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ON TWISTED ORDERED MONOID RINGS OVER
QUASI-BAER RINGS

A. AGEEB - A. M. HASSANEIN - R. M. SALEM

In this paper we show that if M is an Ordered monoid then the twisted
monoid ring RT M is (left principally) quasi-Baer if and only if R is (left
principally) quasi-Baer. Also if R is (left principally) quasi-Baer and G is
an ordered group acting on R we give a necessary and sufficient condition
for the crossed product R∗G to be (left principally) quasi-Baer.

1. INTRODUCTION

Throughout this paper, R denotes an associative ring with identity. If S is a
subset of R, lR(S) denotes the left annihilator of S in R. A ring R is called (left
principally) quasi-Baer if the left annihilator of every (principal) left ideal of R
is generated as a left ideal by an idempotent. A Baer ring is a ring in which the
left annihilator of every subset is generated as a left ideal by an idempotent. A
ring R is called left (right) P.P.-ring if the left (right) annihilator of an element
of R is generated by an idempotent. Also a ring R is called P.P.-ring if it is both
left and right P.P.-ring.

Baer rings were introduced by Kaplanasky [8] to abstract various properties
of rings of operators of Hilbert space. Clark [6] introduced the quasi-Baer rings
and characterized a finite dimensional quasi-Baer ring over an algebraically
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closed field as a twisted matrix units semigroup algebra. Further work in quasi-
Baer rings appeared in [2], [3], [4] and [10]. Recently, Birkenmeier, Kim and
Park [5] introduced principally quasi-Baer rings and used them to generalize
many results on reduced P.P.-rings. In [5], it was proved that a ring R is a (left
principally) quasi-Baer ring if and only if the polynomial ring R[x] is a (left
principally) quasi-Baer ring. In [11] Hirano generalized this result to ordered
monoid rings. This paper is devoted to extend this result to twisted monoid
rings.

Let R be a ring and M be a monoid then the twisted monoid ring RT M is
an R-algebra whose elements are finite sum of the form ∑rxx, rx ∈ R, x ∈ M
with equality and addition defined component wise and multiplication defined
distributively according to the relation (rxx)(ryy) = rxry f (x,y)(xy), where f :
M×M→U(R) is called a twisted function and U(R) denotes the set of all units
of R. Moreover, f must satisfy the following:

f (y,z) f (x,yz) = f (x,y) f (xy,z), f (1,x) = f (x,1) = 1 for every x ∈M.

Let G be a group acting on R as an automorphism group of R. We denote by
rg the image of r ∈ R under g ∈ G.

By a crossed product R∗ f G we understand the set of finite sums,

R∗ f G =
{
∑rgg | rg ∈ R, g ∈ G

}
with a twisted function (factor system) f : G×G→U(R) which satisfies

(i) f g(h,k) f (g,hk) = f (g,h) f (gh,k) for every g,h,k ∈ G,

(ii) f (1,g) = f (g,1) = 1 for all g ∈ G.

Equality and addition are defined component wise and for g,h ∈ G; r ∈ R
we have

g.h = f (g,h)gh; gr = rgg.

For simplicity we write R∗G to denote the crossed product. If the action of
G is trivial then R∗G is called a twisted group ring.

Note that R may be considered as a left (R∗G)-module as follows: for any
a ∈ R and any ∑

g∈G
rgg ∈ (R ∗G) define ( ∑

g∈G
rgg)a = ∑

g∈G
rgag ∈ R. Now we can

define the following
A ring R is called a G-quasi-Baer ring if for any (R ∗G)-submodule I of R

the left annihilator of I in R is generated as a left ideal by an idempotent.
A ring R is called a G-left principally quasi-Baer ring if for an element

a ∈ R, the left annihilator of (R ∗G)a = ∑
g∈G

Rag is generated as a left ideal by

an idempotent.
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In [5] it was shown that if R is a left principally quasi-Baer ring, then the
left annihilator of any finitely generated left ideal is generated as a left ideal by
an idempotent.

Note also that if R is a G-left principally quasi-Baer ring, then for any finitely
many elements a1,a2, ...,an ∈ R, the left annihilator of (R∗G)a1+ (R∗G)a2 +
· · ·+(R∗G)an is also generated by an idempotent. We frequently use these facts
without mention.

