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1. Introduction

Laminated composite plates have attracted the attention of many users and designers in many fields.
While these materials show outstanding advantages, they require new and sophisticated methods of design,
fabrication, test and analysis and they have unique modes of failure. Interlaminar crack or delamination is
one of the most serious failure modes of the laminated composite plates causing substantial reduction in the
strength and stiffness of the plate. Particularly, when the plate is subjected to in-plane loads it can reduce the
critical buckling load considerably. Delaminations may appear because of several reasons. They may arise in
the form of single embedded delamination, because of imperfections in the production process; as multiple
delaminations, because of impact of foreign objects on the plate; or as edge delamination, because of the
interlaminar stresses.

We are interested to know the effect of delaminations on the buckling load of delaminated composite
plates. For this purpose a buckling analysis is required. Performing an unconstrained buckling analysis leads
to physically inadmissible buckling modes in some cases because of overlap between sublaminates in the
delaminated region. Many researchers tried to solve this problem, however there is not any perfect method
for the contact problem. In this study, the buckling analysis of laminated composite plates containing single
embedded delamination, multiple embedded delaminations and edge delamination is performed. To
eliminate overlap, a stable and reliable contact analysis is proposed using the penalty function method.

2.Buckling and Contact Analysis
2.1. Buckling analysis

To do a buckling analysis we can perform a non-linear analysis by applying a gradually increasing load
through iterations, or we can solve a linear eigenproblem. Following the history of the load-displacement in
the former method provides us with much information including the buckling load and mode. In the latter
case, we obtain just the buckling load and mode in one step. Usually the main concern of the designers is the
buckling load. In this case, the eigenproblem solution is the proper method because of its simplicity and
speed. The eigenproblem for the buckling analysis is

K,5=AK, 5 (1)

where K, and K;; are the elastic and geometric stiffness matrices of the structure, and & is the generalized
global displacement vector. The smallest eigenvalue is the buckling load and its corresponding eigenvector
represents the buckling mode. It is known that the transverse shear effects in laminated composite plates ar¢
substantial and we need to consider them in analysis. Here, to obtain the stiffness matrix, we use the Mindlin
plate theory, which assumes a linear transverse shear deformation through the thickness of the plate.
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2.2. Contact analysis

A delaminated plate can buckle in local, global or mixed buckling modes as shown in Figs. 1(a)-1(c). In
unconstrained buckling analysis we may obtain physically inadmissible buckling modes as shown in Fig.
1(d). To eliminate the overlap between the sublaminates some constraints should be added in a contact
analysis. Here we use the penalty function method to enforce constraints on entire overlapped region. The
physical meaning of the constraint comes out as a fictitious spring between the overlapped nodes restricting
their relative displacement.

To use this method, we calculate the stiffness of each fictitious spring, then modify the stiffness matrix
by adding the effect of all fictitious springs, and finally solve the eigenproblem again. These steps are
repeated in iterations until we restrict the maximum overlap to a desired small limit. The modification of the
stiffness matrix and solving eigenproblem are clear and we only explain the calculation of the stiffness of
each fictitious spring. In this study, to calculate the stiffness of fictitious spring at each node we consider the
elastic properties and overlap depth at that node. As an example, to obtain 74" shown in Fig. 2 we extract two
equations related to the lateral displacement of points / and j from Eq. (1), and include the effect of the
unknown fictitious spring between them. Then we find the value of fictitious spring, which restricts the
overlap at points i and j. After some manipulations we can find

Kk + K )R, =+l IR, 4+ ¢ ey~ )
ig' = . ()
K
(k,, +2k, +k, )
1+~
Ngor Noor Noor Noor
where R,=AY kg, - ka,cs, R, szG,,,a > k0, 3)
I=1 =
(l#m I#n) (I#ml#n)

Here, lateral displacements of points i and j are the m-th and n-th elements of the global displacement
vector, k and k; are the elements of elastic and geometric stiffness matrices, Ny, is the total degrees of
freedom and r is an initially small value which is increased in each iteration.

The eigenvector corresponding to the smallest eigenvalue of Eq. (1) is the buckling mode. Any
multiplier of this eigenvector is another valid solution. However, it should be noted that multiplying by a
negative value would change the overlapped region. To choose one of the two possible options, we use the
Rayleigh quotient to calculate the approximate buckling load of the next iteration and follow the case having
lower buckling load.

3.Single Embedded Delamination

We are interested to know the buckling response of laminated composite plates with single embedded
delaminations as they may actually appear because of imperfections during production and moreover they
can be considered as simplified models of impact induced delaminations. Here, laminated composite plates
with single embedded delaminations of elliptical or circular shapes are considered. The buckling and contact
analyses developed are used to investigate the effect of many parameters on the buckling load and mode of
the plate when it is bearing in-plane compressive or shear loads. In addition, the details of overlap
elimination process through iterations are shown.

The results of a case with a circular delamination show that the unconstrained analysis leads to
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Fig. 1 Buckling Modes in a delaminated plate Fig. 2 Inserting fictitious springs to eliminate overlap
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inadmissible buckling mode. As we add constraints through iterations, the maximum overlap depth decreases
and buckling load increases. The buckling mode can change during iterations. When the buckling mode
changes, there is a considerable increase in the buckling load because of the effect of constraints.

