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Group Decision With Inconsistent Knowledge
Peijun Guo, Dao-Zhi Zeng, and Harunori Shishido

Abstract—In this paper, dual exponential possibility distri-
butions, namely, upper and lower exponential possibility distri-
butions, are identified from the given data to characterize a
decision-maker’s knowledge. A decision group’s knowledge can
be represented by a set of such dual possibility distributions.
The inherent diversity of knowledge among decision-makers is
characterized by a conflict index. A conflict resolution model is
proposed based on the conflict index, which integrates multiple
possibility distributions identified into a new one to represent
compromised knowledge of a decision group. As an application,
a portfolio selection problem with multiple decision-makers is
considered.

Index Terms—Conflict analysis, fuzzy sets, group decision, port-
folio selection, possibility theory.

I. INTRODUCTION

A conflict is a situation in which two or more deci-
sion-makers are in dispute over some issue. Conflicts are,

no doubt, one of the most typical attributes of human nature.
Conflict analysis and resolution play an important role in busi-
ness, economical, governmental, political and lawsuit disputes,
labor-management negotiations, and military operations.

Generally speaking, the main research work in the filed of
conflict resolution is based on game theory founded by von Neu-
mann and Morgenstern [23]. For example, Howard [13] began
the stability study of a state in metagames and hypergames. The
research was further improved and extended to graph models by
Fanget al. [5]. Moreover, many papers on arbitration and fair
division have been published [1], [2], [18], [26].

The rough set-based method is a new one to analyze the struc-
ture of conflict [14], [15]. Three kinds of binary relations be-
tween participants, called conflict, neutrality, and alliance, are
defined. Based on these relations, the participants in debate are
divided into several coalitions and a strategy for conflict resolu-
tion, called intimidation, is investigated.

Different from the above research, this paper considers
how to obtain more reasonable knowledge from conflicting
knowledge provided by multiple decision-makers. This kind
of conflict originates from the inherent diversity of knowledge
and cognition on some issue under debate among multiple
decision-makers in a decision group. The aim of this paper is
to investigate the structure of such a conflict and to resolve it to
obtain more reliable knowledge to be used for decision-making
[12].
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This paper is organized as follows. In Section II, upper
and lower possibility distributions for representing human
knowledge, initially proposed in [20], are redefined by the
inconsistency index of these dual possibility distributions. Upper
possibility distributions can be regarded as optimistic viewpoints
and lower distributions as pessimistic ones in the sense that
upper possibility distributions always give higher possibility
grades than the lower ones. As a result, multiple experts’
knowledge can be characterized by a set of dual exponential
possibility distributions. In Section III, a conflict index is defined
to measure the difference of each pair of possibility distributions.
Based on the defined conflict index, conflict situation in a
decision group is investigated so that stable subgroups, key
members, outliers, and a core of the decision group can be
found out. A conflict resolution model is proposed where the
possibility distributions are preprocessed so that possibility
distributions with the higher conflict indices with the other
possibility distributions are regarded as ouliers to be eliminated.
A new possibility distribution can be obtained to represent
more reliable knowledge. The researches on how to obtain
fused information from multiple information sources, which are
inconsistent with each other in nature, such as multiple sensors
and a multi-expert pool, have been done from the viewpoint of
information fusion based on probability and possibility theories,
respectively. The probability networks, such as Bayes networks
and Markov networks, are well-known probability methods
for information fusion where information is presented as a
conditional probability distribution and fusion procedure is
based on Bayes formula [16]. The Dempster–Shafer theory of
evidence (DS) is an important tool of information fusion to
deal with nonadditional probability phenomena where fusion
procedure is based on Dempster’s rule of combination [17].
Dubois and Prade [3], [4] and Yager and Kelman proposed
some information fusion models based on possibility theory
[24], [25]. The approaches related to information fusion for
decision analysis have been researched by Guoet al. [6]–[11].
This paper proposes a new method for information integration
from the viewpoint of conflict analysis in its own right. In
Section IV, as an application example, a portfolio selection
problem with a group of experts is considered. In Section V,
a numerical example is given to show the proposed method.
Finally, some concluding remarks are included.