When G is a cyclic group generated by g, a G-(left principally) quasi-Baer
ring is simply called a g-(left principally) quasi-Baer ring.

Let M be a multiplicative monoid and ≤ be an order relation defind on M.
The order relation ≤ is said to be compatible if a≤ b in M implies am≤ bm for
all m ∈M. Recall that the order relation ≤ strictly ordered monoid if a < b in
M implies am < bm for all m ∈M. Hence fourth, we assume that the relation is
a strictly totally order relation.

2. RESULTS

Lemma 2.1. Let R be a left principally quasi-Baer ring, M be an ordered
monoid and RT M be the twisted monoid ring. Suppose that

(a0x0 +a1x1 + · · ·+amxm)RT M(b0y0 +b1y1 + ...+bnyn) = 0

with ai,b j ∈ R, and that xi,y j ∈M satisfies xi < x j and yi < y j if i < j.
Then aiRb j = 0 for all i, j.

Proof. Let c be an arbitrary element of R. Then we have the following equation:

(a0x0 +a1x1 + · · ·+amxm)(c1M)(b0y0 +b1y1 + · · ·+bnyn) = 0

a0c f (x0,1)b0 f (x0,y0)x0y0 + . . .

+{amc f (xm,1)bn−3 f (xm,yn−3)xmyn−3

+am−1c f (xm−1,1)bn−2 f (xm−1,yn−2)xm−1yn−2

+am−2c f (xm−2,1)bn−1 f (xm−2,yn−1)xm−2yn−1

+am−3c f (xm−3,1)bn f (xm−3,yn)xm−3yn}
+{amc f (xm,1)bn−2 f (xm,yn−2)xmyn−2 (1)

+am−1c f (xm−1,1)bn−1 f (xm−1,yn−1)xm−1yn−1

+am−2c f (xm−2,1)bn f (xm−2,yn)xm−2yn}
+{amc f (xm,1)bn−1 f (xm,yn−1)xmyn−1

+am−1c f (xm−1,1)bn f (xm−1,yn)xm−1yn}
+amc f (xm,1)bn f (xm,yn)xmyn = 0
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Since xmyn is the element of highest order in xiy j’s, its coefficient equals
zero, that is amc f (xm,1)bn f (xm,yn) = 0 so amc f (xm,1)bn = 0. Hence am ∈
lR(R f (xm,1)bn) = lR(Rbn). Since R is left principally quasi-Baer, then we have
lR(Rbn) = Ren for some idempotent en. Replacing c by cen in the Equation (1)
we obtain

0 = a0cen f (x0,1)b0 f (x0,y0)x0y0 + . . .

+{amcen f (xm,1)bn−2 f (xm,yn−2)xmyn−2

+am−1cen f (xm−1,1)bn−1 f (xm−1,yn−1)xm−1yn−1}
+amcen f (xm,1)bn−1 f (xm,yn−1)xmyn−1.

Since xmyn−1 is the element of highest order in {xiy j | 1 ≤ i ≤ m, 1 ≤ j ≤
n} \ {xm−1yn,xmyn}, then amcen f (xm,1)bn−1 f (xm,yn−1) = 0. Hence we have
amcen f (xm,1)bn−1 = 0. Since Ren is an ideal of R, and en ∈ Ren, we have enc ∈
Ren. So enc = encen for any element c∈ R. Also since am ∈ lR(Rbn) = Ren, then
am = amen. Hence

amc f (xm,1)bn−1 = amenc f (xm,1)bn−1

= amencen f (xm,1)bn−1 = amcen f (xm,1)bn−1 = 0,

therefore am ∈ lR(R f (xm,1)bn−1) = lR(Rbn−1). So am ∈ lR(Rbn+Rbn−1). Since
R is left principally quasi-Baer, lR(Rbn +Rbn−1) = Ren−1 for some idempotent
en−1 ∈ R. Next, replacing c by cen−1 in the Equation (1), we obtain

amcen−1 f (xm,1)bn−2 f (xm,yn−2) = 0

in the same way as above. Hence we have am ∈ lR(Rbn +Rbn−1 +Rbn−2). Con-
tinuing this process we obtain amRbk = 0 for all k = 0,1, ...,n. Thus we get
(a0x0 +a1x1 + ...+am−1xm−1)RT M(b0y0 +b1y1 + ...+bnyn) = 0. Using induc-
tion on m+n we obtain aiRb j = 0 for all i, j.

