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OPTIMAL INTEGRABILITY IN B, CLASSES

ARTURO POPOLI

Equations for the best integrability exponent, for monotonic functions
in one-dimensional Gehring and Muckenhoupt classes, are unified in more
general Reverse Holder Inequality classes.

Furthermore, the result is extended by removing the monotonicity assump-
tions.

1. Introduction.

Let E be a measurable set of R" with positive Lebesgue measure, and
p,q € R — {0} such that p < ¢g. For K > 1 we will denote with BJ(K) the
class of nonnegative measurable functions f € LY(FE) satisfying the Reverse
Holder Inequality

1/q 1/p
(1.1) <7L fq(x)dx) <K <7£ f”(x)dx)
o 0

for all cubes QO C E.
Well-known particular cases of B,? classes are the Gehring class G 4(K) of
functions f such that

1/q
(1.2) <]£ fq(x)dx) < Kf fx)dx VYQ CE
0 0
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and the Muckenhoupt class A,(K) of functions f such that

p—1
(1.3) f f(x)dx <]L fl/“—l’)(x)dx) <K VQCE
0 0

where clearly is
G,(K)= B?(K)

and
A,(K)= B!, (K).

In these two classes, respectively, the forward and the backward propa-
gation property hold; namely, for f € G,(K), there exists go > ¢ such that
feL’(E) forall s € [q, qo) and, for f € A,(K) there exists py < p such that
feL’(E) forall s € (po, pl.

In [1] and [2] Bojarski proved an asymptotic dependence of ¢ = (qo — q),
as K — 1.

In one-dimensional case, where E is an interval of R, the problem of
finding the exact value of gy and py has been completely solved, for monotonic
functions, by following two parallel theorems.

Theorem 1.1 (D’Apuzzo - Sbordone). Let f € G,(K) be a nonnegative and
nonincreasing functionon E C R. Then f € L°(E) for ¢ < s < qo, where qq
is the unique solution of equation

_ q
(E1) 1 — k9t q( al ) —0.

X

Theorem 1.2 (Korenovskii). Let f € A,(K) be a nonnegative and nondecreas-
ing function on E C R. Then f € L' (E) for po < r < p, where pq is the
unique solution of equation

p—x

(E2) 1(1<x)1/<1’—” =1.

Besides, in [9] is proved that Theorem 1.1 and equation (E1) still hold in
weighted Gehring classes.

Aim of this paper is to unify the previous theorems in the class Bjj(K).
Indeed we prove the following
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Theorem 1.3. Let f € B}(K) be a nonnegative function on E C R. Then there
exists xo such that, if p > 0 [p < 0], f € L°(E) for all s such that g < s < X
[xo < s < pl, where x¢ is given by the unique solution of equation

X 1/q X 1/p
X —q xX—p

By applying simple transformations, it’s easy to see that equation (E1) and
(E2) are particular cases of equation (E3).

Moreover, we remark that Theorem 1.3 is an improvement of Theorem 1.1
and Theorem 1.2 since the monotonicity assumption is removed.

2. Preliminary results.

Theorem 2.1. Let g be a nonnegative function on interval (a, b), and

Gx)= L/X g()dt.
x—al,

Then, for o« and 8 such that af < 0 or || < |B|, we have
b B B b
(2.1) / (x —a)* 'GP(x)dx < (ﬂ—) f (x —a) 'gP(x)dx.
a -« a
Proof. Integrating by parts we have

b b
oz/ (x —a)* 'GP :c—ﬁ/ (x —a)* GG’

where ¢ = (b — a)*GP(b) > 0. Now, since (x —a)G' = g — G,

b b b
“/ (x—afiGl=c—p U (x —a>“—1Gﬁ‘lg—/ (x —a)“_lGﬂ]

and then

b b
B —a)/ (x—a)'GF = ﬁ/ x—a) 'G" g —c.
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Let us first suppose 8 > 0; by our assumptions (8 — «) > 0 so, since ¢ > 0

b ’3 b
(2.2) / (x —a)* 'GP < = / (x —a)® 'GP g

from Holder’s inequality we have

b b % b ‘1?
(2.3) /(x—a)“‘lGﬁ‘lgs </ (x—a)“_lGﬂ’) <f (x—a)“_lgﬂ>

and finally, by (2.2) and (2.3), we get

b 1/p 5 b 1/8
</ (x — a)“‘lG’S) < <f (x — a)"‘_lg’3>
a :B - a

that proves the theorem for g > 0.
If B < 0, by our assumptions (8 —«) < 0 so

b ﬂ b
2.4) / (x—a) 'GP > ,B—a/ (x —a) 'GP lg.

By the other hand, Holder’s inequality for 8 (%) < 0 gives

b b B b 1/8
(2.5) / (x—a) 'GP lg > <f (x—a)“—lGﬂ) <f (x—a)“-lgﬂ) )

Then from (2.4) and (2.5) we find

b 1/ i b 1/
</ (x _a)a—lGﬂ) > ’B — </ (x _a)a—lgﬁ) .

