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Chapter 1

Introduction

1.1 Background

In image restoration, we are interested in recovering an original image f from a degraded version of that
image g in order to improve the quality of the degraded image. In our research, we consider the case
where the original image is degraded by noise. Such a degradation can have various causes such as film
grain, electronic noise or quantization and its impact is the most severe in low signal situations such as
low-light photography or low-dose X-ray imaging.

Unfortunately, since there is no way to find the exact original image from the degraded image, we are
concerned with finding the best possible estimate of the original image. To do so, we use probability as
a tool and try to find a restored image which has a high probability of being very similar to the original
image. In our research, we use Bayesian probability where we find the original image estimate f by
defining a prior probability model for the original image Pr{f} based on the expected structure of the
image and a conditional probability model for the degraded image Pr {g|f} based on the way we assume
the degraded image is generated from the original image. These allow us to define a posterior probability
for the original image as a function of the degraded image Pr{f|g} < Pr{g|f}Pr{f}.

The basis for our models is the conditional autoregression model (CAR) defined by Molina in [1] and
for which the exact expressions for the marginal likelihood and the restored image as a function of the
degraded image and model hyperparameters was obtained by Tanaka and Inoue in [2] and [3] for binary
and greyscale images and by Tanaka and Horiguchi in [4] for colour images in the RGB space. It is also
interesting to note that probabilistic image processing is considered to have a close relationship to the
spin glass theory in the field of statistical mechanics [5], which constitutes the inspiration for one of our
proposed models.

1.2 Objectives

Our objective is to explore ways of extending the CAR model in order to improve its performance
with regards to image correction for both greyscale and colour images. To do so, we investigate two
extensions to the model: the extension to the second-neighbour interactions and the extension to the
third-neighbour interactions. We are also interested in evaluating the computational complexity of the
algorithms constructed using our extended models.

The motivation behind the extension to the second-neighbour interactions is that we expect such
an extension to help preserve the edges in the corrected images. Indeed, Fan and Wu described an
extension of the Ising model (a mathematical model of ferromagnetism in statistical mechanics used in
spin glass theory, among others) to second-neighbour interactions in [6]. They showed that depending
on the values of the parameters controlling first- and second-neighbour interactions, there can be three
spin configurations of lowest energy. These configurations are the ferromagnetic, antiferromagnetic and
superantiferromagnetic states and are illustrated in Fig. 1.1. Our hypothesis is that by similarly extending
the CAR model to second-neighbour interactions, we can preserve diagonal edges by approaching the
antiferromagnetic state or horizontal and vertical edges by approaching the superantiferromagnetic state.

The motivation behind the extension to the third-neighbour interactions is that cortical neural tissues
are often modelled mathematically as neural fields. One such neural field which is used to model the



oP 5P 5P a1
o o o o
o b o o
oP 5P 5P a1

o == o e
e bl
o e o e
mm o e e

ehEELhL

o i ok o

(a) J > 2|J'|
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Figure 1.1: Spin configurations of lowest energy for the Ising model with second-neighbour interactions.
J and J’ refer to the parameters controlling first- and second-neighbour interactions respectively. These
parameters correspond to the hyperparameters « and o’ in our second-neighbour interactions model. (a)
Ferromagnetic state. J > 2|J'|. (b) Antiferromagnetic state. J < —2|J'|. (c) Superantiferromagnetic
state. —|J| > 2J'.

human visual system is the lateral inhibition type field and is characterized by a weighting function giving
a positive weight near to the origin and a negative or zero weight as we move away from the origin [7][8][9].
Here, a positive weight represents neuron stimulation and a negative weight represents neuron inhibition.
Such a weighting function is called a mexican-hat weighting function and is illustrated in Fig. 1.2. Our
hypothesis is that we can improve image correction by trying to reproduce a lateral inhibition type field.
This is done by approximating the mexican-hat weighting function through the use of hyperparameters
controlling the weights of the second- and third-neighbour pixel interactions relative to the weight of the
nearest-neighbour pixel interactions as shown by the arrows in Fig 1.2.

