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Let F be a finite extension field of Q,, 4 an abelian variety defined over F with ordinary good reduction and with
sufficiently many endomorphisms (see the theorem below for a precise statement). In this paper we prove that there exists
unique Galois extension M of F such that for a Galois extension X of F, the group N, r(A) of universal norms is finite if
and only if X contains M. Our result generalizes that of J. Coates and R. Greenberg [1] which concerns the case of elliptic
curves. :

KEYWORDS: abelian variety, universal norm

1. Introduction

The problem concerning the universal norms of an abelian variety A for an extension K/F of local fields was
first treated by B. Mazur in [2]. In that paper he considered the case when A has ordinary good reduction and
the extension K/ F is a ramified Z,-extension. Using the theory of pro-algebraic groups, he obtained the results
which state that the group of universal norms Nk/r(A) is of finite index in 4 (F), and under some conditions he
determined the structure of the group A (F)/Nk,r(A) (cf. [2], Proposition 4.42). Recently, in [1], J. Coates and
R. Greenberg took up this problem again. Their method differs from that used by B. Mazur, and is mainly the
ramification theory of local fields which was previously used by J. Tate in [3]. This method enabled them to
treat more general extensions than those treated by B. Mazur. In particular, they proved that when A is an ellip-
tic curve defined over Q, with ordinary good reduction, there exists unique Galois extension M over Q, such
that, for a Galois extension K of Q,, N/, (A) is finite if and only if K contains M (cf. [1], Proposition 5.8). In
this paper we generalize this fact to (some) abelian varieties.

2. Main result

Let p be a prime number, Q,, the p-adic rational number field and Q,, a fixed algebraic closure of Q,. Let F be
a finite extension of Q, lying inside Q,, O the integer ring of F, mx the maximal ideal of O and k the residue
field of 0. Let A be an abelian variety of dimension g defined over F and A’ the dual abelian variety of 4. If X is
a torsion abelian group, we write X (p) for its p-primary subgroup and if X is a profinite abelian group, we
write X, for its maximal pro-p subgroup.

Let Gr = G(Q,/F) be the Galois group of Q, over F and for a continuous Gr-module X, H'(F, X) =
H(Gr, X) be its continuous cohomology group. For any extension K of F contained in Q,, let

rigr: H'(F, A@Qp)(p) = H'(K, AQ,))(p)

be the restriction homomorphism.
We define the universal norms of A* for the extension K/ F as

Niir(A") = QNF'/F(A’(F )

where F’ runs over all finite extensions of F contained in K, and Ny /r denotes the norm map from F’ to F on A'.
Then Tate duality asserts that A’(F), is canonically dual to H'(F, A (Q,))(p). Moreover, Ng/r(A"),is the ex-
act orthogonal complement of Ker (rx/r) in this duality. Thus, Im (r«/r) is canonically dual to Ng/r(A")p.
Now suppose A has ordinary good reduction modulo .
Let A4 be the reduction of A mod mpand D = A[ p®] the p-primary subgroup of A (k). Then D is a Z,-mod-
ule co-free of corank g. From the action of Gr on D we obtain an unramified homomorphism

é: Gr — Aut (D).

Let L be the fixed field of the kernel of ¢, then L is an unramified extension of F and G (L /F) is isomorphic to
the Galois group of its residue field extensions. Hence G(L/F) is topologically cyclic, and G(L/F) = 4 X I,
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where I" = Z, and 4 is a finite group of order prime to p.
Lemma Under the above notations the restriction map

pur: H'(F, D) > H'(L, D) = Hom (G, D)
is injective.
Proof. From the inflation-restriction exact sequence we have
Ker (p/r) = H'(G(L/F), D%) = H'(G(L/F), D).

Let y be a topological generator of G(L/F), and y’ e Aut (D) the image of y under the map ¢ (note that ¢
factors through G(L/F)).

Now Ker (y’ — 1) = A(kr)[p*] is a finite group. As D is isomorphic to (Q,/Z,)?, this implies that the map
g’ — 1: D = D is surjective. Hence H'(G(L/F), D) =0. »
Remark. As p-cohomological dimension of G(L/F)is 1 and D is torsion, we have H*(G(L/F), D) = 0. So
the map in lemma gives in fact an isomorphism H'(F, D) = H'(L, D)°*/") = Homg/r)(G1, D).

As above D is a Gr-module of Z,-corank g and H°(F, D) is finite. From the Weil pairing and local duality,
we see that H2(F, A[ p™]) is canonically dual to H°(F, T,(A")) = 0, so H*(F, A[p®1) = 0. Let C be the kernel
of the reduction map on A[p~], then we have the following exact sequence of Gr-modules

0—C—A[p*]—=D—0.

Taking Gr-cohomology of the above exact sequence and recalling that G has cohomological dimension equal
to 2, we deduce that H*(F, D) = 0. From the Euler-Poincare characteristic of D over F we have

corankz H'(F, D) = g[F: Q,].

Let H!(F, D)4, be the maximal divisible subgroup of H!(F, D), and Y = py;r(H'(F, D)4y) be its image in
H!'(Gy, D) = Hom (G, D). From the lemma, we see

Y = (Q,/Z,) "%,
Let H € G, be the subgroup whose elements are annihilated by Y:
H={oce G lf(c) =0 (vfe Y)}.
Let M C Q p» be the fixed field of H. Then we have a natural injection
Y « Hom (G(M/L), D).

