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DERIVED CATEGORIES OF TORIC FANO 3-FOLDS
VIA THE FROBENIUS MORPHISM

ALESSANDRO BERNARDI - SOFIA TIRABASSI

In [8, Conjecture 3.6], Costa and Mir6-Roig state the following con-
jecture:
Every smooth complete toric Fano variety has a full strongly exceptional
collection of line bundles. The goal of this article is to prove it for toric
Fano 3-folds.

1. Introduction

Let X be a smooth projective variety defined over an algebraically closed field
K of characteristic 0, denote by D?(X) = D?(Ox — mod) the derived category of
bounded complexes of coherent sheaves of &y —modules. Recall that a coherent
sheaf .# on a smooth projective variety X is exceptional if Homg, (#,.%) =K
and Ext’éx (%#,%) =0 for i >0. An ordered collection (%, %1,...,.-%,) of
coherent sheaves on X is called an exceptional collection if each sheaf .%; is
exceptional and Extiﬁx (F,F;) =0for j <k and i > 0; moreover it is called a
strongly exceptional collection if each .%; is exceptional, Homg, (%,.%;) =0
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for j < k and Extiﬁx(ﬁj,ﬂk) =0 for i > 1 and for all j k. A strongly ex-
ceptional collection (.%y,.71,...,.%#,) of coherent sheaves on X is called full if
Fo,F1,...,.F, generate the bounded derived category D”(X).

We are interested to study the following general problem:

Problem 1.1. To characterize smooth projective varieties X which have a full
strongly exceptional collection of coherent sheaves and, even more, if there is
one made up of line bundles.

In this context there is an important conjecture [11] due to King :

Conjecture 1.2. Every smooth complete toric variety has a full strongly excep-
tional collection of lines bundles.

Kawamata [10] proved that the derived category of a smooth complete toric
variety has a full exceptional collection of objects, but the objects in these col-
lections are sheaves rather than line bundles and the collection is only excep-
tional and not strongly exceptional. In the toric context, there are many con-
tributions to the above conjecture. It turns out to be true for projective spaces
[2], multiprojective spaces [6, Proposition 4.16], smooth complete toric vari-
eties with Picard number < 2 [6, Corollary 4.13] and smooth complete toric
varieties with a splitting fan [6, Theorem 4.12].

Recently, in [12], Hille and Perling had constructed a counterexample at
the King’s Conjecture, precisely an example of smooth non Fano toric surface
which does not have a full strongly exectional collection made up of line bun-
dles. In the Fano context, there are some numerical evidences (see [7]) which
give support to the following conjecture due to Costa and Mir6-Roig [8, Con-
jecture 3.6]:

Conjecture 1.3. Every smooth complete Fano toric variety has a full strongly
exceptional collection of line bundles.

But the Fano hypotesis is not necessary, in fact, in Theorem 4.12 [6], Costa
and Mir6-Roig constructed full strongly exceptional collections of line bundles
on families of smooth complete toric varieties none of which is entirely a Fano
variety.

In this article we will prove the above conjecture for Fano toric 3-folds,
more specifically:

Theorem 1.4 (Main Theorem 5.1). All smooth toric Fano 3-folds have a full
strongly exceptional collection made up of line bundles.

In order to prove the above theorem, we will refer to the classification of
Fano toric 3-folds due to Batyrev ([1]). In this classification there are some
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known cases, i.e. some classes of Fano toric 3-folds are just known to have a
full strongly exceptional collection made up of line bundles. For each unknown
case we will use a method [3] due to Bondal and an algorithm [14] by Thomsen
to produce a candidate to became a full strongly exceptional collection. Then
using vanishing theorems we will check that these candidates are indeed a full
strongly exceptional collection.

2. The Classification of Fano Toric 3-Folds

In this section we briefly recall the usual notation and terminology for toric
varieties and present the classification of toric Fano 3-folds, due to Batyrev ([1]).

Definition 2.1. A complete toric variety of dimension n over an algebraically
closed field K of characteristic O is a smooth variety X that contains a torus
T = (C*)" as a dense open subset, together with an action of 7 on X, that
extends the natural action of T on itself. Let N be a lattice in R", by a fan X
of strongly convex polyhedral cones in Ng := N ®7z R is meant a set of rational
strongly convex polyhedral cones ¢ in N such that:

1. each face of a cone in X is also a cone in X;
2. the intersection of two cone in X is a face of each.
We will assume that a fan is finite.

It is known that a complete toric variety X is characterized by a fan
Y :=X(X). Let M := Homy(N,Z) be the dual lattice of N, if e, ...,e,— is
the basis of N, we indicate by &y, ...,é,_ the dual base. If ¢ is a cone in N, the
dual cone ¢V is the subset of M defined as:

o/ ={neM|n(v)>0forallveN}.

So we have a commutative semigroup S := ¢ MM and an open affine toric
subvariety Ugs := Spec (K[Sg]).

From a fan X, the toric variety X (X) is constructed by taking the disjoint
union of the affine toric subvarieties Uy, one for each o € X and gluing them.
Conversely, any toric variety X can be realized as X (X) for a unique fan X in N.
The toric variety X (X) is smooth if and only if any cone ¢ € X is generated by
a part of a basis of N.

Definition 2.2. We put £(i) := {0 € £ | dimo = i}, for any 0 < i < n. There
is a unique generator v € N for any 1-dimensional cone ¢ € X(1) such that
0NN = Z>o-v and it is called a ray generator. There is a one-to-one corre-
spondence between the ray generators vy, ...,v; and the principal toric divisors
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D;. Moreover, Dy N D, N...N Dy = 0 if and only if the corresponding vectors
V1,V2,..., Vg Span a cone in X.

If X is a smooth toric variety of dimension »n and m is the number of toric
divisor of X (hence m is also the number of 1—dimensional rays generator in
¥(X)) then we have an exact sequence of Z—modules:

0 M zm Pic(X) —0.

Therefore we have that the Picard number of X is p = m — n and the anticanon-
ical divisor is given by —Kx = D1 + ... + D,,. The relations among the toric
divisors are given by Y7 | < u,v; > D; = 0 for u in a basis of M = Hom(N;Z).
A smooth toric Fano variety X is a smooth toric variety with anticanonical divi-
sor —Ky ample.

Definition 2.3. A set of toric divisors {Dy,...,D¢} on X (X) is called a prim-
itive set if D1 N...N Dy =0 but D; N ... ﬂljj N...NDg # 0 for all j, with
1 < j <k. Equivalently, this means < vi,...,vg >¢ Zbut <vy,...,Vj,..., v >EL
for all j, with 1 < j <k, and P = {vy,...,v} is called a primitive collection.
If S :={D,...,Dy} is a primitive set, the element v := v| + ... + v, lies in the
relative interior of a unique cone of X, if the cone is generated by V'y,...,V/s,
then vi + ... + vy = a1V'| + ... + ayV's with a; > 0 is the corresponding primitive
relation.

In terms of primitive collections and relations we have a nice criterion for
checking if a smooth toric variety is Fano or not. A smooth toric variety X (X)
is Fano if and only if for every primitive relation

Vip + eV — vy — .. — v, =0

one has k—Y/_; ¢; > 0. We recall that if we indicate by Ky (X ) the Grothendieck
group, we know that its rank is equal to the number of maximal cones of X,
in particular for a smooth toric Fano 3—folds X(X) we can calculate it only
knowing the number v of vertices of X i.e. rank(Ko(X(X))) =2v—4 and p =
V — 3, where v is the number of ray generators of the toric variety X.
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In the table below we give the list of 3-dimensional toric Fano varieties
V =V(P). We denote by S; the Del Pezzo surface obtained blowing up of
i points on P>. The numbers v,p and ko denote respectively the number of
vertices, the Picard number and the rank of the Grothendieck group.

Class of Toric Fano 3-folds v p ko
Typel  P? 4 1 4
Pp (0@ 0(2)) 5 2 6
Pp (0 ® O(1)) 5 2 6
Typell Pm(0a0&0(1)) 5 2 6
P2 x P! 5 2 6
Ppiyp (OB O(1,1)) 6 3 8
Ps, (0@ O()),>=10onS; 6 3 8
P! x P! x P! 6 3 8
Sy x P! 6 3 8
Type Il  Ppipi(O@O(1,—-1)) 6 3 8
S, x P! 7 4 10
Sy x P! 8 5 12
Blpi (P? x P') 6 3 8
Type IV S>—bundle over P! 7 4 10
S,—bundle over P! 7 4 10
S»—bundle over P! 7 4 10
Type V. S3—bundle over P! 8 5 12

The following theorem is due to Costa and Mir6 -Roig (see Theorem 4.21

[6]):

Theorem 2.4. Any smooth toric Fano 3—fold of Type LII or IIl has a strongly
exceptional collection made up of line bundles.

In a more recent paper ([8, Proposition 2.5]) they also proved, using the
same tecniques we will use in this article, this theorem:

Theorem 2.5. The smooth toric Fano 3— folds of Type V have a strongly excep-
tional collection made up of line bundles.

3. Bondal’s Method and Thomsen’s Algorithm

We want to explain a method due to Bondal that we will use in the sequel. For
that we recall briefly some definitions and facts.
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Definition 3.1. Let X be a smooth projective variety defined over an alge-
braically closed field K of characteristic 0.

* A coherent sheaf .# on X is exceptional if Homg, (% ,.%) = K and
Exty, (#,7) =0 fori>0;

* An ordered collection (Fy,.%1,...,-%,) of coherent sheaves on X is an
exceptional collection if each sheaf .%; is exceptional and, for j < k and
i>0, Ethﬁx(fg;kayj) =0;

* An exceptional collection (%, %, ..., %) is a strongly exceptional col-
lection if in addition Exty, (%, %) =0fori> 1 and j <k;

* An ordered collection (%, %1, ...,.%,,) of coherent sheaves on X is a full
(strongly) exceptional collection if it is a (strongly) exceptional collection
and %, .Z1,...,.F, generate the bounded derived category D”(X).

