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HERMITE-HADAMARD TYPE FRACTIONAL INTEGRAL
INEQUALITIES FOR GEOMETRIC-GEOMETRIC

CONVEX FUNCTIONS

SHENGDA LIU - JINRONG WANG

By utilizing two fractional integral identities and elementary inequal-
ities via geometric-geometric (GG for short) convex functions, we derive
new type Hermite-Hadamard inequalities involving Hadamard fractional
integrals. Some applications to special means of real numbers are given.

1. Introduction

Fractional calculus originally appeared in the letter between L’Hospital and
Leibniz. Since 1695, Riemann, Liouville, Caputo, Hadamard and other famous
mathematicians paid attention to study such a branch of mathematical analy-
sis. Meanwhile, fractional calculus have been widely applied to the fields of
electricity, biology, economics and signal and image processing [1–8].

The classical Hermite-Hadamard inequality was firstly discovered by Her-
mite in 1881 in the journal Mathesis, which provides a lower and an upper es-
timations for the integral average of any convex function defined on a compact
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interval, involving the midpoint and the endpoints of the domain. Very recently,
many authors pay attention to study Hermite-Hadamard type inequalities in-
volving Riemann-Liouville and Hadamard fractional integrals. For more recent
results which generalize, improve, and extend the classical Hermite-Hadamard
inequality, one can see [9–23] and the references therein.

For f ∈ L[a,b], the Hadamard fractional integrals [1] Jα
a+ f and Jα

b− f of order
α ∈ R+ with a≥ 0 are defined by

(HJα

a+ f )(x) =
1

Γ(α)

∫ x

a

(
ln

x
t

)α−1
f (t)

dt
t
, (0 < a < x≤ b),

and

(HJα

b− f )(x) =
1

Γ(α)

∫ b

x

(
ln

t
x

)α−1
f (t)

dt
t
, (0 < a≤ x < b),

where Γ(·) is the Gamma function.
Recently, Wang et al. [17, 18] established the following two powerful frac-

tional integral identities involving Hadamard fractional integrals.

Lemma 1.1 (see [17]). Let f : [a,b]→ R be a differentiable mapping on (a,b)
with 0< a< b. If f ′ ∈ L[a,b], then the following equality for fractional integrals
holds

(lnx− lna)α +(lnb− lnx)α

lnb− lna
f (x)− Γ(α +1)

lnb− lna
[HJα

x− f (a)+H Jα

x+ f (b)]

=
(lnx− lna)α+1

lnb− lna

∫ 1

0
tαet lnx+(1−t) lna f ′(et lnx+(1−t) lna)dt

− (lnb− lnx)α+1

lnb− lna

∫ 1

0
tαet lnx+(1−t) lnb f ′(et lnx+(1−t) lnb)dt

=
(lnx− lna)α+1

lnb− lna

∫ 1

0
tαxta1−t f ′

(
xta1−t)dt

− (lnb− lnx)α+1

lnb− lna

∫ 1

0
tαxtb1−t f ′

(
xta1−t)dt,

for any x ∈ (a,b).

Lemma 1.2 (see [18]). Let f : [a,b]→ R be a differentiable mapping on (a,b)
with 0< a< b. If f ′ ∈ L[a,b], then the following equality for fractional integrals
holds:

Γ(α +1)
2(lnb− lna)α

[HJα

a+ f (b)+H Jα

b− f (a)]− f
(√

ab
)
=

=
lnb− lna

2

[∫ 1

0
ket lna+(1−t) lnb f ′(et lna+(1−t) lnb)dt
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−
∫ 1

0
[(1− t)α − tα ]et lna+(1−t) lnb f ′(et lna+(1−t) lnb)dt

]
=

lnb− lna
2

[∫ 1

0
katb1−t f ′(atb1−t)dt−

∫ 1

0
[(1− t)α − tα ]atb1−t f ′(atb1−t)dt

]
,

where

k =
{

1, 0≤ t < 1
2 ,

−1, 1
2 ≤ t < 1.

Meanwhile, Wang et al. [17] introduced a new classes of functions satisfy-
ing “s-e-condition”.

Definition 1.3. A function f : I ⊂ (0,∞)→ R is said to satisfy s-e-condition if

f (eλx+(1−λ )y)≤ λ
s f (ex)+(1−λ )s f (ey)

for all x,y ∈ I, λ ∈ [0,1] and for some fixed s ∈ (0,1].

