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Many-body effects in reaction rates depend on the ratio € of a rate coefficient to the product of
a diffusion coefficient and a radius, and on the reduced volume fraction ¢, of one or more
reactants. We present a statistical-mechanical theory of the macroscopic kinetics
(deterministic rates) of reactions in solutions, and fluctuations therefrom, for arbitrary € and
&0, by deriving expressions for effective forward and reverse rate coefficients and their
dependence on ¢, ¢, to lowest order. We use an enzyme-catalyzed reaction as an example.
There are two corrections to rate coefficients (for € = 0, §, = 0) at a given €, ¢,7#0, and both
are proportional to ¢} (the square root of the total enzyme density in the example). The first
is an uncorrelated screening term described by the single enzyme distribution function, which
increases the rate; and the second a term described by correlations among enzymes, which
decreases the rate. In the limit of very fast reactions the correlation term is negligible, and the
screening term reduces to that previously obtained for diffusion controlled reactions. For other

cases both terms contribute: for example, in the range ¢,~ 10~ to 10~! and €~ 1-10 the
corrections vary from a few percent to 30%, as obtained from numerical solutions of the
corrections for the enzyme example. We discuss a quasistationary state of the example and
derive a generalization of the Michaelis-Menten equation for all €, ¢,. Fluctuations from the
deterministic motion are shown to be small for three-dimensional systems.

I. INTRODUCTION

The principal purposes of the present paper are the for-
mulation of a statistical-mechanical theory for obtaining ex-
pressions for deterministic reaction rates in chemical sys-
tems in which there are density-dependent interactions
among some species due to reaction, and for considering the
effect of fluctuations on those interactions. Direct interac-
tions, such as Coulomb forces on reacting ions, affect the
rate of a reaction, and a simple model of a reaction fits ex-
periments quite well (Bronsted-Bjerrum theory' of primary
and secondary salt effect). Direct interactions in the gas
phase have been considered by means of a cluster theory.? In
this article we discuss indirect interactions, due to chemical
reaction and diffusion. Consider, as an example, an enzyme
reaction: let the density of enzymes be in a dilute range but
sufficiently large that the reaction of a substrate with an en-
zyme molecule affects the substrate concentration field at a
neighboring enzyme. The enzyme—substrate reaction obeys
Michaelis—Menten kinetics® and the reaction scheme is tak-
en to be

k.

ks 2
E+S=2ES-E + PR,

k_\

(1.1)

where E denotes the enzymes, S the substrates, £S the com-
plexes, and PR the products, and k,, k_, k, are steps as
shown in Eq. (1.1). We define the reduced quantities

€ = k,/4maD,
éo = 4ma*Ey/3,

where ¢, is the total enzyme volume fraction, D the diffusion
coefficient of the substrate S, ¢ the radius of reaction of the

(1.2)

2 On leave of absence from General Education, Faculty of Engineering,
Tohwa University, Fukuoka 815, Japan.
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enzyme, and E|, the total density of enzyme (complexed or
not).

The Michaelis-Menten expression for an enzyme reac-
tion, and the common formulation of macroscopic kinetics,
hold for the conditions € = 0, ¢, = 0, that is ideal solutions,
well stirred (homogeneous). The corrections.to ideal rate
coefficients for very fast reactions €— oo, have been dis-
cussed by many authors for ¢,=0*'" and also for
#07#0.""""" The bimolecular reaction rates for arbitrary €
have been analyzed by a few authors,'®-?' but only in regard
to the screening correction.

In this article we propose a statistical-mechanical theo-
ry of reaction rates for arbitrary € and ¢,. To do so we must
treat the many-body problem consistently and investigate
the role of fluctuations. The analysis shows the presence of
an intermediate time scale, on which both screening and cor-
relation interactions are important, and a late time scale, on
which the correlation interactions vanish. We outline here
briefly our approach.

Consider a three-dimensional classical isothermal en-
zyme reaction consisting of substrate S, enzymes E, and
complexes ES. The enzymes and complexes are much larger
than the substrate; they are assumed to be spheres with a
radius @, and the distribution of their positions are assumed
to be stationary. The substrate moves by diffusion with the
diffusion coefficient D. We suppose that reaction may occur
when a substrate approaches within a radius ¢ of an enzyme
and that the reactions obey Michaelis—Menten kinetics. Let
C(r,t) denote the macroscopic local number density of sub-
strate, E(7,t) that of the enzyme, and E(7,¢) that of com-
plex, all of which are coarse grained in space and time,

u(rt) = Z Jda) u, (w)exp(ik-r + iwt) (1.3)
k
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with approximately |k |<1/r, and approximately |w|<1/t.,
where u = C,E,E, and (7_,2.) are minimum values for the
characteristic wavelength and time scales of the reaction-
diffusion process. The length cutoff », and the time cutoff ¢,
in Eq. (1.3) must be chosen to be much larger than the mi-
croscopic (molecular) length and time scales, respectively.

For a sufficiently dilute enzyme reaction, the rate equa-
tions for the averaged functions (u(r,¢)) are given, on a mac-
roscopic space and time scale, by

(;%)(cw,z» = DVX(C) — k(EN(C) + k_,(Es),
(1.4a)

(g;)w(r,t» = —k(ENC) + (ke + k) {Es)
(1.4b)

with the conservation law (E(7t?)) + (Es(rt)) = E,,
where E, = N /V is the total enzyme density, N the total
number of enzymes, and ¥ the total volume of the system.
Here the average is taken over the initial enzyme distribution
function. .

From Egs. (1.4), a characteristic length /; and time 7,
of the macroscopic processes concerned are defined by

I = (4mag{EY)"V?, 7, =1%/D=1/k,{(E),
(1.5a)

where [ represents a screening length of reactive~diffusive
interactions among enzymes, and @y = ea = k,/4mD is an
effective radius of an enzyme. For typical values of various
lengths, see Table I. We assume that the total enzyme vol-
ume fraction ¢, is small. As is shown in Sec. III C, the rate
equations ( 1.4) hold on the length scale of order /; and time
scale of order 7, when € <€ 1. Therefore, we have

ap/ly = 3R)'2 <1, 74/7p =3pp <1, (1.5b)

where ¢y (t) represents the effective enzyme volume frac-
tion and is given by @ (t) =4may(E())/3
= E¢o{(E(2))/E,} and 7}, = a%/D is a microscopic time
related to a,. Then, there are two different choices of the
cutoff 7,, depending on the process of interest. Equation
(1.5b) suggests that there exist two characteristic macro-
scopic stages. The first is an intermediate stage where the
space-time cutoffs are set as

Ig>r.>ag, T2>1.>7. (1.6)

TABLE I. Macroscopic length and time scales calculated for ¢, = 107,
k, = k_,,and k,{C)/(k, + k_,) = 1.0at different values of e = 0.01, 1.0,
and 100.0.

Symbols Definition €=0.01 1.0 100.0
Ix/a Egs. (1.5) 815 74 6
To/To 8152 747 6°
1/a Egs. (1.10) 818 94 58
7/, 8182 942 582
I,/a Eq. (1.11a) 58 58 58
/T 582 582 582
L/a Eq. (1.12) 22 22 22

At some initial time substrate gradients are set up among
enzymes by the reactions betwee enzymes and substrate, and
by concentration fluctuations of substrate. Thus, a reaction—
diffusion process with the characteristic length /, and the
characteristic time 7 becomes dominant and this interme-
diate stage is described by Eqgs. (1.4). In the late stage, the
density of substrate has decreased substantially. The reac-
tion process is slow compared to diffusion, and spatial in-
homogeneity in the system is negligible. The macroscopic
variables (u(r,t)) become homogeneous in space, which
leads to {u(#,t)) = {(u(t)). Therefore, this second stage is
characterized by the inequalities

r.>le>ag, .>mr>7, (1.7
and the rate equations
(L)) = —k(EXC) +k_ (B}, (18)

(%)(E(o) = —kAENCY + (h_ + ko) (Es)
(1.8b)

with the conservation law (E(#)) + (Es(t)) = E,,.

The rate equations (1.4) and (1.8) are valid only when
the effective enzyme volume fraction given by ¢, (¢) is suffi-
ciently small. If this condition is not satisfied, reaction—dif-
fusion interactions among enzymes become important and
modify the rate equations and the rate coefficients. Because
of the long range of these interactions, the macroscopic pro-
cesses of interest are complicatedly coupled to the micro-
scopic processes, which are associated with the enzyme
sphere configurations. In order to find the analogs of Egs.
(1.4) and (1.8) for the case of nonzero enzyme volume frac-
tion (#,7#0) with arbitrary values of € beginning with a mi-
croscopic point of view, therefore, we must set up appropri-
ate microscopic equations and then must eliminate the
microscopic process by suitable averagings. In the present
paper, this is done by the following two types of coarse-
graining procedures. The first is the reduction of variables by
averaging over the enzyme sphere configurations. This is
accomplished in Sec. I, where we start with molecular equa-
tions and derive linear Langevin-type equations for u(r,z);

(%)C(r,t) = DV2C + I(r,1), (1.9a)
(%)E(r,t) =I(rt) + k,E(7.t) (1.9b)

with the conservation law E(rt) + Eg(rt) = E;, and the
reaction term

I(rt) =fdr’J‘ dt'{ —e(rrit—t")C(7,t'")
0

+¢(r:r1)t_t,)E3'(rl’t')] +R(r9t)’ (1.90)

where @ and 3 are memory functions, and R(r,?) is a fluctu-
ating force which satisfies (R(7,¢)) = 0. In order to calcu-
late the memory functions ¢ and ¢, we also introduce the
enzyme number density N(p,r;t), where p denotes an occu-
pation number such that p = 1 is associated with a position »
occupied by an enzyme, while p = Qis associated with a posi-
tion r occupied by a complex [cf. Eq. (2.17b)]. Then, the
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effective number density of complexes E ;(7,#) in Eq.
(1.9¢) is given by E 5(r,t) = [ (1 — p)bN(p,r;t)dp, where
b= (1+ep) ! [cf Eq. (2.16)].

Equations (1.9) held for any arbitrary value of ¢, and
thus the characteristic length /, and time 7 can be general-
ized so as to treat any case for arbitrary €. We may define a
new screening length / and its related time 7 by

l= (4ma*{E))~"?, 7=1*/D=1/k(E"), (1.10a)

and also introduce a new effective radius of an enzyme a*
anditsrelatedtime 7¥bya* = ea{E')/(E ) and 7¥ = a**/D,
which satisfy

a*/l=[34(1)1"2«¢1, 72/r=3¢(t)<1, (1.10b)

where ¢(¢) represents the effective volume fraction and is
given by ¢(2)=4ma**(E(2))/3 = ¢o(€(E"')>/(E )*E,).
Here the effective number density of enzymes (E ) is given
by (E’'(2)) = f& pb {N(p,r;t) )dp. Then, there are also two
characteristic stages as discussed before, where (/;,75) and
(ag,74) arenow replaced by (/,7) and (a*,7¥), respectively.