Figure 3 shows the effect of the size of delamination on the buckling load and mode in symmetric cross-
ply laminated plates of 8, 12 and 20 plies when the delamination is placed between the first and second plies.
Three lamination sequences have the same thickness. For small delamination sizes we obtain global buckling
modes with high buckling loads. As delamination size increases, mixed and then local buckling modes
appear and buckling load decreases considerably. This figure also shows that the buckling load decreases for
thinner delaminated layers.

Other results in this chapter show the effect of the delamination shape, fiber angle in the delaminated
layer and delamination position through the thickness on the buckling load and buckling mode of
delaminated composite plates. The contact area is investigated for different cases. In addition, the buckling
load is calculated for different delamination sizes and delamination positions through the thickness when the
plate is under in-plane shear load.

4.Multiple Delaminations

Low velocity impact of foreign objects on laminated composite plates may result in multiple embedded
delaminations. These delaminations reduce the compressive strength and buckling load of the plate
considerably. To study this problem we consider multiple embedded delaminations of elliptical or circular
shapes positioned at equal distances through the thickness of the plate. The delaminations are of equal size or
of linearly variable size through the thickness.

In this study we simulate each sublaminate as a separate Mindlin plate with a distinct mid-plane. For this
purpose a mesh as shown in Fig. 4(a) with several overlaid layers of mesh with the same pattern in the
delaminated region is considered. The continuity conditions at the intersection of the sublaminates with the
base plate are as shown in Fig. 4(b) with the formulation

U= =z,0,, V;=v,-2,60,, w,=w, 0;=0,, 0,=0, “)

where u, v, w, 6, 6, show translations in the x, y, z directions and rotations in the xz and yz planes, -
respectively. These relations resemble the displacement conditions in the Mindlin plate theory and ensure
continuity at the intersection. To enforce these conditions we consider them as constraints and use the
penalty function method.

The numerical results show the effect of the number, size and shape of delaminations on the buckling
load. The buckling load of multiply delaminated plate is compared to the buckling load of a plate with a hole
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finearly variable size through the thickness is evaluated. It is very difficult to make a mesh directly for this
calculation, however we can make a usable mesh easily by restricting the displacement of some points in the
mesh shown in Fig. 4(a). Here we use the relations of Eq. (4) as constraints and employ the penalty function
method to enforce them at the restricted points. The results of this case are compared to the results of a plate
with a single delamination having the size of the maximum delamination in the multiple delamination case. It
is shown that the results of these two cases are almost the same.

5.Edge Delamination

When a laminated composite plate is placed under load the interlaminar stresses near the edge of the
plate show rapid changes and these stresses can cause edge delaminations. The buckling load of a plate with
edge delamination decreases and we like to know the extent of this decrease. Here a laminated composite
plate with a single edge delamination of constant width is considered and several cases are evaluated using
the theories explained in the previous chapters.

Generally, a laminated composite plate may be unsymmetric about the mid-plane. Even in symmetric
laminated plates, the upper and lower sublaminates may become unsymmetric because of delamination. In
these cases, if we apply the load as usual at the mid-plane because of the bending-stretching coupling,
displacement in the lateral direction appears from the beginning of the load application and bifurcation
buckling does not occur. However, in the real problem, when we apply in-plane load on a plate such that the
points on the edge undergo uniform displacements, the resultant of the load is applied at the neutral axis,
which is not coincident with the mid-plane for unsymmetric plates. By applying the load at the neutral axis
we can make a model more close to the real problem and obtain the buckling load. Instead of changing the
position of the application of the load we can apply sufficient moments at the loading edges. Here we use the
parallel axis theorem to calculate the lateral position for the application of the load.

The results are compared to the experimental and analytical results available in the literature and it is
shown that in the contact analysis we need to add constraints on all overlapped area rather than a single point
at the center. Numerical results show the effect of delamination width and depth on the buckling load. In
addition, the effect of the boundary conditions on the buckling load is investigated.

6. Conclusion

Buckling analysis of laminated composite plates containing various types of delaminations was
performed using finite element method. Mindlin plate theory was employed to account for the transverse
shear effects. A stable and reliable contact analysis is introduced to eliminate the overlap between the
sublaminates and obtain the admissible result. More accurate continuity conditions at the intersection of
sublaminates with the base plate are introduced using penalty function method in multiple delamination case.
For edge delaminations, a modified model is used to be able to consider unsymmetric sublaminates. Effect of
delaminations on the buckling load and buckling mode of the laminate under in-plane compressive and shear
loads was investigated.

It is shown that generally buckling load decreases as delamination size increases. In this process, the
variation of the buckling mode can be generally divided into two stages. First, buckling mode varies from
glf)bal to mixed mode with small reduction in the buckling load, and then buckling mode changes from
mixed to local mode with considerable reduction in the buckling load. Unconstrained buckling analysis for
delaminated plates leads to overlapped situations in some cases. Ignoring overlap in general results in lower
buckling loads. It is necessary to add constraints in all overlapped area to eliminate the overlap. Enforcing
Constraints to prevent overlap increases buckling load. Particularly, when buckling mode changes after
Including constraints, this increase is considerable. Delaminated layers with fibers in 0° buckle more easily
than those with fibers in 90°. As a general design rule, to increase the buckling load of a delaminated plate,
the 0° plies should be situated far from the outer surface of the plate. The shape and orientation of
delaminations have substantial effect on the buckling load. Delamination area alone may not provide so
much information about the buckling load.
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