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Chapter 1

Introduction

Kostka numbers give the number of semistandard tableaux of given shape and weight,
and they play a fundamental role in representation theory of symmetric groups (see
[11]). Much work has been done on the problem of computing Kostka numbers, which
is known to be #P complete (see [10]).

Throughout this thesis, n will denote a positive integer. We write p F n if p is a
composition of n, that is, a sequence p = (1, fio, - - ., tt;) of nonnegative integers such
that |u| = Ele i; = n. In particular, if the sequence u is non-increasing and p; > 0
for all 1 < i < k, then we write ;1 - n and say that p is a partition of n. We say that
k is the height of p and denote it by h(p). We denote by D,, the Young diagram of
1. More precisely,

Dy={(i,j) € Z? |1 <i <k, 1<j<p}.

A= (A, Ae,..., ) Fm <nand Dy C D,, then the skew shape /X is obtained
by removing from D, all the boxes belonging to D,.

Let p = n and A F n. A semistandard Young tableau (SSYT) of shape p and
weight X is a filling of the Young diagram D,, with the numbers 1,2, ..., h()) in such
a way that

(i) 7 occupies \; boxes, for i = 1,2,... h(\),

(ii) the numbers are strictly increasing down the columns and weakly increasing
along the rows.

We denote by STab(u, A) the set of all semistandard tableaux of shape p and weight
A

In Chapter 2, we study the set, rather than the number, of semistandard tableaux
of given shape and weight. We do not assume the weight is a partition, rather, it is
an arbitrary composition.

For compositions a = (ay, as, ...,a) and b = (b1, bs, ..., bx) of n, we say a domi-
nates b, denoted a > b, if K > h and
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for j =1,2,..., h. The following is well known.

Theorem 1 ([5, p. 26, Exercise 2]). Let p and X be partitions of n. Then STab(u, A)
1s nonempty if and only if > .

Let A(a) denote the partition of n associated with a composition a of n, that is,
the partition obtained from a by rearranging the parts of a in non-increasing order.
Then one can strengthen Theorem 1 using [2, Lemma 3.7.1], as follows:

Theorem 2 ([5, p. 50, Proposition 2|). Let p and a be a partition and composition
of n, respectively. Then STab(u, a) is nonempty if and only if > A(a).

This theorem is incorrectly stated in [2, Lemma 3.7.3], where x> A(a) is replaced
by w > a. For example, let 4 = (5,3) F 8 and a = (2,6) F 8. Then u > a, but
STab(u,a) = 0.

In Chapter 2, we give explicit algorithms to produce an element of STab(u,a),
thereby giving a direct proofs of Theorem 2. We also introduce a natural partial order
on STab(u, a) and show that it has unique greatest and least elements, by showing that
the elements produced by two of the three algorithms have the respective property.
Although the proof of Theorem 2 using [2, Lemma 3.7.1] or [5, p. 50, Proposition
2] gives, in principle, a bijection between STab(u,a) and STab(u, A(a)), it does not
give an efficient algorithm to describe an element of STab(j, a) unless the permutation
required to transform a to A(a) is a transposition. We show that, in our Proposition 20
below, a direct approach for proving Theorem 2 along the line of [2, Lemma 3.7.3]
can be justified, and we describe an algorithm to produce an element of STab(u, a)
in this way.

In Chapter 3, we take an elementary approach to derive a generalization of Knuth’s
formula using Lassalle’s explicit formula. In particular, we give a formula for the
Kostka numbers of a shape p b n and weight (m, 1"~™) for m = 3, 4.

The Kostka number K (1, A) is the number of semistandard Young tableaux (SSYT)
of shape p and weight A. In particular, if A = (1) then such a tableau is called a stan-
dard Young tableau (SYT) of shape p, and for a skew shape u/v and weight (1"~™)
such a tableau is called a skew SYT of skew shape p/v, where v = m < n. We denote
by f#/¥ the number of skew SYTs of skew shape p/v. Obviously, if A = (m, 1"™™) Fn
and m < pq, then for all SSYTs of shape p and weight A, a box (1,j) € D, is filled
by 1 for 1 < j <m, so K(u, (m,1"™™)) = f#/(") Naturally, if v = () then f* is the
number of SYTs of shape p. We can easily compute f* using the hook formula (see
[4]). There is a recurrence formula for Kostka numbers (see [7] and [9]), but we have
no explicit formula for Kostka numbers.

For z € C, the falling factorial is defined by [z],, = z(z—1)--- (z —n+1) = n!(?),
and [z]p = 1. Let p = (u1, po, ..., ) = n and p' be the conjugate of p. Knuth [6,
p.67, Exercise 19] shows:

/@ _ [{L_]: (zﬁ; (’;) _ ; (‘;3) n (Z)) . (1)



In fact, we can also compute f** using [1, p.310], [3, Theorem] and [12, Corollary
7.16.3], but this requires evaluation of determinants and knowledge of Schur functions.
If we compute A = (2) using [12, Corollary 7.16.3], then we get the following:

) _ [7{_]’; (i ((’;) ~ i — 1)) + (Z)) . 2)

Since the following equation is well known (see [9, (1.6)], also see Proposition 34 for

a generalization):
k /
. W,
Sut-n-3% () ®
i=1 j>1

we have (1). As previously stated, since K(u,(m,1"™™)) = f#/(™ we know the
value of K (u,(2,1"72)) from (1), so we are interested in the extent to which (1) can
be generalized to an arbitrary positive integer m. In fact, if A = (3) then we get the
following using [12, Corollary 7.16.3]:

o = L (Z (ii=+ (5)) + - 2>;:‘ (BRZE 1)))
) (6) =S )0 () ()

(4)
The proof of (4) using Lassalle’s explicit formula for characters will be given in Sec-
tion 3.3.

In Chapter 4, we will prove Vershik’s relations for the Kostka numbers. Given a
partition p = (1, ..., u) = n and a composition a = (a,as...,an) E n, we denote
by a¥ the composition of n — 1 defined by az(»i) =a; — 1, and ag-i) = a; otherwise.

For = (p1,...,p) Fnand v - n—1, we write v =< p if v; < p; for all ¢ with
1 <i <k, and define

Clu,y) =i |1 <i <k, Au®) =7},
Vershik’s relations for the Kostka numbers is as follows:

Theorem 3 ([2, p.143, Theorem 3.6.13] and [14, Theorem 4]). For any A F n and
pbFn—1, we have

Y KA =Y COuNK(p,7).

pukEn yFn—1

Hzp Y=

Theorem 3 can be proved using representation theory. As previously stated, since

K(p,A) = | STab(u, A)|, it is natural to expect a bijective proof of Theorem 3. In
fact, Vershik [14, Theorem 4] claims to give a bijection from

L= | STab(u, \)

ukEn
H=p



to
R= [ STab(p,\®),

1<z<h

where A = (A1, Ag,...,A\y) F nand p F n— 1. In order to explain his proof, we
call a tableau in STab(u, \) a p-tableau, and a tableau in STab(p, A(*)) a p-tableau.
Since p-tableaux have one more box than p-tableaux, Vershik [14, Theorem 4] claims
that removable of one box from p-tableaux gives a bijection from £ to R. Vershik
[14, Section 4] gives examples, each of which comes with a bijection. However, if
A= (3,3,2) F 8 and p = (4,3) | 7 then there is no bijection from £ to R arising
from removable of one box. More precisely, we consider two tableaux in £ as follows:

1 1 1 3
1 1133
A= 5 ., BE=2 2 2
3
The only p-tableau obtainable from A by removing one box is

111 3
@= 2 2 2
Similarly, the only p-tableau obtainable from E by removing one box is Q).

In Chapter 4, we describe a bijection between R and L using tableau insertion
and reverse insertion algorithms (see [5] and [8]). We note that, in our bijection, A is
allowed to be a composition which is not necessarily a partition.

This thesis is organized as follows. In Chapter 2, we introduce basic concepts
and define a partial order on STab(u,a) in Section 2.1. We describe the procedure
of constructing the greatest and least elements of STab(u,a) in Section 2.2 and 2.4,
respectively. In Section 2.3, we justify the proof of [2, Lemma 3.7.3] in Proposition 20,
using the ideas from Section 2.2.

In Chapter 3, we introduce basic concepts about binomial coefficients in Sec-
tion 3.1, and we prove that p;[C(y)] can be written as a linear combination of ¢, in
Section 3.2. We give an expression for f#/(™) in terms of qft for m < 4 in Section 3.3.
We prove a generalization of (3) in Section 3.4.

