-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Le Matematiche (Dipartimento di Matematica e Informatica, Universita degli Studi di...

LE MATEMATICHE
Vol. LVII (2002) — Fasc. 11, pp. 317-324

IRREDUCIBILITY OF HURWITZ SPACES OF COVERINGS
OF AN ELLIPTIC CURVE OF PRIME DEGREE WITH
ONE POINT OF TOTAL RAMIFICATION

FRANCESCA VETRO

Let Y be an elliptic curve, p a prime number and WH), ,(Y) the
Hurwitz space that parametrizes equivalence classes of p-sheeted branched
coverings of Y, with n branch points, n — 1 of which are points of simple
ramification and one of total ramification. In this paper, we prove that
WHp ,(Y)is irreducible if n — 1 > 2p.

Introduction.

In this paper we prove the irreducibility of the Hurwitz space WH,, ,,(Y)
which parametrizes the equivalence classes of coverings of an elliptic curve Y,
whose degree p is a prime number and which have n — 1 > 2p points of simple
ramification and one point of total ramification.

Most of the results on irreducibility of Hurwitz spaces obtained so far
treat the case of coverings of P!. Hurwitz proved in [6] the irreducibility of
H, ,(P'), the space which parametrizes simple coverings of degree d. Arbarello
proved in [1] the irreducibility of any of the Hurwitz spaces which parametrize
coverings of P! which have n — 1 points of simple ramification and one point
of total ramification. The case of coverings of P! with n — 1 points of simple
ramification and one point of arbitrary ramification was studied by Natanzon
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[9], Kluitmann [7] and Mochizuki [8], who proved the irreducibility of the
corresponding Hurwitz spaces. Harris, Graber and Starr studied in [5] the
Hurwitz spaces which parametrize simple degree d coverings of a positive
genus curve Y whose monodromy group is the group S;. They proved the
irreducibility of these spaces when the number of branch points n satisfies
n>2d.

1. Preliminaries.

Let Y be an elliptic curve, X be a compact, connected Riemann surface and
f : X — Y be an analytic map onto Y. We recall some standard definitions
(see e.g.[4]). A branch pointa €Y is called a point of simple ramification for f
if f is ramified at only one point x € f~!(a) and the ramification index e(x) of
f at x is 2. A branch point a € Y is called a point of total ramification for f if
#f~'(a) = 1. Two p-sheeted branched coverings f : X; — Yandg: X, — Y
are said to be equivalent if there exist a biholomorphic map ¢ : X; — X, such
that gog = f. The equivalence class containing f is denoted by [ f/]. Let S, be
the symmetric group on p letters acting on the set {1, ..., p}. Let us say that two
homomorphisms ¢ and n from 71(Y'\ A, y) to §, are equivalentif they differ by
a inner automorphism, i.e. there is a o € S, such that ¢([a]) = onlalo~! for
any [a] e m(Y\A, y).

Let p be a prime number and let WH,, ,(Y) be the Hurwitz space that
parametrizes equivalence classes of p-sheeted branched coverings of ¥, with n
branch points, n — 1 of which are points of simple ramification and one of total
ramification. Let

WH; (Y) ={[f1€ WH, ,(Y) : f has discriminant locus A = {ay, ..., a,}}.

By Riemann’s existence theorem the equivalence classes [f] € WH[fn(Y )
are in one-to-one correspondence with equivalence classes of homomorphisms
w : m(Y\A,y) — S, whose images are transitive subgroups of S,. Let
Y1, - Yn» &, B be the generators of w1 (Y'\ A, y) represented in figure 1.

The images via the homomorphisms p of these generators determine a
(n + 2)-tuple of permutations of S,

1)y wor (¥n)s (@), (B)) = (t1, o5 tn, Ly 1)

such that the #; with 1 < i < n are all transpositions except one that is a p-
cycle; 14, g are any two permutations of §, and [T2, t: = [t4. ts]. Since one
of t; is a p-cycle and p is prime then, if n > 2, < t;, ..., 1, >= §,,.
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Figure 1.

Let S7%2 be (n + 2)-fold product of S,. Define in $7* an equivalence
relation ~ as follows

(tla ceey tnv tn+17 tn+2) ~ (I*le eeey an I”L}'H-lv I’LVH-Z)

& i = st;s~! forsome s € S, and foralli (1 <i <n+2).
For the rest of the paper we suppose n > 2. Let [fq, ..., t,42] be the
equivalence class containing (t1, ..., t,42) and let

Ap 2 = {[t1, o ths tes 1] 2 (i = 1, ..., n) are all transpositions except
one that is a p-cycle, [T, t; = [, 15]}.

By Riemann’s existence theorem it is possible to identify W H [fn(Y) with
A, n4+2 via the one-to-one map

w: WH (V) = Apnia

defined by
o([LfD = (1), oo 1Y), ), n(B)].