Remark 3.2. The existence of a full strongly exceptional collection (%, .71,
..., Zm) of coherent sheaves on a smooth projective variety X implies that the
Grothendieck group Ko(X) = Ko(Ox —mod) is isomorphic to Z"*!,

Given any smooth complete toric variety X, in [3] Bondal described a method to
produce a collection of line bundles on X, which is expected to be full strongly
exceptional for certain classes of toric Fano varieties. In particular he stated
that for all the smooth toric Fano 3-folds but two these sequences were, indeed,
strongly exceptional, and he does not say anything about the remaining cases.
Now we show this method. Let X be a smooth complete toric variety of dimen-
sion n and 7" an n—dimensional torus acting on it. So for any integer / € Z, there
is a well-defined toric morphism

b9 X—-X
which restricts, on the torus 7, to the Frobenius map
m:T—T, t—t.

This map is the factorization map with respect to the action of the group of
[ torsion of 7. Let us fix a prime integer p > 0, (7,).(Ox)" is a vector bundle
of rank p" which splits into a sum of line bundles:

(Tp)+(Ox)" = @y Ox(Dy),

where the sum is taken over the group of characters of the p-torsion subgroup
of T (see Theorem 1 and Proposition 2 [14]). Moreover,

P p-1)

c1((my)«(Ox)") = Ox (— 5 Kx)
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where Kx is the canonical divisor of X. Bondal [3] proved that the direct sum-
mands of (7,).(Ox)" generate the derived category D?(X) and Thomsen [14]
described an algorithm for computing explicitly its decomposition. Let us sum-
marize this for the case of a smooth complete toric variety X of dimension n,
Picard number p rank of group of Grothendieck s.

We consider {01, ..., 05 } the set of maximal cones of the fan X associated to
X and we denote by v;,,...,v;, the generators of ¢;. For each index 1 <i <y,
we denote by A; € GL,,(Z) the matrix having as the j-th row the coordinates of
v;; expressed in the basis ey,...,e, of N and by B; = Al._1 € GL,(Z) its inverse.
We indicate with w;; the j-th column vector in B;. Introducing the symbols

x¢ , ...,Xé", we form the coordinate ring of the torus T C X:

R=K[(X)*, ..., (x)*).

Moreover the coordinate ring of the open affine subvariety U, of X correspond-
ing to the cone o; is the subring

R, =K[X"",...X""| CR,

where X" := (X€)W1 (X9 )" if w = (w1, ..., w,), for simplicity we will usu-
ally write X;; := X", For each i and j, we denote by R;; the coordinate ring
of 0;No; and we define [;; := {v € M,,x1(Z) : X is aunitin R;;} and C;; :=
BJTIB,- € GL,(Z), where we use the notation X, := (X;)"" --- (Xj,)"™ with v a
column vector with entries vy, ..., v,.

For every p € Nand w € [;; , we define

P,:={veM,(Z):0<v;<p}

and the maps

hlv-;p : Pp — R,‘j,l"}vjp IP[, — Pp,
by means of the following equality:

Gijv+w=p-h,(v)+rj,(v), forany v € P,.

By [14, Lemma 2 and Lemma 3], these maps exist and they are unique.
Any toric Cartier divisor D on X can be represented in the form {(Us,, X;") }g,cx,
u; € M,»1(Z) (see [9, Chapter 3.3]). So if we fix one of these representants, we
can define u;; = u; — Gjju;. If Ox(D) = O is the trivial line bundle, then for
any pair i, j, we have u;; = 0. For any p € Z and any toric Cartier divisor D on
X , we fix a set {(Ug,,X;") }5,cx representing D and we choose an index [ of a
cone o) € L. Let D,, v € P,, denote the Cartier divisor represented by the set
{(Us;, X[") }gicx where, by definition h; = by := hjli (v).
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Then, we have

(mp)-(0x(D))" = P Ox(Dy).

vEP,
If h; = (h,,...,h;,) and Ocijl,..., O‘i];z are the entries of the j-th column vector
of B;, then by definition:
2 2 n

i 5% XN 5 % 5 %in \ hy i 5, %in\ h;
Xihl = (x4 L X6 )hzl(Xel Lo X )h,z,,,(Xel Lxé )hm7
and we indicate with:
1 2 N 1 2 A
lcri =B;-h;j= (ailhil + OCilhiz +...+ OCinl/’l,'n)el + (aizhil + Otizhiz-i- ...+ (X;éh,-n)ez

4o (o iy + o hin + ..+ o )é €M =NV,

In this notation, if D, is the Cartier divisor represented by the set {(Uo—,.,Xl.h")},
then
Dy =BlZi+ ..+ B PZip

where B/ = —Ig,(v;j), for any maximal cone oy containing the ray generator v;
associated to the toric divisor Z;. We can observe that for any pair of maximal
cones oy and o, containing v;, we have 5 (v;) =I5, (v}).

We will now construct a full strongly exceptional collection for all toric
Fano 3—folds not covered in [6] and [8]. We will analyze case by case.

Note 3.3. From now on, when it will be clear wich variety we will be working
with, we shall omit the subscrit when denoting a line bundle associated to a
given divisor D: hence we will write &'(D) instead of Ox (D).

31. 2, =Bl (Pr(0&0(1)))

Proposition 3.4. Let p be a sufficiently large prime integer and indicate with
T, : D — P the Frobenius morphism relative to p. Then the different sum-
mands of (7,)«(O,)" are the following:

0, ﬁ(Z4+Z5), ﬁ(2Z4+2Z5), 6(26), ﬁ(Z5 +Z6), ﬁ(Z4+Z5 +Z6),
O(Zs+2Z5s+Zs), O2Zs+27Zs+Zg), O(Zs—Z4).

Proof. According to [1, Proposition 2.5.6], the primitive collections of &, are
the following:

{V37V6}7 {V47V6}7 {V37V5}, {VI;V27V4}7{V1;V27V5}-

On the other side, the primitive relations are:
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* v3t+ve=0;
® V4+Ve =Vs;
* V34 V5 =1y,
* vitvatva=2v3;
* Vi+Vv2+vs=v3.
We take the following three maximal cones:
o1 = {v1,v2,v3}, 62 = {v1,V2,V6}

03 = {V17V47V5}

and, as a basis of Z>: e; = v, eo = v e3 = v3. Let ¢, for i = 1,2, 3, be the dual
basis. First of all we find the coordinates of v4, vs and vg in the system we have
taken and we obtain:

vg=(—1,-1,2), vs = (—1,-1,1), v¢ = (0,0,—1)

and thus we get the three matrices:

1 00 1 0 O 1 0 O
A;=1 0 1 0 |,A=(01 0 A= -1 -1 2
0 0 1 0 -1 -1 -1 1
Inverting these matrices we obtain:
1 00 1 0 O 1 0 O
Bi=1 010 |],B,=]101 0 B3=1 -1 1 =2
0 01 00 -1 0 1 -1

Let us now take a vector v = (ay,az,a3)" in P, and let d; = C;v = (B;) " 'Byv =
Ajv fori=1,2,3. Then we have

d2 = (al,az,—ag), and d3 = (al,—al —az+2a3, —daj —a2+a3).
Recall that (7,).(Ox)" = @yep, Ox (Dy), with

Let us see how D, varies when we took different v’s in P,.
Case 1: v =0. In this case D, = 0.
Case 2:a; #0,a; = a3z =0.
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Computing d; and d3 we find that d, = (a;,0,0), while d3 = (a1, —aj, —ay).
Thus

dZ :p'(07070)+(a17070) andd3 :P‘(07_17_1)""(111717_541717_611)

and consequently, iy = 0 and h3 = (0,—1,—1). It follows that [, is the zero
operator and /5, = e,. Using the formulas (1) we gain:

D, = —10-3 (V4)Z4 — lo-3 (V5)Z5 =74+ 7Zs.

Case3:a, #0,a, =a3=0.
In this case we have dy = (0,a3,0) and d3 = (0, —az, —az). As in the previ-
ous situation we get
D,=7,+7s.

Case4: a3 #0,a, =a; =0.

Under the aforementioned hypothesis, d» = (0,0, —a3), thus h, = (0,0, —1).
The triple d3 will instead be (0,2a3,a3). So we have now two possibilities for
hs: hs = (0,s,0) with s € {0, 1} assuming the following values:

0 if2a3 < p,
1 if 2a3 > p.

The next step is to compute the operators /s, and /5. We have /5, = e3 and
ls, = sey + se3. Concluding we got

D, = _lcr3 (V4)Z4 — 103 (V5)Z5 - 102 (v6)Z6 = —sZ4+2Zg =
Ze—2Z4.

Case S: ay, ay #0,a3 =0.

In this case d» = (a1,a2,0), that means that 7, = 0 which implies that /s, is
the zero operator. On the other side d3 = (a;, —a; —ay, —a; — az) and, as in the
previous case, we have two different possibilities for A3:

e 0,—1,—-1) If—-a;—ar>—(p—1),
>70,-2,-2) If—aj—ay < —(p—1).

Thus we can write 3 = (0, —s,—s) where s = 1,2. With this notation we can
easily compute the operator /5, = se, and get

. Zy+Zs,
274+ 27s.
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Case 6: ay, a3 #0,a, =0.

Under these assumptions, d» = (0,a3,—a3), h, = (0,0,—1) and, as we al-
ready calculated in the solution to the fourth case, /5, = 3. Since d3 = (ajy,
—ay +2a3,—a; +a3) we have several possibilities for 43, depending on the sign
of —a; +2a3 and —ay +as:

Case 6.1: —aj;+asz > 0.
If this is the case, then 43 = 0 and [, is the zero operator. Thus we get

D, =Zs.