Excitation
+ Nearest neighbour (a)

—

Lateral distance

1 1 1 1 !
\/_ AN
S to Third neighbour (a”)

Second neighbour (a’)

Figure 1.2: Mexican-hat weighting function. The x-axis represents lateral distance relative to the origin.
The y-axis represents neuron excitation where positive values represent neuron stimulation and negative
values represent neuron inhibition. The arrows represent the relative weights for nearest-, second- and
third-neighbour pixel interactions which we expect can approximate a lateral inhibition type field. The
values a, o’ and o’ correspond to the hyperparameters controlling the pixel weights in our third-neighbour
interactions model.

1.3 Structure

This thesis consists of 6 chapters. In chapter 2, we present an extended version of the CAR model to
the second-neighbour interactions for greyscale image restoration. In chapter 3, we extend the model of
chapter 2 to colour images. Chapter 4 presents a model with third-neighbour interactions for greyscale
images and that model is also extended to colour images in chapter 5. Finally, we conclude in chapter 6
with a summary of our thesis and a description of future tasks related to our research.



Chapter 2

Solvable Probabilistic Model with
Second-Neighbour Interaction for
Grayscale Image Restoration

2.1 Chapter Outline

In this chapter, we shall describe the extension to the second-neighbour pixel interactions of the solvable
probabilistic model for greyscale images originally proposed by Tanaka in [3]. We start with a detailed
description of the model as well as the calculations involved in its formation. This is followed by the
presentation of an image correction algorithm based on this model before concluding with a description
of the numerical experiments we performed to evaluate this model.

2.2 Model Description

In this section we describe in detail the equations that form the basis of our solvable probabilistic model
with second-neighbour interaction for grayscale image restoration. From these equations, we also derive
mathematical expressions that can be used to implement an efficient image correction algorithm.

2.2.1 Image Model

We consider an image to be composed of a set of pixels on a square lattice. The lattice is defined as
V= {(z,y)|lz=0,1,...,V, =1,y =0,1,...,V, — 1} with V, =V}, so that the number of pixels in an
image is defined as |V| = V,, x V,,. We also consider the lattice to be on a torus so that it satisfies the
periodic boundary conditions. We define a pixel as a real value corresponding to the light intensity at
that location on the lattice, so that we have the values f; , and g, , corresponding to the pixel (z,y) in
the original and the degraded images respectively. Thus the configurations of the original and degraded
images are represented by f = {f,, € R|(z,y) € V} and g = {g.,y € R|(z,y) € V} respectively. We
associate the random variables F = {F, , € R| (z,y) € V} and G = {G,,, € R| (z,y) € V} to the original
and degraded images respectively.

2.2.2 Degradation Process Model

The model for the image degradation is additive white Gaussian noise N(0,0?) added independently to
each pixel. Thus we have the conditional probability function

PG =glF = f0) = 5 e (- la 1) )

where

Znoise (0) = /exp (%iQ llz — f”?) dz, (2.2)



with [dz = fjooj fjoooo . fj:oo ( ]_)[ deaw , is the normalization constant and
x,y)E

lg — f”2 = Z (Gz,y — fw,y)2- (2.3)
(z,y)EV

By substituting (2.3) into (2.2) and using the Gaussian integral formula, we can find the value of
Znoise (0) as follows:

1 2
Znoise<0'):/exp _@ Z (Za:,y_f:v,y) dz
(z,y)EV
_ 1 2)4q
= H exp _ﬁ(zw,y_fi,y) z
(z,y)EV
= H exp —i(z — for)? ) dz
952 VT z,y T,y
(z,y)eV
= H V2ro?
(z,y)EV
vl
= (27702) 2 (2.4)

2.2.3 A Priori Probability Density Function

We define the a priori probability density function (prior) that the original image F' has a given configu-
ration f as

1 1
Pr{F = f|a, O/} = 7 . (a 0/) exp{g (O‘ E [(faxy - fx+1,y)2 + (f:c,y - fﬂ%y-&-l)Z]
prior 9

