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Chapter 1
Introduction

A submanifold L in a symplectic manifold (M?",w) is called Lagrangian if the restriction of
the symplectic form w to L vanishes and dimL = (1/2)dimM. These submanifolds have
been recognized as one of important objects in symplectic geometry, and investigated
in various fields of mathematics. Especially, when M is a Kahler manifold, extrinsic
properties of Lagrangian submanifolds have been studied by many authors. For instance,
Harvey and Lawson [31] established the calibrated geometry, and introduced the notion
of special Lagrangian submanifolds in Calabi-Yau manifolds. These submanifolds are
calibrated, namely, volume-minimizing in each homology class.

In a Kéhler manifold (M,w, J), the well-known Wirtinger’s inequality (cf. [9]) says
that complex submanifolds are calibrated. On the other hand, Lagrangian submanifolds
are antithetical to submanifolds, because the Lagrangian condition is J7,L NT,L = {0}
for any p € L (namely, L is totally real). Actually, we know few examples of stable
minimal Lagrangian submanifolds in Kahler manifolds.

Let L be a Lagrangian submanifold in a Kéhler manifold (M, w,J). The Lagrangian
property is preserved under Hamiltonian flows, generated by time dependent Hamiltonian
vector fields on M. Therefore, it is natural to consider the variational problem under the
Hamiltonian constraint. This restriction is natural from the viewpoint of Lagrangian mean
curvature flows in a Kéahler-Einstein manifold. In fact, the mean curvature flow preserves
the Lagrangian property (see Theorem 2.1.1 in Chapter 2), and is a Hamiltonian flow if
L satisfies some topological conditions.

A deformation of a Lagrangian immersion is called Hamiltonian when it is generated by
a Hamiltonian vector field. A Lagrangian submanifold L which attains an extremal of the
volume functional under all Hamiltonian deformations is called Hamiltonian minimal (H-
minimal, for short). Furthermore, if the second variation under Hamiltonian deformations
is non-negative, L is called Hamiltonian stable (H-stable, for short). This was first inves-
tigated by Y.-G. Oh ([70], [71]), and such Lagrangian submanifolds are regarded as the



‘best’ representation of Lagrangians in each Hamiltonian isotopy class. When L has the
least volume in its Hamiltonian isotopy class, we call L Hamiltonian volume minimizing
(briefly, H.V.M.). The existence and uniqueness of H.V.M. Lagrangian submanifolds in
each Hamiltonian isotopy class are interesting problems, because the problem is regarded
as a generalization of the classical isoperimetric problem. As a simplest example, consider
a small or grate circle v in the 2-sphere S2. Then, the isoperimetric inequality is given
byl?(y) > (47 — A(7))A(7), where [(7) is the length of v and A(y) is the area enclosed
by 7. Under area-preserving deformations of v, it follows from this inequality that v is
the (unique) length-minimizing curve. We may interpret this into H.V.M. Lagrangian
submanifolds in a Kéahler manifold, but only few examples of H.V.M. Lagrangians are
known. Thus, as a first step, it is important to construct and classify H-minimal or
H-stable Lagrangians.

In the last decades, many examples of H-minimal Lagrangian submanifold have been
constructed in specific Kahler manifolds. In Chapter 2, we review the basic properties
of H-minimal and H-stable Lagrangians and give some known examples. In particular,
we focus on H-minimal Lagrangian submanifolds in Hermitian symmetric spaces. Typical
examples are obtained by orbits of Hamiltonian actions of a Lie subgroup of isometries.
If the orbit is compact Lagrangian, it is automatically H-minimal. Therefore, the clas-
sification problem of these orbits is interesting and important. Moreover, we can decide
the H-stability of these orbits by using a Lie theoretical argument. Up to now, this is the
only successful way to decide H-stability explicitly, because the second variation of the
H-minimal Lagrangians is not simple, except for minimal Lagrangians in Kahler-Einstein

manifolds.

If the ambient Kahler manifold is the complex Euclidean space C™, Y.-G.Oh [71]
pointed out that the standard tori 7™ = S*(ry) x --- x S'(r,,) are H-minimal and H-
stable. Generalizing Oh’s results in [71], Y. Dong [26] showed that the pre-image of an
H-minimal Lagrangian submanifold in CP™~! via the Hopf fibration 7 : $?"~! — CP™!
is H-minimal Lagrangian in C™. We note that there are some known H-minimal La-
grangian submanifolds in CP™~!. For instance, any compact, extrinsically homogeneous
Lagrangian submanifolds in CP™~! are H-minimal, and these are classified by Bedulli
and Gori [14]. On the other hand, Anciaux and Castro [4] gave examples of H-minimal
Lagrangian immersions of manifolds with various topologies by taking a product of a La-
grangian surface and Legendrian immersions in odd-dimensional unit spheres. These are
compact and contained in a sphere. However, we still know few examples in C™.

Therefore, in Chapter 3, we give a new family of H-minimal Lagrangian submanifolds
in C™, which are non-compact, complete and have some symmetries.

Let N™ be a submanifold in R"**. Our example is given by the normal bundle vN of



N in the tangent space TR"** of the Euclidean space R"** which is naturally regarded
as C"**_ In the following, we always use this identification. Then, the normal bundle
vN is a Lagrangian submanifold in TR"™*. Harvey-Lawson [31] first noted that vN is
special Lagrangian with some phase if and only if NV is an austere submanifold, namely,
the set of principal curvatures is invariant under the multiplication by —1 for any unit
normal vector. In our context, the condition that a Lagrangian submanifold L is special is
equivalent to that L is minimal. Hence, we can produce examples of minimal (or special)
Lagrangian submanifolds from austere submanifolds. For instance, minimal surfaces and
complex submanifolds are austere. However, these are not still well investigated. As for

more explicit H-minimal examples, we obtain:

THEOREM 1 ([48]). Let G be a compact, connected, semi-simple Lie group, g the Lie
algebra of G, and N™ = Ad(G)w a principal orbit of the adjoint action of G on g ~ R"*
through w € g. Then the normal bundle vN of N is an H-minimal Lagrangian submanifold
in the tangent bundle T'g ~ C"+k,

The principal orbit NV is diffeomorphic to G/T', where T is a maximal torus of G, and is
called a complez flag manifold. Since N = Ad(G)w is compact, N is never austere in R"**,
nor, ¥V is minimal. Moreover, the mean curvature vector is not parallel. We also note
that the normal bundle of N = Ad(G)w is always trivial, namely, N is homeomorphic
to N x R*.

The principal orbits of the adjoint action of a compact semi-simple Lie group G on g
are known as examples of the isoparametric submanifolds, namely, submanifolds in R"**
with flat normal bundles and constant principal curvatures (see Section 3.2). In the class
of isoparametric submanifolds, we show that the complex flag manifolds are only those

having H-minimal normal bundles. Namely, we obtain:

THEOREM 2 ([48]). Let N be a full, irreducible isoparametric submanifold in the Eu-
clidean space R"*. Then the normal bundle vN is H-minimal in TR % ~ C"** if and

only if N is a principal orbit of the adjoint action of a compact simple Lie group G.

Note that the Riemannian product of two H-minimal Lagrangian immersions into
Kéhler manifolds is H-minimal in the Riemannian products of the K&ahelr manifolds.
Therefore, the irreducibility is essential in this Theorem.

We also give examples of non-complete H-minimal Lagrangian varieties as the twisted
normal cones over the isoparametric hypersurfaces in the sphere (See Section 3.4).

The strategy of the proof of Theorem 1 and 2 is as follows. The mean curvature form
aj of a Lagrangian submanifold L in C™™* is given by az = df, where 6 is an S'-valued
function on L, called the Lagrangian angle. Thus the H-minimality is equivalent to the

differential equation A = 0. We calculate # on the normal bundle of a submanifold



in R"** and show that the angle is given by a modification of the mean curvature of
N. More precisely, it is expressed by the sum of arctangent of eigenvalues of the shape
operator up to constant factor (See Section 3.1 for more details).

When N is an isoparametric submanifold, the differential equation Af = 0 is expressed
in terms of the principal curvatures of N, not including their differentials (Lemma 3.2.1).
If the codimension of the isoparametric submanifold is equal to 1, the specification of
solutions is easy (Proposition 3.2.5). When the codimension is 2, they are isoparametric
hypersurfaces in the sphere, and the known examples consist of orbits of s-representations
and non-homogeneous ones. We show that N is homogeneous whenever v /N is H-minimal
(Lemma 3.2.6). Therefore, together with the fact that isoparametric submanifolds of
codimension grater than 3 are homogeneous (G. Thorbergsson [103], Olmos[77]), it is
sufficient to consider the normal bundle of homogeneous submanifolds. On the other
hand, the principal curvatures of these orbits are given by the restricted root systems of
associated symmetric spaces. By using this, we characterize the H-minimality of normal
bundles over the principal orbits of s-representations in terms of the multiplicities of roots

(Proposition 3.2.12). Then we can specify the required orbits (see Section 3.3).

As we mentioned above, an austere submanifold in R™ is an important object related to
special Lagrangians. Harvey-Lawson’s result was generalized to some cotangent bundles
equipped with the standard symplectic structure and a Riemannian metric. For instance,
the cotangent bunlde 7*S™ of the units sphere S™ admits a Ricci-flat Kahler structure
obtained by Stenzel [92]. Then, Karigiannis-Min-Oo [49] proved that the austere condition
of a submanifold N in S™(1) is equivalent to that the conormal bundle v*N is special
Lagrangian with some phase in 7*S™. Y. Dong [27] generalized Harvey-Lawson’s work
to the psuedo-Riemannian complex Euclidean space and give a similar characterization of
austere submanifolds in the pseudo-Euclidean space. In general Riemannian manifolds,
we know some examples of austere submanifolds, but a geometric interpretation and
properties of austere submanifolds are still unknown except for these cases.

In Chapter 4, we generalize Harvey-Lawson’s result, and investigate the relation be-
tween the minimality of normal bundles and austere condition of the base manifolds. Let
M be a smooth manifold and N a submanifold in M. It is classical that the cotangent
bundle T*M admits a standard symplectic strucure wy, and the conormal bundle v*N of
N becomes a Lagrangian submanifold in (7% M, wp). We introduce a Riemannian metric
(,) on M, and identify T*M with the tangent bundle 7M. The Riemannian metric on
M induces the Riemannian metric g on T'M, the so called Sasaski metric. Moreover,
there exist a natural almost complex structure J on T'M so that (g, .J) defines an almost
Kahler structure on T'M compatible with the pull-back symplectic structure wy on 7% M

via the metric g (see Section 4.1). We note that the structure is Kéahler if and only if

4



(M, (,)) is flat. When M is the standard Euclidean space R™, we recover the situation of
Harvey-Lawson.

Let N be a submanifold in a Riemannian manifold (M, (,)), and vN be the normal
bundle of N in (T'M, §) which is Lagrangian. Motivated by Harvey-Lawson’s result and
Theorem 1, 2, we investigate the extrinsic properties of v/N. As a consequence, we obtain

the following:

THEOREM 3 (cf. [47]). (1) Let N be a connected submanifold in a simply connected
Riemannian symmetric space M = U/K. Then the normal bundle vN in (T'M, g)
18 totally geodesic if and only if N s a reflective submanifold in M

(2) Let N be a connected submanifold in the real space form M(c). Then the normal
bundle vN is minimal Lagrangian in (TM, ) if and only if N is austere in M(c)

(3) Let N be a Hopf hypersurface with constant principal curvatures in the non-flat
complex space form M (4c) with holomorphic sectional curvature 4c. Then vN in
(T'M, g) is minimal if and only if N is austere in M (4c).

(4) Let N be a submanifold in the non-flat complex space form M(4c). If N is totally

geodesic or complex, then vN is a minimal Lagrangian submanifold in (TM,q).

(5) Let N be a surface in the non-flat complex space form M (4c). Then vN is minimal
in (TM,g) if and only if N is totally geodesic or a complex curve. In particular,

there exist an austere surface with non-minimal normal bundle.

As opposed to the case of the real space forms ((2) in this Theorem), the relation
between the minimality of ¥/N and the austere condition of N in other Riemannian man-
ifolds is different. In fact, the minimality of normal bundles essentially depends on the
curvature of the ambient space M (see Lemma 4.1.6).

As a corollary of Theorem 3 (2), we see that any tubular hypersurface of an austere
submanifold in the unit sphere S™(1) has minimal Gauss maps (Section 4.3). These
provide new examples of minimal Lagrangian immersions into the complex hyperquadric
Qs (C).

Notice that, when M = S™(1), the minimality of a normal bundle vN in (T'S™, g)
is equivalent to that v N is special Lagrangian with some phase in 7%5™ equipped with
the Stenzel metric. Since the Stenzel metric, and thus, a Ricci-flat Kahler structure is
defined on the cotangent bundle of any compact rank one symmetric space, we expect our

observation to be useful to investigate special Lagrangians in these cotangent bundles.



Chapter 2

A survey of Hamiltonian minimal
Lagrangian submanifolds in Kahler

manifolds and Hamiltonian stability

2.1 H-minimal Lagrangian submanifolds

2.1.1 Hamiltonian deformations

Let ¢ : N — M be an isometric immersion of a manifold N into a Riemannian manifold
(M, g), where g denotes a Riemannian metric on M. If the immersion is an embedding,
we call the image of ((N) a submanifold in M, and sometimes, we identify «(/N) and N.
For an immersion ¢ : N — M, we always consider the pull-back bundle (*T'M and its
subbundle ¢,T'N over N. In the following, we often use an identification T,N ~ ¢,T,N
for p € N.

Consider an infinitesimal deformation ¢; : N x (—¢€,€) — M of ¢ in M, namely, {¢:}:
is a smooth family of immersions with 1y = ¢, and € is a positive number. Moreover, we

assume one of the following:
1. A manifold N is closed, i.e., N is compact without boundary, or

2. A manifold N is compact with boundary, and any deformation of an immersion

t: N — M fixes the boundary, or

3. A manifold N is non-compact without boundary, and any deformation {:;}; of
an immersion ¢ : N — M is compactly supported, namely, the closure of {p €

N; (p) # p, for some t € (—¢,€)} is a compact subset of N.

Denote the set of all smooth functions on N by C*°(N). Set C*(N) := C*(N) when
N is closed, C®(N) := {f € C*°(N); flon =0} when N is compact with boundary, and
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CX(N) :={f € C®(N); fhas a compact support} when N is non-compact, respectively.
Denote the variational vector fields of {¢;}; by V; := 0t /0t € ;T M, and throughout this
chapter, we assume each variational vector field is a normal vector field along ¢;.

We denote the Levi-Civita connection on TM by V. The second fundamental form B
is defined by the Gauss equation:

VxY = (V)" + (VxY)t = VxY + B(X,Y)

for tangent vectors X,Y € I'(t,TN), where T and L means the tangential and normal
components, respectively, and V defines the Levi-Civita connection on ¢, T'N with respect
to the induced metric. The normal bundle of ¢ is defined by the quotient bundle v N :=
TM/u TN, For an unit normal vector u € v, N, the shape operator with respect to u is
a linear map A" : t,T,N — 1, T,N defined by

g(A“(X),Y) =g(B(X,Y),u), for X,Y € 1.T,N,

or equivalently, A*(X) = —(Vxu)T. Since A* is a symmetric operator, the eigenvalues
of A" take real values. We call the eigenvalues the principal curvatures of « with respect
to u. The mean curvature vector of ¢ is defined by H := trB. An isometric immersion ¢
is called minimal if H = 0. It is a classical fact that a minimal immersion ¢ is a critical
point of the volume functional under all infinitesimal deformations of . We call a minimal
immersion ¢ stable if the second variation of the volume functional is non-negative under

all deformations of ¢.

Let (M?",w, J) be a Kéhler manifold with dimgM = 2n, where w and J denotes the
Kéhler form and the complex structure on M, respectively. We denote the associated
Riemannian metric by g. Since the 2-form w is closed, it defines a symplectic structure
on M. An immersion ¢ : L — M of a manifold L is called isotropic if :*w = 0, and in
addition, if dimgrL = n, then ¢ is called Lagrangian. One can show that the isotropic
condition is equivalent to J1,L C v,L for each p € L. Moreover, L is Lagrangian if
and only if JT,L = v,L. Therefore, when the immersion ¢ is Lagrangian, we obtain the
bundle isomorphism between the normal bundle vL of L and the cotangent bundle 7L
of L since we have the standard isomorphism T'L ~ T*L via the Riemannian metric g.

By this isomorphism, we identify normal vector fields and 1-forms on L via

a:T(wL) = Q\(L)
av(p) = wV, )| =9IV, )|,

where I'(vL) and Q'(L) denotes the smooth section on vL and T*L, respectively.



In the following, we consider a Lagrangian immersion ¢ : L™ — M?" into a Kihler
manifold. We define a tensor field S on L by

S(X,Y,Z) = g(JB(X,Y), Z) (2.1)

for X,Y,Z € T'(t,TL). Then the tensor S is symmetric with respect to all variables. In

fact, B is symmetric and

g(JB(X,Y),Z) = g(‘](vXY)va) :g(JvXK Z) = g(vXJK Z) :g(Yv JB(X> Z)),

where we use the Lagrangian and Kahler condition of L and M, respectively. For a La-
grangian immersion, the tensor S and the second fundamental form B have the same
information. On the other hand, the mean curvature vector satisfies the following re-

markable property:

THEOREM 2.1.1 (Dazord [25]). Let (M, w,J) be a Kdhler manifold, and ¢ : L™ — M?®®
a Lagrangian immersion. Denote p the Ricci form of M. Then the mean curvature form

ag of v satisfies the identity
dag = 1"p.

A proof of this theorem is given in [89]. In particular, if the K&hler manifold is Einstein,
namely, p = cw for a constant ¢ € R, then the mean curvature form of a Lagrangian
immersion of L is a closed 1-form, and hence, it determines a real cohomology class on L.
One corollary of this fact is that the mean curvature flow for a Lagrangian submanifold
in a Ké&hler-Einstein manifold preserves the Lagrangian condition (See Definition 2.1.2
below).

By the above motivation, it is natural to consider the variational problem for a La-
grangian immersion into a Kéahler manifold under deformations with a Lagrangian con-
straint. The following definition is due to Y.-G. Oh [70].

DEFINITION 2.1.2 ([70]). (1) Let ¢ : L™ — M?®" be a Lagrangian immersion. A vector
field V along ¢ is called Lagrangian (reap. Hamiltonian) if the 1-form ay € Q'(L) is closed
(resp. exact).

(2) A smooth deformation {i;}; of a Lagrangian immersion ¢ is called the Lagrangian
deformation (resp. Hamiltonian deformation) if the variational vector fields V; are La-

grangian (resp. Hamiltonian).

By Cartan’s formula, we have ¢ Ly,w = day, since w is closed. Thus the Lagrangian
deformations are characterized by the deformations which leave Lagrangian submanifolds

Lagrangian. If the vector field V' is Hamiltonian, then by definition, we have ay = df for



some functions f € C2°(L). Note that this is equivalent to V' = JV f as V is a normal
vector of L, where V f denotes the gradient of f on L. We have a characterization of

Hamiltonian deformations as follows:

LEMMA 2.1.3 ([59]). Let (M,w) be a symplectic manifold. Suppose that there exist a
nonzero constant y such that [w/v] € H*(M,R) is an integral cohomology class, and thus
there is a complex line bundle L over M with a U(1)-connection whose curvature is given
by (2n\/—1/y)w. Then, a Lagrangian deformation {u;}; of a Lagrangian immersion ¢ is
Hamiltonian if and only if the holonomy homomorphism p; : w1 (L) — R of the flat bundle

1y L is the same for any t.

A proof of this lemma is given in [75].

We give a geometric property of Hamiltonian deformations of a Lagrangian immersion
into a Kahler-Einstein manifold M. Denote the canonical line bundle of M by K. Since
M is Kahler, the Ricci form p represent the curvature on K. Moreover, if M is Einstein,
then we have w = c¢p, and *K is a flat bundle over L. Then, there exist the unique

complex extension of the volume form on L denoted by .

PROPOSITION 2.1.4 ([72]). Let v : L™ — M?®" be an oriented Lagrangian immersion
into a Kihler-Einstein manifold. Then Q satisfies the identity

VQ =V —10éH (059 Q,
where V is the covariant derivative with respect to the induced connection on " K.

PRrROOF. Since L is oriented, we may choose a positively oriented orthonormal local
frame {E1, ..., E,} of L such that Vg, E; = 0 for any i, j at a point p € L. Set F; := JE,
fori = 1,...,n, then {Ey,...,E,, F1,...,F,} is a local orthonormal frame of M. Let
{on,... 0, B1,...,B,} be its dual frame. Then  is expressed by

= (al—}—\/—_lﬁl)/\.../\(an‘f‘\/__lﬁn)'

Thus, for X € T,,L, we obtain

n

VxQ=> (a1 +V=1B) A AVx(i + V=IB) A A +V=15,).  (2.2)

Here, we have
(Vxai)(Ej)(p) = Vx(ai(E)))(p) - ai(VxE;)(p) =0,
Fj)(p) = Vx(ai(F))(p) — ai(Vx F;)(p)
= —ai(VxJE))(p) = —ai(JVx E))(p)
= —9(JB(X, Ej), E)(p)
= —g(JB(E;, Ej), X)(p)

9



since the tensor S(X,Y, Z) = g(JB(X,Y), Z) is symmetric. Therefore, we obtain
Vxai(p) = — ZQ(JB(Ei,Ej)aX)ﬁj(P>-
j=1

A similar calculation shows that

VxBi(p) =Y 9(JB(E;, E;), X)a;(p).

j=1

Hence, we have
V(o +V=15;) = V—_lig(JB(Eia Ej), X)(aj +V=18)).
j=1
Combining this with (2.2), we obtain
VxQ = \/—_1§n: g(JB(E;, E;), X)Q = V—lag(X)S.
j=1

Since X is arbitrary, we obtain the required equation. O

COROLLARY 2.1.5 ([72]). Under the same assumption of Proposition 2.1.4, the holon-
omy homomorphism p : m (L) — U(1) of the flat bundle .*K is given by

p(b]) = exp( — VT / an).

PROOF. Choose a loop v : [0,1] — L with the base point p = v(0) = 7(1). Denote
the parallel transport of Qp along v by QV(t) = eV~1¥®Q(t). Then by Proposition 2.1.4,

we have

0=Vt = m%(t)eﬁw(t)ﬁ(t)—i—eﬁw(t)vﬁ(t)fl(t)
d -
= VIOl ) 4 a0 Ju),

and hence,

L) = —anl3(0)

for any t € [0, 1]. Integrating this, we obtain
1
v =~ [ anito)dr = [ an
0 vy
since 1(0) = 0. This proves the corollary. O
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We recall that, for a Lagrangian immersion ¢ into a Kahler-Einstein manifold, the
mean curvature form ay € Q!(L) represents a real cohomology class [ay] € H'(L,R).
The following theorem shows that [ag] is preserved under any global Hamiltonian isotopy

of ¢.

THEOREM 2.1.6 ([72]). Let v : L — M be a Lagrangian immersion into a Kdhler-
Finstein manifold. Then under the global Hamiltonian isotopy {ii}o<i<1 of t = o, the
1-forms ay, on L represent the same cohomology class, where ayy, is the mean curvature

form of v;.

ProOOF. By Lemma 2.1.3, the holonomy homomorphisms p; are the same for all t €
[0,1]. Hence, by Corollary 2.1.5, it follows that fﬂ/ ag, is constant with respect to t for
any loop 7 in L. This implies that g, define the same cohomology class in H*(L,R). [

2.1.2 H-minimal Lagrangian submanifolds

DEFINITION 2.1.7 ([71]). A Lagrangian immersion ¢ : L™ — M?" is called Lagrangian

minimal (resp. Hamiltonian minimal, or shortly, H-minimal) if it satisfies

d
pr tZOVol(Lt(L)) =0

for all Lagrangian (resp. Hamiltonian) deformations {;};.

Our main concern in this chapter is H-minimal Lagrangian submanifolds in a Kahler
manifold. For an H-minimal Lagrangian immersion, the Euler-Lagrange equation is de-

rived as follows:

THEOREM 2.1.8 ([71]). A Lagrangian immersion v : L™ — M?" is H-minimal if and
only if
day =0, or equivalently, divJH =0
where H 1s the mean curvature vector of t.

PROOF. Recall that the first variation formula for volume functional for the general

variations {.;}; is given by (see [42])

d

EVOI(L{/(L)) = —/Lg(Ht7‘/t)dUt7

where H; is the mean curvature vector of ;. Now, we assume that the deformation

is a Hamiltonian deformation. Since each ¢; are Lagrangian, we note that g(Hy, V;) =
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g (am,, thL) where g* is the induced inner product on T*L. By the definition, the varia-
tional vector field V; is written by ay.1 = df; for some functions f; € C2°(L). Conversely,
for any function f € C°(L), we can find a Hamiltonian deformation so that Vj- = df.

Thus, the immersion ¢ is H-minimal if and only if

d
0= 7 t:oV()l(Lt(L)) = —/

L

-

L

¢ (cun, df ydo = — / Foado,
L

for any function f € C°(L) (where we denote H := Hy, V := Vj, and f := f;), which is

equivalent to day = 0. O]

COROLLARY 2.1.9 (cf. [71]). Let v: L — M be a Lagrangian immersion of a compact

manifold L into a Kdhler-Einstein manifold. If v is non-minimal, H-minimal immersion,

then H'(L,R) # 0.

PROOF. Since M is Kéhler-Einstien, ay defines a real cohomology class in H'(L, R)
by Theorem 2.1.1. Suppose H'(L,R) = 0. Then, there exist a function f € C°°(L) such
that ay = df. If ¢ is H-minimal, then we have 0 = day = Af. Since L is compact, the
maximal principle implies that f is constant on L and hence, we obtain ag = 0. Thus, ¢

is indeed a minimal immersion. Il

For instance, if ¢+ : L. — C" is a compact H-minimal Lagrangian immersion, then

H'(L,R) # 0 since there are no compact minimal immersions into C".

ExaMPLE 2.1.10. Here, we give the most basic examples of H-minimal Lagrangian
submanifolds.

(1) Any minimal Lagrangian immersion is H-minimal. Thus, the notion of H-minimality

is an extension of minimal submanifold.

(2) Any Lagrangian immersion with the parallel mean curvature vector (i.e., V:H = 0)

is H-minimal.
(3) A curve with constant geodesic curvature in a Riemann surface.
(4) The standard tori 7™ = S(ry) x --- S'(r,) in C™ [71].

We note that there are no compact minimal submanifolds in the Euclidean space (cf.
[53]). However, there are many examples of compact H-minimal Lagrangian submanifolds
in the complex Euclidean space C". The H-minimality of the example of the standard

torus in C" follows from the following proposition.
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PROPOSITION 2.1.11 (cf. [61]). Let (M,w) be the Riemannian product of two Kdhler
manifolds (M;,w;)(i = 1,2), where w := mjwy +miwe, and m; : M — M; are the projection.
Assume t; : Ly — M; are two H-minimal Lagrangian immersions. Then the Riemannian

product v : Ly X Ly — My X My is an H-minimal Lagrangian immersion into (M,w).

PRrROOF. Since the statement is local argument, we may assume all immersions are
embedding. First, we show that L is Lagrangian. For any vector field V on L = L X Lo,
there exist the unique vector field V; on L; so that V = #iV; + 73 V5. Since each L; is
Lagrangian, we have w(V,W) = wy(Vi, W) + we(Va, Wy) = 0 for any V.W € I'(T'L).
Thus, L is Lagrangian in (M, w). Next, we suppose that each L; is H-minimal. One can
check that the codifferential § and 7} commute, i.e., 7o = 7fda for a € Q'(L;). Since
the mean curvature of L is given by H = nf H,+75 Hs, we have day = dniay, +omsom, =

miday, + w30y, = 0. Thus, L is H-minimal in M. O
The following theorem is inspired by Oh’s theorem in [71].

THEOREM 2.1.12 (cf. [71]). Let L™ be a Lagrangian submanifold in C". Assume that
L™ is contained in the sphere S*™~1 (or of any radius), and has the parallel mean curvature

vector in S~ as a submanifold in the sphere. Then L™ is H-minimal in C".

