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We give a combinatorial proof and an extension of the identity for the probability density of the cover time of a
random walk on a finite graph obtained in [10] by considering it as the Mobius inversion formula. In addition, we
obtain a similar identity for the cover time of multiple random walks.
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1. Introduction

The cover time of a random walk on a finite graph is the minimal time taken to visit all the vertices of the graph. It
has been extensively studied and many works have been devoted to obtaining the estimation of the expectation of the
cover time. For instance, Feige showed in [6,7] that the expected cover times of simple random walks for any
connected graphs on N vertices are bounded between the fastest case O(N log N) and the slowest one O(N?). These
bounds are optimal in the sense that the former is attained by the complete graph and the latter by the lollipop graph (a
path graph on % vertices which is connected to a complete graph on % vertices). On the other hand, Matthews showed
another type of bound in [9] in terms of the minimal and maximal expected hitting times. It is much easier to compute
hitting times than cover times, so this bound is applied to several problems (cf. [4]). Among many works concerning
cover times other than the basic results above, there are few results for distributions of cover times comparing with
expectations (cf. [1,5]). In the previous paper [10], we gave a representation of the joint distribution of the cover time
and the last visited point as the alternating sum of those of exit times and exit points, which was obtained by using the
spectral theory for a reversible random walk. In the present paper, we give a simple proof of this representation by
regarding it as Mobius inversion. In addition, this approach gives us the following: we succeed in dropping the
condition of the reversibility of the random walk in [10] and in obtaining a similar representation for cover times of
multiple random walks which is discussed in [2, 3].

Let G = (V(G), E(G)) be a finite undirected and connected graph with the set of vertices V(G) and the set of edges
E(G). We simply write V = V(G) and set the cardinality of V as |V| = N. We assume N > 2 throughout this paper. For
each subset W of V, the subgraph of G induced by W is the graph with the set of vertices W and the set of edges
{{x,y} € E(G);x,y € W}, and Ng(W) = {v € W¢; {v,w} € E(G) for some w € W} is the set of neighbors of W in G
where W€ =V \ W.

We fix aroot r € V and mainly treat a sequence of real numbers (0,),cy, a real valued function defined on V, which
has the property below:

(A) For every v € V there exists a walk from r to v in G, denoted by v; - - - v, where v; = r and v,, = v, such
that 0, <o, foralli=1,...,n.
Here a walk in G is a sequence a; - - - a, of vertices such that {a;,a;+} € E(G) for all i € {1,...,n— 1}.
The following example shows that this property (A) actually holds for cover times.

Example 1. Let (w;),—; . be a discrete time random walk on G starting from r € V; when the random walk is at
v € V, the next position is chosen from the neighbors of v according to any given transition probability. The sequence
of the first hitting time to v € V, defined as

o, = inf{s > 0; w, = v},

has the property (A) (if o’s are finite). Then max,cy 0, is merely the time taken by the random walk to cover all the
vertices of G, and for a subset A C V, mingg 05 = inf{s > 0; wy € A€} is the time at which w; exits from A. The
quantity max,ecy 0, is called the cover time of G and minyg, o3, the first exit time from A.

2000 Mathematics Subject Classification. 60J27, 60J10.
* Corresponding author. E-mail: ohwa@math.kyushu-u.ac.jp


http://dx.doi.org/10.4036/iis.2010.111

112 OHWA

Let C be the totality of vertex sets of connected induced subgraphs of G, that is, C={A CV;
the subgraph of G induced by A is connected}. Formally, C includes the emptyset. We set C, = {A € C;A > r} U
{@} and regard it as a partially ordered set with inclusion. The following main theorem is obtained from the Mobius
inversion formula for C,.

Theorem 1. Let (0,),cy be a sequence of real numbers having the property (A) for a root r €V and set
D, ={A € C,;; AUNg(A) = VI\ {V}. Then,

_ _\V-IAl+ :
w(rggg%) = Z( 1) w(rhrél[l\wb)

AeD,
for any function ¢ : R — R.