In Chapter 4, we define a bumping route using the tableau insertion algorithm in
Section 4.1. Similarly, we define a reverse bumping route using the reverse insertion
algorithm in Section 4.2. Finally, in Section 4.3, we prove Theorem 3 by showing that
the tableau insertion algorithm gives a bijection.



Chapter 2

Three algorithms to construct
semistandard Young tableaux

2.1 A partial order on STab(u,a)

For a composition a = (a1, as, ... ,a) F n, we define
i
CZ() = (al,...,ai,l,ai—1,ai+1,...,ah)

for each 1 <7 < h. Set

a = (ay,as,...,an_1) En—ap,
a = (a17a27~"7ah_1) ifahzza
(al,ag, c. ,ah_l) if ap = 1.

Then aFn — 1. Let
gla) =max{i | 1 <i < h, Na); = a}.

Then
Ma)g(@) = an > M@)g(a)+1- (1)

Set )
AMa) = Ma)@@) - p — 1.

For a partition u = (1, ..., ) B n, we define
s(pya) =max{i |1 <i <k, u; > ap}.

Clearly,
Ms(,a) > ap > Ms(p,a)+1- (2)

For p = (p1,pa2, .-, pn) Em and p = (pq, pto, . . ., p) F n, we write

p=p

6



ifm<n, h<kand p; <y, for all s with 1 < i < h. For such p and u, we say that
p/p is a skew shape, and we denote D, \ D, by D,/,. We say that the skew shape
w/p is totally disconnected if p; > p;.q for all @ with 1 < i < h. Set

B(u,a) ={ptn—ay|p>Xad), p=2u, pu/p: totally disconnected}.

Lemma 4. For a composition a E n, \a) = \a).
Proof. Immediate from the definition. ]

Lemma 5. Let p and q be positive integers. Let = n and X\ = n satisfy p1, > i1,
Ay > A1 and > X. Then the following are equivalent.

(i) p® > N9,
(i) either p > q, orp < q and 23:1 i > ZLI Ai for all j withp < j <gq.
Proof. Observe

iu(”) _ ifl<j<p,
" I pi—1 otherwise,

i=1
EJ:A(q): {:1& if1<j<gq,
P ’ A —1 otherwise.
Thus
ngll’i Z 25:1 )\Z lfl S] <min{p7q}7
EJ:MPBEJ:A@ ) Xiamz i A-L o ifgsg<p,
= T gzlﬂi_lzzg:1Ai ifp<j<gq

Limi— 1230\ 1 if max{p,q} < j.

Since > A\, we have

J J
i) <= Y m—1=2) N ifp<j<q
; =1

1
ii).

)

]

Definition 6. Let u F n and a FE n with x> A(a). A box of coordinate (i, ;) is
removable for the pair (u,a) if p; > pip1 and p > X(@). We denote by R(u,a) the
set of all ¢ such that (i, ;) is removable for the pair (u,a).

Lemma 7. Let p+n and a En satisfy p > M a). Then s(pu,a) € R(p,a).



Proof. Write p = s(u,a), ¢ = q(a), A = AMa). Then \; > Ag1q by (1) and g, > pipiq
by (2). Moreover, by Lemma 4, we have A(@) = A(a) = A9. Thus, in view of
Lemma 5, it suffices to show

J J
either p > ¢, or p < g and Z“i > Z)‘i for all j with p < j < q.
i=1 i=1

Suppose p < g and let p < j < q. Let a = (ay,...,a). If j+1 <7 < g, then
p<i1<4q,s0 p; <ap < A;. Thus

J q q
D= pim )
=1 =1

i=j+1
q q

> Z Ai — Z i
i=1 i=j+1
q q

>3 A= DN
i=1 i=j+1

[
From Lemma 7, we find R(u,a) # 0. Set
l(p,a) = min R(u, a).
Lemma 8. Let ptn and a E n satisfy p > Aa). Then l(p,a) < s(p,a).
Proof. Immediate from Lemma 7. [

Lemma 9. Let yu = (p1, pio, -, px) F n and a = (ay,as,...,an) E n. Let i be an
integer with 1 < i < k. If there exists a tableau T € STab(u, a) such that T'(i, p;) = h,
then i € R(p,a).

Proof. Since T € STab(y,a) and T'(i, ;) = h, we have (i + 1,1;) ¢ Dy, so p; >
pis1. Also, T = T|p,\(uu)y € STab(u®,@). By [2, Lemma 3.7.1], we obtain
STab(u®, A(@)) # 0. Thus p > \(@) and i € R(p, a). O

In fact, the converse of Lemma 9 is also true. We will prove it in Section 2.3.

Lemma 10. Let p F n and a = (ay,aq9,...,a,) F n satisfy u > Na). For T €
STab(u,a), we have

I, a) < min{i | TP, i) = b} < s(p, a).

Proof. Write ¢ = min{i | T'(¢, ;) = h}. By Lemma 9, we have {(p,a) < ¢. Since
an = [{(i,7) € Du [ T(i,§) = h}| < g, we have ¢ < s, a). O



We will show in Theorem 14, Lemma 18 and Theorem 26 that equality can be
achieved in both of the inequalities above. In Section 2.2, we give an algorithm to
construct 7" € STab(u, a) such that min{i | 7'(¢, ;) = h} = s(p,a). In Sections 2.3
and 2.4, we give an algorithm to construct 7' € STab(u, a) such that min{i | T'(3, p;) =
h} =1(p,a).

Finally, we define a partial order on STab(u,a) and a partition p(u,a) F n — ap
as follows. We write p > A to mean p > X and p # A.

Definition 11. Let u = (u1,p2,..., ) F n and a = (ay,as,...,a,) F n satisfy
1> Aa). For T, S € STab(u, a), let

7O = ({5 | TG, 5) < pH)is, )

o = (1{j | $(i,5) < P}y @
for all p with 1 < p < h. We define that S < T if, either T = S or, 7" = ¢,
7= = =) ) = o0+ 7)) for some 1 < p < h.

Since the relation > is a partial order, we see that (STab(u,a), <) is a partially
ordered set.

Alternatively the partial order < on STab(u,a) can be defined recursively as
follows: for T',.S € STab(u, a), define 7 and o by

Tﬁl({lw"ah_l}):Dﬂ (5)
S'({1,...,h=1}) = D,, (6)
respectively. We define S < T if, either 7> 0, or 7 =0 and S|p, < T|p,.

Definition 12. Let g = (p1,..., ) F nand a = (ay,...,a,) F n satisfy u > Aa).
Define p(u,a) = (p1,-..,pr—1) F n — a, by setting

pPi = MS_(ah_,us—i—l) ifl.:S7
it 1f8<2§k’—1,

where s = s(p, a).

2.2 The greatest element of STab(u,a)

Lemma 13. Let p = (p1,...,pux) Fn and a = (aq,...,an) En satisfy u> A(a). Then
p(, a) is the greatest element of B(u,a).

Proof. Write p = p(u,a) and s = s(u,a). By (2), we have us > ap > psyq. Thus
pEn—apand ps > ps > psy1. S0 p; > pi > pigq for all @ with 1 < ¢ < k. This
implies that p < p and p/p is totally disconnected.

Next, we show that p > A(a’). Write A(a) = (A,..., ), N = (A],..., N _) =
A(@') and ¢ = ¢(a). Then A\, = a;, and

)\I = ()\1, )\2, oo ,)\qfl, )\q+17 )\q+27 ey )\h) Fn— )‘q'



Observe
i .
Z pi = i1 Hi
i ZJ+1 i — >‘q
APy
ZJ—H )\ . /\q
since p > A (a).

Case 1. ¢ < s. By (7), we have

10

ifl1 <j<s,
ifs<j<k-1
if1 <7 <s,
ifs<j<k-—1

i DY if1<j<gq,
Zpi2<zq_l>\+ Z+ql+1)‘i+/\q_)‘j+l ifg<j<s,
i=1 }ij—A ifs<j<k-1
le if1<j<gq,
> TN ifg<j<s,
zﬁ?x—A ifs<j<k-—1

Sy
i=1
Case 2. s < ¢. By (7), we have

J zzl Ai
Z pi =
i=1 ZJH

=1

> : A

Thus we have p € B(p, a).

x+&H—A

if1<j<s,
if s <j <min{q, k},
if ming, k} < j < &

if 1 < j < min{q, k},
ifg<j<k

It remains to show that p > 7 for all 7 € B(u, a). Let 7 € B(u,a) with 7 # p and

r=min{i |1 <i<k, 7, < p;}.

