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SOME STRUCTURE THEOREMS ON LOCALLY CONVEX
CONES OF LINEAR OPERATORS

DAVOOD AYASEH - ASGHAR RANJBARI

In this paper we investigate the structure of C(P, Q) (the cone of all
continuous linear operators from locally convex cone (P, 1) into locally
convex cone (Q,W)), when (P, ) or (Q, W) are inductive or projective
limit locally convex cones. We consider some special convex quasiuni-
form structures on C(P, Q), and prove some structure theorems.

1. Introduction

The theory of locally convex cones as developed in [5] and [13] uses an order
theoretical concept or a convex quasiuniform structure to introduce a topological
structure on a cone. In this paper we use the later. For recent researches see [1-
3,9,12].

A cone is a set P endowed with an addition and a scalar multiplication
for nonnegative real numbers. The addition is assumed to be associative and
commutative, and there is a neutral element O € P. For the scalar multiplication
the usual associative and distributive properties hold, that is o(Ba) = (af3)a,
(¢+B)a=oa+Ba, (a+b) = oa+ ab, la=aand Oa = 0 for all a,b € P
and o, B > 0.
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Let P be a cone. A collection {1 of convex subsets U C P2 =P x P is called
a convex quasiuniform structure on P, if the following properties hold:
(U1) ACU forevery U € U (A= {(a,a):ac P});
(U,) forall U,V € Sl thereisa W € i such that W CUNV;
(U3) AUouU C (A+u)U forallU € U and A, u > 0;
(Usy) aU € st forall U € $hand a > 0.

Here, for U,V C P2, by U oV we mean the set of all (a,b) € P? such that
there is some ¢ € P with (a,c) € U and (c,b) € V.

Let P be a cone and I be a convex quasiuniform structure on P. We shall
say (P,4l) is a locally convex cone if

(Us) for each a € P and U € 4l there is some p > 0 such that (0,a) € pU.

We say that the convex subset E of P2 is uniformly convex whenever E has
properties (U1) and (U3). The uniformly convex subsets play an important role
in the construction of a convex quasiuniform structure. With every collection of
uniformly convex subsets we can obtain a convex quasiuniform structure (see
[1], Proposition 2.2). With every convex quasiuniform structure f on P we
associate two topologies: The neighborhood bases for an element a in the upper
and lower topologies are given by the sets

U(a)={beP:(b,a)cU}, resp. (a)U={beP:(ab)cU}, Uecil

The common refinement of the upper and lower topologies is called symmetric
topology. A neighborhood base for a € P in this topology is given by the sets

U(@)U=U(a)N(a)U, U el

Let 4L and W be convex quasiuniform structures on P. We say that [ is finer
than W if for every W € W there is U € i such that U C W.
In locally convex cone (P,4l) the closure of a € P is defined to be the set

a= ﬂ U(a)

(see [5], chapter I). The locally convex cone (P, ) is called separated if a = b
implies a = b for a,b € P. It is proved in [5] that the locally convex cone (P, 1)
is separated if and only if its symmetric topology is Hausdorff.

The extended real number system R = RU {40} is a cone endowed with the
usual algebraic operations, in particular @+ oo = +oo for all a € R, @ - (+o0) =
+-oo for all & > 0 and 0.(+o0) = 0. We set V = {&: € > 0}, where

&€ ={(a,b) e@zzagb—i—e}.
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Then V is a convex quasiuniform structure on R and (R, V) is a locally convex
cone. For a € R the intervals (—oo,a + €] are the upper and the intervals [a —
€,+o0] are the lower neighborhoods, while for a = +oo the entire cone R is
the only upper neighborhood, and {+eo} is open in the lower topology. The
symmetric topology is the usual topology on R with +oo as an isolated point.

For cones P and Q, a mapping T : P — Q is called a linear operator if
T(a+b)=T(a)+T(b) and T(aa) = aT (a) hold for all a,b € P and a > 0.
If both (P,4l) and (Q,W) are locally convex cones, the operator T is called
(uniformly) continuous if for every W € W one can find U € 4l such that (T x
T)(U) CW, where (T xT)(U) = {(T(a),T(b)) € Q*: (a,b) €U}.

A linear functional on P is a linear operator g : P — R. The dual cone P*
of a locally convex cone (P,4l) consists of all continuous linear functionals on
P.

