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EXPLICIT HIGHER REGULARITY ON A CAUCHY PROBLEM
WITH MIXED NEUMANN-POWER TYPE BOUNDARY
CONDITIONS

LUISA CONSIGLIERI

We investigate the regularity in LP (p > 2) of the gradient of any weak
solution of a Cauchy problem with mixed Neumann-power type bound-
ary conditions. Under suitable assumptions we prove the existence of
weak solutions that satisfy explicit estimates. Some considerations on the
steady-state regularity are discussed.

1. Introduction

In the mathematical literature, the dependence on the data is commonly hidden
on the universal constants. These constants that are involved in the estimates
are systematically assumed abstract, i.e. they may change their numerical value
from line to line throughout the whole study in concern. Our objective is to find
explicit estimates (also known as quantitative estimates [7]) such that allow its
real and true application to other fields of science.

In the study of the regularity on the initial-boundary value problem for the
second order differential equation in divergence form, at least three shortcom-
ings appear from the real world applications. They are namely discontinuous
leading coefficient, nonlinear monotone boundary conditions, and nonsmooth
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Lipschitz domain. One of the approaches in the investigation of regularity is
based on the difference quotient technique. We refer to [14, 15, 27] where there
are no boundary terms. The elliptic regularity in the halfspace can be found
in [25]. For Neumann-type boundary conditions, an arbitrary bounded domain
is not globally invariant with respect to translations. The difference quotient
technique is only allowed by a suitable localization procedure [32]. Even the in-
terior regularity requires the differentiability of coefficient, which is not fulfilled
by our coefficient. The realization of the Laplace operator with generalized non-
linear Robin boundary conditions can be found in [6].

Also by the localization method, the higher regularity of the gradient is ob-
tained via the reverse Holder inequality with increasing supports (known as
Gehring-Giaquinta-Modica theory, cf. [3, 4, 22, 28, 30] and the references
therein). Here, we adopt this approach to determine explicit estimates for the
Cauchy problem inspired in the nonlinear heat equation with the Neumann con-
dition on one part of the boundary of the domain, and the power law condition
on the remaining part of the boundary that includes the radiative effects [9, 13].
Also the constants involved in L”**-estimate are determined.

Some considerations on the steady-state case are discussed in Section 7.

2. Maximal parabolic regularity on X

Let [0,7] C R be the time interval with 7 > 0, and Q C R" (n > 2) be a
(bounded) domain of class C'. The boundary dQ is decomposed into two dis-
joint open subsets, namely I" and dQ \ I'. Moreover we set Q7 = Qx]0,T[, and
Xy =I'x]0,T].

In the presence of Lebesgue, Sobolev, and Bochner spaces, the functional
framework is

LP=(Qr) = L7(0,T;LP (Q));
V,(Q)={vew"(Q): vre LY(D)};
Vo(Qr) ={veLP(0,T:W"P(Q)): v[g, € L'(Er)},

for p,¢ > 1. For ¢ < p,, with p, = p(n—1)/(n—p) if n > p, and any p, > p
if n = p, observe that V,, o(Qr) = LP (0, T; W7 (Q)) due to the trace embedding
Wlir(Q) — Lr<(T).

Let us introduce the definition of a closed operator that admits maximal
parabolic regularity on a Banach space X [2, 24].

Definition 2.1. We say that B admits maximal parabolic regularity on X if
B is a closed (not necessarily linear) operator in X with dense domain D(B),
and for any F € L”(0,T;X) (1 < p < o) there exists a unique function u €
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LP(0,T;D(B)), such that dyu € L”(0,T;X), solving the abstract Cauchy prob-
lem

u(t)+Bu(t) = F(t), ae. 1 €]0,T[

=up € ( B)7X>1/P7P = (X7D<B)>1/p’,p

where (D(B),X)1/p,, = {v(0) : v & LP(0,T;D(B)), ;v € LP(0,T;X)} repre-
sents the interpolation space [19, Theorem 5.12], and D(B) is endowed with the
graph norm.

(ACP) { g

Recall that a densely defined closed operator B, such that there exists a
unique solution of (ACP) for all initial values in D(B), may be not a genera-
tor [1]. For every up € D(B), if B is linear then this abstract Cauchy problem
(ACP) has the mild solution u € C([0,T[;H) that verifies the variation of con-
stants formula

u(t) = exp[—tBJug + /Ot exp|—(t — 7)B|F(7)dr, t€[0,T].

Moreover, the fractional powers B'/2 and B~!/2

can be obtained [31].
Here we consider the nonlinear operator B : V, 4(Q) — [V2,¢(Q)]’ defined by

exist and global strong solutions

(Bu,v) == /Q (AVu) - Vvdx + /r buyuvds, Vv € Va,(Q),

with the assumptions on the coefficients A and b being

e A=[A;jli j=1,. » is abounded measurable (n x n) matrix-valued function
such that

Ela#>0, Aij(x)é,ij Zd#’€|2, a.e.xGQ, V& ER”, (1)

under the summation convention over repeated indices: Aa-b =A;;a;b; =
b’ Aa.

e b:I'xR — RisaCarathéodory function, that is, it is measurable in I and
continuous in R. Moreover, b is monotone with respect with the second
variable, and it verifies for some ¢ > 2

Jbg>0:  b(-,5) > byls|"%; )
Inel():  |blxs)] <ni)s|? 3

forall s,t € R,and a.e. inT".
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Set
d" = ||Allwa, b =[Nler- 4

Under the assumptions (1)-(3), B is monotone, hemicontinuous, bounded,
and coercive. The existence and uniqueness of u of (ACP) is consequence of
[33, Theorem 4.1, p. 120] if provided by uy € L>(Q). In particular, B admits
maximal parabolic regularity on [V, ,(Q)]’, and its negative —B generates a Co-
semigroup on [V ((Q)]".

We seek for the LP-integrability of the gradient of u € V, ;(Qr) that verifies
the variational formulation

T
/ (Gru,v)dt+ [ (AVu)-Vvdxdt+ [ b(u)uvdsdt =
0

T Xr

0
- / £ Vydxdt + / Fudxdt+ [ hvdsdt )
Or Or Xr

for every v € V, ¢(Qr). The symbol (-, -) stands for the duality pairing in which
is meaningful.

Let p,¢ > 2. We denote by W,/ the set of functionals F € [V,y ((Qr)]’ that
are the form defined by

F(v) ::/ f-Vvdxdt+/ fvdxdt+ | hvdsdt, VveVy,(Or),
Or Or Ir

with f € LP(0,T;LP(Q)), f € LP(Qr), and h € L/ (X7). The identifica-
tion LP(0,T; [V, ¢(Q)]') = [L¥ (0,T;V,y ¢(Q))]' is due to the Phillips Theorem if
provided that V), ;(Q) is reflexive and 1 < p < o0 [33, p. 104]. We simply write
./\/lp = Mpg, and Vp(QT) = Vp72(QT).