Lemma 2.2. Let M be an ordered monoid and consider the twisted monoid ring
RT M. Let I be a (principal) left ideal of RT M and let I0 denote the set of all
coefficients of elements of I, then

(i) I0 is a (finitely generated) ideal of R;

(ii) lR(I) = lR(I0);

(iii) If J is a left ideal of R , then lRT M(J) = lRT M((RT M)J).

Proof. (i) The proof is clear.
(ii) Let a ∈ lR(I0) then aI = 0 and a ∈ lR(I). Hence, lR(I0)⊂ lR(I). Conversely,
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let a ∈ lR(I) then a ∑
x∈M

bxx = ∑
x∈M

abxx = 0 and abx = 0, for each x ∈M. There-

fore a ∈ lR(I0). Hence lR(I)⊂ lR(I0).
(iii) Let J be a left ideal of R, since J ⊂ (RT M)J then lRT M((RT M)J)⊂ lRT M(J).
Conversely, let x ∈ lRT M(J) then x((RT M)J) = x((RJ)T M) = x(JT M) = 0. So
x ∈ lRT M((RT M)J) and lRT M(J) ⊂ lRT M((RT M)J). Then we can conclude that
lRT M(J) = lRT M((RT M)J).

Now we will use these lemmas to prove the following theorem.

Theorem 2.3. Let M be an ordered monoid. Then the twisted monoid ring
RT M is a (left principally) quasi-Baer ring if and only if R is a (left principally)
quasi-Baer ring.

Proof. Suppose R is a (left principally) quasi-Baer. Let I be a (principal) left
ideal of RT M and I0 denote the set of all coefficients of elements of I. Since R is
(left principally) quasi-Baer, there exist an idempotent e ∈ R such that lR(I) =
lR(I0) = Re. Now it is sufficient to show that lRT M(I) ⊆ (RT M)e. Let α =

∑
x∈M

axx ∈ lRT M(I) then αI = ( ∑
x∈M

axx)I = 0, by Lemma 2.1 we get axI0 = 0

for all ax. Therefore ax ∈ lR(I0) which implies that ax = axe. Consequently
α = ∑

x∈M
axex = ( ∑

x∈M
axx)e ∈ (RT M)e. Hence lRT M(I) = (RT M)e and RT M is

(left principally) quasi-Baer.
Conversely assume that RT M is a (left principally) quasi-Baer ring. Let I be

a (principal) left ideal of R, then (RT M)I is a left ideal of RT M. By hypothesis
there exists an idempotent e ∈ RT M such that lRT M((RT M)I) = (RT M)e. We
may write e = a01M + a1x1 + · · ·+ anxn ∈ RT M where ai ∈ R and 1,x1, ...,xn

are distinct elements of M. We show that lR(I) = Ra0 where a0 is an idem-
potent of R. Since lRT M(I) = (RT M)e, then (a01M + a1x1 + ...+ anxn)I = 0
and aixi ∈ lRT M(I) = (RT M)e for each i = 0,1,2, ...,n, x0 = 1. In particular
a01 = (a01)e = (a01)(a01M +a1x1+ ...+anxn) = a2

0 f (1,1)1+a0a1 f (1,x1)x1+
...+ a0an f (1,xn)xn. Since f (1,1) = 1 it follows that a2

0 = a0 is an idem-
potent element of R. Obviously Ra0 ⊂ lR(I). Now, let a ∈ lR(I), then a1 ∈
lRT M(I) = (RT M)e and we get a1 = (a1)e = (a1)(a01M + a1x1 + ...+ anxn) =
aa0 f (1,1)1+aa1 f (1,x1)x1 + ...+aan f (1,xn)xn. a = aa0 ∈ Ra0. Consequently
Ra0 = lR(I) and R is a (left principally) quasi-Baer ring.

It is well-known that torsion-free groups and free groups are ordered groups
(see [9, Lemma 13.1.6 and 13.2.8], [7, Theorem 3.1 ]). Hence the following
corollary easily follows.

