially we include the duality principle, which has been successfully in the past to

solve a number of extremal problems for various sets of univalent functions.

Chapter 2 is devoted to investigate some properties of the titled Caratheodory classes
P_lambda. Firstly we characterize the functions belonging to the class P_lambda from different
aspects. A linear relation between the elements of P_lambda and P_0 implies that the functions in
P_lambda can be described in terms of integral and subordination. We show also that P_lambda
can be regarded as the dual and the second dual sets of some families of analytic functions. In
section 2, the extreme points of P_lambda are deduced directly from those of P_0. With the aid of
these extreme points, the sharp estimates of some functionals over P_lambda, for instance, the
n-th coefficient functional, the distortion and growth functionals, have been obtained. For the
cases of other functionals, we summarize some other methods to deal with those extremal
problems. The estimate of | zp'(z)/(p(z)+itan(lambda) | for p€P_0 was considered by some authors.
The sharp estimate was obtained in a paper of Ruscheweyh and Singh by a variational method
but the extremal functions were not given there. In Theorem 3.11 of the present chapter, we

estimate the functional | zp'(z)/p(z) | with p€ P_lambda which is actually equivalent to the above




problem. By using fundamental functional analysis, we obtain the sharp upper bound of

| zp'(z)/p(z) | for p€P_lambda and give all the extremal functions which make the estimate sharp.

Some applications of the titled Caratheodory classes P_lambda in the theory of geometric
functions are shown in Chapter 4. We will consider the estimates of some non-linear functionals
on lambda-spirallike functions, close-to-convex functions with argument lambda and analytic
functions whose derivative is in P_lambda Some of these results improve the previous

corresponding estimates.

The next chapter is devoted to deal with the coefficient estimates of the class CL{lambda)
consisting of close-to-convex functions with argument lambda. Goodman and Saff proved that for
an analytic function f(z)=z+ £ a_n z*neCL(lambda), |a_n|< 1+(n-1)cos(lambda) holds for n=2,3....
The inequality is sharp when n=2 or lambda=0. For the general cases n and lambda #0, the
problems are buried deeply. By using linear methods, we could resolve this problem. Our results
can be shown easily to imply Goodman and Saff's estimate. In particular, we obtained the explicit

estimate of the third coefficient.

The last chapter is to investigate some subordination problems and boundedness of
lambda-Robertson functions class R(lambda). We open with a subordination relation between
convex functions due to MacGregor. Since lambda-Robertson functions can be considered as a
kind of extension of convex functions, Kim and Srivastava raised an analogous subordination
problem related to R(lambda). With regard to this open problem, I could show its truth within a
smaller open disc by making use of Briot-Bouquet differential subordination. In addition, the radii
of starlikeness and spriallikeness of R(lambda) can be obtained. Kim and Sugawa studied the
boundedness of lambda-Robertson functions. They actually showed that lambda-Robertson
functions are bounded under the condition that cos(lambda)<1/2 or lambda=0. They also
remarked that the number 1/2 can not be replaced by any constant larger than 1/V 2. In view of
the linear relation between lambda-spirallike functions and lambda-Robertson functions, we

could show that 1/V 2 is best possible.
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