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We study some approximation properties of the Picard and the Gauss-
Weierstrass singular integrals of functions of two variables belonging to some
exponential weighted spaces. In Sec. 3.1 and 3.2 we give two theorems on
the degree of approximation and two theorems of the Voronovskaya type. In
Sec. 3.3 the Bernstein inequalities for these singular integrals are proved.

Some similar results for the Picard and the Gauss-Weierstrass singular
integral of functions of one variable were given in [1] — [3].
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x € R, r > 0, were examined in many papers, for example [1] — [3]. In these
papers were proved some approximation properties of these integrals in various
spaces.

In the present paper we shall consider the Picard and the Gauss-Weierstrass
singular integrals for functions of two variables belonging to some exponential
weighted spaces.

1. Preliminaries.

1.1. LetN:={1,2,...},Nyg:= NUJ{0}, R := (—o0, +00), Ry := [0, +00),
R? := R x R and let for a fixed g € R,

(1) Vi ¢(x) = e~ xeR,

2) vy 4(x) = e xeR.

For a fixed g1, ¢» € R let

3) Vigrg (X, ¥) = 11, (1 ,(0),  (x, y) R,
4) Vg an (X, ¥) 1= 12,0, (12,0, (3),  (x, y) €R?

Next, for fixed 1 < p < 00, q1,92 € Ry and i = 1, 2, we denote by L%
the exponential weighted space of all real-valued function f defined on R? for
which v;.¢, 4, (-, ) f(-, -) is afunction Lebesgue-integrable with p-th power over

R?if 1 < p < oo, and Vi:gr.q.(-» ) f (-, -) is uniformly continuous and bounded
on R? if p = 0o. The norm in L{’;ql’qz, i = 1,2, is defined by the formula

(5) ”f”i;p;q],qz = ”f(')”i;p;q],qz =

1

<// ’vi?ﬁhth(xv WS (x, y)\”dxdy) ifl < p<oo,
= R2

SUP  Viig, . (X, MIf(x, ¥)I if p = o0.
(x,y)eR?
For f € LV"""% with some fixed p, g1, g2, i, and for ¢, s € Ry we introduce the
following moduli of smoothness

W*(fv sz;qlm; Ls):= ?hlllél,) ”AZ,SJ((' ’ ')“t;p;qlqz’

18]=s

or(f. L5100 = sup [A70fC. )

t;p; ’
hl<t P:q9192

3q1, . 2
o (f, L7150, 8) : = sup A, /¢,
15]<s > 1,piqi192



THE PICARD AND THE GAUSS-WEIERSTRASS SINGULAR. .. 73

where
ApsfO,y)i=fa+hy+8)+ flx+hy—8+
+f—hy+8)+ f(x —hy—8) —4f(x.y),
Afof(e.y) = fa+hy)+ fx—h y)—2f(x. ),
AL G, y) = flr,y+8)+ flx,y—8) —2f(x, ),

forall (x, y) e R?> and i, § € R. .
From this and by (1) — (5) we get for f € L{"""" and for all t, s, A > 0

(6) " (f, LT 1, 5) < 2{e® wp(f, LT 1,0) +
+ e an(f, LY, 0, 5)},

(7 wo(f, LY 01, 0) < 0+ DM o (f, LY 1, 0),
®) w(f, Lf;q]’qZ; 0,A8) < (A + l)z{ekq”wz(f, Lf;q]’qz; 0, s).
If fe Ly with some fixed p, g1, ¢2, then for all 7, s, 1 > 0 we have
©) W (f L2022 1, s) < 20X wp(f, L7 "11,0) +

+ PN wy(f, L1210, ),
(10)  o(f. LE*" % 41,0) < (4 DH an(f, LY 1,0),
(A1) wp(f, LY22,0, 4s) < (A + DML wp(f, LY; 0, 5).
1.2. The Picard singular integral of function f belonging to a fixed space
L7 we define by the formula

I 72 ]

1 el _ |
(12) P.,(f;x,y) ::—ff f&x4+u,y+v)e 7 7 dudv,
4rp J Jr2

(x,y)eR? r,p > 0.

The Gauss-Weierstrass singular integral for function f belonging to a given
space L{"""" we define by

1 e
(13) W, ,(fix,y):= // fGx+u,y+vye 7% dudv,
R2

TP

(x,y)eR% r, p>0.
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It is easily verified that the integral P, ,(f) is well-defined for every f € L4
with 1 < p < oo and g1, 92 € Ry, provided that 0 < r < 1/g; and
0 < p < 1/g,. (In this paper we set 1/q = +o0 if g = 0).