Let (P,4l) be a locally convex cone. We shall say that the subset F of P? is
u-bounded if it is absorbed by each U € 4. The subset B of P is called bounded
below (or above) whenever {0} x B (or B x {0}) is u-bounded. The subset B is
called bounded if it is bounded below and above. An element a € P is called
bounded below (or above) whenever {a} is so (recall that every a € P is required
to be bounded below by (Us)).

The locally convex cone (P,4) is called a uc-cone whenever 4 = {aU :
o > 0} for some U € 4. It is proved in [1] that the locally convex cone (P,4l)
is a uc-cone if and only if 4l has a u-bounded element.

Let (P,4) and (Q,W) be locally convex cones. The linear operator 7T :
P — Q is called u-bounded whenever for every u-bounded subset B of P2,
(T x T)(B) is u-bounded. The locally convex cone (P, ) is called bornological
if every u-bounded linear operator from (P,4l) into any locally convex cone is
continuous.

The projective and inductive limits of locally convex cones have been in-
vestigated in [10]. Also, the strict inductive limit of locally convex cones has
been defined in [9]. The products and direct sums as a special case of projec-
tive and inductive limits have been investigated in [8]. The dual of projective
and inductive limits of locally convex cones have been investigated in [7]. In
this paper we want to study the structure of C(P, Q) (the cone of continuous
linear operators), when (P,4l) or (Q,W) are the inductive or projective limit
locally convex cones. The structure of C(P, Q), when P or Q are products or
direct sums of some locally convex cones is an interesting special case that in-
vestigated in this paper. We review some results from [10]. For every y e T’
let (Py,ly) be a locally convex cone. If P is a cone and for every y € I', uy
is a linear mapping of P into P, then there is a coarsest convex quasiuniform
structure [ on P that makes all u, continuous. (P,4l) is a locally convex cone
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and it is called the projective limit of the locally convex cones (Py,4l,), y € I'.
If P = [1yer Py, then P can be made into a locally convex cone by regarding
it as the projective limit of the locally convex cones (Py,il,) by the projections
mapping 7ty : P — Py, Ty((Xy)yer) = Xy.

For each y € T, let (Py,4;) be a locally convex cone. Suppose P is a
cone and for every y € I', vy : Py — P is a linear mapping such that P =
span(Uyer vy(Py)). Then there is the finest convex quasiuniform structure 4 on
P that makes all v, continuous. (P,4l) is a locally convex cone and it is called
the inductive limit of locally convex cones (Py,ily), ¥ € I'. The subcone of
P = [lyer Py spanned by U,cr jy(Py), where jy : Py — [1yer Py is the injection
mapping, is called the direct sum of cones Py, ¥ € I' and denoted by D, Py
If we consider the product convex quasiunifom structure on €, Py, then it
induces the original convex quasiunifom structure on each Py. The finest such
convex quasiunifom structure on €, Py is obtained by regarding @, Py as
the inductive limit of locally convex cones (Py,4ly), y € I' (see [8]).

Let (P,4l) be a locally convex cone and P* be its dual. In the following
we denote by s (P, P*) the coarsest convex quasiuniform structure on P that
makes all u € P* continuous. Similarly, {s(P*,P) is the the coarsest convex
quasiuniform structure that makes all a € P continious, as linear functionals on
P*. In fact, (P,Us(P,P*)) is the projective limit of (R, V) by the functionals
u e P

2. Some structure theorems

Let (P,4) and (Q,) be locally convex cones. We denote the cone of all
continuous linear operators from P into Q by C(P, Q). If (9, W) = (R,V),
then C(P, Q) = P*. We define a convex quasiuniform structure on C(P, Q).
Let B be a collection of bounded below subsets of (P, 4l) such that

for every A, B € B there is C € B such that AUB C C. (Uw)

For B€ Band W € W we set
Vew ={(S,T) € C(P,Q) xC(P,Q): (S(b), T (b)) e W}.

Then Vg = {Vpw : B € B,W € W} is a convex quasiuniform structure on
C(P, Q). We prove that the elements of C(P, Q) are bounded below with respect
to the convex quasiuniform structure Vg y. Let Vgw € Vg and T € C(P, Q).
Since B is bounded below and T is continuous, we realize that 7'(B) is bounded
below in (Q,W). Then there is A > 0 such that (0,7(b)) € AW for all b € B.
This shows that (0,7) € AVgw. Therefore (C(P, Q), Vi) is a locally convex
cone.
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Let (P,4) and (Q,V) be locally convex cones. If B is the collection of all
bounded below or bounded subsets of (P, 41), then we denote the corresponding
convex quasiuniform structure on C(P, Q) by V,g or Vg. Obviously, Vg is finer
than Vg, since every bounded subset of P is bounded below.