PROOF. Denote the mean curvature vectors of the immersions L™ — S?"~! and L™ —
C™ by H" and H, respectively. Since the sphere is totally umbilic in C™, and by using the
Gauss equation, we have the relation of these vectors by H = H' —np’at the point p € L",
where p'is the position vector of p in C". This is equivalent to JH = JH' + n where
¢ := —jp. As avector field on C", the vector field ¢ generates the Hopf action on C". Since
L™ is Lagrangian in C", £ is tangent to L™. Moreover, we note that L™ is invariant under
the Hopf action. Then, JH' is also a tangent vector on L", and divJH = divJ H' +ndivé.
Since the Hopf action generates an isometry on S?"~! it also acts isometrically on L",
and hence, the vector field € is a Killing vector field on L™. Thus we have divé = 0. On
the other hand, if the vector field H’ is parallel in $?*~!, then we have divJH’ = 0. Thus,
divJH = 0. O

One can produce an example of Lagrangian submanifold in C™ which satisfies the as-
sumption of this Theorem by taking the pre-image of minimal Lagrangian submanifolds in
the complex projective space CP™! via the Hopf fibration 7 : $?"~! — CP"~!. Another
generalization of Theorem 2.1.12 is shown in [26].

More examples and constructions of H-minimal Lagrangian submanifolds in a Kahler

manifold are described in the following sections.
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Finally, we give another characterization of H-minimal oriented Lagrangian submani-
folds in a Calabi- Yau manifold (see Appendix A.1 for our definition) as an application of
Proposition 2.1.4. Let M be a Calabi-Yau manifold and © the holomorphic (n,0)-form
on M.

DEFINITION 2.1.13. Let ¢ : L™ — M?®® be an oriented Lagrangian immersion into a
Calabi-Yau manifold M. We define a map 6 : L — 27R/Z = S* by

Q| = V=01,
where voly, is the volume form on L. We call the function 6 the Lagrangian angle of L.
We have the following:
THEOREM 2.1.14. The Lagrangian angle 6 satisfies ay = —d#.
PROOF. By definition, we have

Q= eﬁefl,

where (2 is the unique complex extension of vol;. By Proposition 2.1.4, for any X € T,L,

we have
Vx(eVT0) = V=Tag(X)e V710, (2.3)
The left hand side becomes
V(eI = —VEIX(@0)e VT eIV

= —/—1X(9)e V10
since VxQ = 0 as M is Calabi-Yau. Combining this with (2.3), we obtain ay(X) =
—X(0) = —df(X). Since X is arbitrary, this implies ay = —d#f. O
Recall that a Lagrangian submanifold L in a Calabi-Yau manifold M is special La-
grangian with phase e¥=1 if L is calibrated by the calibration Re(e*ﬁeﬁ).

COROLLARY 2.1.15. For an oriented, connected Lagrangian immersion v into a Calabi-
Yau manifold, we have (i) v is special Lagrangian if and only if 0 is constant, and (ii) v

is H-minimal if and only if 6 is harmonic (as a S*-valued function), namely, A0 = 0.

REMARK 2.1.16. We emphasize that the Lagrangian angle 6 is a S*'-valued function,

and hence, ag = —df does not mean the exactness of ay in general. If 6 lifts continuously
to an R-valued function § : L — R, then L is called the graded Lagrangian (cf. [45]).
In this case, ay = —df is an exact 1-form on L, and hence [ay] = 0 in H'(L,R).

Conversely, if [ay] = 0, then L is graded. By the maximal principle (see also Corollary
2.1.9), any compact and graded Lagrangian submanifold in a Calabi-Yau manifold M is

special Lagrangian.
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2.2 Hamiltonian stability

2.2.1 Stability criterion

DEFINITION 2.2.1 (cf. [2], [70], [71]). (1) An H-minimal Lagrangian immersion ¢ :
L™ — M*" is Hamiltonian stable (or H-stable) if it satisfies
d2
pTel t:OVOI(Lt(L)) >0
for all Hamiltonian deformations {¢;};.
(2) ¢ is called strictly Hamiltonian stable if ¢ is H-stable and the nullspace null(t) of

the second variation is exactly given by
null(t) = {V*; V is a holomorphic Killing vector field on (M, .J,w)}.

REMARK 2.2.2. If V' is a holomorphic Killing vector field on (M, J,w), then day =
Lyw = 0, and hence, ay is always a closed form. In particular, V generates a Lagrangian
flow of ¢. If in addition, ay is exact (for instance, M is simply connected or H*(M,R) = 0),
then V' generates a Hamiltonian flow of ¢, and this flow obviously preserves the volume
of . A Hamiltonian deformation generated by a holomorphic Killing vector field is called

the trivial deformation.

In [71], Oh derived the second variational formula for an H-minimal Lagrangian im-

mersion into a Kahler manifold as follows.

THEOREM 2.2.3 ([71]). Let (M?",w, J) be a Kdhler manifold, and ¢ : L™ — M?*" an
H-minimal Lagrangian immersion of a manifold L. If{v;}, is a Hamiltonian deformation
of v with the normal variational vector field V.= JV f along v for f € C°(L), then we
have

2

% o VOlu(L)) = /L{’Af’2_m(vf)—QQ(B(Vf,Vf),H)+g(JVf,H)2}de,

where A is the Laplace-Bertrami operator (i.e., A = d§+d) acting on C=(L), Ric is the
Ricci tensor of M, B is the second fundamental form of v, and H is the mean curvature

vector of t.

The original proof of the second variational formula is in [71]. The simplest proof is
given in [89] by Schoen and Wolfson. However, we omit the proof here. We also refer to
[46] for a similar argument of the second variational formula of Legendrian submanifolds
in a Sasaki manifold.

When ¢ is minimal (i.e., H = 0), the second variational formula becomes very simple.

Moreover, we have the following useful theorem when M is Kéahler-Einstein.
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THEOREM 2.2.4 ([70]). Let (M*",J,w) be a Kdihler-Einstein manifold with Einstein
constant ¢, and v : L™ — M?" a minimal Lagrangian immersion of a compact manifold

L™. Then the immersion ¢ is H-stable if and only if
)\1 > c.
where A1 is the first eigenvalue of the Laplacian A acting on C*(L).

ProOF. By the second variational formula and the assumption, we have

2

d
2|, Vollu(D) = /L{|Af|2_c|vf|2}de:/LAf(Af—cf)de_

Let 0 = Mg < A1 < ... < A\ < ... = 00 be the eigenvalues of the Laplace-Beltrami
operator A acting on C*°(L), and f = fy+>_ fi the spectral decomposition of f € C*°(L).

=1
Then we have

2

d o0
dt? t:oVOI(Lt(L)) - ;Ai()‘i_c)/llfiQdUL-

Thus, ¢ is H-stable if and only if A\; — ¢ > 0. n

COROLLARY 2.2.5 ([70]). Let (M*",w,J) be a Kdihler-Einstein manifold with non-
positive Ricci curvature. Then any minimal Lagrangian immersion ¢ : L™ — M*" is
H-stable.

EXAMPLE 2.2.6 ([70]). Consider the complex projective space CP" with the standard
Fubini-Study metric grpg of constant holomorphic sectional curvature 4. Then, the stan-
dard Kéhler structure is Einstein with Einstein constant 2(n+ 1). We shall show that the
totally geodesic real projective space RP™ is H-stable. It is well-known that the [-th eigen-
value of the Laplace-Beltrami operator A on the unit sphere S™(1) is given by I(I+n—1)
(cf. [87]). Only 2I-th eigenvalues are realized as the eigenvalues of S™/Zy = RP™. Thus,
the first eigenvalue of S™/Z, is given by A\; = 2(n + 1). Since the metric on the totally
geodesic RP"™ is the same as the one on S"/Zs, RP™ is H-stable by Theorem 2.2.4.

ExXAMPLE 2.2.7 ([70]). The Clifford torus T™ in CP™ is defined as follows: Consider

the isometric embedding of the torus
1 1

x oo S (o)
vn + 1> vn+1

This embedding is minimal in S***1(1), and Lagrangian in C"*! (In particular, we note
that 77! C C"*! is H-minimal by Theorem 2.1.12). The sphere S?"™(1) and the torus

Tn+1 — Sl( C SQn—l—l(l) C (Cn-i-l‘
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T™+1 are invariant under the standard Hopf S!'-action on C"*!, thus we can take the
quotients of these. Then the torus 7" := T™*1 /St is a minimal Lagrangian submanifold
in CP™ which is called the Clifford torus. The first eigenvalue of the Laplace-Bertrami
operator A on C*(T") is given by A; = 2(n + 1) (a proof is given in [70]). Thus, by
Theorem 2.2.4, the Clifford torus is H-stable. Moreover, Urbano [105] proved that the

Clifford torus T is the only H-stable minimal Lagrangian torus in CP?.

Note that any stable minimal submanifold in CP" is a complex submanifold due to
the Theorem of Lawson-Simons [54], and hence, RP"™ and T in the above examples
are not stable in the standard sense. More examples of H-stable (in particular, minimal)
Lagrangian submanifold are discussed in the following sections. We also note that both the
first eigenvalues of the above two examples of H-stable minimal Lagrangian submanifold
are equal to the Einstein constant ¢ = 2(n + 1) of (CP", grg). This situation holds in
more general setting. We discuss it in the next subsection.

On the other hand, we know only a few example of H-stable H-minimal (non-minimal)

Lagrangian submanifold.

EXAMPLE 2.2.8. We have already shown that the standard tori 7" = S*(rq) x - -+ X
S1(r,) C C" are H-minimal Lagrangian submanifolds. By analyzing the operator in the

second variational formula given in Theorem 2.2.3, Oh proved that these tori are strictly
H-stable in C™ [71].

EXAMPLE 2.2.9. A natural generalization of Example 2.2.7 is a torus orbit in a toric
Kéhler manifold. A compact Kéhler manifold (M, J,w) with dimcM = n is called toric
if there is an effective holomorphic Hamiltonian action of a real torus 7". H. Ono inves-
tigated the H-stability of these orbits in a toric Kéhler manifold [81].

Let (M, J,w) be a compact toric Kdhler manifold. Then any regular torus orbit is
an H-minimal Lagrangian submanifold. If in addition, M is Einstein, then there exist
a unique regular minimal orbit. H. Ono calculated the second variational formula in
Theorem 2.2.2 for these orbits, and proved that any regular T™-orbit in (CP™, wpg) is
strictly H-stable. As a special case (namely, as the unique minimal orbit), this result
includes the Clifford torus (Example 2.2.6).

ExAMPLE 2.2.10. Consider a closed curve in S3(1) given by

1
’YP»Q(S) = \/m

where p, g are relatively positive integers. Then the curve has constant geodesic curvature

(Vaey XV, =Ty pe IV s € (0, 2]

and torsion. We note that the curve is minimal if and only if (p,q) = (1,1). The curve is
Legendrian in S3(1), and the cone over v, , defined by C(v,,) := {tp;p € 1, CC? t €
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Rso} is an H-minimal Lagrangian variety in C? with singularity at the origin. Tt is a
special Lagrangian cone of some phase only if (p,q) = (1,1). Schoen and Wolfson [89]
investigated the H-stability of the cone C(v,,) with |p —¢| > 0, and they proved that the
cone C(7p,q) ts H-stable if and only if |p — q| = 1.

Other examples of H-stable, (non-minimal) H-minimal Lagrangian submanifolds are

given in Subsection 2.2.4.

2.2.2 H-stability of minimal Lagrangian submanifolds in certain

generalized flag manifolds

In this section, we estimate the first eigenvalue of the Laplace-Bertrami operator of a
minimal Lagrangian submanifold in a generalized flag manifold. First, we review some
facts of generalized flag manifolds (we refer to [6] and [12]).

Let G be a compact semi-simple Lie group and g the Lie algebra of G. We denote an
Adg-invariant inner product on g by (,). An adjoint orbit of G in g through w € g is
defined by M, := Ad(G)w = {Ad(g)w ; g € G} C g. We denote the isotropy subgroup
of the action G at w by K,. Then, M, ~ G/K,, and K, coincides with the centralizer
C(Sy) :={g € G ; ghg™' = h, Yh € S,} of the torus subgroup S,, := expRw. We call
M, = G/C(S,) the generalized flag manifold. When the torus subgroup S,, is maximal,
then T' := C(Sy,) = Sy, and M = G/T is called the complex flag manifold or C-space.
We denote the Lie algebra of S,, by s,,.

The Lie algebra &, of K, is given by ¢, = Ker ad(w) := {X € g ; ad(w)X = 0}. We
denote the orthogonal complement of €, in g with respect to the inner product (,) by
m,,, namely, we have the orthogonal decomposition g = ¢, & m,,. Then m,, is regarded
as the tangent space T,,M,, via the differential of the projection = : G — M,, = G/K,.
On the other hand, we can express T,,M,, = {X} = d/dt|;—gAd(exptX)w ; X € g} =
{—ad(w)X ; X € g} =Im ad(w) C g. Thus, we have the following identification:

g=¢%t,dm, = Ker ad(w) ® Im ad(w) ~ v,M,, ® T, M,, = T,,g,

where v, M is the normal space of M, at w.

Since S, is a connected center of K,, = C(S,,), we have Ad(k)Z = Z for any Z € s,
and k € K. This implies that Ad(¢K,)Z = Ad(g)Z for any g € G. Therefore, a map
Sw — Sad(g)w, £ — Ad(g)Z for g € G defines a well-defined isomorphism, namely, it is
independent of the choice of an element of gK,,. This means the following: The disjoint
union UveMw 5, 1S a trivial sub-bundle of the normal bundle v M,,.

An element w in g is called regular if the Lie subalgebra €, = Ker ad(w) is abelian,

or equivalently, s,, coincides with £,. Otherwise, it is said to be singular. We call M, is
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regular (resp. singular) if it is an orbit through a regular (resp. singular) element. By
the above, we see that the normal bundle of a reqular orbit M, is always trivial. We note
that M, is regular if and only if it is a principal orbit (see [10], p.49).

The restriction of the adjoint representation on the torus subgroup 5, is completely
reducible. We denote the irreducible decomposition of the adjoint representation of the

torus subgroup S, with the representation space m,, by

Ad|sw = iraﬁ my, = iEw,j
J=1 J=1

where 'y, : Sy — GL(E, ;) (j = 1,--- ,n) are irreducible subrepresentations defined by

exns) i cosa;(s) —sina,(s)
P, (exps) - [sinaj(s) Cosaj(s)] 24)

for s € s,,, and a; € s}, is the weight function. We note that {a;}; are non-zero functions
and w € s,. We choose an orientation of each subspace E, ; so that each a;(w) is a
positive function, and T'y; is a subrepresentation on E, ;. We define the canonical almost
complex structure J,, on T,,M,, by Jye;1 = ej2 and Jyejo = —e;1, where {ej1,ejo} is an

oriented basis on F,, ; for j = 1,...,n. Then we have the following relation:
ad(s)X; = a;(s)J,Xj, for s € s, and X, € E, ;.

In fact, by the representation (2.4), we have

d
ad(s)|g,, = thOAd@XPtSNEw,j
_d costaj(s) —sinta;(s)
~ dtl=o sinta;(s)  costa;(s)

0 -1

= a;(s) [1 0

] = a;(s)Jy.
In particular, we obtain
1
JuX; = ——|w, X;], for X; € E, ;. 2.5
77 4 (w) [w, X;], for X; € By (2.5)
Since w € s, an abelian subalgebra in g, this almost complex structure defines the G-

invariant almost complex structure J on M,,. Moreover, J is integrable (see [12]), and
hence, it defines the complex structure on M,,. We call J the canonical complex structure
on M,,.

Let ¢g be a G-invariant Riemannian metric on M,, induced from the Ad(G)-invariant

inner product (,) on g. It is known that, in general, the Ricci form of any Kéhler metric
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depends only on the complex structure and the volume form. Since the G-invariant
metric on M, is unique up to homothety, we have the unique (up to homothety) G-
invariant volume form on M, which is induced from (, ). Moreover, since T,,M,, = { X} :=
d/dt|i—oAd(exptX)w ; X € g}, namely, any tangent vector of M, at w is given by the
fundamental vector field X* for some X € g, any tangent vector on M, preserves the
canonical complex structure J, i.e., Lx«J = 0. Therefore, by the Koszul formula ([12],
p.89), the Ricci form on any G-invariant Kéhler metric on M,, relative to the canonical

complex structure J is given by the multiplication of
1
p(X*Y™), = —§diV(J[X*,Y*])(w) for X,Y € m,,

by a positive constant C' > 0. Let {X,, JX;} be an oriented orthonormal basis of the

vector subspace E,, ; for j = 1,...,m. Then the 2-form p is written by
P(X*, V), = <Z[Xj, JX), X, Y]>. (2.6)
j=1

In particular, the vector

n

Y(w) = [X;, JX;] € 5, (2.7)
j=1

does not depend on the choice of an oriented orthonormal basis {Xj, JX;}7_,. More-
over, the 2-form p is positive definite and closed (see [12]). Thus, the 2-form p defines
itself a Kéhler form of a Kahler metric g, on M,, compatible with the canonical com-
plex structure J. By definition, it is clearly Kahler-Einstein. Since the Kéhler form of
any Kahler-Einstein metric compatible with J is given by Cp, the Kéahler metric is ho-
mothetic to g,. This implies an important consequence; there exist the unique (up to
homothety) G-invariant Kdhler-FEinstein structure on M,, compatible with the canonical
complex structure J. Moreover, it is well known that every compact, simply-connected,
homogeneous Kahelr manifold is isomorphic to an orbit of the adjoint representation of its

connected group of isometries endowed with the canonical complex structure (see [12]).

On the other hand, we define another symplectic structure on M, as follows:
Fuo(X*Y") = (w,[X,Y]), for X,Y € m,.

This 2-form also defines a Kéhler form of a G-invariant Kahler structure on M, compatible
with the canonical complex structure J (see [12]). As a symplectic form on M,,, we call
the 2-form F' the Kirillov-Kostant-Souriau symplectic structure. Note that, in general, F'

is not a Kahler form associated with a Kéhler- Finstein structure on M,,.
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Let g be a G-invariant Riemannian metric on M,, C g induced from the Ad(G)-
invariant inner product (, ) on g. We define a 2-form w on M,, by w(X*, Y*) := g(JX*,Y*) =
(JX,Y) for X, Y € g. We call w the canonical 2-form on M, compatible with J. In gen-
eral, w does not define a symplectic structure on M,,.

LEMMA 2.2.11. Let M = M,, be a generalized flag manifold. Then the following three
are equivalent:

(1) The canonical 2-form w is a Kdhler form on M compatible with the canonical complex

structure J.

(2) The canonical 2-form w coincides with a constant multiple of the Kirillov-Kostant-

Souriau symplectic structure F, i.e., w = oF for a positive constant a.
(3) aj(w) =« for any j =1,...,n, where a; is the weight function defined by (2.4).

PROOF. We use the identification T,,M,, ~ Im ad(w) = m,, = 2?21 E, ;. For X; €
E, ;, we have X; = ad(w)(—1/a;(w)JX;) by (2.5) and the ad(w)-invariance of J. Hence,
for j # k, we obtain

Fo(X;, X1) 0 = (w,[ad(w) ' X;,ad(w) " X))
1

T G
1

_ m(ad(w)(JXj), JX1) =0,

since ad(w)(JX;) € Eyj L Ey k. On the other hand,

Fo(X5,JX;5) = aj(w)g(wJJXjan])
=y ()X, )
= aj(lw)(JXj, JXj) = @W(va JX;)
by (2.5). This implies
wlp,, = a;(w)Fulg,, (2.8)

for each j = 1,--- ,n. By (2.8), the equivalence of (2) and (3) obviously follows. On the
other hand, since F' is a Kéhler form on M, compatible with J, (2) implies (1). The
converse follows from Proposition 8.76 in [12] and (2.8). O

Now, let us describe the main results in this subsection. The following theorem is due
to H. Ono.
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THEOREM 2.2.12 ([78]). Let G be a compact semi-simple Lie group, and M*" :=
M, = G/C(Sy) a generalized flag manifold. Suppose that the canonical 2-form w defines
a Kahler form on M compatible with the canonical symplectic structure J. If L™ is a
closed, minimal Lagrangian submaifold in M, then the first eigenvalue A\ of the Laplace-
Bertrami operator A acting on C*®(L) satisfies

s
A < o
where s is the scalar curvature of M. Moreover, if M is Kdhler-Finstein with Finstein

constant c, then A\ < c.
Combining this with the result of Oh (Theorem 2.2.4), we obtain the following:

COROLLARY 2.2.13. Let M?" be a generalized flag manifold which satisfies the same
assumption as in Theorem 2.2.12. Suppose M is Kdhler-Finstein with Einstein constant

c. Then, a closed minimal Lagrangian submanifold L™ in M?*" is H-stable if and only if
/\1 = C.

We note that a typical example which satisfies the assumption in Theorem 2.2.12 is
the standard embedding of a compact Hermitian symmetric space.

To prove Theorem 2.2.12, we need a lemma.

LEMMA 2.2.14. Let M := M,, be a generalized flag manifold which satisfies the same
assumption as in Theorem 2.2.12. Then the second fundamental form B and the mean

curvature vector H of M, in g satisfy the following equalities:

(1) Bu(X*,Y*) =Y, [X,w]]* for X,Y € g.

(2) B,(JX*, JY*) = B,(X*,Y*) for X,Y € g.
— 2
(3) H, = ——v(w), where y(w) is given by (2.7).
a

(4) |H|> = 2s, where s is the scalar curvature of M,,.

PROOF. First, we note that ad(w)JX = —aX for any X € m, from (2.5) and Lemma

2.2.11. By a direct computation, we have

d d

VY = T S:OAd(eXth)(Ad(eXpSY)w)

= ad(X)ad(Y)w = [X7 [Y7 ’U)H,

where V is the Levi-Civita connection on (g, (,)). Hence, B,(X*,Y*) = B,(Y*, X*) =
(Vx-Y*)t = [Y,[X,w]]*. Moreover,

B,(JX*,JY*) = [JY,[JX,w]]*" =[JY, —ad(w)JX]*
= [JY,aX]F =X, J(—aY)|* = [X, [V, w]]" = B,(X*,Y™).
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We choose an orthonormal basis {X;, JX;} of E,, ; for j =1,...,n. Then,

zn:{gw(Xjo) + B, (JX;, JX;)}

= 2) Bu.(X;,X))
j=1
= 2 fad(w) X, fad ()X
j=1
= 2;[;”@ = X" = —=(w).
Since the Ricci form with respect to the Kahler metric g is given by (2.6), we have

s = 2) p(X;,JX;)

j—l

= zz w) X, ad(w) LI X))

= 22 —JXJ, X])

]

To estimate the upper bound of the first eigenvalue, we use the next result due to B.
Y. Chen.

THEOREM 2.2.15 ([22]). Let ¢ : (L™, g) — (R*,(,)) be an isometric immersion of
a closed n-dimensional Riemannian manifold into an Euclidean space, and H the mean

curvature vector of .. Then we have the following inequality.

1 fL |]:I|ndUL 2/n
< (Ll TR
A n( Vol(L) > ’

where A is the first eigenvalue of the Laplace-Bertrami operator A acting on C*(L).

We note that the equality holds if and only if there exist a vector ¢ € RF such that
L — c is an embedding of order 1, namely, each coordinate function ¢/ — ¢/ (j =1,--- ,n)

is an eigenfuction of the first eigenvalue.
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Proof of Theorem 2.2.12. Let 1 : L™ — M?" be a minimal Lagrangian immersion into the
generalized flag manifold M := M,, C g. Denote the second fundamental form of L. — M,
M — g(~RF) and L — g by B, B and B, respectively. For X,Y € I'(+*TL), we have

B, (X,Y) = B,(X,Y) 4+ By(X,Y).
Since ¢ is Lagrangian, for an orthonormal basis {ey, ..., e,} of T, L, {e;, Je;}i_; gives an

orthonormal basis of T,,M. Hence, we have
Hy = Y Buleje;) =) Bulej,e)
j=1 j=1

I — _ 1—
= 52 {Bulej &) + BulJej, Jey)} = S Ho,
j=1
since B satisfies the condition in Lemma 2.2.14, and ¢ is a minimal immersion, where H
and H is the mean curvature vector of L — g and M — g, respectively. In particular,
|H? = (1/4)|H|> = s/2 holds by Lemma 2.2.14, and it is constant on L. Then, by

Theorem 2.2.15, we have

1 (fL(s/Q)"/2de>2/n _ 2.2

N < =
"= Vol(L)
This completes the proof. n

2.2.3 Real forms in Hermitian symmetric spaces

We have shown in Example 2.2.6, the real projective space RP"™ in (CP", grg) is an H-
stable minimal Lagrangian submanifold. In this subsection, we generalize this example in
a natural way. A typical method to obtain a minimal Lagrangian submanifolds in Kéhler

manifold is as follows:

PROPOSITION 2.2.16 (cf. [70]). Let (M,w,J) be a Kdhler manifold and T an anti-
holomorphic involution, namely, an anti-holomorphic isometry with 72 = Idy;. Then the
fized point set L :={p € M;7(p) = p} of T is a totally geodesic Lagrangian submanifold
mn M.

Proor. It is well known that the fixed point set of an isometry of a Riemannian
manifold is totally geodesic (see [10]), and hence, L is totally geodesic. We shall show that
L is Lagrangian. Since 72 = Idy,, for each p € M, the tangent space T, M is decomposed
into T,M = E, @& E_, where E, and E_ are the eigenspaces of dr, with respect to
the eigenvalues +1 and —1, respectively. Moreover, since 7 is anti-holomorphic, namely,
dry o J, = —J, odr,, we have J,E/y = F_. On the other hand, by the definition of L, it
is obvious that £, = T,L. Thus, L is Lagrangian. O]
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DEFINITION 2.2.17. If the fixed point set L of an anti-holomorphic involution 7 on a

Kahler manifold is not empty, we call L the real form of .

A typical example of a real form is known as the symmetric R-space in a Hermitian
symmetric space of compact type. We recall some facts on the symmetric R-spaces (We
refer to [10] and [101]).

Let M = U/K be a simply connected, semi-simple symmetric space of compact type,
namely, U = [°(M) is the identity component of the isometry group of M such that
U is compact and semi-simple, and K is a closed subgroup of U. An s-representation
of M is the isotropy representation ® : K — SO(T,M) defined by ®(k) := k.(p). Let
(U, K) be an associated effective Riemannian symmetric pair of M, and u = € + p be
the Cartan decomposition. Then the isotropy representation is equivalent to the adjoint
representation Ad|, : K — GL(p). We call an orbit of s-representation the R-space (or real
flag manifold). We regard orbits of s-representations as submanifolds in p ~ R* and call it
the standard embedding of R-spaces. A (simply connected) compact semi-simple Lie group
G is regarded as a symmetric space of the pair (G x G, AG), where AG := {(g,9);9 € G}.
Under this identification, the isotropy representation of (G' x G, AG) is equivalent to the
adjoint representation of G on g, and the orbit is a generalized flag manifold.

In general, an R-space is not a symmetric space. An R-space that is a symmetric space
is called the symmetric R-space. If, in addition, g is simple, it is called an irreducible sym-
metric R-space. By the results of Kobayashi-Nagano [51] and Takeuchi [96], it follows
that the symmetric R-spaces consist of the Hermitian symmetric spaces of compact type
and their real forms. In fact, any Hermitian symmetric space of compact type is repre-
sented as an adjoint orbit of a compact semi-simple Lie group (and hence, it is obtained
by a generalized flag manifold). Moreover, any real form of a Hermitian symmetric space
is a symmetric R-space, and the converse is true (See [96] and [101] for more details).
These real forms were classified by Takeuchi [96], and independently by Leung [56]. The

classification list is given in Table 2.1.

EXAMPLE 2.2.18. Let Gr,(CP9) be the complex Grassmannian manifold consistsing

of all p-dimensional complex subspaces in CP*?. Define the anti-holomorphic involution

by
70 Gry(CPTY) — Gr, (CPY), W — W = {w; we W}.

Then the fixed point set of 7 is the real Grassmannian manifold Gr,(RP*?). Thus,
Gr,(RPT9) is a real form, and hence, totally geodesic Lagrangian submanifolds in Gr,(CP*9).