By raising both members to the negative exponent 8 we get the result. ]

Remark 2.1. For p and g suchthat 1 < p < g, = ¢g/p and B = ¢,
Theorem 2.1 gives the classical Hardy’s inequality

b p q pb
/ (x — a)(q/p)_le(x)dx < (F) / (x — a)(q/p)_lgq(x)dx

and, for « = g/p and B = —¢q, the inequality

b 1\¢ b
/ (x — a)(q/")_lG—q(x)dx < (i) / (x — a)(q/”)_lg_q(x)dx
a p a

proved in [6].
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Lemma 2.1. Let h(x) be a nonnegative function in L*(a, b). Then for A # 0

b X b b
/ (x—a)*(f h(t)dt) dx = %[(b—a)*/ h(x)dx—f (x—a)kh(x)dx].

Proof. From Fubini’s theorem we have:

b X b X
/ (x —a)* (f h(t)dt) dx :/ (x —a)*! <f h(t)dt) dx =
b b
= / h(t) <f (x —a)"! dx) dt

that easily leads to the result. ([

Lemma 2.2. For C > landa,beR — {0} withb >a >0o0rb <0 < a, let
yc be defined for x € [0, 1] as

b b/a
(2.6) vela,b,x)=1—-C?1 —x)<b_ax) .

Then, there exists an unique solution x;, of equation
(2.7) Yela, b, x)=0.

Moreover
ve(a,b,x) >0 & x € (xp, 1].

Proof. Let us consider the auxiliary function

b b/a
wx)=(1—x) <b —ax) .

This function has range [0, 1] and, since

’

,()__( b )h/a(b—a)x
wi= b —ax b—ax

w is decreasing in [0, 1] so, for C ~b €10, 1] there exists an unique solution of
equation w(x) = C~* given by x, = w™!(C~?) that is (2.7). Since w decreases

ye(a,b,x) > 0< wkx) < Cltoex>x
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that completes the proof. (]

Lemma2.3. Let f € BZ(K ) be a nonnegative functionin L*(a, b). Then, there
exist oy, o, € (0, 1), such that for p > 0

b . (b _a)a—l b
(2.8) / x—a) fix)dx < m/ fix)dx Vae(ay, 1]
and for p <0

b _ a1 b
(2.9) / (x —a)* ' fP(x)dx < % ffx)dx Vae(ap,, 1]

with y¢ defined as in Lemma 2.2.
Proof. Let f € B}(K) with p > 0. Then

b x b x q/p
/ (x —a)*! (f fq(t)dt) dx < qu (x —a)*! <7L f”(t)dt) dx .

For A =a — 1 and h = f9 from Lemma 2.1 we have

b X
/ (x —a)*! <7L fq(t)dt) dx =
a 1 a , ,
= —1[(19 —a)*! f fi(x)dx —f (x — a)“—lfq(x)dx]
o — a a
while, from Theorem 2.1 for 8 = ¢g/p and g = f?

b x q/p b
/ (x — a)“_1<7L f”(t)dt) dx < ( d )q/,,/ (x —a)* f9(x)dx .
a a q — po a

Then

1 b b
—[(b—a)“”/ fa —/ (x —a)“—lfq] <
Ot—l a a

b
SKq( 1 )q/,,/ (x —a) ' f1
q — p« a

from which follows that

(b —a)”! fah 7= 1=k - ()" /ah(x —ay g
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that is , b
VK(p’q’O‘)/ (x—a)“_lqu(b—a)“‘lf £

From Lemma 2.2 there exists ), € (0, 1) such that yx(p, g, @) > Oifa € (o, 1]
so relation (2.8) is proved.
If now is b < 0 we have

oo =i [ (f )

As before, applying Lemma 2.1, for A = o« — 1 and 2 = f?, and Theorem 2.1,
for B = p/q and g = f7 we get

1 b b
—[(b—a)“*/ f”—f (x—a)“—lff’] <
a—1 a a

b
sK‘f’( P ),,/q/ (x —a)* ' fP
p—qa a

and then

b b
Yi/k(q, p, a)f x—a) ' fP < (b—a)" f fr.
a a
Finally, for Lemma 2.2, there exists «, € (0, 1) such that y,,x(q, p, @) > 0 for
a € (ap, 1]; so inequality (2.9) holds. U

Lemma 2.4 (Hardy-Littlewood-Polya). Let f € L°(E) be a nonnegative and
nonincreasing [nondecreasing | function. Then, for 0 <r < s [s <r < 0]

b r/s r b
( f fs(x)dx) = - / (x —a) 7 () dx .

3. Main results.
We first prove a monotonic version of Theorem 1.3.

Theorem 3.1. Let f € BJ(K), with pqg > 0 [pq < 0], be a nonnegative
and nonincreasing [nondecreasing] function on E C R. Then f € L°(E) for
q <s < qolpo <s < pl, where qo [ po] is the unique solution of equation

(E3) (xiq)l/q=K<xip)l/p-
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Proof. Let us first suppose p > 0 and ¢ > 0, and let f be a nonincreasing
function in BZ(K ). By using truncated functions (see [12]) we can construct
a sequence of nonincreasing functions f;, € L°°(E) converging to f in L? and
verifying (1.1) for each & with the same constant K.