Proposition 2.1. Let (P,4) and (Q,W) be uc-cones. Then C(P,Q) is a uc-
cone if endowed with the convex quasiuniform structures V,g and Vg.

Proof. Letid={aU :a >0} and W = {aW : o > 0}. We set B= (0)U. We
shall prove that V,g is equivalent to the convex quasiuniform structure {€Vpw :
€ > 0}. It is enough to show that {€Vpw : € > 0} is finer than V,g. Let V4 qw €
V- Then we have A C AB for some A > 0. We claim that £Vpw C Vi ow. Let
(S,T) € $Vaw. Then (S(Aa),T(Aa)) € aW for all a € B. If we set b = Aa,
then we have (S(b),T (b)) € aW for all b € AB. Since A C AB, this shows that
(S(b),T(b)) € aW for all b € A. Therefore (S,T) € Va ow.

In a similar way one can prove that Vg is equivalent to the convex quasiuni-

form structure {otVp w : ot > 0}, where B = U (0)U. O
Example 2.2. Suppose that (P,4) = (Q,W) = (R, V). Then C(R,R) =R’ =
[0, +00) U{0}, where O is a functional on (ﬁ V) ac tmg as follows:
_ 0 acR
0a) - {
oo else.

In this example we have Vyg = {atV,_; 7:a >0} and Vg ={aV_; . 7:
o >0} by Proposition 2.1. The upper, lower and symmetric neighborhoods of
0in (C(R,R),Vyp) are as follows:

Vi14,1(0) ={0,0}, (0)V]y o1 = {0} and Vi o 1(0)V]_; 4o 1 = {0}

Then the functional 0 is an isolated | point in the lower and symmetric topologies
of (C(R,R),Vyp). Similarly in (C(R,R), V) we have

Vieta, 1(0)=1{0,0}, (0 )V[ 1,+1], ={0,0} and Vi_; 1) (6)‘/[—1,+1]J:{0’6}’

We shall say that a subset H of C(P, Q) is equicontinuous whenever for each
W € W there is U € { such that (S x S)(U) C W for all S € H. Every equicon-
tinuous subset H of C(P, Q) is bounded below with respect to the convex quasi-
uniform structure Vg )y . Indeed, let Vg w € V1. Then there is U € U such that
(Sx8)(U) CW forall S € H. Also, there is A > 0 such that ({0} x B) C AU,
since B is bounded below in (P,). We claim that {0} x H C AVgw. Let
S € H. Then (S x S)(U) C W. This shows that (S x S)( ({0} x B)) C W, since
1 ({0} x B) CU. Therefore (0, 5(b)) € W for all b € B, yields (0,5) € AV .
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Proposition 2.3. Let (P,) and (Q, W) be locally convex cones and let BB be
a collection of bounded below subsets of P which has property (UW). If P =
Ugep B, then for every a € P the linear operator 8, : C(P,Q) — Q,6,(T) =
T (a) is continuous.

Proof. Let W € W and a € P. There is B € B such that a € B. We prove that
(84 % 84)(Vew) CW. Let (S,T) € Vgw. Then (S(b),T (b)) € W for all b € B.
This shows that (S(a),T (a)) € W, since a € B. Then (6,(S),8,(T)) € W. This
yields that (8, x 8,)(S,T) e W. O

Theorem 2.4. Let (P,4) be the inductive limit of the locally convex cones
(Py,thy) by the linear mappings uy, y € I' and let (Q,WV) be a locally con-
vex cone. Let By be a class of bounded below subsets of Py for every vy €T,
which has (UW), and let B be the class of all finite unions of the sets contained
in Uyeruty(By). Then (C(P,Q),Vs,w) is the projective limit of the locally con-
vex cones (C(Py, Q), Vs, w) by the linear mappings T, : C(P, Q) — C(Py, Q),
Ty(A) =Aouy, for Ac C(P, Q).