Case 6.2: —aj; +az <0, —aj +2a3 > 0.
Under these hypothesis 3 = (0,0, —1) and /5, = 2e5 +e3. Consequently we get

D, =7s5+7.

Case 6.3: —a; +2a3 < 0.
In this case h3 = (0,—1,—1), and /5, = €,. Making all the computations we find
out that

D, =2Z4+27Z5+Zs.

Case 7: a3, ap #0,a; =0.

After having switched a; with ay, this case is completely identical to the
previous one, and we get the same divisors D,’s.

Case 8: ay, as, az # 0.

As before, in this case we have &y = (0,0,—1) and /5, (vs) = —1. Let us
compute /3 and [g,.
Case 8.1: —ay —ar+az > 0.
In this case 43 = 0 and D, = Zg.
Case 82: —(p—1) < —a;—ar+a3 <0, —a; —ap +2a3 > 0.
In this case 3 = (0,0,—1) and

D, =7s+7.

Case8.3: —(p—1)< —aj—ar+a3 < —a; —ax+2a3 < 0.
In this case i3 = (0,—1,—1) and /5, = e5. It follows that

D, =274+27Z5+Zs.

Case 84: —(p—1)> —a;—ay+a3,0> —a; —ay+2a3 > —(p—1).
In this case 3 = (0, —1,—2). Consequently /5, = 3> + e3. Thus we have

D, =Z4+275+Zg.
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Case 8.5: —a) —ay+2a3 < —(p—1).
Under this assumption sz = (0,—2,—2) and l5, = 2e>. As a consequence we
can compute

D, = 2Z4 +225 —‘rZﬁ.

Putting together what we calculated in each case we obtain the statement.
O

You may observe that the output of Thomsen’s algorithm consists of nine
different line bundles. Since rk(Ko(Z;)) = 8, there is no hope for this sequence
to be full strongly exceptional. Thus we have first to find an eight items long full
sequence and, afterward, prove that it is strongly exceptional. We accomplish
the first of these two goals by proving the following proposition.

Proposition 3.5. The bounded derived category D”(2)) is generated by the
following line bundles:

O, O(Zs+Zs), O(2Z4+2Zs), O(Zs), O(Zs +Zs), O(Zs+Zs +Zs),
ﬁ(Z4+2Z5 —i—Z(,), ﬁ(224—|—225 +Z6).

Proof. 1t is enough to prove that &'(Z¢ — Z4) is in the triangulated category
generated by all the other line bundles. We do that by constructing an exact
sequence in which &(Zs — Z4) appears once, and all other objects in the se-
quence are direct sums of aforementioned line bundles. Let us consider the
primitive collection {v;,v2,v4} and construct the Koszul complex associated to
ﬁ(—Zl) D ﬁ(—ZQ) ©® ﬁ(—Z4)I

0— Oy — 0 —O0(-2))®0(—2) D O(—Zy) —
ﬁ(—Zl —Zz)@ﬁ(—Zz—Z4)@ﬁ(—Zl —Z4) — ﬁ(—Zl —22—24) —0 2

where Y denotes the intersection Z; NZ; NZ4. Since we started out with a prim-
itive collection, then Y = @ and (2) is exact.

Now we write all the divisors in the basis of Pic(X) given by Zs, Zs and Zg. Af-
terward we dualize the Koszul complex and twist it by ' (Zg — Z4). We obtain
the following exact sequence:

0— O(Zs—2Z4) — O(Z+2Z5)* @ O(Zg) — ---
o= OZy+Zs+26)* ® O(Zy + 275+ Zs) — O(2Z44+27Z5+Zg) — 0. (3)

Observe that all the line bundles in (3) but the first one are among those we
picked as generators, hence the statement is proved. O
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3.2. 2, =Blp (P> xP)

In this paragraph we are concerned with finding a set of generators for D?(2,) of
cardinality 8, that is of cardinality the rank of the Grothendieck group Ky(2:).

Proposition 3.6. Let p be a sufficiently large prime integer and indicate with
Tty : Do — D, the Frobenius morphism relative to p. Then the different sum-
mands of (7,).(Og,)" are the following:

O, O(Zs+Zs), O2Z4+27Zs), O(Zs), O(Zs+Zg), O(Zs+Zs+Zs),
ﬁ(Z4+ZZ5 —I—Zﬁ), 6(2244-225 —i—Z(,).

Proof. From the classification of toric Fano 3-folds ([1, Proposition 2.5.6]) we
know that the primitive collections of %, are the same of Z;, while primitive
relations are:

* v3+vg=0;

* V4+ Ve = Vs;

* V34 V5 =1y,

* Vi+Vy+vs =V3;
* vi+vy+vs=0.

As we already did, choose (vi,v,v3) as a basis of Z>, and take the following
three maximal cones that covers all the vertices of the polytope defining the toric
variety:

o1 = {vi,v2,v3}, 02 ={vi,v2,v6},

03 = {v1,vs,14}.

One can easily see that the matrices A; but the last one unchanged respect to the
ones we processed in the case of 7, while

1 0 O
A= -1 -1 0
-1 -1 1
We need to compute its inverse:
1 0 O
Bi=| -1 =1 0

o
|

—

—_
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Now we take v = (ay,a2,a3)" € P, and process it obtaining d3 = A3v = (a1,a; —
az,ay —az)'. Let us see how D, changes if we take different v’s. It is useful to
observe that, since A; and A, are unchanged, we do not need to be concerned
with the computation of /5, and /5, because we can obtain them from the pre-
vious example. Almost the same computations we did for the ; case show

that

1

2.

If all the @;’s are null then D, = 0.

If a; 75 0, while ap = a3 =0, then D, = Z4 + Zs.

. If ap # 0, while a; = a3 =0, then D, = Z4 + Zs.

If a3 # 0, while a; = a; =0, then D, = Zg.

If aj,a; # 0, while a3 = 0, the coordinate of /s, in the dual basis are
(0,5,0) with s = 0, 1. Thus we have two possibilities for D,:

Zy+ 7
Dv: 4+ 5
2244—225.

If a;,a3 # 0, while a; = 0, then again we have two possibilities for D,,
since I, = (0,1,1 —s), with s = 0, 1 in the dual basis. We obtain

D — Zs+Zs,
Za+7Z5+ Zs.

If a3,a; # 0, while a; =0, then [, is again (0,1, 1 —s) with s =0, 1. Thus
we get the same divisors we obtained in the previous case.

. Finally, if all the g;’s are not zero, we have to split our computation in

four sub-cases, depending on the values —a; —a, and —a; — ap + a3 will
assume. We end up with four possibilities for D,:

274+ 275+ Ze,
Zy+ 275+ Zs,
Zy+2Zs+ Zs,
Zs+Zg.

The union of all these intermediate results implies the statement. O
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3.3. &, S,—bundle over P! and & = S>—bundle over P!

Proposition 3.7. Let p be a sufficiently large prime and indicate the Frobe-
nius morphism relative to p by 7, : & — &1. Then the distinct summands of
(7,)+(Os,)" are the following:

ﬁv ﬁ<Z7)7 ﬁ(Z4), ﬁ(zll +Z7)7 ﬁ(zll +Z5)7 ﬁ(ZKL +Zs +Z7)7
O(Z1+Z5+227), O(Z1 + Za+Zs +77), O(Z1 +Zs+Z5 +227).

Proof. From [1, Proposition 2.5.9] we know that the primitive collections of &}
are:

{va,va}, {v3,vs}, {vi,v3}, {v2,vs}, {vi,va}, {ve,v7},

and the ray generators of &7 satisfy the following relations:

* vy+vs =0,

e v34+v5 =0,

* Vi+Vv3=wy,

* V2tvs =y,

* Vi +V4=vs,

®* Vg +Vv7 =V,
As in the previous examples we choose three maximal cones such that they
cover all the ray generators of the toric Fano 3—fold:

o1 ={v2,v3,v6}, 02 ={v4,vs,v6},

03 = {va,v1,v7}.

Let us take B = (vo = e1,v3 = €2,V = €3) a basis of Z3 and denote with ¢; the
elements of the dual basis. For i = 1,2,3 we construct the matrices A; and we
get:

100 -1 0 0 1 0 0
Ai=[010 |, 4= 0 -1 0] A=[1-1 0
00 I 0 0 1 1 -1 —1

Inverting these matrices we obtain:

|
—
o
o
o
o

Bo=| 0 -1

o
ool
W
I
—_
|
—_
o

1 0
Bi=| 01
0 0

= =)
o
o
—
o
—
|
—_
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Now choose v = (a1,a2,a3)" € P, and let
dl :A1V2(01,02,613), dz:AZV: (_ala_a27a3)7

dy = Asv = (aj,a1 —az,a; —a; —as).

Defining as we did before 4; and /5, then we know that

D, = —lo,(v1)Z1 —lo,(v2)Zs — 5, (v3) Z3 — 5, (v4) Zs+
—102 (V5)Z5 — lgl (VG)ZG — 10-3 (V7)Z7.

Note that A;v € P, for every v. So i = (0,0,0) for every v and Iy, is the zero
operator. Thus we can write:

Dv = —163 (V] )Zl — lo-z (V4>Z4 — l(yz (V5 )Zs — 163 (V7)Z7.

To find all the D,’s we have to see how the h;’s change when v varies in P,.
Case 1: a; = ap = az = 0. As before in this case we have D, = 0.
Case2:a; #0,a, = a3 =0.

In this case d» = (—a1,0,0) and d3 = (aj,ai,a;). So we obtain that /g,
is the zero operator, while /5, = ej. Putting this together and computing the
coefficients /5, (v;) we get that

Case3:ar #0,a; = a3 =0.
In this case we compute 5, to be the vector (0,—1,0), and i3 = (0,—1,—1).
As a consequence /5, = €2 = l5,. Then

D, =71+27Zs+7;.

