-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Le Matematiche (Dipartimento di Matematica e Informatica, Universita degli Studi di...

LE MATEMATICHE
Vol. LVII (2002) — Fasc. II, pp. 205-215

EXISTENCE OF THREE PERIODIC SOLUTIONS FOR A
NON-AUTONOMOUS SECOND ORDER SYSTEM

GIUSEPPINA BARLETTA - ROBERTO LIVREA

1. Introduction.

The purpose of the present paper is to establish a multiplicity result for the
following problem

(P) i =A)u — 1b(t)VG(u) a.e. in [0, T]
- u(0) —u(T) = u0) —u(T) = 0.

where T and A are positive numbers, k is a positive integer, A(?) is a k x k matrix
valued function defined in [0, 7], b is an a. e. nonnegative function belonging
to L'([0, T1) \ {0} and G is a real continuously differentiable function in R¥.

As far as we know, many multiplicity results concerning the existence of
at least three periodic solutions for a non-autonomous system of the form

(P) i =V,F(t,u) a.e.in[0, T]
u(0) —u(T) = u0) —u(T) = 0.

are available in [4], [5], [9], [10] and the solutions are obtained as critical points
of a suitable functional.
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In particular, in order to guarantee the existence of solutions to (P), in [4],
[9], [10], in addition to a coercivity condition, a suitable behaviour of F(z, -)
near to 0 is required: there exists § > 0 and an integer p > 0 such that

{ 1
(1) —5(p+ D’lx|” < F(t,x) = F(2,0) < =5 p*o’|x|’

forall [x] < §anda.e. t €[0, T], where w = ZT”

Problem ( Py ) is treated in [5] under assumptions which are different from ours.

Our main result is Theorem 1, given in Section 3. In particular, still using
a variational technique, without assuming assumption (1) (see Remark 1), but
requiring novel assumptions on G (see (ii)) , we are able to state that there exists
a computable real number A* such that, for every b e L'([0, T]) \ {0} that is a.

e. nonnegative, there exist an open interval A C [O, W);T] and a positive real

number p such that for every A € A problem (P;) admits at least three solutions
in H}. whose norms are less than p.

Finally, we want to stress that our main tool is a result, recently obtained by
G. Bonanno ([3], Theorem 2.1), whose proof is based on a three critical points
theorem due to B. Ricceri ([8], Theorem 3).

2. Preliminaries.

Let 7T > 0 and k € N. Let A : [0,T] — RKk a matrix valued
function, A = [aij]i,jzlﬂgw’k, such that ajj € L*(0,T)), ajj = aj for each
i, j=1,2,..., k; suppose, moreover, that there exists & > 0 such that

) At)E - & > pulgl>  foreach £ eR¥, a.e. in [0, T].
It is easy to check that

k
3) AWE & <> llayllolé?  foreach & e RE.

ij=1
In according to the notations of [7], denote by HlT the space of functions
u € L*([0, T], R%) having a weak derivative i € L?([0, T], R¥). We want
explicitly recall that, for this kind of derivative, the test functions belong to
the space C%° of infinitely differentiable T -periodic functions from R into R¥.

Moreover, if u € HlT then fOT u(t)dt = 0 and u is absolutely continuous (see
[7], pp. 6-7). On H}. we consider the norm

T T %
llull = (/ Ib't(t)lzdt+/ A(t)u(t)'u(t)dt) :
0 0
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which, owing to (2) and (3), is equivalent to the usual one, given by

T T %
llullse = (/ Ib't(t)lzdt+/ Iu(t)lzdt> -
0 0

It is well known that H., equipped with the norm || - ., or an equivalent one,
is a Banach space, while the Rellich-Kondrachov theorem (see [1], p. 144)
guarantees that it is compactly embedded in C°([0, 7], R¥). Write ¢ for the
smallest constant such that

@) lullco = tlel[lgl);] lu(®)| < cllul] for every u € le

A simple computation (see [6]) shows that

2 1
3) cf‘/m-max{ﬁ, \/_T]

We now introduce the functionals that will be used in the sequel. For the sake
of completeness, we recall their basic properties too.
Let ®, W : H.. — R be defined by

1 T
O(u) = EIIMIIZ, W(u) = —/ b(t)G(u(t))dt,
0

for every u € HY., where b € L'([0, T], R¥) \ {0} is such that b(t) > 0 a. e. in
[0, T] and G : R¥ — R is a continuously differentiable function.

It is clear that @ is a continuously Gateaux differentiable functional whose
Gateaux derivative admits a continuous inverse. Moreover, since it is continuous
and convex, it is also a sequentially weakly lower semicontinuous functional.
Thanks to the Rellich-Kondrachov theorem, W is a continuously Géteaux
differentiable functional whose Gateaux derivative is compact. In particular,

one has
T

T
@' (u)(v) = / u(t) - v(t)dt + / A(t)u(t) - v(t)dt
0 0

and

T
U (u)(v) = —/O b@)VGu(t)) - v(t)dt

1
for every u, v € Hj.
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We recall that u € H. is a critical point for the functional ® + AW if
®'(u) + A¥'(u) = 0, while a solution to (P;) is a function u € C'([0, T], R¥)
with # absolutely continuous, such that

i = A(tu — Ab(t)VG(u) a.e.in [0, T]

u©0) — u(T) = u©) —u(T) =0.
Finally, for the reader convenience, let us recall the theorem that play a basic
role in the proof of our main result. It is due to G. Bonanno ([3], Theorem 2.1),

and its proof is based on a three critical points theorem established by B. Ricceri
([8], Theorem 3).