Proof. Obviously, B has property (UW). Then (C(P,Q),Viw) is a locally
convex cone. Now, we prove that Ty : (C(P,Q),Vew) — (C(Py, Q), V5, w) is
continuous for each y € I'. Let Vg, w € Vi, . We set B = uy(By). Obviously,
we have B € B. We prove that (T, x Ty)(Vaw) € V,w. Let (S,A) € Vg w. Then
(S(b),A(b)) € W for all b € B. For every b € B there is by € By such that b =
uy(by). This shows that (Souy(by),Acuy(by)) € W and then (T,(S),T,(A)) €
Vi, w. Now, let H be a convex quasiuniform structure on C (P, Q), that makes all
Ty continuous. We shall prove that H is finer than Vi )y. Let B = uy(By). There
is H € H such that (T, x Ty) (H) C Vg, w. We show that H C Vp . If (S,A) € H,
then (7y(S),Ty(A)) € Vg, w. Then (S(uy(by)),A(uy(by))) € W for all by € By.
This yields that (S(b),A(b)) € W for all b € B. Therefore (S,A) € Vgw. O

Corollary 2.5. Let (P,4l) = @,er(Py, thy) and let (Q,WV) be a locally convex
cone. Suppose By is a class of bounded below subsets of Py for every y €
[, which has property (UW) and B is the class of all finite unions of the sets
contained in Uyer jy(By). Then (L(P,Q),Vew) = [Iyer(C(Py, Q), V5, w)-

Corollary 2.6. Let (P,4) = @ycr(Py,thy). Suppose By is a class of bounded
below subsets of Py for every y € I, which has property (UW) and B is the
class of all finite unions of the sets contained in Uycr jy(By). Then (P*,Vgy,) =
[Tyer (73;7 VBy,V)-

Example 2.7. Let (P, 1) and (Q, W) be locally convex cones and ~ be an equiv-
alence relation on P which is compatible with the algebraic operations of P (see
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[12]). We denote the equivalence class of an element a € P by [a] and set
[Pl={la][acP}.

The operations [a] + [b] = [a+ b] and «[a] = [aa] are well-defined for a,b € P
and o > 0 and [P] becomes a cone with these operations, which had been called
the quotient cone. On [P] we consider the finest convex quasiuniform structure
[1], that makes the projection mapping 7 : P — [P],n(a) = [a] continuous. In
fact, ([P],[]) is the inductive limit of (P,4l) under the projection mapping.
Suppose that B is a collection of bounded below subsets of P, which has prop-
erty (UW) and suppose [B] is the collection of all finite unions of the sets con-
tained in 7(B). Then (C([P],Q), V5, w) is the projective limit of the locally
convex cone (C(P,Q),Vg) by the linear mapping T : C([P], Q) — C(P,Q),
T(A) = Ao by Theorem 2.4.

Let (P,4) be a locally convex cone. For a uniformly convex u-bounded
subset H of P2, we set

Py ={acP:31>0,(0,a) € AH} and Uy = {a(HNP}) : a > 0}.
Then (P, y) is a uc-cone.

Remark 2.8. Suppose (P,4l) is a bornological cone and H is the collection of
all uniformly convex u-bounded subsets of 72, then it is proved in [1] that (P, )
is the inductive limit of uc-subcones (Py, Uy ) gey, with the inclusion mappings
Iy : Pg — P. Now for every H € H, suppose By is a collection of bounded
below subsets of (P, iy ), which has property (UW) and suppose B is the class
of all finite unions of the sets contained in gy By. Then (C(P,Q),Va.w)
is the projective limit of the locally convex cones (C(Py, Q), Vs, w) with the
linear mappings Ty : C(P, Q) — C(Pu, Q), Tu(A) = Aoly, by Theorem 2.4. If
(Q,W) is a uc-cone, then for every H € H, (C(Pu, Q), Vs, w) is a uc- cone by
Proposition 2.1. Therefore (C(P, Q),Vsw) is the projective limit of uc-cones
in this case.

Definition 2.9. Let P be a cone. We shall say that the subset B of P\ {0} is a
base for P whenever

(1) for every a € P there are n € N, by,...,b, € B and @y, ..., &, > 0 such that
a=Y" b, in the other words P = span(B),

(2) for every B' C B, P # span(B').

Let B be a base for the cone P. For b € B we set P, = {ab : a > 0}. Then
we have P = @, Pp. Indeed, (1) shows that P C @,z P». We prove that for
by,by € B, Pb. ﬂpbz = {0} Ifa e 73]9] ﬂpbz and a 75 0, then a = o1by = obs
for some o, 0 > 0. Then by, = g—;bl. This shows that P = span(B\ {b;}).
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This is a contradiction by (2). Now, we suppose that (P,4l) is a locally convex
cone and for b € B, {1, is the convex quasiuniform structure on P, induced by
L. Then it is easy to see that (P, i) = Bpcp(Pp, Up).