Case4:a3#0,a; =a, =0.
In this case /s, is the zero operator. Computing /5, we get instead that
h3 =(0,0,—1), I, (v1) = 0 and I, (v7) = —1. It follows that

D, =7,

Case 5: ay, az,#0, a3 =0.

In this case h; is always equal to (—1,—1,0) while we have two hypothesis
for h3. Indeed, being d3 = (aj,a; — az,a; — az), we have that hz = (0, —s, —s)
with

B 0 ifa—ar» >0,
1 otherwise.
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It follows that /5, = €] + ¢ and [, = se>. Consequently we get

)24+ Zs,
21+ Zs+Zs+7Z7.

Case 6: ay, a3 #0,ar, =0.
In this case we have hy = (—1,0,0) and, again, we get two possibilities for
h3. More precisely

. 0 if a) —aj Z 0,
3T (0,0,—1) otherwise.

As a consequence we obtain two different summands of (7). (0g)":

Case 7: a3, ap #0,a; =0.

In this case iy = (0,—1,0). Thus s, (v4) = 0 and /s,(vs) = —1. It remains
to compute l5,. Being d3 = (0,—az, —ap —az) we have that i3 = (0,—1, —s)
with s = 1 or s = 2. It follows that /5, = e> + (s — 1)e3 and we end up with the
following two divisors:

W+ 2Zs+ 77,
D, =
Z\+2Zs5+277.

Case 8: ay, az, az #0.

In this case iy = (—1,—1,0) and Iy, (v4) = l5,(vs) = —1. To compute h3 we
need to consider some different situations.
Case8.1: ay—ay—az < —(p—1).
Under this assumption a; — az < 0 and hence h3 = (0,—1,—2). It follows that
ls,(vi) = —1, while I5,(v7) = —2. Putting this together with what was found
earlier we get

D, =7Z+7Z4+7Zs+27;.

Case8.2: 0>a1—ay—a3 > —(p—1),a1—ap, <O0.
In this case i3 = (0,—1,—1) and /5, (v1) = ls,(v7) = —1. Then

D, =Zi+7Z,+7Zs+ 7.

Case8.3:0>a1—ay—a3 > —(p—1),a1—a, > 0.
We have that i3 = (0,0,—1), l5,(v1) =0 and l5,(v7) = —1. So

D, =7Z,+75+ 7.
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Using the same methods and techniques, we were also able to prove the
following proposition. Since the steps of the proof and all the calculations are
pretty much the same as the ones in the previous case, we decided, for the sake
of brevity, to ommit them and to leave them to the reader.

Proposition 3.8. Let p a sufficiently large prime and indicate the Frobenius
morphism relative to p with T, : & — &. Then the different summands of
(7,)(Os,)" are the following:

O, 0(Z7), O(Zs), O(Z1 +Zs), O(Zs+27), O(Zs+Zs), O(Z1 +Zs+Z7),

OZs+Zs+7Zy), OZ\+2Z4s+Zs), OZ1 +Zs+Zs+Z7).

3.4. & =S,—bundle over P!

Proposition 3.9. Let p be a sufficiently large prime and indicate the Frobenius
morphism relative to p with 7, : &4 — &4. Then the different summands of
(7,)(O,)" are the following:

ﬁ7 ﬁ(z7)7 6(24)7 ﬁ(zl +ZS)7 ﬁ(Z4 +Z7)7 ﬁ(Z4 +ZS)7 ﬁ(zl +Zs +Z7)7

OZs+2Zs+7Z7), OZ)+Zs+Zs), OZ)1+Zs+Zs+Z7).

Proof. The primitive collections of & are the same of & while the primitive
relations are the following:

v+ =0, vi+v5=0, vi+vi=vy, Vy+vs=vy,

Vi+Vvse=vs, Veg+V7=1V3.

As before we choose (v2,v3,V6) as a basis of Z>, and we take the following
three maximal cones that covers all the vertices of the polytope defining the
toric variety, namely:

o1 ={v2,v3,v6}, 0O»={v4,v5,v6}, 03 ={v2,v1,v7}.

Since only one primitive relation has changed, all the matrices A; but the last
one are the same as in the previous two cases, while
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Because of this our only concern is to calculate /s,. In order to do so we just
need to calculate the inverse of A3:

1 0 O
B:=|1 -1 O
1 0 -1

As usual we take v = (a1,a2,a3)" € P, and we compute d3 = (ai,a; —az,ar —
az). Let us see how D, changes if we take different v’s. Almost the same
computations we did in the previous cases show that:

1. If all the a;’s are null then D, = 0.

2. If ay # 0, while a; = a3 =0, then D, = Z.

3. If ap #0, while a; = a3 =0, then D, = Z; + Zs.
4. If as # 0, while a, = a; =0, then D, = Z;.

5. If ar,ap; # 0, while a3 = 0, the coordinates of /s, in the dual basis are
(0,s,s) with s = 0, 1. Thus we have two possibilities for D,

y =

Zy+2Zs,
2\ + 24+ Zs.

6. If a,a3 # 0, while a; =0, then D, = Z4 + Z7.
7. If az,ap, # 0, while a; = 0, then I, = (0, 1,1 +s) with s =0, 1. It follows

that
Z1+7Z
Dv: 1+ 5
L +7Zs+27.

8. Finally, if all the a;’s are not zero, we get four possibilities for D,:

Zy+Zs,

2\ +Z4+Zs,
Zya+7Zs+ 77,

21+ Zs+2Zs+ 7.

If we collect all cases we obtain exactly the divisors appearing in the statement
above and hence the proposition is proved.
O
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4. Vanishing Theorems

Given a full sequence of line bundles, (.Z7,...,.%,), in order to check if it is
also strongly exceptional, we have to prove that:

1) Ext’éx (L, Zp) =0 forall i >0 and for all o and f3.
(ii) Hom(Zy, Zp) = 0 for all o > 3.
We briefly recall the definition of acyclic line bundle:

Definition 4.1. A line bundle . on a smooth complete toric variety Y is said to
be acyclic if
H'(Y,%)=0 foreveryi>1.

We can substitute conditions (i) and (ii) by other two equivalent statements:
(1) Zp ® Ly ! is acyclic for all o and .
(i) Zp ® %, ! has no global section for all & > f3.

Verify (ii)’ is quite simple: in fact let Z,,...,Z,, be the toric divisors on a toric
variety X. For every a = (aj,...,a,) € Z™ we can consider the subset I, =
{i1,...,is} ©J={1,...,m} such that p € I, if and only if a, > 0. Now to I,, as
well as to every subset of J, we associate the simplicial subcomplex, C;,, of the
fan X(X) which consists of the cones in X(X) whose rays lie in /,. It is a known
fact that

Proposition 4.2. With the above notation, given D =Y, apZ a toric divisor on
X then

HP(X,0(D)) = P Himx)—p(C1,, K)

where the sum is taken over all ' = (d), ..., d,) such that D is lineraly equiva-

-
lent to Y, apZp.

Proof. [4, Proposition 4.1] L]

A consequence of this result was given in [5, Corollary 2.8]:

Corollary 4.3. With the above notation, H*(X, 0 (D)) is determined only by
d = (dj,...,a,) such that D is linearly equivalent to Y., anZp, a, > 0. We call
the toric divisors such as those toric effetive divisors.
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Thus to verify that .# satisfies (i)’ write £ ® Ly " as O(D) with D a
T-Cartier divisor on the toric variety. Then it is enough to prove that it D is not
linearly equivalent to a linear combination with non-negative coefficients of the
principal toric divisors.

Condition (i)’ is more laborious. In order to verify it we need some acyclic-
ity criteria. The first one it is an easy consequence of a vanishing theorem by
Mustata whose statement we briefly recall:

Theorem 4.4 (Mustata). Let Y be a complete smooth toric variety, and be &

an ample line bundle on'Y. If Z; , ..., Z; are distinct toric divisors of Y, then
the line bundle £ ® Ox(—Z;, —--- — Z;,) is acyclic.
Proof. [13, Corollary 2.5] O

Remark 4.5. If X is a toric Fano variety, then all the line bundles of the form

Ox (zl: s,Z,)

with Z; principal toric divisors and € € {0, 1} are acyclic.

Observing the statement of condition (i)’, it is evident that the hypothesis
of Proposition 4.5 are too strong to apply to all the line bundles we need to
be acyclic. Indeed, the set of divisors we have to check is “symmetric” in the
sense that if D is one element of the set, than also —D is an element. But
(toric) effectiveness is not a symmetric propriety, thus if we can use the previous
criterion to check the acyclicity of a line bundle .Z, surely we will not be able
to apply it to its dual. In conclusion we need a weaker criterion. In [4], Borisov
and Hua gave sufficient and necessary conditions for a line bundle on a toric
variety to be acyclcic. In the next paragraphs we will explain their method.

Let us introduce the notion of forbidden set.

Definition 4.6. Let X a toric variety with m ray generators. For every proper
subset I C J = {1,...,m} consider the associated simplicial complex C;. We
say that / is a forbidden set if C; has a non-trivial homology.

Example 4.7. It is easy to see that {2,4,5} is a forbidden set for &7. In fact the
simplicial complex C; consists in 0 maximal cones, one face and 3 edges. Its
(reduced) chain complex is

0—-K—K —-K—0

that is obviously not exact. Then C; has a non-trivial homology.
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Thanks to the following result, forbidden sets play a key role in proving the
acyclicity of line bundles on toric Fano varieties.

Proposition 4.8 (Borisov-Hua). Let X a toric Fano variety and consider all
forbidden sets I C J. For each of them consider the line bundles of the form

Ox (— Y Zi+)Y azi— Z%‘Z‘) “4)
i¢l i€l il

with a; € Z>q for every i € J. Then £ € Pic(X) is acyclcic if and only if £ is

not of the form (4).