In particular, when p = 1, we obtain the real projective space RP? as a real form in CP1.

It is known that any Hermitian symmetric space of compact type with the canonical

metric which comes from the Killing form is an Einstein manifold, and the Einstein
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constant is equal to 1/2 (cf. Proposition 9.7 in [52]). On the other hand, Takeuchi
calculated the first eigenvalue for the real forms in [96]. By using his results and Corollary
2.2.13, we can determine the H-stability for all real forms in Hermitian symmetric spaces
(See Table 2.1). The complete list of the H-stability for the real forms first appeared in
[2] and the revised version is given in [59]. We note that Takeuchi [96] also proved the

following fact: A real form L is stable in the standard sense if and only if L is simply

connected.
Hermitian s.s. M Real form L A Einst. const. of L | H-st. | Stable
Gr,(CPt9) Gr,(RPH) 1/2 Z;;‘f;; Yes No
Gy (CP290) (p < q) Gr,(HP*?) 1/2 Z&Tq; Yes | Yes
Grp,(C*™) U(m) 1/2 No Yes | No
SO(2m)/U(m) SO(m) (m>5)| 1/2 4(;‘”__21) Yes No
SO4m)/U(2m) (m >3) | U@2m)/Sp(m) | 12 No No No
Sp(2m)/U(2m) Sp(m) (m>2) | 1/2 2(727;;11) Yes | Yes
Sp(m)/U(m) U(m)/O(m) 1/2 No Yes No
Qprq—2(C) (¢—p = 3) Qpq(R) (p > 2) p+§_2 No No No
Qp+q—2(C) (0<qg—p<3) | Qpy(R) (p=2) | 1/2 No Yes No
Qq-1(C) (¢ > 3) Q1,4(R) 1/2 2(’(1;_21) Yes | Yes
Es/T - Spin(10) P5(K) 1/2 3/8 Yes | Yes
Eg/T - Spin(10) Gro(H?) /2, 1/2 5/24 Yes No
E;/T - E SU(8)/Sp(4)Zs | 1/2 3/8 Yes | No
E;/T - Eg T-FEg/F, 1/6 No No No

Table 2.1: Real forms (totally geodesic Lagrangian submanifolds) in Hermitian symmetric
spaces of compact type (cf. [59] and [96]). Gr,(FP*?): Grassmannian manifold of all p-
dimensional subspaces of FPT? where F = R, C,H. P»(K): Cayley projective plane.
@,(C): Complex hyperquadric.

By carefully looking at Table 2.1, we see the following theorem:

THEOREM 2.2.19 ([70]). Let L be an irreducible symmetric R-sapce canonically em-
bedded in a Hermitian symmetric space M. If L is Finstein, then L is H-stable in M.

Here, the Einstein condition is essential. In fact, we see:

ExaMPLE 2.2.20. Consider the complex hyperquadric

n+1
Qu(€) = {[ e CP™ ;322 =0f c CP

1=0
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Since Q,(C) is a complex submanifold in CP™"! it inherits the Kéhler structure in-
duced from (CP"™ wrg, J) (see [52]). In fact, Q,(C) is a Hermitian symmetric space

which is isomorphic to the oriented 2-plane Grassmannian manifold Gry(R"2) ~ SO(n+

2)/S0O(n) x SO(2) via the map
Gro(R™?) 5V =aAb — [a++v—1b] € Q,(C), (2.9)

where {a, b} is an oriented orthonormal basis of the 2-plane V. Define the anti-holomorphic
involution 75, (0 < k <n) on Q,(C) by

([2]) == [0, -+, Zky =2kt 1s - - -y —Znt1]-

The involution 74 is expressed by the following via the map (2.9):

Tk(a A b) = (CL(), ey Ay — Q4 1y - - -y —CLn_H)t A (—bo, ey —bk7 bk+17 ey bn+1)t,
where a := (ag, ..., a,41)" and b := (by, ..., b,y1)". Then the fixed point set of 7 is given
by
Fix(r,) = {aAbeGry(R"™?):a=(ag,...,a0,...,00,b=(0,...,0,bps1,...,bn1)}
= {zleRP"™ cCP" af+...+a; —ap —...— 22, =0} C Q,(C)
=. ka—k(R)-

We note that Qy.,—x(R) is diffeomorphic to (S* x S"7*)/Z,. Conversely, all real forms in
Qn(C) are given in this way. Put n = p+¢ with 0 < p < ¢. When 3 <p < ¢, @, ,(R) are
not Einstein. Moreover, Takeuchi [96] calculated the first eigenvalue for these manifolds
and proved that Ay = p/(p+¢—2) <1/2 when ¢ — p < 3.

On the other hand, we see that there exist H-stable, non-Eisntein real forms, and
hence, the converse of Theorem 2.2.19 does not hold. However, it is known that some of
Einstein real forms have much stronger property than the H-stability, i.e., Hamiltonian
volume minimizing property. This fact leads us to one of the well-known conjecture
(Conjecture 2.4.3). We discuss details of this problem in Section 2.4.

2.2.4 H-Stability of parallel Lagrangian submanifolds in C" and
cp?

Let ¢ : L — M be a Lagrangian immersion into a Kéhler manifold. We call ¢ a Lagrangian
immersion with parallel second fundamental form or shortly, parallel Lagrangian immer-
sion if VS = 0, where S is the tensor field defined by (2.1). In fact, this definition is
equivalent to the usual definition i.e.,

Vx(B(Y,Z)) - B(VxY,Z)— B(Y,VxZ) =0
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for any X,Y,Z € ['(TL), where V (resp. V*) is the Levi-Civita connection on T'L (resp.
vL). Since the parallelism of the second fundamental form implies the parallelism of the
mean curvature vector, a Lagrangian submanifold with parallel second fundamental form
provides an example of H-minimal Lagrangian submanifold.

The parallel Lagrangian submanifolds in C" and CP" are classified by Naitoh and
Takeuchi ([65], [66], [67], [68]). Their classification results assert that the parallel La-
grangian submanifolds in C"™ are given by the standard embedding of the irreducible sym-
metric R-spaces of type U(r) or a Riemannian product of these embeddings. Here, the

irreducible symmetric R-spaces of type U(r) are exactly the following five cases:

Riem. sym. sp. G/K Sym. R-sp. L=K - X dim L
SU(2n)/S(U(n) x U(n)) U(n) n?
SO(n+2)/S0O(2) x SO(n) (St x S 1)/ Z, n
SO(4n)/U(2n) U(2n)/Sp(n) n(2n —1)
Sp(n)/U(n) U(n)/SO(n) n(n+1)/2
E,/T - Eq T Eq/F, 27

Table 2.2: Irreducible symmetric R-spaces of type U(r).

More precisely, these embeddings are described as follows (we refer to [2], [3] or [74]):
Let (U, K) be a Hermitian symmetric pair of compact type with the canonical decom-
position u = £ 4+ p, where u and ¥ denote the Lie algebras corresponding to U and K,
respectively. We take the standard inner product on u by (—1)-times Killing-Cartan form

of u. We decompose (U, K) into irreducible Hermitian symmetric pairs of compact type:
(U,K)= (U, Ky) & - & (Us, Ks).

Let u; = £;,+p; be the canonical decomposition of u; fort =1,...,s. Set n;+1 := dim¢p; =
dim¢ U;/K;. Assume that there is an element p; € p; so that (adu;)® = —4(adyu;). Choose
positive numbers ¢y, ..., ¢, with 37 1/¢; = 1/c. Put a; := 1//2¢;(n; + 1) for each i.
Then L; := Ad(K;)(a;u;) C p; ~ C%*1 is an irreducible symmetric R-space standardly
embedded in the complex Euclidean space p;. Moreover, the orbit L := Ad(K)u C p
through the element p := ajp; + - 4 asps € p is also a symmetric R-space, and it has

the form
L=1Ly X x Ly CS*™™(c;/4) x - x §*H(c,/4) € S*"T(c/4) c C"T.

Then L is a compact parallel Lagrangian submanifold in C***. We note that L is never

minimal, but H-minimal in C***.

28



If L is a parallel Lagrangian submanifold in C"*!, then the projection L is parallel
Lagrangian in CP™. More precisely, by the result of Naitoh and Takeuchi, L is locally
congruent to a symmetric space My x My X --- X M,., where M, is the Euclidean type and
M(i > 1) is one of (1) 5™, (b) SU(p), m; = 2, (c) SU(p)/SO(), mi = (p—1)(p+2)/2.
(d) SU(2p)/Sp(p), mi = (p—1)(2p+ 1), (e) Eg/Fy, m; = 26 for some p > 3 such that
> i_om; = n. Here, L has no Euclidean factor if and only if L is irreducible, and in this
case, L is minimal. For more details, refer to [2] and [65)].

For the H-stability of the parallel Lagrangian submanifolds, Amarzaya-Ohnita proved

the following by using a technique of the spherical function theory:

THEOREM 2.2.21 ([2],[3]). Let L be an irreducible compact parallel Lagrangian sub-
manifold in C* or CP™. Then L is strictly H-stable.

On the other hand, an example of H-stable, non-parallel Lagrangian submanifold in
CP" were found by Bedulli and Gori [15] and independently by Ohnita [74]:

EXAMPLE 2.2.22. Consider an irreducible unitary representation of SU(2) given as

follows:
Vs := {f(21, 22) : C* — C; homogeneous polynomial of degree 3},
p3 : SU(2) — GLc(V3)

-b @

- b
p3(x) f(z1,20) := f(az; — bzg, bzy + @z) with z = ( “ ) € SU(2).
We equip V3 with the standard Hermitian inner product such that
._ ! 3~k k. 1. _
{fk = l{'(3—]{,’)'21 295 k_0a17273}
is a unitary basis of V3 ~ C* ~ R3. Then the orbit L of SU(2) through w := 1/v/2(fo+ f3)

is a minimal Legendrian submanifold embedded in S7(1). Consider the projection L :=
m(L) of L via the Hopf fibration 7 : S7(1) — CP3. Then L is a minimal Lagrangian
submanifold with non-parallel second fundamental form in CP3. In [74], Ohnita calculated
the first eigenvalue of the Laplacian on L by using the spherical function theory, and
proved that L is strictly H-stable.

From the above results, Ohnita posed the following problem:

PROBLEM 2.2.23. Is any compact minimal Lagrangian submanifold embedded in CP"
H-stable? (or equivalently, A\; = 2(n + 1)?)

Recently, Bedulli and Gori classified all the compact homogeneous Lagrangian sub-
manifolds in CP" [16]. Their classification includes some examples of minimal Lagrangian

submanifold and Lagrangian submanifold with non-parallel second fundamental form.
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2.3 H-minimal Lagrangian submanifolds in Kahler

manifolds with symmetries

2.3.1 Moment maps and G-invariant isotropic submanifolds

Let (M,w) be a symplectic manifold. We suppose that a Lie group G acts on M. We
denote the Lie algebra of G by g. The action of G on (M, w) is called symplectic if it acts
diffeomorphically on M preserving the symplectic form w. Moreover, a symplectic action

is called Hamiltonian if there exists a function
peoM— g,
where g* is the dual space of g, such that the following two properties holds.

(i) For X € g, we define the function u* : M — R by u*(p) := (u(p), X). Then, for any
X € g, the function p* satisfies du® = w(X*,-) where X* is the canonical vector
field of X defined by

d
X = — X
p dt t:oeXp(t P

for pe M.

(ii) The function pu is equivariant to the action of G on M and the coadjoint action Ad*

on g*, i.e., poty = Adj o p for any g € G, where we denote the action of g on M
by 1.

The map p is called the moment map of the Hamiltonian action G on (M, w), and we call
the quadruplet (M, w, G, 1) the Hamiltonian G-space.

Let (M,w,G, 1) be a Hamiltonian G-space. We define the center of g* by Z(g*) :=
{X € g" Ad;(X) = X}. It is easy to see that the inverse image p~"(c) is G-invariant if
and only if ¢ € Z(g*). The following two propositions are due to Joyce [43] (we also refer
to [32]).

PROPOSITION 2.3.1. Let L be a connected isotropic submanifold (i.e., w|, = 0) in
(M,w). If L is G-invariant, then L C u=t(c) for some c € Z(g*).

ProoF. We denote the natural embedding of L into M by ¢+ : L — M. Since ¢
is isotropic, d(v*uX) = *(dp™) = w(X*,)|rr = 0 for any X € g. By this and the
assumption of connectedness of L, the function % is constant on L for any X € g, and
hence, p is constant on L. Thus, L C u~!(c) for some ¢ € g*. Moreover, since L is
G-invariant, ¢ € Z(g*). O
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PROPOSITION 2.3.2. Let L be a connected G-invariant submanifold of M. Suppose
that the action G on L has cohomogeneity one (possibly transitive). Then L is isotropic
if and only if L C pu~'(c) for some c € Z(g*).

PROOF. By the previous proposition, if L is isotropic, then L C u~'(c) for ¢ € Z(g*).
Thus, it suffices to show the converse. Suppose L C u~!(c) for ¢ € Z(g*). Then we have
w(X*Y)=duX(Y) =0 forany X € gand Y € T,L. Suppose L has cohomogeneity one.
If a point p € L is a regular point of the action G ~ L, we take a vector Y; € T,L so
that Y] is transverse to the orbit of G through p since the action is cohomogeneity one.
Then the tangent space T,L is spanned by X* for X € g and Y;. In particular, we have
w|r,r = 0. Since the set of regular points is open dense in L (cf. [10]), we have w|; = 0,
and hence, L is isotropic. When L is homogeneous, the tangent space T, L is spanned by

X* for X € g. Thus, the statement also follows by a similar argument. m

By virtue of this proposition, if p is a point of u~!(c) for ¢ € Z(g*), then the orbit
G - p is an isotropic submanifold contained in p~!(c). Moreover, a Lagrangian orbit is

characterized as follows:

PROPOSITION 2.3.3 (cf. [59]). Let p be a point of u=t(c) for c € Z(g*), and G - p an
isotropic orbit of G through p. Then G - p is Lagrangian if and only if

T,(G - p) = Ker(du), for each ¢ € G-p

that is, G - p is an open subset of u~*(c). Moreover, if the action of G on M is proper,
then the orbit G - p is Lagrangian if and only if G - p is a connected component of u=(c).

For the connectedness of the level set ;17! (c), we have the following when G is compact:

PROPOSITION 2.3.4 (cf. [59]). Suppose G is compact, and it acts on a compact sym-
plectic manifold (M,w) in a Hamiltonian way. Then, for each ¢ € Z(g*), the level set

ut(c) of the moment map u is a connected subset of M.

In the following, we assume that (M, w, J, g) is a Kédhler manifold, and G is a connected
Lie subgroup of the group of automorphism Aut(M,w, J,g). A Lagrangian submanifold
L in M is called homogeneous if L is an orbit of the action G C Aut(M,w, J, g).

PROPOSITION 2.3.5 (cf. [76]). Every compact homogeneous Lagrangian submanifold

in a Kdhler manifold is H-minimal.

PROOF. Let L be a compact homogeneous Lagrangian submanifold. Since L is homo-
geneous, i.e., it is an orbit of G, the mean curvature vector H is G-invariant. This implies
that the 1-form ay is G-invariant, and hence, day is a G-invariant function. Moreover,
since the action of G on L is transitive, day is a constant function on L. Because L is

compact, Gauss’s theorem implies day = 0. n

31



By this proposition, we get many examples of H-minimal Lagrangian submanifolds in
Kéhler manifold as orbits of an action of G C Hom(M,w, J, g). The following gives a

geometric characterization of G-invariant H-minimal Lagrangians.

PROPOSITION 2.3.6 ([26]). Let ¢ : L — M be a G-invariant Lagrangian submanifold
of a Kahler manifold M. Then L is H-minimal if and only if the volume functional of L

1s stationary under all compactly supported, G-euivariant Hamiltonian deformations.

Proor. If L is H-minimal, the assertion is obvious. We shall show the converse.

Let ¢y : L x (—€,€) — M be a G-equivariant Hamiltonian deformation with ¢y = ¢, i.e.,
t¢ is a Hamiltonian deformation of ¢ such that (;09 = go, for any g € G and t € (—¢,¢€).
Then the variational vector field V' := d/dt|;—ot; is Hamiltonian, i.e., ay = df, and the
function f € C°(L) is G-invariant. Conversely, for any G-invariant function f € C°(L),
we define a deformation of ¢ by (p) := exp,(tV), where JV := V[ (or equivalently,
ay = df) and we choose € small enough so that each v, t € (—¢,€) is an immersion. Then
the deformation ¢; is a G-equivariant Hamiltonian deformation.

Let L be a G-invariant Lagrangian submanifold. We note that the codifferential of
the mean curvature day of G-invariant submanifold L is a G-invariant function by the
similar argument of the previous proposition. Now, we assume that L is not H-minimal,
i.e.,, dag # 0. Then, for any G-invariant function ¢ € C°(L), we can define the G-
equivariant Hamiltonian deformation ¢; so that the variational vector field V' is given by
V :=df, where f := ¢day. Since ¢ € C°(L) is arbitrary, we can choose ¢ so that

L Vol( (L)) = — / g (ay,ay)dv = —/ |Sag|Ppdv # 0.
dt lt=0 I I
O

For a compact Kéahler manifold, Bedulli and Gori proved the next existence result of

homogeneous Lagrangian submanifolds:

THEOREM 2.3.7 ([16]). Let (M,w, J) be a compact Kihler manifold with h'(M) = 1.
Suppose G is a compact connected group of isometries acting on M in a Hamiltonian way.
Then M admits a homogeneous Lagrangian submanifold with respect to G if and only if

G® has an open Stein orbit in M.

If hY1(M) = 1, then there exist a nonzero constant 7 so that ' := yw € H*(M,Z) is
an integral class, and hence, M is a Hodge manifold. Therefore, by Kodaira’s Embedding
theorem, M is necessarily projective. Note that the assumptions of Theorem 2.3.7 are
satisfied when M is a compact Hermitian symmetric space.

If G is compact and semi-simple, the center of the Lie algebra g is trivial, and thus, the
Lagrangian orbit is exactly the level set x~1(0) by Proposition 2.3.3 and 2.3.4. Moreover,

we have the following:
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THEOREM 2.3.8 ([16]). Under the same assumptions as in Theorem 2.3.7, a La-
grangian orbit G - p is isolated (actually, unique) if and only if the smallest subgroup
G' of G such that G' - p = G - p is semi-simple.

Furthermore, if M is Kéahler-Einstein, we see the following:

PROPOSITION 2.3.9 ([16]). If G is compact, semi-simple and M is Kdhler-FEinstein,

then the unique Lagrangian orbit is minimal.

PrOOF. Let L := G - p be the Lagrangian orbit of GG, and ay is the mean curva-
ture form of L. Since M is Kahler-Einstein, the 1-form ay is closed by Theorem 2.1.1.

Moreover, since ay is G-invariant, we have
0=dayg(X", V") = X"ay(Y") = Yay(X") —ayg([X",Y"]) = —ay([X*,Y7]), (2.10)

where X™ Y™ denote the fundamental vector fields of XY € g, respectively. Because G

is compact, semi-simple, we have g = [g, g] and hence, (2.10) implies ay = 0. ]

2.3.2 Homogeneous Lagrangian submanifolds in the complex
hyperquadric @,(C) and isoparametric hypersurfaces in
S”H(l).

Gauss maps

Let ¢ : N — S™1(1) be an immersion of an oriented hypersurface into the unit sphere.
The Gauss map of the immersion ¢ is an immersion of N into the oriented 2-plane Grass-

mannian manifold Gr,(R"?) defined by

2
G: N" — Gry(R™?) /\R"+2, p — u(p) ANv(p) =1,N,

where v denotes the unit normal vector field of ¢, and v, N is the normal space of N in

R™2 at p. We recall that Gry(R"2) is diffeomorphic to the complex hyperquadric

n+1

0,(C) = {[z] eCP ;Y 2= o}

1=0

via the map (2.9). Then Gry(R"*?) admits a Kéhler-Einstein structure with Einstein
constant n which is induced from @,(C). The following proposition shows fundamental

properties of the Gauss maps (cf. [84]).

PROPOSITION 2.3.10 ([84]). Let G : N™ — Gry(R"*2) be the Gauss map of an oriented
hypersurface v : N — S"TL(1). Then the following properties holds.
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(i) G is a Lagrangian immersion.

(ii) Let 1y : (—€,€) x N — S"™(1) be a smooth deformation of the immersion v = 1.
Then the corresponding family of Gauss maps Gy : (—e,€) x N* — Gry(R"?) is
a Hamiltonian deformation. More precisely, if the variational vector field vy of
satisfies vi- = f,u;, then the variational vector field Vi of G, satisfies V;- = —JV9 f,,

where V9 is the gradient with respect to the induced metric on N via G;.

(iii) If G : N" — Gro(R™"?) is a Lagrangian immersion, then locally G arises as the

Gauss map of a generalized immersion of ST,

It is natural to ask when the Gauss map of an oriented hypersurface gives minimal
Lagrangian immersion. B. Palmer derived the mean curvature formula of a Gauss map
as follows. Recall that the principal curvatures of the immersion ¢ : N* — S™*! are the

eigenvalues of the shape operator of ¢.

THEOREM 2.3.11 ([84]). Let G : N™ — Gry(R"™?) be the Gauss map of an oriented

hypersurface v : N™ — S™1(1). Then the mean curvature form of the Gauss map is given

by

=1

ay = —d(iarctan lii> = —d{Imlog ﬁ(l + \/—_1'%)}7
i=1

where k; (1 =1,--- ,n) are the principal curvatures of the immersion v with respect to the

unit normal vector v.

We generalize this theorem in Chapter 4. Thus we omit a proof here.

Gauss maps of isoparametric hypersurfaces

In what follows, we investigate when a Lagrangian Gauss map or its image of a hypersur-
face in S"™1(1) becomes minimal Lagrangian. A typical example of a minimal Lagrangian
Gauss map is obtained from the isoparametric hypersurface. First, we briefly review facts
of isoparametric hypersurfaces in the real space forms (We refer to [10] and [19]).

Let N be an oriented hypersurface in M (c) with the unit normal vector field v. We
define the map F, : N — M(c) for t € R by

Fi(p) =p+tv(p), if c=0,
Fi(p) = costp + sintv(p) if ¢ > 0,

F,(p) = coshtp + sinh tv(p) if ¢ < 0,
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where p is the position vector of the point p regarded as a vector in R™ when ¢ > 0, and
RY" when ¢ < 0. Whenever F} is an immersion, we call F;(N) the parallel hypersurface of
N in M (c).

Let f: M™(c) — R be a non constant smooth function on the real space form M (c)
with the conditions (i) [Vf|*> = ao f and (ii) Af = bo f for some smooth functions
a,b: f(M) — R. We call the function f isoparametric function on M. The condition
(i) means that the level hypersurfaces f~!(t) for regular values t € f(M) are parallel to
each other in M, and the condition (ii) implies these hypersurfaces have constant mean
curvatures. Moreover, an important fact is that the hypersurface f=(t) in M(c) has
constant principal curvatures. We call the level set f~1(t) isoparametric hypersurface in
M (c). The level set of the preimage of the global maximal (resp. minimum) value of f
is denoted by N, (resp. N_). We call Ny the focal varieties of f. We note that the
focal varieties of an isoparametric function on M(c) are smooth submanifolds in M (c) (cf.
[106]).

The isoparametric hypersurfaces in R"™! were classified by Levi-Civita and Segre (see
also Subsection 3.2.2), and for the Hyperbolic space H"*! it is due to E.Cartan (see [10],
p.86). However, the classification in S"*1(1) has not been completed yet.

In S™F1(1), extrinsically homogeneous hypersurfaces are isoparametric hypersurfaces,
and these are classified by Hsiang-Lawson [31]. Their classification result asserts the

following;:

THEOREM 2.3.12 ([34]). Every homogeneous hypersurface in S"! is obtained by the

principal orbit of the linear isotropy representation of a compact symmetric space of rank

2.

See Table B.3 in Appendix B for the explicit classification of the homogeneous hyper-
surfaces.

On the other hand, isoparametric hypersurfaces in S"™!(1) includes infinitely many
non-homogeneous examples which were discovered by Ozeki-Takeuchi and Ferus-Karcher-
Miinzner. These examples are called the isoparametric hypersurfaces of OT-FKM type

(for more details, refer to monographs [19], [104] and references therein).
We return to the Gauss maps. Since an isoparametric hypersurfaces in S"™1(1) has
constant principal curvatures, we obtain the following by Theorem 2.3.11.

COROLLARY 2.3.13 ([84]). Let v : N" — S"T1(1) be an isoparametric hypersurface.

Then the Gauss map of v is a minimal Lagrangian immersion.

For the Hamiltonian stability of the Gauss maps of isoparametric hypersurfaces, Palmer

proved the following:

35



THEOREM 2.3.14 ([84]). Let G : N* — Gry(R**2) be the Gauss map of an isoparamet-
ric hypersurface ¢ : N* — S"T(1). Then G is H-stable if and only if N is a hypersphere.

ProOOF. It is known that, for each isoparametric hypersurface, there exist unique
minimal isoparametric hypersurface in the family of parallel hypersurfaces [21]. Since
Gauss maps of parallel hypersurfaces are the same, we may assume that the isoparametric
hypersurface N is minimal in S"™(1).

We denote the Riemannian metric on Gry(R™*2) by §. We choose a local field of
orthonormal frames {ej,---,e,} on an open subset U in N such that each e; is the
principal direction on U, namely, A”(e;) = k;e; for ¢ = 1,--- ,n on U, where A" is the
shape operator of N in S™™!(1). Define a local field of tangent frame {FEy,--- , E,} of N
immersed in érg(R"”) by F; := G.e;. Then we have

d
Ei: «*C; = /7
G-ei = 3

where ¢;(t) is a curve in N such that ¢;(0) = p and ¢(0) = e;. Moreover, we have
§(E;, Ej) = (1 + £2)d;;. In particular, we obtain

ci(t) Nve,wy = e ANv—pANA(e;) = e ANV + Kie; A p,
t=0

n n/2
dvg = (H 1+ /@2) dvy = const dvy (2.11)
i=1

by the isoparametric condition, where dvy is the volume form on N in S™*!(1). Since we
assume that N™ is a minimal hypersurface in S"*1(1), there exist a function f € C*(N)
such that AN f = nf by Takahasi’s Theorem [95]. Then, by the Min-Max principle, we

have

- S IVOfPdvg [ VY fPPdoy
N fN f2dvg fN frdoy

using (2.11). Moreover, we have

/\1(N7 g)

n

o= Y T < Sy = Y et = 9P (2.12)

i=1 L+ 5 i=1

SN

since F; = G.e;. If N is not a sphere, we can choose ¢ such that x; # 0 and choosing f so
that E;(f) is not identically zero, then the inequality (2.12) becomes a strict inequality.

Then we obtain

Sy [V fPdoy [ FAN fdvy
fN f2dUN fN f2dUN

since AN f = nf. Thus, by Theorem 2.2.4, G : N — Gry(R"*?) is H-unstable. On the
other hand, if N is a sphere, one can see that A\;(N,g) = A (/N) = n, and hence, the
Gauss map is H-stable. O

/\1(N;§) <
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In general, the Gauss map of a hypersurface is not an embedding into Grs (R™"2). For
instance, for an isoparametric hypersurface NV, it is known that the Gauss map is a finite
cover of N. More precisely, G(IV) is diffeomorphic to N/Z, for an action of a finite group
Zg, on N (see [59]).

Classification of homogeneous Lagrangian submanifolds in @, (C)

Recall that every homogeneous hypersurface in S"™1(1) is obtained by an orbit of an
s-representation of rank 2 compact symmetric space by Theorem 2.3.12. Let (U, K) be
a compact Riemannian symmetric pair of rank 2. Denote the Cartan decomposition of
(U,K) by u = ¢+ p. The linear isotropy representation of the isotropy subgroup K is
the adjoint representation Ad|, : K’ — GL(p). Since u admits the Ad(G)-invariant inner
product, Ad(K) is an isometric action on p, i.e., Ad(K) C SO(n+2), where dimp = n+2.
Thus, Ad(K) also acts on the unit sphere S"™! C p. Since we assume that the Riemannian
symmetric pair (U, K) is rank 2, a principal orbit of the action is a hypersurface in S"!
and becomes an isoparametric hypersurface.