Example 2.10. Let S be the cone of all sequences in R. For i € N, we define the
sequences (a)nen, (b)) nen and () en as following:

1 n=i —1 n=i o0 n=i
i _ i i _
an_{ ,bn—{ andcn_{
0 else 0 else 0 else.

Then B = {(a@.,)nen, (b} nen, (¢} )nen : i € N} is a base for S. For § > 0, we set
6 = {((an)ner, (bn)nen) € S* : @y < by +8,¥n € N}.

Then £ = {§ : § > 0} is a convex quasiuniform structure on S. If P is the
subcone of all bounded below elements of S with respect to &I, then (P, ) is a
locally convex cone. The above discussion yields that (P,4) = @pcp(Pp,LUp).
Now, let (Q,)V) be a locally convex cone and 5, be a collection of bounded
below subsets of P, which have (UW). If we assume that B is the collection of
all the sets contained in J,cp By, then we have

(C(P,Q),Vsw) =[](C(Ps,Q), V5, W), (1)
beB
by Corollary 2.5. Fori € Nand b = (a,)en or b = (b',),cny we have (P, 8y,)* =
[0, 4-e0). Also for b = (c},)nen We have (Pp,4p)* = {0, +eo}. Now, formula (1)
with (Q, W) = (R, V) implies that

oo

P* VBV H VB V)) (

< (]

Lemma 2.11. In a separated locally convex cone the only bounded subcone is
{0}.

Proof. Let (P,4) be a separated locally convex cone and Q be a bounded sub-
cone of P. Then for every U € 4 there is A > 0 such that (0,q) € AU and
(¢,0) € AU forall g € Q. Let g € Q be a fixed element. We have (0,nq) € AU
and (ng,0) € AU for all n € N, since Q is a subcone. This yields that

qeﬂ A U).

neN

([0,420), V5, )

({0, +20}, Vg, 1))

==

I
—_

Therefore ¢ = 0, since the symmetric topology of (P, 4l) is Hausdorff. O
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The situation is more telling if we assume (P, 41) to be a projective limit lo-
cally convex cone. We suppose first that (P, () = [T,er(Py,Uy) and (Q, V) isa
locally convex cone. Let S € C(P, Q). If Sy is the restriction of S to P, and py is
the projection mapping, then for (ay)yer € P we have Sy(ay) = So py((ay)yer)
and Syo py = Sopy € C(Py,Q). If only finitely many Sy are non zero, then
Y18y € @yerC(Py, Q) and S = YL Sy, 0 py, € C(P, Q). This shows that

&cP,, Q) c C(I_IPy7 Q).
yer' yell
Generally @,.rrC(Py, Q) is a proper subset of C([Tyer Py, Q). For example
consider the cone P =[], P;, where P; = R for all i € N. Then the range of
every linear operator 7 € @, C(P;,P) has a base with finite elements, but it
is not true for the identity mapping I € C(P,P).
Under an additional condition we have the equality in the above.

Proposition 2.12. Let (P,U) = [Iyer(Py,Ly), where all elements of Py are
bounded above for all y € T. Also, let (Q,WV) be a separated locally convex
cone with a sequence C; C Cy C ... of bounded subsets such that every bounded
subset of Q contained in some C;, i € N. Then

(a) Algebricaly, we have

C(P,Q) =Epc(P,, Q).

yell

(b) If for every y € T, By is a collection of bounded below subsets of (Py,ily)
and B is the collection af all sets [ yer By, where By € BBy, then the iductive limit
convex quasiuniform structure on C(P, Q) is finer than Vg yy.

Proof. For (a) assume that there exists S € C(P, Q) such that

S¢ @C(Py,ily).
yel
Then there are infinitely many restrictions Sy,, n = 1,2, ... such that Sy, # 0.
Then there is ay, € Py, such that by, = Sy, (ay,) ¢ C, for all n € N, by Lemma
2.11. The net (ay,)qen is bounded in (P,4l), since all of its component are
bounded by the assumption, but S((ay, )nen) = Yot Sy, (ay,) = L1 by is un-
bounded in (Q,W). This is a contradiction, because S is continuous. Then

C(P,Q) CEC(Py.ily).
yell

For (b), let Vgw € Vg w, where B = [IycrBy, By € By and W € W. 1t is
enough to show that Uyer(jy X j,,)(VB%W) C Vgw. Fory €T, let (Sy,Ty) €
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Vg, w. Then for each by € By, we have (Sy(by),Ty(by)) € W. Now, since

for (by)yer € B we have (jy (Sy))((by)yer) = Sy (by) and (jy (Ty))((by)yer) =
Ty (by) by (a), we conclude that

(y X jy)(Sy,Ty) € Vw.
0

Theorem 2.13. Let (P,4) be a locally convex cone and let (Q,WV) be the pro-

Jjective limit of the locally convex cones (Qy,Wy) by the linear mappings vy,

y € I. If B is a collection of bounded below subsets of (P,Ll) which has prop-

erty (UW), then the locally convex cone (C(P,Q),Vgw) is the projective limit

of the locally convex cones (C(P,Qy),Vsw,), ¥ € L, by the linear mappings
C(P,Q) = C(P,Qy), Ty(A) = vyoA.