Similarly, the integral W, ,(f) is well-defined for every f € L% 1 < p <
oo and g, g2 € Ry, provided that 0 < r < 1/(2¢g;) and 0 < p < 1/(2g»).

In this paper we shall denote by M, , the suitable positive constants
depending only on indicate parameters.

2. Auxiliary results.
By elementary calculations we can prove the following four lemmas:

Lemma 1. For alln e Ny and y > 0 we have

+00
(14) / t"e M dt =n!y ",
0
1
Ly i if n=0,
2V y
o 2 2k — D!
(15) / t"e " dt = (k—)\/i if n=2%k>2,
0 22y y
k! ,
2yT+l lf n :2k+ 1,

where 2k — D!I'=1-3....-(2k — 1) for ke N.

Lemma 2. Suppose that f € LV?"% with some 1 < p < 00, q1, 2 € Ry and
let r, p1 be fixed numbers such that

(16) O<r<1/q1, 0<pr<1/q.

The for all r € (0, r1] and p € (0, p;] we have

17 1 PrnCFo Mg = W gy AC 22 012 42),
where

(18) A, poq1s o) = ﬁ //R Ma=1)+12(2-1) yraz <

1

< )

— (I =qir)(d —qa2p1)
The formulas (12), (17) and (18) show that P, ,, r € (0,r1] and p € (0, p1], isa
linear positive operator from the space LY "% into L7,
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Lemma 3. Suppose that f € Ly?"" with some 1 < p < 00, q1, 2 € Ry, and
let ry, po be fixed numbers such that

(19) 0<r<1/2q), 0<p<I1/Q2q).

The for all r € (0, r;] and p € (0, p2] we have

“ Wr,p(f; y ')“2;[);2%’2‘12 =< ”f“z;p;q]’qu(rv P41, q2)v

where

1
B p. i, q2) = / / PCa—b2Cab) gy
T rp R2

1
< .
T V(A =2g1r)(1 —2q20)

The above inequalities and (13) prove that W, ,,r € (0, ;] and p € (0, p2l, isa

; e Piq1,92 P32q1.29>
linear positive operator from the space L into L; .

Lemma 4. Suppose that the assumptions of Lemma 2 are satisfied and m, n €
No. Then for all (x, y) € R? and r € (0,111, p € (0, pi] we have

am+n

axmoyn

P (fix,y)=D)""r o™ P, (f X, y).

Using these results, we shall prove the next properties of P, , and W, ,.

Lemma 5. Suppose that the assumptions of Lemma 3 are satisfied. Then for
every m,n € Ny there exist real numbers Ay, p.j 1,0 < j < [m/2],0 < k <
[n/2], depending only on m, n, j, k such that

am+n
20 —— W, (f;x,y)=
(20) PICEI o (fix,y)
[4] [4] | |
= A it ™" p TR (F D@ — )" (2 =y X, y),
Jj=0 k=0

forall (x,y) e Rg andr € (0,r3], p € (0, po], where [x] denotes the integral
partof x e R.
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Proof. From (13) follows

8m+n

gy W3 ) =

1 PN A VR
= , —e 7 —e 7 udv.
. /rp JJre v axm ay"

But, using the mathematical induction, we can prove that for every m € Ny there
exist real numbers a,, j,0 < j < [m/2], depending only on m, j such that for
all x e R and r = const > 0 holds

d m —x? —x2 [
r

] ' —2j
2 2\’ [/ 2x\"
o Y (2 (5)

—e T =e
Jj=0

5

From the above we obtain

m-+n

axmoyn

W, ,p(fix,y)=

. 1 .
— A . r—m+/ —n+k __ — / u, v)(x —u m—2j —v n—2k
' m,n, j,k P ﬂﬁ - f( )( ) (y )

_amw?  g—v?

e 7 7 dudv =

Ao jikr " pTRWL L (F (2, (0 — X)) (2 =y xL ),

for m, n € Ny, (x, y) € R%, r € (0, r,] and p € (0, ps].
Thus the proof of (20) is completed. U

Lemma 6. Let (xo, yo) be a fixed point in R? and let g(- , -; xo, yo) be a given

function belonging to some space L™, g\, g, € Ny, and

(21) lim  g(¢, z; x0, Yo) = 0.
(t,2)—(x0,0)

Then

(22) 111;]1} Pr,p(g(ta Za xOv yo)v xOv yO)ZOa re(oarl]v pE(O, pl]a

p—0t

where r1 and p, are given in Lemma 2.
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Proof. Choose ¢ > 0. By the properties of g(-, -; xg, Yo) there exist positive
constants § = §(¢) and M such that