II. I DENTIFICATION OF DUAL POSSIBILITY DISTRIBUTIONS

FROM GIVEN DATA

Generally speaking, the vagueness and ambiguity of human
understanding, the ignorance of cognition, and the diversity of
evaluation are always contained in human knowledge. A pos-
sibility distribution (a kind of fuzzy membership function) is a
kind of representation of knowledge where the center reflects
the most possible case and the spread reflects the others with
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relatively low possibilities. The area of a possibility distribution
can be regarded as a sort of measure of fuzziness. In a com-
plex case, it is difficult to directly get a possibility distribution.
However, we can easily obtain possibility grades of discrete data
from some person reflecting his judgement. For example, in
portfolio selection problems, experts can choose some typical
patterns from the past security data and give them associated
possibility grades to reflect their judgment on the situation of
stock markets in the future. The higher the possibility grades of
security data, the more similar to the future. Now let us consider
how to obtain the possibility distribution from the given data.

A. The Concepts of Lower and Upper Possibility Distributions

Suppose that a data set { } is given. Here
is an -dimensional vector to characterize

some specified event, is an associated possibility grade given
by some person to reflect his judgement on what the possibility
grade of the th sample is for this event, and is the number
of samples. The data set ( ) ( ) can be approx-
imated by a dual data sets ( ) and ( ) ( )
with the condition . Assume that the values
and are from a class of functions with parameter
vector . Let and correspond to and
( ), respectively, and simply be denoted as
and . Given the data set { }, the
objective of estimation is to obtain two optimal parameter vec-
tors and from the parameter space to approximate ( )
from the upper and lower directions according to some given
measure. Moreover, it is needed that the relation

holds for any arbitrary -dimensional vector .
Suppose that function is an exponential function

. Then the following formulas
hold:

(1)

(2)

and (3)

where is a center vector, and and
are positive definite matrices, denoted as and ,
respectively. It can be seen that in the above exponential func-
tions vector and matrices and are parameters to be
solved. Different parameters, , and lead to different
values and which approximate the given possi-
bility degree to the different extent.

Definition 1: The inconsistency index of the two approxima-
tions (1) and (2), denoted as, is defined as follows:

(4)

Fig. 1. Concepts of lower and upper possibility distributions. (The lower curve
is the lower possibility distribution and the upper curve is the upper possibility
distribution).

It is known from Definition 1 that the smaller the parameter
is, the closer to the values and are from the

lower and upper directions, respectively.
Definition 2: Denote the optimal solutions of, , and

as , , and , respectively, which minimize with con-
straint (3). The following functions:

(5)

(6)

are called the lower and upper exponential possibility distribu-
tions of the possibility vector , respectively. For simplicity,
afterwards we write and instead of and

, respectively, and denote the possibility vectorwith
exponential possibility distribution
as . The concept of the lower and upper possibility
distributions is illustrated in Fig. 1. It can be seen from Fig. 1
that the given possibility degrees are completely included into
the boundary of the lower and upper possibility distributions.
The lower distribution can be regarded as a pessimistic view-
point and the upper possibility distribution as an optimistic one
in the sense that the lower possibility distribution always gives
a smaller possibility grade than the upper one. The difference
between the dual possibility distributions reflects the inconsis-
tency of knowledge.

B. Identification of Upper and Lower Possibility Distributions

A model to identify the lower and upper possibility distribu-
tions is built to minimize the inconsistency index as follows:

s.t.

(7)

where the objective function is from (4),
is from ,

is from , is from
, and is due to being a positive definite matrix.
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It should be noted that the optimization problem (7) is equiv-
alent to the integrated model proposed in [20] in form. However,
they arise from very different considerations. The latter was an
integration of two optimization problems to obtain lower and
upper possibility distributions simultaneously. The former is to
seek an optimal center vectorand optimal positive definite
matrices and to minimize inconsistency indexdefined
in formula (4). In the following, let us consider how to obtain
center vector and positive matrices and .