Depending on the value of €, we have the following two
further extreme cases. The first is the fast reaction case [A],
where €> 1, and

I=1, = (4maE,) " "*>a* =q,

7'=TD>Tg=TO=a2/D. (llla)

Here 1, represents the screening length in case [A], and
7p = 1% /D = 1/47aDE,. In this case, Eq. (1.9a) reduces
exactly to that obtained in Ref. 15, referred to as TC, on the
study of diffusion-controlled reactions. Hence this is the so-
called diffusion-controlled limit. The second is the slow re-
action case [B], where €<1, and

(1.11b)

As the volume fraction @, decreases, the screening
length / becomes much larger than the interenzyme distance
given by

L=a/g". (1.12)

Therefore, the number of enzymes in the volume /3,E,/?, is
very large even in the low density limit E,— 0. The definition
of the macroscopic lengths and times and their order of mag-
nitude are given in Table L.

The second coarse-graining procedure is a reduction of
processes, that is the extraction of the macroscopic process
characterized by (/,7) from Eqgs. (1.9) by suppression of the
microscopic process characterized by (a*,7%). This is done
by the scaling expansion method®* with the following central
results: In the intermediate stage, we have the scaling

r—Sr, t—-8%, IS8, 6—S~24,(1.132)

(u(rt)) >SS ~>(u(rt)), Su(rt)—S ~“r228u(rt)
(1.13b)

with S> 1, and approximately |7|>r, and approximately
t>t,, where Su(r,t) = u(r,t) — (u(r,t)) denotes the fluctu-
ations around the deterministic motion (u(r,t)), and the
molecular quantities such as D and k, are all kept constant.
Then, by applying the scaling (1.13) to Egs. (1.9) and ex-
panding them in powers of S ~!, we can carry out three ex-
pansions all consistent with each other. The first is the ex-

I=lk>a*=ay, T=1>1¥=7¢.

7877,

4045

pansion in the small parameter ¢'/2, Eq. (1.10b). The
second is the expansion in the spatial gradients V, which
permits us to write Egs. (1.9) in a spatially local form such
as in Eqs. (1.4). The third is the expansion in the slowness
parameter d /dt, which leads to a Markov equation such as
Egs. (1.4). Thus, the scaling method carries out the space-
time coarse graining in a manner consistent with the expan-
sion in the small parameter ¢'/2. From Eq. (1.13b), we have
|6u/(u)| = ¢'¢ =272 Therefore, the scaling method also en-
ables us to evaluate the magnitude of the fluctuations rela-
tive to the deterministic mation.

In Sec. III, we discuss the intermediate stage for arbi-
trary € and show that reactive—diffusive long-range interac-
tions among enzymes separated by a distance of order
I(> L) cause two kinds of first-order corrections; an uncor-
related term v(7,¢), which is described by a deterministic
part of a single-enzyme distribution function,
fp,rt) = (N(p,r;t)), and a correlated term w(r,¢) which is
described by a fluctuating part of the single-enzyme distribu-
tion function, SN(p,rt) = N(p,r;t) — f(p,r;t), and that in
turn by an enzyme pair correlation function. Thus, we obtain
for arbitrary values of €, to order S — !,

I(rD)) = —k(EMWC)+k_(ES)

+ B¢ 1 [w(n) —w(r)],  (1.14)
wherevand ware averaged functionalsof £’ and (C ). Wesee
from Eq. (1.14) that the first-order correction term is pro-
portional to the square root of the enzyme volume fraction ¢,
i.e., the enzyme density (E ). In case {A] where €> 1, the
correction results only from the uncorrelated term v, since
the uncorrelated term wis of order e ~!. This is due to the fact
that since the time scale of the reaction process is much
shorter than that of the diffusion process, on the time scale of
order 7, the reactions are already completed and the fluctu-
ations are averaged out. Then, Eq. (1.14) reduces to

(I(r,t)) = — (4maD)E,

X114 (3¢e) 2 I{C(r1)) + O(e™").  (1.15)

This is identical to that obtained previously for diffusion-
controlled reactions.'’~!” In all other cases the correction
term results from both uncorrelated and correlated terms,
both of which may play important roles. Estimates of magni-
tudes of the correction terms from screening and correlation
terms are obtained for ranges of € and ¢ for an enzyme reac-
tion by numerical solution of the derived corrections.

In Sec. IV, we study the late stage characterized by the
space-time cutoffs (r,,z,) which are prescribed by the condi-
tion 7, >/ and ¢, > 7. It is shown that the reaction process is
described by the following nonlinear Fokker—Planck equa-
tion for the single-enzyme distribution function f(p,7t):

(%)f (porst) = (a%)[ —y(p.2) + 13¢(2)1'*y(2)pb

(Gl

where y is a drift term and is given by Eq. (4.7),and y(z) isa
coefficient given by Eq. (4.5a). Here z is a scaled substrate

(1.16)
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density given by z(¢) = k,{C(2))/(k_, + k,). Thus, we
find the deterministic rate equations

(52)(0 = — k() (E)(C) +k_(2)(Es), (1.17a)

(%)(E(m = — B @(EXNC) + [k_y(2) + ko] {Es)

(1.17b)
with the renormalized rate coefficients
ki(z) = k{1 + [38(2)1"[4,(2)
+A_(2)IKE")/(E), (1.18a)

k_y(2) =k_,[1+ (3(2)"?A_,(2) I{E ) /{E,),
(1.18b)

where the coefficients 4, and 4_, are averaged functionals
of Eand E’, and depend only on the scaled parameters z, ¢,
and k = k_,/(k_, + k;). The rate coefficients k, and k_,
are renormalized by the reactive—diffusive long-range inter-
actions differently, and their deviations from the infinitely
dilute limit go as the square root of the enzyme density E,,.
When k,#0 (i.e., irreversible reactions ) the density (C' ) ap-
proaches the value zero in the long time limit - «. Hence
k, and l'c_, reduce to

ky=[k/(1+ ) 1{1 + (3Kodo) [€/(1 + €)1%/%},
(1.19a)

k_y=T[k_/(1 + {1 + 3Kopo) [/ (1 + €) 1>},

(1.19b)
respectively, where K,=k,(1+¢€)/[k_,+ k(1 +¢€)].
When € = 0, therefore, there is no correction to the rate coef-
ficients. In the low density limit E,—0, these coefficients
reduce to those obtained for irreversible reactions by other
authors.*%1%-2! On the other hand, when &, = 0 (i.e., rever-
sible reactions), the scaled density z(¢) approaches the equi-
librium valuez( 0 ) = {Es( 0 )}/{E( )} inthe t— o lim-
it. Hence we obtain

(1.20a)
(1.20b)

ko =k[14+2(0)1/[142(0) + €],

o =k_,[14+2(0)]/[1+2(c0) +€].

Therefore, there is no correction to the rate coefficients for
reversible reactions. These coefficients do not agree with
those obtained in the low concentration limit z( e ) -0 by
previous authors.'$->!

Under the quasistationary state approximation,
d (E(t))/dt = d (E4(t))/di = 0, we also obtain

(—%)(cm) = — k(DE(C(1) (121)
with the effective rate coefficient
k(z) =kk,/ (R (CY + K_, + k). (1.22)

This is a generalization of the Michaelis-Menten equation
(where e =0, k, = k, and k_, = k_,) to first order in the
small parameter ¢'/? given by Eq. (1.10b). Equations
(1.16), (1.17), and (1.21) are the most important results in
the present paper.

The outline of this paper is as follows. In Sec. 11, we first
transform the molecular equations into linear Langevin-type
equations (1.9) and obtain microscopic expressions for the

M. Tokuyama and J. Ross: Many-body effects in reaction rates

memory functions and fluctuating force by employing a sim-
ilar formalism to that previously introduced by TC'" to
study diffusion-controlled reactions. In order to calculate
the memory functions, we then define probability distribu-
tion functions of finding enzymes at given positions and de-
rive a hierarchy of equations for them. In Sec. III, the inter-
mediate stage is studied. The scaling method is first
introduced to order all terms in the scaling parameter § ~'.
By employing a similar approach to that introduced in Ref.
23, referred to as TK, on the study of particle growth, we
derive kinetic equations for single-enzyme distribution func-
tion f(p,r;t) and the variance (SN (p,r;t)SN(p’,r';t)) system-
atically to order #'/2in the expansion in S ~'. Itis shown that
although the fluctuations N (p,r;t) are small as compared to
the deterministic part f(p,7;t) when d > 2, they are impor-
tant since they cause an appreciable correction to the rate
coefficients to order ¢'/2. The deterministic rate equations
(1.9) with Eq. (1.14) are derived to order ¢'/%. The fourth
section focuses on the late stage. A nonlinear Fokker-Planck
equation (1.16) is derived for the single-enzyme distribution
function f(p,r;t). The new rate equations (1.17) are found.
The quasistationary state is further discussed and Eq. (1.21)
is derived. The quasistationary distribution function and the
renormalized rate coefficients are calculated numerically.
The effects of the uncorrelated and correlated terms on the
deterministic reaction rate are discussed. The theoretical
values of the normalized rate coefficients 7(1 (2)/k, and
k(z) k, are calculated, based on the experimental data for the
catalase-hydrogen peroxide reaction by Strother and Acker-
man?* for a range of the parameters €, ¢,. The volume frac-
tion (@,) dependence of the rate coefficients is stressed. Sec-
tion IV is devoted to a short summary and some remarks.

Il. BASIC EQUATIONS

Let P, (¢) denote an occupation number such that P, (1)

= 1is associated with a position X; occupied by an enzyme,
while P, (t) = 01is associated with a position X; occupied by
acomplex (enzyme and substrate). We assume that P, (¢) is
a smooth function of ¢ which takes any value between zero
and one. Then, the number density of enzymes is defined by

N
E(rt) = (1/4m) Yy |dQ,; P,()6(r—r), 2.1

i=1
where (), is the orientation of the vector n; = r, — X, from
the center of the ith sphere X, to a point on its surface r;.
Similarly, the number density of complexes is defined by
N .
Eg(rt) = (1/4m) z dQ; Q.(n)é(r—r,), (2.2)
i=1
where Q,(#) = 1 when a position X, is occupied by a com-
plex, and @, (#) = 0 when occupied by an enzyme. Then, the
reaction—diffusion processes at the molecular level are de-
scribed by
a

(E)C(r,t) = DV*C(rt) + I(r,t),

(2.3a)
a
(—a?)E(r,t) =I(rt) + k,Eg(r,t) (2.3b)

with the reaction term
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I(rt) = —k,E(r,t)C(r,t) + k_,Es(nt), 2.4)

where C(r,?) is the instantaneous number density of sub-
strates and E; (7,t) satisfies the conservation law

E(rt) + Es(rt) =E, (2.5)

A. Reduced equations of motion for C(,t) and E(r,t)

Equations (2.3) are starting equations for studying in-
teractive effects among enzymes due to the reaction of sub-
strates with enzymes. The average of the reaction term 7
contains the correlation function (EC }; since the total en-
zyme density E, is not dilute, this term cannot simply be
decoupled. Therefore, we need to derive an equation for
(EC') which also contains the higher correlation terms such
as (E2C ), and we have to deal with a hierarchy of equations
for the correlation functions.