From the construction, M is an abelian extension of L, rankz G (M, /L) = [F: Q,], and as Y is a submodule
of Homg, (Gy, D), Mis Galois over F. It is plain that the extension M over L is ramified, and so is infinitely wild-
ly ramified (M contains a Z7*%)-extension of L). Note also that M is determined only by the reduction 4 of A.

Now we can state our main result.

Theorem Let A be an abelian variety of dimension g defined over F with ordinary good reduction. Suppose
End (A) ®., Q contains a number field E of degree g in which p does not split. Let K be a Galois extension of F
and let M be the field defined as above. Then Nx/r(A") is finite if and only if K 2 M.

Before proving the theorem, we recall some basic facts on the cohomology groups related to 4, which were
proved in [1].

Let & be the formal group over 0r attached to the Neron model of A over O, 7 the maximal ideal of the in-
teger ring of Q,. % may be written by a family f(X, Y) = (f;(X, Y)) of ¢ formal power series in 2g variables
X, Yi(i=1,2,---, g), with coefficients in Or.

Let K be any field with F € K< Q,. We define % (my) to be the set m%, endowed with the abelian group low

xX®y=r1(x);

even though K is not in general complete, the power series on the right converge to an element of m¥%, because of
our hypothesis that the coefficients of # belong to F a finite extension field of Q,.

The formal group & is often described as the kernel of the reduction map on 4, and we have the following ex-
act sequences:

0 F (m) ~> AWQ,) = A(kF) — 0
0—»C— A[p©] =D - 0.

From these sequences and the Kummer sequence, we have the following diagram of exact sequences for any
field K with F € K < Q, (cf. the diagram (4.8) of [1], p. 152).
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0 —> F(mp) ®z Q,/Z,——> H'(F,C) ——H'(F, F (7)) — 0

0 ——F(mk) @z Qp/Zy———H'(K,C) ———>H' (K, F(M)) —= 0
6F\ 6]{ /\F\ AK ¥
0 ———>A(F) @2 Qp/Zp ~|———> H'(F, Ap™))- | — H'(F, A(Q,))(p)-|— 0

r Br
\ W .
v

0 —— A(K)®2Qy/ Zy ——> H'(K, Alp™]) —>H'(K Al

B e
TF - "
1 Y g <
H'(F,D) | et
PK/F e -
HY(K,D)
diagram 1

About this diagram, the following facts are known: As & (my) is a finite index subgroup of A (F'), dris surjec-
tive, hence Jx is also surjective. The surjectivity of dx implies Im (xx) S Im (Ax), and this implies Ker ( 8x) S
Ker (7x), so the dotted homomorphism j is defined.

If A has ordinary good reduction and if K is infinitely wildly ramified over F, then the equality Im (xx) =
(Ax) holds (cf. [1], Proposition 4.7), and in this case j is injective. If A has potentlal good reduction, then nris
surjective (cf. [1], Proposition 5.3).

Proof of the theorem. By a well-known theorem of Mattuck, we have an isomorphism

A'(F) = 237%! x (a finite group).

Let F’ be any finite extension of F which is contained in K. Then Ny ,;(A4"'(F")) is a closed subgroup of A*(F),
because Ny, ris continuous and 4’(F”) is compact. Hence Nk/r(A") is also a closed subgroup of 4°(F), so must
be of the form Ng/r(A") = Z% X (afinite group). So Ng/r(A4") is finite if and only if Nx/r(A"), is finite. Suppose
first that M € K, then the restriction map factors as follows

pxir H'(F, D) - H'(L, D) = Hom (G, D) » H'(M, D) -~ H'(X, D).

By definition, H'(F, D)q maps to 0 in H'(M, D).

We also see from the above factorization, for field K containing L, K contains M if and only if Ker ( px/r) con-
tains HI(F, D)div-

As M is infinitely wildly ramified over F, the diagram 1, the injectivity of j and the surjectivity of zr imply the
following (here X * is the Pontrjagin dual of an abelian group X):

Niip(Ap = (Im (rg/e)* = (Am (j © rxze© Br)* = (Im (pye© 7R))* = (Im (pi/p)*
= (H'(F, D)/Ker (px/r))" = (a subgroup of (H'(F, D)/ H'(F, D)aw)").

The last group is finite.
Conversely assume that Nx/r(A?) is finite. Then K must be infinitely wildly ramified over F by [1], Lemma
5.1. Hence in the diagram 1 the map j is injective. From the diagram 1 and surjectivity of 7, We have as before

Nx/r(A") = (H'(F, D)/Ker (px/p)"s

and the finiteness of this group implies Ker (px/r) 2 H(F, D)ay. -

As Ker (pg/r) = HY(G(K/F), D(K)), this implies in particular that D(K) is infinite (note that Z,-corank of
H!(F, D) is not 0).

Now from the hypothesis E ®¢q Q, is an extension field of Q, of degree g.

Consider the p-adic Tate module 7,(D) = proj lim D[ p”"] associated to D and the p-adic space V,(D) =
T,(D) ®z, Q,.
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V,(D) is a E ®q Qp-vector space of dimension 1 on which Gk acts continuously. _
From the infiniteness of D(K) we have T,(D)%* # 0 and from this we have V,(D)% = V,(D). Hence A[p*]
= D(K) and K 2 L. From Ker (px/r) 2 H'(F, D)av, we have K 2 M. This completes the proof. =
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