As a corollary, we obtain an identity for the joint distribution of the cover time and the last visited point through the
expression as the Laplace transform of this distribution by taking ¢ as a suitable function. A random walk on a state
space X with a transition probability (p(x,y)), ex is said to be irreducible if, for any states x,y € X, there exists a
sequence zj - - - z, with z; = x and z, = y such that p(z;,z; + 1) > Ofori = 1,...,n — 1. In order to obtain D, from an
irreducible transition probability (p(x,y)),,ex, We construct a graph G as V(G) = X and E(G) = {{x,y}; p(x,y) >
0 or p(y,x) > 0}. Here we remark that such a graph is connected since the transition probability is irreducible,
that is, for any vertices x,y € X, there exists a walk v; - - - v, with v; = x and v, =y such that p(v;, v;y1) > 0 for
i=1,...,n—1.

Theorem 2. Let (w;);—¢1.. be an irreducible random walk on a finite state space X starting from r. We denote the
cover time of X by Cx defined as Cx = maX,ex 0, and the first exit time from a subset A C X by Ty defined as
TA = mingg, 0p, Where o, is the first hitting time to v € X. Then,

P(Cx=twe,=y)= Y (DX P (Ty =rwp, =y)
AeD\Dy

for each y € X, where P, is the law of the random walk starting from r.

We remark that Theorem 2 generalizes the main theorem in [10] in the sence that the reversibility of random walks
required in [10] is dropped in Theorem 2. In addition it holds for continuous time random walks under the obvious
modification although it is stated only for discrete time ones here.

In order to show that the expression in Theorem 1 is useful in calculating cover times, we give the following
examples of D, for some graphs.

Example 2.
(i) If G is a path with end-vertices v; and v,, then it holds that
{{v2}}, r=uv,
D, = { {{vi}}, r=uy,

{{v1}, {v2}°, {v1, v12}}, otherwise.
In general, if G is a tree, then
(WS, W C L,W # @}, ré¢lL,
a {{WC;WcL,Warr,W;Aw}, rel,
where L = {v € V; [Ng({v})| = 1} is the set of leaves of G.
(i1) If G is a cycle, then

D, ={v}5veV,v#£rtU{v,w}{v,w} € E(G),v#r,w#r}.

(iii) If r is adjacent to any other vertices in G, then D, = {A C V; A > r}.

By using Example 2, let us show the expectation of the cover time of a random walk on a cycle. We denote the
set of vertices by X =V ={0,...,N — 1} and the set of edges by E(G) = {{i,i + 1};i=0,...,N =2} U {{N — 1,0}}.
Fix 0 < p < 1 and we define the transition probability (p(x,y)),,ex of the random walk by

D, y=x4+ 1 modN,
px,y)={1—p, y=x—1modN,
0, otherwise.

From Theorem 2 and (ii) in Example 2, we have

N—1 N-2
EolCx1 =Y Eo[Tiuy]1 = > EolTinas1y],
n=1 n=1
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where E is the expectation with respect to Py. We mention that Eo[T,c] and Eo[ T, ,+1)] are easily obtained since they
satisfy some recurrence equation from the strong Markov property (cf. [8]). If p = %, then we have

IS = NN — 1
Eo[Cx] = Zn(N—n)—Zn(N— 1—n)= %
n=1 n=1

If p 7& 5, then we have

N1 N(p"q™" — = (N—1D)(p'g™" —1)
EO[CX]:Z <”— NN ) Z q( PN—Tg==D _ >

n=1 pP—q pPq
! P NpT g )
TGN =T =gV ( ()= (p— q)) + - +qNT‘) (1.1
where ¢ = 1 — p. From (1.1), we can verify that Eo[Cx] — Y®=2 as p — 1 and Eo[Cx] ~ N a5 N = o0, where

f(N) ~ g(N) means that limy_, i ((]1\\]’; 1.