Rather than solve such equations directly, we first re-
write the reaction term (2.4) as

N
I(rt) = z dQ, 6(r—r)o,(Q,1) (2.6)
i=1
with
4o, (Q,t) = — kP, ()C(r,t) + k_,0: (1), 2.7)

where the density o, denotes the time-dependent source of
reaction between the substrates and the ith enzyme at point
Q, on its surface. In the following, we then solve the reac-
tion—diffusion equation (2.3a) with Eq. (2.6) for o,(£},,t)
and express o; in terms of C(r;,t). We combine that result
with Eq. (2.7) to obtain C(r,,t) in terms of P, (¢). Thus, we
write the reaction term I(r,t) in terms of P,(z). Finally we
separate I into a deterministic part and a fluctuating part by
means of a coarse graining procedure and thus transform Eq.
(2.3a) into the form of linear Langevin-type equations. The
following porcedure is mostly the same as that introduced by
TC.IS .

The formal solution of Eq. (2.3a) with Eq. (2.6) is giv-
en by

. N t
Clrt) =Co(rt) + 3 f dt’fdﬂ: 8olr—rit—1')
0

i=1
Xo;(Q,t")
with the free propagator
g(nt) = (1/47D) (27i) ~'(27) 3

(2.8)

><J.dzJ‘a’kexp(ik-r+zt)/[k2 + (z/D)]1,

(2.9)
I

Cx,n=[1+ ePi(t)]‘l[Co(X,-,t) + (k_y/4maD)Q; (1)

+f dt’fdfgo(X,. —r—t)e(|r — X,| — a)I(r’,t’)]
(V]

where C,,(r,?) is the free concentration field in the absence of
enzymes. In order to solve Eq. (2.8) for o,(Q,,?), it is con-
venient to introduce the inverse propagator K, (,,Q/,5t")
of the free propagator g,(r; — ri,t —t') = go(Q;,Q};t —¢t")

by
f dt” Jd YK (0,00 ")8,(Qr, Q" — 1)
»

=6(Q, — QN6 —1"). (2.10)
As is shown in Appendix A, use of Egs. (2.8) and (2.10)
then leads to

o,(Q,1)

74
=f dt'fdﬂ; Ki(Q,Q008 ") [CUrit ') — Co(Fit™)
0

-
- f dt” Jdr” golri—r't'—t")
0

XO(r" — X;| —a)I(r",t")]. (2.11)

Here the step function 8(x) of Eq. (2.11),6(x) = 1forx>0
and 0(x) = 0 for x<0, comes from the fact that the spheres
are supposed to be nonoverlapping and nontouching.

We now solve Egs. (2.7) and (2.11) for C(7,,t). As is
shown later, only the long-range interaction over a distance
of order / is important.Therefore, the free propagator g, in
Eq. (2.11) is a slowly varying function in space and time [ cf.
Eq. (3.19)]. On the other hand, as is seen from Eq. (2.10),
K, (Q,,0Q/;tt") is related to a short-range interaction over a
distance of order a through the free propagator
G, (0,,Q/;t,t'), which has a time scale of order 7,. Hence
this is a rapidly varying function with the characteristic time
To- On the time scale of order 7, therefore, we can make a
Markov approximation in Eq. (2.11) in which the time ¢’ is
replaced by ¢. This corresponds to an expansion in the slow-
ness parameter (d/dt); C(ri,t’) =CrLt)+0[(

—t')(d/3t)], where (¢t — t’) (3 /3t) is of order 7,/7. Simi-
larly, on the length scale of order /, we can replace the posi-
tion vector r; by X, in Eq. (2.11). This corresponds to an
expansion in the spatial gradient V; C(r/,t’) = C(X,,t")

+ O(R;'V,), where R;-V, is of order a/I. Since the error
introduced by these expansions is of order ¢, they have no
effect on the first-order correction. However, these expan-
sions must be verified self-consistently by means of the
space-time coarse-graining procedure discussed in Sec.
IIT A. Asis shown in Appendix B, use of Egs. (2.7), (2.10),
and (2.11) thus leads to

(2.12)

where €is given by Eq. (1.5). Inserting Eq. (2.12) into Eq. (2.7) and dsing Eq. (2.6), we can write the reaction term I(r,t) as

I(rnt) = —k, J- dt' fdr’ T(rt;,r t"YCo(r,t'y + k_E5(rt) —k, f dt’fd/ M(rr e YI(r,t')
(4] 0

with

(2.13)
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1
T(rr,e’) =f dp T, (r5r't')
0

=8(r—r)o(t—t")YE'(nt), (2.14)

1
M(rr,t') =f dp M, (r,r't’)
0
=E'(rt)g(r—rt—1t")0(|r—r|—a),
(2.15)
1 1
Eson = [ dp By = [ dpasNro, 216)
0 (1]

where g = 1 — p. Here E’'(r,¢) is given by

1
E'(rt) =f dp pbN (p,r;t) (2.17a)
0

with the enzyme number density
N
Nprn =3 6[p—P.(]6[r—X,(0)], (2.17b)
i=1

where

b=(1+ep) " (2.17¢)
For notational convenience, we introduce a coordinate-time
matrix representation I= [I(rt)], T=[T(nt;r,t")],
M= [M(rtrt')] and 4'=[A4'(rt)], etc. Then, Eq.
(2.13) yields

I= —kHCy+k_B, (2.18)
where

H={14+kM]™"T, (2.19)

B=[1+kM]™ 4" (2.20)

Thus the reaction term / is written in terms of P, (¢), that is,
in terms of N(p,r;t).

We now separate I(r,¢) into a deterministic part and a
fluctuating part by eliminating the microscopic processes
associated with the enzyme sphere configurations. This is
done by averaging over the initial enzyme distribution func-
tion po{ [, (0),X,(0) ] }. Asisshown in Appendix C, we can
write the reaction term 7 as

I=—@¢gC+¢E;+R (2.21)
with the memory functions
=k 1 —k(H) gl " (H), (2.22)
YAEs) =k_[1 -k (H) gl " (B) (2.23)
and the fluctuating force
R=1[1~ki(H)gl 'l —k{(H—(H))C,
+k_(B—(BYN]1—9¢(Es—(E5)), (224)

where (R ) =0, and C, is configuration independent. The
angular brackets denote the average over the initial distribu-
tion function p,{ [ P,(0),X,(0)]}.

Thus, use of Egs. (2.3a) and (2.21) leads to a linear
Langevin-like equation for C(7,#). In the limit of fast reac-
tion, € — o, this equation reduces exactly to Eq. (2.13) of
Ref. 15 obtained by TC for diffusion-controlled reactions,
since epb—1 and b—0as €— « [cf. Eq. (2.17¢)].

M. Tokuyama and J. Ross: Many-body effects in reaction rates

B. Decomposition into a deterministic and a fluctuating
motion

We wish to decompose the time evolution of C(7,¢) into
a deterministic part (C(r,z) ) and a fluctuating part 5C(r,1);

C(r,t) = (C(r,t)) + 6C(r,1). (2.25)

This decomposition is essential since the ¢ dependence
of the fluctuations differs from that of the deterministic mo-
tion.?! In the next section we show that the relative magni-
tude of the fluctuations compared to the deterministic part is
of order ¢'/? when d = 3. From Egs. (2.3a) and (2.21), we
then obtain

(%)w(”’)) = DV*(C) + (), (2.26a)

(—%)&C(r,t) = DV?5C + 8I(r,t) (2.26b)
with

SI=I—-(I)=—¢6C+{:6E5+R, (2.27)

where E; = E; — (E%). Similarly to Egs. (2.26), from
Egs. (2.3b) and (2.5), we also have

(g;) (E(r0) = T(n0)) + kp(Es(rt)),  (2.282)

(g;)aE(r,z) — SI(r,1) + k,BEs (1,1) (2.28b)
with the conservation laws

(E(r,t)) + {Es(r,t)) = E,, (2.292)

SE(nt) + 8Es(r,t) =0, (2.29b)

where 8E(r,t) = E(r,t) — {(E(r,t)) and JSE (1)
= ES(r)t) - (Es(r:t»-

Thus, our study of the reaction—diffusion process re-
duces to two analyses: one of the memory functions ¢ and ¥,
and the other of the correlation function (R(r,t)R(7,t’))
which determines the stochastic properties of the fluctu-
ations.

C. Kinetic equations for distribution functions

The correlation functions are the averaged functionals
of the product of the enzyme number density N(p,r;t) given
by Eq. (2.17b). In order to calculate such functions, there-
fore, we finally need to discuss the time evolution of N(p,7;¢).

We first derive an equation for the occupation number
of the ith enzyme P, (). The total flux density of the sub-
strates across a sphere of radius @ around the ith enzyme is
given by

ji) = ~Dafd0,-(n,--VC),,-. (2.30)
We assume that reaction may occur when a substrate ap-
proaches within a radius a of the center of an enzyme. Then,
P,(t) obeys

d ,
(£)p.r =jitr + k@0,

where Q,(¢) =1 — P, (¢t) from the definition of P,(r). We
note from Eq. (2.30) that the rate coefficients k, and k_,

(2.31)
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appear in the flux j; (¢) through the solution C(r,t) of Eq.
(2.3a).