We state our main result in the following theorem.

Theorem 2.2. Let Q be a C' domain, T > 0, and the assumptions (1)-(3) be
fulfilled. There exists 8 > 0 such that for any p € [2,2+ 8] if f € L>**%(Qr),
feL*%(Qr), he L**3(2) and ug € L**9(Q), then there exists a function u
in LP*(Q1) NV, 04 p—2(Qr1) which is solution of (5) such that

ess sup |lull? (1) < G(ax, by, p)exp (p—2+(p—1)v(}/(”‘1))T]; 6)

t€[0,T]

lullgiP 35, < () ' Elan,bu.p); (D)

IVullp.or < M(as,bs), (8)
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with

P—l P/
Ganbnp) = Tl o150+ (Pt Mg, +

p(f—1)
(C+p—2)bi MY / I dsd

E(ay,by,p) = Glag, by, p) (1 +(p—2+(p—1)vg/ " NTx

X exp [(p—2—|—( —1)v, va/tr= 1))T]>; )

E(ay,by,2 1+v
Miann) = o) |[ECe2D AT (g

ay
1
+\/7v»o”pr7Qr + /1 +asKs, )] : (10)

Here, vo = vy (f) is a positive constant if f # 0, and vy(0) = 0 otherwise, C(n)
is according to (50), Ky,/(n11) stands for the continuity constant of the trace
embedding W2/ ("+1)(Q) < L*(T"), and

+2n(n":21)+2"L+22+22n+3+22(n+1)x

v=(4"+1) <n+2

92 o NEIT T 17\ 19\ "
X<7‘L’"n2"(1_n) ) [r(n/z)] <2<a#> b - an

In particular, du € W, .

If by = 0 in (2), B is L*(Q)-elliptic: (Bw,w) +ax||w|2.0 > ax|w|/12.0, butis
not coercive on H'!(Q). However, it is possible to reformulate the above theorem
such that similar estimates may be obtained by the Gehring-Giaquinta-Modica
theory if £ < 2, is provided, i.e. W!'2(Q) < LE(F) for any ¢ > 2 if n = 2, and
0<2(n—1)/(n—2)if n > 2 (cf. Remark 3.3).

3. LP>(Qr) and L"*P~%(Zr) estimates

Local LP*(Qr )-estimates can be obtained under the Gehring-Giaquinta-Modica
technique as can be found in [3]. Under the Moser technique as already devel-
oped in [11], LP>(Q7) and L'*P~2(Z7) estimates can appear as consequence
of L*(Qr) and L*(X7) estimates, respectively. Here we provide the explicit
estimates under the direct “apriori” technique in the following proposition.
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Proposition 3.1. Any function u solving (5) satisfies, for all p > 2, (6) and
T
ay[|ul "2 2Vul3 o, + by / / P2 dsde < Eag,by,p),  (12)
' 0 JUT

with € (ay, by, p) being given by (9).

Proof. Fix t €]0,T| arbitrary, and let x| € L™(]0,T[) be the characteristic
function. Taking v = )q()’,[|u\p_2u as a test function in (5), applying the Holder
and Young inequalities, and using (1) and (2), we obtain

1 _ ! -
] )+ a1l 22Vl g+ by [ [ 7 Pdsae <
1 t
< lwlq+ [ Ilallddr+ 2= [ allllgds +
ag(P=1) 1 \(p-2/20 112 // t4+p—2
T 7 \V4 P—

(1 "
T z)b(f’—”/“—w/o i asa
P—2)by

Rearranging the terms, we have

1 ag(p—1 _
puu||§,g<r>+(2)|||u\<f’ 25ulf g+ () [ [l 2asar

1 1 _1
<2 (Il + 51150, ) + (p—z+<p—1>vo 70 [l e
p p
2 -1 p/2
+2(2 i //|h|41dsdr
p 261# P<r (€+ p 1)/(¢-1)
By Gronwall inequality, we find (6), and consequently (12) holds. O

Remark 3.2. If f € LP(0,T;LP"/(P*")(Q)), Proposition 3.1 remains valid with
alternative estimates by considering

/ Ful?=2udx < | Fllpnspemy. 08y (Il 0+ (0 = DIl 7Vuly.0)

2)/2
< Syl llpnspema (1150 + (o= DIl 1l 722 Vullpq) <
yi/p
1+ (p—1)P p—2)/2
< S I iyt S VB

— 2
G e\ T
P 2p P

where S,y (p’ < 2) stands for the continuity constant from the Sobolev embed-
ding Wl’P/(Q) <y LP/ (Pr=n=p)(Q).
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Remark 3.3. The estimates (6) and (8) under b4 = 0 read, respectively,

ess sup [ul} (1) < Glas,p)exp [(p—1)(1+vy/ "7

t€[0,T]

1Vl 01 < Cln) \/ Glaw2) (1+ (L vo)Texp[(L+vo)T]) |

a

+T M(HfHP,QT +K2'l/(ﬂ+1)||h||P72T) +ﬁ||f||p’QT ’

with

p—l p/2
Gan.p) = ol 31+ (P ) I g+

+(p_1) piz W )_|_1 2/[7 1) |_Q|[ n]~ thHP,
2a#(p_ 1) 21’1/ n+1 ET

To this aim, it is sufficient to consider in the proof of Proposition 3.1
212
[ s < x5 <
o) p—2)/2 p/2\*/P
< 1l oKt RAP " (2122l g+ al2/3) ™ <

( ) -2)/2 2
< —|ul? +7 u|P=22vy +
pll lpo+=—2,—l k 2.0

1 p2 1/(p—1) I

4. Auxiliary results

First, let us state a Caccioppoli-type inequality, under letting U € L?(R) be de-
fined either by U = 0, or by

- </an(x)dx>_1/an(x)u(x,t)dx, if supp(n)NT' =10, (13)

where 1 € WJ"”(R“) satisfies 0 <1 < 1 in R".