Corollary 2.4. Let M be a submonoid of a free group or a torsion-free group.
Then the twisted monoid ring RT M is a (left principally) quasi-Baer ring if and
only if R is a (left principally) quasi-Baer ring.
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A ring R is called reduced if it has no nonzero nilpotent elements. In a
reduced ring R left and right annihilators coincide for any subset S of R. Hence
if R is a reduced ring, then R is a P.P.-ring (a Baer ring) if and only if R is a left
principally quasi-Baer ring (a quasi-Baer ring). Hence we can deduce that the
following corollary,

Corollary 2.5. Let R be a reduced ring and M be an ordered monoid; then the
twisted monoid ring RT M is a P.P.-(Baer) ring if and only if R is a P.P.-(Baer)
ring.

Proof. Let RT M be a reduced P.P.(Baer) ring which is equivalent to RT M is a
left principally quasi-Baer(quasi-Baer) ring. Hence by using Theorem 2.3 R
is a reduced left principally quasi-Baer (quasi-Baer) ring if and only if R is a
reduced P.P.-(Baer) ring.

Theorem 2.6. Let R be a ring and G be an ordered group acting on R. If R∗G
is a (left principally) quasi-Baer ring then R is a G-(left principally) quasi-Baer
ring.

Proof. Suppose that R∗G is a (left principally) quasi-Baer ring, and that I is a
(cyclic) (R∗G)-submodule of R. First, we show that I = Ig, for all g ∈G. Since
I is a R∗G-submodule of R, (1g)I ⊂ I for every g ∈ G. Hence Ig ⊂ I for every
g∈G. To prove the other inclusion, let a∈ I; then for every g∈G we have a= rg

for some r ∈ R. Hence r = ag−1 ∈ I, which implies that a∈ Ig, and it follows that
I = Ig, for all g ∈ G. Now we show that lR(I) is generated by an idempotent.
By hypothesis there exists an idempotent e ∈ R ∗G such that lR∗G((R ∗G)I) =
(R∗G)e. We may write e = a01G +a1g1 + ...+angn ∈ R∗G, where ai ∈ R and
1,g1, ...,gn are distinct elements of G. Since e ∈ lR∗G((R ∗G)I), then (a01G +
a1g1+ ...+angn)b1 = 0 for each b∈ I. Hence a0b f (1,1)1G+a1bg1 f (g1,1)g1+
...+anbgn f (gn,1)gn = 0 for all b ∈ I, which implies that ai ∈ lR(I) for each i =
1,2, ...,n. Therefore ai1 ∈ lR∗G(I(R∗G)) = lR∗G((R∗G)I) = (R∗G)e, for each
i. In particular, a01 = (a01)e = (a01)(a01G +a1g1 + · · ·+angn) = a2

0 f (1,1)1+
a0a1 f (1,g1)g1+ · · ·+a0an f (1,gn)gn. So a2

0 = a0 is an idempotent element of R.
Obviously Ra0 ⊂ lR(I). To prove the inverse inclusion, let a ∈ lR(I), then a1 ∈
lR∗G(I(R ∗G)) = (R ∗G)e. So a1 = (a1)e = (a1)(a01G + a1g1 + · · ·+ angn) =
aa0 f (1,1)1+ aa1 f (1,g1)g1 + ...+ aan f (1,gn)gn. This implies that a = aa0 ∈
Ra0. Thus we obtain Ra0 = lR(I), and R is a G- (left principally) quasi-Baer
ring.

The following example shows that there exists a crossed product R∗G which
is Quasi-Baer while R is not Quasi-Baer .
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Example 2.7. Consider the ring R = {(a,b) ∈ Z⊕Z | a≡ b (mod 2)}. With
the usual operations of component wise addition and multiplication R is clearly
a commutative reduced ring and the only idempotents of R are (0,0), (1,1).
Let G = 〈g〉 be an infinite cyclic group and let the action of G be defined
by (a,b)g = (b,a). Now we claim that R ∗G is Quasi-Baer. To prove this
claim, let I be a non Zero ideal of R ∗G, hence there exist a non zero ele-
ment x ∈ I. Suppose x = ∑

j
(a j,b j)g j and gi < g j if i < j, letgi be the smallest

element with non zero coefficient (ai,bi). Let y = (1,1) f−1(2k− i, i)g2k−i and
Z = (1,1) f−1(2k− i+1, i)g2k−i+1. Hence yx∈ I and zx∈ I, clearly the smallest
order with non zero coefficient in both of them is 2k and one of them has the co-
efficient (ai,bi) for the smallest term and the other has (bi,ai). Suppose that 0 6=
q = ∑

s
(us,vs)gs ∈ lR∗G (I), with g j be the smallest element with non zero coeffi-

cient (u j,v j), Hence q(yx) = 0 and q(zx) = 0. The coefficients of the smallest
term in both of them are (u j,v j)(ai,bi) f