Then

1<r<s

and
k

> (i =) = an.

i=r

(8)

(9)

(10)
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By the definition of B(u,a), we have

Mi 2> Ti 2 it (11)

for all 7 with 1 <34 < k.
If1<j < s, then

i=1 i=1 i=1
If s <j <k, then
J Jj+1
Z Pi = Z My — ap,
i=1 i=1
j+1 k
=D =) (mi= ) (by (10))
i=1 i=r

Jj+1 k

r—1 k
:ZMi—l—ZMi—ZNi‘i‘ZTi (by (9))
:ZTiJr dDomi— ) (by (8))

i=j+1 i=j+2
7 k
=> 7+ D (7 — i)
i=1 i=j+1
J
-y (by (11))
=1
Therefore, p > 7. ]

Theorem 14. Given utn and a = (a1, ag, ..., a,) E n such that p> \a), define p'
and a' inductively by setting p° = u, a® = a, and for 1 <i < h,

h—i
pr=plp " d Y ED ay,
j=1
h—i
a' = (a1 E Z aj.
j=1
Define a tableau T of shape p and weight a by
T(p, q) =h—1 Zf (p, q) € .Dpi/pi+1. (12)

Then T is the greatest element of STab(u, a).
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Proof. We prove the assertion by induction on h. Suppose first h = 1. Then
STab(u, a) consists of a single element T, so that the assertion trivially holds.

Next suppose h > 1. Assume that the assertion holds for h — 1. Set v = p!
and b = a'. Since p' € B(u,a) by Lemma 13, we have v > \(b). Define v and V'
inductively by setting v° = v, b = b, and for 1 < i < h,

h—1—i
l/i — p(yi—l7bi—1) - Z b]
j=1
h—1—1i
b= E D> b

j=1
Define a tableau T of shape v and weight b by

T/(p7 q) =h— (Z + 1) if (p, C]) S Dyi/l,i+1.
By the inductive hypothesis,

T' € STab(v,b), (13)
T' > S for all S € STab(v,b). (14)

It is easy to show that ' = a'™! and v* = p'*! by induction on i, and the latter

implies T'|p, = T'. Then by (13) and the fact that p/v is totally disconnected, we
obtain 7" € STab(u, a).

It remains to show that 7' > S for all S € STab(u, a). Let S € STab(u, a). Define
a partition o by (6). By Lemma 13, we have v> 0. If v >0, then T > S. If v = o,
then T'|p, =T" > S|p, by (14), hence T > S. O

From Theorem 14, we obtain a tableau T € STab(u, a).

Algorithm 1. Input: pu+ n and a F n such that u > A(a).
Output: T € STab(u, a).
Initialization: v := pu, b := a.
while h(b) > 1 do
T(’L,j) = h(b) where (Z,j) S Dy/p(yyb).
v+ p(v,b), b« 0.
end
T(1,7) :==1 where 1 < j <.
Output 7.

Example 15. Let = (4,4,1,1) - 10 and a = (1,3,2,2,2) £ 10. Then a tableau
T € STab(u, a) is obtained via Algorithm 1.

v b p(v,b) T
(44,1,1) | (1,3,2,2,2) | (4,3,1) T2,4)=TA1) =5
43,0 | (1,3,2,2) | (4,2) T(2,3) =1(3,1) =4
(4,2) (1,3,2) (4) T(2,1)=T(2,2)=3

@) (1,3) 1) |[T(1,2)=T(,3) =17(1,4) =2

(1) (1) r1,1)=1
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Thus

Ol b~ W+~
W DN
= DN
(G200 V]

is the greatest element of STab(u,a).

2.3 Removable boxes

Throughout this section, let u = (1, g2, ..., k) = n and a = (a1, as,...,a,) E n.
Let A = A(a) = (A1, A2, ..., An), ¢ =q(a) and | = [(u,a). We assume pu > .

Lemma 16. Assume ay > 2. Fori € R(p,a) withi < s(u'¥,a), we have p(uV,a) €
B(u,a).

Proof. Write p = p(u¥, @). Sincei € R(u,a), we have u¥>\(a). Then by Lemma 13,
p € B(p™,a). Since aj, > 2, this implies p > (@) = A(a’). To prove p € B(u,a), it
remains to show that y/p is totally disconnected. Since p¥/p is totally disconnected,
it is enough to show p;_; > p;. Since i — 1 < s(u'?,a), we obtain p;_; = /%@1 =

fim1 = fhi- O
Lemma 17. Assume aj, > 2. Then r < s(u,a) if and only if r < s(u™,a).
Proof. Immediate from the definition. O

Lemma 18. Define pn —ay by

_ if an =1,
P p(p® a)  if a, > 2.

Then 1/ p is totally disconnected, p; < py and p > A(a').

Proof. If a;, = 1, then p = pu® > \(@) = A(d'), since | € R(u,a). Thus the assertion
holds.

Suppose a, > 2. Then [ < s(u¥,a) by Lemma 8, Lemma 17, and hence p €
B(u,a) by Lemma 16. Thus it remains to show that p; < g. This can be shown as
follows:

l ~ l . ~
. {ul” (@~ i) 1= (40, a)

ny if 1 < s(u,a)
!
<
< U,
where the second inequality follows from the definition of s(u®, a). O

From Lemma 18, we obtain a tableau U € STab(u, a).
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Algorithm 2. Input: p = (g, 2, ..., ) F n and a = (a1, as,...,a,) F n such
that u > A(a).

Output: U € STab(y, a).
Initialization: v := pu, b := a.

while h(b) > 1 do

l:=1(v,b).

if by = 1 then p:= v,

else

p = p(r",b).

end if

U(i,j) == h(b) where (i,j) € D,/,,.
v p, b 0.

end
U(l,7):=1 where 1 < j < 1.
Output U.

Example 19. Let p = (4,4,1,1) F 10 and a = (1,3,2,2,2) F 10. Then a tableau
U € STab(u, a) is obtained via Algorithm 2.

v b p U
(4,4,1,1) | (1,3,2,2,2) | (4,3,1) U2,4)=U(4,1)=5
(4,31) | (1,3,2,2) | (3,3) U(L,4)=U(3,1) =4
(3,3) (1,3,2) (3,1) U(2,2)=U(2,3) =3
G | (13 | () | UL)=UL3)=U@E1)=2
(1) (1) U(L,1) =1
Thus
1 2 2 4
23 35
U= 4 .
5
We note that the least element of STab(u, a) is
2 2 4
3 5 5

W
I
=W N =

In Section 2.4, we will show that there exists a unique least element of STab(u,a)
whenever > A(a), and give an algorithm to construct it.

Proposition 20. Let yu = (py, o, ..., k) = n and a = (ay,as,...,a,) E n, and
assume > Xa). Let v be an integer with 1 < r < k. Then there exists a tableau
T € STab(p, a) such that T(r, p.) = h if and only if r € R(p,a).

Proof. The “only if” part has been proved in Lemma 9. We prove the “if” part
by induction on n. If n = 1 then it is obvious. Let r € R(u,a), s = s(u,a) and
s =s(u",a).
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If ap, > 2 then define p - n — a; by

plp,a)  ifr>s,
P=93 - . (15)
p(p'\"),a) otherwise.
From Lemma 13 and 16, we have p € B(u, a), so
p > Ad). (16)

If a, = 1, then define by p = u(™. From the definition of R(u,a), (16) holds in
this case also.

Since (16) implies R(p, A(a')) # 0, the inductive hypothesis implies that there
exists a tableau 7" € STab(p, a’). Define a tableau T" of shape p and weight a by

T i) eD
Tlig) =, LD
h if (,7) € Dyp-
It remains to show that T'(r, u,.) = h. This will follow if we can show p, < p,. If

ap = 1, then p, = pu, — 1 < p,. Suppose a, > 2. If r > s’ then we have r > s’ > s by
the definition of s’ and s. Since r € R(u,a), we have p, = p, 41 < p,. If r < ', then

A —@-pl)y) ifr=s
Pr=19 ()

Ly ifr<sg
< "
= ,LLT — 1
< M,
where the second inequality follows from the definition of 5. [

Proposition 20 justifies the proof of [2, Lemma 3.7.3]. It also gives an alternative
proof of the “if” part of Theorem 2.