It is straightforward that the lower and upper possibility dis-
tributions should have the same center vectors. Otherwise, the
relation cannot always hold. Because a vector

with the highest possibility grade should be closest to center
vector among all ( ), center vector can be
estimated as

(8)

where denotes the vector whose grade is
. The associated possibility grade of

is revised to be 1 because it becomes center vector. Taking the
transformation , the problem (8) is changed into the
following one:

s.t.

(9)

Formula (9) is a nonlinear optimization problem due to the
last two constraints. To cope with this difficulty, we use principle
component analysis (PCA) to rotate the given data ( ) to
obtain a positive definite matrix easily. Data ( )
can be transformed by a linear transformation matrixwhose
columns are eigenvectors of matrix , where is
defined as

(10)

where is the th element of the th sample . Using ,
data is transformed into . Then formulas (1) and
(2) can be rewritten as follows:

(11)

(12)

Since is obtained by PCA, and can be
assumed to be diagonal matrices as follows:

(13)

(14)

As a result, the model (9) can be rewritten as the following LP
problem:

s.t.

(15)

where the condition makes the matrix
semi-positive definite and matrices and posi-

tive. Denote the optimal solutions of (15) as and . Thus,
we have

(16)

For simplicity, afterwards we write and instead of
and .

Given a possibility vector , the possibility dis-
tribution of a possibilistic variable with , denoted
as , is defined by the extension principle [22] as follows:

(17)

where is an -dimensional vector. Solving the optimization
problem (17), the possibility distribution of can be obtained
as

(18)

where is the center value and is the spread value of .
is called the one-dimensional (1-D) realiza-

tion of .
Theorem 1: Assuming that the given data ,

, are obtained from an exponential possi-
bility distribution , the inconsistency index of upper
and lower possibilistic distributions is 0.

Proof: The given data , are obtained
from an exponential possibility distribution which
means that the following equations hold:

(19)

Let us consider the following optimization problem for
finding out the upper possibility matrix and the lower
possibility matrix from the above given data:

subject to

(20)

The optimization problem (20) can be separated into the fol-
lowing two optimization problems:

s.t. (21)
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and

s.t. (22)

Since any data , , is obtained from the expo-
nential possibility distribution , it should satisfy (19).
Therefore, is an admissible solution of (21) and (22). As-
sume that there is another matrix such as
in (21). Then, for some, we have

(23)

which shows that is not admissible. Thus, is the optimal
solution of (21). In the same way, we can prove that the optimal
solution of (22) is also . Therefore, both and are
so that the inconsistency index .

This theorem means that inconsistency indexcan reflect
how the given possibility grades can be approximated by the
two obtained exponential functions. The smaller the indexis,
the better the given possibility degrees are characterized by the
identified dual possibility distributions.

III. CONFLICT ANALYSIS AMONG MULTIPLE

DECISION-MAKERS

The data set from decision-makers is denoted as

where is the th sample, ,
, is any given possibility grade by theth

person (the superscript of ) to reflect his judgement on what
the possibility grade of theth sample (the subscript of ) is for
some specified event, and is the number of samples. For ex-
ample, is used to represent
the judgment from expert 1. Using the above-mentioned identi-
fication method, dual possibility distributions can be obtained
to reflect the inherent diversity in human thought ofpersons.
The set formed by dual possibility distributions, denoted as

, is called an
information block where is ob-
tained from data set .

A. Conflict Index of Exponential Possibility Distributions

Definition 3: Given two possibility variables
and , the conflict index of and , denoted
as , is defined as

(24)

It can be understood the conflict index of the two exponential
possibility variables is defined based on their possibility mea-
sure where product operator takes the place of min operator
with considering exponential functions. The higher the possi-
bility measure, the lower their conflict index.

Theorem 2: Given two possibility variables
and , their conflict index is as follows:

(25)

Proof: The problem in Definition 3 leads to
the following optimization problem:

(26)

The optimal solution of (26) is

(27)

Substituting (27) into (24) leads to (25).
It is seen from (25) that the closer the centers and the wider

the spreads of the two possibility distributions, the lower the
conflict index. If they have the same centers, the conflict index
will be 0 because of the inclusion relation between them. Such a
conclusion is very close to human intuition to reflect the conflict
situation of uncertainty knowledge.