(
g j,g2k

)
and (u j,v j)(bi,ai) f

(
g j,g2k

)
.

Therefore, we get (u jai,v jbi) = (0,0) and (u jbi,v jai) = (0,0), since (ai,bi) 6=
(0,0) this means that ai or bi are non zero. Consequently, (u j,v j) = (0,0) which
is a contradiction. Therefore, lR∗G (I) = {(0,0)} and R∗G is a Quasi-Baer.

Conversely, R is not Quasi-Baer ring. For (2,0) ∈ R, we get lR (〈(2,0)〉) =
{(0,2n) |n ∈ Z}. Consequently, lR ((2,0)) doesn’t contain any non zero idem-
potent. Hence R is not Quasi-Baer.

Lemma 2.8. Let G be an ordered group acting on R and consider the crossed
product (R∗G), then

(i) ∑
g∈G

Rbg is an invariant under the action of elements of G where b ∈ R;

(ii) I is a left R∗G - submodule of R if and only if I is an invariant left ideal
of R.

Proof. (i) Let h be an arbitrary element in G; then, ( ∑
g∈G

Rbg)h = ∑
g∈G

(Rbg)h =

∑
g∈G

Rh(bg)h = ∑
g∈G

Rbgh = ( ∑

g′=gh∈G
Rbg′) = ( ∑

g∈G
Rbg). Hence ∑

g∈G
Rbg is an in-

variant under the action of elements of G.
(ii) Let I be a left R∗G-submodule of R, then it is clear that I is an abelian group
with addition. We will show that I is closed under multiplication by elements
of R from the left; let r ∈ R, i ∈ I we have (r1G)i = ri1 = ri, but I is a left
R∗G-submodule of R then ri ∈ I. Now we will prove that I is invariant. Since
(1Rg)i = 1ig ∈ I then Ig ⊆ I. Therefore I an invariant left ideal of R.

On the other hand, let I be an invariant left ideal of R, then it is sufficient to
show that I is closed under multiplication by elements of R∗G from the left, let
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∑
g∈G

agg ∈ R ∗G, then ( ∑
g∈G

agg)I = ∑
g∈G

agIg ⊂ ∑
g∈G

agI ⊂ I. Therefore I is a left

R∗G-submodule of R.

Remark 2.9. Using Lemma 2.8 (ii) we can deduce that a (left principally) quasi-
Baer ring is a G-(left principally) quasi-Baer ring.

Lemma 2.10. Let R be a G- left principally quasi-Baer ring, G be an ordered
group acting on R and (R ∗G) be the crossed product. If (a0g0 + a1g1 + ...+
amgm)(R∗G)(b0h0 +b1h1 + ...+bnhn) = 0 with ai,b j ∈ R,gi,h j ∈ G satisfying
gi < g j and hi < h j if i < j, then ai( ∑

g∈G
Rbg

j) = 0 for all i, j.

Proof. Let x be an arbitrary element of R∗G and suppose that

(a0g0 +a1g1 + ...+amgm)x(b0h0 +b1h1 + ...+bnhn) = 0. (2)