The linear isotropy action of K induces the natural action on éTQ(p) given by
k-(aAb):=Ad(k)aA Ad(k)b

for k € K and V := aAb € Gry(p), where {a,b} is an oriented orthonormal basis
of the 2-plane V. Since Ad(K) € SO(n + 2), this action is also isometric on Gry(p) ~
SO(n+2)/S0O(2)xSO(n). If N™ is a homogeneous hypersurface in S™! which is obtained
by the action of Ad(K), i.e., N* = Ad(K)x for some z € S™, then one see that the
induced action of K acts transitively on the Gauss image L = G(N). Combining this with
Corollary 2.3.13, we conclude that the Gauss image L of a homogeneous isoparametric
hypersurface N in S"T1(1) is a homogeneous minimal Lagrangian submanifold in Q,,(C) ~
Gry(R™+2),

Motivated by this, Ma-Ohnita classified all the compact homogeneous Lagrangian
submanifolds in @, (C) [59]. They proved the following:

THEOREM 2.3.15 ([59]). Any compact homogeneous Lagrangian submanifold in @Q,(C)
s obtained either as the Gauss image of a homogeneous isoparametric hypersurface in
S"tL(1), or as its Lagrangian deformation consisting of compact homogeneous Lagrangian
submanifolds.

In particular, every compact homogeneous minimal Lagrangian submanifold in the
complex hyperquadric Q,(C) is exactly the Gauss image of a homogeneous isoparametric
hypersurface in S™.

We note that there are inhomogeneous isoparametric hypersurfaces in the sphere. In

that case, the Gauss image is not homogeneous, but minimal.
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We briefly explain the details and the strategy of a proof of Theorem 2.3.15 according
to [59]. A basic tool is the moment map.

First, we consider the Gauss image of a homogeneous isoparametric hypersurface. Let
(U, K) be a compact Riemannian symmetric pair of rank 2. Consider the isometric action
of K on Q,(C) ~ Gry(p) as before. This action is a Hamiltonian action. In fact, the
moment map p : Q,(C) — € is given by

p([a++/—1b]) = —[a,b] € £ ~ ¢, (2.13)

where {a, b} is an orthonormal basis in p. Let N be a regular orbit of the isotropy action
K on p, that is a homogeneous isoparametric hypersurface in the hypersphere S"1(1) C p.
Then the Gauss image L := G(NV) is a K-invariant Lagrangian submanifold. Since N is
regular, a normal space a := v, N = a A b is a maximal abelian subspace in p (see also
Subsection 3.2.4 in the next Chapter). Therefore, we have u(a) = —[a, b] = 0, and hence,
L C u~1(0) by Proposition 2.3.1. Since K is compact, the level set x~1(0) is a connected
set by Proposition 2.3.4. Combining this with Proposition 2.3.3, we obtain the following:

PROPOSITION 2.3.16. Let N be a homogeneous isoparametric hypersurface in S™1(1).

Then the Gauss image L = G(N) coincides with pn~'(0), where p is the canonical moment

map defined by (2.13).

Recall that any homogeneous Lagrangian submanifold is contained in p=1(c) for ¢ €
Z (). If the center Z(¥*) is trivial, Proposition 2.3.16 implies the Gauss image L = G(IV)
is the unique homogeneous Lagrangian submanifold in @, (C) which is invariant the K-
action. A compact Riemannian symmetric pair (U, K) of rank 2 which has the non-trivial
center 3 C £ is one of the following:

(a) (ST x SO(3),50(2)).

(b) (SO(3) x SO(3),S50(2) x SO(2)).

(c) (SO(3) x SO(n+1),S0(2) x SO(n)) for n > 3.

(d) (SO(m +2),50(2) x SO(m)) for m > 3.

Now, we consider the general case. Let L' be a compact homogeneous Lagrangian
submanifold in @,,(C) which is invariant under the Hamiltonian action of a Lie subgroup
K' € SO(n + 2). A crucial fact is that there exist a compact Riemannian symmetric
pair (U, K) of rank 2 such that L' := K'-[V] = K - [V], where [V] is a point in @Q,(C) ~
Gry(R™t1). This is a consequence of the result of Hsiang-Lawson [34] and the classification
result of cohomogeneity 1 action of compact Lie groups on S™™(1) due to Asoh (see for
more details in [59]). Therefore, combining this with the result of Hsiang-Lawson, it is

sufficient to classify the Lagrangian orbits of the above four cases.
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The case (a): In this case, n = 1 and Q;(C) =~ Gry(R?) ~ S2(1). Then the Lagrangian
orbits are nothing but the small circles and the equator.

The case (b): In this case, n = 2 and Q5(C) ~ S? x S%. Then the Lagrangian orbits
are exactly products of small circles.

The case (¢) and (d): There exist a non-trivial family of Lagrangian orbits. These
consist of S!-family of Lagrangian and isotropic orbits. Each family contains Lagrangian
orbits which can be never obtained as the Gauss images of homogenous isoparametric

hypersurfaces. Refer to [59] for the details.

Finally, we mention the H-stability of the Gauss images of homogeneous isoparamet-
ric hypersurfaces. Let N be an isoparametric hypersurface in S"**(1) (where N is not
necessary homogeneous). We denote the distinct principal curvatures of N and these
multiplicities by &i,...,k, and my,...,mg, respectively. Then Miinzner proved that
g=1,2,3,4,6 and m; = m;,2 [63], [64]. In particular, the multiplicities are same when g
is odd. Moreover, Miinzner also showed that m; = ms when g = 6.

If N is homogeneous, Ma-Ohnita proved the following:

THEOREM 2.3.17 ([59], [60]). Let N be a homogeneous isoparametric hypersurface in
S"t1(1). Then the Gauss image L = G(N) in Q,(C) is H-stable if and only if N satisfies
one of the following:

(1) |ma — my| < 3, or

(i1) N is a principal orbit of the Riemannian symmetric pair (U, K) = (Eg U(1) -
Spin(10)) (in this case, g = 4 and (my,m2) = (6,9)).

In [60], they also classified all strictly H-stable homogeneous minimal Lagrangian sub-
manifold in @,(C). For instance, the Gauss images of Cartan hypersurfaces (namely,
when ¢g = 3) and a principal orbit of (Eg, U(1) - Spin(10)) are strictly H-stable. However,
we note that the case (i) includes some H-minimal Lagrangian submanifolds which are

not strictly H-stable.

2.4 Hamiltonian volume minimizing problem

2.4.1 Hamiltonian volume minimizing property

In this section, we consider the global version of H-stability. For the simplicity, we always

assume that a Lagrangian submanifold is compact throughout this section.

39



Let (M,w) be a symplectic manifold with a symplectic form w and L a Lagrangian
submanifold in M. A diffeomorphism ¢ on M is called a Hamiltonian diffeomorphism of

M if ¢ satisfies the following conditions:
(i) ¢ is symplectic, namely, ¢*w = w.

(ii) ¢ is represented by the flow {¢;}icp0,1) of a time dependent Hamiltonian vector field
{Xu,} on M, namely, d/dt(¢i(z)) = Xu,(¢1(z)) with ¢g = Idy and ¢y = ¢, where
w(Xpy,, ) =dH; for H, € C*(M).

We denote the set of all Hamiltonian diffeomorphisms by Ham (M, w).

DEFINITION 2.4.1. Let (M, w, J) be a Kdhler manifold and L a Lagrangian subman-
ifold in M. We call L Hamiltonian volume minimizing (or shortly, H.V.M. Lagrangian
submanifold) if L is a volume minimizer of any Hamiltonian diffeomorphism, namely, L

satisfies the inequality
Vol(¢(L)) = Vol(L)
for any ¢ € Ham(M,w).

By definition, it follows that an H.V.M. Lagrangian submanifold is necessarily H-
minimal and H-stable. We know only a few examples of H.V.M. Lagrangian submanifolds.

The following examples are the origin of this problem.

EXAMPLE 2.4.2 (Kleiner-Oh [70]). The totally geodesic real projective space RP™ in
CP" is H.V.M.

A proof of Kleiner-Oh was based on the Lagrangian intersection theory and the integral
geometry. We give an outline of the proof in the next subsection.

We have already shown that the Einstein real form in a Hermitian symmetric space
which is a natural generalization of RP™ in CP™ (cf. Theorem 2.2.18) are H-stable

Lagrangian submanifolds. Based on these examples, Oh posed the following conjecture:

CONJECTURE 2.4.3 (Oh [70]). Let (M,w,J) be a Kahler-Einsntein manifold and L a
real form of M, namely, the fixed point set of an anti-holomorphic involution of M. If L
is Einstein, then L is H.V.M.

REMARK 2.4.4. In the original statement of this conjecture due to Oh in [70], he
further assume that L has positive Ricci-curvature. However, there exist a flat H.V.M.

Einstein-real form (see Subsection 2.4.3).

Before considering the Conjecture 2.4.3, we should consider the following problem

which is still open:
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CONJECTURE 2.4.5 (Oh [70]). Let L be a real form which satisfies the same assumption
as in Conjecture 2.4.3. Then, the first eigenvalue \; of the Laplace-Bertrami operator A

acting on C*°(L) satisfies A\; > ¢, where ¢ is the Einstein constant of M.

2.4.2 The case RP" in CP"

In this subsection, we review a proof of the H.V.M property for RP" in CP" due to the idea
of Kleiner-Oh. To do this, we use the following two results. First one is a special version

of the well-known Arnord-Givental conjecture in the Lagrangian intersection theory:

THEOREM 2.4.6 (Oh [73]). Let (M,w, J) be an irreducible Hermitian symmetric space
of compact type and L a real form of an anti-holomorphic involution 7. Then, for any

¢ € Ham(M,w) such that L and ¢(L) intersect transversally, we have the inequality
where SB(L,Zs) denote the sum of Zo-Betti number of L.

Next one is the Crofton type formula in the integral geometry:

THEOREM 2.4.7 (Lé [55]). Let L™ be a Lagrangian submanifold in CP™. Then
Vol(L) = cn/ #(LNgRP")dp,,
U(n+1)/0O(n+1)
where ¢, is a constant that does not depend on L, and U(n+1)/O(n+ 1) is the set of all

real projective spaces in CP".

It is known that
#RP"NgRP") = SB(L,Zs) =n+1

whenever gRP"™ and RP"™ intersect transversally. Combining this with Theorem 2.4.7 |

we obtain the following volume estimate:
COROLLARY 2.4.8. For a Lagrangian submanifold L in CP™, we have
Vol(L) S min,# (L N gRP™)
Vol(RP") — n+1 '

Now, we prove the H.V.M. property for RP" in CP". For any ¢ € Ham(CP", w),
¢(RP™) is a Lagrangian submanifold, and hence, by Corollary 2.4.8 and Theorem 2.4.6,

we have

Vol(¢(RP™)) S min,#(¢(RP") N gRP™) S SB(RP™, Zs)
Vol(RP™) — n+1 - n+1

since SB(RP™,Zs) = n + 1. This implies Vol(¢(RP™)) > Vol(RP™).

=1
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2.4.3 Real forms in Q,(C)

In [39], Iriyeh, Ono and Sakai gave the second example of an H.V.M. Lagrangian sub-
manifold by using the idea of Kleiner-Oh.

EXAMPLE 2.4.9. The product of equators S' x S!in S? x S? is H.V.M.

We note that S* x St is a flat torus. We also note that S? x S? is isometric to the
complex hyperquadric Q2(C) (see [18]), and the real forms in Q(C) ~ S? x S? are exactly
given by the sphere S? = {(x, —z); = € 5%} and the product of equators S* x S (see
also Example 2.2.20). We also remark that Castro-Urbano [18] proved that the totally
geodesic sphere S* is the unique stable compact minimal Lagrangian surface in Qy(C).
Furthermore, they also showed that the totally geodesic torus S' x St is the unique H-
stable torus in Q2(C).

We consider the higher dimensional case. For the complex hyperquadric, we have a

Crofton type formula as follows:

THEOREM 2.4.10 (Lé [55]). Let N be a real n-dimensional submanifold in @Q,(C).

Then we have

Vol(SO(n + 2))
Vol(S™)

/ #(9S" N N)dpsom+2)(g9) < 2 Vol(N).
SO(n+2)
If we take N := ¢(S™) for ¢ € Ham(Q,(C),w), we have from Theorem 2.4.6

Vol(¢(5™)) =

1 n
Yo ;S ) SB(S". Z,) = Vol(5™),
since SB(S", Z,) = 2. Therefore, we obtain

THEOREM 2.4.11 (cf. [40]). The totally geodesic sphere S™ in Q,(C) is H. V.M.

We note that, if n is even, the sphere S™ in Q,,(C) is homologically volume minimizing
by the result of Gluck-Morgan-Ziller [29]. We also note that the real form S*"=* for
0 <k <nin Q,(C) is H-stable if and only if |(n — k) — k| < 3 (see Table 2.1 in Subsection
2.2.3 or Theorem 2.3.18), and hence, not every real form in @,,(C) is H-stable.

PROBLEM 2.4.12. Find and classify H.V.M. Lagrangian submanifolds in a specific
Kahler manifold.

42



Chapter 3

Hamiltonian minimality of normal
bundles over the isoparametric

submanifolds

3.1 Preliminaries for normal bundles in TR"**

Let ¢ : N* — R"* be an isometric embedding of an n-dimensional smooth manifold
into the (n + k)-dimensional Euclidean space R™* with the standard flat metric (,). In
the following, we always identify N with its image under ¢, and call it a submanifold
in R"**. Denote the tangent bundle of R"** by TR"**. Since TR"* is trivial, it is
identified with the direct sum R™"** @ R"** on which we can define the flat metric g(,)
induced from (, ). Moreover, we define the complex structure J by J(X,Y) = (=Y, X) for
(X,Y) € T,R"* & T,R"* where (p,u) € R"™* @& R"**. By this identification, we regard
TR"** as the complex Euclidean space C"** with the standard Kéhler form w := g(J-,-).
Define the normal bundle of N by vN := {(p,u) € TR"™*; p € N,u L T,N}. This is
an (n + k)-dimensional submanifold in TR"**. We denote the Levi-Civita connections on
R™* and TR by V and V, respectively. For a normal vector u € v,N at p € N, the
shape operator A* € End(T,N) is defined by A*(X) := —(Vxu)' for X € T,N, where
T denotes the tangent component of the vector. Since A" is represented by a symmetric
matrix, the eigenvalues of A" are real, and we denote it by x;(p,u) for i = 1,... n. If u
is a unit normal vector, these eigenvalues are called the principal curvatures of N with
respect to the normal direction u.

Let {e1,...,e,} be a local field of tangent frames of N and {vy,..., v} a local field
of normal frames of N in R™*  For a point (p,u) € vN, choose a curve ¢(t) =
(ci(t),u(c; (1)) (i = 1,...,n) on vN such that ¢;(0) = p,¢;(0) = e; and u(c;(t)) is the
parallel transport of the initial normal vector u along ¢;(t) with respect to the normal
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connection V+. Then we have a tangent vector of vN at (p,u) by

d
Ez(p7 ’LL) =

t:OEz'(t) = (e;, Ve, u(ci(t))) = (e;, —A"(&;)).

On the other hand, we choose another curve ¢,(t) (« =1,...,k) by ¢, = (p,u + tva(p)).
Then we obtain another tangent vector of vM at (x,u) by

d
Enva(p,u) = —

| Galt) = (0v(p))

Thus {F1,...,En, Eni1, ..., Enyr} is a local frame field of tangent vectors of vIN. In
particular, one can check that w(E, Ey) = 0 for any s, = 1,...,n + k, and this implies
that vN is a Lagrangian submanifold, namely, w|,y = 0 and dim vN =n + k.

Let L be an oriented Lagrangian submanifold in C"**. Recall that the Lagrangian
angle 0 : L — S* =R/27Z of L is defined by (see also Definition 2.1.13)

eVTIW) — gy AL A dznik(e1, .. enir) (D),

where z; = x; + V—1y; and {e1,..., ek} IS an oriented orthonormal basis of L. By
Theorem 2.3.14, the mean curvature form o := w(H, -)|7;, where H is the mean curvature

vector of L in C"** satisfies the relation
Oég = d9. (3.1)

LEMMA 3.1.1. Let N™ be an oriented submanifold in R"**. Then the Lagrangian angle

of the normal bundle vN in TRk ~ C"** is given by
O(p,u) = — iArctan/ii(p u) + km (mod 27) (3.2)
Y 171 Y 2 7

where Arctank;(p,u) denotes the principal value of arctan k;(p,u).

PROOF. For arbitrary point (p,u) € ¥N, we can choose a local frame {e;,...,e,} of
N so that A“(e;)(p) = ki(p,u)ei(p) for i = 1,...,n. Define an oriented local frame of
vN by {E1, ..., E,k} as above so that these are orthogonal frames at (p,u). Denote the

normalized frames of these frames by {E7,..., £, }. Then we can show that

1_\/ K“zpa)
V)

= exp{\/—_< — ;Arctanm(p, u) + %T) }

dzi N ... Ndzpsi(EY, .. B ) (pou) = H

This proves the Lemma. O]
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By the relation (3.1) and (3.2), the mean curvature form of the normal bundle can be

written by
ap = d(Zarctan 51‘), (3.3)
i=1

up to constant factor of the Lagrangian angle. For convenience, we put = >, arctan k.

REMARK 3.1.2. The multivalued function 6 is a smooth function on vN even though
the eigenvalues {r;(p,u)}?", of N are not smooth on vN in general. In fact, § is expressed
by the elementary symmetric polynomials with respect to the eigenvalues of the shape

operator (see (3.4) in the below) and these polynomials are smooth on vV.

The following necessary and sufficient conditions for the minimality of normal bundles

in C""* was first given by Harvey-Lawson [31]:

PROPOSITION 3.1.3 (Theorem 3.11 in [31]). Let N™ be a connected submanifold in
R™%  Then the normal bundle vN is a minimal Lagrangian submanifold in TR"* ~
C** if and only if N is austere, namely, the set of principal curvatures with their multi-

plicities is invariant under the multiplication by —1.

ProoF. Sufficiency is obvious. Assume vN is minimal, i.e., H = 0 on vN, then we
have 8 = ¢ on vN for some constant ¢ € R. Since ki(p, —u) = —ki(p,u) if ki(p,u) # 0,
we may assume ¢ = 0 (mod 7). Suppose n = 2m (it is similar when the case n is odd).

Then we have

2m
S =S54+ (=1 'Sy,
arctank;(p,u) = arctan( >, 3.4
; () 1= Sy+ 8y 4+ (=1)*Som, (3:4)
where S; = Sj(p,u) (I = 1,---,2m) denotes the [-th elementary symmetric polynomial

with respect to {si(p,u)}?™. Set v = tv for an unit normal vector v € v, N. Since

¢ =0 (mod 7) and k;(p,u) = tr;(p,v), the equality (3.4) implies
tS1(p,v) = °S3(p,v) + ...+ (1) TSy i (p,v) = 0

for any ¢ € R. Thus, we obtain Sj(p,v) =0 for [ =1,3,...,2k — 1. Since (p,v) € v, N is

arbitrary, this implies N is an austere submanifold. O

We remark that the minimality of a Lagrangian submanifold L in C** is equivalent
to that L is special Lagrangian (see Proposition 2.17 in [31]). In the latter case, L is
a calibrated submanifold with respect to a calibration. In fact, by using this result, one
can produce many examples of special Lagrangian submanifolds in C"** from austere
submanifolds in R"**,

By the explicit formulation of the Lagrangian angle of ¥ /N given in Lemma 3.1.1, we

improve Harvey-Lawson’s result a bit as follows:
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PROPOSITION 3.1.4. Let N" be a submanifold in R"**. If the mean curvature vector

of the normal bundle vN is parallel in TR ~ C"** then vN is minimal.

PROOF. By the equality (3.3), V*H = 0 implies Hess 6 = 0. Choose a curve 7 :
R — vN by 4(t) := (p,tu) for (p,u) € vN. Then the curve 7 is a geodesic, and hence
we have 0 = Hess 0(5(t)) = 0(5(t)). However, from 0(3(t)) = I arctan tr;(p,u), it
follows 6(%(t)) = 0 along 4(t). Then, we see that N is austere by a similar argument as

in Proposition 3.1.3. O
By Proposition 3.1.3 and 3.1.4, we obtain the following.

COROLLARY 3.1.5. Let N™ be a submanifold in R"**. Then the following three are
equivalent: (i) N is austere, (ii) the normal bundle vN is minimal in TR"* ~ CntF

(iii) vN has parallel mean curvature vector.

In the following, we investigate the H-minimality of a Lagrangian submanifold in the
complex Euclidean space C"** obtained as the normal bundle of a submanifold N™ in
R™**. By (3.3), the H-minimality of the normal bundle vN in C"** is equivalent to

A =0, where § := Z arctans;. (3.5)
i=1
We recall that there are no non-minimal, H-minimal Lagrangian normal bundles in
Cn* with parallel mean curvature vector by Corollary 3.1.5.
Besides, the normal bundle of the Riemannian product N; x Ny — R™M+kL x Rr2+k
of two embeddings N; — R™**% (; = 1,2) is H-minimal if and only if each of vN; is H-
minimal (see Proposition 2.1.11). Thus, in the following, our concern is always irreducible

one.

3.2 H-minimality of the normal bundle over an isopara-

metric submanifold

In this section, we give a characterization of the H-minimality of the normal bundle over a
homogeneous isoparametric submanifold in the Euclidean space. This is an essential part
of the main results in this Chapter. First, we briefly review the isoparametric submanifolds
in R™™* (For more details, refer to [10], [104] and references therein).

Let N™ be a submanifold in R"** of an arbitrary codimension k. There are several
ways to define the notion of isoparametric submanifolds (see [104]). In this article, we

consider the following two conditions.
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(i) For any parallel normal vector field u(t) along a piece-wise smooth curve ¢(¢) on N,

the shape operator A“* has constant eigenvalues.

(ii) The normal bundle of N is flat, namely, Rt = 0, where Rt denotes the curvature

tensor with respect to the normal connection of N.

If N satisfies the condition (i), we say N has constant principal curvatures. If N sat-
isfies both conditions, we call N an isoparametric submanifold. It is known that any
non-compact complete isoparametric submanifold is a product of compact isoparametric
submanifolds and the Euclidean space (see [102]). Since the Euclidean factor is obviously
austere, we may assume that an isoparametric submanifold N is compact for our purpose.

In the following, we consider an isoparametric submanifold N™ in R"**. The clas-
sification in the case k = 1 is classical. See Subsection 3.2.2 below. When k£ = 2, the
isoparametric submanifolds are known as isoparametric hypersurfaces in the unit sphere
SntE=1(1). See more details in Subsection 3.2.3 On the other hand, it was first proved
by Thorbergsson [103] that any full, irreducible, isoparametric submanifold in R"** with
k > 3 is extrinsically homogeneous. Note that Olmos [77] gives a simple and geometrical
proof of this result. Moreover, combining it with the results of Dadok [24] and Palais-
Terng [83], they are principal orbits of an s-representation, namely, an isotropy orbit of

semi-simple symmetric space U/K. We discuss it in Subsection 3.2.4.

3.2.1 Lemmas on isoparametric submanifolds

In this subsection, using the same notation as before, we calculate day for the normal
bundle ¥ N over an isoparametric submanifold /N in order to investigate the H-minimality.
Since N has flat normal bundle, the shape operators are simultaneously diagonalized.
Hence, we can choose a local field of orthonormal tangent frames {e;,--- ,e,} around a
point p € N such that A%(e;)(p) = ki(p, u)e;(p) for any v € v, N. In particular, we can

n

define functions {k;(p,w)}?_, with respect to the valuable v € v,N for each p € N in
this way. We note that {x;(p,u)}!, are linear functions on v, N by the isoparametric

condition.

LEMMA 3.2.1. Let N™ be an isoparametric submanifold in R"™*. For the normal

bundle vN in TR ~ C"** we have

otk —/-@, ;U , Vo - Ki(D, Vo - Ki\P; W)Ri(P, Vq
0= $ (Sl | (5 ) (Sl i)

where {vy }12% | is an orthonormal frame of v,N
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Proor. Take a local orthonormal tangent frames of N around p as above and a local
orthogonal frames {E;, E,} of vN as before. We denote {E/, E/ } the normalized frames
of {E;, E,}. Then we have

n+k n+k n+k
A = > g(V VO, E) =YY g(Ve (EL(0)E,), E}) (3.6)
A=1 A=1 p=1
n+k n+k n+k
- S EBO+S S B0y ELE,
A=1 A=1 p=1

where we denote the standard metric on C"** by ¢(,). By Remark 3.1.2, we can express
6 by

u) = Zarctan(A“(ei), ei)(p)-

Then we see that

n+k

~ 1
Ei(0 = g Bi((A%(e), e = i
i(0)(2) Zl (T BIEE ((A%(e:), €:))(2) = 0 (3.7)
fort=1,---n, since N has constant principal curvatures. Moreover, we have

n

o Ki(p, Vg R "L —2k;(p, u)K2(p, Va

fora=n+1,--- ,n+k, since N has flat normal bundle. On the other hand, it is shown
that

= ki (p, W)k (P Vo)
B B = - J B EL) =0, 3.9
g(vE] a ]) 1+ H?(}% u) ) (VE a’ ﬁ) ( )

forj=1,--- ,nand § =n+1,---,n+ k. Substituting (3.7) thorough (3.9) into (3.6),
we obtain the required equality. O

By Lemma 3.2.1, we have the following crucial condition for the H-minimality of

normal bundles over isoparametric submanifolds which are contained in the sphere:

COROLLARY 3.2.2. Let N™ be an isoparametric submanifold in R"** which is contained
in a sphere S"T*=1. If the normal bundle vN is H-minimal in C"*% ~ TR"* then N

satisfies the following equality:

|BI*(p) = sn(p) (3.10)

for any p € N, where B is the second fundamental form of N in R"** and sy is the
scalar curvature of N with respect to the induced metric.
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PROOF. Assume A = 0 on vN. Since N is contained in S™ %~ the position vector p
of p € N is regarded as an unit normal vector of N in R"**_ Then, for a point (p, p) € VN,

we have from Lemma 3.2.1,

n+k n

0=20.10) = reaE O {sze%(p,ua)—(imxp,ua)f},
tk

= ————12|B)*(p) — |H|? }
T Eap 2@~ P )
for t € R, where H is the mean curvature vector of N in R"** and x = x;(p,p) for
i=1,...,n, since S""*~1 is totally umbilic. Therefore, we have 2|B|?*(p) — |H|*(p) = 0.
By the Gauss equation, this is equivalent to (3.10). O

REMARK 3.2.3. For a complete isoparametric submanifold N in R"** the condition
that N is contained in the unit sphere is equivalent to the compactness of N (see Corollary
5.2.10 in [10]).

REMARK 3.2.4. By carefully looking at the proofs of Lemma 3.2.1 and Corollary
3.2.2, one can check that the statement of Corollary 3.2.2 holds when N satisfies only (i),
namely, /N is a submanifold with constant principal curvatures. We note that not only
any principal orbit of adjoint representation of a compact semi-simple Lie group G in g,

but also some singular orbits satisfy (3.10) (see Lemma 2.2.13).

3.2.2 Isoparametric hypersurfaces in R"!

The isoparametric hypersurfaces in R"! are classified by Levi-Civita [57] for n = 3,
and Segre [90] for the general dimension. We denote the number of distinct principal
curvatures by ¢g. Then g is at most two, and an isoparametric hypersurface in R"*! is one

of the following:
g = 1: An affine hyperplane R" or a hypersphere S"(r), where r > 0.

g = 2: A spherical cylinder R¥ x S"7%(r), i.e., a tube around an affine plane R* where
r > 0.

By the classification, it is obvious that an isoparametric hypersurface N™ in R"! is
austere if and only if it is an open part of an affine hyperplane. On the other hand, the

irreducible (or compact) one is the hypersphere. Then we have the following:

PROPOSITION 3.2.5. The normal bundle of the n-dimensional hypersphere N™ = S™(r)

with radius r > 0 in R"™! is H-minimal if and only if n = 2.
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One can prove this by a direct calculation by using the formula in Lemma 3.2.1.
However, we shall prove more general statement Theorem 3.3.1 in Section 3.3, and we
omit the direct proof. We note that the normal bundles of 2-spheres S?(r) with r > 0 in

R3 generate an 1-parameter family of ruled H-minimal Lagrangian submanifolds in C3.