Theorem A. Let X be a separable and reflexive real Banach space, and let
®, J : X — R betwo continuously Gateaux differentiable functionals. Assume
that there exists xy € X such that ®(xg) = J(x9) = 0 and ®(x) > 0 for every
x € X and that there exist x; € X, r > 0 such that

(j) r < P(xy).
J(x1)

([j) SUPgy<r J(X) <TGa-

Further, put a = with h > 1, assume that the functional

Y ||
TG
"EG —SUPg(x)<r J(x)

® — AJ is sequentially weakly lower semicontinuous, satisfies the Palais-
Smale condition and

() imype o oo (P(x) — AT (x)) = +00

for every A €0, al.
Then, there exist an open interval A C [0, a] and a positive real number p
such that, for each A € A, the equation

O'(x) —AJ(x)=0

admits at least three solutions in X whose norms are less than p.

3. Main results.
In this section we will prove our main theorem that can be stated as follows

Theqrem 1. Assume that G(0) > 0 and that there exist a positive constant d
and & € R* such that

(i) 1] >

d
C«//LT‘
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. maxjei<g G(§) 1 GE)
(”) d2 < 5 k : ~ 5 ’
AT Y oy laijlles 18]
where c is the constant given in (4).
Put 5
A= pd
T G
Y e R MRz GE)
with p > % and suppose that

(iii) limsupﬂi) < i .
lEl>+oo 6] 250

Then, for every function b € Ll([O T\ {0} that is a. e. nonnegative, there

exist an open interval A C |0 and a positive real number p such that

’ HbH
for every ) € A problem (P) admits at least three solutions in HY}. whose norms
are less than p.

Proof. We want to apply Theorem A, where X is HIT J ==V — ||b]| 11 G(0),
being ® and W the functionals introduced in Section 2.

Putr = L5, up = 0, ui(t) = & for every ¢ € [0, T]. Clearly ®(ug) =

26‘2’
J(up) = 0 and ®(u) > 0 for every u € X. Moreover
1 [T A 1 o~ (7
(©) Suy) = —f AWE Edi > —msﬁf dr
2 Jo 2 0
1 - 1 d?
= —uT|E)? > =uT =r.
T €1 > Sh 2T r
By the fact that
® (] =00, r]) C {MEX: lulleo < cvzr}
one has
T T
(7) sup / b(t)G(u(t))dt <  sup / b()G (u(t)) dt
$lul2<r JO llull o <cv/2r /O

T
= sup / b(t)G(u(r))dt

llullco<d JO

T
< sup/ b(t)G(&)dt

lEl<d JO

= [1bll1 - sup G(&).
§1=d
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Moreover, taking in mind conc}ition (3) and observing that from assumption (ii)
and G(0) > O follows that G(£) > 0, we can write

d’ 1 G() 2r G(&)
®) bl — P T, = 15111 k =
T30 o laijlleo 18] T30 i laijlleo 18]
[—W(up)l
=2r T —
T30 i laijlleo - 18]

- [-W(u)]  [=W(uy)]
<r—z =7 )
5 Jo AW)E -Edt D(uy)

At this point, thanks to (7), (ii), (8) and (6), one has that

©  sup J@w) < bl sup G(&) — b1, G(0)
D(u)<r |&|<d
d? 1 G
ST ppp— il
T- Zi,j:l laijlloo  1&1
_ )]
=" o)
[J )]

r .
- D)

— 1111 G(0)

— 16111 G(0)

Put

81 = sup J(u),
S(u)<r

J (1)
(ur)’

a=|bl- ‘;upd G() — 1b11:G(0),

8221’

£ 1 G(é)
B=bll— - k ' Agz
& T30 laille €]

— 16111 G(0).
We have proved that
6 <a<pfB <.

Hence, if we put 2 = 2p, one has
_ hr A*

O<a= <

$—8& ~ bl
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Let us now prove that for each A € [0, HQT] one has

lim (®(u) —AJ(u)) = —o0.
||u||—+o0
If . = 0 the conclusion if obvious. Fix A € }0, HIAJT] Thanks to assumption
(iii) we can consider a real positive number y such that

1
< )
202 )%

lim sup

<y
> +o00 |EI?