(z,y)EV

+ o Z [(fo:,y - fm+1,y+1)2 + (fw,y - fﬂc+1,y—1)2]> } (2-5)

(z,y)EV

where « defines the correlation between nearest neighbour pixels, o/ defines the correlation between
second-neighbour pixels and

1
Zprior (@, ') = /eXP{S <04 > oy = 2or19)* + ey — 2eg11)?] +
(z,y)EV
o Z [(Z:cyy - Zw+17y+1)2 + (zﬁy - Z:C+1,y—1)2}> }d27 (2.6)
(z,y)eV
with [dz = fj;o j;o . _+:oo [l dzs, ,is the normalization constant.

(zy)ev
The prior can be rewritten using matrix notation as follows:

Pr{F = fl|a,d}

1 1
:W eXP{—8 <a Z [(fzy - fm+1,y)2 + (foy — fz,y+1)2+

(z,y)EV

“ A Foy = Frrrgr)? + (fry = fm,yl)?}}) }

1 1 2 2
" Zpson (0,0) e"p{s (‘)‘ >0 12y = 2awberry+ fry = 2oyt

(z,y)EV

!
o 2 2
x2,y+1 + o (2f:c,y —2foyfot1yr1 + fx2+1,y+1 = 2fayfo1,y—1+ fac+1,y—1)}> }
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/
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fz:,yfr,erl - f:b,yfz,yfl""
o 9
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S exp{—;oszC’ (oz,o/)f} (2.7)

Zprior (a7 O/)

where C (o, a’) is a |V] x |V| matrix where the (z,y|z’,y’) elements are defined by

1
<x7y|x/’y/> = 5x,3:/6y,y’ - Z5x,x/+16y,y’ - 16x,w'—15y,y/ - Zéa:,x’(sy,y/+1 - Zdac,a:’(sy,y'—l
1 1 1
+ao [5ac,x/5y,y’ _Zdac,x’+16y,y’+1_ Zax,x’—lay,y’—l_Zax,x’—&-léy,y/—l_15:16,3:/—16%2/’4'1] [(.’,E, y)z (Ily y/) € V}

(2.8)

where d,,5 is the Kronecker delta and we defined as = o'/« to simplify notations, so that we can write
C(a,a) =C (an).

Similarly, Zprior (v, @) can be rewritten using matrix notation as

Zosior (0, t2) = / exp {—;azTC (a2) z} dz (2.9)

and subsequently, it can be simplified using the multidimensional Gaussian integral to give

(271')‘V|
Zprior (a; 042) = \/a|v| det (C (Oég)) . (210)

This model corresponds to an extension to the second-neighbour of the CAR model proposed by
Molina in [1] and its energy function is:

1
§ (a Z [(fm’y - f:z:+1,y)2 + (fz,y - fm,erl)Q} +a Z [(fx,y - fx+1,y+1)2 + (fr,y - fm+1,y1)2]>
(z,y)EV (z,y)eV
(2.11)
We note that f is a Gaussian Markov random field (GMRF) with mean 0 and precision matrix
Q = aC (a3). In [10], Rue and Held derive the following properties for a GMRF x = (x4, ... ,xn)T with
mean g and precision matrix Q > 0:

Pr(x;|xz—;) is a normal distribution, (2.12)
1
E(zilz—i) = pi — O Z Qij(zj — py), (2.13)
g



Prec(a:i|:c_i) = Qiia (214)

Qij o
U (2.15)
V@QiiQj;
where E(x;|x_;) is the expected value of z; given all other values of  (i.e. x_; = {x\a;}), j:j ~ i

means the values of j that are neighbors of ¢ (i.e. ¢ # j and Q;; # 0), Prec is the precision and Corr is
the correlation. Applying these properties to our model, we obtain the following:

COI‘I‘(l‘i7 X |m—ij) = —

1
E(fp) | f-@w) = May) — O Y Quwin(Fig) — ep)

@ @Y (i5)st0. )~ 0)

1
= oo Y. Quawanis

(4,9):(4,9)~(z,y)