2.4 The least element of STab(u,a)

Throughout this section, we let p = (pq, fi2, ..., px) Fn and a = (ay,as, ..., ap) E n.
We assume ;> A(a). For a sequence (i1, s, ..., 1;) of positive integers, we abbreviate

the partition
(- ((u(il))(iz)) e )@)
of n — j, as plriz-ii),

Lemma 21. We have

R(p,a) ={t [ lp,a) <t <k, pi > piga}
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Proof. Write ¢ = q(a), A = Xa) and | = (g, a). Then \; > A\j4q1 by (1). Let I <i <k
and p; > piy1. From Lemma 5 and the definition of I, we have p® > p® > \@_ Thus
i € R(u,a). O

For each ¢ with 1 <i < k, set
R(u,a,1) = {r € R(p,a) | r > i}.
From Lemma 21, we have k € R(u,a,i) for each i with 1 <7 < k. Set
l(p,a,1) = min R(u, a,1).
Clearly, I(p,a,1) = Il(u, a).

Lemma 22. Let o and i be partitions of n. Suppose thati € R(u,a) andi’ € R(y',a)
satisfy i <4', py > py and py = @y for all j with j >4'. Then

R(#' a,i) € R(u, a,1).
Proof. Let r € R(p/®),a,i"). Since i <14’ < r, we have
571,7’ S 5@”,7’) (17)

and
(3! i
,Ur(_s_% = M;+1 = ,Ur+1 = lui_")_l (18)

Thus

ILL7(”1/) = /J'T - 67L,7‘

2 /'L',r - 61',7’

> f, — ity (by (17))
o Hl(i/)

> i)

= 1), (by (18)).

It remains show that p®") > A(a). If 1 < ¢ < r, then

q ) q ) q q ~
ST =300 >N @), > Y A@);,
j=1 j=1 j=1 j=1

since i € R(p,a). If r < g, then ¢’ < ¢, and hence Zj>q = Zj>q ;. Thus
q i ) q
j=1 j=1
q
= =2
j=1
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q .
(i r
it
Jj=1

> Z )\<é)37

by r € R(u/'%), a). O

Lemma 23. Assume ap, > 2, r € R(u,a), and r < s(u,a). Then s(u,a) < s(u™,a)
In particular, R(u",a,r) # 0 and l(p™), a,r) < s(u', a).

Proof. Since a;, > 2, we have
a, =ap — 1
< ap — O s(pa)
< Ms(ua) = Ors(ua)
:“Qwr
Thus s(u™,a) > s(y,a) > r, and hence s(u™,a) € R(u™,a,r) by Lemma 7. O
Notation 24. Let r € R(u,a) and suppose r < s(u,a). Define a', I; and p’ induc-
tively by setting a = a, lop = r, u° = p and for 0 < i < n,
a”l:gil:n—i—l,
s — {l(/ﬂ:,a’:, 1) ifieA,
l(u',a',l;)  otherwise,

/J/i-i-l — (/J/i)(liJrl) |_ n— /l o 17

where A = {ap,an + ap_1,...,an+ -+ as}.

In order to check l;;; and p'™! are well-defined, we show
> Aa) (0 <i<n), (19)
R(u',a',1;) # 0 (0<i<mn, ig¢A), (20)
liv1 < s(p',a) (0 <i<mn). (21)

Indeed, (19)—(20) guarantee that I, is defined as an element of R(x¢, a’), even when
i ¢ A, soptis also defined.

We prove (19)—(21) by induction on i. If i = 0 then, as 4> A(a), (19) holds. Also,
(20) holds since r € R(u,a,r). Since 0 ¢ A, we have Iy = l(u,a,ly) = r < s(u,a).
Thus (21) holds for i = 0 as well.

Assume (19)—(21) hold for some i € {0,1,...,n — 2}. Since l;;; € R(u’,a’), (19)
holds for 7 4 1.

Ifi+1¢ A, then a%(ai
implies R(p'™, a1 1;11) #
well.

2. Also l;11 < s(p',a’) by induction. Lemma 23 then

>
0 and I; 5 < s(utt @), so (20)—(21) hold for i + 1 as
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If i +1 € A, then ;5 = ('™, a"™, 1) = min R(p', a™™) < s(u'™!, a'™) by
Lemma 7. Thus (21) holds for i + 1 as well.

Clearly, pi* = pltot,
Lemma 25. Let T € STab(u,a). With reference to Notation 24, suppose T~'(h) =
{1, )), (2, 15), ., (tayo ty, )} and v <ty <tg < --- < ty,. Then l; < t; for 1 <i <
an. In particular, pt-tan) > o,
Proof. We prove the assertion by induction on i. If ¢ = 1, then [} = r < ¢5.

Assume 1 < t1,...,l; < t; hold for some ¢ with 1 < i < a;. We aim to show
li+1 S ti—i—l by deriving ' ' '

R(M(tl 7777 ti)> a’, ti) c R(:ulv a, ll) (22)
from Lemma 22. In order to do so, we need to verify the hypotheses of Lemma 22. By
the definition of I;, we have [; € R(u'~!,a’!). Since the restriction of T' to D iyt
is an element of STab(p(f-t-1) ¢'=1) Lemma 9 implies ¢; € R(u(*-1) a~1), and
our inductive hypothesis shows [; < ;. Similarly, we have

tiyr € R(u ", al, ;). (23)
Since [, <t, <t; for 1 <p <i—1 by our inductive hypothesis,
17— I1yeey li—
/’Lti ! = lugbl 1)
:Mtz_lelSpgz_l? lp:tlH
> —[{p[1<p<i—1,t, =1}

Finally, for j > t;, we have ,uj-’l = uyl """ o) = [ = ,uyl """ 1) gince l, <t, <t for

1 < p <i—1. Therefore, we have verified all the hypotheses of Lemma 22, and we
obtain (22).
Now
liy1= Z(Mi, a’, li)

= min R(p', ", 1;)

< min R(p%) ' t;) (by (22))

< i1 (by (23)).

O]
Theorem 26. Let = (u1, pio, ..., k) Fn and a = (ay,as,...,a) En, and suppose
pu™> XNa). Let v € R(u,a) and suppose v < s(u,a). Define a', I; and p' as in
Notation 24. Define a tableau S of shape p and weight a by
S(l1+17 IU/7lj7;+1) = t?

where 0 < i < n and Z;;ll a; <n—1i< 22:1 aj. Then S is the least element of the
subposet

[T € STab(,a) | minfi | T ) = h} > 1} (24)
In particular, if r = l(u,a), then S is the least element of STab(u,a).
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Proof. Note that the tableau S is well-defined. Indeed, by the definition of u‘, we
have

Dlli = Dﬂi+1 U {(Zz“l‘l? 'LL;'H»l)} (25)
So D# = {(li+1,ufi+l) | <1< n}

Next, we prove the statement by induction on n. If n =1 then g =a = (1), so it
is obvious.

Assume that the statement holds for n — 1. We apply Notation 24 with r, u,a
replaced by Iy, v = pl, b = a', respectively. This is admissible since I, € R(u!,a') =
R(v,b) and Iy < s(ut,a') = s(v,b) by (21). Define b, I} and v inductively by setting
=0, 1=1y, 1" =vandfor 0 <i<n-—1,

bV =biEn—i—2,
,_Jiivy e,
o [(V),b,1))  otherwise,

= () b — g — 2,
where

~JHAbh1, by A bpgs b b} i ay =1,
{bn, by, +bp—1,...,bp + -+ b} otherwise,

- {(bl,...,bh_l) if ap =1,

(b1,...,bn) otherwise.

Define a tableau S of shape v and weight b by
S(l;—i-l? VZ:;-H) = t,

where Zz;ll bj<n—-1—-1i< Z;Zl b;. By the inductive hypothesis, S is the least
element of the set

{T € STab(v,b) | min{i | T(i,v;) = h(b)} > I} (26)
It is easy to see that b* = a'™! for 0 < i < n. We show that
[, =l and v = 't (1 <i<n) (27)

by induction on 7. Since 0 ¢ B, we have

it et (pt e 1)) if 1 e A,
Ut et (it et 1)) otherwise
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~Jipt et 1) if 1 e A,
) i(pt, et 1) otherwise

=1, (28)

Then v = (1/0)([/1) — (Ml)(l2) — ,U2-
Assume i > 2 and I{_; =[; and v""! = ', Sincei—1 € Bif and only if i € A, we

have
- {

— s

N ) ifi—1e€ B,
vl ) otherwise
iai 1) ifie A,

,a’,l;)  otherwise

(
I
L
L
Then v/ = (=10 = (p#)tir1) = i+t

Next we show )
Slp, = S. (29)

First, since b = a', we obtain

Zb Zlaz 1fj<h,
Z p .

pa;—1 if j=nh.