Proposition 4.1. Let Q be a C' domain, and T > 0. If there exists § > 0 such
that £ € L**%(Qr), f € L**9(Qr), h € L**¥(Xr) and ug € L**%(Q), then any
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function u € V5 ¢(Qr) NC([0,T]; [V2.0(Q)]') solving (5) verifies

esssup  [[n(u—U)[50(1)+as(l— (vi+v2))||Vull3 g, ) <
t€]toy—R2 1p+R?|

< (P 20w+ ) 2= gy + 5 B o

ay
(Konjns1)* (1
\%]

1 ) )
+ <a#v1 +2> I£112, 0 z0) +2R a#+2> 1201250 (z)> (14

for every 79 = (x0,t9) € Q x [0,T], and 0 < R < \/T. Here vo = Vo(f), V| =
vi(f), and vo = v, (h) are positive constants if f # 0, f # 0, h # 0, respectively,
and vo(0) = v1(0) = v»(0) = 0 otherwise; and u (analogously for each function
f, £ h, and U) should be understood as

u(x,—t), -T<t<0
u(x,t) =< u(x,t), 0<t<T . (15)
u(x,2T —t), T <t<2T

Proof. Fix —T <ty <t <ty <1* <2T,and 1 €]0, T[]y, *]. Letn € W, “(R")
satisfy 0 <n < 1inR",and { € W*(R) be suchthat0 < { <1inR, { =1in
|t1,12]and £ =0in R\ [¢4,¢]. Since W01’°°(R) — C(R) then §(t4) =0. If t4,1; <0
and/or t,,t* > T, since u (analogously f, f, h, and U) is only defined on ]0, T,
then the extension (15) should be taken into account. For the sake of simplicity,
we write briefly u instead of & (analogously for each function f, f, h, and U).
Taking v(x,7) = 71_7,((D)2(D)N2(x) (u(x,7) — U (1)) € Va.e(Qr) as a test
function in (5), making use of (1)-(2) and (4), standard computations yield

1 a t )
S CIna=0)Ba| + S 1EnVul gy +be | 1E0(—U)]rdr <
#

t
Iy
Z(a#)2

1
< [ Qg in-v)Basr+ (201 1) fu-v)VnIB g+
#

agvi
Vil g+

2
o +1) Il g+

t t
+ [1Enslaalnu—0)lhade+ [ IEnhlar|gn(u—U)larde. (16

Making use of the trace constant K5, /(,1) correspondent to the function
n(u—U) € W2/ 0+H)(Q) with 2n/(n+1) < 2 < n, and after applying the
Young inequality, the last boundary integral in (16), denoted by /, can be com-
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puted as
! 1
1< [ 1M arKan oy supp(m) |5 (I Vuloat
#
+H(w=U)Vnlha+[l(u-U)nle)dr <

1 1
< ot Psopp(ml? (o 3 ) 10 g+

Za#VQ
asVv v, [*

+ 2N VulB g+ 5 [ (1= 0o+ @—U)nlEa)de.
#

Applying the Young inequality in (16), and inserting the above inequality, we
deduce

1 as
5 €88 SUp Czlln(u—U)HiQ(t)Jr?(l — (Vi) MVull3 gy i <

€]ty 1]

* Vo \%) 2 1 )
S/t# <|C’|+?+?> ”7’[(M—U)H27Qd’l?+ Tm‘mﬂ‘z*gxﬁ#vt’*ﬁ

2(a")? 1
+ ( (a#) +1+ > H( )VT[H2 Qx| t#] ( + 1) anHZ QX ty 1#]

1 1 1
+ R Psupp ()1 (54 ) th”%,rx]z#,z#[‘

Then, we conclude (14), by taking 1 = 1 in Q,(xp), 1 = 0 in R"\ Qr(xo),
and |Vn| < (R—r)~!ae. in Qr(xo) \ Q,(xo) for any 0 < r < R such that (R —
P2 <2 and |[{'| < (R—r)"2 withty =19 — R>, 1) =ty — 12, th = ty + 1%, and
* =19+ R2. O

Let us recall a result on the Stieltjes integral in the form that we are going
to use (for the general form see [4]).
Lemma 4.2. Suppose that q €]0,c0|, and a €]1,00[. If h,H; : [1,00[— [0,00[ are
nonincreasing functions such that

limA(1) = lim H;(1) =0,  i=1,---,Mj, (17)
1—o0 1—o0
and that
oo M()
—/ tdh(t) < atlh(r)+ Y HP (1)), Vi1, (18)
. .

with B; > 1, then, for y € [q,aq/(a— 1|

—/1 1dh(1) < (a—l 7<_/1 19dh(z ))

ay -
oy ( [ vsan )) (19)
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Throughout this section, z = (x,t) stands for spatiotemporal points. Under
the parabolic metric in R"*! being given by

A2 = max {5 =], iV~

we use the following standard notation for the parabolic parallelepiped

Or(z) = {(n7)eR™: d((37),(x,1) <R}
= OW(x)x]t—R%t+ R, (20)

where the spatial cubic interval Qfe") (x) stands for the cube with edges parallel
to coordinate planes centered at the point x with the radius R > 0. When no
confusion arises, we shall omit the space dimension and write briefly Qg(x).
Furthermore, we set

Ql—g(z) = {(yvf) € QR(Z) n >xn};
Yr(z) = {y€Or(z): yn=1xn}.

Next, we determine an explicit constant involved in the reverse Holder in-
equality with increasing supports and an additional surface integral, where the
data exponents improve the ones in [4]. Observe that in [4] the assumed restric-
tion (n—1)/l; +2/l, > (n+2)/s is not true for /; = I, = s. The elliptic version
of the below result is stated in [10].

Proposition 4.3. Let Ry > 0, and zo = (xo,1) with xo = (x(,0) € R" and ty > 0.

For p > 1 and § > 0, suppose that the nonnegative functions ® € L"’(QIJ{(J (20)),

Fe Lm1+5,m2+5(Q;O (ZO)); G c [1118,hb+6 (ZRO (ZO)), and @ € L1+6(Q;g0 (XO)) sat-

isfy the estimate
1

1
R 2 /QaR( )QQX (z0)

p
PPz < B( / cbdz) n
R™2 ) 0r()n0}, (20)
Rn+2 <H Hml m2,Qr(2)NQx, (20) + H(le Qr(x ﬂQ’to(xo)> "
1 v
+Rn+l ||GH;17127QR(Z)HER0(ZO)’ 21

for all z € Qr,(z0), and all R > 0 such that Qg(z) NEg,(z0) # 0 and Qr(z) CC
Or,(z0), with some constants a € [1/2,1], B> 0, and

2 2
T e T (22)
my m r
-1 2 1
n +72n+ ., s>bh>0>1; (23)
L b s

nd > n+?2. (24)
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Then, ® € LP**(0 N Q (20)), for all € € [0,8]N[0,(p—1)/(v — 1)[ and mea-
surable set @ CC Qg,(z0). In particular, if Ry < 3/2, and dist(®,dQg,(z0)) =
BRo with B €]0, 1], it verifies

—(n+2)(1+¢/p) -1
[P oy S P (elrs o+
pe,0N0g (20) = p—1—(v—1)¢ R(()n+2)€/p P:Qx, (20)
re/p 2RO se/p 4'R() de/p
+||q)||pQ+ <|| ||m1 o, Q+ (z0) H Hll bRy ( H ||1>Q;0(X0)
may+re/p r—my
+ 'l)(p— 1 +8) <E1 ||FHm1+r8/p my+re/p, QR 20) H ||m1 ,my, QJr Zo)+
L+se/p l
+E2”GHZT+S&‘/P h+se/p,Ery(20) H ”;1712272R0 (20)
d— 2 2—nd 1+d
43nd—(n+ )(2R0)n+ n Hq)”l-&-di;iQ* ) H(p”lQ* o) >:| , (25)

where E| and E, are given by (32)-(33), respectively, and

3
v = (4n+1) <2n+2(2n+23)1/p_’_p/+
_|_2("/m1+1/m2)r/P+2(("—1)/11+1/12)S/P_|_2'1d/p_|_22'l+3)p' (26)

Proof. We prolong ® (analogously F) and ¢ as even functions with respect to
Iy (20):

& _ q)(x/rxn?')a Xp > 0 ~/ . (p(x',xn), Xp > 0
Px,) = { D, —xp,7), X, <0 P(xsxn) = { o', —x,), x,<O.