1 1 1 1 L
=~ rwle (e et e+ ifewn)

1 1 1 1
—ao (4f(x+1,y+1) + Zf(zfl,yfl) + Zf(mﬂrl,yfl) + 4f(:r1,y+1)>}

1
= m [Oz (f(erl,y) + f(xfl,y) + f(m,y+1) + f(m’yfl)) (216)
+a (for1p+1) + fla-ry-1) + ferty-1) + fa—14+1)]
d
an p . ’ 2.17
vec(fo |- (o) = @+ (2.17)
so that we have
1
Pr(faplf-@y) ~ N 4(a+ o)

[ (fat1y) + o1y + fayrn) + fay-—1) + & (fariyrn + fa1y-1) + fariy-1) + fa110)]s
1
). (2.18)

a+ao
Since C (aw) is a real symmetric matrix, it can be eigendecomposed to obtain
C (a2) = (U 'AU) (2.19)

where U is a unitary matrix with the eigenvectors of C (as) as its column vectors. We shall use the DFT
matrix defined as

1 (T qy
U = —omi (2 4 24 2.20
(z,yUlp, q) meXp [ i (Vz + Vy)] , (2.20)

U~"! is the conjugate transpose of U, known as the inverse DFT matrix and defined as

\/|17| exp [27ri (f}j + %)] (2.21)

and A is the diagonal matrix of the eigenvalues A(p, ¢) of C (a2).
We shall now find the value of A for U by using the eigenvalue equation

(z,ylUp,q) =

M,y = AT, Y)U(a,y) (2.22)

for every (z,y) € V. Here u(,,) is the column vector (z,y) of U and A(xz,y) is the corresponding
eigenvalue. To simplify our calculations, we shall split C (a2) into the sum of matrices A and B as
follows

1

(2, 9| Alr',y") = 0,00y — 7002410y, — 700,210y, — 700 200y 11 — Z(Sw,w/éy,y'—la (2.23)

4 4 4



(z,y|Blz',y') =

1 1 1 1
2 [0,00 0y, — 10 +10yy+1 = 7020710y -1 — J 0410y, Z5w,z'715y,y'+1]~

We then have

C(w)=A+B
U''AU=A+B
A=UA+B)U™!
A=UAU'+UBU™
A=A,+Ap,

so we can find the value of A by finding the values of A4 and Apg.
We start with A 4. We shall use the fact that the elements of A are such that

1 if (pq) = (r,9),
7% (p7Q) (T717S)7
U(p,q),(r,s) = —1 () =(r+159),
e —1 if(pg)=(rs—1),
_i lf(p’ )_(T75+1)
0 for every other case.

Line (r, s) of equation (2.22) can be rewritten as follows:

> e ) () = Aa (@ YU y). (rs)
(p,9)eV

so by using the values of (2.26) into equation (2.27) we obtain

1 1 1 1
U(w.y),(r,s) ~ (4U<z,y>,<r1,s> T 3w L) T Uy (re-1) T 4U<m,y>,<ns+1>)
= )\a<xa y)u(r,y),(r,s)

1
=7 (W), r-1,9) T W) r19) F U (rsm1) F W), rst1) = Ra(@,9) = 1) Uiy r9)

il ) (52 )
o [ont (7 + 22 ) | e [oom (7 + 2 |}
= (Aalz,y) — 1) \/|17| xp {27” <‘x/: - %Z>

S —iexp {27% (Vx + i’;)} {exp {—m’ (x(r‘/;l) + %/‘j)] +exp {—m‘ (x(r‘;rl + ?/j)
+exp {—%i <‘"T/: I U)} +exp [ 2mi (M Ny iChs 1)”
)

—1 ex 277@— + ex 271'2'i + ex —27rz'_—y + ex —271'2'i
7R V. P V. P v, P v,
1

C1— 1 cos 2mx +isin 2mx + cos 727rx s 727rx
T v, ) TPy, v, ) TP T,
2 2 2 2
v () () o (52 o ()

(2.24)

(2.25)

(2.26)