Next let us introduce the m-enzyme distribution func-
tion by

fm ( 1)‘--3m;t) = ﬁ 0( |rq| —2a)
i%j
XAN(Lt)---N(m,)) (2.32a)

with

£(1,2) =AADA(2) + Gy(1,2),

fd(l)fl(l) ~N, fd<m+ Ofor sy (Lo + 1)

= Nf,, (1,...m), (2.32b)

wherer; =r;, — r;,and m = (p,,,Y,, ) represents the specif-
ic value of the occupation number and position of the mth
enzyme. Similarly to Eq. (2.25), we decompose N(i;t) as
N(t) = f1(it) + 6N(ist); the ¢ dependence of the fluctu-
ations SNV will turn out to differ from that of the determinis-
tic part f,. Therefore, it is convenient further to introduce the
correlation functions G, (1,...,m;t) through the Ursell-
Mayer procedure

£(1,2,3) = ADAF(3) + (1 +ep5 + €3)/(1)G,(2,3) + G5(1,2,3),
f;t( 1,2,3,4) =f(1)f(2)f(3)f(4) + (1+ €,3 + 324)G2( 112)G2(3s4) + (14 €3+ e+ eptexyt+ 313924)

XAD(2)G,(3,4) + (1 + ey, + €13 + €,4)f(1)G3(2,3,4) + G,(1,2,3,4),

and so on, where f(i) = f,({), and ¢; is the exchange opera-
tor between / and j. Then, we have

1
(E(r,)) =f dp pf(p,rt), (2.34a)
0

1 1
(SE(r;,t)0E(r,t)) =f dp,f dp, ppx(1,2;1)
(o] 0

(2.34b)
with the variance
x(1,2;1) = (BN(1;0)6N(2;1))
=6(1 = 2)A(L;0) + G,(1,250). (2.35)

Thus, the time evolution of E(r,t) is described by fand y.
By taking the time derivative of Eq. (2.32a) and then
using Eqgs. (2.31), (2.33), and (2.35), we obtain

J 3
(E (b= —(b—)[]'(l)+kquf(1)], (2.36a)

/4
(%)Gz(l,z) - — 4+ elz)(%)[Jz(z,l)

—f1)J1(2) + k2q,G2(1,2) ], (2.36b)
a

(EE)X“’” = (1t e [8(1=2)4,(2)

+ J5(2,1) — ADJ1(2) kagoyl, (2.37)
and so on, with
J,.(21,.,m) = H O(|r;| — 2a) (I, (ryt)
jEi
XN(1,t)---N(m,t)), (2.38)

where
N
L =Y j(0H8[p—P,(]8[r—X,(0)]. (2.39)
i=1

From Eqs. (2.3b) and (2.31) we have § I, (r,1)dp = I(r,1).
As is shown in Appendix D, we can write /, as

(2.33)
r

I,= —kH, (1+gy9)(C)

+k_\[B, + kiH, (1+ 8, 9) 8 (B)] (2.40)

with

H,=T,— kM, H, (2.41a)

B,=Ej, — kM, B. (2.41b)
From Eq. (2.37), we then obtain

Jip)= —g, (C)+ V¥, (2.42)
where

@, =k (H,) (1+g,9), (2.43a)

V, =9, (Es) =k_,[(B,) +@,°8°(B)]. (2.43b)
Here f @, dp=¢ and § ¢, dp = ¢.

Equations (2.36) and (2.37) give the system of kinetic
equations which describe not only the deterministic motion
in the reaction—diffusion processes but also the fluctuations
around it, since the averaged reaction term (I ) is determined
by Jy(p,rt) = (I,(r,t)), and the fluctuations are described
by y through Eq. (2.34b). '

llil. MACROSCOPIC RATE EQUATIONS FOR
REACTION-DIFFUSION PROCESSES

In the present section we derive the system of macro-
scopic rate equations in the intermediate stage which de-
scribe the reaction—diffusion processes characterized by the
space cutoff 7, as prescribed by the condition /> r. > a*, Eq.
(1.10b).

A. Scaling method

We first discuss a scaling method?! which can be used
systematically to extract the reaction—diffusion processes
described by the length and time scale (/,7), given by Eq.
(1.10a), from the microscopic processes characterized by
(a*,7%). Since />a* and 7> 7¥, we introduce a scale trans-
formation
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I1-8l 7-8°, @Y% = (a*/)->S"'¢"? (3.1)
with % 1, where (a*,7¥) and all molecular quantities such
as.D, k;, and € are fixed. Here the time exponent &is given by
@ = 2since 7 = I 2/D. Then, the space-time coarse graining is
given by the scaling
t-S? (3.2)

for approximately |r|>7, and approximately ¢>7.. Use of
Egs. (1.10a), (3.1), and (3.2) thus leads to

(E")->S —Z(E'), k—l”s_zk—lo k2—>S_2k2 (3.3a)

which is combined with Egs. (2.17a), (2.32b), and (2.34a)
to give

(EY-S~XE), f-S7%Y, E,—S’E,
N-SN, V-S9. (3.3b)

The enzyme density E, approaches zero in the scaling limit
S- . The number of enzymes in a volume 7,E,r?, how-
ever, increases in proportion to ¢~ %% when d > 2. This
suggests that the fluctuations §C, 8E, and y may be charac-
terized by a Gaussian process but not by a Poisson process
even in the low-density limit E,—0.%

Since the (I ) term in Eq. (2.26a) must balance the left-
hand side of Eq. (2.26a) and that of Eq. (2.28a), respective-
ly, we find

IY>8—4I), (CY-S%C). (3.4)
From Eqs. (2.29a) and (3.3b), we also obtain
(Es)—S ~*Eg) and (E ;) —S ~*(E §). Then, the macro-
scopic scale invariance under the scaling (3.1) and (3.2)
leads to the following scaled forms:

(u(rt)) = ga(r/lt /1), (3.5)

fp.rt) = ¢fp.r/t /7). (3.6)

where # and fare scale invariants. Here (E ') and (E &) have
the same scaled form as Eq. (3.5).

The ¢ dependence of the fluctuations will turn out to
differ from that of the deterministic motion, and hence we
also define a scaling exponent 5 by

Su(r,t) = ¢#25u(r/Lt /1),

where 8C, 8E, and 84 have the same exponent S from Egs.
(2.26b), (2.28b), and (2.29b).
We next discuss the correlation function G,,. There are

J

r-Sr,

3.7)

(g;)&C(r,t) = DV25C(r,t) + 8Y5(nt),

M. Tokuyama and J. Ross: Many-body effects in reaction rates

two types of correlation functions which originate from dif-
ferent interactions. One is the spatial correlation due to the
short-range interactions over a distance of order a, which
gives a higher-order contribution in ¢. The other correlation
comes from the long-range interactions over a distance of
order /, due to reaction; this has the invariant form

G, (1,...m;t) = ¢*m/2G,, (DysePmils/

Ly /st 758 /7). (3.8a)

Here the exponent u,, can be obtained by integrating G,,
with respect to 7,...7,, over the volume /. Since G,, is non-
vanishing only for relative distances shorter than /, we have
§d(1)---§d(m)G, =E,° This is combined with Eq.
(3.8a) to obtain u,, =2+ (m — 1)d. From Eq. (2.34b)
and (3.7), therefore, we find 8= (d + 2)/2, and

X (D1sT1p2slyit) = W(Plypz,rl/l”zl/l;t/T)- (3.8b)
Thus, we have
16C/(C) 2= |Go/f?| = |Go/fGy| =$ =272 (3.9)

Therefore, if d> 2, then the higher-order correlations be-
come less important and the hierarchy of Egs. (2.36) can be
truncated. Thus, the fluctuations Su are negligible compared
to their average values (u); nonetheless, they are important
since they affect the rate coefficients k, and k_, to order ¢'/*
[see Eq. (3.25b)]. .

We apply the scaling (3.1) and (3.2) to the determinis-
tic equations (2.26a) and (2.36a), and obtain

(%)(C(r,t)) =DV¥C(r,0)) + Y3(r1), (3.10a)
d J
(E)f (prit) = — (—a;) [S5(p,Sr.S%t)
+ kyq f(p,ri) ] (3.10b)
with the scaled reaction term

' 1
Y3(n1) =S4f dpJ3 (p,Sr,S%t). (3.11)

0

Here J { means that J; also depends on S through ¢ included
in it. Similarly, we scale the stochastic equations (2.26b),
(2.36), and (2.37) with a scaling exponent 7

(—g-)Gz(lﬂ;t) = —(1+ e,z)(bg——>{3d+‘[Ji(pz,Srz,p,,Srl;Szt)

t /2

— 8T (poSruS ) | + ka4,Go ),

(gE)X( 130 = —(1+ ed(%){s DS TI8(1 = 2)T T (PSS

+J 3 (Pop1,ST2,Sr:8%t) — S —%f‘(l)Jf(P,S’é;Szt)] + szzX}

with

R(rt) = ¢"*R(r/Lt /7). (3.12)
Then, we find

(3.13a)

(3.13b)

(3.13¢)
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13
8YS(rt) =S"+“f dt'Jdr’[ — @5(Sr,S8%t,Sr,.S%")6C(r,t')
0

+ ¥5(SrS?Sr S YVSE (r )] + 8P+2~"R(np),

where, in order to derive Eq. (3.14), we have changed the
integration variables # and ¢ to S and S%¢’, respectively.

B. Expansion of scaled functions in powers of $ 7

We first discuss the expansion of the scaled function J§
in Eq. (3.10b) in powers of S ~*. Since J, has a complicated
form, it is convenient to expand J, formally in powers of free
propagators and then investigate each term by applying the
scaling (3.1) and (3.2). The following procedure is mostly
the same as that introduced by TK?* for problems of particle
growth at nonzero volume fraction.

From Eq. (2.42), we have

L@ =3 1. =3 (—k)"[ = ks, (p)
m=0 m=0

(C) + k¥, (P)], (3.15)

(3.14)

where ®,, and ¥,, contain m free propagators. The first few
terms of @, are given by

D, = <Tp>’ P, = (MpT> — Dogo@o,

P, = (MPMT> — @860 — Pogo®1 — Po(8oo)?,

P, = (MPM2T) — Dogopo — Pogop: — P18
— ®,(80®0)” — Po8o®180%0

— D2opolopr — Po(8epo)’s (3.16)

where @,, is given by @,, = f ®,, (p)dp and has the same
expansion forms as Eq. (3.16), except that T, and M, are
now replaced by T and M, respectively. Here
Vo(p) = (E§,),and ¥, (p) (m>1) has the same expansion
formas @, (p) - (C), except that T+ {C } is now replaced by
E ;in ¥, . The expansion in powers of g, is merely formal
since the higher order terms are not necessarily small com-
pared to the lower order terms. By using Eqgs. (2.14) and
(2.15), we can write (M,M "~ 'T}) as

MM T =pb [ ot [dcOpiby [ dom— p_ b,

Xf dt,f dtz'"f ) dt, ., 8or—ry,t —1)go(ry —ryty —1t,) "
(4] 0 0

><gO(rm--l - r,’tm—l

where m> 1, and

m—1

F,(Ltysmt,) = ] 0(ric1 —ri| —2a)N(L,t;)--N(mt,)).

i=1

—t)F, . (pr L2, .m — 1,8, _ ;pr,t'),

(3.17)

(3.18)

Here let us make a simple approximation in Eq. (3.17) thatall times ¢, and ¢ in F,, | , may be replaced by ¢. In fact, as will
be shown later, ¢,, (m>1) are the correction terms to ¢, and become important on a longer time scale 7' = 7/4 than 7. Since
only the long-range interaction over a distance of order / is important in Eq. (3.17), the free propagator g, is scaled as

&o(rt) = 5o (r/1t /7).