2. Equivalence conditions for the property (A)

Without loss of generality, we may assume o, = 0. In this section, we provide two kinds of conditions equivalent to
the property (A). Before stating these, we give the following notations:
e For a tree T with a fixed root x, we define a partial order <7 by v <7 v' on T if v € V(xPv'), where xPv’ is the
unique path between x and v' in 7.
e Let £: E(G) — [0,00) be a non-negative weight on E(G). We define a pseudo distance with this weight £ in G
by

dy(v,v') = min Z (e) 2.1)

vPrcG ecE(PY)

for each v,v' € V.
A subgraph G’ of G is said to be a spanning subgraph if V(G’) = V(G). In particular, if a spanning subgraph is a tree,
then it is called a spanning tree. We claim the proposition below.

Proposition 1. The following assertions are equivalent for a sequence (0,),cv of real numbers on a connected graph
G with a fixed root r:
(1) The sequence (0,),cy Satisfies the property (A) for the root r;
(i1) There exists a spanning tree T of G with the root r such that o, < oy if v <7 V';
(iii) There exists a non-negative weight £ on E(G) such that o, = d(r,a), where dy(r,-) is a pseudo distance from r
defined by X.

Proof. Firstly, under the assumption that (o,),cy satisfies the property (A), we will construct a spanning tree 7T
satisfying the condition in (ii) in a similar way to the depth-first search. Starting from the root r, we trace the edges of G
to a vertex of the neighbors of the current vertex, which has not yet been visited and whose value is not less than that of
the current vertex. Whenever such a neighbor of the current vertex exists, we repeat this procedure. If there is no such
vertex, we go back along the edge by which the current vertex was first reached; we repeat this tracing back until such a
neighbor of the current vertex appears. Once such a neighbor appears, we pursue the previous procedure. We repeat
these procedures. If there exist no such neighbors and the current vertex is r, then the traversal is terminated. Clearly the
graph formed by all the traversed edges is a tree T of G. In addition, we can easily check that o, < o, if v <7 V' for the
partial order defined by this tree 7' and the root r. Since the property (A) guarantees such a T is the spanning subgraph
of G, it is proved that the condition (i) implies (ii).

Secondly, we assume that a spanning tree 7 of G with the root r satisfies the condition (ii). Let us assign a
non-negative weight as

Oy — Oy, if {v,v'} € E(T) and v <7 vV,

L{v, V') = { maxo, + 1, otherwise,
acV

for all {v, v’} € E(G). Then, it is clear that o, = d;(r,a) holds for all a € V.
Finally, let us assume that (0,),cy is expressed as o, = d(r, a) for some non-negative weight £. Then there exists a
path ~er between r and v in G such that o, = )5, £(e). Foreach v’ € V(rPv), let rPv’ be a path between r and v/

in rPv. Then,
o= ) Mz Y Ue)z min Y le)=oy.

ecE(rPv) ecE(rPv') e€E(rPv')

We have thus proved the proposition. (]
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3. Mbobius inversion

Let us recall the Mobius inversion formula (cf. [11]). Let & be a finite partially ordered set with a partial order < and
f a function on £. If a function g is given by

g =Y f(y

y=x

for each x € &, then f can be expressed as

f) =) g@upx,y)

X=Xy

for all y € P, where up is called the Mobius function of & and ws is given recursively by

1, X = y,
wpx,y) =1~ Z np(x,z) = — Z me(z,y), x =<y, (3.1
’ xX=z=<y xX<z=xy
0, otherwise,

for x,y € . For example, let ‘3 be the power set of V with inclusion as a partial order. Then we have
{ (—1)B-AI A c B,
0, otherwise,

wp(A, B) = (3.2)

which is nothing but the principle of inclusion-exclusion. We remark that for any x,y € # the restriction to the interval

[x,¥] = {z € #;x <z <Xy} of the Mdbius function of & equals the Mobius function of [x, y], that is, u g)l[x,y] = Wixy]-
First, we define a function f which may be applied to the proof of Theorem 1.