(2.27)



1 2 1 2
S Ag(zyy) =1 - 5 cos ( ;f) — 5 ¢os (;/;y) . (2.28)

Similarly, we find the values of Ap by using the fact that the elements of B are such that

az  if (p,q) = (r,9)
—qa2 if (p,g) = (r+1,5+1)
1 .
—z02 if (pvq):(r_]-as_]-)
bpa)re) =94 1. B (2.29)
—7102 if (p,q) =(r+1,s-1)
jas if (p,g) = (r—1,s+1)
0 for every other case.
Line (r, s) of equation (2.22) can be rewritten as follows:
Y Vw0 e pa) = A(T Yoy (r0) (2:30)

(p.9)eV
so by using the values of (2.29) into equation (2.30) we obtain

1
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).
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)

+exp {—27”' (x(r LR (G l)ﬂ + exp [—27ri (I(r —D  ylsy 1>>

Vi Vy Ve Vy
- )\b(xa y) — Q2
Y L Y
1 {exp [ ZM(V;C + Vy)] + exp { 27i( V. Vy)]
+ exp {—ZM(VQJ - ‘2)] + exp {_27”(_‘2 ‘2)] }
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1 x Y . T Y
Candl— - on(— 4+ L —om(— 4+ L
.,Oég{ 4|:COS( w(vr—l—vy))—i—zmn( W(Vm—l—vy))
T Y . T Y L Y . L Y
+ cos (27T(Vm + Vy)> + isin (27T(Vm + Vy)> + cos ( 27r(vﬂc v )) + isin (27T(VT v ))
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10



Using the results of (2.28) and (2.31), we find
AP, q) = Aa(p: @) + Ao (P, q)
1 2 1 2 1 1
=1- 5 cos ( ‘7/;;0) — 5 cos (;;) + ap {1 — 508 (271’(‘]/1 + ‘Z/)) — 5 cos <2w(‘2 —

so we have

_ 1 (2 1 (2mq
A= Z <1 2005(‘/1) 2cos(vy>—|—

(p.g)eV
1 1
Qo [1 - 5 cos (277(‘1/1 + ‘;]y)) — 5 cos (277(‘1/1 — é}))] > JPePa (2.33)

which is the diagonal matrix of the eigenvalues A(p, q) of C (a2) where JP?P4 is the | V| x | V| single-entry
matrix.

Using the results of this eigendecomposition, we can rewrite the expression of Zpior (v, ar2) given in
(2.10) as

))] (2.32)

e

Zoion(t,12) = (2“) 1 ‘o (2:34)

o
(P, 9)EV

2.2.4 A Posteriori Probability Density Function

The a posteriori probability density function of having an original image configuration f given a degraded

image g is found by applying Bayes’ theorem as follows:

Pr{G =g|F = f,0} Pr{F = flo,as}
Pr{G = g|a, as,0}

Pr{F = f|G =g,a,a3,0}

2.35
_ Pr{G=g|F = f,0}Pr{F = fla,as} (2.35)
~ [Pr{G =g|F = 2,0} Pr{F = z|a,as} dz
where Pr{G = gla,az,0} = [Pr{G = g|F = z,0} Pr{F = z|o, a2} dz is called the evidence.
Using (2.1) and (2.7), the function can be rewritten as follows:
Pr{F = f|G =g,0,03,0} =
ﬁ exp <_2i2 > (o — fac,y)2> x m eXP{—éafTC(Oéz) f}
(z,y)EV
(2.36)

2
J Ty P <_2;2 > gy = 2ay) ) X Zprml(a‘,aa) eXP{_éaZTC (az)z}dz
x

(z,y)EV

Since Znoise and Zprior are not dependant on z, they can be taken out of the integral in the denominator
and cancel out with the numerator, so we have

PrF = fIG=g.0.000} = ;e[ H (flg.a00)] (237
where
Zposterior (g, @, 0g,0) = /exp [—H (z|g, o, a2,0)] dz (2.38)
and 1 1
H(flg.o02,0) = 55 > (9o~ fos) + 50fTClaa) f. (2:39)