(3.19)

On the time scale of order 7/, therefore, we can replace the times ¢, and ¢’ in F,, _, by ¢. Since the error introduced by this
expansion in d /3t is of order 7/7' = ¢'/>and @,, (m > 0) are at least of order ¢'/2, it has no effect on the first-order correction.
The function F,, is in general different from f,, [cf. Egs. (2.32) and (3.18)]. However, F,, can be written in terms of f;

(2<i<m). A few explicit forms of F,, are

F,(1,2) = £(1,2),

+8(2-4)£4(1,2,3) +6(1 —3)8(2 — 4)f,(1,2)

(3.20)

and so on. Using Egs. (2.33), (3.17), and (3.20), we can write J,,, (), to order § ~ !, as

S4J10(P,Sr,S zt) = h(P,r,t)f(P»";t),

(3.21a)

S, (p,Sr.8%) = —S“k,pbf dt’fdr’fdp’ gr—ri—1t")
0

X G,(p,rp'r;)h(p',r,t'),

(3.21b)
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t £
S47,,(p,Sr,S %) =s—1k%pbf dt'fd/ fdp' f d(1)p,b, J dt,
0 0

X &o(r —rit — t)go(ry — 'ty — VAL [Go(p,rp',r'st)

+8(r—r)8(p — P B AP t), (3.21¢)
S4,:(p,Sr,S*t) =S ~'kipb f dt’ f dar Jdp' J d(1)pb, f d(2)p,b,
(0]

XJ: dt, J:I dty go(r — rt — 1))8o(ry — oty — )80 (F, — Pty — t)
XALOALD G (prp'r'st) + 8(r —1)6(p — p')f(prst) 1h(p', st ") (3.21d)
with
h(p,rt) = — kpb{(C(r,t)) + k_,gb, (3.22)

where we have used Eqgs. (3.9) and (3.19) and changed the integration variables 7, and ¢, to Sr; and S %¢,, respectively. Thus,
the first-order correction of interactive effects due to reaction is of order S ~' and consists of two kinds of terms. One is a
correlated term such as Eq. (3.21b) which contains the correlation function G,, and the other is an uncorrelated term such as
the last term of Eq. (3.21c), which has the product of the single distribution functions.

The expansion as ordered in Egs. (3.21) then suggests the introduction of a renormalized propagator g defined through

glr—rt—tY=gy(r—rt—t')y—k J: dt, Jd(l)plblgo(r —rpt—t)g(ry— 7ty — ") (L. (3.23)
Then, $*J$ can be written, to order § ~, as

S5 (p,SruS?) = h(LHALE) + S~ V(1) — W(L,D)] (3.24)
with the uncorrelated term

Vip,rt) = k%pbf(p,r;t)Jot dt’ Lt dt, fdr,go(r —rt —1)g(r, — nty — t"Ya(p,r,t YV (E'(r,t)) (3.25a)

and the correlated term

Wi(p,rt) =k, pb J-t dt’ f dr J. dp' g(r—rt—t")YG(p,rp' W )h(p',r,t'). (3.25b)
From Eq. (3.11), we tl:us find

Y3(ryt) = LI dp (1,0 + S~V (L) — W(1,n1} (3.26)

Here {¥(1,t) — W(1,t)} represents the first-order correction of reactive—diffusive long-range interactions between enzymes
separated by a distance of order /. There could also be a short-range interaction between enzymes separated by a distance of or-
der a. Asis easily shown, however, such an effect is of order ¢. We also note that an interaction between two touching enzymes
does not occur since we assume that the centers of the enzymes are fixed.

Since the correlated term is determined by the correlation G,, we next discuss the asymptotic equation for G,. In order to
analyze the scaled functions J 5, we first expand the 1 , term given by Eq. (2.40) in powers of the bare propagator g, similarly
to Egs. (3.15). Inserting the expanded /, into Eq. (2.38), using Eqs. (2.33) and (3.20), and applying the scaling (3.1) and
(3.2), we then find the similar expansion forms as in Egs. (3.21). Up to order S ~!, we thus obtain

13
SIS =S ~YIT] = myu(0)GL(1,28) — ky pyb, f dty g(ry,t — L)YA(LE) (1;8) f(2;2), (3.27)
0
where the screening operator is given by
m;(t) = h(it) —k, p;b, J dt, Jd(n)g(r,.,,,t —t,)h(n,t)e, f(n). (3.28)
0

We have used Eq. (3.9) to obtain Eq. (3.27) and retained only the terms up to order S ? since the correlated terms in S/, and
Y S are already of order S ~. In the scaling limit S— oo, use of Eqs. (3.13b) and (3.27) thus leads to the asymptotic equation

t

(L)e.azn=-a+ en)(gﬁ—){ a0 + s 1621250 — K, [ di” gzt = KL oy S| (3299)
2 0

which is integrated to give a formal solution
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a

G,(1,21) = f ds exp+[ —f dr(l+ eu)(—)lmnu— ”+ kzqzl]
0 0

ap,

X(1+e12)(£)k1P2b2J dt’ glryt — s — 1YA(LE— t)f(Lt — )2t — 5)
2 0

+ exp+{ — f ds(1 + e,z)(i)[mzz(s) + k,9,] ]Gz( 1,2;0),
0 (?pz

where exp, denotes the time-ordered exponential.

There are two kinds of contributions due to the correla-
tion function G, to the reaction—diffusion processes to order
S ' One is a contribution to the deterministic motion
through the correlated term [cf. Eq. (3.25)]. The otheris a
contribution to the fluctuations through the variance y [cf.
Eq. (2.35)].

C. Derivation of deterministic rate equations

Before we derive the deterministic rate equations with
the corrections due to reaction, we first discuss under what
conditions Eqs. (1.4) hold. In the scaling limit S— o0, or in
the dilute limit ¢, — 0, use of Egs. (3.10), (3.24), and (3.26)
leads to

(-g;)w(r,t)) = DVX(C) — k(E")(C) + k_(E}),

(3.30a)
(g)w(m) = — K (ENC) + ko, E3) + lEs),
(3.30b)
(SVwnn = — (2 )ikeno + kalfiono.
at dp
(3.30c)

These are the kinetic equations which hold for all € on the
length scale of order /(> L) and the time scale of order 7.
The interactive effects due to reaction are negligible on this
space-time scale. When € = 0, Egs. (3.30a) and (3.30b) ex-
actly reduce to Eqs. (1.4). Therefore, Egs. (1.4) hold for
do<€1and e<1.

The contribution due to the spatial correlation G, to the
deterministic equations is of order ¢'/2 [cf. Egs. (3.10) and
(3.26) ]. If ¢ is not sufficiently small, however, this contribu-
tion becomes important on the time scale 7' = 7/¢'/? longer
than 7. Balancing (d /J¢) {C ) and the next dominant term of
Eq. (3.10a) leads to the time exponent & = 3. Hence there
are two macroscopic time scales. One is the time scale 7 on
which the effect of neighboring enzymes is negligible. The
other is 7 on which the interactive effects due to reaction
become important. On the time scale of order 7/, therefore,
the densities () and the single distribution function f con-
sist of a double-time process and Eqgs. (3.5) and (3.6) canbe
generalized to

(u(r,)) = du(r/L.T,,T)),
Fo.rt) = ¢f(p,r/LT,,T)),

where u = C,E,Eg, and E §, and T, (n =0,1) are scale in-
variants defined by T, = ¢™(¢ /7). Then, the time deriva-
tive of Eq. (3.31a) leads to

(3.31a)
(3.31b)

(3.29b)

(%)(::(r,t)) = (1/7)[(%0) + ¢”2(;T—l)] (u(nTeTh).
(3.32)

The first term of Eq. (3.32) balances the first term of Eq.
(3.26), respectively, and the second term balances its second
term. Thus, the double-time scaling leads, in the scaling limit
S w0, to

(_‘Z)(c(r,m = DVX(C) — k(E')(C)
ot

+k_(ES) +v(rt) —w(ny,
(3.33a)

ad , .
(E)w"”” — —k(E'NC) +k_(E)

+ ky{(Eg) + v(rt) —w(rt), (3.33b)

; (5
— AL = — | —H[A(l,)) + k 1;¢
(5t)f( 3] E {lA(L,5) + 20, 1/(L;t)
+u(l,)) —w(l,0} (3.33¢)
with the uncorrelated term
v(1,t) = k2p,bh(1,0)f(1;2)
XJ dr; 8o(r12)8(r Y (E (r58)) (3.34)
and the correlated term
w(l,f) = kfp,b,[a(l,t)(i)p,bl
ap,
+ O'(L,nyh(1,6) 1/(1;1), (3.35a)

whereA v(n) ={ v(p,r,t)dp and w(rt) = w(p,rt)dp.
Here O and O’ are operators given by

6(1,t) =Jd(z)h(2’t)g("12)flz(t)g("lz)

Xh(2,0)/(2;1), (3.35b)
0(1,0) =fd(2>h(2,t)g<r,2)fn(t>g(r21)
.
x(—)pzbzf(z;r), (3.35¢)
aPz

where g(7) is a time-independent renormalized propagator
given by

g =f dtg(rt),
0 -

and T 12(#) is an operator given by

(3.36)
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f‘lz(t) =f ds exp{ —s(1+e)
()]

x(i)[m(l,t) + kqu]} (3.372)
ap,
with

de(3)g(rl3)h(3,t)e3,. (3.37b)

We have neglected the initial correlation of Eq. (3.29b) in
the long time limit #— oo, since it represents the correlation
of the two enzymes separated far apart initially before the
diffusive interaction due to reaction.

The deterministic rate equations (3.33) are generaliza-
tions of Eqgs. (3.30) to order ¢'/? and hold for all € on the
length scale of order / and the time scale of order 7. We see
from Egs. (3.34) and (3.35) that the correlated term
w(p,rt) is quite different from the uncorrelated term
v(p,r.t). First, the correlated term decreases the rate, while
the uncorrelated term increases it. This is shown numerical-
ly in Sec IV B. Second, the correlated term contains the
square of the operator (d/dp;) through the operator
(3.37a). Therefore, it leads to a kinetic equation for f(p,7;t)
with higher derivatives than the second order, while the un-
correlated term leads to a kinetic equation for f(p,r;t) with
only the first-order derivative. Thus, the correlated term
makes the distribution function f{p,r;t) broader than the un-
correlated term.