With the help of the new concept of “s-e-condition”, monotonicity and
Lemma 1.1 and Lemma 1.2, some new Hermite-Hadamard inequalities involv-
ing Hadamard fractional integrals are established [17].

Motivated by our previous works [17, 18], we do not use the concept of “s-
e-condition” and use the concept of GG-convex functions (see Definition 2.1),
which maybe more suitable for solving such problem in some sense. We will
use Lemma 1.1, Lemma 1.2 and elementary equalities and inequalities via GG-
convex functions to derive new type Hermite-Hadamard inequalities involving
Hadamard fractional integrals.

2. Definitions, elementary equalities and inequalities

Definition 2.1 (see [24, 25]). Let f : I ⊆ R+→ R+. A function f is said to be
GG-convex on I if for every x,y ∈ I and λ ∈ [0,1], we have

f (xλ y1−λ )≤ [ f (x)]λ [ f (y)]1−λ . (1)

Remark 2.2. By the arithmetic-geometric mean inequality, we have

[ f (x)]λ [ f (y)]1−λ ≤ λ f (x)+(1−λ ) f (y). (2)

Linking (1) and (2), we obtain

f (xλ y1−λ )≤ λ f (x)+(1−λ ) f (y),

which appears in the standard definition of geometric-arithmetic (GA for short)
convex function [24]. So GG-convex function is GA-convex function.
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Remark 2.3 (see [26]). The functions f (x) = coshx and g(x) = ex are GG-
convex on (0,+∞).

It follows Lemma 2.1 and Lemma 2.2 in [14, 17] that we give two singular
integral equalities.

Lemma 2.4. For α > 0 and k > 0, we have

I f (α,x,y) =
∫ 1

0
tα−1T t

f (x,y)dt = Tf (x,y)
∞

∑
i=1

(−1)i−1 (lnTf (x,y))i−1

(α)i
<+∞

where T is defined by

Tf (x,y) =
x| f ′(x)|
y| f ′(y)|

,

and
(α)i = α(α +1)(α +2) · · · (α + i−1).

Lemma 2.5. For α > 0 and k > 0,z > 0,we have

I f (a,x,y,z) =
∫ z

0
tα−1T t

f (x,y)dt = zαT z
f (x,y)

∞

∑
i=0

(−z lnTf (x,y))i−1

(α)i
<+∞.

The following two inequalities are also needed.

Lemma 2.6 (see [14]). For A > B > 0, it holds

(A−B)θ ≤ Aθ −Bθ when θ ≥ 1,

(A−B)θ ≥ Aθ −Bθ when 0 < θ ≤ 1.

Lemma 2.7 (see [19]). For t ∈ [0,1], we have

(1− t)n ≤ 21−n− tn f or n ∈ [0,1],

(1− t)n ≥ 21−n− tn f or n ∈ [1,∞).

3. Main results

In this section, we will use the results via GG-convex functions in Section 2 to
derive our main results in this paper.

Theorem 3.1. Let f : [0,b]→ R be a differentiable mapping. If | f ′| is measur-
able and | f ′| is GG-convex on [0,b] for some fixed α ∈ (0,∞), 0 ≤ a < b, then
the following inequality for fractional integrals holds:∣∣∣∣(lnx− lna)α +(lnb− lnx)α

lnb− lna
f (x)− Γ(α +1)

lnb− lna
[HJα

x− f (a)+H Jα

x+ f (b)]
∣∣∣∣
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≤ (lnx− lna)α+1

lnb− lna
·a · | f ′(a)| ·Tf (x,a)

∞

∑
i=1

(−1)i−1 (lnTf (x,a))i−1

(α +1)i

+
(lnb− lnx)α+1

lnb− lna
·b · | f ′(b)| ·Tf (x,b)

∞

∑
i=1

(−1)i−1 (lnTf (x,b))i−1

(α +1)i
,

for any x ∈ (a,b).

Proof. By using Definition 2.1 and Lemma 2.4, we have∫ 1

0
tαxta1−t | f ′(xta1−t)|dt ≤

∫ 1

0
tαxta1−t | f ′(x)|t | f ′(a)|1−tdt

= a| f ′(a)|I f (α +1,x,a).

Similarly, one has∫ 1

0
tαxtb1−t | f ′(xtb1−t)|dt = b| f ′(b)|I f (α +1,x,b).