Proof. [4, Proposition 4.3] O

We call the line bundles like (4) forbidden line bundles (or forbidden forms)
relative to the set /. By abuse of notation we shall say that a divisor D is of a
forbidden form relative to [ or that it can be put in a forbidden form relative to /
if it is linearly equivalent to a divisor F such that & (F) is a forbidden form.

In what follows we will prove that the full sequences we got in the previous
sections are indeed strongly exceptional. Although Boris-Hua method’s gives
sufficient and necessary conditions for a line bundle to be acyclic, it needs a lot
of tedious calculations and so we will use also the first criterion to lessen the
number of divisors we need to check.

4.1. @1 and @2

Since we will need to apply Borisov-Hua’s method, the first thing to do is find
out which subsets of the set of vertices of 2, and %, are forbidden. It turns out
that there are eleven of them.

Proposition 4.9. The forbidden sets for &;, i = 1,2 are

0, {3,6}, {4,6}, {3,5}, {1,2,5}, {1,2,4}, {1,2,4,5},
{1,2,3,5}, {1,2,4,6}, {3,5,6}, {3,4,6}.

Proof. We know from [7, Proposition 5.7] that the aforementioned sets are in-
deed the forbidden sets for Z,. Now, being a forbidden sets depends just upon
the primitive collections of a variety and not by their relations. Thus the same re-
sult is true also for &, since ¥ and %, have the same primitive collections. [

Theorem 4.10. The following is a full strongly exceptional collection for 2 :

O, O(Zy+7s), O22Z4+2Zs), O(Zs), O(Zs+Zs), 5)
ﬁ(Z4—|—ZS +Z6), ﬁ(Z4+ZZ5 +Z6), ﬁ(ZZ4+225 +Z6).
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Proof. Proposition 3.5 tells us that the collection (5) is full. So, in order to
prove it is also strongly exceptional, we have just to show that its line bundles
satisfy the required vanishing. As first step we will prove that the following line
bundles are acyclic:

O(+(Zs+Zs)), O(£(224+2Z5)), O(£(Zs + Zs)),
O(£(Zs+2Zs+Zs)), O(FZs), O(£(Zs+2Zs+Zs)),
O(£(224+275 4+ 75)), O(£(~Z4—Zs + Z), O(£(—Zs+7Z5)),  (6)
O(£(=224 =225+ Zs)), O(E(-2Z4 = Zs +Zs)), O(+Zs),
O(+(Zu+275), O(+Zs), 6(+£(2Zs +75)).

In order to shorten our argument, we shall split these invertible sheaves into four
groups.

a) ﬁ(Z4+Z5), ﬁ(2Z4+2ZS), ﬁ(ZG), ﬁ(Z5 +Z6), ﬁ)(Z4 +Zs +Z6),
ﬁ(Z4—|—2ZS +Z6), ﬁ(ZZ4+ZZ5 +Z6), ﬁ(—Z4 +Z6), ﬁ(Z5 —i—Zﬁ),
ﬁ(—2Z4—Z5 +Z6), ﬁ(Z5), ﬁ(Z4+225), ﬁ(Z4), ﬁ(2Z4 —|-Z5);

b) ﬁ(—Z4—Z5), O(—27Z4—27s), ﬁ(—Zﬁ), ﬁ(—Z4—Z5 —Z6),
ﬁ(—2Z4 —275 —Z6), ﬁ(—Z4 —Z5 —|—Z6), ﬁ(2Z4 + 275 —Z6),
O(—224—27Z5+Zs), O(Zs+Zs5s —Zs),

c) ﬁ(—Z5 —Z6), ﬁ(—Z4 — 275 —Z6), 6’(24 —Zﬁ), ﬁ(2Z4 +Z5 —Zé),
ﬁ(—Z5), ﬁ(—Z4—225), ﬁ(—Z4—225 +Zﬁ);

d) O(—Zs), 6(—274— 7).

We claim that the line bundles in group a) are line bundles associated to toric ef-
fective divisors, whose coefficients of the principal toric divisors are either zero
or one and hence they are acyclic due Remark 4.5. Indeed this is straightfor-
ward for those line bundles of the form &'(aZs + bZs + c¢Zg) with a,b, ¢ already
in {0,1}. Let us see, as an example, that —2Z; — Zs + Z¢ is a divisor linearly
equivalent to Z3; all the other are proved by similar argument. First of all we
want to write the generic divisor D = ):;6): 1apZp of 2y in the basis of Pic(Z)
given by Z4, Zs and Zg, using the following relations:

Z) =2y =274+ Zs, Zy = =274 — 725+ Zs.
We get:
D= (a1 +ar —2as +a4)Z4 + (a1 +a, —a3 +a5)Zs + (a3 +a6)26. @)

Using the previous formula, we can easily be proved that —2Z4 + —Z5 + Zg is
linearly equivalent to Z3, and then 0(—2Z4 + —Zs + Zs) ~ O(Z3).
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To prove the acyclicity of the remaining line bundles we need to use Borisov-
Hua’s result.

Now denote with z; for i = 4,5,6 the coefficient of Z; in the representation of
D; all the divisors we have to check have the coefficient zg > —1, hence these
divisors cannot be written in the forbidden forms relative to a set I which does
not have neither 3 nor 6 among its elements. In fact the coefficient z¢ of the
divisors in the forbidden forms relative to those sets is always less or equal to
-2. The sets we have still to check are:

{3,6}, {4,6}, {3,5}, {1,2,3,5}, {1,2,4,6}, {3,5,6}, {3,4,6}.

For similar reasons we know that the line bundles in (4.1) cannot be put in the
forbidden forms relative to a set / when it:

1. contains 3 but neither 1 nor 2 nor 4 (otherwise we will have z4 < —3);
2. contains 3 but neither 1 nor 2 nor 5 (otherwise we will have z5 < —3).

After this second cancellation we remain with
{476}’ {17273’5}7 {1727476}
From (7) we can deduce that a4 — a3 — as = z4 — zs, thus we have

0  If we have (D) in group b),
as—az—as =< 1 If we have &'(D) in group c), )
—1 If we have &'(D) in group d).

It follows immediately that neither one of the divisors in those groups can be
linearly equivalent to a line bundle in a forbidden form relative to {4,6} or
{1,2,4,6}, otherwise it should have z4 —z5 > 2. It remains to check that the di-
visors cannot be put in the forbidden forms relative to {1,2,3,5}. The forbidden
forms relative to this set have the difference z4 —z5 < —1. It follows from this
and (8) that if (D) can be put in one of this forbidden forms, then it is in group
d)andaz =as=0. But6 ¢ {1,2,3,5}, hence we should have z5 = a3 +a¢ < —1
while none of the divisor in group d) have a negative zg. Thus we can conclude
that all the divisors in groups a), b), ¢) and d) are acyclic.

To finish the proof we have still to check that the line bundles associated to the
following divisors have no sections.

a) —Zo, —Zs — 2oy, —2y —Zs — Lo, —Zy — 225 — 2L, —224 — 275 — Zs,
Zy+2Zs—Zg, 2y — 2o, 224+ 225 — Zg, 274+ Z5 — Zs;

b) —Zy—Zs, =274 — 275, —Zs5, —Z4 — 275, —Z4, =224 — Zs5, —Zs.
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Looking at (7) is straightforward to see that all the divisors in group a), which
have a negative zg, are not linearly equivalent to a toric effective divisor, hence
their associated line bundles have not zero-cohomology. The divisors in b) are
the opposite of some positive divisors and hence they cannot have sections and
the statement isproved. Ul

Theorem 4.11. The following is a full strongly exceptional collection for D,:

0, 0(Zs+Zs), O0(2Z4+2Zs), O(Zs), O(Zs +Zs), ©))
O(Zs+Zs+Zg), O(Zs+2Z5s+Zg), O2Z4+27Z5+Zg).

Proof. Proposition 3.6 tells us that the collection (9) is full. So, in order to prove
it also is strongly exceptional, we have just to show that its line bundles satisfy
the required vanishing. As first step we will demonstrate that the following
invertible sheaves, obtained as a difference of two line bundles in the sequence,
are acyclic.

O(£(Zs+7s)), O(£(2Z4+275)), O(+(Zs+ Zs)),
O(£(Zs+Zs +Zs)), O(£Zs), O(£(Zs+2Z5 + Zs)),
O(+(224+2Z5+7Zs)), O(£(—24—Z5+Zs)), O(£(~Z4+7Z5)),  (10)
O(£(—274 =275+ Zs)), O(£(—2Z4 — Zs + Zs)), O(+Zs),
O(+(Z4+275)), O(+Z4), O(£(2Z4+7Z5)).

As we already did before, it is useful to split these line bundles in four
groups

a) O(Zs+Zs), 0(2Z4+2Zs), O(Zs), O(Zs +Zs), O(Zs+Zs + Zs),
ﬁ(Z4—|—ZZ5 —|—Z6) 6(2244-225 +Z6), ﬁ(—Z4 +Z6), ﬁ(Z5 +Z6), ﬁ(Z5),
O0(24+2Zs), O(Zs), 0224+ Zs);

b) ﬁ( Z4—7s), ﬁ( 274 —27s), O(—Z, ),ﬁ( Zys—27Zs—Zs),

ﬁ( 274 — 275 — ) ﬁ( Z4—Z5+Z6),ﬁ(2Z4+225—Z6),
O(—22Z4—27Z5s+7Zs), O(Zs+Zs —Zs);

C) ﬁ( Z5 Z6) ﬁ( Z4—2Z5+Z6) ﬁ(—Z4—2Z5—Z6),ﬁ(Z4—ZG),
OQZ4+7Zs = Zs), O(—Zs), O(—Zs —2Zs);

d) O(=Z4), O(=2Z4+ —Zs+Zs), O(—2Z4 — Zs).