D. Macroscopic rate equations in diffusion-controlled
case [A]

In order to compare the present results with those pre-
viously obtained for diffusion-controlled reactions, we dis-
cuss the asymptotic forms of Egs. (3.33) in case [A ], given
by Eq. (1.11a). In this case we have pb = ¢~', from Eq.
(2.17¢). The macroscopic space-time scales are then given
by (Ip,7p), where I, = (4maEy)~'? (>a), and 7,
=1%/D (>7,).Sincel,/l; =+/€>1,onthelengthscale of
order /,, and the time scale of order 7, therefore, the density
(E(r,t)) and the distribution function f(p,r;t) are already at
equilibrium. In fact, in Eq. (3.33¢), h(p,t)f(p,n;t) is negligi-
ble compared to k,q f(p,r;t) since
h= —4maD (C) ¢k,~k,{C). From Egs. (3.33b) and
(3.33c), therefore, we find the stationary solutions
(E(r,)) = E, and f(p,r;t) = Es6(p—1). Use of Egs.
(3.23) and (3.36a) then leads to the renormalized propaga-
tor

g(ryy) = (47D |rp,|) " exp( — |rp|/1p). (3.38)

From Eq. (3.34), therefore, we obtain v(1,t) = — 3¢,
X (4maD){C )f(p,r;t). Since k,>4maD{(C), from Eq.
(3.29a), we also find G, ~ O(¢3"*/€), which leads to the cor-
related term w~ O(¢{'*/€). Hence the correlated term w is
negligible compared to the uncorrelated term v, which is of

order ¢¢/% On the length scale of order /,, and the time scale

of order 7, = 7p,/Jé,, from Eq. (3.33a), we thus obtain

(%)(cw)) — DVX(C) — (4maD)Ey(1 +333)(C).
(3.39)

, to that obtained in
11-17

Equation (3.39) is identical, to order ¢}>

several prior articles for diffusion-controlled reactions.
This is reasonable since the starting linear Langevin equa-
tion for C(r,t) given by Eq. (2.3a) with Eq. (2.21) reduces
exactly to that obtained by TC. In fact, repeating the same
procedure as that employed by TC to order ¢,, we also find
the second-order correction term to Eq. (3.39) as

(3¢o){(2/3)DV2<C) —~4maDE,[(3/2) + 1n(3/2)]{C)

- (41r)3aD4Eofe(|f| —2a)g(r)*(C(r— rﬂt))dr’].
(3.40)
The term in square brackets in expression (3.40) is different
from that obtained by TC because a series of nondivergent-

type diagrams is missing in their calculation. Hence their
result must be corrected as shown in Eq. (3.40).

E. Fluctuations

We turn to an investigation of the properties of the fluc-
tuations around the deterministic motion discussed in the
previous section. In order to determine the exponenty de-
fined in Eq. (3.12), we first consider the correlation function
of the fluctuating force R(r,t) given by Eq. (2.24). By using
Eq. (2.24) and applying the scaling (3.1) and (3.2), we find,
to lowest order in .S ~/,

(RS(SrS*t)R5(SF,S%))

1 1
=S2("_B_2)k%"; dPlJ; dp, p\b, p»b,

XX(lyz;t)co(rlat)co(rbt)’ (3-41)

which leads to 7 = 8 + 2 = (d + 6)/2 in the scaling limit
S— oo. Similarly to Egs. (3.30), in the scaling limit S— o0,
use of Egs. (3.13) thus leads to

(—gt-)&C(r,t) = DV?%8¢c — k,{E")6C

+k—15E.IS'(r9t) +R(ryt)) (3.423)
d 3
—ly(1,2;6) = — (1 e
( at))(( H=—(1+ 912)( apz)
X [myy(2) + kygylx- (3.42b)

Equations (3.42) hold on the length scale of order / and the
time scale of order 7. From Eq. (3.19), we have ((6C)%)/
(CY?=|y/f* =¢'*<1 when d = 3. Therefore, the fluctu-
ations are negligible compared to the averaged values. How-
ever, they are important since they affect the rate coefficients
through the fluctuation—dissipation relation, to order ¢'/2,
and their effect is the same order as that of the uncorrelated
term. They are also important since they might be observed
by light scattering experiments.

Equations (3.42b) for the variance does not have a
source term. On the time scale of order 7, therefore, the fluc-
tuations y(1,2;¢) are generated only by an initial random-
ness related to y(1,2;t = 0), which originates from thermal
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fluctuations. Similarly to Eq. (3.33), on the time scale of
order 7 = 7/4'/?, we can generalize Eqs. (3.42) to order
#'/? by including the next-dominant terms of order ¢'/? such
asv(1,2) and w(1,t). Then, the equation for the variance has
a source term which is related to the correlated term w(1,#).
On the time scale of order 7/, therefore, the fluctuations are
generated not only by the initial randomness but also by the
long-range interactions due to reaction. This situation is ex-
actly the same as that discussed by TK on the particle
growth problem.?>? In the present paper, however, we do
not go further into this problem.

V. DETERMINISTIC RATE EQUATIONS IN THE LATE
STAGE

In the present section, we discuss a spatially homoge-
neous reaction process in the late stage which is character-
ized by the space-time cutoffs prescribed by 7, >/ and ¢, > 7.
Similarly to the intermediate stage, we may also apply the
scaling method to the starting equations (2.26a) and
(2.36a) to obtain new deterministic nonlinear rate equations
for arbitrary values of €, which hold on the length scale of
order / and on the time scale of order 7'. In the present sec-
tion, however, we show that we can derive the same equa-
tions as those from Eqgs. (3.33) by just neglecting the spatial
inhomogeneities in the number densities (u(r,?)) and the
single distribution function f(p,r;?).

Since the spatial gradients are negligible relative to the
reaction process, we can put {(u(rt)) = {(u(t)) and
S(p,r;t) = f(p,t). Then, use of Egs. (3.23) and (3.36a) leads
to

g(ry) = (47TD"'12|)—1 exp[ — |rp|/1(1)] (4.1)

with the screening length I(¢) = 1/J4ma*{E(t)). From
Egs. (3.34) and (3.35), therefore, we have

v(1L,0) =y3()p,b,({E)Y/{E")Yh(1,1)f(p,,1), (4.2a)
w(l,t) =3é(5)p,b, [5(p1,t)<£)p1bl
1

+0'(pp,)A (L 1f(p 1) (4.2b)
with the operators
o(pu) = 4/ (E")) [ d2h DS (0
Xg1:h (2,0)f(p21), (4.32)
' (pyt) = (4n/(E")) f d()h(2,0)g,T (D)
d
ngl(—“‘)szzf(Pz,t)’ (4.3b)
ap,
where the propagator g,, is given by g,, = exp( — |r,|)/

4mr|ryy|.

A. Renormalized rate equations

As is shown in Appendix E, we can transform Eq.
(4.2b) into the following simple form:

4055
+ y(z)pb (—)pb ]f(p,t) (44)
with B B
(@)= (v=V)[(h*,— 2w/ (k) ]/ (z+K)(E"),
) (4.52)
h(p.z) = ((E)Y/(E"))h(p,2)/(k_, + k)
=[—(z+x)pb+ «b](E)/(E"), (4.5b)

where

wz) =T= &), 7(2) = (v—+)[1 +e(1 —x)pl/
[z4+ 1+ €e(1 —xkB1(1 + &), v (2) =y1—24(2),

$(2) = (z+x)/2[z+ 1 + (1 — k)p],

and
Pp(2) = (E(1))/E,.

The angular brackets (- :-), denotes the average over the
distribution function f{p,r;¢). Here we have introduced the
dimensionless variables k =k_,/(k_,+ k,), and z(#)
=k, (C())/(k_; + k,). Use of Egs. (3.33¢), (4.2), and
(4.4) then leads to a nonlinear Fokker—Planck equation

J - AT
(E)f(p,t) =(k_,+ kz)( p )[ y(p,z)

+V3By(2)pb (-é‘?;)pb }/(p,n (4.6)
with the drift term
[« — (z+ K)plb + V3¢ [vpb — 1)k (p,2)

+ (1 —x)g, 4.7)
where f(p,t) satisfies the boundary condition f} dpf(p,t)
= E,. Equation (4.6) is a new kinetic equation which de-
scribes the reaction process in the late stage to order ¢'/2. It
is interesting to note that Eq. (4.6) is equivalent to the fol-
lowing multiplicative nonlinear stochastic equation,

(%)P(’) = (k_, + k)Y P(1),2] + P(t)b(1)E(1)}
(4.82)

y(p,2) =

with the Gaussian white noise £(¢) which satisfies
(£0) =0,
(ENEEN) =2[3¢r(2)/(h_y + k) 16t — 1),
(4.8b)

where b(¢) = [1 + €P(¢)] !, and the noise is generated by
the reactive—diffusive long-range interactions among en-
zymes. The average enzyme density {E ) is then given by
(E) = (P(1))E,.

By using Egs. (3.33) and (4.6), we thus obtain the de-
terministic rate equations

(%)(C(t» =k (2)(CYE) + k_(2)(Es), (4.92)

(%)wm) = B (D(CHE) + [k_,(2) + ko] (Es)
(4.9b)

with the renormalized rate coefficients

ki(2) = k{1 +36[4,(2) + 4_,(2)1EY/(E),
(4.10a)

J. Chem. Phys., Vol. 91, No. 7, 1 October 1989

Downloaded 01 Sep 2011 to 130.34.134.250. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



4056 M. Tokuyama and J. Ross: Many-body effects in reaction rates

k_((zy=k_,[1+V3¢4_,(2)[(E5/(Es), (4.100)
where we have used Eq. (4.5) to obtain Egs. (4.9), and
A(z) = [v/(v—=V)(1 + €p) — (ny3/n,)1y/2,  (4.11a)
A_(z) ={vik(n/ny,) —zw/'/(1 + €5)1/(z2 + k)

—NHE)/(E') (4.11b)

with n,(z) = (p'b’),/E,. Equations (4.9) hold on the
length scale longer than / and on the time scale of order
7' = 7/¢"/? for arbitrary values of € and small ¢. We see that
long-range interactive effects due to reaction renormalize
the rate coefficients k, and k_ , differently, while they do not
change the rate coefficient &,. In the long time limit #— oo,
Egs. (4.10) reduce to Egs. (1.19), respectively, since z and
y/z go to zero {cf. Eq. (4.5)]. The effect of the uncorrelated
and correlated terms on the deterministic reaction rate is
investigated numerically in Sec. IV B.