By using Lemma 1.1, we obtain∣∣∣∣(lnx− lna)α +(lnb− lnx)α

lnb− lna
f (x)− Γ(α +1)

lnb− lna
[HJα

x− f (a)+H Jα

x+ f (b)]
∣∣∣∣

=

∣∣∣∣(lnx− lna)α+1

lnb− lna

∫ 1

0
tαxta1−t f ′

(
xta1−t)dt

− (lnb− lnx)α+1

lnb− lna

∫ 1

0
tαxtb1−t f ′

(
xta1−t)dt

∣∣∣∣
≤ (lnx− lna)α+1

lnb− lna

∫ 1

0
tαxta1−t | f ′(xta1−t)|dt

+
(lnb− lnx)α+1

lnb− lna

∫ 1

0
tαxtb1−t | f ′(xtb1−t)|dt

≤ (lnx− lna)α+1

lnb− lna
a| f ′(a)|I f (α +1,x,a)

+
(lnb− lnx)α+1

lnb− lna
b| f ′(b)|I f (α +1,x,b)

=
(lnx− lna)α+1

lnb− lna
·a · | f ′(a)| ·Tf (x,a)

∞

∑
i=1

(−1)i−1 (lnTf (x,a))i−1

(α +1)i

+
(lnb− lnx)α+1

lnb− lna
·b · | f ′(b)| ·Tf (x,b)

∞

∑
i=1

(−1)i−1 (lnTf (x,b))i−1

(α +1)i
.

The proof is completed.
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Theorem 3.2. Let f : [0,b]→ R be a differentiable mapping and 1 < q < ∞. If
| f ′|q is measurable and | f ′|q is GG-convex on [0,b] for some fixed α ∈ (0,∞),
0≤ a < b, then the following inequality for fractional integrals holds:∣∣∣∣(lnx− lna)α +(lnb− lnx)α

lnb− lna
f (x)− Γ(α +1)

lnb− lna
[HJα

x− f (a)+H Jα

x+ f (b)]
∣∣∣∣

≤ (lnx− lna)α+1

lnb− lna
·a · | f ′(a)| ·

(
1

α p+1

) 1
p

·

(
T q

f (x,a)−1

q ln(Tf (x,a))

) 1
q

+
(lnb− lnx)α+1

lnb− lna
·b · | f ′(b)| ·

(
1

α p+1

) 1
p

·

(
T q

f (x,b)−1

q ln(Tf (x,b))

) 1
q

,

where 1
p +

1
q = 1.

Proof. By using Definition 2.1, Hölder inequality, we obtain∫ 1

0
tαxta1−t | f ′(xta1−t)|dt

≤
(∫ 1

0
tα pdt

) 1
p
(∫ 1

0
(xta1−t | f ′(xta1−t)|)qdt

) 1
q

≤
(

1
α p+1

) 1
p
(∫ 1

0
xqtaq(1−t)| f ′(x)|qt | f ′(a)|q(1−t)dt

) 1
q

≤
(

1
α p+1

) 1
p

·a · | f ′(a)| ·
(∫ 1

0
T q

f (x,a)dt
) 1

q

≤
(

1
α p+1

) 1
p

·a · | f ′(a)| ·

(
T q

f (x,a)−1

q ln(Tf (x,a))

) 1
q

.

Similarly, one has

∫ 1

0
tαxtb1−t | f ′(xtb1−t)|dt ≤

(
1

α p+1

) 1
p

·b · | f ′(b)| ·

(
T q

f (x,b)−1

q ln(Tf (x,b))

) 1
q

.

By using Lemma 1.1, we have∣∣∣∣(lnx− lna)α +(lnb− lnx)α

lnb− lna
f (x)− Γ(α +1)

lnb− lna
[HJα

x− f (a)+H Jα

x+ f (b)]
∣∣∣∣

=

∣∣∣∣(lnx− lna)α+1

lnb− lna

∫ 1

0
tαxta1−t f ′(xta1−t)dt−
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− (lnb− lnx)α+1

lnb− lna

∫ 1

0
tαxtb1−t f ′(xtb1−t)dt

∣∣∣∣
≤ (lnx− lna)α+1

lnb− lna

∫ 1

0
tαxta1−t | f ′(xta1−t)|dt

+
(lnb− lnx)α+1

lnb− lna

∫ 1

0
tαxtb1−t | f ′(xtb1−t)|dt

≤ (lnx− lna)α+1

lnb− lna
·a · | f ′(a)| ·

(
1

α p+1

) 1
p

·

(
T q

f (x,a)−1

q ln(Tf (x,a))

) 1
q

+
(lnb− lnx)α+1

lnb− lna
·b · | f ′(b)| ·

(
1

α p+1

) 1
p

·

(
T q

f (x,b)−1

q ln(Tf (x,b))

) 1
q

.