3.2.3 Isoparametric hypersurfaces in S"™(1)

The codimension 2 isoparametric submanifolds in R"*2? are known as isoparametric hy-
persurfaces in the unit sphere S"*1(1). One of large subclass of these hypersurfaces are
extrinsically homogeneous hypersurfaces in S"**(1) and these are classified by Hsiang-
Lawson [31]. This result asserts that all homogeneous hypersurfaces in S"*!(1) are ob-
tained by principal orbits of s-representations of compact symmetric spaces of rank 2
(see also the next subsection). Other classes includes infinitely many non-homogeneous
examples due to Ozeki-Takeuchi and Ferus-Karcher-Miinzner. These are the so called
isoparametric hypersurfaces of OT-FKM type (for more details, refer to monographs [19],
[104] and references therein). The classification of isoparametric hypersurfaces in S"™1(1)
have not been completed yet.

Let N be an isoparametric hypersurface in the unit sphere S"™!(1), and v the unit
normal vector field on N. We denote the distinct principal curvatures of N with respect
to v by k; = cotf;, with 0 < 6; < --- < 0, < 7, and these multiplicities by m; for
i=1,...,g, respectively. Then, Miinzner showed the following [63]:

‘91':01"‘2_1

w, fori=1,...,9, (3.11)

m; = M;y2, modulo g indexing. (3.12)

In particular, 0 < #; < 7/g, and the multiplicities are same if ¢ is odd. Miinzner also
proved that the number of distinct principal curvatures g is equal to 1,2, 3,4 or 6 [64].
The unit normal vector v and the position vector p of p € N are regarded as or-
thonormal frames of the normal space of N in R"*2. Let {e;,--- ,e,} be a local field of
orthonormal frames of N in S"*! such that A”(e;) = k;e;, where A is the shape operator
of N in S™*!. Since the unit sphere is totally umbilic, we have A”(e;) = A" (e;) = kse;
and AP(e;) = —e;. Thus, the principal curvatures of N in R"*? are given by ki, ..., Ky,
and —1. The multiplicities of the principal curvatures x,..., K, are my,...,m, as be-
fore, and the multiplicity of the principal curvature —1 is equal to n. In particular, N
is never austere in R"*2, and hence, the normal bundle is not a minimal submanifold in

TR"2 ~ C"*2 by Proposition 3.1.3. The following lemma is crucial in our argument.

LEMMA 3.2.6. Let N™ be an isoparametric hypersurface in the unit sphere S"*(1) C

R™*2. Suppose that the normal bundle vN of N as a submanifold in R"*? is H-minimal
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in C"*2 o~ TR"™. Then the multiplicities of the distinct principal curvatures in {r;}",

are all equal to 2. In particular, N is a homogeneous hypersurface in S™"1(1).

PRrROOF. By Corollary 3.2.2, an isoparametric hypersurface N” in S"*1(1) must satisfy
the following equality.

2B — [H? = n(n — 2), (3.13)

where B and H are the second fundamental form and the mean curvature vector of N”
in S"*1 respectively. By (3.11) and (3.12), the length of B and the mean curvature
h =" k; of N in S"*! are given as follows (cf. [63]):

i=1

gm{gcot®(gh,) + g — 1}, if g is odd,

B =
1Bl gml{gcotQ (g&) + g — 1} + gmg{gtarf (g@l) + g - 1}, if g is even,
_ gmcot(ghy), if g is odd,
h =
%ml cot (g&) — %mg tan (g(%), if g is even,

where gm = n if g is odd, and (g/2)(m; + mg) = n if g is even. By these relations, we

see that the equality (3.13) is equivalent to the following equality:
m(m — 2) esc?(ghy) = 0,if g is odd,

3.14
my(my — 2) csc? <g91) + ma(my — 2) sec? <g61) = 0,if g is even. (3.14)

If g is odd, (3.14) implies m = 2. If g is even, (3.14) implies that (i) m; = my = 2 or (ii)
m; = 1 and m; > 2 with ¢ # j. We shall show that (ii) is not the case. When g = 6, it is
known that the multiplicities are same (see [63]) which takes values m = 1 or 2, and only
the latter case is possible by (3.14). Hence, it is sufficient to consider the cases g = 2 and
4. First, we have from Lemma 3.2.1,
~ "L —2(1 + K2k & Ki " 14 k2
0 = Ad(p, = S S Pl ( —Z> ( —J) 3.15

(p.sv) Zzl (1+82H?)28+ Z,le—i—sgli? jzll+32m? s (315)

for the unit normal vector v and any s € R.
The case g = 2: Substituting s = 1 in (3.15), we obtain

0= il_flz?+(ilfﬁ2>n:(n_2)<i1:im?> (3.16)

i=1 i=1 g i=1
1 1
= Q(n — 2)(my sin 201 + mqy sin 265) = §(n — 2)(my — my) sin 26,

where we use the relation 0y = 6, + 7/2. Since 0 < 6, < 7/2, the equality (3.16) implies
n = 2 or my; = my. However, if n = 2, then m; = my = 1. Consequently, the multiplicities

are same. Therefore (ii) is not the case.
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The case g = 4: For ¢ = 1,2, we have

(14 K2k (1+ K2 o) Kive sin 460;(1 — s%)
(14 s267)2 (14 s2k7,,)? B 4P?
Ki Kito _ sindf;(1 — s?)
1+ s2k? T + 82k2, 4P,
1+ K2 1+ K7, 1+ s?
1+ s2k7 14 s2k%,, - P

where we put P; := (sin®6; + s2 cos? 0;)(cos? 0; + s?sin? ;). Moreover, we have sin 46, =
— sin46;. Thus, we obtain from (3.15)

my mo ma mo my mo .
or2 T apg) T\ap T ap) B TR )yl m s (317)
™1 (m1 — 2) m2<m2 — 2) .
= { 1P - 1P } sin46;(1 — s")s

for any s € R. Since sin46; # 0, the equality (3.17) implies that the case (ii) m; = 1 and
m; > 2 with ¢ # j does not occur.

When the multiplicities of distinct principal curvatures in {x;}; are equal to 2, the
isoparametric hypersurface N in S"*! is a homogeneous hypersurface. In fact, E. Cartan
proved this for g < 3, and Ozeki-Takeuchi for the case (g, m) = (4,2) [82] . The remaining
case (g, m) = (6,2) was settled by R. Miyaoka [62]. This completes the proof. O

More precisely, by the classification theorem of homogeneous hypersurfaces in S™+!
due to Hsiang-Lawson [34], an isoparametric hypersurfaces N in S"™!(1) with constant
multiplicity 2 is a principal orbit of an isotropy representation of one of the Riemannian
symmetric pair (U, K') in Table 3.1.

g (U, K) N~K/K, | dim N | N, | N_
1 (ST x SO(4), SO(3)) S? o | {pt} | {pt
2 | (SO(4) x SO(4),80(3) x SO3)) | S% x S? 4 | 2| s
3 (SU(3) x SU(3), SU(3)) SU@3)/T> | 6 |CP?|cCP?
4 (SO(5) x SO(5), SO(5)) SoG)T? | 8 |cPr| QP
6 (G X Ga, G) G/ T? 2 | Q| @

Table 3.1: Isoparametric hypersurfaces in S"*! with constant multiplicity 2, where N
are the singular orbits (these are so called focal manifolds of N). Q™ denotes the complex

hyperquadric.

Note that the 2-spheres S? in R* are not full, and S? x S? in RS are reducible. In

terms of the representation, these isotropy representations are reducible. However, the
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irreducible component is isometric to 2-sphere in R? in both cases, and hence, the H-
minimality of these examples essentially follows from Proposition 3.2.5.

On the other hand, it is shown that other hypersurfaces in Table 1 are complex flag
manifolds standardly embedded in the Lie algebra £ of K as adjoint orbits of K. In
Section 3.3, we show that these isoparametric hypersurfaces give a family of non-minimal,

H-minimal Lagrangian submanifolds in C"**.

3.2.4 Principal orbits of s-representations

Let N be a full, irreducible isoparametric submanifold in the Euclidean space. By virtue
of Lemma 3.2.6 and the homogeneity of the case codimension is grater than or equal to
3, we may consider principal orbits of an s-representation. First we recall some general
arguments for orbits of s-representation. We refer to [58] and [94] (see also [33] and [40]).

Let (U, K) be a Riemannian symmetric pair of compact type, where U is a compact,
connected real semi-simple Lie group and K a closed subgroup of U such that there
exist an involutive automorphism o of U so that Fix(c,U)? € K C Fix(o,U), where
Fix(o,U) := {g € U; o(g) = g} and Fix(c,U)" is the identity component of Fix(c,U).
Denote the Lie algebra of U and K by u and &, respectively. Let (u, o) be the orthogonal
symmetric Lie algebra which corresponds to (U, K'), namely, o is an involution on u such
that the 41-eigenspace coincides with £ and € is a compactly embedded Lie algebra in wu.

We take an inner product (,) of u which is invariant under ¢ and Ad(U) on u. Then
we have the orthogonal decomposition u = € + p. Since the subspace p is invariant under
Ad(K)|p, K acts on p as an orthogonal transformation. We call this action of K the
s-representation of the symmetric pair (U, K).

Choose a maximal abelian subspace a of p. For an 1-form X\ on a, set
by = {X € (adH)’X = —A\(H)?X for all H € a},
pr = {X €p; (adH)*X = —A\(H)?X for all H € a}.
Then p_, = py, €., = &\, po = a, and €, is the centralizer of a in €. A non-zero 1-form
A is called a root of (u,0) with respect to a if p) # {0}. We denote the set of all roots
of (u,0) by R, and call R the restricted root system on a. We take a basis of the dual
space a* of a and define the lexicographic ordering on a* with respect to the basis. We

call a root A € R a positive root if A > 0, and put Ry := {\ € R; A > 0}. Then we have

restricted root space decompositions

=18 + ZE)\, p=a+ Zp)\ (318)

These are orthogonal direct sums with respect to (,). We put m, := dimgp,, and call it

the multiplicity of A € R,.
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Let us consider orbits of the s-representation. Since any s-representation is polar (see
[10]) and the section is given by a, it is sufficient to consider the orbits through a point
w € a. The point w is called a regular element if A(w) # 0 for any A\ € R (otherwise, it is
called singular). We note that regular orbits are orbits of maximal dimension [94]. Since
the isotropy action does not have any exceptional orbits, an orbit is regular if and only if
it is principal.

When w is a regular element, we have the following:

LEMMA 3.2.7 (cf. [94]). Let w € a be a regular element, and N,, the orbit through w
i p. Then N, has the following properties:

(1) The tangent space T,yN,, and the normal space v,N,, of Ny, at w in p are given by

TNy = Z P, VN = a.

AeRL

In particular, codimN,, = dima.

(2) The shape operator A" of N, in p in the direction u € v, N,, satisfies
A
AY (X)) = —ﬂXA for X, € pyand A € R,.
A(w)

(2) in the lemma shows that the shape operators of N, in p are simultaneously diago-
nalized, and the eigenvalues are given by {—A(u)/A(w)}aer, for u € v, N,,. In particular,
N,, has the flat normal bundle by the Ricci equation. Moreover, since N,, has constant
principal curvatures, it is an isoparametric submanifold.

In general, there might exist an element u € v, /N such that not all eigenvalues in
{=A(u)/A(w)}rer, are distinct. To distinguish such an element, we set up a subset on

VwIN. For the root system R, we set
r:={\NeR; \/2¢ R}, and ry :=rNR,.

Then r is a reduced root system, namely, if two roots A\, € r are proportional, then
= E£X. We also set [\ := my + may, where mo) = 0 unless 2\ € r. Then, the vector
subspace V) := py + pa2y is the common eigenspace of the eigenvalue —A(u)/A(w) for
u € v, N, with dimpV, = [,. Put

R={(\p) €ry xre; A# p}.
We define a subset of a = v, N,, by

._ oA, plw)
Uu:.= {u € VpNy; “Nw) + ") for any (\, p) € R},

namely, U is the set of normal vectors such that the eigenvalues are distinct for each of

eigenspaces V).
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LEMMA 3.2.8. For the regular orbit N,, through a regular element w € p, the subset U

1s dense in a.

PROOF. Since w is a regular element, it is shown that

Au) p(u) . :
— =— if and only if A A p(w,u) = 0.
Nw) ~ w) ()
Thus we obtain
=a\ |J Ker(w|(AAp). (3.19)
(AER

Since the root system r is reduced, two distinct positive roots A\,u € r, are linearly
independent. Then we have w](A A p) = Mw)u — pu(w)A # 0 as w is a regular element.
Thus, Ker(w]| (A A u)) defines a subspace of a which does not coincide with a. Therefore,
by (3.19) and since R is a finite set, the complement of & has no interior point in a. This

implies the lemma. []

It is useful to divide the set R into some disjoint subsets. In the following, we refer
to Chapter V in [91] for the general facts of the reduced root system. For (A, pu) € R,
the angle Z(\, p) of (A, p) is defined by (A, ) = |A||u| cos Z(A, ) with 0 < Z(\, p) < .

Define subsets of R as follows:

If Z(\, p) = m/2 and |\| = |p|, then we set
O ) :={(A )}
If Z(A\, p) =2m/3 and |A\| = |p|, then we set
AN ) = {(A 1), (1, A+ ), (A + 1, A) -
If Z(\, p) = 37/4 and |\ = (1/v/2)|pl, then we set

Bl<)‘;,u) = {()‘hu)?(M?A"i_:u)a()‘+M,2)\+N)7(2)\+,U7)‘)}7
Ba(Asp) == (s A)s (N 23+ ), (A + g A+ ), (A + p, p)

If Z(\, ) = 57/6 and |A| = (1/v/3)|pl, then we set

Gi(dsp) = ), (s A ), (A 3N+ 200), (BA + 2, 20 + po),
(2A+ 11,3 + 1), BA + p, A)
Ga(Asp) = {(ps A)s (N BN+ 1), (BA + 1, 2X + ), (2A + 11, 3X + 2p),

(BA+ 2, A+ p), (A + o, )}
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These subsets are well-defined, namely, each of elements is the pair of positive roots. We
call these subsets the cyclic subsets of R. We note that the cyclic subsets G;(\; 1) (1 = 1,2)
are contained in R if and only if the reduced root system r is isomorphic to the root system
of the exceptional simple Lie group GG5. The following lemma follows from an argument

of the reduced root system (A proof is given in Appendix A.2).
LEMMA 3.2.9. R is a disjoint union of cyclic subsets.
We need the following:

LEMMA 3.2.10. Define mapsl: R — R and ¥ : R\ |JO\, ) — A%*(a) by

AN
LA\, ) =1\, and (A, pu) =T, , == ﬁ

Then | and V take the same value on each cyclic subset.

PrROOF. The assertion on the map ¥ follows from a direct calculation. We consider
the map [. It is known that, for two restricted roots A\, u € R with the same length, there
exists an element s of the Weyl group such that ¢ = sA. Moreover, we have my = m,, (cf.
[40]). Since the Weyl group acts on the root system, 2 € R whenever 2\ € R, and these
length are also the same. Therefore, we have [, = {,. On the other hand, if (a,3) € R
belongs to O(A; u) or A(X; ), then |a| = |B]. If (a, B) belongs to B;(A; ) or Gi(A; )
(i = 1,2), then (|af, |8]) = (|Al, [g]) or (||, |A]). This implies Il = I\l on each of cyclic
subsets. O

REMARK 3.2.11. If N™ is a homogeneous isoparametric hypersurface in S™"*1(1), it is

shown that
1+ Kikj
Uy o (w,v) = —2 = cot(0, — 6;),
)t = (s, 6)
where we use the same notation as in the subsection 3.2.3 and set k; = cot 0; = —\;(v)/\i(w)

fori=1,...,g. It is known that the quantity cot(6; —0;) = (1+ K;k;)/(k; — k;) coincides
with a principal curvature of the focal manifolds Ny of N. A geometrical consequence
from the assertion of Lemma 3.2.10 for the map W is that every focal manifold N; of N

focalized by the eigenspace V), has the same principal curvatures (see also Chapter 5 in
[10]).

Now, we give a characterization of the H-minimality of the normal bundle over the

regular orbit of an s-representation.

PROPOSITION 3.2.12. Let N™ = N,, be a reqular orbit of an s-representation through
an element w € p ~ R"*. Then the normal bundle vN is H-minimal in Tp ~ C"+* if

and only if [y =2 for all A € r,..

o6



PRroOF. For any normal vector u € v, N, we put ky(w,u) ;== —\(u)/A(w) for A € r.
Then, by Lemma 3.2.1, we have

n+k

N(w) = 3 {3 (o el )

a=n+1 Nery 1_’_/{ (w’u))Q
ra(w, vy Ku(w, )k, (w, vy)
<ZZA1+RA (w u)><l;”l“ H1+/~£§(’;U,u) >}

n+k

= 3 S uh-2) (w0, W (W, va) (3.20)

a=n+1 \ery 1 + I{)‘(w U))2

n+k

EYY iy e e, vo) e, )

a=n+1 (\,u)eR u{l—i_ﬁ (U) u)}{l—i_’iz( U)}

Note that
5 _ )
ot /{,\(w,ua)/ﬁu(w,l/a) = W (321)

for any A\, € r,. We denote the first and the second term of (3.20) by I(w,u) and
II(w, u), respectively. We first assert that II(w,u) vanishes for any u € v, N. Take an
element v € U, then we have

n+k

1 (0, V)i (0, va) or (10, 0) + (0, 0)}
Hw,u) = Z A;R“ M+ 2w}l 2w w)]

1 A, ) [ A (w) p(w 1 1
_ Ly gy, Bt g ) }

Pra(w,u) — mu(w,u) LT+ k3 (w,u) 1+ k2 (w,u)

(/\ HER

_ Z I W (w, 1) 1{ ! - ! } (3.22)

(/\u x L+ r3(w,u) 14 K2 (w,u)
(Ap)#0

where we assume k) (w,u) # k,(w,u) for any A\, p € r with A\ # p since u € Y. By
virtue of Lemma 3.2.9 and 3.2.10, the right hand side of (3.22) is the alternating sums for
the elements of each of cyclic subsets, and hence, II(w, u) vanishes on U/. However, since
II(w, u) is a continuous function on a = v, N, and since U is dense in a by Lemma 3.2.8,
we conclude II(w,u) = 0 on a = v, N,,. Therefore, by (3.20) and (3.21), we obtain

P\I Fa(w, u)
(w)? (1 + w3 (w, u))?

Ab(w, u) = I(w, u) Z In(ly (3.23)

A€ry

on v, N. Therefore, if [y, = 2 for all A € r, then A# = 0 on v, N. On the other hand, we

have an isometric action of K on v N which is naturally induced from the action of K on
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N, ie., k- (w,u) = (Ad(k)w, Ad(k)u) for k € K. Since Af = da is invariant under the
action, this implies A =0 on vN. Therefore, v N is H-minimal.

We shall show the converse. Assume that A8 = 0 on vN. Let W be a Weyl chamber
of the root system R. By Lemma 3.2.8, we see that Y N W # {¢}. Take a normal vector
uy € U NW, and set u(s) := sug + w € v, N with s € R. Then, by (3.23) and by the

assumption, we have an identity
0="> L(lx—2) AP ra(w, u(s)) [T {1+ m(w, u(s)}>. (3.24)
AMw)? ’ pA

Aery HET 4
BFEX

Since ry(w,u(s)) = —1 + ra(w, ug)s, the right hand side is a polynomial with respect to
s € R. We can extend this polynomial over the complex valuable, and choose a complex
number sy € C for A € ry so that 1+ ry(w,u(sy))? = 2 — 2k (w, ug) sy + ka(w, ug)?s3 =0
since ky(w,ug) = —A(ug)/A(w) # 0 for up € W. Moreover, since uy € U, we can show
that 1 + r,(w,u(sy))? # 0 for any pu € vy \ {\}. Then, substituting s, into (3.24), we
obtain [, = 2, since [, is a positive integer. Because A\ € r, is arbitrary, this proves the

proposition. O

3.3 Main theorem

In this section, we describe the main results of this paper. The notation is the same as in
the section 3.2.4.

Let G be a compact semi-simple Lie group and N,, = Ad(G)w a principal orbit of
the adjoint action of G in g through the regular element w, namely, NV, is the standard
embedding of a complex flag manifold (see also Subsection 2.2.2). Since g admits a G-
invariant inner product, we identify g with the Euclidean space R"**. We consider the
H-minimality of the normal bundle of the orbit N, in g.

Since the compact Lie group G is regarded as a symmetric space of the Riemannian
symmetric pair (G x G, AG), where AG = {(g,9) € Gx G;g € G} ~ G, and the isotropy
representation is equivalent to the adjoint representation of GG, we can apply the general

setting given in the subsection 3.2.4. More precisely, we have

u:g+gv U:UO:g+g_)g+gv (XaY)'_)(Y7X)7
t={(X,X); X €g}~g(as a Lie algebla),
p={(X,—X); X € g} ~ g (as a vector space).

We define a linear isomorphism between g and p by
¢:g_>p> X'_)(Xa_X)

o8



Since G is semi-simple, any orbit of the adjoint representation splits into a Riemannian
product of adjoint orbits of some simple Lie groups. Thus, without loss of generality, we
may assume that G is a compact, simple Lie group.

In this case, the complexification g© of g is a complex simple Lie algebra. Let t be a
maximal abelian subalgebra of g and R the root system of g€ with respect to the Cartan

subalgebra t©. Then we have a direct sum decomposition

o=+ g

a€R

where g$ := {X € g% ad(H)X = v/—1a(H)X VH € t} (see [58], Chapter V). We note
that dimcgs = 1 for any o € R. Take an ordering on t and denote the set of positive
roots by R,. We put

go = 0N (g5 +95,)

for a € R+. Then, we have a direct sum decomposition
g=1t+ Z G- (3.25)
a€R+

The space g, is a real vector subspace of g with real dimension 2. In fact, we can take
a basis of g, by Vi := X, + X _, and V5 := V—1(X, — X_,), where X, and X_, are
complex basis of g& and g€, respectively. We note that the basis satisfy

ad(H)V1 = a(H)Vz,  ad(H)Va = —a(H)V;

for any H € t.

Since t is a maximal abelian subalgebra of g, a := ¢(t) is a maximal abelian subspace
of p. Consider the restricted root system R of (g + g,0) with respect to a. We take an
ordering on a which is compatible with the ordering on t via the isomorphism ¢|;. For

any X € g, and H € t, we see

ad(¢(H))*(6(X)) =

This implies that A := a0 ¢! € R, and ¢(X) € p,. Combining this with the decom-

position (3.25), we see that there exist a one-to-one correspondence between R, and R,
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and under this correspondence, g, is isomorphic to p). In particular, m, := dimgp, =
dimgg, = 2 for all A € R, and R is itself a reduced system since the root system R of a
complex simple Lie algebra is reduced. Therefore, combining this with Proposition 3.2.12,

we obtain the following.

THEOREM 3.3.1. Let G be a compact, semi-simple Lie group and g the Lie algebra of
G and N" = Ad(G)w a principal orbit of the adjoint action of G on g ~ R"** through
w € g. Then the normal bundle vN is an H-minimal Lagrangian submanifold in the
tangent bundle T'g ~ C"*F,

We note that any normal bundle N over the principal orbit N = Ad(G) is trivial
as a vector bundle (see the argument in Subsection 2.2.2). Thus, v N is homeomorphic
to N x R*. Moreover, it is foliated by k-dimensional totally geodesic fiber. Such a
submanifold is called the k-ruled in C*** (If k = 1, it is nothing but the ruled submanifold
in the standard sense).

Moreover, we see the following:

THEOREM 3.3.2. Let N be a full, irreducible isoparametric submanifold in the Fu-
clidean space R"**. Then the normal bundle vN is H-minimal in TR ~ C"** if and

only if N is a principal orbit of the adjoint action of a compact simple Lie group G.

This theorem essentially follows from Proposition 3.2.12 and the following proposition
which follows from the general argument of symmetric spaces. We refer to [33] for the
general facts of symmetric spaces. The following proof is based on the argument of Loos
[58] Theorem 4.4 in Chapter VI and Takagi-Takahashi [94].

PROPOSITION 3.3.3 (cf. [58], [94]). Let (u,0) be an effective, irreducible orthogonal
symmetric Lie algebra of compact type, and u = €+p be the £1-eigenspaces decomposition
of 0. Then the following are equivalent:

(1) For the restricted root system R of (u,0), my =2 for all A € Ry.

(i) The dual u* := €+ p* of u, where p* := \/—1p, has a complex structure. Namely,
there exist an automorphism J on u* such that J* = —Id and J[X,Y] = [X, JY]
for any XY € u*.

(111) u is not simple.

(iv) (u,0) is isomorphic to an irreducible orthogonal symmetric Lie algebra of Type 11,
namely, € is a compact simple Lie algebra, u is isomorphic to €+ ¢ (direct sum), and

under this isomorphism, o is equivalent to the involution oy : €+ ¥ — €+ £ defined

by (X,Y) — (Y, X).

60



PROOF. (i) = (éi7). Let a be a maximal abelian subspace of p, and t be a maximal
abelian subalgebra of u which contains a. Then t* is a Cartan subalgebra of the semi-
simple complex Lie algebra u®. We denote the root system of u€ with respect to t€ by R,

namely, an element o of R is an linear form on t such that
uC = {X eu" ad(H)X = v—1a(H)X for any H € t} # {0}.

For a € R, we denote the restriction of a to a by @. Putting Ry := {a € R, a= 0}, we

have
R = {a; o€ R\RO},

where R is the set of all roots of (u,0) with respect to a (see Proposition 3.3 in [58],
Chapter VI). Taking an order on a, we denote the set of all positive roots in R by R,.
For A € R, we set Ry := {& € R; @ = A\}. Then the number of elements in R, is equal

to my. Now, we assume my = 2 for all A € R, i.e., R)\ has exactly two elements o and

[ such that A =a = j3.
CLAM 1. —o(«a) = B and (o, 5) = 0.

Since —o(a)(H) = —a(o(H)) = a(H) for any H € a C p, we have —c(a) = a.
This implies —o(a) = a or —o(a) = (. If —o(a) = «a, then —o () = 3, and it follows
that a|tN€ = B|tN€ = 0. Combining this with @ = 3, we obtain a = 3, and this is a
contradiction. Therefore, —o(a) = .

To prove (a, 3) = 0, it is sufficient to show that o & 3 & R.

Suppose a — (= a + o(a)) € R. Then, o(a) € R and [ug,ug(a)] = u§+a(a).

We

note that, for any X € u’ to(a) We have o(X) e ul to(a) Since t is o-invariant. Because
dimeug, ) = 1 and ¢ = Id, it follows that o(X) = X or o(X) = —X. Suppose

o(X)=—X. Since [H, X] = a(H)X +o(a)(H)X =0 for any H € a C p, we see X € a,
and this implies X = 0 because a® Nu’ () = 10}. Therefore, we have ¢(X) = X, and

a+o

) C €. However, for each X, € uS, we see 0[X,,0(X,)] = [0(Xa), Xo] =

(o)

C
hence, u, tola

—[Xa,0(X,)], namely, [X,,0(X,)] € p©. This contradicts €€ N p© = {0}. Therefore,
oa— B ¢R.

Suppose « + (= o — o(a)) € R. Then 2\ = a+( € R and —o(a + 3) = a + 4.
However, this induces a contradiction by a similar argument as above. Therefore, we
obtain («, 5) = 0.

CLAIM 2. Ry = {¢}, namely, @ # 0 for all a € R.

We take v € Ry. If (a,y) < 0, we have o + v € Rand a+7 =@ = A Then,
o+~ =f, and hence v = § — o € R which is a contradiction by Claim 1. Similarly, the

61



case {a,7y) > 0 is impossible. Therefore, we have (a,7) = 0 and hence,
R=RyU(R\ Ry) (3.26)

is an orthogonal decomposition of the root system R. Then the ideal of g which corre-
sponds to the root system Ry is contained in ¢ (Proposition 3.3 in [58], Chapter VI). Thus,
it must be zero since (u, o) is effective (namely, € contains no ideal of u except {0}). This
implies Ry = {¢}.