Definition 4: Given two -dimensional possibility vectors
and , their conflict index, de-

noted as , is defined as follows:

(28)

where is an -dimensional vector. It is known from this defi-
nition that the conflict index of two high-dimensional possibility
vectors is defined by the maximum conflict index of their 1-D
realization, which can be regarded as the most pessimistic view-
point for measuring their inconsistency degree .

Theorem 3: Given two -dimensional possibility vectors
and , the conflict index

is as follows:

(29)

where is the maximum eigenvalue of the following
matrix :

(30)

(31)

Proof: Considering formula (18) and Theorem 2,
is obtained as

(32)

so that is as follows:

(33)

Using (30) and (31) and taking the transformation ,
(33) is transformed into

(34)

According to the well-known Rayleigh–Ritz theorem, the op-
timal value of (34) is the maximum eigenvalue of, namely,

.
Lemma 1: It holds that

(35)
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Proof:

(36)

It means that

(37)

which proves this lemma.
Lemma 2: It holds that

(38)

Proof: Using Lemma 1, the following equalities hold:

(39)

It proves this lemma.
Lemma 3: It holds that

(40)

where is an arbitrary vector, and is the maximum
eigenvalue of .

Proof: From the following relation:

(41)

it can be seen that is one egienvalue of
the matrix and the corresponding eigenvector is. Taking

, it holds that

...
...

. . .
...

(42)

Using the corollary of Gersgorin (see the Appendix ), all eigen-
values of lie in the region

(43)

which means that

(44)

so that is the maximum eigenvalue of .

Theorem 4: It holds that

(45)

Proof: Let so that . Using
Lemmas 1 and 2 leads to

(46)

It proves this theorem.
If center vectors of two possibility distributions are the same,

that is, , the value of (32) will be always 0 for any vector
. In this case, their conflict index is 0. It should be noted that

in [22] the possibility measure of two-dimensional possibility
variables and is defined as

. Defining
as a new index for measuring the difference ofand

, the following equation:

can also be obtained by directly solving optimization problem
, which is the same as the result in Theorem

4. It means that
where .

B. Conflict Resolution Model Based on Conflict Index

In information block
, we can calculate the conflict

indices of and based on the upper and lower pos-
sibility distributions, which are called the upper and lower
conflict indices of and and denoted as and

, respectively. The conflict indices of based on
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upper and lower possibility distributions, denoted asand ,
respectively, are as follows:

(47)

(48)

Definition 5: Let and be the predetermined thresholds
for and , respectively. An information block is optimisti-
cally stable if and only if is not larger than . An information
block is pessimistically stable if and only if is not larger
than . An information block is stable if and only if it is both
optimistically and pessimistically stable.

If an information block is unstable, it should be preprocessed
to make itself stable. The basic idea for preprocessing is to delete
the outliers from the given information block. In other words, a
possibility distribution, which has the higher conflict index with
the others, can be regarded as an outlier to be deleted.

The following algorithm is used to obtain the stable block
from the given information block with maximum cardinality,
which is called as the efficient block of, denoted as .

Step 1. Represent upper and lower
conflict indices by two matrices

and where
and ( ).
Step 2. Transform elements ( ) into
0 if ( ) else into 1. Obtain
a binary matrix so that

.
Step 3. Denote the index of the row of

with the biggest number of the el-
ement 1 as . If the numbers of 1 in
the th row is larger than one, the ef-
ficient block is obtained as the set

.
Otherwise there is no efficient block, and
the information block is then called a
conflict information block.

Sometimes more than one efficient blocks, for example,
efficient blocks can be obtained, which are denoted as

, respectively.
Definition 6: Supporting that are the different

efficient blocks obtained from a given information block, the
set is called the core of .

It is also clear that is a conflict information block if and
only if , or . Oth-
erwise, there must be an efficient information block. Ifis a
conflict information block, then any subset of is also a con-
flict information block.