The proof is done.

Theorem 3.3. Let f : [0,b]→ R be a differentiable mapping . If | f ′| is measur-
able and | f ′| is GG-convex on [0,b] for some fixed α ∈ (0,∞), 0 ≤ a < b, then
the following inequality for fractional integrals holds:∣∣∣∣ Γ(α +1)

2(lnb− lna)α
[HJα

b− f (a)+H Jα

a+ f (b)]− f (
√

ab)
∣∣∣∣

≤max
{

lnb− lna
2

b| f ′(b)|
[2Tf (a,b)−1+(21−α +1)T

1
2

f (a,b)

ln(Tf (a,b))

−4I f (α +1,a,b,
1
2
)+2I f (α +1,a,b,a)

]
,

lnb− lna
2

b| f ′(b)|
[2T

1
2

f (a,b)−1

ln(Tf (a,b))
−4I f (α +1,a,b,

1
2
)

+2I f (α +1,a,b,a)
]}

.

Proof. To achieve our aim, we divide our proof into two cases.
Case 1: α ∈ (0,1). By using Definition 2.1, Lemma 1.2, Lemma 2.4,

Lemma 2.5, Lemma 2.6, Lemma 2.7 via Hölder inequality, we have∣∣∣∣ Γ(α +1)
2(lnb− lna)α

[HJα

b− f (a)+H Jα

a+ f (b)]− f (
√

ab)
∣∣∣∣

=

∣∣∣∣ lnb− lna
2

[∫ 1

0
katb1−t f ′(atb1−t)dt

−
∫ 1

0
[(1− t)α − tα ]atb1−t f ′(atb1−t)dt

]∣∣∣∣≤
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≤ lnb− lna
2

[∫ 1

0
atb1−t | f ′(atb1−t)|dt

+
∫ 1

0
|(1− t)α − tα | ·atb1−t · | f ′(atb1−t)|dt

]
≤ lnb− lna

2

[∫ 1

0
atb1−t | f ′(a)|t | f ′(b)|1−tdt

+
∫ 1

0
|(1− t)α − tα |atb1−t | f ′(a)|t | f ′(b)|1−tdt

]
=

lnb− lna
2

[
b| f ′(b)|

∫ 1

0
T t

f (a,b)dt +b| f ′(b)|
∫ 1

0
|(1− t)α − tα |T t

f (a,b)dt
]

=
lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

0
|(1− t)α − tα |T t

f (a,b)dt
]

=
lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
((1− t)α − tα)T t

f (a,b)dt

+
∫ 1

1
2

(−(1− t)α + tα)T t
f (a,b)dt

]
≤ lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
(1− t)αT t

f (a,b)dt

−
∫ 1

2

0
tαT t

f (a,b)dt−
∫ 1

1
2

(1− t)αT t
f (a,b)dt +

∫ 1

1
2

tαT t
f (a,b)dt

]
≤ lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
(21−α − tα)T t

f (a,b)dt

−
∫ 1

2

0
tαT t

f (a,b)dt−
∫ 1

1
2

(1− tα)T t
f (a,b)dt +

∫ 1

1
2

tαT t
f (a,b)dt

]
=

lnb− lna
2

b| f ′(b)|
[∫ 1

0
T t

f (a,b)dt

+
∫ 1

2

0
(21−α −2tα)T t

f (a,b)dt +
∫ 1

1
2

(2tα −1)T t
f (a,b)dt

]
=

lnb− lna
2

b| f ′(b)|
[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
21−αT t

f (a,b)dt

−2
∫ 1

2

0
tαT t

f (a,b)dt−
∫ 1

1
2

T t
f (a,b)dt +2

∫ 1

1
2

tαT t
f (a,b)dt

]
=

lnb− lna
2

b| f ′(b)|
[∫ 1

0
Tf (a,b)dt +21−α

∫ 1
2

0
Tf (a,b)dt

−
∫ 1

1
2

Tf (a,b)dt−4
∫ 1

2

0
tαTf (a,b)dt +2

∫ 1

0
tαTf (a,b)dt

]
=
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=
lnb− lna

2
b| f ′(b)|

[2Tf (a,b)−1+(21−α +1)T
1
2

f (a,b)

ln(Tf (a,b))

−4I f (α +1,a,b,
1
2
)+2I f (α +1,a,b,a)

]
.