We choose a basis B of R which consists of simple roots.

CLAIM 3. —o(B) = B. Moreover, B is decomposable.

By Claim 2, we have @ # 0 for any o € R. Therefore Kera is a subspace of a which
does not coincide with a. Since R is a finite set, we can choose a non-zero vector H €
a\U, e Kera # ¢. Thena(H) = a(H) # 0 for all o € R, namely, H is a regular element
in t. Put RT(H) := {a € R; a(H) > 0}. Choose simple roots B(H) := {ay,...,q} in
R*(H). Then B(H) forms a basis of R.

For any o; € B(H), —o(a;) is also a root in R. Therefore, we may write —o(a;) =

Zé’:l aja; for ay,...,a; € Z. Then we have a; = — Zé‘:l a;jo(aj). Since, —o(a;)(H) =
—a;(0(H)) = a;(H) > 0 as H € a C p, we have —o(a;) € RT(H) for any j = 1,...,1.
Because «; is a simple root and a; € Z for all j, we obtain o; = —o(ay) for some k. This

implies —o(B(H)) = B(H).
We put B := B (H). Suppose that B is indecomposable, or equivalently, any two

clements of B can be joined by a chain (see Lemma A.2.2). Take a € B. Since

—o(a) also belongs to B, there exists a chain {ap,..., a1} such that ag = o and
a,+1 = —o(a). Take the smallest ¢ > 1 such that —o(o;) = a; € {ag,...,}. Then
{aji1,... 0041, —0(aq),...,—0(a;)} is a cycle in B. However, by Lemma A.2.2, it fol-
lows j = r and i = 1, or equivalently, —o(a1) = «,. Moreover, {ay,..., .} is a chain

connecting a7 and «,. By an induction, we end up with a root § such that —o(3) = 8
or —o(B) = ~ with (3,7) # 0. However, each case contradicts Claim 1. Therefore, B is
decomposable.
Since a basis B of R is decomposable, u is not a simple Lie algebra. This proves (iii).
(73i) = (iv). Assume that u is not simple. Since (u, o) is effective, there are no element
of ¢ except 0 which commutes with all elements of p. In particular, we see K acts on p

effectively. Moreover, by this assumption, we have

[p.p] =t (3.27)

First, we show that u contains no ideal invariant under o other than {0} and u. Suppose

there exist an ideal v’ invariant under o. Putting ¢ := u' N ¢ and p’ = ' N p, we have the
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direct sum v’ = ¢ 4 p’ and
[ep ] C e, u]neplcunp=yp

since 1’ is an ideal of u and [¢,p] C p. This implies p’ is an invariant subspace under ad(®).
Since (u,0) is irreducible, ad(€) acts on p irreducibly, and hence, we have p’ = {0} or

"=p. Ifp’ =p, then ¢ = [p,p] = [p/,p'] C ¥ by (3.27). Therefore, ¢ = £ and we conclude
wW==t+p=u Ifp’={0}, then ¥ =1’ and [¢,p] = [/,p] C v = ¥. On the other hand,
we have [¢',p] C p. Since ¥ Np = {0}, we obtain [¢',p] = {0}, namely, ¥ commutes with
p. Because K acts on p irreducibly, we conclude ¢ = {0}. Then v’ = {0}. Therefore, u
contains no ideal invariant o except {0} and u.

By the assumption that the semi-simple Lie algebra u is not simple, there exist a
simple ideal g in u. Since o is an automorphism on u, o(g) is also a simple ideal of u and
isomorphic to g. Then the sum g+ o(g) is an ideal in u invariant under o, and it follows
that

u=g+o(g). (3.28)

Since the intersection gNo(g) is also an ideal of the simple ideal g, we have gNo(g) = {0}
orgnNo(g)=g. lf gno(g) =g, g is invariant by o and we have g = u which contradicts
the assumption. Therefore gNo(g) = {0} and the sum (3.28) is a direct sum. This shows
that (u, o) is of Type II.

We give more details of (u, ). Consider a map defined by

p:9g—t &X):=X+0(X) (3.29)

Then it is easily verified that ¢ is an isomorphism between g and ¢ as a Lie algebra. In
particular, € is a compact, simple Lie algebra. Furthermore, (3.28) implies u is isomorphic
to the direct sum £+€. More precisely, this isomorphism is given by ¢ x oo™ : g+0o(g) —
£+ & Note that 0=! = o since ¢ is an involution. Then, under this identification, one
can easily check that o is equivalent to op: ¢4+ ¢ — €+ ¢ (X,Y) — (Y, X).

(iv) = (i). We have already shown in the proof of Theorem 3.3.1.

(77) = (iv). Assume u* admits a complex structure J. We denote the Killing-Cartan
form of the Lie algebra u* by 3, namely, 3 is defined by (X,Y) := tr(ad(X)ad(Y))
for XY € u*. Since J is a complex structure on u*, we have g(X,JY) = B(JX,Y)
for X,Y € u*. In particular, we obtain S(JX,JY) = —(3(X,Y). Take an element
X =JY € tn Jt then we have

BX.X) = BUY,JY) = —B(Y.Y). (3.30)

Since u is compact and semi-simple, the Killing-Cartan form " on u is negative definite on

u. Moreover, the restriction of 5’ to ¢ coincides with S|e. Therefore, 5 is negative definite
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on £, and hence, (3.30) implies X = 0. This means that ¢ N J& = {0}. Thus, we obtain
the direct sum decomposition u* = ¢ @ JE€ because dimgt = dimgp*. Moreover, since
(6, J¢] C Jt and [J¢, J€] C ¢, we have ad(JX)ad(Y)(¢) C J¢ and ad(JX)ad(Y)(JE) C ¢
for X, Y € & It follows that B(JX,Y) = tr(ad(JX)ad(Y)) = 0. Thus, ¢ is orthogonal to
J€ with respect to §. On the other hand, the direct sum decomposition u* = ¢ + p* is
also an orthogonal decomposition relative to (3, and hence, we obtain J¢ = p*.

Next, (3 is decomposed as follows (see [58] I, p.140):

B(X, X) = B"(X, X) + trp- (ad(X) |y-)? (3.31)
for X € ¢, where 3” denotes the Killing-Cartan form on £. From p* = J¢, it follows
p)? = trge(ad(X)]se)? = tre(ad(X)[e)* = 8"(X, X),

since J is a complex structure on u*. Combining this with (3.31), we obtain (X, X) =
20"(X, X) for X € ¢. In particular, " is negative definite on ¢ since so is 3. Therefore,

try- (ad(X)

£ is semi-simple and compact.

If [ is an ideal of €, then /—1JI C /—1J¢ = p and ad(¥)(v/—1JI) = [&,/—1JI] =
v—1J[¢,[] € /—1JI. Thus, v/—1JI is an invariant subspace in p with respect to the
action ad(t). However, by the assumption of (u, o), ad(€) acts on p irreducibly, and hence,
[ = {0} or &. Thus, ¢ is simple. Moreover, since u* = ¢+ J¢, we can define an isomorphism
(as a vector space) ¢ :u=Et++/—1JE > E+Eby ¢(X +/-1JY) = (X +Y,X -Y) for
X,Y € £. Under this isomorphism, it is easily verified that the involution ¢ is equivalent
to gg. Therefore, (u,0) is isomorphic to one of Type II.

(tv) = (i7). By the assumption, we identify (u,o) with (¢ + € 0¢). Then the £1-
eigenspaces decomposition is given by

u=t+p={(X,X); Xet}+{(X,-X); X €t}
Define an automorphism J on u* by J(X, X) := v/—=1(X, —X) and J(v/—1(X, —-X)) :=
—(X,X) for X € t. Then, it is obvious that J*> = —Id,. Moreover, for X,Y € ¢, we
have
J(X,X),(Y,Y)] = J(XY],[XY]) = vV-1([X,Y], - [X
= [(X,X),V-1(Y,-Y)] = [(X, X), J(V,Y)].
J(X,X),V=1(Y,-Y)] = J(V-1UX, Y], -[X,Y])) = (X, V], [X,Y])
= —[(X.X), (Y,Y)] = [(X, X), J(V-1(Y, -Y))].
JV=1(X, =X),V-1Y,=Y)] = —J(X,YL[X,Y]) = —V-1([X, Y], ~[X,Y])
= [V-1(X,-X),—(Y,Y)]
= [V-1(X,-X), J(V-1Y,-Y))].

Thus, J is a complex structure on u*. O
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Proof of Theorem 3.3.2. Let N be a full, irreducible isoparametric submanifold in R"**.
Suppose that the normal bundle ¥/N is H-minimal in TR"** ~ C"**. Then, by virtue
of Lemma 3.2.6, we may assume that N is a principal orbit of an s-representation of an
irreducible, simply connected Riemannian symmetric space U/K of compact type. Take
an effective and irreducible orthogonal symmetric Lie algebra which corresponds to U/K.
Then, for the restricted root system R of (u,0), we have [y, = my + mgy = 2 for all
A € r; by Proposition 3.2.12. If there exist a root A € r, such that 2\ € R, then it
follows my = mgy = 1. However, by Proposition 2.3 in [5], 2\ ¢ R whenever A € R
has an odd multiplicity and this is a contradiction. Thus, the restricted root system R is
reduced and my = [, = 2 for all A € R, = r,. Then by Proposition 3.3.3, we see that
(u, o) is isomorphic to the one of Type IT and the associated globally symmetric space is

a compact, connected simple Lie group . This proves the theorem. O

3.4 Non-complete examples

Let N™ be a submanifold in the unit sphere S"**~1(1) c R"**. We define the twisted
normal cone over N by CN = {(tp,sv) € R""* @ R"**: (p, v) € /N, t,s € R}, where
v1 N is the unit normal bundle of N in S"**~1. This notion was introduced by Harvey-
Lawson [31] in the construction of special Lagrangian varieties in C"™ from submanifolds

in the unit sphere. The twisted normal cone CN is regarded as the cone over

LN := {(cosfp,sinfv) € R*™ o R™™: (p,v) € »yN,0 € S'}.

n+k)—1

We remark that LA is a Legendrian variety in the unit sphere S with some

singular points. We note that if the normal bundle over the non-singular submanifold
C(N)* := C(N)\ {0} in R*™* is H-minimal in C"**, then so is CN.

Let {e1,---,e,} be an orthonormal basis of T,N such that A"(e;) = r;(p,u)e; for
i=1,---,n, where A is the shape operator of N in S"**~' We define tangent vectors
{e1(tp),--- ,en(tp)} of Ti,C(N)* by the parallel transport of the vectors {e;,--- ,e,}
along the geodesic v(t) := tp in R™*. Then {e,(tp), -+ ,en(tp), ens1(tp) :== ¥(t)} is an
orthonormal basis of T;,C'(N). Moreover, for the parallel transport u(tp) of a normal
vector u € v,N, it is shown that AP (e;(tp)) = (1/t)k;(p,u)e;(tp) for i = 1,--- n,
and A“*)(e, ., (tp)) = 0, where A is the shape operator of C(N)* in R™**. Namely, the
principal curvatures of C'(N)* at tp with respect to the normal direction u(tp) are given
by

1 1
;/il(p, u), -y, ;/@n(p, u) and 0. (3.32)

In particular, C(N)* is austere in R"™* if and only if N is austere in S"T+~1.
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LEMMA 3.4.1. Let N™ be an isoparametric hypersurface in the unit sphere S™(1) C

R™2. Then the mean curvature vector H of vC(N)* satisfies

"L 2ki(1 — K2) " Ki "1k
day(tp, sv) = —— 5t — < —>< —)st.
u(tp, sv) ;(94_32@2)2 ;tQ_{_SQKJ% ;t2+32n?
A proof is similar to the proof of Lemma 3.2.1. Thus we omit it.
It is well known that there exist a unique austere hypersurface in the family of parallel
hypersurfaces of an isoparametric hypersurface N when the multiplicities of the principal
curvatures are the same. Moreover, the austere orbits of s-representations are classified

in [40]. Thus, these twisted normal cones give examples of special Lagrangian varieties.

THEOREM 3.4.2. Let N™ be an isoparametric hypersurface in the unit sphere S™1(1) C
R™*2. Then the twisted normal cone CN is a non-minimal, H-minimal Lagrangian variety

in C"*2 if and only if N is locally congruent to one of the following:
(i) S*(r) in S3(1), where 0 < r < 1.
(ii) S™(1//2), where n > 1.

(i1i) S™ (1/v/2) x S™2(1//2), where my and my are positive integers with my +my = n

and my # ma.

PrROOF. We use the same notation as in the subsection 3.2.3.
(1) The case g = 1. We have from Lemma 3.4.1,

2 2 2 2
douyy (tp, sv) = ?gﬁils%lj)z)st o Zzﬁfsz,{g)gﬂ - n<2(t2 ?_)/:5;2)2% )St'
Thus day = 0 if and only if one of the cases n = 2, Kk = 0 and +1 occurs. When n = 2,
N is congruent to S*(r) in S3(1) for 0 < r < 1. When x = 41, N is congruent to the
sphere of radius 1/ V2.
(2) The case g = 2. In this case, the principal curvatures are given by k1 = cot 6y,

and ko = —1/cot ) = —1/k; for 0 < 6; < m/2. We denote the multiplicities of k1 and ko

by m; and ma, respectively. Then by Lemma 3.4.1, we have
my(2 —my)ki(1 — K?) ma(2 — may)ka(1 — K3)
(4 52 ( + #r)
_mlmQ(Kzl + ko) (1 — KiK2)
(12 + $2K3) (2 + s2K3)
Now, we set k := k1. Then it is shown that dag(tp, sv) = 0 for any s,t € R\ {0} if and

only if x satisfies the following equations:

day(tp,sv) = st

{my (2 — my)Kt + 2mimak? + ma(2 — ma) }(1 — k2) = 0,
{mimar® + (M1 (2 — my) + ma(2 — ma))k? + myma }(1 — £%) = 0, (3.33)
{m1(2 — my) + 2mimak® + mo(2 — mo)k1 (1 — k?) = 0.
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Therefore, if Kk = cotfy = 1 (we recall 0 < 0; < /2, and hence, k > 0), then the
equations (3.33) are satisfied. In this case, N is isometric to S™ (1/v/2) x S™2(1/+/2).
We note that this case includes the austere submanifolds, namely, the case of same mul-
tiplicities. We consider the case k # 1. Then, by taking the difference of the first and
the third equations in (3.33), we obtain m; = my. However, one can check that this case
does not have any real solution « of (3.33).

(8) The case g = 3. In this case, the principal curvatures are given by r; = cot(#; +
(1 —1)m/3) for i = 1,2,3, and 0 < 0 < /3, or equivalently, these are expressed by

K Ky oy = V3 kg = 2V V3 here x > ! (3.34)
= , = s = , W =y .
! 2 1+\/§li ’ 1—\/3/@ \/g

and all multiplicities of these principal curvatures are the same. We denote the multiplicity

by m. Then, we have from Lemma 3.4.1,

3 3 2
2k;(1 — K? 5 K 1 — K5
(5OCH tp, SV =m E t2 n 32/§2 st—m ( ’LE 1 m) < JEI m)st (335)

Now, we assume that day = 0 on vC'(N)*. Since s € R is arbitrary, we put s = 1. Then,
by canceling the denominators in the right hand side of (3.35), we have an identity for a
polynomial with respect to the parameter t. Since ¢ € R is arbitrary, all coefficients in

the polynomial vanish. In particular, the coefficient of the highest order term satisfies

3 3 3
mZZni(l—/{?) —m2<2mi><21—/{?> = 0. (3.36)
i=1 i=1 j=1
Substituting (3.34) into (3.36), we see that  satisfies the following equation:
3me(r* — 3){2(9x° + 9x* + 3962 + 7) — m(9x° — 276" + 636> +3)} =0.  (3.37)

This is always satisfied when k = v/3 which is the case of austere submanifold. Since
m € {1,2,4,8}, one can see that if m € {1,2,8}, there are no other real solutions. When
m = 4, there are two solutions k > 1/ V3 and k # /3, however, one can check that this
is not the case.

(4) The case g = 4. In this case, the principal curvatures are given by x; = cot(6; +
(it—1)m/4) (i=1,---,4), where 0 < #; < w/4, and these are expressed by

k—1 1 k+1
K1 =:K, Ko = PR I€3:—E, H4:—H_1, where k > 1.

The multiplicities satisfy the relation m; = mg, and ms = my. First, we show that if

day = 0 on vC(N)*, then m; = my. Assume day = 0. When t = s = 1, we have from
Lemma 3.4.1,

n 2

211— i ~ 11—
=S (S (S o
1= ]=
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Since k3 = —1/k; and k4 = —1/k2, we have the relations

Kipa(1 — ’4312+2) . ri(1— K7)

_ 3.3
I+ 2,)?  (Qrm2 (3.39)
KRit2 Ky

_ 3.40

N R (340)

1 — K2 1 — K2

T iatat (3.41)

Kiyo + K;

(2

for i = 1,2. Therefore, by substituting (3.39) thorough (3.41) into (3.38), we obtain

k(1 — K?)
(1+k2)%"

dmyki(1 — K2)  dmaora(1 — K3)
0= — d(my —
A+m)? | (+m)p (1 = ma)

Since k > 1, this implies m; = msy. Hence, if day = 0, then all multiplicities are the
same. Then, as in the case g = 3, we can deduce a necessary condition of k. The details

are left to the reader. We only give the corresponding equality of (3.37):

mr(1 — k%) (K — 25 — 1)(K* + 2k — 1) (3.42)
x{2(k® 4+ 2K% 4+ 105" + 267 + 1) — m(k® — 4k° + 226* — 46> + 1)} = 0,

where m = m; = my. In the case Kk = v/2 + 1, the equality (3.42) is satisfied, and this
is the case of austere submanifold. On the other hand, by the result of Abresch [1], we
know m € {1,2}, and hence, one checks that there are no real solutions of (3.42) which
satisfies the conditions x # V2+1and k> 1.

(5) The case g = 6. In this case, the principal curvatures are given by k; = cot(6; +
(t—1)7m/6) (i=1,---,6), where 0 < #; < w/6, and these are expressed by

\/§li—1 m—\/g 1 /{—1—\/3 _\/§/£+1

—7K‘/:—7l§/___7/€__—7,£_ )
/€+\/§ ’ \/gli—i-l ! P \/§/€—1 0 /@—\/5

where £ > /3. All multiplicities are same, and we denote it by m. Therefore, by the

K1 =! R, Ry =

same argument as in the case g = 3, we obtain a necessary condition of x corresponding
to (3.37). The equality is given by

3m(k? —1)(k* — 4k + 1) (k* + 4k + 1) (3.43)
x{2(9x' + 3650 + 255x% — 56k° + 255k + 36K2 + 9)
—3m(3k'? — 18k + 285K° — 412K° 4 285K* — 18k + 3)} = 0.

When x = 2 + /3, it gives an austere submanifold. On the other hand, since m € {1,2},
one can check that there are no real solutions which satisfy the equation (3.43) with the
conditions k # 2 + V3 and k > /3. O
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REMARK 3.4.3. In [88], Sakaki classified all surfaces in R* with H-minimal normal
bundles in C3. His classification result asserts that S?(r) with r > 0 and the cone over
S'(1/+/2) are the only examples of non-austere surfaces in R? with H-minimal normal

bundles.

REMARK 3.4.4. By the result of Ichiyama-Inoguchi-Urakawa in [35], it is known that
S™(1/y/2) and S™ (1/v/2) x S™(1/+/2) with m; # my are the only examples of non-
minimal, bi-harmonic isoparametric hypersurfaces in the unit sphere.
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Chapter 4

On the minimality of normal bundles

and austere submanifolds

4.1 Preliminaries

Up to now, we consider a submanifold in the Euclidean space R™. In the following, we

generalize R” into a Riemannian manifold M.

4.1.1 Tangent bundles and the Sasaki metric

Let (M, (,)) be an m-dimensional Riemannian manifold, 7'M the tangent bundle over
M, and 7 : TM — M the natural projection. For a vector field X on M, we define two
vector fields on T'M, the horizontal lift X" and the vertical lift X” by X"a := V xa, and
X'a = a(X) om, respectively, where V is the Levi-Civita connection with respect to the
Riemannian metric (,), and a is a 1-form on M which is regarded as a function on T'M.
If we choose a local coordinate (z!,---  2™) of M, then we can choose a local coordinate
(pt, -+, p™ ¢t -, q™) of TM, where 2 = plom, and (¢*,- - - ,¢™) is the fiber coordinate.

With respect to this coordinate, a local expression of X" and XV is given by

0 o 0 o,
h __ i i k v i

where X = X! a?c“ Ffj’s are the Christoffel symbols of V, and we use the Einstein con-
vention. The connection map K is a bundle map K : TT'M — TM defined as follows.
Let exp, : V' — V be the local diffeomorphism of the exponential map from a open
neighborhood V' C T,M to V := exp, (V') C M, and 7 : 7='(V) — T, M be the smooth
map which translates every Y € 7= 1(V) from ¢ = 7(Y) to p in a parallel manner along
the unique geodesic curve in V. For u € T,M, the map R_, : T,M — T,M is defined by

R_y(X):=X —ufor X € T,M. Then we define K, := d(exp, o R_,0T).
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Let ¢ be a smooth section in TM with &(0) = z,¢(0) = V € T.TM. Put ¢ := 7o ¢.

Then the connection map satisfies
K.V =V (4.2)

For z = (p,u) € TM, we define vector subspaces of T,TM by H, := KerK, and V, :=
Kerdr,. Then the tangent space of T'M has a direct sum decomposition T,7M = H. D V..

Since the horizontal and vertical lifts are characterized by the following properties
(XM, = X, m.(XY). =0, K(X"), =0, and K(X"), = X,

for any vector field X on M, we have vector space isomorphisms m, : H,—=7,M and
K : V,=T,M. Thus, every tangent vector \72 € T, TM can be decomposed into \72 =
(X,)! + ()2, where X,,,Y, € T,M are uniquely determined by X, := 7,(V.) and Y, :=
K(V.). We call (X,)! and (Y,)? the tangential component and the wvertical component of
the tangent vector V., respectively.

The tangent bundle 7'M admits an almost complex structure J defined by JX" = X*
and JXV = —X" for any vector field X on M. The Sasaki metric § is a Riemannian

metric on T'M defined by
J(X,Y), = (X, 1Y), + (KX KY),

for X,Y € T,TM. By the definition, the splitting T.TM = H. & V. is orthogonal with
respect to g.

The Riemannian metric (,) on M defines the standard identification between the
tangent bundle T'M and the cotangent bundle T*M, namely, ¢ : TM — T*M via X, —
(X,, ). The Liouville form v € QY(T*M) is the 1-form defined by 7(p,x)(‘~/) = (T (V)),
where V is a tangent vector of T*M. The canonical symplectic structure on T*M is
defined by w* := —d~. Then we can induce a symplectic structure on T'M by w := t*w*.
It is easily shown that the almost complex structure J and g are associated with each
other, i.e., it gives an almost Hermitian structure on T'M, and w is the associated 2-form,
i.e., w=g(J--) (see [13]). Since w is closed, this almost Hermitian structure defines the
almost Kahler structure on T'M. We remark that this almost Kéahler structure is Kahler
if and only if (M, (,)) is flat.

The Levi-Civita connection with respect to the Sasaki metric satisfies the following

relation for the horizontal and vertical lifts:

TV = (Ta)! = S(RX, Y, (43)
(Vb)) = (B Y)X)E+ (TxY )L, (4.4)
(Vo ¥h), = %(}_%(U,X)Y)Z, (4.5)

VYV = 0, (4.6)



where X, Y € I'(TM), and R denotes the curvature tensor of V.

4.1.2 Lemmas in the general setting

Let N be an n-dimensional submanifold of M. We denote the normal bundle of N by

vN, ie.,
vN :={z= (pu) e TM|pe Nandu L T,N} C TM.

Then vN is a submanifold in TM. Fix an arbitrary point 2o = (pg,ug) € vN. We
can choose a local field of orthonormal frames {e;,--- ,e,} around py in N such that
A" (e;)(po) = ki(z0)ei(po) for i = 1,--- ,n. In other words, the shape operator A" is
diagonalized by the basis at pg, and k;(29) is the eigenvalue of A". Choose a local field
of orthonormal frames {v, 11, -, vy} of the normal space of N around py.

Index convention : Throughout this chapter, we use the following indices:

i k... e{l,....n}k
a, 3,9, ...€{n+1,...,m}.
A, vy .o €{1,...,m}.

LEMMA 4.1.1. Let {e1, - e} and {vpi1, -+ ,vm} be a local field of tangent frames
and normal frames of N respectively defined as above. Then we have a local field of frames
of UN:

Ei(z2): = (e)l— (A%es))?,
Ea(z): = (Va)g,

where A" denotes the shape operator at p € N in M with respect to the normal vector u.

PROOF. First, we show that F;(z) is a tangent vector of ¥N. Fix a point z = (p,u) €
vN. Let ¢; : I — N be a smooth curve with ¢;(0) = p and ¢ = e;(p) where [ is an
interval containing 0. We can take a curve ¢;(t) := (¢;(t), v(¢;(t))) in vN C T'M such that
v(c;(t)) is a parallel transport of the normal vector u along the curve ¢; with respect to

the normal connection V+. Then we have

@) = 3| meat=c)=e
KEO) = | K oa) = Varla)leo = —A4%(e).

Thus E;(z) = &(0) = (e;)" — (A%(e;))? is a tangent vector of vN.
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Next, we show E,(z) is a tangent vector of vIN. We take a curve ¢,(t) := (p, tv, + u)
in N C TM. Obviously, 7,(¢4(0)) = 0. On the other hand,

d

K(&a(O)) = 7 t:OK o 6a(t>
B % t:oexpp(T(éa(t)) N u)
- % _ oxpp(tra) = va.

Thus, E,(2) = ¢4(0) = (v4)Y is a tangent vector of vN.

For the point zg = (po, ug), we have

I(Ei Ej)zy = {eiej)pe + (A"(ei), AM(ej))po = (14 K7 (20))d554
g(Eza Ea)zo = 07
§<Ea’Eﬁ)Zo = <V047V5>p0 = dag.

These imply that {F;, E,} are linearly independent around z,. Thus this gives a local
frame of v N. O

Note that by the proof of Lemma 4.1.1, we have an orthonormal basis of T, ,vN by

El(z0) = H;HMEZ-(ZO), E',(20) = Ea(z). (4.7)

Recall that the symplectic structure on (7'M, g) is given by w := §(J-,-). Then

w(E;i, Ej) = ki(20)0i; — £j(20)0;; = 0, and w(E;, Ey),y = w(Ea, Eg),, = 0 for any

1,7 =1,---,nand o, = n+1,--- ,m. This means that the normal bundle vN is a
Lagrangian submanifold in (T M,w).

By a direct computation using the formula (4.3) through (4.6), we have the following

formula at the point zy = (po, uo).

(VEE)(20) = {veiej—%/ﬁi(zo)ﬁ(uo,ei)ej—%l-{j(zO)}_%(uo,e]) }h (4.8)
— {ki(e0)Vees + ;R(el,e] u0+;E (e), el)el}zo,
(VnE0) = {FRov)e} +(Toma, (1.9)
(Vi E)(z) = {%E (o, va)e }ZO—<zn:Ea<A“(ei),el>el>:, (4.10)
(Vi.Es)(20) = 0, - (4.11)

where all the tensor fields and the differentials take values at py.
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In general, the almost complex structure J is not integrable. The following equalities

follows from a direct computation:

(Ve J)Ej(%) = %{E(uoa ej)ei — 1i(20)k; (20) R (uo, €;)e; — Rlei, ej)u} (4.12)

{0 R, €5 )es + o) R, ey — () Riew e)uol,
(Vi) Ealz0) = g lm(zo) Bluo, vty — 5 (Rl v}l (113)
(Vr D) E20) = 5 {miCeo)Bluo, valertl, = 5 {Rluo, va)er}, (1.14)
(VD) Ean) =~ {Bluo, va)valy (4.15)

We denote the second fundamental form of N by B. Then the mean curvature vector
of vN in TM is defined by H := trB. We define

Syw = G(JB(Ex, E,), E,).
Then, by using (4.3) thorough (4.8), we have the following .