Proposition 2. Let (0,),cy be a sequence of real numbers and P be a family of subsets of V with inclusion as a
partial order which satisfies the following two conditions:

1) Ve P

() {V eV,op <o,}€ePforalvelV.
For a function ¢ : R — R, we define the function f on P as

gp(rbnei‘r/l ob>, A=90,
f&)= (go(min 0;,) - q)(max oa>>x(A), A#£PAH#YV,
beA acA
0, A=V,

where
1, mino, > maxa,,
aeA

x(4) = i A

0, otherwise,

and g(A) =Y, a f(A) for A € P. Then we have

i A
w(rhr;lf ob>, #V,

gA) =
q)(max O'a>, A=V,
aeV
for all A € P.
Proof. For our convenience, let us set V = {1,...,n} such that o1 < --- < ¢,. The claim is trivially valid for oy = 0,

so we may assume that o < o,,. We put

P={lil;1 <i<n,o; <0oi+1},

J
where [i] = {1,...,i}. Note that PcCP by the the assumption of (ii)) and x(A) =0 if A ¢ P. Moreover, we

see that
fD = (w(rg;i[l!]l Ub) - w(gﬁ?}c aa>>x([i])

= @(0i11) — @(0})

for [i] € P. Therefore



Combinatorial Proof of the Identity for Cover Times on Finite Graphs 115

gA) =) fA) =g+ Y (@0i1)—90))
ACA s Y
LlICA,lileP

for A € P, where the summation of the last term is understood to be 0 when [i] ¢ A for all [i] € . Note that [[1Z A
for all [{] € # if and only if {i € V;0; = 01} ¢ A, that is, there exists an i € V such that i ¢ A and o; = o,. Hence, for
A e P with A 5 {i € V;0, = 01}, we have

g(A) = g¢(oy) = so(l,}g\l ab>.
For A € # with A D {i € V;0; = o1}, put iy = max {i € V;[i] C A,[i] € P}. Then, [i] C A for all [i] € # such that
i <ip. Thus

gA) =)+ Y. (9oir1) — 9(0) = P(0iy41).

L[CAlileP

Here the last equality follows from the assumption of (ii). Clearly if A =V, then 0,41 = max,ey 0, and hence
8(A) = ¢(0jp11) = w(?f@( aa>.

If A#Vand A D {i € V;0; = 01}, then we see that

minab = min Op = Ojy+1
bEA belio] !

and then we have
g(A) = ¢(0jp11) = w(%}é‘f o;,>.

]

If (0,)qey satisfies the property (A) for a root r € V, the subgraphs induced by {v' € V; 0, < 0,} are connected for all
veV,thatis, {vVe V,oy <o0,} € C,.. Next let us express the Mobius function for G,. Recall that G, is a partially
ordered set with inclusion.

Proposition 3. Let pe, be the Mébius function for C, and A,B € C,. If A # {J,

1o (A B) = { (=D)AL A ¢ BC AUNG(A),
0, otherwise.
IfA =10,
1, B=4,
me,(A,B) =1 —1, B={r},
0, otherwise.

Proof. The statement is trivial for A ¢ B from (3.1); we give a proof for A C B using (3.1).
Case 1. Let us assume A = (J. The claim is obvious when B = @ or B = {r}. For the other case, we have

pe, . B)=— M@,(A,B)=—<,ue,.({r},3)+ > ue,(A,m):o.

ACACB {r}CACB

Here the first equality and the last equality follow from the second line of (3.1).