Case 2: α ∈ [1,∞). By using Definition 2.1, Lemma 1.2, Lemma 2.4,
Lemma 2.6, Lemma 2.7, Hölder inequality and Lemma 2.5 again, we have∣∣∣∣ Γ(α +1)
2(lnb− lna)α

[HJα

b− f (a)+H Jα

a+ f (b)]− f (
√

ab)
∣∣∣∣

=

∣∣∣∣ lnb− lna
2

[∫ 1

0
katb1−t f ′(atb1−t)dt

−
∫ 1

0
[(1− t)α − tα ]atb1−t f ′(atb1−t)dt

]∣∣∣∣
≤ lnb− lna

2

[∫ 1

0
atb1−t | f ′(atb1−t)|dt

+
∫ 1

0
|(1− t)α − tα |atb1−t | f ′(atb1−t)|dt

]
≤ lnb− lna

2

[∫ 1

0
atb1−t | f ′(a)|t | f ′(b)|1−tdt

+
∫ 1

0
|(1− t)α − tα |atb1−t | f ′(a)|t | f ′(b)|1−tdt

]
=

lnb− lna
2

[
b| f ′(b)|

∫ 1

0
T t

f (a,b)dt

+b| f ′(b)|
∫ 1

0
|(1− t)α − tα |T t

f (a,b)dt
]

=
lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

0
|(1− t)α − tα |T t

f (a,b)dt
]

=
lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
((1− t)α − tα)T t

f (a,b)dt

+
∫ 1

1
2

(−(1− t)α + tα)T t
f (a,b)dt

]
=

lnb− lna
2

b| f ′(b)|
[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
(1− t)αT t

f (a,b)dt

−
∫ 1

2

0
tαT t

f (a,b)dt−
∫ 1

1
2

(1− t)αT t
f (a,b)dt +

∫ 1

1
2

tαT t
f (a,b)dt

]
≤ lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
(1− tα)T t

f (a,b)dt−
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−
∫ 1

2

0
tαT t

f (a,b)dt−
∫ 1

1
2

(21−α − tα)T t
f (a,b)dt +

∫ 1

1
2

tαT t
f (a,b)dt

]
=

lnb− lna
2

b
[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
(1−2tα)T t

f (a,b)dt

+
∫ 1

1
2

(−1+2tα)T t
f (a,b)dt

]
=

lnb− lna
2

b| f ′(b)|
[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
T t

f (a,b)dt−
∫ 1

1
2

T t
f (a,b)dt

−2
∫ 1

2

0
tαT t

f (a,b)dt +2
∫ 1

0
tαT t

f (a,b)dt−2
∫ 1

2

0
tαT t

f (a,b)dt
]

=
lnb− lna

2
b| f ′(b)|

[∫ 1

0
T t

f (a,b)dt +
∫ 1

2

0
T t

f (a,b)dt

−
∫ 1

1
2

T t
f (a,b)dt−4

∫ 1
2

0
tαT t

f (a,b)dt +2
∫ 1

0
tαT t

f (a,b)dt
]

=
lnb− lna

2
b| f ′(b)|

[2T
1
2

f (a,b)−1

ln(Tf (a,b))
−4I f (α +1,a,b,

1
2
)+2I f (α +1,a,b,a)

]
.

The proof is done.

Corollary 3.4. Under the conditions of Theorem 3.3, if x| f ′(x)| is decreasing,
then ∣∣∣∣ Γ(α +1)

2(lnb− lna)α
[HJα

b− f (a)+H Jα

a+ f (b)]− f (
√

ab)
∣∣∣∣≤

≤max
{

lnb− lna
2

b| f ′(b)|
[2Tf (a,b)−1+(21−α +1)T

1
2

f (a,b)

ln(Tf (a,b))

−4I f (α +1,a,b,
1
2
)+2

Tf (a,b)
α +1

]
,

lnb− lna
2

b| f ′(b)|
[2T

1
2

f (a,b)−1

ln(Tf (a,b))
−4I f (α +1,a,b,

1
2
)+2

Tf (a,b)
α +1

]}
.