(z,y)EV

We can simplify calculations by grouping all element of f in H in one single term as follows

H (flg.0002,0) = 55 (g~ )7 (g — ) + 3#7aC (02) f
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27
1
20

202(
_|_
72
+
_2
+ 539
1
2
+

2

= ﬁ[fT I+ o?aC (a2)) f — Fr I+ o?aC (a2)) (I + a?aC (2)) ' g
T(I+0%aC ()

1
+§g

_ 1

T 9202

X {f — (I+c%C (042))71 g} + %gTaC’ (a2) (I +0%aC (o))

Ff—fTg—g"f+o’flaC () f
2729

S f—fTg—g"f+ > f aC () f]
2 539" [(I+0%C (02)) " + 0%aC (a2) (T + 0%aC (02) "' | g
[f7f—fTg—g"f+fT (0°aC (a2)) f]

T(I+c%cC (ag))_l g+ lgTaC (a2) (I +0%aC (a))

Frf—fTg-9g"f+4g" 9l +3 fTaC(az)f

s(FTF—fTg—g" fF+ 7 f aC (o)

)+
)
T(I—|—02aC(ag)) (I+0%aC (as)) 19

2

g"aC (as) (I +0%aC (a2)) ' g

TaC (as) I+ o?aC (az))il g

[f — (I+o*aC (0[2))_1 g]T (I+0%aC (a2))

where we made use of the fact that (I + c2aC (az)) is symmetric.
Using the eigendecomposition described in (2.19), we can rewrite the second term of (2.40) as follows

1
2

2

1 _
=59"U oAU [UIU +0°U~'aAU] g

2

—L1gTa (UT'AU) [T+ 0% (U'AU)| g

g’ aC () (I +0%aC (az))_l g

1

1

—=g"U AU [U ' (I +0%A)U] ' g

:%gTU_laA (I + UQaA)il Ug

zlaTaA (I + aQaA)71 Iel

where

and

P,q

Z GE o) (p.q) (1+ 0207 (p,9)) " G

(p qQEV

p qy
Z gﬁyexp{ QWZ(V +V>}

L (pr | qy
Z v,y €XP [2#1 (Vz + %>} .

z,y)€

! (I+0%aC (a2)) f+g" (I+0%aC (az))

-1

g

[fT (I+0%aC () f— fTg—g" f+4" (I +0°aC (az))” g}

1

g

(2.40)

-1

g

(2.41)

(2.42)

(2.43)

Here we note that G, , corresponds to (Ug)p)q where (Ug) is the DFT of g. Similarly for Gt using

(gTU~1), the inverse DFT.
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From the above, we conclude that

1 -1 17T 9 -1
H(flg,a,as,0) = 257 [f — (I+U2aC (ag)) g} (I+02aC (ag)) {f — (I—|—0 aC (042)) g}

—I—f Z Gl o) (p.q )(1+02a)\(p,q))71Gp,q. (2.44)
(p a9)eV

Using the variable substitution = [z — (I +o2aC (cvz))f1 g] and dz = dx, Zyosterior can be rewrit-
ten as

1
Zpostcrior = /exp{—M:BT (I + 0'2OéC (012)) T

- = Z G 4O (Ps q )(1+02a)\(p,q))_1Gpvq}dw (2.45)

(p,q JEV

which, using the multidimensional Gaussian integral becomes

Zposterior = (2107 2 & {det (I + o*aC (ag))} 2

X exp q — Z Gl oA (p.q) (1+ 02X (p,q)) " Gpgp. (246)
(p,q)EV

The determinant in equation (2.46) can be rewritten as follows:

det (I + ac®C (az))

=det (U IU + U 'ac”AU)

=det [U™" (I +ac®A)U]

= det (I + ao®A)

= I (+ec®rp.9). (2.47)

(p,9) €V

So equation (2.46) can be transformed into

vl
Zposterior = (271—0—2) : H (1 + a02)‘(p7 (Z))
(p,g)EV

X exp{ — Z G 40N (P, q )(1+02a)\ (p,q))71 Gpq - (2.48)

(p qQEV

2.2.5 Restored Image Equation

In our model, the estimated restored image configuration is given by the expected value of the a posteriori
probability function. This gives us the following restored image equation:

fE/zPr{F:z|G:g,a7a2,O'}dZ (249)

where the integral is performed over every image configuration z (range of |—o0, +oo[ for each pixel
element) and f is our restored image.