Suppose that 23;11 bj<n—1—-i< 2321 b;. Then

t—1 ¢
Zaj <n—(i+1) SZaj,
j=1 j=1

so S(Ul,4, V}}_H) =t = S(lis2, piy,)- Thus, we have proved (29).

Next we show S € STab(u,a). If [; = 1 then this is clear, since S € STab(v, b).
Suppose I; > 2. Since (I — 1,,) € D,, there exists an i € {1,2,...,n — 1} such
that (I, — 1, ) = (liH,,ufM). Since I} <ly < -+ <,,, we have

h—1 h—1
’i+1>ah:n—zaj:n_zij
j=1 j=1
and hence .
n—1-—(i—1) Z

This implies ) 4
S, vy <h—1. (30)
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Now

S(ll - 17!“1) = S(li'i‘l"u?iﬂ)

- S (by (27), (29)
<h (by (30))
= S(lla /~Ll1>‘

Since S € STab(v, b), this implies S € STab(y, a).

It remains to show that S < T for all 7" in the set (24). Define partitions 7 and
o by (5) and (6), respectively.

Suppose first that min{i | 7'(, p;) = h} > l;. Write T71(h) = {(t1, 1)), .. ., (ta,. 1, )}
with [} <t; <ty <--- <t, . Then Lemma 25 implies 7 = p("t-+ten) > % = 5. Since
[y < ty, we have 7> 0. Thus S <T.

Next suppose that min{i | T(i, ;) = h} = l;. Set T = T|p, and observe T' €
STab(v,b). Set m = min{i | T(i,1;) = h(b)}. By Lemma 9, we have m € R(v,b),
som > l(v,b). If a5 = 1, then Iy = l(v,b), so m > ly. If a5, > 2, then h(b) = h, so
m > 1y. Thus m > I(v,b,1;) = l,. Therefore, T belong to the set (26). This implies
S < T, and hence either 7> o, or 7 = ¢ and S|p, < T|p,. Since S|p, = S|p, and
T|p, = T|p,, the recursive definition of the partial order implies S < 7. [

Algorithm 3. Input: p = (g, 2, ..., ) b n and a = (a1, az,...,a,) E n such
that u > A(a).

Output: S € STab(yu,a).

Initialization: v :=p, b:=a, m:=n and l' := 1.

while m > 1 do
h:=h(b) and [ := l(v,b,1").

S(l,l/l) = h.
if b, =1, then I’ + 1.
else I «+ I.
V<—1/(l),b<—5andm<—m—1.
end
S(1,1) :=1.
Output S.

Example 27. Let p = (4,4,1,1) F 10 and a = (1,3,2,2,2) F 10. Then a tableau



22

S € STab(u, a) is obtained via Algorithm 3.

v b m | U |h|l S
(4,4,1,1) | (1,3,2,2,2) | 10 | 1 | 5| 2| S(2,4)=5
(4,3,1,1) | (1,3,2,2,1) | 9 | 2|5 [2]5(2,3)=5
(4,2,1,1) | (1,3,2,2) 8 [1]41]5(1,4) =4
(3,2,1,1) | (1,3,2,1) 7111414 54,1)=4

(3,2,1) (1,3,2) 6 |113]2]5(2,2)=3
(3,1,1) (1,3,1) 5121313]1538,1)=3
(3,1) (1,3) 4 [1[2]1]58(1,3)=2
(2,1) (1,2) 31112 |1]5(1,2)=2
(1,1) (1,1) 2 (1]1212]8(2,1)=2
(1) (1) 111 S(1,1)=1
Thus
2 2 4
3 5 5

1
2
5= 3
4
).

and S is the least element of STab(u, a

Remark 28. Let a and b be compositions of n with A(a) = A(b). Then there exists
a bijection from STab(u,a) to STab(u,b) using [2, Lemma 3.7.1], but they are not
isomorphic as partially ordered sets. For example, let p = (4,4,1,1) - 10, a =
(1,3,2,2,2) F 10 and b = (1,2,2,2,3) F 10. Then (STab(u,b), <) is a totally ordered
set, while (STab(u, a), <) contains two incomparable tableaux:

1 2 2 3

2 4 45
T—3 ,

5

1 2 2 4

2335
5—4 .

)

Indeed, define 7® and ¢ by (3) and (4), respectively. Then 7 = (4,1,1) and
o = (3,3) are incomparable. Thus (STab(y,a), <) is not totally ordered, hence it
is not isomorphic to (STab(u,b), <).



Chapter 3

Generalization of Knuth’s formula
for the number of skew tableaux

3.1 Binomial coefficients

Throughout this section, h, I, r and ¢ be nonnegative integers. We denote by S(n, k)
the Stirling numbers of the second kind. First of all, we define

C(r,t) =tIS(r +1,t +1).
Then

C(ryt) =t!S(r+1,t+1)
=tl(S(r,t)+ (t+1)S(r,t +1))

=tC(r—1,t—1)+ (t+1)C(r —1,1), (1)
since S(r+1,t+1) = S(r,t)+ (t+1)S(r,t +1).
Set
oi(h,r,t) = (;L)C(h, r)C(l — h,t). (2)
Clearly,
oi(h,r,t) = (l _l h)C(Z — h,t)C(h,7)
=@ (l = h,t,T). (3)
We define

Lemma 29. We have
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Proof. We have

t

(t+DR() = (t+1)) 4

=1

t t %
S NEES 9 o)
=1

i=1 j=1

= R (t) + Z Ry(i).

Lemma 30. We have z
t
t) = 1,1 )
no =3, )

Proof. Setting n = ¢ = 0 in [2, Proposition 5.1.2]. We have

(1) (0L o

0

We prove the statement by induction on [. If [ = 0, then the statement holds
since C(0,0) = 1. Assume that the statement holds for [ — 1. Then

)= (4 D0 - 3 e (by Lemmna 29)
:(t+1)iz_::C(l Lz)(jl)—;gca—lﬁ(il)
_ l;( L2000 -1,4) (ﬁ;) - ZZO C(l = 1,3) (:1;) (b (1)
- §<z+1>cu— La()7,)
- i(z +1)C - 1,1) (ZiQ) + l: G+ 1eE -1 (z : 1)
Gesin( L) el )

“yean(, ) (o (1)
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O
Lemma 31. For z € C, we have
g Zc(m)(Z;l).
Proof. From [2, p.211, (4.65)], we have
2= ZS(M)[ ]
SO l
=2 S
:ZS(Z i)z[z — 1]
= Z S(l,i)[z — ioa(z — i+ 1)
:ZS“ —i—Zlez Mz — 1]i-
- Z S,z —1); + Z(z +1)S(i+1)[z = 1];
l
— Z (S, 4)+ (i +1)S(l,i+ 1)) [z — 1]
_ ZS(Z—i—l,H—l)[z— 1};
:lO
:Zz’!S(l—l—l,z’—i—l)(Z;l)
_ an,i)(Z;l).
- O

3.2 pC(p)] and g,

Let [ be a nonnegative integer. Let C(u) = {j —i | (4,5) € D,} be the multiset of
contents of the partition u, and

plCwWl= Y (-1

(1,5)€Dy
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be the Ith power sum symmetric function evaluated at the contents of p.
Let = (g1, f2, - - ., ) F n, and let 7, ¢ be nonnegative integers. We define

A= ()= () 0), g

Observe that if » = ¢t then

¢, =0, (6)

and
4 = aq (7)
Gy = — G- (8)

Proposition 32. Let = (p1, pi2, ..., pux) = n and | be a nonnegative integer. Then