Proof. Note that T t
f (a,b)≤ Tf (a,b) for t ∈ [0,1] gives

∫ 1

0
tαT t

f (a,b)dt ≤
∫ 1

0
tαTf (a,b)dt =

Tf (a,b)
α +1

.

Then, the result can be derived immediately.
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Theorem 3.5. Let f : [0,b]→ R be a differentiable mapping and 1 < q < ∞. If
| f ′|q is measurable and | f ′|q is GG-convex on [0,b] for some fixed α ∈ (0,∞),
0≤ a < b, then the following inequality for fractional integrals holds∣∣∣∣ Γ(α +1)

2(lnb− lna)α
[HJα

b− f (a)+H Jα

a+ f (b)]− f (
√

ab)
∣∣∣∣

≤max
{

lnb− lna
2

·b · | f ′(b)| ·
(
(1+21−α)p

2
− 2p(1−2−pα)

pα +1

) 1
p

·

(
T q

f (a,b)

q lnTf (a,b)

) 1
q

,
lnb− lna

2
·b · | f ′(b)| ·

(
2p− 2p+1−2p(1−α)

pα +1

) 1
p

·

(
T q

f (a,b)

q lnTf (a,b)

) 1
q }

,

where 1
p +

1
q = 1.

Proof. To achieve our aim, we divide into two cases.
Case 1: α ∈ (0,1). For

k =
{

1, 0≤ t < 1
2 ,

−1, 1
2 ≤ t < 1.

By using Lemma 2.6, Lemma 2.7, we obtain

∫ 1

0
|k− (1− t)α + tα |pdt

=
∫ 1

2

0
(1− (1− t)α + tα)pdt +

∫ 1

1
2

(1− tα +(1− t)α)pdt

≤
∫ 1

2

0
[(1+ tα)− (1− tα)]pdt +

∫ 1

1
2

[1− tα +21−α − tα ]pdt

=
∫ 1

2

0
2pt pαdt +

∫ 1

1
2

[(1+21−α)p−2pt pα ]dt

=
(1+21−α)p

2
− 2p(1−2−pα)

pα +1
.

Case 2: α ∈ [1,∞). By using Lemma 2.6 and Lemma 2.7, we obtain∫ 1

0
|k− (1− t)α + tα |pdt =
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=
∫ 1

2

0
(1− (1− t)α + tα)pdt +

∫ 1

1
2

(1− tα +(1− t)α)pdt

= 2
∫ 1

1
2

(1− tα +(1− t)α)pdt ≤ 2
∫ 1

1
2

(1− tα +1− tα)pdt

≤ 2p+1
∫ 1

1
2

(1− tα)pdt ≤ 2p+1
∫ 1

1
2

(1− tα p)dt

= 2p+1
(

1
2
−
∫ 1

1
2

t pαdt
)
≤ 2p− 2p+1−2p(1−α)

pα +1
.

Since | f ′(x)|q is GG-convex on [0,b], from Definition 2.1, we drive

∫ 1

0
(atb1−t | f ′(atb1−t)|)qdt ≤

∫ 1

0
(atb1−t)q| f ′(a)|tq| f ′(b)|q(1−t)dt

=
(
b · | f ′(b)|

)q
∫ 1

0
T q

f (a,b)dt

=
(
b · | f ′(b)|

)q T q
f (a,b)

q lnTf (a,b)
.

Therefore, by Lemma 2.7 and Hölder inequality, we have∣∣∣∣ Γ(α +1)
2(lnb− lna)α

[HJα

b− f (a)+H Jα

a+ f (b)]− f (
√

ab)
∣∣∣∣

=

∣∣∣∣ lnb− lna
2

[∫ 1

0
(k− (1− t)α + tα)atb1−t f ′(atb1−t)dt

]∣∣∣∣
≤ lnb− lna

2

∫ 1

0
|k− (1− t)α + tα | ·atb1−t · | f ′(atb1−t)|dt

≤ lnb− lna
2

(∫ 1

0
|k− (1− t)α + tα |pdt

) 1
p
(∫ 1

0

(
atb1−t | f ′(atb1−t)|

)q
dt
) 1

q

≤max
{

lnb− lna
2

·b · | f ′(b)| ·
(
(1+21−α)p

2
− 2p(1−2−pα)

pα +1

) 1
p

·

(
T q

f (a,b)

q lnTf (a,b)

) 1
q

,
lnb− lna

2
·b · | f ′(b)| ·

(
2p− 2p+1−2p(1−α)

pα +1

) 1
p

·

(
T q

f (a,b)

q lnTf (a,b)

) 1
q }

.