Sirlz0) = EufA"(es), ) (20) + (ksz0) — mn(20))(Veves, ) (4.16)
b SR, en)ess ) + 5ro)n(zo) (Rluos o), )
— (o)) (Rlun, €5 )en, €3,
Sala0) = (A (e0),e) — i) (Bluo, ex)es, vl (4.17)
- %/@(%)(E(uo,ej)ez,ua),
Siag(0) = (A" (ex),e5) — () Ruo, vdes ), (4.18)
Siaalz0) = 5 (Rluo,va)es, ), (4.19)
Sasn(0) = 0, (4.20)

where we use the Bianchi identity to derive the equality (4.16). We note that Sy, = Sy
by definition. Moreover, it is notable that the equality

S)\uu - S/\Vu = _g((ﬁE,\ J)E;u El/) (421)

holds since vN is Lagrangian. Therefore, S is symmetric in three indices when J is

integrable.

LEMMA 4.1.2. For the local frame {E;, E,}, we have the following formula at zy =
(p07u0)'

Siij(z0) = Ej(A"(e:),ei)(z0) + (ki(20)k;(20) — 1)(§(u0, ei)ei, €j),

Siia( ) = Ea<Au(€Z‘), 62')(20) — /{i(zo)<R(u0, 62')67;, Va>.

74



PROOF. By (4.12) we have

. 1 _ _
(Ve J)Ei(z0) = —§(H?(ZO) — D{R(uo, e5)ei}s, + ri(z0){R(uo, e:)ei}?,-
Combining this with (4.21), we obtain
1, _
Siis = Sy = {5(R2(z0) = 1) + ki) (20) f (Riuo, ei)ess e5),
Siia — Saii = —fﬂli(zo)u_z(uoa €i)€i; Va)-

On the other hand, by (4.16) and (4.18), we have
1 —
Si = Ei{A"(e:),e) = 5{ (14 K2 (z0) (Rluo, ei)ess )|
Seii = Eoc<Au(ei)7 6i>
From these, we get the required formula. O]

The main purpose of this section is to investigate the extrinsic properties of Lagrangian
normal bundles in (7'M, g). First, we observe the simplest case, namely, totally geodesic

case:

PROPOSITION 4.1.3. Let N™ be a totally geodesic submanifold in a Riemannian man-

ifold (M™,(,)). Then the normal bundle vN is a minimal Lagrangian submanifold in
(T'M, g).

PROOF. Suppose N™ is a totally geodesic submanifold in (M™, (,)). For i,j, k, we
have from (4.16)

1
(R(es, ¢j)uo, e) = =5 {R(es, ¢5)ex, uo)

_ _%«v;ﬁ)(ej,ek) — (VL B)(essex) o) = 0,

| —

Sz'jk:(zo) =

where (= 0) is the second fundamental form of N in M, and we use the Codazzi equation.
Moreover, we see Sii; = Siia = Saai = Saap = 0 at any point 2z, by (4.16) through (4.20).
This implies trB(z) = 0. Thus, we obtain the proposition. ]

The following proposition shows an obstruction for a normal bundle to be totally

geodesic.

LEMMA 4.1.4. Let N™ be a submanifold in a Riemannian manifold (M™,(,)). The
normal bundle vN s totally geodesic in (T'M,g) if and only if N is totally geodesic and

any normal space v,N for p € N is curvature invariant, namely, R(u,v)w € v,N for any

u,v,w € v N.
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ProoF. Assume vN is totally geodesic, namely, Sy, = 0 on vN. Fix a point zy =
(po,up) € VN, and take the orthonormal basis {e;}"_; as above. For any t € R, each
e; is the principal direction with respect to the point (po,tug), i.e., A™(e;) = tr;(20)e;.
Set a function of ¢ € R by f0 (t) := Syu(po,tug). Then by (4.16), we see that f5),
is a polynomial in ¢, and by the assumption, this polynomial is trivial. For instance,
fipn = 0 implies (A" (e;),e;) = 0 for any i, j,a. This means that N is totally geodesic.

In particular, we have k;(z9) = 0 for any i. Moreover, N must satisfy

(R(ug,ex)ei, e;) =0, and (4.22)
(R(ug, va)vg, €;) =0 (4.23)

by (4.16) and (4.19) for any i,j, k, o, 5. Here, (4.22) is automatically satisfied since N
is totally geodesic, and we use the Codazzi equation. (4.23) implies (R(ug,v)w)’ = 0
for any v,w € v, N. Because z, is arbitrary, IV satisfies the required properties. The

converse obviously follows. O

Suppose M ~ U/K is a Riemannian symmetric space with the canonical decomposi-
tion u = £ +m. Then, it follows from the result of E. Cartan (cf. [10], Theorem 8.3.1 or
Corollary 9.1.1), a subspace V' C T,M is curvature invariant if and only if there exist a
totally geodesic submanifold N+ of M such that T,N+ =V and p € N*, or equivalently,
V is a Lie triple system in m, namely, [[V,V],V] C V.

Let N be a connected component of the fixed point set of an involutive isometry oy
on a complete Riemannian manifold M. We call N a reflective submanifold, and the
involution oy is called the reflection of N. Then, N is automatically totally geodesic.
However, the converse is not true in general. For instance, a submanifold N in the
complex space form CP™ (resp. CH™) is reflective if and only if N is a totally geodesic
complex submanifold CP"™ (resp. CH") where n = 1,--- ,m — 1, or the totally geodesic
Lagrangian submanifold RP™ (resp. RH™).

Let N be a reflective submanifold in a Riemannian symmetric space M = U/K.
Denote the reflection of N by o and the geodesic symmetry of M at p by o,. Then, the
isometry oy o 0, is involutive, and the connected component N of the fixed point set of
o) 00, is a totally geodesic submanifold such that p € N+ and T,N+ = v, N. Therefore,
v,N is curvature invariant for each p € N by Cartan’s theorem. Conversely, if M is
simply-connected, and V' is a curvature invariant subspace in T, M satisfying V+ C T,M
is also curvature invariant, then there exists a reflective submanifold N of M with p € N
and T,N = V (see Proposition 9.1.6 in [10]). Combining this with Lemma 4.1.4, we
obtain:

THEOREM 4.1.5. Let N be a connected submanifold (possibly, a point) in a simply
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connected Riemannian symmetric space M. Then the normal bundle v N is totally geodesic
in (TM,q) if and only if N is a reflective submanifold.

Next, we define the mean curvature form of a normal bundle vN by o := w(H, )|p,n =

G(JH,")|ryn, where H is the mean curvature vector of vN.

LEMMA 4.1.6. Let N™ be a submanifold in a Riemannian manifold (M™,(,)). Denote
the eigenvalue of the shape operator A of N at a point z = (p,u) € vN by {r;(2)}.

Then the mean curvature form of the Lagrangian normal bundle vN in (TM,g) is given

by
ag =di + R,

where
Z arctan r;(2) (4.24)
i=1

and R is an 1-form which is expressed by

R(z) = Z <i ki(20)k;(20) — 1<E(U,€i)€¢, ej>>E;

2
jfl prlR A C))
K,Z Zo
- Z (Z R(u ei)ei,ya>>E;
a=n+1 =1 1+ KJ

at zo € vN, by using the local frame {E;, Eo} around zy given in Lemma 4.1.1.

PROOF. Since B(E,, E,) = 0, we have

n

§(JB(E;, E;
221”"3 ( ); )

Here, by Lemma 4.1.2, we obtain

n

ap(Ej)(20) = ZHH;%ZO)SW

n

= F; < Z arctan(A"(e;), e,-)) (z0) + Z Ri(ioj)f/igii)_ L (R(uo, €;)ei, e;),

n

ag(Ea)(z0) = ZHR;Z(ZO)SM

= FE, ( Z arctan(A"(e;), ei>> (20) — Z M(R(uo, €i)€i, Vo),

i=1 1 1+ K7(20)

7



and hence,

ag(z0) = d( i arctan(A"(e;), ei>> (z0) + R(20).

=1

However, one can see that the first term coincides with df (see the proof of Lemma
3.2.1). O

COROLLARY 4.1.7. Let N™ be a submanifold in a Riemannian manifold (M™,(,)).

If the normal bundle vN is minimal in (T'M,g), then N is a minimal submanifold in

(M, (,))-

PROOF. Suppose a7 = 0. Then, we have from Lemma 4.1.6, df = —R. Substituting
we obtain the equality U(f#) = —R(U), and this

the canonical vertical vector U := uy,

implies

n

. ) > M@(Uo, €;)ei, Uo) (4.25)

1+ 163 (20) = 1+2k(20)

for a point zy = (po,uo) € YN and t € R, since we can choose the same eigenvectors
{e;}, for each (po,tug). Taking t — 0 as t # 0, we have > . | k;(z9) = 0 from (4.25).

Thus, N is a minimal submanifold in M. O

We note that the converse of this corollary does not hold in general. If the ambient
manifold M is flat, namely, R = 0, Lemma 4.1.6 implies that the normal bundle VN is
minimal if and only if df = 0. However, the latter condition is equivalent to § = 0 (mod 7)
by the same argument as in the proof of Proposition 3.1.3. A submanifold N with § =0

is called austere of which notion is stronger than minimal.

LEMMA 4.1.8. For a connected submanifold N in a Riemannian manifold (M, ,)),

the following conditions are equivalent:

(i) 0 := Zarctanﬁ;i =0 (mod 7) on vN.

=1

(i) dd =0 on vN.

(111) U(Q) := dO(U) = 0 on vN, where U := u? is the canonical vertical vector field.

(1v) Poy1(20) := Z K2 (20) = 0 for any zy € YN and k € Zsy.

%
=1

(v) Sok+1(20) = 0 for any zo € vN and k = 1,...,[(n — 1)/2], where S;(z0) is the l-th

elementary symmetric polynomial in {k;(20) }1;-
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(vi) The set {ki(z0)}" is invariant under the multiplication by —1 for any zy € vN.

PROOF. We have already shown that (i) < (ii) < (v) in Proposition 3.1.3. (i) = (i)
and (vi) = (i) are obvious.
(i7i) = (iv): Suppose U(f) = 0 on vN. This is equivalent to

n

Y tr;( 2
o ; arctan :‘ii(po, (7' + 1)tu0) — Z ¢ —0

— 1+ t2K2(z0)

d

U(0)(po, tug) = e

for any zo = (po, uo) € 1N and ¢t € R. Then the Taylor expansion at ¢ = 0 implies that

i<_1)k<i ﬁ?k+1(20)>t2k+1 0

k=0 =1

on a small neighborhood of t = 0. Thus, we have (iv).

(iv) = (v): By the Newton’s formula, we have

2%k-+1
(2k +1)Sars1(20) = > (1) Sap1-5(20) Ps(20)
j=1
for k > 1, where Pj(zo) :== > ., /{f(zo). Suppose Pay1(29) = 0 for £ > 0. Then, by an
inductive argument, we obtain Sgy1(z9) = 0 for any k£ > 1.

(v) = (vi): It obviously follows from the relation

n n

[ = ri(20) =D (—1)*Su_i(z0)".

i=1 k=0

]

DEFINITION 4.1.9. We call a submanifold /V in a Riemannian manifold (M, (,)) austere

if it satisfies one of the conditions in Lemma 4.1.8.
It is obvious that an austere submanifold is automatically a minimal submanifold.

EXAMPLE 4.1.10. (1) A surface in a Riemannian manifold is austere if and only if it

is a minimal submanifold.
(2) Any complex submanifold in a K&hler manifold is austere.

(3) All austere orbits of s-representations in a sphere S™*! are classified by Tkawa-Sakai-
Tasaki [40]. For instance, for an isoparametric hypersurface in S™*! having the
principal curvatures with the same multiplicity, there exist an unique austere hy-

persurface in the parallel hypersurfaces.
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(4) Any focal variety of isoparametric hypersurfaces in a sphere is austere [41]. As a
generalization of this fact, Ge and Tang proved that any focal variety of an isopara-
metric hypersurface with constant principal curvatures in a Riemannian manifold is

austere [28].

(5) Any singular orbit of cohomogeneity one action on a Riemannian manifold is austere
[40]. In fact, these singular orbits are contained in the class of weakly reflective
submanifolds. In general, a submanifold N in a Riemannian manifold M is called
weakly reflective if, for each normal vector v € v,N and p € N, there exist an

isometry o, on M such that

oulp) =p, (do)y(uw) = —u, o, (N)=N.

This o, is called the reflection of N with respect to u. A reflective submanifold
is also weakly reflective. A weakly reflective submanifold is automatically austere
submanifold (see Proposition 2.5 in [40]). In [40], they classified all the weakly

reflective orbits of s-representations.

(6) If N is an austere submanifold in the sphere S"*1(1), then the cone C(N) := {tp €
R"™2: p € N, r € Ryy} of N is austere in R™™. Furthermore, suppose N is
contained in an odd-dimensional sphere S***!(1) C C"*! and S'-invariant under
the Hopf action. Let N be the projection of N via the Hopf fibration. In general, N
is not an austere submanifold in CP", but if N is weakly reflective and the reflections
are unitary transformations, then N is weakly reflective in CP™ [40]. For instance,
we obtain examples of austere submanifold in CP" from weakly reflective orbits of

the s-representation of an irreducible compact Hermitian symmetric pair.

(7) Example given in [85] (Thanks to Dr. M. Dominguez-Vézquez’s information). Con-
sider the complex hyperbolic space CH" = G/K = SU(1,n)/S(U(1) x U(n)) of
holomorphic sectional curvature —1 with n > 2. Let g and € be the Lie algebra of
G and K, respectively, and g = £ + p the Cartan decomposition. Choose a maxi-
mal abelian subspace a of p. Since CH"” is a rank 1 symmetric space, dimga = 1.
Then, we have a root space decomposition g = g_94 + §—o + go + 8o + g2o. Here,
dimggy, = 2(n — 1) and dimggis, = 1 (see [97]). We take an ordering on a so
that the root « is a positive root. Let n := g, + g2o. Then, g = € + a + n is the
Iwasawa decomposition of g. Put s := a4+ n. Then, s is a Lie subalgebra of g, and
the Lie subgroup S which corresponds to s is a solvable Lie group. Moreover, S
acts on CH" simply transitively, and the isotropy subgroup at the origin o is trivial.
Thus, we obtain the diffeomorphism CH™ ~ S -0 ~ S. Under the identification,
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we introduce a Kahler structure on S from CH", and we identify S with CH™ as a
Kéhler manifold (see [97] for more details).

Let to be a subspace of g, and ' the orthogonal complement of w in g,. Then,
Swp = 0+ 10 + gy, is a solvable Lie subalgebra of s. Let S, be the corresponding
connected Lie subgroup of S whose Lie algebra is s,. We definite a submanifold
Wy as the orbit Sy - 0. Then W, is a homogeneous submanifold of CH"™ with
codimention %k := dimgto®, and Wy, is an austere submanifold. Moreover, a tube
MT of radius r > 0 around W, is an isoparametric hypersurface in CH™ which has,

in general, non-constant principal curvatures.

We refer the reader to [37] and [41] for other known examples of austere submanifolds.
In surface case, the minimality is equivalent to the austere condition. Corollary 4.1.7
implies that the austere condition is necessary for the minimality of normal bundle of any
surface in a Riemannian manifold. Conversely, the next proposition gives an obstruction

of the minimality of normal bundles of minimal surfaces.

LEMMA 4.1.11. Let N? be a minimal surface in a Riemannian manifold (M™,(,)).
Then, the normal bundle of vN is minimal in (TM, g) if and only if N? satisfies one of

the following conditions:
1. N? is totally geodesic, or

2. R(u,e;)e; = R(u,ez)ey for any u € v,N and p € N, where {e,ex} is the eigenvec-
tors of the shape operator A*.

PRrOOF. Since N is austere, we have # = 0 on v/N. Moreover, the 1-form R becomes

R(z) = —(R(u,es)es,er)Ef — (R(u,ei)er, es) B
+Z1f/<:0z0 ( (“761)617’@—U_%(“a@)ezﬂ/@)E;-

When N is totally geodesic, R identically vanishes (cf. Proposition 3.1.3). Assume N is
not totally geodesic, i.e., k; # 0. If ¥N is minimal, then R = 0 on vN by Lemma 4.1.6.
Since {E;, E,} are lineally independent, this is equivalent to

(u,e3)es, 1) = (R(u,e1)er, ex) = 0, and (4.26)
(u,e1)e1, V) = (R(u, ex)ey, vy) for a =3,... ,m. (4.27)

= =

(4.26) implies that R(u,e;)e; (i = 1,2) is a normal vector of N. Hence, by (4.27), we
conclude R(u,e;)e; = R(u, e)es. O

81



We see that the second obstruction in Lemma 4.1.11 always vanishes when the ambient
space is the real space form. Thus, any minimal surface in the real space form has a
minimal normal bundle in (7'M, g). This fact is generalized in the next section. However,
we see in Section 4.4, there exist a minimal surface in the non-flat complex space form

which does not have minimal normal bundle.

4.2 On the minimality of normal bundles in tangent

bundles of the real space forms

In this section, we assume that the ambient space M is the real space form M/(c), that
is, a complete Riemannian manifold with constant sectional curvature c. It is well-known
that if M is simply connected and ¢ > 0, then M(c) = S™(c) the sphere, if ¢ = 0, then
M (c) = R™ Euclidean space, and if ¢ < 0, then M(c) = H™(c) Hypabolic space. The

curvature tensor of the space form M(c) is given by

R(X,Y)Z =c({Y,2)X — (X, 2)Y).

PROPOSITION 4.2.1. Let N be a submanifold in the real space form M = M(c). Then

the mean curvature form of vIN in (T M, g) is given by
ag =df —cU(O)U"

where 0 is defined by (4.24), U is the canonical vertical vector field which is defined by
U, :=u?, and U(0) := do(U).

z?
PROOF. Since M is a real space form, we have

(R(u,ei)es e) = c{{es en){u, e;) — (u, eq){ei e5)} =0,

(R(u,e)ei va) = cllei, e {u, va) — (ue)es, va)} = clu, vy)

and hence,

n

R(z) = — ;1 <; %c(u,ya))l?z = —cU(0)U"(2).

Therefore, by Lemma 4.1.6, we obtain the required equality. O

As a generalization of Proposition 3.1.3 (or Theorem 3.11 in [31]), the following propo-
sition was first obtained by Cintract-Morvan [23]. We give another proof using the mean

curvature formula.
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THEOREM 4.2.2. Let N be a connected submanifold in the real space form M = M(c).
Then the normal bundle vN is a minimal Lagrangian submanifold in (T M, g) if and only
if N is austere in M.

PRrOOF. By Proposition 4.2.1, the normal bundle v/N is minimal in (7'M, g) if and
only if the following equality holds:

9 = cU(0)U*, (4.28)

on vN, where 6 := >  arctank;. If N is austere, then § = 0 and the equality (4.28)
holds. Conversely, when (4.28) holds, substituting the canonical vertical vector U to
(4.28), we have U(0) = cU(6)|u|? for each point z = (p,u) € vN. If ¢ = 0 or ¢ # 0
and |u|? # 1/¢, this equality implies U(6) = 0. However, U(f) is continuous on vN, the
function U(#) vanishes on vN. Thus N is austere by Lemma 4.1.8. [

4.3 Unit normal bundles

Mean curvature formula

In this section, we investigate the minimality of unit normal bundles in the unit tangent
bundle over the space form. The unit tangent bundle is a hypersurface in the tangent
bundle TM which is defined by T'M := {z = (p,u) € TM | {u,u) = 1}. The canonical
vertical vector U is a vector field on T'M which is defined by U, := u}. For each z € T\ M,
the canonical vertical vector U, gives an unit normal vector of Ty M in (T'M, ). The almost
Kahler structure on T'M indues a contact metric structure (¢, &, 1, g1) on Ty M as follows
(we refer to [13]): The Reeb vector field & := —2JU, the contact 1-form 7 := 2g(&, *)|r,m,
the (1,1)-tensor ¢ := J — 2n ® U, and the Riemannian metric g; := }Lg. Note that this
contact metric strucure becomes K-contact (or Sasaki) if and only if (M, (,)) has constant
curvature 1 (see [13]).

Let N be a submanifold in M. The wunit normal bundle is a submanifold in v; N
defined by iy N := {z = (p,u) € vN | g(u,u) = 1}. By a similar argument as in the
previous section, one can show that 11V is a Legendrian submanifold in (71 M, ¢, &, 1, g1)

i.e., |,y = 0. Using the Legendrian condition, we have the following isomorphism:
L(v(nN)) = QY N) @ C™®(N)

Ve (= gVidn ),

where | denotes the inner product. Note that —3V]dn = g1(¢V,-)|,,n in our notation.
The following mean curvature formula is a generalization of Theorem 2.3.8 (see also the

next subsection).
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PROPOSITION 4.3.1. Let N be a submanifold in the real space form M(c). Then the

mean curvature vector Hy of N — (T1 M, g1) corresponds to

(d0lurn), (1 = AUy ).

PrOOF. We have the following diagram:
vN — TM
[
nN — T1M
We assume all manifolds in the above diagram admit the induced metric g. Denote
the mean curvature vector of the immersions yN — (T1M, §) and »yN — (T'M, g) by
Hi and HY respectively. By using the above diagram, one can easily show that H{ =
H+ fU = H{+ fU on v N for some function f € C*(v;N). Hence, we have H] = H|,, .
By Theorem 4.2.1, we have H = —JV0 + cU(0)JU, where § := )" | arctan ;. Since
the canonical vertical vector field U is tangent to /N and is the unit normal vector of 1y N
in vN, we have V0|, y = V'0' + U(0)|,,nU where 0 := 0],, 5, and V'#’ is the gradient of
¢ on (11N, §). Moreover, since vN is Lagrangian, we have 2n(V0) = —g(JV6,U) = 0 on
11 N. Thus, we obtain

Hy=H|,n =—06(V'0)+ (c—1)U(H)|,,nJU. (4.29)

If we take the metric on vy N by g = %1 g, the relation between the mean curvature vectors is
given by Hy = 4H/. Hence, we have from (4.29) that H; = —4¢(V'0")+2(1—c)U(0)|,,nE.

This implies the required correspondence. O]

COROLLARY 4.3.2. Let N be an austere submanifold in the real space form M = M(c).

Then the unit normal bundle vy N is a minimal Legendrian submanifold in (T4 M, g1).

We remark that the converse of Corollary 4.3.2 does not hold in general. Such an

example may be found below.

The case M = S™(1)

We consider the case M = S™(1). In this case, the contact metric structure (¢, &, 1, g1)
on the unit tangent bundle 77 5™ becomes a Sasaki strucure [13]. This standard metric

is not Einstein, but n-Einstein. In fact, the Ricci tensor of g; is given by
Ric =2(2m —3)g1 +2(2—m)n®@n.

Thus, if we take a D-homothetic deformation

1
Wi=an, == g i=agi+ (@ —ap e
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with a:= 2(m — 1)/m, then (¢,£' 1/, ¢') is a SO(m + 1)-invariant Sasaki-Einstein struc-
ture on 71.5™ with Einstein constant 2(m — 1) (cf. [100]). Since the mean curvature
vector of a Legendrian submanifold is D-homothetic invariant (see Appendix A.3), by
Corollary 4.1, we get minimal Legendrian submanifolds in the Sasaki-Einstein manifold
T15™ from austere submanifolds in S™. Moreover, T15™ is diffeomorphic to the Stiefel
manifold V5(R™™) ~ SO(m + 1)/SO(m — 1), which is the principal S* bundle over the
oriented 2-plane Grasmann manifold Gry(R™1) ~ SO(m +1)/SO(2) x SO(m — 1). De-
note the standard projection by 7 : Vo(R™) — Gry(R™*1). Then the following three
are equivalent (cf. [74]):

(i) L is a minimal Legendrian submanifold in the Sasaki-FEinstein manifold T1S™ ~

%(Rerl).

(ii) The cone C(L) of L is a special Lagrangian submanifold of some phase in the Ricci-
flat Kdhler cone (C(Vo(R™)), G) = (Vo(R™) x Ry, r?g + dr?).

(iii) The projected image (L) is a minimal Lagrangian submanifold in Gry(R™1).
By the mean curvature formula and (ii) in the above, we summarize

COROLLARY 4.3.3. Let N be a submanifold in the unit sphere S™(1). If N is austere,
or more generally, a submanifold such that 0|, N is constant, then the cone of the unit

normal bundle v1N is a special Lagrangian submanifold of some phase in C(T1S™).

We explain the geometrical interpretation of (iii). For ¢ > 0, define a map 1)y as follows:

YN —  S™(1)
(p,u) +— exp,(tu)
If ¢ is small enough, the map ), is an immersion. Thus, the unit normal bundle 14 N is
realized as the tubular hypersurface of N in S™. For an oriented hypersurface P in S™,

the Gauss map is the map: G : P — érg(Rm+1), p — p/An where p is the position vector

of p, and n is the unit normal vector at p of P in S™. Then we have G =T o ¢:

min.
vN — TS™m
U . U
min.

I/lN a— Tlsm’i‘/g(Rm-H)

exp,/ | min. |7
SW_tN *‘ Gra(R™)
aust.

In [84], Palmer considers which hypersurfaces in S™ have minimal Gauss maps. The

following corollary gives an example of minimal Gauss map including his result.
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COROLLARY 4.3.4. Let N be an oriented submanifold in S™(1) with the property given
in Corollary 4.3.3 . Then the tubular hypersurface around N in S™ has a minimal Gauss
map into the complex hyperquadric Qp—1(C) ~ Gro(R™1Y), and hence it gives a minimal

Lagrangian immersion.

If we take N as an oriented connected hypersurfacein S™(1), then one of the connected
component of vy N is diffeomorphic to N. In this case, the tubular hypersurface is nothing
but the parallel hypersurface of N. Moreover, in this case, the mean curvature formula
in Proposition 4.3.1 coincides with the Palmer’s formula given in Theorem 2.3.8. Thus
Proposition 4.3.1 is a generalization of the formula. One can also prove Corollary 4.3.4
by computing the principal curvatures of a tubular hypersurface, and using the Palmer’s
formula.

The typical and large class of examples of Corollary 4.3.4 is the isoparametric hyper-
surfaces. It is known that any isoparametric hypersurfaces in a Riemannian manifold
are tubular hypersurfaces of some focal manifolds. Moreover, the focal manifolds of any
isoparametric hypersurfaces are austere (cf. Example 4.1.8). As a special case of this
fact, the minimality of the Gauss maps of isoparametric hypersurfaces in S™ (Corollary
2.3.10) comes from the austere condition of the focal manifolds.

When an isoparametric hypersurface in S™(1) has the same multiplicity, then the
(unique) minimal prallel hypersurface is austere. For these austere hypersurface, we

obtain the following:

PROPOSITION 4.3.5. Let N™ be an austere isoparametric hypersurface with g distinct
principal curvatures of the same multiplicity m in the unit sphere S™(1). Define a
function on the unit normal bundle vy N of N by f.(p,v) := (a,v,) for a constant vector
a € R"2. Then we have Af, = cymfa, where A is the Laplace-Beltrami operator acting
on C*®(v1N) with respect to the induced metric from (11.5™, ¢1), and ¢y, i a constant

which depends on g and m.

ProOF. First, we note that 14 N is diffeormorphic to N since N is a hypersurface,
and sometimes, we may identify the function f, as a function on N. We can choose a
local orthonormal tangent frame {eq,...,e,} of N so that A”(e;)(p) = Ki(p)e; around a
point pg € N. Then, {E,..., E,} given in Lemma 4.1.1 is a local orthogonal frame of

v1N. By using this frame and the isoparametric condition, we have

A.fa = - Z %@{Eg(fa) - 6/E‘lEiz(fa)L (430)

i=1

where V' denotes the Levi-Civita connection on 14 N. Here, since N is an isoparametric
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hypersurface, we have

Ei(f.) = elfa) = —rila, &) (4.31)
EX(f) = eXf.) = —kila,Vee) = —kila, Ve,e; + kv — p)
= —k2f, + Kila,p) Z (Ve ei)(a,e;), (4.32)

where V denotes the Levi-Civita connection on N, and p is a position vector at p € N in
R™2. On the other hand, by (4.8), we see

n

~ 1 ~ "1+ Kk,
!/ . ~ . )
szEl == jgl 1+ ﬁ?g(VElE“ Ej)Ej == jgl TH?(VQ&;, €j>Ej' (433)

Substituting (4.31) through (4.33) into (4.30), we obtain

iAfa - (znzl—l—/{)fa (iz:;lfﬁ?)m’p)

Iii—lij
e;©1y Gy = 4 4:
+Z Ty Ve o) (434)

Suppose k; # 0. Then, we have

(Veener) = —(Va(A(e5)), ex)

= (TN, ) + (A (Taes) s}
= T A e), )+ Vs, o))
and hence, ]
(K — k) (Vees, ex) = (Te AV) (e;), en). (4.35)

We note this equality holds even if k; = 0. Moreover, by using the Codazzi equation and

since A" is a symmetric operator, we have
(Ve A)(e)), en) = (Ve A")(ei), ).
Therefore, combining this with (4.35), we obtain
(k5 — Kr)(Ve,ej, en) = (ki — £;)(Ve €5, €5).