Hence functions fj, verify conditions of Lemma 2.3 so, for each %, inequality

b 1
et om0 /
—/a (@ = vk (P, q, ) h

for all (a, b) € E holds true and, passing to limit as 7 — +o00

(b _ a)oz—l

b
f (x—a) ' f1 <
a k(D q, @)

withe, <a < 1.
If oy =¢q/qo and @ = g/s,sothatay, < a <1, wehave g <s < go. Then we
can apply Lemma 2.4 for r = g and obtain

b q/s b — a)a/9H-1 b
(/ fs) SZL/ F1og<s<a
a N VK(pv q, q/s) a

b q/s q 1 b
()
a s Yk(P,q,q9/$) Ja

with go unique solution of equation

and finally

A

vk(p>q,q/x) =0

that easily leads to (E3).
Let us suppose p < 0 and ¢ > 0, and f a nondecreasing function in B} (K).
By using nondecreasing functions and inequality (2.9) of Lemma 2.3 (p < 0),

we get
/ (x a)ol 1 p < (b - a)C{—l h fp
Yik(q, p, )

witha, <a < 1. Now,if o), = p/po and a = p/s, sothata, <a <1, we
have pg < s < p. By applying again Lemma 2.4 for r = p we have

b p/s b
N B 1 f: p
<fa f) = N yl/K(qv )2 p/S) a f
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with pg unique solution of equation

Yik(q, p,p/x) =0

that is again equation (E3). ([

It is immediate to see that, for p = 1, Theorem 3.1 reduces to the Theorem 1.1
and equation (E3) to the equation (E1) for f € Bf(K ) = GY(K). Moreover,
alsoforg =1and fe B!, (K)= A, (K) the equation (E3) becomes

1
I-p

() =G=r=m)

that, applying the transform ¢ — (1 — ¢)~!, returns the equation (E2).

To remove the monotonicity assumption in the previous theorem we need
an important result, due to Korenovskii, on relationships between functions in
Reverse Jensen Inequality classes and their rearrangements.

Namely, let ® be the class of nonnegative convex functions ¢ on (0, +00)
and for ¢ € ® let L,(E) be the related Orlicz class of functions f such that
¢(f) € L'(E). Then we will say that a function f € L,(E) belongs to the class
B, (S) if it satisfies the Reverse Jensen Inequality

7LQ¢(f) < Sw(fg f) VOE€E

S = S, 7, By = sup 2270

QOCE (p<fQ f)

where the supremum is taken over all cubes Q C E.
It’s easy to show that for ¢g(t) = t9(q > 1) we have

with

< o0

Bys(8) = G4(S'9) = B (')
and for ¢ (¢) = t?/1=P)(p > 1) we have

B,,(S) = A,(SP~hy = B!, (sP71).

Let us again restrict ourself to functions of one real variable, and let E be an
interval. In [6] Korenovskii proved the following
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Theorem 3.2. For ¢ € ® and f € B,(S) we have

S(p. £, [0, [EID) = S(p, f*. 10, |EID) < S(¢, f, E)

where f, and f* are, respectively, the nondecreasing and nonincreasing rear-
rangements of f.

We are now able to prove our main result.

Proof of Theorem 1.3. Let f € BZ(K) so,forall J =(a,b) C E

1/ 1/
@ (Fr) =x(f )

and let us first suppose p > 0. If we set g = f7, (3.1) can be written as

o (fe)enlh)”

Let us introduce the function ¢(t) = t9/7; for our assumptions ¢ € ® so (3.2)
means that g € B,(K?). Then, applying Theorem 3.2 to the nonincreasing
rearrangement g* we have

[J1 |71 q/p
(3.3) (897" < K1 <7L g*)
0 0

q
that implies g* € B/ (K 7).

Hence we can invoke Theorem 3.1 and say that there exists gg > ¢/p such that
g*e L’ forall s € [q/p, qo) Where g is the solution of equation

/
(3.4) (L)p T K”( Y )
y—4q/p y—1
Then if we put y = x/p, equation (3.4) becomes
X 1/q X 1/p
() r )"
X—q X—0p

Therefore, if xo = gop is the root of (E3), we proved that g* € L*/7 for all
s/p€lq/p, xo/p), namely for all s € [g, x¢). Finally since

gfel?P = gel’P = fPel’? = felL
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theorem is proved for p > 0.
Now let p < 0; from (3.1) we have

rlq
p -p q
(fr7)=x(f7)
and, for g = f9,
rlq
35 p/q)_ —p< ) .
(3.5) <7€g =K fjg

If we define ¥ () = t7/9, (3.5) means that g € By, (K~"). Applying again
Theorem 3.2 to the nondecreasing rearrangement g, of g we deduce that
g+« € BL(K%). As before, from Theorem 3.1, there exists py < p/q such that

8+« € L forall s € (po, p/q] with py root of equation

(3.6) (nyl) = Kq(ﬁ)m-

For y = x/q, we get again equation (E3).
Therefore, g, € L*/9 and, by the same arguments used in the previous case, we
can conclude that f € L® for any s € (x¢, p] where xo = poq. ([
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