As a first step we write the generic divisor D = Zgzl apZp of 9, in the basis of
Pic(2,) given by Zy, Zs and Zg, using the following relations:

2y =2y =24+ Zs5, Iy =—Z4+ 7.
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We get:
D= (a1+ay—a3+aa)Zs+ (a1 +azr+as)Zs + (asz + ae) Zs. (11)

It is quite strightforward to see that all the line bundles in group a) are of the
form ¢'(E) with E a linear combination with coefficients 0 or 1 of the principal
toric divisors, thus they are acyclic for Remark 4.5. It is all the same easy to
verify that if the remainig line bundles are forbidden with respect to a set /,
then, necessarily, we have I = {1,2,3,5} or I = {1,2,4,6}. Now observe that

—1 If we have (D) is in group d),
ar—as—az3 =<0 If we have &'(D) is in group b),
1 If we have &(D) is in group c).

Thus we can also eliminate {1,2,4,6}, since all the forbidden forms relative to
this set have a4 — a3z —as > 2.

Now observe that for the line bundles (Y, apZ, ) in the forbidden form relative
to {1,2,3,5} we have that as — a3 — as < —1. Thus there is just one possibility
for them to apply to the line bundles arising from the full sequence 9: we should
have a4 = —1 while a3 = as = 0; then z4 — z5 = —1 and the line bundles must
be in group d). But since 6 ¢ I these line bundle should have a negative zg too,
and this does not apply to any of the invertible sheaves in group d). To finish
the proof we have still to check that the line bundles associated to the following
divisors have no sections.

a) —Zo, —2s —Zo, —Z4 —7Zs —Zo, —Zy — 275 — 2L, —2724 — 275 — Zs,
Zy+2Zs —Zg, Ly — 2, 224+ 225 — Zg, 224 + Z5 — Zs;

b) —Z4—2Zs, =224 — 275, —Zs5, —Zy — 225, =274 — Z5, —Z4, —Zs.

Looking at (11) is straightforward to see that all the divisors in group a), which
have a negative z¢, are not linearly equivalent to a toric effective divisor, hence
their associated line bundles have not zero-cohomology. The divisors in group
b), on the other hand, are opposite of positive divisors and hence they have no
sections. Thus the statement is proved. O

4.2. @(»‘71, éaz and 84

Again we need to find the forbidden sets. It can be proved the following state-
ment:

Proposition 4.12. The forbidden sets for &;, i = 1,2,4 are

0, {2,4}, {3,5}, {1,3}, {2,5}, {1,4}, {6,7},
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{2,4,5}, {2,4,1}, {3,5,1}, {3,5,2}, {1,3,4},
{1,3,6,7}, {3,5,6,7}, {2,4,6,7}, {1,4,6,7}, {2,5,6,7},
{1,3,5,6,7}, {2,4,5,6,7}, {1,3,5,6,7}, {1,2,4,6,7},
{1,3,4,6,7}, {2,3,5,6,7}, {1,2,3,4,5}

Proof. Certainly the simplicial complex associated to a set with just one ele-
ment has a trivial reduced homology. Since the faces have all trivial homology,
the only two-elements forbidden sets are the primitive collection. We want to
show that the forbidden sets of cardinality three are precisely the unions of two
primitive collections and so they are

{2,4,5}, {2,4,1}, {3,5,1}, {3,5,2}, {1,3,4}.
Indeed in a three element forbidden set can either contain:
1. zero primitive collections;
2. one primitive collection;
3. two primitive collections.

If the first is the case, than the set is a maximal cone and hence it has a trivial
homology. If we are in the hypothesis of the second case, then the chain complex
associated to the simplicial complex will look like:

0—K>—K —K—0

that is an exact sequence. Thus the simplicial complex has a trivial reduced
homology. Finally, if the set / is the union of two primitive collections, then its
associated chain complex will be

0—K-—K —K-—0

and hence it is a forbidden set.

Claim I: The four-elements forbidden sets are the complementary of the
three elements forbidden sets. Indeed let us suppose that / is the complementary
of a maximal cone. Since all maximal cone are generated by either vg 0 v7, a
complementary of a cone is necessarily of the following form

{a17a27bac}

with {a;,a,} the only one primitive collection contained in /. Thus its associ-
ated chain complex is

0—K> K —K'~—~K—0
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that is obviously exact.

Suppose now that / is the complementary of J, a set of the form {py, p»,¢q} that
contains just one primitive collection, namely {pj, p>}. Since all such I’s count
either 6 or 7 among their element, we can consider two different cases:

1. both 6 and 7 are in I,

2. (6,7} Z 1

If both 6 and 7 are in J, then I will contain three primitive collections and its
associated chain complex will be

0—K —K'—K—0

that is exact, and hence I is not forbidden. It can happen that just one among 6
and 7 is an element of J. Under this assumption / will contain three primitive
collections and will exist one of its elements that will not belong to any of these.
In this case the chain complex associate to I will be

0—K—K'—K'—K—0

that is exact, as required. To prove the claim it remain to show that the com-
plementary of the forbidden sets of cardinality equal to three are still forbidden
sets. But it can be easily seen that these sets are of the form {a;,a,b1,bs} with
{ai,ay} and {by,b,} the only primitive collections in I. Hence the associated
chain complex will look like

0—K*—K'—K—0

and it is obviously not exact.

Claim 2 The forbidden sets of cardinality five are the complementaries of
the primitive collections.
Let us suppose that the set / is the complementary of a face, then there are two
cases: or {6,7} C I, or just one among 6 and 7 is in I. If we are in the first
situation, then it can be seen that / contains two disjoint primitive collections
and its associated chain complex is

0—K*—K} K —K—0

that is exact. Now assume that not both 6 or 7 are in /. Then / will contain three
primitive collection that will cover just four of its five elements. Its associated
chain complex will be

0—K —K —K —K—0.
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Conversely, suppose that / is the complementary of a primitive collection J. If
J ={6,7} then the chain complex associated to [ is

0—K —K —K-—0

that is not exact.

If, otherwise J is different from {6,7}, then I contains exactly 3 primitive collec-
tions: two of them cover three elements of the set, while the last one is disjoint
from the previous. Knowing this data is straightforward to see that the chain
complex associated to [ is

0—K>—K — K —K—0.

It remains to prove that do not exist forbidden sets of cardinality 6. Again
we can split the proof in two cases, depending on whether / contains {6,7} or
not. In the first case I will contain four primitive collections: {6,7} and other
three that will cover the remaining four elements of /. Knowing this it is easy to
check that the chain complex associated to [ is

0— Kl — K1 K0 S K—0.

If otherwise I does not contain {6, 7}, then it will contain five primitive relations
that will cover five of its 6 elements. Its associated chain complex will be of the
form

0—K —K9 Kb K—0

that is again exact, and hence the proof is complete.
O

Using the previous result we are now able to prove the next three proposi-
tions.

Theorem 4.13. The following is a full strongly exceptional collection of line
bundles for &).

ﬁ, ﬁ(Z7), 6(24), ﬁ(Z4—|-Z7), ﬁ(Z4—|-Z5), ﬁ(Zl+Z5+ZZ7), (12)
ﬁ(Z4—|—Z5 —|—Z7), ﬁ(Z1+Z4—|—Z5 —{—Z7), ﬁ(Z1+Z4+ZS—|—ZZ7).

Proof. We already know, by Bondal’s method, that this collection of line bun-
dles generates the bounded derived category of &.
Our first step will be to check if the following line bundles satisfy the required
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acyclicity.

O(£(20)), O(£(Zs)), O(£(Za+2r)), O(£(Za+25))O(£(Z4+25)),
ﬁ(i(zl +Z5 —|-ZZ7)) ( (Z4 +Zs +Z7)), ﬁ(i(Zl +Z4s+ 75 +Z7)),
ﬁ(j:(Zl +7Z4 +Z5+ZZ7)), ﬁ(:l:(Z4—Z7)), ﬁ(:l:(Z4 +Z5 —Z7)),

ﬁ(j:(Zl —Z5 +Z7)), ﬁ(j:(Zl +27Z4 +Z5)), ﬁ(:l:(Z5)), (13)
ﬁ(j:(Zl —2Z4 +Z5+2Z7)), ﬁ(:l:(Z5 —|—Z7)), ﬁ(:l:(Z5 —Z7)),

ﬁ(i(zl —Zs+Zs +Z7))a ﬁ(i(ZS _Z7))7 ﬁ(i(zl _Z4+2Z_7))a

O(£(Z1+77)), O(£(Z1 +227)), O(X(~Z1 +Zs — Z7)), O(£(Z1)).
As before, in order to easy the computation, we divide these line bundles in
groups:

a) O(Z7), 0(Zs), O(Zs+77), OZs+Zs), O(Zs+Zs + Z7),

ﬁ(Zl +Zs +ZZ7) ﬁ(Zl +Z4s+ 75 +Z7), ﬁ(Z] +Z4+ 75 +ZZ7),
O(Zy—77), O(Zs+2Zs—Z7), O(Z1 +Zs), O(Z1 +Zs+ Zs), O(Zs),
ﬁ(Z5 +Z7) (Zl +Zs +ZZ7), ﬁ(—Zl +7Z4 —Z7), ﬁ(zl +227),
O(=Z1+24), O(=Z1+24—77), O(Z1), O(Z1 +Zs + Z7), O(Z1 +Z7);
O(—

b) Z4—Z5) O(—Zs—7Zs—27), 0(—Z1—Zs—2Z7), O(—Z1 — Zs —2Z7),
ﬁ( — 7y — 725 — Z7), ﬁ(—Zl —Z4—ZS—2Z7), ﬁ(—Z4—Z5 +Z7),
ﬁ( Z5), ﬁ( Z4—Zs) ﬁ(—Z5), ﬁ(—Zl +7Z4— 75 —227),
o(— Zs Z7), O(— Z1+Z4—Zs 7Z7), O(=Zs+77);

c) O(—2Z4 +Z7), O(~24), O(Z) — Zs+7Z7), O(=2Z1 — Zy),
ﬁ(Zl ) ( Zy —Z7) ﬁ(—Zl), ﬁ(Zl —Z4+2Z7), ﬁ(—Z7);

d) O0(Z) —Zs+Zs+27Z7), O(Z) —Zs+Z5+27Z7), O(Z) —Zs+ Zs),

O(—7Z,—27Z7);
e) O(—Z+2Z4—277);
0(Zs —7Z7).