B. Quasistationary state

Next let us discuss the asymptotic behavior of the distri-
bution fand the densities {C'} and (E ). We asume that the
substrate density (C ) is much larger than the enzyme den-
sity (E ). Then, thetimescale [k,(C )]~ of the enzyme den-
sity (E ) is much shorter than the time scale [k,{E }] ! of
the substrate density (C ). Therefore, for long time ¢ the
changein the density (E ) and the distribution f(p,) as func-
tions of ¢ are assumed to be equal to zero. Making the quasi-
stationary state approximation, (4 /dt) f(p,t) = 0, from Eq.
(4.6), we thus find

f(p,t) = EyF(p), (4.12a)
F(p) = (e+p~)p~oPeFm2/
1
f (e+p~p *@e—Bragp (4.12b)
0
with
a)={z+1=A[kv+ (z+K)7]
— €[2 — k — A1}/ 387, (4.132)

Bp;z) = {[1 = Aknlp~ ' + Av(z + Kk)p
+(1—k)eE(1—p) 2 +ep[(1 —An)(z+ k)

+2(1 — ) 13367, (4.13b)
where A = (34)'/2(E )/{E"). The normalized distribution
function F(p) depends on the time through z(t).
Similarly to Egs. (4.12), making the quasistationary
state approximation, (d /dt)(E(t)) = 0, from Egs. (4.9b),
we also find

(Es()) =z(1){E())/A(2) (4.14)

which is combined with the conservation law
(E) + (Eg) = E, to obtain

(E(1)) = A(2)Ey/[2(t) + A(2)], (4.15)
where

Az) = ki[k_(2) + ko 1/ky (2) (ko + k2). (416)

By using Egs. (4.9a), (4.14), and (4.15), we thus obtain the
rate equation

_y= (%)wm) = — (Es(1) = — K@) ELC(D))

4.17)
with the effective rate coefficient
k(z) =k (1 —Kk)/[z4 A(2)]
=kko/ (R {CY +k_, + k). (4.18)

This is a generalization of the Michaelis-Menten equation
for which € = 0 and A(z) = 1, to order ¢'/%.

Equation (4.12) has no adjustable parameters but con-
tains the moment 7. In order to calculate the distribution
F(p), therefore, we must determine such moments self-con-
sistently. To do this, we first choose the values obtained by
the uncorrelated term v only for the moments 7, as the initial
values. By taking into account the uncorrelated term (4.2a)
only, similarly to Eqgs. (4.12), we obtain the quasistationary
distribution function F(p) = 6(p — p, ), where the most
probable value of p is determined by the solution of the fol-
lowing equation

El—np, +[z4+0)A+6€)+e2—€)(1—k)]p?
+[z4+14+ek—2)—cAlp, —1=0, (4.19)

where A= (3¢)"/>(E)/(E’). Then we have n; =p./
(1 + ep, ). Thus, we calculate F(p) from Eq. (4.12) and
determine new values for the moments n;. We iterate this
procedure, which converges rapidly, to obtain the accurate
self-consistent values.

In Fig. 1 the quasistationary distribution function F(p)
vs p is shown for typical values of the scaled substrate density
z=k,(C)/k_, + k,). At high substrate density, such that
z> 1, all corrections of order ¢'/2 disappear and the distribu-
tion function F(p) approaches the quasistationary solution
of a §-function type, F(p) = &(p) (see also Fig. 3). This is
due to the fact that the enzyme is saturated with substrate for
large substrate density and the reactive—diffusive long-range
interactions are negligible. At low density, such that z <1,
the correction due to the correlated term, Eq. (4.4), disap-
pears and the distribution F(p) approaches the solution of a
S-function type, F(p) = 8(p — 1) (see also Fig. 3). This fol-
lows from the reaction being fast and the fluctuations being
averaged out for small z. Since the substrate density (C)

F P

FIG. 1. The normalized distribution function F(p), Eq. (4.12), vs p at the
volume fraction ¢, = 0.1, € = 10.0, and k, = 99k _, for typical values of
z=k(CY/(k_,+ k).
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decreases as time ¢ increases [cf. Eq. (4.5)], Fig. 1 thus de-
scribes the relaxation of the enzyme distribution function
from the quasistationary state to the equilibrium state.

In Figs. 2(A) and 2(B) the normalized ratios of rate
coefficients k,/k,, Eq. (4.10a), and k /k,, Eq. (4.18), are
plotted against 1/¢, respectively. We see that as the volume
fraction ¢, increases, both ratios of rate coefficients increase.
We also see that as €—0, both corrected rate coefficients
become independent of diffusion and reduce to the Michae-
lis-Menten result, where all corrections disappear, while as
€— o0, they become independent of z, and reduce to the re-
sult obtained for diffusion-controlled reactions, where the
correction due to the correlated term disappears. When
&, = 0,from Eq. (4.6), we have the quasistationary distribu-
tion function f(p,t) = E,d(p — p,), where the most-prob-
able value of p is given by

Po=2/{z+1—¢€(1l —«)
+VZFl—e(l—m PP +4e(l—x)}. (4.20)

From Eqgs. (4.10) and (4.16), we then obtain
A=A,=1+€(1 —«)py and
k,(2) =k/(1 + epy) (4.21a)
k(z) = k,(1-x)/(z + A). (4.21b)

In the long time limit ¢ — o, therefore, we have I~c1 =k,/

13 T 1] T
(A)
0.0
—_ p—
< Z
[da)
o
—
2.0k -
=0 1o oo 10
LOG (1/€)
1 T ] T
(B)
0.0
=TT
T =
4
~
2\% -1.0L -
[da]
o
—
-2.0L -
-EI‘O -1‘.0 (1:40 1‘.0
LOG {1/€)

FIG. 2. Log-log plot of the normalized ratios of rate coefficients (A ) I'cl/ ky,
Eq. (4.10a), and (B) I~</k,, Eq. (4.18) vs €. In each plot the upper solid
curve indicates the result for (@y,k,/k_,) = (0.1,99) at z= 0.5, and the
lower one for (0.0,99) at z = 0.5. The upper dot—dashed curve indicates the
result for (0.1, 99) at equilibrium z = 0.0, and the lower one for (0.0, 99) at
z=0.0.

v/vym

FIG. 3. A plot of the scaled reaction rate V' /V,,, Eq. (4.17) vs the scaled
substrate density z = k,(C )/ (k_, + k,) for the parameter values ¢, = 0.1,
€=10.0, and k, = 99k _,. The dot—dashed curve indicates the result with
the uncorrelated term only, the solid curve with both correlated and uncor-
related terms, and the dashed curve without both terms. (M~M) indicates
the Michaelis~Menten result.

(1+¢€) andk:k,(l —x)/[1+ €(1 — k)] since z—0 and
p— 1. Even in the low volume fraction limit ¢,—0, the rate
coefficients are noticeably affected by diffusion when € is of
order 1. This kind of diffusion effect on the rate has been
studied by several authors.*-%18-2!

In Fig. 3 the scaled reaction rate ¥ /V,, is plotted
against the scaled substrate density z for the parameter val-
ues ¢, = 0.1, € = 10.0, and « = 0.01, where the maximum
reaction rate V,, is given by V,, = k,E,. The scaled reaction
rate due to the uncorrelated term v and that obtained in the
dilute volume fraction limit are also shown in Fig. 3 for com-
parison. We see that the correction due to the uncorrelated
term v increases the rate, while that due to the correlated
term w decreases it (see also Fig. 4).

In order to see a deviation of Eq. (4.17) from the infi-
nitely dilute volume fraction limit ¢, — 0 clearly, it is conven-
ient to introduce a correction to the rate by

E(z) =100[z(z+ A) ' —z(z 4+ Ay) ") /z(z+ Ay) 7},
=100[A, — A]/(z+ A). (4.22)

In Fig. 4 the correction is plotted against z for different pa-

80. | B

(a)
60. | -

(%)

FIG. 4. The correction, Eq. (4.22) vs zfor the parameter values (a) (¢, €,
ky/k_ ) = (0.1, 100.0,99.0), (b) (0.1, 10.0, 99.0), (¢) (0.01, 10.0, 99.0),
(d) (0.1, 1.0, 99.0), and (e) (0.1, 10.0, 0.01).
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rameter values of ¢, €, and x,/k_,. We see that the correc-
tion becomes noticeable, depending not only on the value of
the volume fraction ¢, but also on the values of the param-
eters z, €, and «,/k_|.

The tpeoretical \:alues (UC) of the normalized rate co-
efficients k,/k, and k /k, are listed in Table II. They were
calculated from Eqgs. (4.10a) and (4.18), respectively, based
on the experimental data for the bacterial catalase~-hydrogen
peroxide reaction by Strother and Ackerman.” The results
(U) dueto the uncorrelated term v and those (0) obtained in
the low volume fraction limit ¢,— 0 are also listed in Table IT
for comparison. The equilibrium values of the rate coeffi-
cients are also calculated from Egs. (1.19). The experimen-
tal data are as follows. The catalase concentration is
E,=1.2X10""7 M, and the hydrogen peroxide concentra-
tion {(C) = 1.3X107% M, and the radius of the catalase
a = 52.2X 1078 cm. Since the formation of the enzyme—sub-
strate complex is diffusion independent for values of the vis-
cosity 7 of the hydrogen peroxide up to about 6 cP,** we have
k,=10x10'M~'s™ L k_,=00s"",and k, = 208.0s !,
which lead to z=0.625, k=0, and ¢, =4.3x 1075 At
7 = 63 cP, we also have k, = 0.19 10' M~ s~ !,

From Eq. (4.21), the value of ¢ is then estimated as
€ = 4.766, leading to k;, = 0.21 X 10’ M~ ! s~ 1. The values
of the volume fraction ¢,=4.3x10"% 4.3x 1072, and
1.0 107! correspond to the values of the catalase concen-
tration By = 1.2X107%, 1.2X 1074, and 2.8 X10™* M, re-
spectively. The higher values of the volume fraction ¢,, or
total enzyme density E,, correspond to estimates of in vivo
enzyme concentrations (see Ref. 26). The theoretical values
of the rate coefficients at € =0.4766 (k, =2.1x10’
M~ !s71) are also listed in Table II for comparison. We see
that if € is larger, the correction is not negligible even for a

TABLE II. Theoretical values of k,/k,, Eq. (4.10a) and & /k,, Eq. (4.18)
for the bacterial catalase-hydrogen peroxide reaction. (UC) indicates the
result with both correlated and uncorrelated terms (U) with the uncorrelat-
ed term only, and (0) without both terms. The numbers in the brackets
denote the equilibrium values.

ki/k, k/k,
o (Uco) () 0 (UC) () (0)
€=4.766
43%x107* 0196 0.196 0.190 0.174 0.174 0.170
(0.178) (0.178) (0.173) (0.178) (0.178) (0.173)
43%x107° 0207 0207 0190 0.183 0.184 0.170
(0.188) (0.188) (0.173) (0.188) (0.188) (0.173)
43%107% 0242 0245 0190 0210 0213 0.170
(0.220) (0.220) (0.173) (0.220) (0.220) (0.173)
1.0x10™' 0270 0275 019 0230 0235 0.170
(0.245) (0.245) (0.173) (0.245) (0.245) (0.173)
€= 0.4766
43x107* 0758 0759 0755 0514 0515 0513
(0.682) (0.682) (0.677) (0.682) (0.682) (0.677)
43x10~* 0763 0767 0755 0517 0518  0.513
(0.691) (0.691) (0.677) (0.691) (0.691) (0.677)
43%107% 0779 0791 0775 0524 0529 0513
(0.722) (0.722) (0.677) (0.722) (0.722) (0.677)
1.0X10~' 0791 0809 0755 0529 0537 0.513
(0.745) (0.745) (0.677) (0.745) (0.745) (0.677)
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smaller value of ¢, and the effect of the correlated term w
becomes important. The correction to k,is27.3% (UC) and
28.9% (U) for ¢, = 4.3 X 1072 and € = 4.766 at z = 0.625,
and 27.2% (UC) and 27.2% (U) at equilibrium (z = 0.0).
If the volume fraction ¢, is large enough, the correction is
also not negligible even for a small value of €. The correction
is 47% (UC) and 7.2% (U) for ¢,=1.0Xx10"" and
€ = 0.4766 atz = 0.625, and 10.0% (UC) and 10.0%(U) at
equilibrium. In the long time limit - o, k, decreases to its
equilibrium value, while k increases to the same value (see
also Fig. 2).

