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ON HILBERT’S TYPE OPERATOR NORM INEQUALITIES
ON HERZ SPACES

KUANG JICHANG - LOKENATH DEBNATH

In this paper some necessary and sufficient conditions are given for
the Hilbert’s type operators to be bounded on the Herz spaces. The corre-
sponding new operator norm inequalities are obtained.

1. Introduction

Considerable attention has been given to the classical Hilbert operator 7' defined

by
7%ﬁX%=Am<xly>f@ﬁw, (1

and to the classical Hilbert inequality

{

oo p 1/p
ﬂw@ w}
0o Xx+y
1/p

.
< s rerad T o 1<pce @

where the constant factor 7/ sin(7/p) is the best possible value (Hardy et al.
[1]). In view of the mathematical importance and applications, considerable
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attention has also been given to various improvements, refinements and exten-
sions of many inequalities by various authors (see [3-10] and the references
cited therein). However, hardly any work was done on inequalities on Herz
spaces. It is well-known that Herz spaces play an important role in charac-
terizing the properties of functions and multipliers on classical Hardy spaces.
In recent years, considerable attention has been given to the study of the Herz
spaces (see [11]).

The aim of this paper is to establish some new inequalities related to the
Hilbert’s type operator

70 = [ K@) f0)dy @

with the general kernel K (x,y). We obtain some necessary and sufficient con-
ditions for the Hilbert’s type operator T to be bounded on the Herz spaces. The
corresponding new operator norm inequalities are obtained.

2. Definitions and Main Results

Definition 2.1. Let & € R, 0 < p, ¢ < o, By = {x € R" | [x| <2K,i=1,2,
...,n}, Dy = By \ Bk_1, (k€ Z), ¢ = ¢p, denote the characteristic function
of the set Dy, .

(1) The homogeneous Herz space K, ¥ (R") was defined by Lu et al. [11]
as follows:

Kot = {1 Ll R {0}) | I fllgeran < =} (4)
where
o 1/p
1f 1| geer (my = { ) 2kap||f¢k||f;} ; O]
k=—c0
(2) The homogeneous Herz type space K, ¥ (@) is defined by
KE7 (0) = {f € L, (R = {0} | fllgoay <=} ©)
where
oo 1/p
1Al ke () = { Y o Hfmlf,iw} : (7
k=—oc0

We can define the non-homogeneous Herz space K; ' (R") and K, (@) in a
similar way, as to Lu et al. [11].
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Throughout this paper, we write

o= ([ lrcorowad) s isl,= ([ ireora)”

It is easy to see that when p = g, we have
% a7 —_— E) —_—
K&? (R") = Ko7 (R") = L (R")
and
Kg/p,p (R") = Kg/p,p (R") = L7 (|x|* dx) .
Our main result is the following:

Theorem 2.2. Let €R, 0< p<oo, A >0and 0<qg<1, @ (x) =x""1 Ler
K (x,y) be a nonnegative measurable function on (0,%0) X (0,e0) which satisfies
the following conditions:

(1) K (tx,ty) =t"*K (x,y) forall t >0,
(2) F(t)=|f(tx)| K (1,1) and ) (1,t) are concave functions on (0,0),
(3) K (1,t) has compact support on (0,),
then the Hilbert’s type operator T defined by (3): K57 (@) — Kg'" (]RL) exists
as a bounded operator if and only if

/0 Ao 1=K (1,1) dr < oo (8)

Moreover, when (8) holds, the operator norm ||T || of T on Ky ¥ (®) satisfies the
following inequality:

/mtl‘o“l‘(l/")K(l,t)dt
0

SHTHSC(nq,a)/O Ao =Wag (11 dr, (9
where

C(p.q.@)
21/p=1a2g=1/p (14 )1 (p4+ g7 (14219), 0<p<g<l1
=< 2V (1491 (1421, 0<g<p<1
2V/a-2/p=1 (14 )4 (14+1/p) (14+29), 0<g<1<p<oo
(10)

There are some similar results for 1 < g < oo and the non-homogeneous Herz
spaces. We omit the details here.
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3. Proof of Theorem 2.2

We require the following Lemmas to prove our result.