Hence, there exists a positive real number ¥’ such that

(10) GE) < yIEPP +v/

for every £ € R¥. Hence, by (4) one has that

1 /
P(u) — AJ(u) > (5 —?»)/02||b||1>||14||2 — Ay lIBl + 21611 G(0)

for every u € X. At this point the coercivity of & — AJ follows observing that,
from condition (10) one has

3= ArElbll = 5~ 27y >0
Finally, taking in mind that &’ is a continuous operator that admits a continuous
inverse and that J’ is a continuous and compact operator, from the coercivity
of the functional ® — AJ, for every A € [O, HIAW] follows that the Palais-Smale
condition is verified. All the assumptions of Theorem A are satisfied, so there
exists an open interval A C [0,a] C [O, HIAW] and a positive real number p
such that, for each A € A, the equation

(11) ' (u) —AJ () =0

admits at least three solutions in X whose norms are less than p. At this point,
we can observe that, since C7° C X, if u is a solution of (11), then u € X
and, in particular, ii = A(t)u — Ab(t)VG(u) a. e. in [0, T], u is absolutely
continuous and fOT li(t)dt = 0 hence u is a solution of problem (P;) and the
proof is complete. (]
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4. Examples.

This section is devoted to stress some examples of applications of
Theorem 1.

Example 1. Let k be a positive integer, let A : [0, 1] — R*** be a matrix
valued function satisfying the assumptions made in Section 2. Moreover,

suppose that ||a;; ||} < 9u forsomei =1, 2,..., kand
£ 10°
(12) Z laijloo < == min {1, u}.
i,j=1
Put -
€1
e

for every £ € R¥. Then, for every a. e. nonnegative function b € L'([0, 1]) \ {0}
there exist an open interval A C [O, W);T} where A* is given by

p
—c? max‘gElG(E)

3]8
@Y Nl
with p > % and a positive real number p such that, for every A € A problem
(P,) admits at least three solutions in HIT whose norms are less than p.

First of all, we observe that, obviously, G is a continuously differentiable
function and G(0) = 0. Fix T = 1, d = 1 and any £ € R* such that
€] = 3. From condition (4), if we consider the functions u;(f) = e;, with
i=1,2,..., k,one has

(13) < Vllaiill

foreveryi =1, 2,..., k. So, since |la;;||; <9u forsomei =1, 2,..., k, it
is easy to check that assumption (7) holds. After that, taking in mind conditions
(5) and (12), one has that

(S

1 4-105>2-105 min {1, u}
A lagle 9 T 9 Xh i llaylle

A simple computation shows that if £ € R¥ is such that || = 1 then

max <1 G(§) = G(€)
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and

2.10° min {1, u) 1 G(é)

G(é) <2< - < -
Zi,j:l laijlle  c? Zi,j:l llaijlloo 9

GE&)
G5

Hence assumption (ii) holds. Finally, since limyg|—, ;o
tion (iii) is verified and the conclusion follows.

= 0, also assump-

Remark 1. Let A and G be as in Example 1. Fix b € C%0, 1], R*)and A > 0.
Clearly, if we put

1
F@t,§) = EA(t)E & = Ab(NG(E)

for every (t, £) € [0, 1] x R¥ one has that problem (P) becomes problem (P;).

At this point, it is easy to check that lim inf‘g‘_ﬂ)% > & uniformly respect
to t. Hence, since F(t,0) = 0, condition (1) is not verified and no one of the

results in [4, 8, 9] can be applied to problem (P;).

Example 2. Let k be a positive integer such that k < 4 and p € ] % 1] Put

101

G(§) = e - [&]* +arctan (1 + |£]%)

for every £ € R*. Then, for every function b € L'([0, 1]) \ {0} that is a. e.

nonnegative, there exist an open interval A C [O, ﬁ] and a positive real

number p such that for every A € A the problem

i =u—Ab(t)VG) a. e. in [0,1]
u(0) — u(1) = u(0) —u(l) = 0.

admits at least three solutions in H} whose norms are less than p.

First of all, we observe that, obviously, G is a continuously differentiable
function and G(0) = 7. Consider A = Ii and fix T = 1,d = % and é e RF
such that |§ | = 1. In this situation it is simple to see that u = 1, hence, by (13)
and (5), one has 1 < ¢ < +/2. So zl—c < % < |§| and assumption (i) holds. Fix
now 5 € R* such that |§| = % It is easy to verify that maxg<sG(§) = G(é)

and that | .
4-G¢) < ﬂG(S) < mG(S)
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so that also assumption (i7) is verified. Now, we can observe that

G&) .
—=2G 1,
I é) >
hence, if p e}% 1} one has
P P < P <p

s -6d)  G-200

and
I 2 (GE) 5 z) . LGE) AN
— e )>— -2G ) —>1
2¢20* pc2< 4k ¢ 6@)= p< 4k ©) > p -
Moreover, it is easy to verify that
G
© _

im >
l§]>+oo |&|

and all the assumptions of Theorem 1 are satisfied.

Remark 2. A classical growth condition on G to realize the coercivity of the
energy functional related to problem (P, ) is

(14) IGE) <algl’ +b

for every £ € R¥, where a, b and s are three real positive numbers with s < 2.
We want to emphasize that our assumption (iii) generalizes (14). In fact, when
(14) holds one has that lim supj¢|_, 4 % = 0, so that (iii) is verified, but the
converse is not, in general, true as examples 1 and 2 show.
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