V.SUMMARY AND REMARKS

We have presented a statistical-mechanical derivation
of expression for deterministic reaction rates of chemical re-
actions in solution for any value of € = &k,/4maD, Eq. (1.2)
and finite (but small) volume fraction ¢, of a reactant. As a
typical example, we have studied the effect of neighboring
enzymes on the rates in a nondilute enzyme system. Since the
present formalism is general, however, its formal application
to other chemical systems is straightforward.

There are two important features in the present theory.
First, to complete the separation of the macroscopic and
microscopic processes, the space-time coarse graining is car-
ried out in a manner consistent with the expansion in the
small parameter ¢!/2. This gives a systematic expansion for
finding first-order correction.!>?! Second, the dynamics of
fluctuations around the deterministic motion is explored ex-
plicitly. This is indispensable since the derivation and valid-
ity of deterministic rate equations is closely related to the
asymptotic behavior of fluctuations. Although the fluctu-
ations are small compared to the deterministic motion when
d > 2, they are important since they can cause an appreciable
effect on the reaction rate through the fluctuation-dissipa-
tion relation of the second kind.?” On the time scale of order
7 (see Table I) fluctuations have two origins: an initial ran-
domness and a reactive—diffusive long-range interaction
among enzymes.

In the late stage where the spatial inhomogeneities are
negligible, we derive the renormalized deterministic rate
equations (4.9) and obtained explicit expressions for the vol-
ume-fraction_dependent forward and reverse rate coeffi-
cients k, and k_,, Egs. (4.10). Employing the quasistation-
ary state approximation, we also derive the deterministic
rate equation (4.17), which is a generalization of the Mi-
chaelis-Menten equation when € = 0, to order ¢'/2, and ob-
tain the overall rate coefficient %, Eq. (4.18). The normal-
ized rate coefficients k,/k,, k_ J/k_,, and k /k, depend on
the scaled parameters ¢y, €,z=k,{C)/(k_,+ k,) and
k=k_,/(k_,+ k,) only.

The reactive—diffusive long-range interactions among
enzymes cause two kinds of first-order corrections to the rate
coeflicients, both of which are proportional to the square
root of the enzyme density; the uncorrelated term (3.34)
and the correlated term (3.35a) with quite different proper-
ties for each. The correlated term leads to a Fokker-Planck
equation for f(p,r;t) while the uncorrelated term leads to a
kinetic equation for f(p,7;t) with a first derivative only. The
correlated term decreases the rate coefficients while the un-
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correlated term increases them (see Fig. 3). Many-body ef-
fect becomes noticeable, depending not only on the magni-
tude of the volume fraction ¢, and €, but also on the
smallness of z and « (see Fig. 4).

We have calculated the theoretical values of the normal-
ized rate coefficients k, (z) /k,, Eq. (4.10a) and l~c(z)/k,, Eq.
(4.18), based on the experimental data for the bacterial cata-
lase-hydrogen peroxide reaction. The many-body effects are
noticeable even for a small value of € when the volume frac-
tion ¢, is at least of order 10~2, and also noticeable even for a
small value of ¢, when € is at least of order 1 (Table II). In
both cases the effect of the correlated term on the rate is also
important. In order to obtain still larger many-body effect on
the rate, therefore, enzyme-substrate reactions are needed
with a larger value of e( = k,/k, ), a smaller value of « (i.e.,

J
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k,>k_,), a smaller value of the substrate concentration
z[ =k, {C)/(k_; + k,)], and a larger value of the enzyme
concentration ¢, ( = 4ma*E,/3).
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APPENDIX A: DERIVATION OF EQ. (2.11)
By using Eq. (2.10), we first invert Egs. (2.8) to

o;(Q,,1) =f dt’ fdﬂ,f Ki(Qi,Q,f;t,t')[C(r,f,t') — Co(ri st
0

_ EJ; dtlljdﬂ;lgo(r; —',;I’tl —t")crj(Q;’,t”)]
1

(A1)

Since the enzymes are assumed to be nonoverlapping and nontouching spheres, we can write the last term of Eq. (A1) as

ZJdﬂ;’gO(r: _ r;l’tl . t")O}(Qj’,t")
JEi

=S 6(r —X,| - a)fdn;'go(r; ot — ") (")

/=

(A2)

=fdr” golr, =1t —tM)O(|r" = X;| —a) Y | dQ} 6(r' —r)o; (Q],t").

=1

Then, use of Egs. (2.7) and (A2) yields Eq. (2.11).

APPENDIX B: DERIVATION OF EQ. (2.12)

As was shown in Appendix C of Ref. 15, K| is a rapidly
varying function in time. On the other hand, Cand g, are the
slowly varying functions in space and time. Therefore, on the
length scale of order / and the time scale of order 7, we can
replace the position / and the time ¢ ' in Eq. (2.11) by X; and
t, respectively. Then, we can write Eq. (2.11) as

g, (Q,;,1) =J- dt’ fdﬂ; K. (Q,,Q:;tt')
(1]
X [C(Xnt) _ Co(Xi’t)
_J dt n Jdrll go(X’ - r”,t—' tl')
(4]

X6(|r" — X, —a)I(r”,t”)]. (B1)

As was shown in Appendix C of Ref. 15, we also have, on the
time scale of order 7,
13
f dt’ fdﬂ,- dQK,; (Q,,Q;tt") = 4maD. (B2)
0

Integrating Eq. (B1) and using Eqs. (2.7) and (B2) thus
lead to Eq. (2.12).

r

APPENDIX C: DERIVATION OF EQ. (2.26)

From Egs. (2.6) and (2.10), we have the formal solu-
tion

C= CO +g0'1- (Cl)
Use of Egs. (2.20) and (2.23) then leads to

C=[1—kgyH] Cy+ k_,8,B, (C2)

=[1+go"P]_1'[Co+go'¢'E§+30'R]s (C3)

respectively. Comparing the average of Eq. (C2) with that
of Eq. (C3), we thus find Eqs. (2.24) and (2.25). Similarly,
comparing Eq. (C2) with Eq. (C3) also leads to Eq. (2.26).

APPENDIX D: DERIVATION OF EQ. (2.39)

Since go(r;, —ri,t—t') is of order ¢* while
go(r; — it —1t') (j#i) is of order ¢*/2, use of Egs. (2.8)
and (2.10) leads, to lowest order in ¢'/2, to

Ji () ——-Daf dt’J-dQ,- Jdﬂ,f golr, —rit—1t")
0

Xo, (Q,t). (D1)
By using Egs. (2.12), (2.13), and (2.14), we then obtain
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Ji(8) = — kP ()b, ()Co(r;,t) + k_,Q; ()b, (1)

- klPi(t)bi(t)f dt'fdr.' g, —F,t—t")
o

X0y —X;| —a)I(rze’). (D2)
Inserting Eq. (D2) into Eq. (2.39) thus leads to
I=-kT,Co+k_Es, —kM, L (D3)
From the average of Eq. (C2), we have
Co=(14+gr@) ((C)—k_g(B)), (D4)
where we have wused the fact that 14g,@

= [1 —k,go-(H )]~ '. Therefore, use of Egs. (D3) and
(D4) leads to Eq. (2.39).

APPENDIX E: DERIVATION OF EQ. (4.4)

Using the Fourier-Laplace transformation, we can
write Eq. (4.2b) as

w(p,t) = lim V3g[4n/(E")(2m)?]

xfdk(k2 + 1)K, (5), (E1)
X, (p1,0) = p:b, fdpz h(p)[6+ L, — M, (k)
+ L, — My(k)] ™' X [h(p,)f(p2)u,
+ uh(p)f(py)] (E2)
with the operators
L= (—a—)lhm) + ko], (E3)
ap,

M, (k) = [u/(E"Y (k2 + 1)1fdp3 h(ps)ers,  (EA)

where u, = d[p;b, f(p,)1/dp,. By using the operator identi-
ty
(06+L,—M] "=[6+L]1 "+ [6+L,]7"
XM [6+L,—M]', (E5)
we can write Eq. (E2) as
X (pum) =205 (E'Ypb/(6+a+B+L,)
+lk_, + k(1 +€p)]/(6+B+Ly)
X(8+a+ B+ L)1+ h(p)f(p)
+pbi( )+ @)k 1)
dp,
X (h2),/(k? +1=2) — (2 /a)kik,
X{CY R ) (k2 + 1)/ (k2 +1—2%)2
— kiky(C YR ) (K2 + 1)/
X(k2+1-25)(+a+L)I(1+ep)"
X (8 +a+B+L)"'pib fp). (E6)
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where B=a(k?+1-2£)/(k*+1) and a=[k,(C)
+ k_, + k(1 + €p) ]. In order to derive Eq. (E6), we have
used the following relations:

h(p)[6+ L]
=[6+a+ L] h(p,) — kk,{C)/
(6+Li1(6+a+ L)(1+ €p),
pib[6+ L]
=[6+a+ L)1 pb + [k_ 1+ k(1+€p)]/
(6+Ly)(S+aLy)(1+ €p), (E7b)

where we have replaced b, by (1 + €p) ! to obtain the sec-
ond terms of Egs. (E7), since the error introduced by this
simplification is less than one percent for long times.

Equation (E6) still contains the operator L,. However,
such an operator can be omitted under the Markov approxi-
mation discussed in Sec. IIL. In fact, from Eq. (3.30c), we
have e~ 1f(p,,t) =f(p.,t — 5) = f(p,,t) + O(4"), on
the time scale of order . By neglecting all operator L, in Eq.
(E6) and inserting Eq. (E6) into Eq. (E1), we thus obtain
Eq. (4.4).
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