Lemma 3.1. Let f be a nonnegative measurable function on [0,b]. If 1 < p < oo,
then

1/
/bf(x)dx < p'=(1/p) {/bff’ (x)dx} p. (11)
0 0

Proof. Lemma 3.1 is an immediate consequences of Holder’s inequality. O

Lemma 3.2. (See [2]) Let f be a nonnegative measurable and concave function
on[a,b], 0 < o < B, then

{(gf;) ./ab [f(x)]ﬁdx}l/ﬁ < {(Zjé) /ab [f(x)]o‘dx}l/a. (12)

Setting a =0 and for a = 1, B = p > 1, we obtain the Favard inequality:

/Obfp(x)dxg (p%:) pl-P </0bf(x)dx>p. (13)

When a = p, B =1, that is, 0 < p < 1, inequality (12) yields

(/Ohf(x)dx>p < (1);1> b~ ! /Ohfp(x)dx. (14)

We next write simply Kg'" (R) and Kg'*" (w) to denote K and K (o), respec-
tively.

Proof of Theorem 2.2. Since K (1,¢) has compact support on (0, ), there exists
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b > 0, such that support K (1,7) C [0,b]. Using (14) and setting y = tx, we obtain

(T f) ¢xll,
q 1/q
={ y)f(y)dy dX}

q 1/q
{ (/ K(1,1) sup |f(tx)|dt> x(1- qux}
Dy
1 . b !
< 2 (1+q)/1p!=01/0) / / sup £ ()] | x(-Pdx
2 0 \ /D \ xe(0,00)

1/q
xK‘I(l,t)dt}

1 b .
5w T ot t)
0 2kl <y<2kt

1/q
xt(l‘l)q‘ll("(l,r)dt} .

For each € (0,0), there exists an integer m such that 2"~! < ¢ < 2™, Setting
Ak,m — {y c (0’00) . 2k+mfl <y< 2k+m} 7

we obtain
(1+9)"
T ol < S { A ( [, erens
1/q
w10 @)y ) e ) ar
A

14q)"7 (b
< St (ol 0ceml )
“ t(lfl)lrl[(q(l,t)dt}l/q

It follows that
(1 ‘Hl)l/q Ak b q
(Tl < 2pa T k§m2 op /0 (Hf‘P(kerfl)Hq’w‘i_ Hf¢k+m”3,w>

pla) /P
><t<“>‘111<‘1(1,t)dt] } : (15)
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Now, we consider three cases:
Casel. O0<p<g<l.
In this case, it follows from (15) and (14) that

(T f)lx
1+ 0 +p/0"" [ & ko [ [”
S T p/p) ] kZ 2kp[/o <||f¢k+m—1||f,’,w+||f¢k+m||§,w>]

——o00

1/p
X t(xll/Q)PKP(l,t)dt}

1+ (1 +p/9)"" [1 & eems
< gt umpin | |2 el

=—00

1/p

X/bz—(m_l)apt(’l_l_l/q)pr(l,l‘)dl‘:|
0

[ee] b

Z 2(k+m)ap Hf¢k+m‘|gw/ 27mapt(171—1/q)pKP (]71') dt

P JO

l/p}
<2Vr=Va2 (14 )9 (14 p/q)'/" 11l k(@)
b
X/ (2,(,11,1)05 +2—ma) tkflfl/qK(ljt) dt
0

<212 (1 )V (14 p/g) VP (1 +2‘a‘> 1Ak ()

></ A ag (1 dr. (16)
0

Case2. O<g<p<l.
In this case, it follows from (15) and (11) that

T )&

1+ [ & rap [ . .\l
< g L 2 [ (10l 150cnl o)