(@3 gl |8 2550 30| <

€
< 4_1(1 —qir)(1 — gap1) for [t —xo| <8, |z — yol <9,

(24) Vi, z))g(t, 75 X0, yo)) <M forall(t,2)e R,
From (12) we get

Viq, Q2(x0’ yO)‘Pr p(g(t, Z; X0, ¥0); Xo, )’O)‘ <

—l=x9| =gl
< Viq1.4:(X0, Yo) qz(xo o) // \g(t 2 Xo. )’0)|€ 0l _Enl didz =
4rp

- Zenalow) ([ L .\
4rp lt—x0]<8 |z=yo| <8 =01 <8 |2—yo =8
—li—xg| =yl
+// + )\g(t,z;xo,yo)\e ’ rdtdz =
[t—=x0]=6 |z—yo|<d [t—=x0|>68 |z—yo|=3

=L+bL+65L+1L

for all r € (0,r1], p € (0, p1], where r;, p; are given by (16). By (23) and
Lemma 2 we have

e
I < (1 —qir)(1 — q201) A(r, p, g1, 92) < 7

and, by (1), (3) and (24), we have

M e—4911%0l=q2150] +oo t—xq|
L < ——— f M= dr /
47‘,0 —c0 lz—y0l>8

le=yo
T dz).
But from |z — yo| > 8 follows 1 < §%(z — yo)* and further

+00 +00
L < M (/ e_’(%_ql) dt) (/ zze_z(%_‘”) dz>,
8%rp 0 0
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which by (14) yields
2M 3 2Mp?
h=% - . 355 % 3’
82rp 1 —rq1 (1 — pqo) 3*(1 —rigq)(1 — p1g92)
re,r], p€, p1].

Analogously,
2Mr?

I; < > 3 .
(1 =riq1)°(1 — p192)
Arguing similarly as in the case of the integral I, and using the inequality
1 < 87%(r — x0)*(z — yo)* for |t — x| = 8, |z — yo| = &, we get

+o00 +0oo 1
Iy < M (/ tze_t(%_q]) dt) (f zze_z(ﬁ_qz) dz),
s4rp\ Jo 0

and further by (14) we obtain

4Mr?p?
I = = 3 3
(1 =riq)°( — p1g2)

It is obvious that for fixed ¢, §, M > 0 and r; p; satisfying the conditions (16)
there exist r* € (0, 1] and p* € (0, p;] such that

for re(0,r], pe(0,p1].

I"<§1 forall re(0,r), pe(, p*yandk = 1,2, 3, 4.

Hence,
Vigr.q2 (%0, Y0)| Pr. (8(2. 22 X0, y0): X0, Yo)| < &

for all » € (0, r*) and p € (0, p*), which shows that

lil(‘]I} Visgr.a (X0, Y0) P, (8(2, Z3 X0, y0); X0, Yo) = 0.
p—0T
From this and (3) follows the desired assertion (22) and we complete the proof.
O

Similarly we can prove the following

Lemma 7. Let (xq, yo) € R? be a fixed point and let g(- , - ; xo, yo) be a given
function belonging to a given space L;O;q”h, q1, 92 € Ry, and satisfying the
condition (21). Then

lim W, ,(g: Xo, yo) = 0.

p—0t
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Applying Lemma 1, we easily derive from (12) and (13)

Lemma 8. Forall (x, y)e R2, r, p > 0 and m, n € Ny we have
P.,1,x,y)y=1=W,,(1;x, ),
P,)p((t —x)*" x, ) Qm)r>m, er< r—x)*"; x, y)
)m
Pr,p<(z — )" x, y) = 2m)!p*", Wr,p((z — " x, y) =
P\
—@m—1 !!(—) .
(2m — 1) 5
Moreover, if m =2k + 1 and k,n e Ny or n = 2k + 1 and k, m € Ny, then

P,,p<(t —x)"(z— )" x, y) =0=W,, ((t —x)"(z =) x, y)-

= Qm— 1)"(

N

3. Main theorems.

3.1. First we shall give two theorems on the order of approximation of function
S by Prp(f) and W, ,(f).

Theorem 1. Suppose that f € with some 1 < p < o0, q1,q2 € Ry
and let ry, p1 be fixed numbers satisfying the condition (16). Then there exists a
positive constant M* < %(1 —r1q1) "2 - (1 — p1g2)~3 such that