Given a divisor D = 71Z| + 2474 + 2575 + 72777 on &), written in the basis
(Z1,Z24,Z5,7Z7) of Pic(&]) we want to find conditions for another divisor
= ):;77:1 apZ, to be linear equivalent to D. In order to do that we write D’
in the given basis using the following relations among the principal toric divi-
sors:
Ly=—Lli+2s—27, Ls=7i+Zs+27, Ze¢=17.

We gain

D'~y (a1 —ar+a3)Zy + (az +aa)Zs + (as +a3)Zs + (—az +az + ag +a7)Z7.
(14)
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Now, imposing equality among the coefficients of D’ and D we have the condi-
tions we were seeking.

Using (14), it can easily be seen that all the line bundles in group a) are line
bundles associated to toric effective divisors with coefficient ¢; € {1,0}, and
hence are acyclic. In order to check the acyclicity of the other line bundles we
are going to use Borisov-Hua’s criterion. Observe that:

1. The forbidden forms relative to a set I which does not contain neither 2
nor 4 as elements have the coefficient z4 < —2.

2. The forbidden forms relative to a set / which does not contain neither 3
nor 5 satisfy zs < —2.

3. The forbidden forms relative to a set / such that 2 € I, but neither 1, nor 3
are in / satisfy z; < —2.

4. The forbidden forms relative to a set I with 2 € I and such that its com-
plementary I’ contains {3,6,7} as a subset have z; < —3.

Thus we can eliminate all the forbidden sets satisfying condition 1)-4). The set
we have still to check are:

{2,3,5}, {1,3,4} {1,3,4,6,7}, {2,3,5,6,7}, {1,2,3,4,5}.

We can eliminate {1,3,4} and {1,3,4,6,7} in the following way: suppose the
some of the line bundles we are working with can be put in one of the for-
bidden forms relative to these sets. Since both sets {1,3,4} and {1,3,4,6,7}
contains 1 and 3 but not 2 it follows that z; = a; —az + a3 > 1. The only pos-
sibility for our divisors is z; = 1 and hence a; = a3 = 0 and a; = —1. But
5¢{1,3,44U{1,3,4,6,7}, thus a3 = 0 would imply that zs < 0. Hence these
line bundles should be in group b). But all the divisors in group b) have a non
positive z;.

Now we will show that none among the divisors in b)-f) can be put in a forbid-
den form relative to I = {2,3,5}. Surely, since both a3 and as are positive, none
of the divisors in b) (which have a negative z5) is in the forbidden form relative
to I. If we have a line bundle associated to a divisor D whose coefficient zs is
null, then it can be put in one of the forbidden form relative to [ if az = as = 0.
As a consequence z7 = —ap +as +ag + a7 < —2. Thus the line bundles in c)
(which have zs = 0 and z7 > —1) cannot be put in the required forbidden form.
Let us see that neither one of the line bundles in ¢) can be of the forbidden form
relative to I: if this would be the case, then we will have that a, = 0 and, since
4 ¢ 1, z4 < —1 that is impossible. Now we want to show that the line bundles in
d) and f) are not in the forbidden form relative to /. In this case a3 can be both
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0 or -1. In any case we will have that z; < —1, and this is sufficient to eliminate
all the bundles in d). As before we eliminate the invertible sheaf in e) because
its z4 is not negative.

In order to eliminate the set I = {1,2,3,4,5} we proceed in a similar way. Ob-
serve now that again a3 can be 0 or 1. If a3 is O, then z; < —2 and z; > 0 that is
impossible, because the only invertible sheaf with z; = —2 is the one in e) and
have z; = —1. Then az = 1. But in this case we have z5 > 1,z7 < —land z; > 1
that is again impossible. It remains to check that none of the divisors in the list
can be put in the forbidden form relative to I = {2,3,5,6,7}. Again a3 =0, 1.
If a3 =0, then z; < —1 it follows that z; = —1 and a, = 0. As a consequence
z4 < —1 but none of the divisor we have has both a negative z; and a negative
Z4. Now suppose that a3 = 1. Then z5 = 1 and z; < 0. All the line bundles with
a positive z5 (group d) and f)) have a non-negative z;. It follows that z; = 0 and,
in particular z4 < —1 but this is impossible.

Finally, to finish proving the proposition, we have to check that the following
divisors are not linearly equivalent to any toric effective divisor.

a) —Z4, —Z4 —Z7, —Z4 —Z5, —Z4 —Z5 —Z7, —Zl —Z5 —227,
—Z\—Zy—2Z5—2Z7,—Z\—Zy—Z5—277, —Zs+27, —Zs—Z5+ 27, —Z) —
Zs+2q, =2y =2y — 75, —Zs, —Zs — 77, =L\ + 24 — 25 — 277,
—\—2s—27,—Zs+ 27, — 21+ 24y —2Zs— 27, -2\ — 25, 2| — 24+ Z7;

b) —Z7, —Z1+Z4 =273, =2, — 77, =2, — 2723, 7.
Observe that the divisors in a), which have a negative z4 or a negative z5 cannot
possibly be linear equivalent to a toric effective divisor. For what it concerns
group b), it can be deduced from (14) that it is a necessary condition in order for
a divisor D to be linearly equivalent to a toric effective divisor that z; > —ap >

—z4 and z7 > —ay > —z4. It is easy to see that none of the divisors in group b)
satisfies this condition. O

Theorem 4.14. The following is a full strongly exceptional collection for &»:
0, ﬁ<Z7)7 6(24)7 ﬁ(zl +Z5)7 ﬁ(zl +7Zs +Z7)7 ﬁ(Z4 +Z7)7 ﬁ(Z4 +Z5)7

O(Zs+2Z5s+27), O(Z1 +Zs+Zs), O(Z1 + 24+ 25+ 77).

Proof. We already know that the collection is full. Thus we have just to show
that it is strongly exceptional. First of all we will prove the vanishing of the
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higher cohomology of the following line bundles:

O(£(Z7)), O(£(Zs)), O(£(Z1 + Zs)), O(£(Z1 +Zs + Z7)),
O(£(Zs+127)), O(£(Zs+Zs)), O(£(Za+2Zs+27)), O(£(Z1 +Zs+ Zs)),
O(L(Z\+Zs+Zs+77)), O(£(Zs — 7)), O(£(Z1 +Zs — Z7)),
O(£(Zo+ 25— 77)), O(£(Z1 +Za+ Zs — Z7)), O(£(Z1+ 25— Zs)), (15)
O(£(25)), O(£(Zs+27)), O(1(Z1 —Zs+ 25— 7)), O(:(Za—21)),
ﬁ(i(Zl —Z4—Z7)), ﬁ(i(Z4 +Z7)), ﬁ(i(Zl —27Z4 —I—Z7)), ﬁ(:f:(Z5 —Z7)),
ﬁ(i(Zl +Z7)), ﬁ(i(zl —Z7)), ﬁ(ﬂ:(zl)), ﬁ(i(—Zl +Z4— 275 +Z7)).

As usual, it is better to split all these invertible sheaves into four groups.

a) O, 0(Z7), OZs), OZ1+Zs), OZ1+2Zs+2Z7), O(Zs+Z7),
O(Zs+Zs), O(Zs+Zs +7Z7), O(Z1 +Z4+Zs), O(Zy +Zs +Zs + Z7),
ﬁ(ZS), ﬁ(ZS —I-Z7), ﬁ(Z4 —I-Z7), ﬁ(Zl), ﬁ(Zl —I-Z7), ﬁ(Z4 —Z7),
O(=Z1+2Z4), O(=Z1+Z4—Z7), O(=Z1 +Zs + Z7);

b) O(-Z1+24—27s5), O(-Z\+Z4s—Zs +Z7), O(=Z1 +Zs — Z5s — 73),

( —Zs ) ( Z1 — Z5>, 6"(—21 —Zs —Z7), ﬁ(—Zl —Zs +Z7),

(— 25—27) O(~Z5+77), O(—Zs—7s), O(~Za— 75— 73),

( Z4—Z5) ﬁ( Zl—Z4—Z5—Z7), ﬁ(—Z4—ZS+Z7),

(=Z1—Zs—Zs+ 7Z7);

(Z1 =24+ Z5), O(Z1 —Zs+Z5s+77), O(Z1 — 24+ Zs — 77);

d) Z7) ( Z —Z7), ﬁ(—Zl), ﬁ(Zl —Z7), ﬁ(—Zl —|—Z7), ﬁ(—Z4),

Zy—77), O(=Zs+2Z7), O(Z) — Z4), O(Z) —Zs — Z),

0
o
0
0
o
C) O+Z\+2Z4s+2Zs—27), O(Zs+2Zs—Z7), O(Zs —Z7), O(Z) +Zs — Z7),
oz
(-
o(-
OZ) —Z4+7Z;7). O(=2Z1—2Z5s+7Z7), O(—Zs — 7Z7), O(Z1 — 24 — 75),
o(-
(

Z\— 24— 75— 77),
OZ)y—Zs+7Zs — Z7).