I h 2l+1-h
paw[C(p)] = ZZ Z )" 2141 (h, T, )y,

h=0 r=0 t=
-1 h 2-h Lo

palC(p)] = (=1)"pa(h,r t)g, + 1229021 (L, t)q,
h=0 r=0 t=0 e

= i HL(—l)’h <2)C(h,r)€(l — h,t) (rfl) <Z ‘t 1)
o anrn () (by (),

r+1

h 2l+1-h [ i 1
2l4+1—h i -
Z (_1) 902l+1(h7 r, t) (’I" + 1) ( + >

) — 1
_1 20+1—h h t Hi [/
(=1) pa1(h,7,1) 1 "
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i=1 h=0 r=0 =0
I h 2At1-h
= Z Z (=1)"par1(h, 7, 1)
h=0 1=0 =0
i i\ (i1 _i i\ (i1
— \t+1 r —\r+1 t

l h
— ZZ (_1)h8021+1(h7 T, t)qgr7

where the third equality can be shown as follows:

A+l h A+1—h s -
Z Z Z (=1)** oy (b, 7, t) (r—i—zl)( ¢ )
h=I+1 =0 =0
h K 1—1
Z(_l) Pu+1(20+ 1= h,r,t) (r n 1) ( " )

S, ) () (by (3))

1A i 1 —1
( 1) 902z+1(h77”7t) <t+ 1)( r )
h=0 r=0 t=0

I-1 h 2—h
palC()] =D D > (=) eulh, r,t)q,
h=0 r=0 t=0
kool i i1
YY) ()
i=1 r=0 t=0
-1 21— o

1
(_1)h902[<h7 r, t)Q::t + 5(_1>l Z Z 9021<l7 r, t)qq—}:t’

h=0 r=0 t=0 r=0 t=0

27
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i=1 =0 t=0
1 kool y i1
! i -
SRS 3) ()
i=1 r=0 t=0
1 o
- 5(_1)l Z Z SOQZ(L T, t)q:-t
r=0 t=0
O
By Proposition 32, we have
1
polC(1)] = 5o = .
plC(1)] = qop + a1
= 10, (by (6))
P2l C ()] = 2451 + 2455 — @10 — 41's
= qo+,1 + 2(]0+,2 - er,b (by (7))
p3[C(1)] = =241 + 6459 + 6439 — 3d01 — 9g11 — 64a;
=0T 6q£0 + 6Q:;,0 - 666,1 (by (6) and (8)). (9)

3.3 Main results

Let p, A = n. We denote by x*(\) the value of the character of the Specht module
St evaluated at a permutation m belonging to the conjugacy class of type A. From
[2, Example 5.3.3], we have

(217 = Lop(C ().
Iz n—3 ﬂ "
.17 = Les (micta - ().
V(A1) = [7%4 (psC ()] — (20— 3PIC ).
" n—>5 fﬂ 2 n n
6,179 = Lo (ol - en - 10mict] - 2micw +5(;) - 3(3) ).
"(6,17) = [;’fmfs (Bs[C2)] + (25 — 4n)palC ()] + 2(3n — 4)(n — 5)prC ()
- [7{—]’;36101 COpIC). (10)

Remark 33. In [2, Example 5.3.3], the coefficient of d3(\) (in this paper, we denote
by p3[C(p)]) in the character value )26\71,1_6 is 24(7 — n). Since ¢ and ¢ are incorrect
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in [2, p.251], the value of the character g ;.- is also incorrect. In fact, the coefficient
of d3(A) in the character value Xg .- is 6(25 — 4n), as given in (10).

We obtain [2, Example 5.3.8]:

2,207 = Lo (et - smicgl +2(3) ) (1)

In general, for g = n and A - m < n, the character x*(\,1"~™) can be expressed
as a polynomial of ¢#(t) using Lassalle’s explicit formula [2, Theorem 5.3.11].
For any ¢ > 1, m;(p) = |[{j | pt; = ¢} is the multiplicity of 4 in p. Set

2= 1™ ®@m,(u)!.
i>1

Let pFn and A Fm < n. From [13, Theorem 3.1], we have

A= I 1 ().

vkm

If A = (m), then

fre = e 1 ()
vEm

=Y a1, (12)

vkm

We already proved that p;[C/(u)] can be expressed as a linear combination of g,
(Proposition 32), so the character value x*(\, 1"~™) can be written as a polynomial
in qft using Lassalle’s explicit formula [2, Theorem 5.3.11]. We compute x*(m, 1"~™)
for 2 <m <4 and x*(2,2,1"%) using (9), (10) and (11).

N i
XH(2,1777) = 2=2p [C(p)]
[n]2

=4 ((4 - 2”)Qf,0 + 6q;’0 + 6Q:;,o - 6q£1) )



_ A (=2 — 30+ — 60t + n
= (91,0) 3%,1 6%,2 + 3€11,1 + 2 .
[1]4 2

Substituting (13) into (12), we find

1
FH@ = e (2,1772) 4 —— (1)
1 fH 1
= —_-—— 2 1 —f#
2 [n]s Qo 2f
(0 (3))
= — + )
1 1
fu/(g) _ _Xu(& 1n—3) + X,M(Q) 1n—2) + X“ 1n)
o “e 2
1 fu n 1 fﬂ 1
:__3 —+ 2+_+_ ——'2_ —f#
I + + + T " "
= @ Qo1 T 2002 —ix + (n - Q)QLU T 3] \2 ’
and
1
f“/(4) _ Z_XH<4’ 1n—4) + X”(?’? 1n—3) 4 Xﬂ(27 2, 1”—4)
(4) Z(3,1) 222
+ XH(2,1"72) + X (1)
2(2,1,1) Z2(1,1,1,1)
1 fr - - - -
- Z_lm 4 ((4 —2n)qi g + 643 + 6gs — 6q271)
1 fH n
+ g@ -3 (qal + 2(]3:2 - qil o (2))
1 fe _ n
+ gm 4 ((%,0)2 - 3qar,1 - 6q8“72 + 3qi1 +2 <2))
1 fr 1
L 9gT — fH
+ 4 [n]2 Q1,0 + 24f
e -+ 650 + 6050 — 6071 + ~(45)?
= m é(n — 2) (n — 7)q1’0 + 6QQ70 + 6q3’0 - 6q2,1 + §<q1,0)
f 9 )
o (= D+ @ =95, = (0 - F)ai

() - 0) ()

We get (2) and (4) by substituting (5) into (14) and (15), respectively.
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(13)

(14)



31
3.4 A generalization of a polynomial identity for a
partition and its conjugate

Proposition 34. Let i be a partition of an integer. Then ' is the conjugate of j if

a/nd Only 'U
k (:U/Z)<Z_1) Z(M;)(j—1>
Zi 1 t"— 1 T =1 r—+ 1 t '

for all nonnegative integers r and t.

Proof. First, we show the “only if” part. Then

;(7"?1)( ) > 2 \{f\foEDu,lller}\

>t+1 JC{1,2,.

IJ]= t+1
max J=j
:Z Z |{J’I><J§D“, |J| =t+ 1}
i=r+1I1C{1,2,..
[I|= r+l
max [=i
- Z Z |{J|maXJ§ui, |J| =t + 1}
i=r+11C{1,2,.
[I|= r+1
max =i
:Z Z |{J’J§{1,2,...,,ui}, |J|=t+1}]
i=r+171C{1,2,...
[1|= r+1
max =1
-2 3 (1)
i=r+1I1C{1,2,..
[I|= TF_]_'

-3 (1))

Next, let A be the conjugate of p. Set h(A) = h. Then
Zh: YRAVE 2’“: i\ fi—1
, r+1 t : t+1 r
]:1 =1
! S 1
_ < Hi 1) (j ) (16)
=\ t

Setting h(y') =1 and r = 0 in (16), we have

;xj(jf):gu;(i;l). (17)
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Suppose h > [ and set t = h — 1 in (17), then A\, = 0. Similarly, suppose h < [ and
set t =1 —11in (17). Then p; = 0, and both cases are contradictions. Thus h = [.
We show that A\,_; = uj,_; for all ¢ with 0 < < h —1 by induction on 4. If i =0,
setting t = h — 1 in (17), then A, = ).
Assume that the assertion holds for some i € {0,1,...,h—2}. Let t = h— (i +2)
in (17). By the inductive hypothesis, we have

h j—l h j—l
Aj = g )
Z j(h—i—?) 'ZﬂJ(h_Z’_Q)
j=h—i j=h—i

Therefore, A\,—;—1 = pj,_, ; since (hj_i2) =0 forall y with 1 <j <h—j—2. Thus
A= and y is the conjugate of p. ]

From Proposition 34, we have
(o i—1 wp (71
+ i - j -
= + J . 18
It ;(r+1>( t ) ;<r+1)( t > (18)

By substituting (18) into (14) and (15), we get (1) and

- [% (qlfo + 2050 — a1y + (n— 2)go + (g) — (Z)) (by (7))
(26 20) (565 )

respectively.