Transforming Qg (z0) into O = Q3 ,(0) x| —9/4,9/4 by the passage to new
coordinates system (y,7) = (3(x —x0)/(2R0),9(t —9) /(4R3)), and setting

3n+2 . 2R,
e (L P L AP

4R(2)
ol Ory(x0) | 2

we define ®(y, 1) = M~ /P®(xo+2Roy/3, 10+ 4R3t/9), F (y,7) = M~'/"F (xo +
2Roy/3,t0+4R3t/9), G(y,T) = M~ '/*G(xo+2Roy /3,10 +4R3t/9), and 9(y) =
M4 (xg+2Rgy/3).

Setting ¥ = %3/(0) x] —9/4,9/4] with X3,(0) = 05, " (0) x {0}. we have

BHIP I it —|d
£.00 | E oy 1,00 |G 117 155 prHLQg%(O)} <l
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Let us define ®o(y,7) = B(y, 7)[dist((y, 7). 9Q)] "+ 277,
In order to apply Lemma 4.2, our objective is to prove that

[ efayar <o (v )+ B0+ B @+ HW), @)
Q[¢0>l}
for any 1 € [1,00[, with v being as in (26), and

W) = / Dydydr;
Q[¢0>l]

9/4 o my [my
H(1) = / (/ B F 'dy) dr;
—9/4 \J Q32 (0)[F(-,7)>1P/"]

9/4 = h/h
H)(1) = / (/ B Gldsy> dr;
=9/4 \V232(0)[G(-,7)>17/]

@dy
/Q3/2(0) [>17/4]

Fix 1 > 1. Decompose Q = UkeNOC(k) = Uken, Uizt 1 ng), with () =
01/2(0), and for each k > 1, C¥ = {(y,7) € 0 : 27 < dist((y,7),0Q) <
27%+11 and Dl(k) are disjoint cubic intervals of size 1/2¢*2 such that finitely
(I € N) decompose each set C®, k € Np. Since

ol
- 174 (y7 T)dydT < 23(n+2)’
D} ot
the parabolic version of the Calderon-Zygmund subdivision argument implies
that (for details see [4, 10]) if there exists A > 23(1+2) then there exists a dis-
joint sequence of cubic intervals Q(k) = Qr(@ (y(k’j ), ki )) c €™ such that rﬁk) <
j

j
2~ (k+3) and

P dydt < 24P 0% (28)
/Q[‘PONW] 0 kg(’); /
2D
1A < 7/ & dydr. (29)
(2’,@ yr+2 o®
Jj J

Next, in order to estimate the right hand side in (28), let us prove, for all

k>0, and j > 1, there exists R = Ry; G]rg.k),Zr;k)] that verifies

1220 S8R < / dodydt +
QR[CI)0>I]

P (1R YD, e 80) 4 (R YD, £ 00) 4 (R YE)),(30)
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with the notation Qg = Qr(y*/), t(6:7)), for the points (y*/), t(k)) such that
Qg N X has positive (n — 1)-Lebesgue measure, and

r/my

R o my [my
Li(R,x,t) = / </ ldY> dt ;
1—R? {ye0r(x): F(y,7)>1P/"}

t+R2 71 12/11 S/l2
t—R2 {yEZR(X): G(y,r)>u>/v}
d
L(Rx) = (/{yEQR — (de> .

Since R < 2r§k) < 27D " each Qg only intersects the sets C k=1 c®) and
C*+1) We denote by 7~ that family {Qg(y*), 76 150,51

Rewriting (21) in terms of the new coordinates system, taking z = (xo +
2Roy*) /3,1y + 4R%t(%7) /9), and dividing the resultant inequality by M, we
deduce

1 - [ P
TS /Q ¢pdydr§B<n+2 / (Ddydr) +
R

d
Rn*‘rzH ||m1,m2,QR+Rn+1 ||G”ll7lz YR Rn”(pH ”)’

where Qg = Qar (), 7)< c®, R el 2] and a = Y /R € [1/2,1],
and taking (22)-(24) and Ry < 3/2 into account.
Inserting the above inequality into (29), we obtain

p
(1LR™2)P2 < 2"*?B </ <I>odydf> +R(”+2)(”*1)Hfonl,m%QR +

+R) ||<P||d RU2DP G g BD)
Each term of the above right hand side is computed as follows

CI)()dyd‘L' < / CD()dydT + 1(2R)n+2;
Or Or[®Po>1

R(ﬂ+2)(p—1)/pr|”/P <

my,my,Qr —

< R(-1)/p <,11/p(R,y<k,j>7T<k,j>) +12(,:1+m‘2),2R(,,,”1+,32);>
l*(P*I)
<

11 (R,y(k’j), T(k’j)) —+ LR"+2 (1/ _|_2("/m1+1/m2)r/p) :
p
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—(p—1
R(n+2)(p— l/pH(pr/é’R < (; )13(R,y(’<~u/))+ R™2 (; 2”d/p>’

R(””)*("“W||6HZ/,Z,2R < R("”)(”*l)/p||6”;1/,1172,2R <
—(=1) S (kg 1
p
Defining

A= <2n+2(2n+23)1/p+3/+2<n71+ 1 )p +2(” 1+*)§ +2nd/p+22n+3>
V4

we gather the above inequalities with (31) obtaining (30).
According to the Vitali covering lemma, there exist 6 €]3,4[ and a sequence
of disjoint cubic intervals {Qg, (y\”),7())};~ from the collection 7 such that

U=oUj>1 Or(y k) kD)) € Uis1Qor, (01, 27 € Q.