Proof. Firstly, we prove that for every ¥, Ty is continuous. Let Vgw, € Vg w),.
Since vy is continuous, there is W € W such that (vy x vy )(W) C Wy. We show
(Ty X Ty) (VB,W) - VB,Wy- If (S,A) € VB,Wy then (S(b),A(b)) € W for all b € B.
Therefore (vyoS(b),vy0A(b)) € Wy and then (T, x Ty)(S,A) = (vyoS,vy0A) €
VBw,. Now, we prove that Vjy is the coarsest convex quasiuniform structure
on L(P, Qy) that makes all Ty, y € I continuous. For this aim let 7{ be another
convex quasiuniform structure on C(P, Qy) that makes all T, ¥ € I continuous.
We shall prove that H is finer than Vg )y. There are n € N and y,...,%, € I’
such that (_; (vy, X vy,) "1 (Wy,) C W, since (Q,W) is the projective limit of
(Qy,Wy), yeT. Foreveryi=1,--- ,nthereis H; € 1 such that (T, x Ty) (H;) C
VBw, . Since H is a convex quas1un1f0m structure, there is H € H such that H C
N 1H We claim that H C Vg w. Let (S,A) € H. Then for every i = 1,-

we have (S,A) € H;. This shows that

(Ty(S), Ty(A)) = (vyo S, vy0 A) € Vi,

Then for every i = 1,...,n, (vyo S(b),vy0A(b)) € Wy, for all b € B. Therefore

n

(S(0),A(B)) € [V ' (Wy) S W,

i=1
for all b € B. This yields that (S,A) € Vg w. O

Corollary 2.14. Let (P,4l) be a locally convex cone and let
QW) =[1(QrWy).

yel

If B is a collection of bounded below subsets of P which has property (UW),
then (C(P7 Q)v V&W) = HyeF(C(Pv Qy)avB,Wy)'
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Example 2.15. Let (P,4) and (Q,W) be locally convex cones. We consider
the locally convex cone (Q, W5 (Q, Q*)). We note that (Q, Ws(Q, Q%)) is the
projective limit of (R, V) under the functionals u € Q*. If B is a collection of
bounded below subsets of (P,4) which has property (UW), then the locally
convex cone (C(P, Q), Vg w,(0,0+)) is the projective limit of the locally convex
cone (P*, Vg y) by the linear mappings 7, : C(P, Q) — P*, Ty (A) = HoA, 1 €
Q*, by Theorem 2.13.

In the following proposition we present some conditions under which the
locally convex cone (C(P, Q), Vg, ) is separated.

Proposition 2.16. Let (P,) and (Q,W) be locally convex cones and B be
a collection of bounded below subsets of P, which have (UW). If (Q,W) is
separated and P = Jgcp B, then (C(P,Q),Viw) is separated.

Proof. Itis sufficient to show that the symmetric topology of (C(P, Q), Vg, ) is
Hausdorff. Let S,7 € C(P, Q) and S # T. There is a € P such that S(a) # T (a).
Since (Q,W) is separated, there are W,W’ € W such that

W (S(a))WNW'(T(a))W' =0.

We have a € B for some B € B3, since Q = (JgcsB. Now, we claim that

V37w(S)VB7W N VB_’WI(T)VB_’W/ =0.
IfK € VB7W (S)VB7W N ng/(T)VB’W/, then

K(a) e W(S(a))WNW/ (T (a))W',
and this is a contradiction. OJ
Example 2.17. Let (P,4l) be a locally convex cone and B be the collection
of all finite subsets of P. If we set (Q,W) = (R,V), then P* = C(P, Q),
endowed with the convex quasiuniform structure Vg, is a separated locally
convex cone by Proposition 2.16. We note that the convex quasiuniform struc-

ture Vy 3 is equivalent with ts(P*,P) on P*. Then the locally convex cone
(P*,Us(P*,P)) is separated.
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