Let c be an arbitrary element of R and g be an arbitrary element of G. Substitute
x = cg−1

m g in (2) and consider the coefficient of the highest order gmhn in the
gih j’s, i.e. the coefficient of the term

amgm(cg−1
m g)bnhn = amcgm f (gm,g−1

m g)(gmg−1
m g)bnhn

= amcgm f (gm,g−1
m g)bg

n f (g,hn)ghn,

so we obtain amcgm f (gm,g−1
m g)bg

n f (g,hn) = 0 then amcgm f (gm,g−1
m g)bg

n = 0.
This implies amR f (gm,g−1

m g)bg
n = amRbg

n = 0, so am ∈ lR( ∑
g∈G

Rbg
n). Since I =

( ∑
g∈G

Rbg
n) is a left R∗G-submodule of R. By hypothesis we have lR( ∑

g∈G
Rbg

n) =

Ren for some idempotent en ∈ R. We show that Ren = Reh
n, let x ∈ Reh

n, therefore

x(∑
g∈G

Rbg
n) = aeh

n(∑
g∈G

Rbg
n) = [(aeh

n(∑
g∈G

Rbg
n))

h−1
]h

= [ah−1
en ∑

g∈G
(Rbg

n)
h−1

]h = [ah−1
en ∑

g∈G
(Rbg

n)]
h = 0h = 0.

Hence x ∈ lR( ∑
g∈G

Rbg
n), and Reh

n ⊂ Ren for each h ∈ G. Now let x ∈ Ren so,

x = cen = c(eh−1

n )h = c(ren)
h for some c ∈ R. Hence x = crheh

n = c′eh
n ∈ Reh

n,
then Ren ⊂ Reh

n and we get Ren = Reh
n for any h ∈ G. Note that Ren is an ideal

of R. Hence substituting x = ceng−1
m g in (2) we have

(a0g0 +a1g1 + · · ·+amgm)(ceng−1
m g)(b0h0 +b1h1 + · · ·+bnhn)

=a0cg0e
g0
n f (g0,g−1

m g)bg0g−1
m g

0 f (g0g−1
m g,h0)g0g−1

m gh0 + . . .

+amcgmegm
n f (gm,g−1

m g)bg
n−1 f (g,hn−1)ghn−1 = 0.
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Thus amcgmegm
n f (gm,g−1

m g)bg
n−1 = 0. But am = amen and encgmegm

n = encgm ,
therefore amcgm f (gm,g−1

m g)bg
n−1 = amcgmegm

n f (gm,g−1
m g)bg

n−1 = 0. Hence

amR f (gm,g−1
m g)bg

n−1 = amRbg
n−1 = 0,

so that am ∈ lR( ∑
g∈G

Rbg
n)∩ lR( ∑

g∈G
Rbg

n−1). Continuing this process, we obtain

am ∈
n⋂

i=1
lR( ∑

g∈G
Rbg

i ). Therefore (a0g0 + a1g1 + ...+ am−1gm−1)(R ∗G)(b0h0 +

b1h1 + ...+bnhn) = 0. Using induction on m+n, we can complete the proof of
this lemma.

Now we will use the proceding lemmas to prove the following without men-
tion.

Theorem 2.11. Let R be a ring and G be an ordered group acting on R. If R is a
G-(left principally) quasi-Baer ring, then R∗G is a (left principally) quasi-Baer
ring.

Proof. Suppose that R is a G-(left principally) quasi-Baer ring, and that I is a
(principal) left ideal of R∗G. Let I0 denote the set of all coefficients of elements
of I then, I0 is a left ideal of R, hence I0 is a left (R ∗G)-submodule of R. But
R is G-(left principally) quasi-Baer then, there exists an idempotent e ∈ R such
that lR(I) = lR(I0) = Re then by Lemma 2.10 we deduce that lR∗G(I) = (R∗G)e.
Therefore R∗G is (left principally) quasi-Baer.

Corollary 2.12. Let R be a ring such that every ideal of R is a G-invariant
ideal and G be an ordered group acting on R, then R ∗G is a (left principally)
quasi-Baer ring if and only if R is a G-(left principally) quasi-Baer ring.

Corollary 2.13. (Similar to Corollary 2.5) Let R be a ring and G be an ordered
group acting on R. Then the crossed product R∗G is a reduced P.P.-( Baer) ring
if and only if R is a reduced G-left principally quasi-Baer (G- quasi-Baer) ring.

Proof. Since R∗G is a reduced P.P.- ( Baer) ring if and only if R∗G is left prin-
cipally quasi-Baer (a quasi-Baer) ring which using Corollary 2.12 is equivalent
to say that R is a reduced G-left principally quasi-Baer ( G-quasi-Baer) ring⇐⇒
R is a reduced P.P.-( Baer) ring.
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