(25) [PuoCf3 )= FC Mg =
< M*{wo(f, LT r, 0+ o(f, LT 0, )

forallr € (0,r] and p € (0, p1].
Proof. From (12) and by (14) follows

Piq1,92
Ll

Poy(fix.y) — fx,y) = 16p// AT FCr e ™% dudv,

for all (x, y) e R?> and r € (0, r1], p € (0, p], where Ay f(x, y) is defined in
Sec. 1.1. From this and by Lemma 2 we get

ol L S L

|2t = 1600 = 1o [ 180 C e ™
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and by (5) — (8),

187 £ Gy n < @ LY Jul, o)) <

< 2{6“12‘1)‘0)2(]0, L{);ql"h; lu|, 0) + eq”“‘wz(f, Liﬁql,(h; 0, |U|)} <

< 2eMlul+a2lv] {(lz—l + l)za)z(f, L7 r 0) + (l%l + l)zwz(f, L7 0, P)}

for r € (0, r;] and p € (0, p;]. Consequently,

“ Poo(fs- )= fC, ')Hl;p;ql,qz -

< onf. LI, 0)L< / () d)( f (gﬂ)ze_u(;—ql) du)+
2rp \ Jo o Y

vantr 150, ([T el ( [ (EH)Z;U(rqz)d,,,
2rp \ Jo 0o \p

Now, using (14) and the inequalities 0 < 1/(1 — rqy) < 1/(1 — riq1),
0<1/(0—pgr) <1/(1 — p1go) forr €(0, r1], p €(0, p1], we obtain

l/ooe_v(%_@) dv< —
0

o T 1l-piq’
00 2
> (Z + 1) e (-a) gy < > !
2r Jo \r — 20 -riq)’
1/00 —u(t-gq))
- e ") dy < ,
rJo I —riq
IS 2 2
L <£ + 1) e—v(%—qz) du < 5;3 ,
2pJo \p 2(1 = p1g92)

forall0 < r <rpand 0 < p < p;. Combining these, we obtain the desider
assertion (25). [l

Arguing as in the proof of Theorem 1 and using (2), (4), (5), (8) — (11),
(13), (15) and Lemma 3, we can prove the following

Theorem 2. Suppose that f € Lg;ql’qz with some 1 < p < 00, q1, q2 € Ry, and
let ry, po be fixed numbers satisfying the conditions (18). Then there exists a
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positive constant M* = M), 4, 4, 1, », Such that
H Wep(fs-n )= fC, ')Hz;p;zq,—2q2 =
= M {on(f L V7L 0) 4+ wa(f, LE 250, )
forallr € (0, r;] and p € (0, p,].

3.2. In this part we shall give the Voronovskaya theorem ([4]) for the singular
integrals P, ,(f) and W, ,(f).

Theorem 3. Let f be a function belonging to a given space L7""", g, g, €

Ry, which the partial derivatives of the order < 2 belong also to LTO;q] 2 Then
for every (x, y) € R? we have

26)  Tim r P, (fsx, ) = fO6 0} = FLE 0+ f0 ).

Proof. Let (xo, yo) be a fixed point in R?. By the Taylor formula we have for
every (1, 7) € R?

27 f@t, 2 = f(x0, yo) + £, (x0, Yo)t — x0) + fy (X0, Yo)(z — Yo) +

1
+ {5 G0, o)t = x0)” +2.£, (x0, Yo)t = x0)(z = Yo) +

+ f1y (X0, Yo)(z — yo)*} + o(t, z: xo, YoV (t — x0)* + (2 — yo)*,

003q1,92

where @(-, - ; X0, yo) € L] and ( )lil(n )(p(t, Z; X0, Yo) = 0. From (27)
t,2)—(x0,Yo0
we get

P (f(2,2): X0, Yo) — f(x0, o) = fi(x0, Yo) P (t — x0: X0, Yo) +
1 14
+ f'y(x0, Y0) Pr.r (z — Yo X0, Yo) + E{fxx(xo, Y0) Py (t — x0)*; X0, yo) +

+2 11, (0, Y0) Pr ((t = X0)(z = Y0); X0, Yo) + £, (X0, Y0) Pr.r (2= %0); X0, Y0)} +

+ P (@t 23 X0, Yol (1 = x0)* + (2 = 30)*: X0, Yo)
and further by Lemma 8 follows
(28) P, (f(t, 2); x0, Yo) — f(x0, Yo) = i’z{fx/; (x0, yo) +