Hence,

Y Y 10¥ <Y Y 10rp*) 1%0) < 6" Y |0k, (v, 7).

k>0 j>1 k>0 j>1 i>1

Combining the above with (28), and (30), we find
/ hdydr < Ac” (1 h(t) + ")+ B/ (1) + B ),
[(I)()>l W]

which implies (27), by taking v > A(c” +1).
We have the relations (for details see [4],if r > mp, s > h,and d > 1)

[ e T i fm 1) (1 +81) | o+
/ll dHi (1) < m13 2/ CONE N L8 8100

—/mly_p'Hde(l) < 1—23("_1)<12/11_1)/(l‘+62)||G||12+52

1 I [4+8.b+8 5
~[Tertam ) < 1+
/ (©) < DI

with 6 =r(y—p+1)/p. & =s(y—p+1)/p.and & =d(y—p+1)/p.
Therefore, Lemma 4.2 can be applied, concluding that, for y=p+€—1
suchthat p <y+1<p+(p—1)/(v—1),(19) implies
-1
P edydr < P / L dydT+
/Q[<1>o>1] ’ v(p—1) = (v =17 Jow>1 °

n(my /my—1) m2+r8/]7 r/m2—1
w3 e o gB ™ (1D

vy <
v(p—1)—(v—1)y
(n=1)(lp /11 =1)

L DB — ey s/b—1 —(1+de/ _
il s/ 2 P 2 P d-1
+ll3 NG ey s pp el (D) (|0 Hl+d£/ ,Q3’})2(0)H3 1)
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On the other hand, since @)™ < @ ae. in Q\ Q[®y > 1], we find for any
® CC Q= 03,(0)

) - ('}/ VE 2n+2
vy e ||| rele
,}/ o <3 1 (mp+ /1’ HF”m?Jrrs/p,szrrg/P QH Hl:uj?rlrfz,Q

b, L+se/p 5=l 1+de/p
+l 3 l]<11+£/P HGHZ]+S£/P712+5£/p7EHGHll712,’2+ ”(pHI—i-d e/p Qn H(p‘ 1Qg’;2( )

Keeping the same designation to the transformed set @ CC Qg,(z0), we deduce

3 (n+2)(1+¢/p)
[dlst(a) aQRO(Zo))ZR :| / Dy <
(P— 1)3n+2 e/ / .
< MEP dPdz +
(p—1—(v—1)g)2m+ Or, (20)
D(p—l—i—S) = matre/p r—my
+p —1—(v—1) (El HF”m1+r8/177mz+F£/P,QRO(Zo)” Hml m2,0Rq (0)
L+se/p I
EGIEE e o 1C s o

1+d n n n n
BT/ a1 gy )32 (2R ™2 d)

with
E =123 i (3 n("ﬂigﬁ_"ﬁ) (2Rg)" 237 (n/mi+2/m2) “
P — ml ml ré .
1 m 2Ry 3”*2(2R0)’("/m1+2/m2)’ (32)
I (;zll)ilZ;ll)) 3 (nfl)(%*%> (2RO)n+23s((n71)/11+2/12)
= — SE/P -
Ey 113 1t 2Ry 3n+2(2R0)s((n—1)/[1+2/12)- (33)

Therefore, by applying (22)-(24) we conclude (25) which completes the proof.
O

In a similar manner that we have Proposition 4.3 the following Proposition
can be obtained.

Proposition 4.4. Under the conditions of Proposition 4.3, if instead of (21),

1 1 P
R+2 /Qak(a e =By (R"+2 /QR@) quZ) g2 1l .00+

Rn+2||(p||1QR (x)° (34)
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holds for R < min{/T ,dist(x,dQ)/\/n}, then ® € LP(Q,(z)), for all € €
[0,06]N[0,(p—1)/(vr—1)[, with

3 4 1\r p
= (4" +1) (2"”(2"”31)1/” + olmtm)i gl 22"+3> . (33)
and r = (1 — B)Ry with B €]0,1[. In particular, it verifies

lell? s

B—(n+2e/p p—1 <” HHS
p+€,0:(20) — p—l—(l)[—l)g (n+2)£/p P:Or, (20
0

Vf/p 4Ro de/p
190 gy (11 e+ 5 W) ) +

my+re/p r
tulp—1+e) <E1||F|’mf+re/pmz+rs/pQR (co) 1 e 0 ()

)-i-

nd—(n n+2—n 1+d
#3142 R gl 91 )] (36)

where E| and E; are given by (32)-(33), respectively.

Remark 4.5. If ¢ = 0, then (26)-(35) read

1

p
P
v = (4”+ 1) (2n+2(2n+231)1/p+3/ Jr2(11/m1—|—1/mg)r/pJr22n—i-3> . (38)
p

Finally, we state a local Poincaré inequality.

Lemma 4.6. Foranyx € R"and 0 < R < 8(252n/(n+2))_1, every (non constant)
u € Wh2/(n+2)(0p(x)) verifies

S2n/ n+2)
||“H2,QR(x) > 17|

Vel 2/ (n+2),0r(x) (39)
where Sy /(ni2) = n1/2p(2=30/@n) (g — 2)(n=2)/ @) [0 () /T (n/2)] /7.

Proof. Making use of the Sobolev embedding with ¢ = 2n/(n+2) < 2, and the
Hoélder inequality, we obtain

H“||2,QR( <52n/ n+2) (”V”H2n/ n+2),0r (x "HQR( )|1/n”u||2,QR(x)>'

Hence, we conclude (39). ]
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5. Proof of Theorem 2.2

Let u € V24(Qr) NC([0,T];[V2,,(Q)]') solve (5) for all v € V,(Qr). Let 0 <
r <R <+T,and z9 = (x0,t9) € Q x [0,T]. Proposition 4.1 can be applied.

We split the proof by beginning to show the local interior and lateral higher
integrability of the gradient of u.

5.1. Local interior higher integrability of the gradient
If xg € Q, we may take R < dist(xg, dQ)/+/n. Considering R < /T, r=R/2 <
1, vi =1/2,and v, =0, (14) reads

as
ess sup (e —U)|3 gpiu0) (1) + ) 1Vul3 g, ) <
t€)to—R2 1p+R?|

2(a*)? 3
< < ( ) _|_2+v0) —HT](M_U)‘|%QR(ZO)+

ag

1 2 Ly
+2 <a# + 1) HfHZ,QR(zo) + \TOHf”Z,QR(ZO)' (40)

In the presence of Lemma 4.6 it is sufficient to take U = 0, and we restrict to
R < (453,)(n+2))”". Denoting by ¥ = 285, (,42) the constant in the inequality
(39), we integrate over time to obtain

) R?
/ 2 HnMHZ,QR(xo)””HZ.,QR(xo)dt < Yess sup Hnu”Z’QR(xO) 8
f0—R 1€lto—R2 to+R|
><(2R2)n72/(2n)||Vu||2n/(n+2)7QR(ZO)' (41)

Inserting the above inequality into (40), and after applying the Young inequality,
we deduce