The proof is done.
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4. Applications to special means

Consider the following special means (see [27]) for arbitrary real numbers x,y,x
6= y as follows:

(i) A(x,y) = x+y
2 ,x,y ∈ R.

(ii) H(x,y) = 2
1
x +

1
y
,x,y ∈ R\{0}.

(iii) G(x,y) =
√

xy.
(iv) L(x,y) = y−x

ln |y|−ln |x| , |x| 6= |y|,xy 6= 0.

(v) Ln(x,y) =
[

yn+1−xn+1

(n+1)(y−x)

] 1
n
,n ∈ Z \{−1,0},x,y ∈ R,x 6= y.

Using the results obtained in Section 3, we give some applications to special
means of real numbers.

Proposition 4.1. Let a,b ∈ R+ \{0},0≤ a < b,x ∈ [0,b]. Then∣∣∣∣A(x,x)−L(a,b)
∣∣∣∣≤ (2lnx− lna− lnb−2)x+a+b

lnb− lna
,

∣∣∣∣A(x,x)−L(a,b)
∣∣∣∣≤ (lnx− lna)2

lnb− lna
a
(

1
p+1

) 1
p
( ( x

a

)q−1
q(lnx− lna)

) 1
q

+
(lnb− lnx)2

lnb− lna
b
(

1
p+1

) 1
p
( ( x

b

)q−1
q(lnx− lnb)

) 1
q

,∣∣∣∣L(a,b)− [A(a,b)H(a,b)]
1
2

∣∣∣∣≤ a−b− (
√

a+
√

b)2

lna− lnb
,∣∣∣∣L(a,b)− [A(a,b)H(a,b)]

1
2

∣∣∣∣≤ a(lnb− lna)

2(q(lna− lnb))
1
q

(
2p− 2p+1−1

p+1

) 1
p

.

Proof. Applying Theorems 3.1, 3.2, 3.3, and 3.5 for f (x) = x and α = 1, one
can obtain the results immediately.

Proposition 4.2. Let a,b ∈ R+ \{0},0≤ a < b,x ∈ [0,b],n≥ 2.Then∣∣∣∣A(xn,xn)−L(a,b)Ln−1
n−1(a,b)

∣∣∣∣≤ (1− 2
n(lnb− lna)

)
xn− an +bn

n(lnb− lna)
,

∣∣∣∣A(xn,xn)−L(a,b)Ln−1
n−1(a,b)

∣∣∣∣≤ n
(

1
p+1

) 1
p

lnb− lna

[((lnx− lna)2q−1(xqn−aqn)

qn

) 1
q

+

(
(lnx− lnb)2q−1(xqn−bqn)

qn

) 1
q ]

,
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n
2

∣∣∣∣≤−nbn

((a
b

) n
2 −1+

2
(a

b

) n
2 −
(a

b

)n−1
n2(lna− lnb)

)
,

∣∣∣∣L(an,bn)− (H(a,b)A(a,b))
n
2

∣∣∣∣≤ lnb− lna

2(qn(lna− lnb))
1
q

nan
(

2p− 2p+1−1
p+1

) 1
p

.

Proof. Applying Theorems 3.1, 3.2, 3.3, and 3.5 for f (x) = xn and α = 1, one
can obtain the results immediately.

Proposition 4.3. Let a,b ∈ R+ \{0},0≤ a < b,x ∈ [0,b],n≥ 2. Then∣∣∣∣A(1
x
,
1
x

)
− 1

2
L
(

1
a
,
1
b

)∣∣∣∣≤ 2(lna+ lnb)−4lnx−4
x(lnb− lna)

− 2
a(lnb− lna)

,

∣∣∣∣A(1
x
,
1
x

)
− 1

2
L
(

1
a
,
1
b

)∣∣∣∣≤ 2(lnx− lna)2

a(lnb− lna)

(
1

p+1

) 1
p
( (a

x

)q−1
q(lna− lnx)

) 1
q

+
2(lnb− lnx)2

b(lnb− lna)

(
1

p+1

) 1
p
( (b

x

)q−1
q(lnb− lnx)

) 1
q

,

∣∣∣∣L(1
b
,
1
a

)
−G

(
1
a
,
1
b

)∣∣∣∣≤− 1
2b

−1+
b
a
+

2
(b

a

) 1
2 − b

a −1
lnb− lna

 ,

∣∣∣∣L(1
b
,
1
a

)
−G

(
1
a
,
1
b

)∣∣∣∣≤ lnb− lna

4a(q(lnb− lna))
1
q

(
2p− 2p+1−1

p+1

) 1
p

.