Chapter 4

A bijective proof of Vershik’s
relations for the Kostka numbers

4.1 Insertion

Throughout this chapter, A E n. For a positive integer i, we define \X' F n 4+ 1 as
follows:

i Aj otherwise.

In this section, we let p = n and T" € STab(u, A). We also let x be a positive
integer.

Definition 35. The bumping route of (T, z) is defined as the sequence ﬁ(T, r) =

(J1,J2, - . .) with integer entries defined as follows: first, ﬁ(T7 x)=0if {q | T(1,q) >
z} = (). Otherwise, j; = min{q | T(1,q) > z} and for p > 2,

j _ 0 if jpfl =0or T(p7 MP) < T(p - 17jp*1)7
min{q | T'(p,q) > T(p —1,j,-1)} otherwise.

If j, = 0 for p > [ then we write ﬁ(T, x) = (J1,72,---,J1)- We denote by l(ﬁ(T,x))
the length ofﬁ(T, x), that is, l(ﬁ(T7 x)) = max{l | j; # 0}. Note that ifﬁ(T, x) =0,
then we define Z(E(T, z)) = 0.

By previous definition, clearly, we have

T(1Lji—1) <@ < T(1,jy), 1)
T(p.jp—1) <T(p—1,jp1) <T(p.jp) 2<p <1, (2)
T(l + 1, ,ulJrl) < T(lajl)7 (3)

whenever T'(-,-) is defined. Moreover, we get j, > j,+1 for all positive integers p.
Indeed, we may assume p < [. Then we have T'(p + 1, 5,) > T(p, j,). Thus

Jp=>min{q | T(p+1,q9) > T(p,jp)}
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= jp-i—l'
For the remainder of this section, we let ﬁ(T,x) = (41,72, --,J1), where | =
I(R(T, 2)).
Lemma 36. We have py41 < ji. In particular, p"*' F=n + 1.

Proof. 1f I = 0, then it is obvious. Suppose [ > 1. Then by (3) we have (I+1, 5;) ¢ D,,.
Since (I, ji;) € D,,, we have py41 < j;. In particular, py1 < . ]

Definition 37. We define a insertion or bumping tableau T}, of shape p!*! and weight
A* as follows: if [ = 0, then define T}, by

T(p,q) it (p,q) € Dy,
Lpg) = { B9 TR0 ED, ()
x if (p,q) = (1, 1 +1).
Otherwise, define T, by
r if (p7 q) = (17j1)7
T.(p,q) = (= 1 dpa) Y (5)
T(l, j1) if (p,q) = U+ 1, s + 1),
T(p,q) otherwise.
Lemma 38. We have T, (p, j,) < T(p,j,) for all p with 1 <p <.
Proof. We have
, x if p=1,
Tx 5 = by (5
(P, Jp) {T(p—l,jp_1) if2<p<l (by (5))
<T(p, ) (by (1) and (2)).
O]

Lemma 39. We have T, € STab(u!™, \?).

Proof. By Lemma 36, we have p*' = n + 1. To show that T}, is a semistandard
tableau, it suffices to prove

To(p, Jp — 1) < Te(p, Jp) < To(p, Jp + 1),
To(l+ 1 ) S To(l+ 1, s + 1),
To(p — 1. jp) < Tulp, Jip) < Tu(p+ 1, Jp),
To(ls piyr + 1) <Tp(L4 1, g + 1), (6)

whenever T,(-,-) is defined.
For all p with 1 < p <[, we have

To(p,jp = 1) =T(p,jp — 1)



T(p—1jp1) f2<p<l

=T:(p, jp)

< T(p, jp)
<T(pjp+1)
=T.(p,jp + 1).

S{x ifp=1,

Also,

To(l+ 1 puga) = T+ 1, pusa)
) {:v it B(T,z) =0,
~ | T(l,51) otherwise
=T, (I + 1, g1 + 1)

For all p with 2 < p <[, we have

35

(by (1) and (2))

(by Lemma 38)

(by (3))

(by (4) and (5)).

(by (1) and (2))

v ifp:2, jl:j%
To(p—1,j,) = {T(l’”) o =2 0>
T(p—2,7p2) if3<p<l, jp1 =5
T(p—1.jp)  H3<p<I jpo1>3p
< {T(l,jl) if p=2,
T(p—1,jp1) if3<p<li
= T:(p, jp)

For all p with 1 < p <[, we have

T (p, jp) < T(p, jp)

< T<p7jp) lf jp = ijrla
N T(p + 17jp> if jp > jp—l-l
=T.(p+ 1>jp)

Finally, we have p;11 < 7; by Lemma 36, so

T —1.7,_
Tm(l;,ulﬂ‘f‘l)—{ ( Ji-1)

< T<l7jl)
= Tx<l + 17 M1 + 1)

Thus we proved (6).

if 1 + 1=,
T +1)  if g +1<j

(by (5))-

(by Lemma 38)

(by (5))-
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4.2 Reverse insertion

In this section, let p - n — 1 and let [ be a nonnegative integer such that p'*' F n.
We also let S € STab(p'™, \).

Definition 40. The reverse bumping route of (S, 1) is deﬁne(<i_as the sequence <E(S, )=
(71,75, -+, 7;) with integer entries defined as follows: first, R(S,l) = 0if [ = 0. Oth-
erwise, j; = max{q | S(l,q) < S(I+1,p41 + 1)} and

g, =max{q | S(p,q) < S(p+1,7,,1)}
for all p with 1 < p < L.

By previous definition, clearly, we have

S(p,g,) <Sp+1,j,.1) <S(p,j,+1) (L <p<l), (7)
S(lg) <SU+1,p1+1) <SS g +1). (8)

Moreover, we get j, > j ., for all p with 1 < p < [. Indeed, since S(p,j, ;) <
S(p+1,j,41), we have

Jp =max{q | S(p.q) < S(p+1,j,11)}
> Jpit-
%
For the remainder of this section, we let R(S,1) = (ji, 55, ---,J])-

Definition 41. We define

18, ) otherwise.

We define a reverse insertion or reverse bumping tableau S' of shape p and weight
A@SD) a5 follows: if [ = 0, then define S* = S|p,. Otherwise, define St by

S'pg) =4 SU+ 1, pa+1) i (p.g) = (1, 4]), 9)
S(p,q) otherwise.

Lemma 42. We have S(p, j,) < St(p, Jgp) for all p with 1 < p <.
Proof. We have

. S(p+1vj;/9+1) if1<p<l,
S(v.5p) < { sat (by (7) and (8))
= S'(p, ) (by (9)).
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Lemma 43. Let © — 2(S,1). Then
(i) S' € STab(p, A,

(i) B(S',z) = R(S,0),

(ifi) (S, = S.

Proof. (i) If | = 0 then S' = S|p, and z = S(1, p1+1), so S' € STab(p, A(#)). Suppose
[ > 1. By Definition 41, S is a tableau of shape p and weight A . It suffices to prove
that

S'(p,j, — 1) < Sp, 40) < S'(p, by + 1),
S'p—1,4,) < S'(p,gy) < S'(p+1,J,), (10)
whenever S!(-,-) is defined.
For all p with 1 < p <[, we have
S'(p, g, —1) =S, 4, — 1)
@%)
S'(p. jb) (by Lemma 42)

I/\

Sp+1,j,1) ifl1 <p<l,
SU+Lpur +1) ifp=

A
/_/H/_/H

(by (9))

S(p,j,+1) ifl1<p<l,

Sl +1) ifp=1 (by (7) and (8))

= S'(p, jy + 1) (by (9)).
For 2 < p <[, we have
. S(p—1,5) ifj _, >4
S'p—1,4,) = P .7 (by (9))
P S(p7]p) 1f ]pfl :jp
< S(p,Jp)
< Sl(p,j;) (by Lemma 42).

If | =1, then py + 1 < jj since S(1,p2 +1) < S(2,p2+ 1), 50 (2,p2+1) & D,,.
Suppose [ > 2. For 1 < p < [, we have

S'p.gs) =S+ 1,4,.1)

Sp+27], lfj/:], 71§p§l_27
P+ 20p) = (by (7) and ()
S(,7-1) if jo > jpy, p=1-1,

Sl+1,p+1) ifj, =g, p=1-1
=S'(p+1,4p).