2 55-2/ny2 5
+24 Vo) R/ ||V”||2n/(n+2),QR(zo) +

1 2 LT
+2Qm+gmmmmﬁwaM&mr

as 2 2(a*)?
?HVMHZ,QR/z(ZO) < ( a

Employing Proposition 4.4 with ® = |Vu|?"/("+2) p = (n+2)/n,my =my =
r=2,and

22(2—1/n) z(a#)Z
B = 2 4 2 42
1 as < as + +VO)( SZn/(n+2)) s ( )
4(1 /ag+ DI + 2|2/ vo \ 2



18 LUISA CONSIGLIERI

the interior estimate

1/(2+e)
—£(n+2)/2
IVulsseg s < [ 2P «
Qu-pr 4—(nt2)(o—1)e

2(4+¢) 1/(2+e)
x <n(2+8)Re(n+2)/2> HVMHZ:QR(ZO)+

L(2ee avemn2) W“)X
n2+e¢) ' 2n

2/ (1+ay) 2
X <a#||f||2+87QR(zo) +4/ a#vO||f||2+s,QR(zo)>] (44)

holds, for any R < min{+/T,dist(xo, Q) //n, (452, /(n+2)) "' }. and for all & €
[0, 8] with 6 < 2/[n(v;— 1)], and vy being defined by (38), i.e.

- 6 n/(n+2)
v = (4}1 4 1) (22(”+1)BI + ? + 2n(n+l)/(n+2) + 22n+3> .
n

Remark 5.1. The constant By defined in (42) may be differently given. For
instance, it may depend on the Poincaré constant, denoted by Cq p, if we use in
(41) the Minkowski, Sobolev, and Poincaré inequalities to successively compute

17— U) |2,y < 21— fQ R

R(X0

<2855/ (n42) <||VM||2n/(n+z),QR(xo) +[Ju —][ )delzn/(n+z),QR(x0))

< 2SZn/(n-i—Z) (1 +CQR(x0),2n/(n+2)) ”VMHZn/(n-&-Z),QR(xO))

since u € W21/ ("+2)(Qp(x0)) with 2n/(n+2) < 2 < n. Here U is defined from
(13). With this approach, the restriction of R < (4S,, /(n+2))_1 can be removed.

R (X0

5.2. Local higher integrability up to the spatial boundary of the
gradient

For reader’s convenience, we recall the definition of C' domain. We use the
notation y' = (y1,...,y,_1) € R" 1.

Definition 5.2. We say that Q is a domain of class C' (or simply C! domain),
if Q is an open, bounded, connected, nonempty set of R" and it verifies the
following:

IMeN 3Fp,v>0: 0Q=U"_1,,

m=1

with
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L D=0, ({y = (3n) € 05V (0) x Rt 3y = @ ()},

2. 0, ({y= 0/ € 0 (0) xR : @ (y') <y < @) +V}) C Q,

3.0, (ye 0f V(0) x R: () = v < yu < Bu(y)}) C R\,
where

05 V(0) =y = (o ) ER s [yl <pi= 1 n—1),
and foreachm=1,--- M, O,, : R" — R" denotes a local coordinate system:
y(m) = Om(x) =0x+b, 0 !'=07, detO=1;

and @,, € C'(Q4V(0)).

By Definition 5.2, there exist M € N and p, v > 0 such that for any xy € dQ
there is m € {1,--- ,M} such that a local coordinate system y") = O,,(x) and a
local C'-mapping @, verify

—1 41 [ Hn=1)
x0 €T, =0,'09," (0" (0) x{0}), 45)

where @, : Q,(Jnfl)(O) x R — R of class C' is defined by

y/
n(y) = . 46
P () < Yo — Bp(y) > (46)
For each m € {1,--- M}, we consider the change of variables
ye 0y O x]=v.v[ = x=07(9,' (). (47)

Since the Jacobian of the transformation 0,,' 0 ¢,,! is equal to 1, let us denote
by the same letter any function f = f00,,' 0 ¢,

Fix xop € dQ, and m € {1,--- ,M} such that xo € [, is in accordance with
(45). Set yp = @, 0 Op(x0), and

Tr(y0) = {y € Q0 (0)x] = v, V[: |y = | <R, yo =0},

for any 0 < R < Ry = min{p, v, dist(yj, 8’Q,(,n71) (0))}. Notice that yo = (y;,0).
Inasmuch as Tp = 0,,! 0 9,1 (Zg, (y0)), different cases occur, namely TN\ # 0
and ToN (0Q\T) #0; Ty C T, and Iy C dQ\ . Throughout the sequel, we
refer to || - ||2,5,(y,) including cases where the set is empty.
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Reorganizing the terms in (14) with v, = 1/4 as in Section 5.1, we have

B
20) < R2(n+2 /nH HZn/ n+2),0% ( zo)+

4 1 2 2
— [2 <a# - 1) I£112, 0 () + VOWHZQW)JF
1 21012
+8R <a# _|_2> (Kzn/(n+l)) ||h||2,ZR(z0):| ’

Here B is defined by (compare to (42))

25-2/n (a#)Z 19 )
B= s ( s + — 3 +Vo> (4S2n/(n+2)) . (48)

Va3

Proposition 4.3 with & = |Vu[>"/("+2) p = (n42)/n, I =, = s = 2, and
F being defined by, instead of (43),

Fe> (2(1/a#+ DI+ 112/ vo

ai

1/2
) € L**3(Qr(20)),
and

2 (1 12 248
G=4 |:a# (Cl# +2>:| KZn/(rH—l)’h‘ ceL (ZR(ZO))’

and the application of the passage to the initial coordinates system upon choos-
ing the neighborhood Qp = 0,,' 0 9,,' (O, () of the subset [’y of the boundary
dQ, imply that

2,1[3 e(n+2))2 1/(2+¢)
||V’/‘||2—&-8,Q(143)R(20)S 4_(n+2)( 1) .

2(4—1—8) 1/(2+¢€)
" [<n(2+e)R€("+2)/2) IVtll2, 01 z0)
. pl+e(nt1)/2¢ . 4+e(nt2) 1/(2+¢) .
n(2+8) 2n
2+/2(1 4 ax) 2
X (Cl#HfHZ+s,QR(zo) + \/m||f”2+e,QR(zO)> +
1/(2
N pl+en/2¢ o b+e(n+2) /(2+¢) )
n(2+€)Re/? 2n

4
X Y 2(1 +a#)K2n/(n+l)||h|2+€,ER(ZO):| ; (49)
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for any R < min{v/T, Ry, (4S2,/(n12)) "' }. for all & € [0, 8] with § < 2/[n(v —
1)], and v being defined by (37) W1th (48), thatis (11).

5.3. Global higher integrability

On the one hand, Section 5.1 ensures that for each point z € Q x [0,7] it is
associated a sequence of cubic intervals Q,(,)/»(z), with side lengths r(z) > 0
tending to zero, such that (44) is verified. On the other hand, Section 5.2 ensures
that for each point z € dQ x [0, 7] it is associated a sequence of cubic intervals
0:(z)/2(z), with side lengths r(z) > 0 tending to zero, such that (49) is verified.