Proof. Applying Theorems 3.1, 3.2, 3.3, and 3.5 for f (x) = 1
x and α = 1, one

can obtain the results immediately.

Proposition 4.4. Let a,b ∈ R+ \{0},0≤ a < b,x ∈ [0,b],n≥ 2. Then∣∣∣∣A(x,x)−L(b−1,a−1)

∣∣∣∣
≤ (2lnx+ lna+ lnb−2)x+a−1 +b−1

lnb− lna
,∣∣∣∣A(x,x)−L(b−1,a−1)

∣∣∣∣
≤ (lnx+ lnb)2

lnb− lna
b−1

(
1

p+1

) 1
p
(

(xb)q−1
q(lnx+ lnb)

) 1
q

+
(lna+ lnx)2

lnb− lna
a−1

(
1

p+1

) 1
p
(

(xa)q−1
q(lnx+ lna)

) 1
q

,
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1
2

∣∣∣∣
≤−a−1 +b−1− (

√
a−1 +

√
b−1)2

lna− lnb
,∣∣∣∣L(b−1,a−1)− [A(b−1,a−1)H(b−1,a−1)]

1
2

∣∣∣∣
≤ lnb− lna

2
b−1

(
2p− 2p+1−1

p+1

) 1
p
(

1
q(lna− lnb)

) 1
q

.∣∣∣∣A(xn,xn)−L(b−1,a−1)Ln−1
n−1(b

−1,a−1)

∣∣∣∣
≤
(

1− 2
n(lnb− lna)

)
xn− a−n +b−n

n(lnb− lna)
,∣∣∣∣A(xn,xn)−L(b−1,a−1)Ln−1

n−1(b
−1,a−1)

∣∣∣∣
≤

n
(

1
p+1

) 1
p

lnb− lna

[(
(lnx+ lnb)2q−1(xqn−b−qn) · 1

qn

) 1
q

+

(
(lnx+ lna)2q−1(xqn−a−qn) · 1

qn

) 1
q ]

,∣∣∣∣L(b−n,a−n)− (H(b−1,a−1)A(b−1,a−1))
n
2

∣∣∣∣
≤−na−n

((a
b

) n
2 −1+

2
(a

b

) n
2 −
(a

b

)n−1
n2(lna− lnb)

)
,∣∣∣∣L(b−n,a−n)− (H(b−1,a−1)A(b−1,a−1))

n
2

∣∣∣∣
≤ lnb− lna

2
nb−n

(
2p− 2p+1−1

p+1

) 1
p
(

1
qn(lna− lnb)

) 1
q

.∣∣∣∣A(1
x
,
1
x

)
− 1

2
L(b,a)

∣∣∣∣≤ −2(lna+ lnb)−4lnx−4
x(lnb− lna)

− 2b
lnb− lna

,

∣∣∣∣A(1
x
,
1
x

)
− 1

2
L(b,a)

∣∣∣∣≤ 2b(lnx+ lnb)2

(lnb− lna)(p+1)
1
p

( ( 1
xb

)q−1
q(− lnb− lnx)

) 1
q

+
2a(lna+ lnx)2

(lnb− lna)(p+1)
1
p

( ( 1
xa

)q−1
q(− lna− lnx)

) 1
q

,
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∣∣∣∣L(a,b)−G(b,a)
∣∣∣∣≤−2a

−1+
b
a
+

2
(b

a

) 1
2 − b

a −1
lnb− lna

 ,

∣∣∣∣L(a,b)−G(b,a)
∣∣∣∣≤ b(lnb− lna)

4(q(lnb− lna))
1
q

(
2p− 2p+1−1

p+1

) 1
p

.

Proof. Making the substitutions a → b−1 , b → a−1 in the Proposition 4.1,
Proposition 4.2 and Proposition 4.3, one can obtain desired inequalities respec-
tively.
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