Now, let us consider how to obtain a compromised possibility
distribution from the obtained efficient block. Without loss of
generality, suppose that there is only one efficient information
block ob-
tained from where is the cardinality of . The inconsis-

tency degree of in , denoted
as , can be calculated as follows:

(49)
According to values of , data set

can be reordered as

so that ( ) corresponds to the th smallest
. The decision-makers with the smallest are re-

garded as the key members of this decision group. The compro-
mised possibility grade of theth sample is as follows:

(50)

where the weight is determined by ordered
weighted aggregating (OWA) operators [25]. Using the identifi-
cation method introduced in Section II, the new dual possibility
distributions, denoted as , can be
obtained from , .

IV. PORTFOLIO SELECTION WITH A GROUP OFEXPERTS

Portfolio selection problems based on possibility theory have
been studied in [10], [11], [20], and [21]. Different from prob-
ability models, such as Markowitz’s model, by which optimal
portfolios are selected based on the statistic characteristics of
the past security data, possibility models select optimal ones
based on the past security data plus experts’ judgment on those
data, where possibility grades are used to characterize deci-
sion-makers’ knowledge. Now let us consider portfolio selec-
tion problems with multiple experts. The data set is given as

where is a vector of returns of secu-
rities ( ) at the th period, is an associated
possibility grade given by theth expert to reflect his judgment
on the possibility degree that such returns ofsecurities will
appear in the future, andis the number of experts. Using the
method introduced in Sections II and III, a compromised possi-
bility distribution is obtained to
characterize integrated knowledge on stock market prediction
from multiple experts.

The portfolio return can be written as

(51)

where denotes the proportion of the total investment funds
devoted to security and is its return.
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Because return vector is governed by the dual possibility
distribution , using formula (18)
the upper and lower possibility distributions of a possibility
portfolio return , denoted as and , respectively,
are obtained as follows:

(52)

(53)

where is the center value and and are the
spreads of a possibility portfolio returnbased on the compro-
mised upper and lower possibility distributions, respectively.

The following two quadratic programming problems are
given to obtain optimal portfolios, which minimize the spreads
of possibility portfolio returns because the spreads of possibility
portfolio returns are regarded as the measure of risk:

s.t

(54)

s.t.

(55)

where is the expected center value of a possibility portfolio re-
turn which should comply with the constraint

to guarantee the existence of solutions in
(54) and (55). Because and are positive definite ma-
trices, (54) and (55) are convex programming problems.

Consider the following optimization problem where short
sale is allowed for investment:

s.t.

(56)

where is either or . The optimal solution can be
obtained by minimizing the following Lagrangian function:

(57)

where . is a convex function be-
cause of . The necessary and sufficient conditions for
optimality of (57) are

(58)

which can be explicitly written as

(59)

(60)

(61)

From (59), we have

(62)

Substituting (62) into (60) and (61) leads to the following
equations:

(63)

(64)

For simplicity, we let

(65)

It should be noted that , , and are constant values. Thus,
(63) and (64) can be rewritten as

(66)

(67)

Assuming that is not zero, we can solve (66) and
(67) to obtain and as follows:

(68)

(69)

Substituting (68) and (69) into (62) leads to

(70)

Thus,

(71)

where

(72)

(73)

Because and are constant vectors, it follows from (71) that
the optimal solution is a linear function of the given center.

Considering that is the smallest spread of the port-
folio return denoted as, we have

(74)

Since , , and are constants denoted as, ,
and , respectively, (74) can be simply written as follows:

(75)

which means that the spreadis a quadratic function of the
given center .

Theorem 5: The spread of the possibility portfolio return
based on the compromised lower possibility distribution is not
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TABLE I
SECURITY DATA WITH EXPERTS’ JUDGMENTS

larger than the one based on the compromised upper possibility
distribution.