Thus we proved (10).

(ii) Let B (S, 2) = (ju, ..., ju) where I = I[(K(S',2)). If I = 0 then z = 2(S, 1) =
S(1,p1+ 1) and S' = S|p,. Since S' € STab(p, \@)), we have S'(1,q) = S(1,q) < =
for all ¢ with 1 < ¢ < py, so {q | S(1,q) > x} = (. Thus ﬁ(sl,ac) =0

Suppose [ > 1. Note that, for all p with 1 < p <[, we have

S'(p.dy —1) = S(p.g, — 1) < S(p, jy). (11)
We prove j, = j,, by induction on p. If p =1 then

ji = min{q | S'(1,¢) >}
=min{q | S'(1,¢) > S(1,4])}
=7 (by Lemma 42 and (11)).
Assume j, ; = j;,_l for some 2 < p <. Then

jp = min{q | S'(p,q) > S'(p — 1, jp-1)}
=min{q | S'(p.q) > S'(p — 1,5,_,)}

=min{q | $'(p,q) > S(p.j,)} (by (9))
= (by Lemma 42 and (11)).
Since
S +1, 1) = S+ 1, prya) (by (9))
<S(U+1p41+ 1)
= S, 4) (by (9))
- Sl(l7jl)7

we have j, =0forp>1,sol' =1 .
(iii) By (ii), we have K(S',z) = R(S,1). Then (S'), € STab(s"*', A) by (i) and
Lemma 39. Suppose first { = 0. For (p,q) € D1, we have

Stp.q) if (p,q) € D,,
(SY2(p,q) = ( )€ Dy
T if (p,q) = (1,p1+1)
_ ) 5(p.q) if (p,q) € Dy,
S<1>P1+1) lf (pJQ> - (17p1+1)
= S(p, q).
Suppose [ > 1. For (p,q) € D, +1, we have
x lf (p7 Q) = (17j1)7
Sp—1,5,1) ifqg=7, 2<p<lI,
(52 (psq) = l(p ~Lpr) W4 =Jp 250
S<l7jl> if (p7q) = (l+17pl+1+1)7

Si(p,q) otherwise
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T if (p,q) = (1,71),

) SMp—-1,4,) ifg=1j,, 2<p <,
SH(1, 47) if (p,q) =(+1,p41+1),
St (p,q) otherwise

= S(p,q)

4.3 Vershik’s relations for the Kostka numbers

Lemma 44. Let p = n, A En and T € STab(u, ). Let x be a positive integer and
| = I(R(T,x)). Then

i) R(Ty,1) = R(T, ).

(i) (T,) = T.
Proof. 1f 1 = 0, then (i) clearly holds, and (T})! = T,|p, = T. Suppose [ > 1 and let

R(Tu,0) = (jl,....7) and B(T,2) = (j1, ..., ).
(i) Note that, for all p with 1 < p <[, we have

Te(psjp+1) =T(p,jp + 1) =2 T(p, jip)- (12)

We prove jj, = j, by induction on [ — p. If p = [ then

gy =max{q | T.(l,q) < T,(l+ 1,1+ 1)}

= max{q | To(l,q) <T(l,j1)} (by (5))
=i (by Lemma 38 and (12)).

Assume j, .| = jpy1 for some 1 < p < [. Then

];,) = max{q | Tx(pa Q) < T:v(p + 17j;/;+1)}
= max{q ‘ Tx(p7 Q) < Tx(p + 1>jp+1)}

=max{q | T:(p,q) <T(p,jp)} (by (5))
= jp (by Lemma 38 and (12)).

(ii) By (i), we have R (T,,1) = B(T,z). Then 2(T,,1) = To(1, 1) = T(1, j1) = ,
so (T;)" € STab(p, A) by Lemma 43 (i). For (p,q) € D,,, we have

T.(p+1,7,.1) if g=j,, 1<p<l,
(T2)'(p,q) = § Tol+ L, pen + 1) if (poq) = (1)), (by (9))
T.(p,q) otherwise
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Tx(p+1]p+1 ifq:jp’1§p<l7
To(l 41, + 1) if (p,q) = (I, 1),
T:(p,q) otherwise

=T(p,q).

Before proving the main result, for A F n, we let

Supp(A) = {i | \; > 0}.
Theorem 45. Let A\Fn and pn —1. Then the map

U:DESupp()\) ST&b(p, )‘(I)) — Ulﬂ‘n ST&b(,u, )\)

H=p
T > T,

1S a bijection.

Proof. The map is well-defined by Lemma 39. Suppose S € STab(u, A) for some
p = n with g = p. Then p = p!*! for some I. Set x = x(S,l). By Lemma 43,
St € STab(p, A®)) and (S'), = S, so the map is a surjection.

Let T € STab(p, A®) and S € STab(p, A\®)). Suppose T, = S, € STab(u, \) for
some p = n with g = p. Then pu = p! for some I, so | = [(R(T,x)) = I( E(S,2)).
By Lemma 44, we have T = (T})! = (S,/)! = S, so the map is an injection. O
Remark 46. Let - n and let X be a set of positive integers. Define

W(X,n)={AEn|X >0, Supp(\) C X},

STabx(u) = U STab(u, \).

AEW(X,n)
For p+n — 1, the map

STabx(p) x X — |JunSTabx ()
pp (13)
(T, ) — T,

is a bijection (see [8, p.399, 10.60]). This follows from Theorem 45. Indeed, collecting
the bijections of Theorem 45 for all A € W(X,n), we obtain a bijection

U)\EW(X,n) UmGSupp()\) STab(ﬂ’ ) {.CE} — U)\GW X,n) UH"” STab(/'L? >‘)

(T, x) — TgC (14)

Then the codomain of the bijection (14) equals that of (13), while

U U STab(p, \*)) x {z} = U STab(p,v) x X

AEW(X,n) z€Supp(A) veW(X,n—1)

= STabX(p) x X.



Corollary 47 (Vershik’s relations for the Kostka numbers). For A = (A, Ag, ..., \p) I
n and pbn—1, we have

KN =Y CNNE(p,7).

ukn yFn—1
HZp YA
Proof.
> K(u,A) =) |STab(u, \)|
pukn pukn
HZp Hwzp
= ) |STab(p, A")| (by Theorem 45)

1<z<h

=D D |STab(pA¥)

n—1 1<z<h
YA AA®@))=y

= Z Z | STab(p, )| (by [2, Lemma 3.7.1])

Yn—1 1<z<h
YEA AAE))=

= > He| 1<z <h MA™) = ~}||STab(p, )|

Now, we compare Vershik’s bijection with ours using [14, Example 1].

Example 48 ([14, Example 1]). Let A = (3,2,1) - 6 and p = (4,1) = 5. Then

111 2 2 1 112 3 1 1 1 2
p-tableaux : A = 3  B= , 0=, 3 ;
1 1 1 2
potirs gyt
3
p—tableaux:L:§122,M:;123,]\7:;112,
1 11 3 1 1 1 2
P_2 ’Q_Q

We remove one box from the first row in A and B, one box from the second row in
C and D, and one box (3,1) in F in order to obtain p-tableaux. Then we have a
bijection as follows:

A< L, B M; C+ Ny D+ P, E+Q.
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The bijection given by Theorem 45 is:

Lo Ly=E. M M, = D
Q< Q3= B.

Finally, we give an example, for which there is no bijection arising from removable
of one box.

Example 49. Let A = (3,3,2) F 8 and p = (4,3) - 7. Then

1113 3 1112 3 1 11 2 2
pu-tableaux : A = 9 9 9 , B= 5 9 3 , C= 5 3 3 ,
111 3 1 1 1 2
D:; ;;g,E:2 22 F=223
3 3
11 2 3 11 2 2 111 3
p-tableaux : L = 9 9 3 , M = 9 3 3 , N = 9 9 3 ,
1 11 2 111 3 1 11 2
P_Z 3 3 ’Q_Z 2 2 ’R_Q 2 3 '

As mentioned in the Introduction, u-tableaux A and E result in p-tableau @), so there

is no bijection between p-tableaux and p-tableaux arising from removable of one box.
The bijection given by Theorem 45 is:

Lo Ly=E M M, = F:
Q< Qs=A: R+ Rs—B.
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