Case 2. Let us assume A # {J and A C B C AU Ng(A). In this case, the interval [A,B] = {A € C,;;A C A C B} is
equal to {A C V;A C A C B}. This partially ordered subset of C, is isomorphic to the power set of B\ A with
inclusion as a partial order, say P = {S;S C B\ A}: The bijection ¢ : [A,B] — ‘B given by ¢(A) = A\ A is the
isomorphism since A C A’ if and only if ¢(A) C ¢(A’). Thus we have

te, (A, B) = pap(A, B) = up(4, B\ A) = (=1)PW = (=)l
Case 3. Letus assume A # @ and A C B ¢ A U Ng(A). Fix any A # (J and we will prove that u»(A, B) = 0 for all B
such that A C B ¢ A U Ng(A) by induction on the cardinality of |B\ A|. We set
B={BeC;ACBZAUNGA)}
={B e C,;A C B,3v € B such that v¢ A U Ng(A)}. 3.3)

We remark that |B \ A| > 2 for all B € 8B, which is easily verified from (3.3). For each B € 8B, we divide the summation
as follows:
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pe(ABy=— Y pe(Ad,A)
ACACB

= Z + Z pe (A, A), (3.4

ACACB,ACB  ACACB,A¢B
where
B=Bn (AUNgG(A)) =AU (BN Ng(A)).

We see that A C B C B and Be C, from the definition of B and (3.3). So the first summation of (3.4) is 0 as in
Case 1;

Yo ke N = Y neAA) = peAB) + Y ue A A) =0.

ACACB,ACB ACACB ACACB

On the other hand, the second summation of (3.4) is obviously 0O for the base case |B\ A| = 2 because there is no
A € G, suchthat A C A C Band A ¢ B. For the case |B \ A| > 3, using the induction hypothesis shows that

ne (A, A)=0forall A€ C suchthit ACACBand A ¢ B. 3.5

In order to use the induction hypothesis, we check A € 8 and |[A \ A| < |B\ A|. From A ¢ B, there exists a v € A
such that v¢ B = A U (BN Ng(A)). Moreover, such a v satisfies

vé¢ AU (BN NG(A)) U (B°NNG(A)) = AUNG(A)

because v € A C B. Hence A € B. Itis clear that [A \ A| < |[B\ A|fromA C A C B. Thus, we can apply the induction
hypothesis to all A such that A C A C B and A ¢ B, and obtain (3.5). ]

Proof of Theorem 1. From the Mobius inversion formula on = C,, the function f given in Proposition 2 is expressed
as f(A) =Y pca 8(AM)p(A,A) for all A € C,. Especially, putting A =V, we have

0=/f(V)= ) g(A)uc, (A, V)

ACV
= <p<rggvx Uu> +>° ‘P<‘,};1[{‘ ob> e, (A, V),
ACV

and

—DVTIAL i AUNG(A) =V,

Mer(A,V)={( ) 'G( )

0, otherwise,

from Proposition 3. Thus we have completed the proof of Theorem 1. (]

4. Application to cover times for single and multiple random walks

4.1 Single random walk

We prove Theorem 2 in this subsection.

Proof of Theorem 2. We consider an irreducible random walk (w;),— ;.. starting from r € X. As is seen in Example 1,
we put o, as the first hitting time to a € X. Since the state space is finite and the random walk is irreducible, o, is finite
almost surely for all a € X. So it is enough to consider the case where ¢’s are finite. Recall that max,cx o, = Cyx is the
cover time and minygp 0, = T is the first exit time from A C X. Setting |X| = N, the identity

P(Cx) = Y (=N (Ty) 4.1)
AeD,
holds for any function ¢ : R — R from Theorem 1. Then, for any fixed 1 > 0 and b € R, we take the function ¢ as

9(2) = pp(2) = e 8,(2)
for z € R, where § is Kronecker’s delta, that is, 6,(b) = 1 and §,(z) = O if z # b. Therefore the identity

e—/leaav(CX) — Z (_1)N—\A\+le—/lTA80y(TA)
AeD,

holds by taking b = o, for y € X. We can replace ZAGI)V with ZAEQ’\B@Y since 85, (TA) = 0 if A > y. Thus we get the
identity in the form of the Laplace transform of the joint distribution of the cover time and the last visited point by
taking the expectation of the both sides. Noting that §, (Cx) = 1 if and only if w¢, =y and that §, (Tx) = 1 if and only
if wy, =y, we have ' ‘
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Efde '@ we, =yl = ) (=DVINEL M wr, =),
AeD\Dy

where E, is the expectation with respect to P,. This completes the proof. (]