This implies

n

R — KRj
Z (1 + 52)(1 :_ Hz) <v€iei7€j><a7€j> =0
1 ? J

4=
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in (4.34). Therefore, for the unit normal bundle v; N of an isoparametric hypersurface N,

we obtain

= (O h - (D))

=1 =1

Here, if we assume N is austere, the second term vanishes, and hence, f, is an eigen-
function of A since Ky, ..., K, are constant. Moreover, by Miinzner’s formula (3.11), we

see

" K] J i—1
Z 1+2m2 = mZCOS2 (91 + 7T> = mecg,
i i=1

i=1 9
where ¢, = 0,1,3/2,2,3 when g = 1,2, 3,4, 6, respectively. O

REMARK 4.3.6. The austere condition is essential in this proposition. We also remark
that the eigenvalue cg,, of f, is smaller than 4n which is the n-Einstein constant of
(T S™ L, ¢,€,m,g1). This implies that the compact minimal Legendrian embedding vy N ~
N into T1S™ is Legendrian unstable in the sense of [80] (see also [46]), except the case
g = 1. Since Proposition 4.3.5 is a local argument, we see that f, is also an eigenfunction
of the Gauss map of an austere isoparametric hypersurface N into GTQ(R”“). Then, the
Legendrian instability corresponds to the Hamiltonian instability of the Gauss map (see
Theorem 2.3.14).

4.4 On the minimality of normal bundles in the tan-

gent bundle of the complex space form

From now on, we assume that the ambient space is the complex space form M = M™(4c)
of the holomorphic sectional curvature 4c with complex dimension m. Then the curvature

tensor of the complex space form M (4c) is given by

RX,)Y)Z = (Y, 2)X — (X, 2)Y +{(J)Y, Z) o X
—(JoX, Z) JY + 2(X, oY) I Z}, (4.36)

for X,Y,Z € T(TM), where Jy denotes the almost complex structure of M.

Complex submanifolds

THEOREM 4.4.1. Let N be a complex submanifold in the complex space form M =
M™(4c). Then the normal bundle vN is a minimal Lagrangian submanifold in (T M, g).
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PROOF. We choose a local frame { E;, E, } around zy € v N given in Section 4.2. Recall
that this frame gives an orthonormal basis {E], E! } of T,,vN. We calculate the mean

curvature at zg. First, for a complex submanifold NV in the complex space form, we have
(R(ug, e;)ei, ej) = 0, (R(ug, €;)ei, Vo) = c(ug, V), (4.37)

since the tangent space of N is Jy-invariant, and M satisfies the curvature condition
(4.36). Then by Lemma 4.1.6 and the same calculation as in the proof of Proposition
4.2.1, we obtain

ag=do —cU(O)U™. (4.38)

On the other hand, any complex submanifold N in the complex space form is austere, we
have § = 0 on ¥N. Combining this with (4.38), we obtain az = 0. [

REMARK 4.4.2. In the case ¢ = 0, the statement of Theorem 4.4.1 has already appeared
in [31].

Hopf hypersurfaces

A real hypersurface N*"~! in a non-flat complex space form M = M™(4c) is called the
Hopf hypersurface if the characteristic vector field € := —Jyv is a principal direction of N
(where Jy is the complex structure of M and v is a local normal vector of N in M). A real
hypersurface in the complex space form M admits a contact structure induced from the
Kéhler structure of M. More precisely, we define the contact 1-form n by n := (£, -)|n.
Then Kern is a 2m — 2 dimensional distribution.

For the Hopf hypersurface N, we can take the local orthonormal tangent frame
{e1, -+ ,eam_1} so that ey,,_1 = £, and Kern is spanned by {ej, - ,esn_o} around py
and A(e;)(po) = ki(20)ei(po) for @ = 1,--- 2m — 1. Then, by the curvature condition
(4.30), we have

(R(ug,e;)es,ej) = 0, fori,j=1,---,2m—1,
(R(ug, e;)ei,v) = clug,v), fori=1,--- 2m — 2,

<§(u07 S)ga V> - 4C<U0, I/>.
Thus, we obtain

Ki(z0) 4Kom—1(20) .
RGo = (X Tty * T s )

= _C{U<0) + ?WQm—l(ZO))}U*
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and hence, it follows

(4.39)

ag=di— c{U(e) + M}U*.

1+ k2,
THEOREM 4.4.3. Let N> be a Hopf hypersurface with constant principal curvatures
in the non-flat complex space form M = M™(4c). Then

1. if ¢ > 0, vN is a minimal Lagrangian submanifold in (T M, g) if and only if m is odd
and N is the tube of radius w/(4+/c) over the totally geodesic CP* in CP**1(4c).

2. if ¢ < 0, there are no Hopf hypersurface with constant principal curvatures which

gives a minimal normal bundle in (T'M, g).

PROOF. In this proof, we assume that the Hopf hypersurface N has constant principal
curvatures.
(1) The case ¢ > 0. By (4.39), the normal bundle ¥ N is minimal in (7'M, g) if and

only if the following equality holds:
df = c{U(0) + 3a}U", (4.40)

where 0 == 327" M tan~'k;, and o = Ko 1/(1 + £3,,_,). If N is the tube of radius
7/(44/c) over totally geodesic CP* in CP%**1(4¢), then we have 6 = ky,_1 = 0 on
vN, and hence, the equality (4.40) holds. Conversely, assume the equality (4.40) holds.

Substituting the canonical vertical vector U into (4.40), we have
(1 — clu>)U(8) = 3calul?, (4.41)

for any normal vector u. Since ¢ > 0, we can take a normal vector ug so that |ug|*> = 1/c.
Then we have a(ug) = 0, and hence Koy, —1(po, up) = 0. This implies that x2,,—1(po,u) =0
for any u € v, N. Since pg is any, we have ka,—1 = 0 on vN. By [2], such a Hopf hyper-
surface is locally congruent to the tube of radius 7/(4+/c) over a complex submanifold in
M = CP™(4c). From this information, and by using the classification theorem of Hopf
hypersurfaces with constant principal curvatures in CP™ (cf. [6]), one can easily check
that only the tube of radius m/(4+/c) over CP* in CP?**! satisfies the equality (4.40).

(2) The case ¢ < 0. Assume the equality (4.41) holds. Then we have,
iy Hi(Z()) . 3c ) /igm,l(Z())

; 1+ k2(z) 1—clul2 1+x3, 1(20)

(4.42)

By the classification theorem (cf. [6]), we can show that all principal curvatures have
the same sign. Therefore, since ¢ < 0, the equality (4.42) holds if and only if both side
of (4.42) are equal to zero. By the classification theorem, one can easily check that this

situation dose not occur. O
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REMARK 4.4.4. From Theorem 4.4.3, we can see that the minimality of the submani-
fold N in M does not imply the minimality of the normal bundle in general. However, one
can show that the minimality of the normal bundle of a Hopf hypersurface is equivalent
to the austere condition of the hypersurface under the assumption xs,,_1 = 0. In fact,
the tube of radius 7/(41/c) over CP* in CP?*1(4c) is the only austere Hopf hypersurface

with constant principal curvatures and ko,,_1 = 0.

Minimal surfaces

Let N? be a minimal surface in the non-flat complex space form M = M™(4c). Let
{e1,e2} be an eigenvector of the shape operator A" at a point p € N with respect to a

normal vector u € v, N. By the curvature condition (4.36), we have

R(u,e;)e; = cf{{e;, eihu— (u,e;)e; + (Joei, e;) Jou
—<JOU, 6Z'>J0€i + 2(u, J06i>J0€i}
= cf{u—3(Jou,e;) Joe; }

for © = 1,2. Suppose N is not totally geodesic. Then, Lemma 4.1.11 implies that vV is
minimal if and only if (Jyu, e1)e; = (Jou, ea)es. Since e and ey are linearly independent,

this is equivalent to
(Jou, er) = (Jou, €2) = 0.

Since {ey,e2} spans the tangent space 7,N, this implies Jou € v, N. Because u € T,N
is arbitrary, we have Jo(v,N) C v,N or equivalently, Jo(7,N) C T,N for any p € N.
Therefore, combining this with Corollary 4.1.7, Lemma 4.1.11 and Theorem 4.4.1, we

obtain the following:

PROPOSITION 4.4.5. Let N? be a surface in the non-flat complex space form M =
M™(4c). Then vN is minimal in (T'M, g) if and only if N is totally geodesic or a complex

curve.

We recall that, for a surface N, the minimality of N is equivalent to the austere
condition. In the contrast to the case of the real space forms (Theorem 4.2.2), this
theorem shows that the austerity is not a sufficient condition for the minimality of normal
bundles in general.

From the above results, it is natural to ask the following questions: Which submani-
folds in the non-flat complex space form M = M™(4c) have minimal normal bundles in

(T'M, g)? Examples with the required property obtained in this chapter are all austere.
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Appendix A

A.1 Special Lagrangian submanifolds

First, we recall the notion of calibrated submanifolds.

DEFINITION A.1.1 ([31]). Let (M, g) be a Riemannian manifold. A closed k-form ¢
on M is called a calibration if ¢y < voly holds for any oriented k-plane V' C T,M at
p € M. A k-dimensional submanifold N of M is said to be calibrated by a calibration ¢
if ¢|7,ar = volg,ar for all p € M.

A remarkable property of a compact calibrated submanifold is that it is volume min-
imizing in its homology class (When a submanifold is non-compact, it is locally volume-
minimizing as well). A typical examples of calibrated submanifolds are complex subman-
ifolds in a Kihler manifold (M?* w, J). These are calibrated by w*/k! for (1 < k < n),
and, in this case, the volume miniming property follows from Wirtinger’s inequality.

A special Lagrangian submanifold is a calibrated submanifold in a Calabi-Yau mani-
fold. There exist several definition of Calabi-Yau manifolds. Here, we use the following

definition:

DEFINITION A.1.2 (cf. [32], [44]). A K&hler manifold (M,w,J) with dimcM = n
(n > 2) is called an almost Calabi- Yau manifold if there exist a non-vanishing holomorphic

(n,0)-form 2 on M. In addition, if Kéhler form w and 2 satisfy the equality

W_T _ (_1)n(n—1)/2(_v_1>"9 AT
n! 2

then we call (M,w, J,Q) a Calabi- Yau n-fold.
When (M, w, J,Q) is Calabi-Yau, Re(e¥V=1Q) is a calibration for any 6 € R.

DEFINITION A.1.3. A submanifold L in a Calabi-Yau n-fold (M,w, J,Q) is called
special Lagrangian with phase eV~ if it is calibrated by the calibration Re(e™v~1Q).
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A.2 Proof of Lemmas in Chapter 3

A.2.1 Proof of Lemma 3.2.9

We refer to [91] for the general fact of the root system.

Let V be a finite dimensional vector space and r a root system on V. We choose an

inner product (,) on V such that the Weyl group is a subgroup of O(V'). Denote the

reflection of v € r by s,. Suppose that the root system r is reduced. Choose a basis on

V' and denote the set of all positive roots by 7. Set

R={(\p) €ry xriy A# p}.

We define the angle of (A, u) € R by the relation (A, u) = |A||p|cos Z(A, u) with 0 <

Z(A, ) < m. Define subsets of R as follows (see also Figure A.1):
(i) If Z(A\, ) = /2 and |A| = ||, then we set
O\ ) == {(A )}
We call a subset of this type the Type O.
(ii) If Z(A\, ) = 27/3 and |A| = |p|, then we set
A p) = (A ), (s A+ 1), (A4 s A) -
We call a subset of this type the Type A.
(iil) If Z(A\, ) = 37/4 and |A| : |u| = 1: /2, then we set

Bi(Asp) = L w), (s A A1)y (A 1, 20 4 1), (24 + g1, M)},
Bo(Asp) = {1, A)y (N 20+ ), (A 4 p, A+ ), (A + g, o)}

We call a subset of this type the Type B; for ¢+ =1, 2.

(iv) If Z(\,p) = 57/6 and |A| : || = 1 : /3 then we set

Gi(Ap) = ), (s A ) (N + 11, 3N+ 2p), (BA + 21, 2X + ),
(2A 4+ 4, 3N+ 1), B+ p, A) }
Ga(Aip) = (s A), (A 3N+ ), (BA + 11, 22 + p), (2A + 1, 3X + 2p),

(BA + 20, A+ ), (A + )}

We call a subset of this type the Type G; for i =1, 2.
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We call these subsets the cyclic subsets of R. For any cyclic subset X (\; i), we have
a graph which corresponds to X (A\; ) given in Figure A.1. We denote the graph by
gr(X (A p)).

We note that if A\, u are positive roots, a\ + bu with a,b € Z, is also a positive
root whenever a\ + b € r. If (A, u) € R satisfies one of (i) — (iv), and (A, u) < 0,
then A + p € ry. Hence, A(X\;pu) is well-defined. When (A, u) € (iii), then s)(u) =
p—2v2(=1/v/2)\ = 2\ + u € ry since the reflection acts on r (see Figure B.1). Thus
Bi(A\;p) (i = 1,2) are well-defined, namely, any element is a pair of positive roots. By a
similar argument, we see that G;(\; u)(i = 1,2) are well-defined. We remark that the set
R contains the cyclic subsets G;(\; p)(i = 1, 2) if and only if the reduced root system r is
isomorphic to the system of the exceptional simple Lie group Gs.

We assert the following.
LEMMA A.2.1. R is a disjoint union of cyclic subsets.

Proor. First, we show that the set R coincides with the union of all cyclic subsets.
For (o, ) € R, one can easily check that the following properties (see Figure B.1):

(o) If (o, B) € O(\; ), then (o, 5) = w/2 and || = |1
(a) If (o, B) € A(A; ), then Z(a, B) = /3 or 2w/3 and |a| = |3].

(b) If (o, ) € Bi(A\; ) (i = 1,2), then Z(a, 3) = w/4 or 3m/4 and |a - |B| =1: V2 or
\/5: 1.

(2) If (o, B) € Gi(\;p) (i = 1,2), then Z(a, 3) = /6 or 57/6 and |a| : |3| =1 : /3 or
\/g: 1.

Moreover, for each case, the angle Z(«, 3) is equal to the maximal angle if and only if
(cr, B) = (A, ). We show the converse of theses properties.

The case (0) and the case when Z(«, 3) is maximal in each case are obvious. In the
case (g), since the root system r is isomorphic to one of G, one can easily check the
converse. In the following, without loss of generality, we may assume a < 3.

If Z(a, ) = 7/3 and || = |B], then 8 — a € r,. Furthermore, we see that («, 3) €
A(B —a,a).

If Z(a,3) = /4 and |a| : || = 1 : V2, then B —a € r. and s,(8) = 3 —
2v/2(1/v/2)a = B —2a € r. We note |3 —a| = |al, |3 —2a| = v2|a| and Z(8 — 20, ) =
(B — a,—0 + 2a) = 3m/4. There are two possibilities, namely, § — 2a € ry or
—B+2a €ry. If 6—2a € ry, then (a,f) € Bs(a; 8 —2a). If = + 2a € ry, then
(. B) € Bi(B — o =3 + 20v).
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If Z(a,8) = 7/4 and |a| : || = V2 : 1, then B —a € ry, | —a| = (1/v/2)|a| and
Z(B — a, ) = 3w /4. Moreover, we see that (a, §) € By (6 — o; ).

Therefore, the converse of the properties (o) through (g) are valid. This implies that
the set R coincides with the union of all cyclic subsets. Moreover, we see that two cyclic
subsets with different types are disjoint. Thus, it is sufficient to show that two cyclic
subsets X (A; u), X (N i) of the same type are disjoint whenever (A, u) # (N, i), where
X =0,A, B, and G;.

Suppose X (A; u) N X (N5 ') # {¢} and choose an element («, 5) € X (A; ) N X (N5 1).
Then the vectors o and [ belong to the subspace Vi N V,, where Vi := spang{\, u}
and V5 := spang{\N, '}, If dim(V; N V,) = 1, « is proportional to (3, a contradiction.
Therefore, we have V; = V5. Since a, 3 belong to the graphs of the same type, these two
graphs coincide on V; = V5. Then one can easily check that the case (A, u) # (N, ') is
impossible, since otherwise some positive root and negative root coincide, a contradiction.

Thus we have (A, u) = (N, /). This completes the proof. O

A.2.2 A Lemma for a basis of a root system

Let 7 be a root system on V as before. A basis of r is a subset B in r such that the

following properties hold.

(i) B is a basis of the vector space V.

(ii) Every § € r can be written as § = )

sign.

acp Mo, where n, are integers of the same

There is a one-to-one correspondence between basis of r and the Wely chambers of r (see
[58], Theorem 2.2). In particular, there exist a basis.

A root system r is called decomposable (or reducible) if it decompose into a disjoint
union of two orthogonal subsets r; and ro. Otherwise, it is said to be indecomposable (or
irreducible). If V; (i = 1,2) are subspaces in V spanned by 7; (i = 1,2), then V =V, & V5,
where 7; is a root system on V; (i = 1,2). A root system r is decomposable if and only if
a basis B of r is decomposable (see Proposition 4.1 in [58]).

If r is isomorphic to a root system of a simple Lie algebra, r is indecomposable. When
r is isomorphic to a root system of a semi-simple Lie algebra g, r is decomposed into
indecomposable root systems which correspond to each simple ideal of g. Therefore, the
reduced root system r is indecomposable if and only if it is isomorphic to a root system
of a simple Lie algebra.

We give a characterization of an indecomposable root system. Let B be a basis of the
root system 7. A chain in B is a subset {aq,...,a;} such that (a;, a;41) # 0 for any
i=1,..., k. A chain is called a cycle if (oy, 1) # 0 for [ > 2.
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LEMMA A.2.2 ([58], Lemma 4.5). (1) B is indecomposable if and only if any two

elements of B can be joined by a chain. (2) B does not contain cycles.

PROOF. (1) It is obvious from the definition.
(2) Let {aq,...,ar} be a chain in B and f; := o;/|oy| for i = 1,... k. Then

(i, ) (i, o)
(s, as) < o, a5)

= 4cos’ ),

(2(8:, 8;))" =2

where (o, a;) = |a||a;| cos . Moreover, we see 4 cos? § € Z by the definition of the root
system. In particular, we have (2(f;, 3;))* = 4cos*6 = 0,1,2,3, or 4. When 4 cos? § = 4,
«; is proportional to a;, however, this is impossible since «;, a; € B. If (5;, 3;) > 0, then
Bi — B = a;/f|au| — «j/|ay| € r, and this contradicts (ii) above. Therefore, we obtain

(Bi, B;) < —1 whenever (3;, 3;) = 0.
On the other hand, we have

k k
0< O B> B =k+2> (B.6) (A1)
=1 j=1 i#j

If {an,..., 0} is a cycle, then k > 3 and (3}, 1) < —1 for I = 2,..., k. Then we have

E+2) (8,8) <k-2(k-1)=—-k+2<0.
i#£]

However, this contradicts (A.1). Therefore, B does not contain cycles. O

A.3 Some properties of D-homothetic deformations

Let (M?™1 ¢, €, n, g) be a Sasaki n-Einstein manifold. The D-homothetic deformation is
the structure (*¢,*£,*n,* g) on M such that

* * * 1 *

¢:¢7 n = amn, 752557 g:@9+04(04_1)77®77

for some positive constant . We denote *M = (M,* ¢,*&,*n,* g). This preserves the
distribution D := Ker n = Ker *n. Moreover, *M is a contact metric structure. Since M

is K-contact, the relation of the Christoffel symbols is given by
T = i — (o = 1)(@5m +1504), (A.2)

where *I" and I" denotes the Christoffel symbols of *M and M, respectively (see (2.13)" in
[99]). Combining the normal condition of M with (2.14) in [100], we have a relation

i ;‘kl = R;‘kl + (a - 1)(2¢§¢kl + ¢Z¢jl - ¢§¢jk> (A-3>
+(a = Vg (m — ;) — ga&' (me — n)} + (o = 1)(mme — Smymy).
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Recall that a contact metric structure is Sasaki if and only if the curvature tensor satisfies

(see Proposition 7.6 in [13])
§jR§'k1 = 5127” - 5;77k- (A.4)

By the relation (A.3), we obtain

% cix i Lo ini i i
§" Ry = a{ijjkl+(a2—1)(5mk—5k77l>}

1 . )
= = xa*(8nk—6m) (. M satisfies (A.4))
o
= 0 — 0 m
Therefore, *M is also a Sasaki manifold. Moreover, by contracting (A.3), we have

*Ric = Ric —2(a — g+ (a—1){2m+1)(a+1) — (a —1)}n@mn. (A.5)

Here, we suppose that M is n-Einstein with n-Einstein constant a > —2, namely, there
exist a constant a such that Ric = ag + (2n — a)n ® . Then choosing the constant
a=(a+2)/(2m+ 2), we see that

“Ric — (a+2—2a>

a+2 =2\,
)

(ag+(a2—a)n®n)=( ~

Thus, we obtain the following:

LEMMA A.3.1 (cf. [100]). Let (M*™* ¢.&,n,g) be a Sasaki n-FEinstein manifold with
n-Eisntein constant a > —2. Then the D-homothetic structure *M = (M,*¢,*£,*n,* g)
with a == (a+2)/(2m +2) is a Sasaki-Einstein manifold with Einstein constant (a+ 2 —
2a) /.

Consider an integral immersion ¢ : L™ — M*™~! namely, 1~ = 0, where :~! denotes
the pull-back. Since a D-homothetic deformation preserves D, an immersion *v : L — *M
is also integral. Moreover, the induced metric via *i is given by (*/)™'*g = a(*)"1g =
at™tg. Hence, ¢ and *1 are conformal equivalent (even though M and *M are not conformal
equivalent). In particular, the Levi-Civita connections V and *V of the induced metrics
coincide. Let {ej,...,e,} be a local frames of L. It is obvious that t.e; = *1.e; for any

i=1,...,n, and so, we omit ¢, and *i,. We take a local chart {xy,..., 2,41} of M. Set
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ei = S 4,404, where 94 = 0/0x 4. Then by (A.2), we see that

*Veiej — Veiej = Za,-AaiB(*VaA(?B — vaAaB)

A,B

= Z aiAaiB(*FiB - FgB)aC
A,B,C

= > aua{—(a — 1)(¢5n5 + 116%5)}0c
A,B,C

= —(a—D{n(e;)ole;) +nle)dle;)}

= 0

since L is integrable. Combining this with V = *V, we obtain the following:

PROPOSITION A.3.2. Let B and *B be the second fundamental form of the integral
immersion v : L — M and *1 : L — *M, respectively. Then B = *B as a tensor field on

L. In particular, the mean curvature vectors H and *H satisfy the relation H = o*H.

COROLLARY A.3.3. An integral immersion ¢ : L — M is minimal if and only if
*t: L — *M s minimal. Moreover, suppose ¢ is Legendrian, then v is L-minimal if and

only if *v 1s L-minimal.
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Appendix B

Tables

Table B.1: [Takagi’s list [93], [50]] Hopf hypersurfaces N with constant principal curva-

tures (or equivalently, homogeneous real hypersurfaces) in CP"(4c) (cf. [69]). N is a tube

of a focal variety of radius r.

Type Focal variety Radius Principal curvatures Multiplicities
Ay cpr1 0<r<m/2 Alzﬁcotr,a:%cot% 2n — 2,1
Ag CPF 0<r<m/2 Alzy—%tanr, Ay = = 2p,2q,1

(1<k<n-2) a:%cot% (p+qg=n-1)
B Q! O<r<m/4 )\1:%00‘51",)\2:% n—1,n-—1,
a= %tan% 1
C CP! x cp(n-1/2 O<r<m/4 )\1:%00‘57“, )\2:\%0 n—3,2,
(n>5,0dd) Az = ?cot(g—r), n—3,2,
a= %tan% 1
D Gry(CP) O<r<m/4| A= &—%cot r, Ay = 7 4,4,
(n=29) Az = ? cot(§ — 1), 4,4,
a= %tan%“ 1
E SO(10)/U(5) |0<r<m/4]| )\ = —71 cotr, Ay = ﬁc 8,6,
(n =15) A3 = ?co‘c(g —r), 8,6,
a= %tanQr 1
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Table B.2: [Montiel’s list] Hopf hypersurfaces N with constant principal curvatures (cf.

[69]). N is the holosphere or a tube of radius r of a focal variety in the following.

Type Focal variety Radius Principal curvatures | Multiplicities
Ag — ~ A\ = ﬁ 2n — 2,1
(horosphere) a= %
Ay CHF 0<r<oo Alzﬁtanhr, 2n — 2,
(geodesic sphere) | (k=0,n—2) a= % coth 2r 1
Ao CHF O<r<oo| A\1= %tanhr, 2p,2q,1
(1<k<n-2) )\gzﬁcothr, (p+qg=n—1)
2
a = 5= coth 2r
Nz
B RH™ 0<r<oo Alzﬁcothr, n—1,
)\gzﬁtanhr, n—1
a= % tanh 2r 1
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Table B.3: Homogeneous isoparametric hypersurfaces N in spheres (cf.

[59], [98]) and

focal manifolds. N is a principal orbit of the isotropy representation of (U, K'). N denotes

the focal manifolds.

7 U.K) dmN | (mLma) | N =K/Kq N N
1 (ST x SO(n +2), n n Sm {pt} {pt}
SO(n+1)),(n>1)
21 (SO(p+2)xSO(n+2-—np), n p,n —p SP x SnP SP Snp
SO(p+1)xSO(n+1-p)),
(l<p<n-—1)
SO SO SO
3 (SU(3),50(3)) L1 zzéz% 5(0(2)%%(1)) 5(0(1)%{)(2))
SU3 SUG SUG
3| (SU) xSU3),SU(3)), 2,2 i S(U(SZ)(xl)J(l)) S(U(SZ)(Xl)J(l))
3 3 3
3 (SU(6), 5p(3)) 12 4,4 51%1)3 Sp<2>1%5p<1» Sp(l)%s;a@))
: s T B0
4| (SO(5) x SO(5),50(5)) 8 2,2 T2 S0(2)xS0(3) U2
S(U(m)xU(2 S(U(m)xU (2 S(U(m)xU(2
4 (SU(m +2), dm —212,2m -3 S(U((mz;)x(T)g 515(77(1—)2>)<><((J()2)) S(U((mz>1<)><(T)2)
S(U(m) x U(2)),(m = 2)
SOUm) XS0 SO(m) XSO0 SO XSO
4 (SO(m +2), 2m =21 1,m—2 SO((m)—><2)><(ZQ) sowgb—)z?xsé()z) (0(7)nx—1)( :
SO(m) x SO(2)), (m > 3)
Sp(m)xSp(2 Sp(m)xSp(2 Sp(m)xSp(2
4 (Sp(m +2), 8m —2 | 4,4m —5 Sp(frs—%;(g]g(if Spg)n(l—)2>)<><g§3()2) sp(fr(z—i)xxg;()(%y
Sp(m) x Sp(2)), (m > 2) - - -
4 (50(10),U(5)) 18 4,5 SU(282><)T1 Sp(2)><l(](1))><T1 S(U(2)(><(§(3))
Spin(10)-T Spin(10)-T Spin(10)-T
4 (E(6), Spin(10) - T') 30 6,9 SO T () -5pin (7] S50 (5)
6 (G % Ga, Ga), 12 2,2 7 6 v
SO SO SO
6 (G2,50(4)), 6 L1 o o<(2>) 0((2))
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