Proof: Denote the optimal solutions obtained from (54)
and (55) as and , respectively, with the same center value.
According to the feature of the upper and lower possibility dis-
tributions, i.e., , the following inequality holds:

(76)

Because is the optimal solution of (55), we have

(77)

As a result

(78)

which proves the theorem.
The nondominated solutions with different centers of a possi-

bility portfolio in (54) and (55) can form two efficient frontiers.

V. NUMERICAL EXAMPLE

In order to show the above-proposed approaches, a numerical
example for portfolio selection is given where four typical se-
curities were considered. Their returns from 1977 to 1994 were
collected as references to predict their returns in the next year.
Five experts were invited to give their judgment on how similar
the economic situation in the next year would be to that in each
sample year. For example, in the opinion of expert 1, the eco-
nomic situation in the next year would have high similarity to
that in 1977 so that he gave the possibility grade, for example,
0.881 to 1977. Because the stock market is a sort of mirror to
reflect the current economics situation, it was reasonable to pre-
dict that the returns of these four securities would reappear in
the next year with possibility grade 0.881. Different from prob-
ability reflecting the frequency of some happening, possibility

TABLE II
CONFLICT INDEX MATRIX Q

grades represent a kind of potential of some happening, which is
problem-specific. Table I lists returns of four securities (sec.1,
sec.2, sec.3 and sec.4) from 1977 to 1994 and the associated
possibility grades given by five experts. The procedure for ob-
taining possibility distributions from the above given data was
as follows. Firstly, obtain the centerof possibility distribution
for each expert by (8). Then obtain the transformation matrix

by (10) and ( ). After that, solve
the LP problem (15) and obtain distribution matrices and

by (16). For example, the dual possibility distributions from
the experts 1, denoted as , were
obtained as follows:

After obtaining all upper and lower possibility distributions
of five experts, the conflict indices were calculated by (45). The
obtained conflict index matrices based on upper and lower pos-
sibility distributions are listed in Tables II and III, respectively.
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TABLE III
CONFLICT INDEX MATRIX Q

TABLE IV
BINARY MATRIX Q

Fig. 2. Portfolio frontiers based on compromise upper and lower possibility
distributions.

The binary matrix is given in Table IV with and
. From Table IV, it is known that the efficient block is

The inconsistency degrees , , and
were obtained as , , and

. Because had the smallest inconsistency
degree in the efficient block, was the key member for
conflict resolution. The weight coefficients of , , and
( ) were set as 1/6, 1/3, and 1/2, respectively.
Using the weighted possibility grades, the compromised possi-
bility distribution were obtained
as follows.

(a)

(b)

Fig. 3. Portfolios based on compromised (a) upper and (b) lower possibility
distributions withc = 0:3.

Using models (54) and (55), the possibility portfolio frontiers
based on the compromised upper and lower possibility distribu-
tions are shown in Fig. 2. It should be noted that the portfolios
in the upper and lower frontiers with the same center were dif-
ferent with each other. For example, the portfolios with
are shown in Fig. 3.

VI. CONCLUSION

In this paper, the dual possibility distributions for approxi-
mating the given possibility grades are identified by minimizing
the inconsistency index of two possibility distributions. The
upper possibility distribution reflects an optimistic viewpoint
and the lower possibility distribution reflects a pessimistic one.
Different from other methods on conflict analysis, this paper
focuses on analyzing the conflict situation in a decision group.
The conflict among decision-makers arises from the inherent
diversity of knowledge and cognition on some issue under
debate. A set of dual possibility distributions is used to charac-
terize multisource knowledge from multiple decision-makers.
A conflict index between two possibility distributions is
defined to reflect their difference degree. Based on the conflict
index, conflict situation of knowledge can be investigated and a
conflict resolution model is proposed to obtain a compromised
possibility distribution, which represents a more reliable
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knowledge. As an application, a portfolio selection problem
with multiple experts is considered. Because the compromised
possibility distribution has higher credibility than a single one,
it is natural to believe that the more reasonable decision can be
made.

APPENDIX

Theorem (Gersgorin):Let , all the eigen-
value of are located in the union of thediscs

Corollary: Let and let be
positive real numbers. Then all the eigenvalues oflie in the
region
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