4.2 Multiple random walks

We consider k-multiple random walks (wgl), ey wgk)) on a finite state space X with |X| = N starting from (ry, ..., ),

where each (wﬁi))t:(),lw is a random walk on X. We do not assume that they are independent; we only assume that each
random walk is irreducible. Let us construct a connected graph G as V(G) = X and E(G) = Uf: E(G"), where G? is a
graph constructed by wﬁ') as in Section 4.1. Let 0¥ be the first hitting time to a € V of wt’), R={r,...,r} and

of =mini_; ;o =inf{r > 0;3i € {I,...,k} s.t. w” = a}. Hence the cover time of multiple random walks
wi",...,w®) can be defined by C¥ = max,cy oF. Let us set

k
Cr = {U AP AD e @, AD £ ¢ U0},
i=1

where C,, is given by G, that is, C,, = {A C V;the subgraph of G induced by A is connected, A > r;} U {#}. If the
subgraph induced by R is connected, we see that (o), has the property (A) for any r = r;. Then Theorem 1 can be
applied for (o%),cy. On the other hand, if the subgraph induced by R is disconnected, (o), may not have the property
(A) for some r = r;. However, for each v € V, the subset {v' € V; 05 < af } must be given as the union of AD e C,, for
some i. Thus we have that Proposition 2 holds for the (o), and £ = Cg. We also obtain the Mbius function j¢, for
Cr in the same way as in the proof of Proposition 3: If A # {,

fe (A, B) = { (=B A c B C AUNG(A),
0, otherwise,
for all B € Cg; if A =0,
1, B=4¢,
neAB)=1 -1, B=R,
0, otherwise,

for all B € Cg. Consequently, we obtain the following theorem for the (o%),cy.

Theorem 3. Set Dr = {A € Cr; A UNg(A) = V}\ {0, V). Then, we have

c® = maxoR>: — NI <minaR) 4.2
() *"<aev p A%( )4 ( min o 4.2)
— Z(_])N_A|+](,0<_min TX))
AcDy i=1,...k

for any function ¢ : R — R, where TX) = Minpga o}(j) is the first exit time of w® from A. In addition, we have

Pr(CR=1) = § (—I)N_lA'“PR('min TV = t),
AeDy i=1,....k
where Py is the law of the random walks.

We remark that the expression (4.2) in Theorem 3 generalizes Theorem 1. The following are examples
demonstrating theorems stated above.

Example 3. We consider two random walks starting from (r, r;) such that the graph constructed by the random
walks is a path graph G of length N — 1. We denote the set of vertices by V(G) = {1,...,N}, the set of edges by
EG) ={{i,i+1}i=1,...,N—1},and let [i,jl ={i,i+ 1,...,j}.
() If y,=nand r,=n+1 for some n € {l,...,N — 1}, we see that Cp, 41, ={[i,jl;1 <i<nn+1<j<N}
and
{[1,N — 1]}, n=1,
Dty = 1 {[2,N]}, n=N-1,
{[1,N —1],[2,N],[2,N — 1]}, otherwise.

Thus, if 2 <n <N — 1, we have

n+1 . f . i . i
‘P(C){(nn }) = (ﬂ<{£}g T[(1TN1]> + €0<{2}g T[%),M) - (ﬂ<lr£}g T[(Z),NH)'
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(i) If ry =1 and r, = N, we see that Gy = {[1,i]U[j,N];1 <i,j <N} and

Dumy={{n}52<n<N-1}U{{n,n+1})2<n<N-2}.

Thus we have

N—1 -2
{LN}Y _ : (&) _ : (i)
o) = X o(min7ly ) - e min i)

n=2 n= ’
N—1 -2

=Y ¢(min{o\",o™}) — Z ¢(min{at",ot"}).
n=2 n=
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