Let Y™ be the symmetric product of Y with itself n times and let A be
the codimension 1 locus of Y™ consisting of non simple divisors. Let § :
WH, ,(Y) = Y™\A be the map which assigns to each [f] € WH, ,(Y) its
discriminant locus.

It is well known (see [4]) that it is possible to define a topology on
WH, ,(Y) in such a way that § becomes a topological covering map. So the
braid group m;(Y™\A, A) acts on the fiber §~!1(A) = WHIfn(Y). Our aim
is to prove that the action of 7;(Y"\A, A) on this fiber is transitive. This
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would imply WH, ,(Y) is connected. In order to prove that m;(Y"\A, A)
acts transitively on A, ,12, i.e. on WHI;‘fn(Y ), it is sufficient to prove that it
is possible, acting successively by the elements of a system of generators of
i (YW\A, A), to bring every [11, ..., tu, o, 151 € WH ! (Y) to the normal form

(D [(12...p), (12), ..., (12), (23), ..., (p — 1 p), id, id]
where the transpositions (12) are in odd number and each transposition (i i + 1)
with i # 1 is only present one time.

Remark. It is well known (see [2, 3]) that the generators of m;(Y?W\A, A)
are the elementary braids o; (i = 1,...,n — 1) and the braid moves p;, 7;
(j = 1, ..., n) relative respectively to the loops o and 8. The elementary braids
o; acton A, ,1» (see [6]) bringing the class

(71, s ticts By Bi1s oons By B8]

to
—1
[(f1y ooy tizts Litip 1] by ooy By, By 2]

The actions of p; and 7; were studied in [5]. The action of the generators t;
(j = 1, ..., n) changes the loops o and y; while it leaves unchanged the loops
y; (forevery i # j) and 8. When ¢, is a transposition 7,, transforms z,, into t(;
where

) 1, = ltyly.
Analogously the action of p; (j = 1,...,n) changes y; and 8, leaving un-

changed the y; foreveryi # j (i =1, ..., n) and «. When ¢, is a transposition
p1 transforms #g into t//S where

(3) ty = tgt.

2. Irreducibility of W H), ,(Y).

In this section we will prove that W H), ,(Y) is irreducible forn — 1 > 2p.
Since W H), ,,(Y) is smooth it suffices to prove that W H,, ,,(Y) is connected. Let

(4) [tlv "'7tn7t(xatﬂ]
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be an element of §~1(4) = WHP/”‘n(Y) = A, ni2. To prove that (4) is in the
orbit of (1) under the action of m;(Y™\A, A), it is sufficient to prove that
there are braid moves transforming (4) into [t;, . t,,id, id] where thet are all
transpositions except one that is a p-cycle, [[\_, #; = id and < tl, tn >=5,.
In fact, once this is proved we observe that the equivalence class of (t;, t,’l)
can be thought as the Hurwitz-system relative to a branched covering of P! and
utilizing the Arbarello’s result [1] we obtain that [t;, ...y by, id, id] is in the orbit
of (1) under the action of (Y™ \A, A). At ﬁrst we will prove that (4) can be
transformed, via the action of suitable o; and o;”", into [t,, ..., , 5, T, T, tu, t5]
where 7 is a transposmon of S,. After we w111 prove that there are braid
moves transforming [tl, - tn_z, T, T, ty, tg] into [tl, - t;l_z, T, 71y, tg] with
" arbitrary transposition of S,. Once this is proved it is sufficient to act with
suitable p; and 7; to conclude.

Lemma 1. Let [ty, ..., t,, to, 18] be an element of WHp*fn(Y). Supposen — 1 >
2p. Then there are braid moves transforming

(11w by Tas 1] 02O [Hy, oo B 5, T, Tyl 18],

where T is a transposition of S,.

Proof. Acting with elementary braids it is possible to bring (4) to [f1, 12, ..., I,,,
fos tﬂ] where 7, is a p-cycle. Let G be the group generated by the transpositions
fy, ..., t; and let Dy, ..., D, be the domains of transitivity of G. Then

G = SD] X ... X SDr-

We observe that if #; and 7;;; (2 < j < n — 1) are such that t; € Sp, and
t_j+1 € Sp, withh # k and 1 < h, k < r, then operating with o; we obtain

_ . -
[..., Ly tit1, =1, tjtj+1tj s 1, o]

where ;7 17, | = §i; '7j11 = f;41 because the D; (i = 1,...,r) are disjoint.
So acting with elementary braids on transpositions in different domains of
transitivity, the result is to interchange place. Then acting with appropriate
o; and al._l it is possible to replace the sequence 1y, ..., f, with a new one in
which, for every j, all transpositions moving elements of a D; stay together.
The assumption n — 1 > 2p assures that the number of 7 belonging to Sp, is
greater or equal to 2| D;|, for at least one D; (1 < j < r). Once this is achieved
the proof is the same as the proof of Proposition 3.1 in [5].
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Lemma 2. Let [t1, ..., 1,2, T, T, ly, tg] be an element of WHpAn(Y), where 1
is a p — cycle and t is a transposition of S,. Then there are braid moves
transforming

[ty ey tamay T Tt tg) RO [, o 2, T, T 1y, 161

where T is an arbitrary transposition of S,,.