From the mathematical point of view, it is indifferent to continue the proof
by considering thoses cubic intervals. With in mind the view point of real and
numerical applications we prefer to proceed by analysing separately the spatial
domain.

According to the Besicovitch covering theorem [21, Theorem 1.2], there
exists a sequence of spatial cubic intervals {Q, (x")},,>1 from the above
collection of cubic intervals such that: Q C Um>1 Q, /2( x(m )) and every point
of R" belongs to at most 2" + 1 cubes in {Q,, /»(x (m)},,>1. Since Q is bounded,
this cover is finite, i.e. its cardinal is an integer number M. Let us define

rg =min{r, : m=1,--- M}.

Indeed, there exists N (depending on the dimension of the space) families
of pairwise disjoint cubes such that (for details see [10, 21])

{00, ™) bt et = U {0 ) i 27 )

where Z(m) contains the indices with x\) € Q, while J(m) contains the in-
dices with x{) € 9Q. For each i € Z(m) (analogously for i € J(m)) there
exists d = d; > 0 such that dr?/4 = T. If d < 1, we take 1) = 0 observing
that ]0,7[C]0,r?/4[. If the integer part |d| is even, i.e. |d| =2k, k € N,
then we may build k 4 1 parabolic interval cubes Q,,(z(*/)) centered at z(»/) =
(x,¢1)) where 1) = 2(j — 1)r? /4 for j=1,--- ,k+ 1 := K(i), observing that
(D) = 2mr? /4 < T. If |d] is odd, ie. Ldj =2k —1, k € N, then we may
build k parabolic interval cubes Q,,(z /)) centered at z(’ N = (x1¢U)) where
tV) = (2j—1)r?jafor j=1,-- k:=K(i).
Hence, combining (44) and (49) with

N
Vulpor < X | X IVullo i+ X Vulg ,cimnna |-

m=1 i€Z(m) i€J (m)
J=1,K(0) J=1K()
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we find the no optimal, but simplified, estimate

|4 )/ @+e)
Va0 + 0 (T e 00+

[Vullp.or < C(n)
ay

1
+¢wwmm@+¢uwmmwmwmmJ}

where

1/(2+¢)
2nﬁ_8(”+2)/2
C — Nzc(n) 7(1’!4’2)/2 . 50
(n) (re) 4—(nt2)(v—1)e (50)
Here, c¢(n) stands for a positive polynomial function of degree 1 on the space
dimension n. Therefore, from (12) we conclude (8).

6. W7 regularity (¢ = 2 and isotropic case)

In this section, we reformulate the explicit LP-estimate of the gradient of a weak
solution. The leading coefficient is assumed to be A = al.

Let us state the following results whose extends to the problem under study
the result obtained in [5, 29] for the Dirichlet problem. To this end, we introduce
the Robin-Laplacian operator AR € £(V,,(Q7); W,) and the perturbation P : u €
V,(Qr) — Pu € W, defined by

(—ARu,v) ::/ Vu-Vvdxdt+ | wuvdsdt;
Or Er

(Pu,v) := /Qr(l —a)Vu-Vvdxdt—i—/ZT(l — b(u))uvdsdt,

for all v € V,y(Qr). The term b(u)uv belongs to L'(E7) due to the embed-
ding L*(0,T;W'?(Q)) < L*(X7), and the growthness of b implies that b(u) €
L= (Zr).

The following first result is established.

Proposition 6.1. IfL~' : W, — V,(Qr) is an isomorphism, then
1L~ Pulv, r) < IL™lop (1 —as) [ Vullp.op + (1= bg)lull2,5,)
where ||L||op stands for the operator norm of L.

Proof. This property is a consequence of definition of P, and the assumptions
(1)-(3) with ag,by < 1 and £ = 2. O
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The existence and uniqueness of weak solutions to the linearized variational
problem (5), i.e. A=1and b = 1, guarantee that L = d; — AR is an isomorphism
from {w € D(L) : Lw € W, } onto W,, for any 1 < p < p and some p > 1, such
that D(L) C W, C R(L). In particular, this restriction of L to W, (called the W,
realization of the operator L) satisfies

1L lop < sup  sup  sup  (M(1,1)+E(1,1,p)) ez 1= Ay,
feLP(Qr) fELP(QT) hel?(zy)
8,07 =1 1Flp.07 =1 A2z, =1

where M(1,1) and £(1,1, p) are according to (10) and (9), respectively.
Therefore, we state the following version of [5, Thm. 2.2, p. 272].

Proposition 6.2. Under the assumptions (1)-(3) with ag,by €]1 —1/A,, 1| and
¢ =2, then any weak solution u € Vo(Qr) of (5) enjoys the following properties

1. u satisfies the variational problem (Lu — Pu— F,v) V)<V, (0r) =0

2. u verifies the following estimate

(1= Ap(1 —an))[[Vullp.or + (1= Ap(1 = by))[[ull2z, <
< Ap (I[fllp.or + 17 p.0r + 1Pll257) -

Proof. The point 1 is consequence of the definitions of the operators. We give an
outline of the proof of the point 2. From the point 1, we have u = L™ (Pu+F).
Then, the claimed estimate follows from Proposition 6.1. U

Finally, we observe that different explicit estimates are obtained via the in-

terpolative approach, namely the Marcinkiewicz interpolation theorem [16, pp.
228-230].

Theorem 6.3. Let T be a linear mapping from L1(Q) N L' (Q) into itself, 1 <
q < r < oo, and suppose there are constants T1 and T, such that

prgt) < (BULIe2) g < (Bl

t t

forall f € L1(Q)NL(Q), and t > 0. Then, T extends as a bounded linear
mapping from LP(Q) into itself for any p such that g < p < r, and

1
T S L /pTO‘TH” 51
1T flp. < PR — T fllp.o (51)

holds for all f € L1(Q)NL"(Q), where 1/p=0a/q+ (1 —a)/r.
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7. Steady-state W'” regularity

The higher integrability of the gradient is an useful tool in order to obtain Holder
continuity (by embedding if p > n). As one knows since long (see e.g. [26,
Ch. 3] or [16, Ch. 8]), Holder continuity can be achieved directly. When the
domain is only Lipschitz, the coefficients are discontinuous, and the boundary
conditions are mixed, it is proved in [23], for the most interesting dimensions
n=2,3,4. For all dimensions it is (unfortunately, rather implicitly) shown in
[17, 18] by use of Sobolev-Campanato spaces (which embed for suitable indices
in corresponding Holder spaces).