+ £y X0, y0)} 4 Prr(0(t, z: x0, YOVt — x0)* + (2 — yo)*: x0, o),
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for 0 < r < min(1/q, 1/g2). Using the Holder inequality, we can write

| P (o2, 23 X0, Yo)V/ (t — X0)* + (z — Yo)*; X0, Yo)| <

1/2 1/2
< P (%, 7 %0, ¥0); X0, YO} 2 { P (2 = x0)* + (2 = y0)*; %0, y0)}

for 0 < r < min(1/(2¢1), 1/(2¢2)). Moreover ¢*(- , - ; xo, yo) € L% and
lim  ¢?(t, z; X0, yo) = 0. Hence, using Lemma 6, we get,
(t,2)—(x0,Y0)
Tim Py (¢(2, 2 X0, Y0); %o, Yo) = 0.
By (12) and Lemma 8 follows
P, ((t = x0)* + (z — yo)*;s x0, yo) = 2-4lr* forr > 0.

Consequently,

(29)  tim r 7P (p(r, 25 20, YW — 20)* + (2 = 30)* x0. 30) = 0.

Next, using (29) to (28), we obtain (26) in the point (xg, yo). Thus the proof is
completed. ([

Analogously, using (27), Lemma 7 and Lemma 8, we can prove the
following

Theorem 4. Suppose that f is a function belonging to a given space L5~

q1, q2 € Ry, which the partial derivatives of the order < 2 belong also to

L7 Then for every (x, y) € R* we have

1
lim r =YW, (f;x,y)— f(x, »)} = Z{fx’;(x, N+ [, )

r—0t

3.3. Finaly we shall prove the Bernstein inequality for the singular integrals
P.,and W, ,.

Theorem 5. Suppose that the assumptions of Theorem 1 are satisfied. Then, for
allm,n e Ny, r €0, r)] and p € (0, p1], we have

m+n

— P (fix,
By o (f1x,y)

—m j,—n

Jo

<
. (1 =qr)d —q201)
sPiq1,92

(30)

”f ” 1;9;91,92*
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Proof. Using Lemma 4 and Lemma 2, we immediately obtain (30). (I

Theorem 6. Suppose that the assumptions of Theorem 2 are satisfied. Then,
for every fixed m, n € Ny, there exists a positive constant M* depending only on
m, n, qi, 42, 2, P2 such that

m-+n

axmoy”"

om on
< Mr2 02 | fll2:pigrgns

2;p;2q1,2q>

(31) Wr,p(f;x’y)

forallr € (0, r,] and p € (0, p,].

Proof. The inequality (31) for m = n = 0 is given in Lemma 3. If m*>+n? > 0,
then by (20) we get

8m+n
PP Wi o(f5x, ) <
2;p32q1,2q>
(%] [5]
< My ﬂ”w“"waxﬂn@a—y“”@—owﬁrww
=0 k=0 2;p32q1,2q2

and by (5), (2) and (4),
” Wr,p(f(ta Z)(t - ')m_Zj(Z - ')n—2k; ] ')||2;p;2q1,2q2 =

—2j | n—2k —t3(+—2g)—2(L-2 .
< ||f||2;p;q],q2 f2 [t]" 2| e (7 =2q)—-2°(5 qZ)dtdZ e
R

1
NN
4
=1 fll2p:q1.00———="Am—2;(r, gD 12 (P, q2),

where
o0 ; 2(1
mﬂwwozf =272 gy,
0
o0 _2(1_
In—zk(,O,Ch):/ e (5-262) dz.
0
Consequently,
am+n
Wr ;xa S
dxmgyn o (f1x,y)
2;p32q1,2q2
[%] [5]

i—m—1L k—n—1
= Mm,n”f”Z;p;q],qQ er T m—2j(ra 6]1) Zr "z n—2k(/0, 6]2)

j=0 k=0
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for r € (0, ;] and p € (0, p,]. Using (15) we get for r € (0, ;]

Jj=0

1
j-m-1 - j—2s—1 riTite
E r 2In—2j(r, q1) < M; E r 2 g
j=0 j=0 (1 —2rq1) 2
_s _m . .
= MS,qw’zr - Mm,ql,rzr 2 ifm = 2S,

5]

rs—j+1

<
(1 = 2rpq,) =7+t —

N
. 1 . 3
—m—z —25—3
T i (r, p1) < My, E r’ 2
Jj=0

—s—1 _m.
S My gt T =My g ,r 7 ifm =25+ 1.

Analogously we obtain

[5]
—n—1 )
P k(s 42) < Myg, o p” % for n € No, p € (0, pal.
k=0
Summing up, we obtain the Bernstein inequality (31). (]

[1]

(2]
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