Proof. Let H =< ty,...,t,_» >,lethe H andlet h = hy---h; where h;
or ;' fori = 1,...,s lies in the set {¢, ..., #,»}. Define t" = h~'th. We
will prove that acting with braid moves and their inverses it is possible to bring
[t1, ..., th 2, T, T, ty, t,g] to [t1, ..., 12, T, h, ty, tﬂ,].

We distinguish two cases. If h; is equal to #; forsome i = 1,...,n — 2,
acting with suitable inverses of elementary braids move the pair (z, 7) to the left
of t;. Applying al._l and al.jrll webring [f1, ..., ti_1, T, T, ti, ..., tho2, Io, 18] 1O
[t1, ..o tic, 8, T, T iy, ... T2, Ly, g]. Now acting with the appropriate
oj move (%, %) to the (n — 1) — th and n — th place.

If h, isequal to tl._1 forsomei =1,...,n—2,we move (7, T) to the right

of #; and applying o; and o0;,, we bring
[tlv LR ti—lv tiv T, T, ti-l—lv M) tn—27 tc{v tﬂ]

to
[tla L) ti—la Th]a rhlv tiv cet tn—27 tc{v tﬂ]

Now move (', t1) to the (n — 1) — th and n — th place. Proceeding in this
way successively for every h; (i =2, ..., s) we conclude.

So Lemma 1 and Lemma 2 assure that choosing h appropriately we may
obtain among the first n permutations of (4) an arbitrary transposition of S,,.
Now we are ready to prove the following theorem.

Theorem 1. WH,, ,(Y) is connected for (n — 1) > 2p.

Proof. Let [ty ..., t,, 1o, 1] € WH[fn(Y). Lett, = A\ - - - A be a factoriza-
tion of ¢, as product of disjoint cycles such that fA; > A, > ... > A, and let
tg = (12 - - - 1, be a factorization of #g in the product of disjoint cycles such
that iy > fup > ... > fu,. (Note that A; and u; may also be trivial).

Define the norm of #, and #g as follows

It == (81 — 1) and tg] :=) (dp; — 1)
i=1

j=1
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We will prove the transitivity of the action of 77 (Y™ \ A, A)on WH pffn(Y) using
induction on |z, | + |tg].

If (4)is such that |7, |+|tg] =Othent, =tg =id,ie. [t;,..., 1y, ty, tg] =
[t1, ..., t,, id, id]. So applying the result of [1] we obtain that (4) is in the orbit
of (1) under the action of ; (Y\ A, A).

Therefore suppose that |7, | + |tg| > 0 and suppose, by way of induction,

that foreach [z, ..., 1,, t(;, t;g] such that |t(;|—|—|t;3| < |ta|+Itg| itis possible act-
ing with the braid moves o;, p;, 7, and their inverses, to bring [#1, ..., t,, t , t;g]
to [ti, n,zd id].

zo| + |tg] > O implies that either |7,| > O or |tg| > 0. Suppose first that
|t,] > 0. Let us choose a transposition o such that fA;0 = fA; — 1. By Lemma

1 and Lemma 2 [ty,...,1,, 1, tg] is in the orbit of [ti, . t;l 2, 0, 0, Ig, 18]
under the action of m(Y(")\A A). Acting with the braid move 1,, by (2), we
obtain a new class [t,, ..., ,, 0,1, 1, tg] such that

1| + 12p] < Ita| + 18]

By the induction assumption applied to [t,, ..., ,, 0, tn, ", tg] we conclude
that there are braid moves transforming (4) into [71, ..., t,, id, id].
If instead it holds |tg| > 0 and |#,| = 0, let o be a transposition of S, such

that o isa (fu; — 1) — cycle By Lemma 1 and Lemma 2 [t1, ..., t,, id, tg]

is in the orbit of [tl,...,tn 5, 0,0,id, tg].

Acting with o, ,an_13,...,al_ and o, ', ..., 0, we bring [1, ...,
tn,id, tg] to [0, 0, t3,..., s id, t,g] Applylng p1, by (3) we have [tq, ...,
tn,1d, tg] is bringed to [tl,a, t3,..., n,zd tﬂ] with |tﬂ| < |tg|l. By the

induction assumption we conclude [11, ..., 1,, id, tg] is in the orbit of [, ...,
fp,id,id]. In this way it is proved that there are braid moves transforming
[t1, ..., ty, Lo, tg] into [ti, e id, id]. To conclude it is sufficient to apply
the Arbarello’s result [1].

7n7
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