An explicit estimate is established in [10]. However, in there the dependence
on the data has a wordy expression. In view of this, such estimate is traced back
to the celebrated paper by Groger and Rehberg [20] in the context of elliptic
regularity theory for weak solutions in the case of mixed boundary conditions.
In this approach, it is assumed to be known the upper bound

My = sup{[lullg.0: ueWrI(Q), [[(—A+1) <1}, (52

Ul
with W (Q) = {v e W'4(Q): v=0onT}.

Here, we consider the following mixed Neumann-power type problem to a
linear elliptic equation:
(NPP) Find u such that verifies, in the sense of distributions,

—V-(AVu)=f-V-f in Q (53)
(AVu—f) - n=(h—b(u)u)yr on JQ, (54)

where n is the unit outward normal to the boundary dQ. Even more, instead of
(52) we set
Ry —1
M, = [(—Ag) ||0pa

where AR is the isomorphism from W' (Q) onto [W'*' (Q)]’ defined by
(=A&w,v) = / Vw - Vvdx + / wvds.
Q r

We endow the Sobolev space W' (Q) with the norm

Vlpe=1Vvipa+vizr.

Although its existence and uniqueness of solutions to (NPP) are classical in
appropriate subspace of H!(Q), namely V5 ¢(Q), the W!?-regularity (p > 2) of
the weak solution is a hardship. Even if the leading coefficient is assumed either
to be in VMO [34] or to verify a minimal condition [8] or if provided by the
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Laplacian operator, i.e. A = 1[12, 35], the use of H>-regularity is not allowed
since our right hand side does not belong to a Lebesgue space.

For reader convenience, we exhibit the explicit constant involved in the
W1P(Q) estimate established in [10].

Theorem 7.1. Let Q be a C' domain, the assumptions (1)-(3) be fulfilled, and

1/2 2
4a*\? 4+,
vy = (8" +1)2%" Pn<<a> filaies °> +1]
a ai

where Vo = Vo(f) is a positive constant if f # 0, and vo(0) = 0 otherwise. Here,
P, is a function on the spatial variable n, and in particular P, = 3 /\/T, and

2 2 N\ ([ . 4313
P= ﬁ <W> (3 7/6—1_;% sm(57r/6)>

Iffc L2 ¢(Q), f € L*¢(Q), and h € L**¢(T") for any € €]0,4/((n+2)(vy —
1))[, then there exists a weak solution u € V, ¢(Q) to (53)-(54), in the sense

/(AVu)-Vvdx—i—/b(u)uvds:/f-Vvdx+
Q r Q

+ / Frdx+ / hvds, v e Va(Q), (55)
Q r

such that belongs to W12€(Q). In particular,

3 €/2
Q)J AVulZ i+

on(l+e/2) (pn 4
HV“HZJrE ( + )
Iy

e =4 (n+2)(vy—1)e

+ (22+(n+1)8/2_|_vU(4—|- (n—|—2)8)> ||]:||%igﬂ+

+(4+vu(d+ (n+2)e) B (56)

where

F oo a2 (22 s L]
- a# a# VO E
2+ 271/’10#

-1
H = 2KZ,,/(,,H)\h%—b#(esssup\u|> l,
Q

a

with ry > 0 being dependent on the space dimension.
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Let us extend the existence result for the mixed Dirichlet-Neumann prob-
lem [20, Theorem 1] to the following one for the mixed Neumann-power type
problem (NPP).

Proposition 7.2. Suppose { =2. If A is symmetric, f € LP(Q), f € LP"/ (Pt (Q),
and h € L*(T"), with p > 2 such that

a* /M, > 3 :=max{y/ (a*)? — (as)?, |a" — asby/a"|}, (57)

then the weak solution u € V, 4(Q) of (55) satisfies

Mpa#

(|Vul|p.o+llullar < o — M, (HfHILQ+SP/Hprn/(p+n),Q+ [All2r),  (58)

where S,y is according to Remark 3.2.

Proof. The monotone theory for elliptic equations (see for instance [33, Corol-
lary 2.2, p. 39]) ensures the existence of u € V, ¢(Q) solving

/Vu-Vvdx+/b(u)uvds:/F-Vvdx+t/fvdx+
Q r Q Q

+/FGvds, Vv e Vo (Q), (59)
with
F = (I-tA)Vu+f;
G = (1—1tb(u))u+th,
for any ¢ > 0.

We seek for a unique fixed point of the continuous linear mapping Q :
WP (Q) — WP(Q) defined by Ow = (—AR)~1(L,w), with

(Lyw,v) = /Q [(1 = tA)Vw 4 £f] - Vodx + 1 /Q Frdx + /r [(1 = tb(u))w+ th]vds,

for all v € Wh7'(Q).
The existence of a unique fixed point is guaranteed if Q is strictly contrac-
tive. Let uy, up € W'»(Q) be arbitrary, then

|Qu1 — Quall1 p.o <M, ([|(1=tA)V (u1 — u2)|| .o+ [|(1 —tb(u)) (1 —u2)||2r) -

For all y € L?(Q), we have the relation [20]

(0= AW lne < /1= (as/a2yl o (60)
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Letting ¢ = a(a*) 2, gathering the two above inequalities we obtain
up —Qualj1po < Mp —(ax/a up —uz)||p.Q
1Qu1 — Qua i p2 <M, ( 11— (ag/a*)?||V( )pat

+|1—agby/(a")?|[Jur —uz2r)
By (57), Q is a strict contraction, and then there exists w € WP (Q) such that
= (—AR)~(L,w). By uniqueness of solution in V5 ¢(Q), then w = u verifies

M,
lelpe < = (slulpo+ S5 (Elpa+ Syl lm im0+ Il2r))

since p’ < 2, which implies (58). O]

Remark 7.3. The choice of the involved constant in (57), which comes from
(60), is not optimal. In the work [29] the author shows that if there exists 0 €
[0, 1] such that A verifies

- . 12, 1/2
.ZIE(AU ji)&imj < ay6 (Z}ff) (Z%nf)
L= = Jj=

then
1
10= Al < c(1= (1= 0)as/a") Iyl ¥y €LF(Q),

where ¢ > 1 is dependent on p (p > 2) and the space dimension n as follows

n p/2 n
Y il?] <Y il
i=1 i=1

In particular, ¢ = 21/271/7 if n = 2. For a symmetric A, we emphasize that 6 =0,
and
—1

-I-l'

c(1—ag/a") < \/1—(ag/a*)?
Moreover, if instead (57) we suppose
M,max{c(1 —ay/a"),|1 —apbs/(a")?|} < 1 —ap/(2a"),
then (58) reads

2M
HV“HMQ—i_ H“HZI < T#p(”f”lbﬂ +SP'Hf||pn/(p+n),Q+ HhHZI)'

Remark 7.4. We emphasize that Proposition 7.2 does not contradicts the coun-
terexample of the existence of a function u € H'(R?) solving the elliptic equa-
tion V- (AVu) = 0 in R? such that does not belong to W!*(Q) for some p > 2.
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