LetD = 217)21 apZp be any divisor on &. We want to write it in the basis given
by Zy, Z4, Zs and Z; using the following relations:

Lo = +2y—27, Zz=7Z1+2Z5, Zs¢=217.
We get

D~y (a1 + a3 —a2)Zy + (a3 +as)Zs + (ax + aa)Zs + (ag + a7 — az)Z;.  (16)



150 ALESSANDRO BERNARDI - SOFIA TIRABASSI

We indicate with (z,z4,25,z7) the coordinate of D in the chosen basis.
We can easily see that all the line bundles in a) can be associated to a toric ef-
fective divisor with the coefficents a; € {1,0} (and hence acyclic due to Remark
4.5). For example

— 21+ 2y + 727 2in 2o +Zg+ Z7.

For all the other divisors we need Borisov-Hua criterion.
It is easy to see that the remaining line bundles cannot be forbidden with respect
to a set / unless [ is among the following three sets:

{1,3,4}, {1,3,4,6,7}, {2,3,5,6,7}.

First of all we eliminate {1,3,4}, {1,3,4,6,7}: in both these sets appear indeces
1 and 3 and does not appear 2. This means that coefficient z; is greater or equal
to 1. The only possibility is that z; = 1, hence a; = a3 =0 and a; = —1. Since
neither 5 is in the previous sets, then —1 < zs = a3 +as < —1. The divisors with
z5 = —1 are the ones of group b). You can observe that neither one of these has
a positive z;.
It remains to eliminate I = {2,3,5,6,7}.
All the divisors of the group b) are not of a forbidden form relative to this set.
In fact all this divisors have zs = —1 and the forbidden divisors relative to /
have z5 > 0. Neither the divisor of group d), that have zs = 0 cannot be of
the forbidden forms relative to /. Indeed, if we impose to the forbidden forms
the condition to have zs = 0 we get that, necessarily, a3 = as = 0. Thus a; =
Z1+ap > z1. Since a; < —1 we get that a; = z; = —1. But, on the other side we
have that z4 = a» +a4 < —1. None of the divisor of group d) have both z; and
z4 negative. Finally we can see that also the divisors of group c) are not in of
the forbidden forms relative to /: since both a3 and as are non negative, we have
that a3 < 1. It follows that z; = a; +a3 — a> < 0. But all the divisors in ¢) have a
non negative z; coefficient, thus there is just one possibility: z; = 0. This yields
thata; = —1, a3 = 1 and a, = 0. The last equality implies that z4 = a4 < —1, but
this cannot be since all the divisors in ¢c) who have z; = 0 have a non negative
Z4 100.

Now, to prove the statement, we just need to show that the following divisors
are not linearly equivalent to a toric effective divisor.

Q) —Zy, —Zy—12q, —Zy—Zs, 24— 25— 77, =21 — 24 — Zs,
Ly —Zy—ZLs—17, —Zs+ 27, 2Ly —Zs+ 217, -2y — Ly — L5+ 77,
Ly —Zy+2Zs—77, 2y — 24, 2y —Z4 — 27, =2y — 24, Z) + 25 — Ly,
Ly +7Z7— 2y, — 24+ 17,

b) —Z1—Zs,—Z1—Z5s—7Z7, 21— Zs+ 27, =21+ 24 — Zs5, —Zs5, =15 — 77,
—Zy—Zs—17, —Zs + Z7;
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C) —Z7,—Z\, —Z1— 27,27 - 7.

Looking at (16) it is obvious that the divisors in a) and b), which have or z4 = —1
or zs = —1 cannot be toric effective. The divisors in the last group have z4 =0
and or z; or z7 equal to -1. If they were equivalent to a toric effective divisor,
then a, > 0 but this is impossible since we would have z4 = ay + a4 > 0. O

Theorem 4.15. The following is a full strongly exceptional collection for &4:
0, 0(Z7), O(Zs), O(Z1+Zs), O(Z1 +Zs+7Z7), O(Zs+2Z7), O(Zs+Zs),
O(Zs+2Zs+7Z7), O(Z1+Z4+7Zs), O(Z)+Zs+ 25+ 7).

Proof. We already know that the collection is full. Thus we have just to show
that it is strongly exceptional. First of all we will prove the acyclicity of the
following line bundles:

O0(x(Z7)), O(£(Z4)), O(£(Z1 +Zs)), O(£(Z1 +Zs +Z7)),
O(£(Zs+127)), O(£(Zs+Zs)), O(£(Za+2Zs+27)), O(£(Z1 +Zs+ Zs)),
O(E(Zy+Zs+Zs +77)), O(x(Zs — Z7)), O(£(Z1 +Zs — Z7)),
O(X(Za+Zs—17), OX(Zi + Za+Z5s — 77)), O(X(Z1 +Zs — Z4)), (17)
O(£(Zs)), O(£(Zs +7Z7)), O(£(Z1 — Zs+Zs — 7)), O(£(Zs— Z1)),
O(£(Z1 = 24— 77)), O(X(Zs+2Z7)), O(X(Z1 = Zs+ 7)), O(£(Zs — Z7)),
ﬁ(:l:(zl +Z7)), ﬁ(i(zl —Z7)), ﬁ(:l:(Z])), ﬁ(:l:(—Z] +Z4— 275 +Z7)).

As in the previous case we shall split all the line bundles above into four groups.

a) O, ﬁ(Z7), ﬁ(Z4>, ﬁ(zl—l—25>, ﬁ(Z1+Z5 +Z7), ﬁ(Z4—|—Z7),
OZs+Zs), OZs+2Zs+7Z7), OZ1+Zs+Zs), OZ)+Zs+Zs+7Z7),
5), O(Zs+27), O(Zs+77), O(Z1), O(Z1 +Z7), O(—Z1 + Zs),

Zi— Z7) O(=Z\+2Z7), O(—Zs), O(—=Z4—Z7), O(—Z4s+ Z7),
) (Z] Z4 —Z7), ﬁ(Zl — 74 +Z7>.

(
o(Z
O(—Z1+2Z4 +Z7) O+Z\+Zs+2Zs—77), O(Zs+Zs —Z7), O(Zs — Z7),
O(Z1+7Zs —77);
b) O(-Z1+24—2s5), O(-Z\+Z4s—Zs+7Z7), O(=Z1 +Zs — Z5s — 75),
ﬁ( Z ( Z — Z5>, ﬁ(—Zl —Z5 —Z7), ﬁ(—Zl —Z5 +Z7),
ﬁ( Z5 —Z7) ﬁ( Zs —|—Z7), ﬁ(—Z4—Zs), ﬁ(—Z4—Z5 —Z7),
ﬁ( Z4—Z5) ﬁ( Zl—Z4—Z5—Z7), ﬁ(—Z4—Z5+Z7),
ﬁ( Zl Zy—7Zs +Z7)
C) OZy—Z24+7Zs), OZy—Z4s+Zs+7Z7), O(Zy —Zs+Zs —Z7);
d) ( Z7) ( 7 +Z4—Z7) 6(24—27), ﬁ(—Z1 —Z7), ﬁ(—Zl),
(
(Z

0
0
44
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As in the previous cases, our first step will be to write the generic divisor D =
Z;: 1apZ,p in the basis Pic(&y) given by Z;, Z4, Zs and Z; using the following
relations among the generators:

Zp=-Z1+2Zy, Zz=71+2Zs—7Z7, Z¢=177.
We get
D~y (a1 +as —ax)Zy + (a3 +as)Zs + (ar + as)Zs + (ag + a7 — a3)Z7. (18)

As usual we denote with (z;,z4,25,27) the coordinates of D in the chosen basis.
A tedious computation shows that all the line bundle in a) are line bundles as-
sociated to a divisor whose coefficents ¢; are either 0 or 1 (and hence acyclic
thanks to Remark 4.5). For all the other divisors we need Borisov-Hua crite-
rion.

As in the case of & it can be observed that none of the line bundles above
can be of any of the forbidden forms relative to a forbidden set / unless [ =

{1,3,4,6,7}.

Observe that 1 and 3 are among the elements of / and 2 ¢ I. This implies that
z1=1,hence aj =a3=0anday = —1. Since 5¢ 1 —1 <zs=az+as < —1.
The divisors with zs = —1 are the ones of group b) and none of these has a pos-
itive z;.

Now, to prove the statement, we just need to show that the following divisors
are not linearly equivalent to a toric effective divisor.

Q) —Zy, —Zy—7Z7, 2Ly —Zs, 2Ly — 25— 17, 2y — 24— Zs,
L\ =Ly —Zs =77, —ZLs+ 77, —Zys—Zs+ 217, -2y — 2y — 25+ 77,
Ly —Zys+Zs— 17,2y — 24, Ly — 24— 727, =2y — 24, 21 + 75 — 2y,
Ly +2Z7 — 2y, — 24+ 77,

b) —Zy—Zs, 2\ —2Zs—27, 21 —Zs+ 27, — L\ + 24— 25, —Z5, — 25— 17,
7y —Zs—77, 25+ 77,
C) —Z7, —Z\, —Z1— 27,27 — 7.

Looking at (16) it is obvious that the divisors in a) and b), which have or negative
Z4 Or a negative zs cannot be toric effective. The divisors in the last group have
both z4 and zs equal to zero, while at least one among z; and z7 is equal to -1.
Thus it is straightforward to see that they cannot be linearly equivalent to a toric
effective divisor. O

5. Conclusions

Collecting all the results we obtained so far we are able to enunce:
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Theorem 5.1 (Main Theorem). All toric Fano 3-folds have a full strongly ex-
ceptional collection made up of line bundles.

Proof. As mentioned in the introduction to this paper, there were just five vari-
eties left out: 21, %,, &1, & and &;. In theorem 4.10 we proved that &, admits
a full strongly exceptional collection. In theorems 4.11, 4.13, 4.14 and 4.15 we
showed that the same thing is true for the other four left. Ul
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