«tA=1=1/9)pgp (17t)dt}l/p

144¢)" b
Szl/p(l/,m)b e Z 2kop / (L7 9um 117+ 1790 sm

X t(l,l,l/q),,Kp(l’t)dt}‘/”
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——o00

1+4¢)"4 - e
Szz_ﬂw,}up)_] Y 25 ot
k
1/p

y /b2<m1>ap,<z1(1/q>>pr(1J)dt]
0

1/p
(o] b
Z 2(k+m)(pof¢k+m”Zw/ ZmGPI(AII/Q)PKPUJ)dt] }
7 Jo

k=—c0

- b/ o e
<2l 2(1Jrq)l/q’||f||1r<(a))/0 (2 +2 OC)fl VK (1,0)dt

<202 (1) (142%) | fl gy [ A7V (1)

Case3. 0<g<1<p<on,
It follows from (14) and (15) that

T )k

1+ ]/q S b /4
< S {Z 2 [ (179km-1 0+ 1 duemll )

x t(k—l—l/q)pKP(l’t)dt}l/p

(1+Q)l/q - kap b p p
S U1t p(/p) T k;mz /0 (”””‘*"’*IH ot £kl @)

% t(k—l—l/fl)PKP(l’t)dt}l/p

(1+49)" S
= 21/p1/qt1p(1/p)—1 kz 2 PN fOem—1llg,0

b 1/p
% / - m=Dap(A=1=1/apgr (1 i) dt}
0

1/p
Y 26 o, [ 2k, r)d] }

k=—c0
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< 71/4-2/p—1 (1 —|-q)1/q (1+1/p) Hf”K(a))
b
[ (e k a
0
<22t (1 )i (141/p) (1 +2“"‘) 1/ k()

></ A=K (1,1) dr. (17)
0
In view of above inequalities (16)—(17), we obtain
ITI<Clpg.a) [ VoK (1,0dr, (1)
0

where C (p, g, a) defined by (10).
To prove the opposite inequality for each € € (0, 1), we set,

0, 0<x<1
fe(x) =
xA-a-1-1/g-e)
then
q _ (A—a—1-1/g—€)q,(1-A)q 3, — H—k(a+¢€)q
Ifetelo= [, x1 Mgy = 27H@s0ag,  (19)
where
2(a+8)q_ 1
Co=|———
(a+¢€)g

It follows that

oo 1/p e
_ kap (14 H—k(a+e)\ P _ Ve 2
1 fell k() {k_zmz (Co 2 ) } Co (1—2 re)/7’ (20)
We note that
T (fo,x) = x~(@F1/ate) /x_l e a1 1) g, @1

For each € € (0,1), there exists a positive integer / such that 2/~! < 1/e < 2/,
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so that

oo

IT fellk = Z okatp {/ T (forx) b0 (x)]qu}p/q

k=1 x>1

oo

— Z pkop {/ x(et+1/q+€)q
—_ 21 <x<2k
o q p/q
X </ ltl‘("‘““/‘fﬂg)l{(l,t)dt) dx}

oo {o%e} p
> Z ykap (/ tl—(a-l—l-&-l/q-i—e)K(l,t)dt)

k=I+1 €
1 rla
y / (at1/g+e)a g,
k=1 x<2k

— </wtl(a+l+1/q+€)K(17I) dt)p i 2/{0(]) (Cosz(OH»S)q)p/q
€ k=I+1

pla( [7 2 1+1/g+e) P o-epil)
=C}) (/E A—(a+1+1/q+e K(l,t)dt> 1 = |- (22)

Thus,
T o5}
HT” 2 H fSHK 22781/ tl*(OH»l‘l’l/(H‘E)K(ljt)dt (23)
[ fellk (w) e

In the limit as € — 0 in (23), we obtain

||T|]2/O A D K (1 1) dr.

This completes the proof of Theorem 2.2.
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