Using (2.37) we obtain
1

Zposterior (97 «, G,

f=

) /zexp [—H (2|9, o, 00,0)]dz (2.50)
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which, using the results of (2.44) and (2.46) is rewritten as
1

2702) % det (025-1) "2 exp { —1 Gl 4o 1+ 02a) e
( o ) € (U ) exp 2 ( Z) pvqa (0427]?, Q) ( + o (Oég,p7 q)) p,q
P,q)€EV

f=

1
X /zexp (— 952 [z — H]T 0?27 [z — p

- % Z [G;,qa)\(a2apa Q) (1 + UQ(XA(Q2,p7 q))71 Gp,q:| > dz
(p,9)EV
1 1 .
" 2o P (00 2 det () [roo(-g-ns o) os
T en® dl t(2)"? /Zexp <_; L M) 4= (2:51)
T) 2 de

with p = (I +0%aC (0[2))71 gand 27! = 4 (I 4+ 02aC (as)), which corresponds to the expected value
equation of a multivariate Gaussian distribution. Using that fact, we conclude that

F=Elz]l=p=(T+0*C () ' g. (2.52)
However, it is impractical to compute the inverse of such a large matrix, so we use the eigendecom-
position of (2.19) to simplify the equation as follows:
F=[T+c (U 'AU)| g
=U ' (I+ a2aA)_1 Ug
—U ' (I+0%A)"'G (2.53)

Here we note that this corresponds to the inverse DFT of (I + <720zA)_1 5) where Zﬁ is itself the DFT

of the degraded image. (I + CTQOZA)il can also easily be computed since it is the inverse of a diagonal
matrix.

2.2.6 Hyperparameters Estimation

As we saw in section 2.2.5, the restored image equation depends on the values of the hyperparameters
o, a and ag. The selection of those values shall be done by fixing the value of as and choosing values
for o and « that maximize the evidence (or likelihood) of equation (2.35). Such a method is known as
Maximum Likelihood Estimation (MLE).

Using (2.35) with (2.1), (2.7) and (2.37), we find that the evidence is given by

Pr{G:g|F:fvo-}Pr{F:f‘Oé7a2}
Pr{F = f|G =g,0,a2,0}

2
gy o (=52 19 = FIP) Zobaay oxp {~ 30 7C (02) £}
2
dmsmrs P {2k g — FI° = JafTC (a2) £}

_ Zposterior (g, «, Qg, U)
Znoise(U)Zprior (CM7 OQ)

Pri{G = glo,az,0} =

(2.54)

We can simplify the calculations by finding the maximum of the log of the evidence, which gives us

(aa a) = arg IE%X [hl Zposterior (97 «, Qig, U) —1In Znoise(a) —1In Zprior <a7 a?)]
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a,o

Vi 2y 1 2
= arg max {2 In(270*) — 5 Z In (1 + ao®A(az,p,q))

(p.a)eV
2 -1 . m 2
Z G (0N 2,p,q) (L4 0%aX(a2,p,q))  Gpq 5 In(27wc*)
(pq JEV
A% Vv 1
— % In(27) + % Ina+ 3 Z In M, p, q)]
(p.a)eV
VI VI 1 >
= arg max {2 In(27) + 3 Ino— 3 Z In (1 + ac®X(az2,p, q))

Q)EV
(P (2.55)

-1 1
S Z G Ck)\ 062,]7, ) (1 + ‘720‘)\(042»177 q)) Gp,q + 5 Z lnA(QQaP» q):|
(P QEV (p,9)EV

where & and & are the estimated values of the hyperparameters o and o respectively.
We notice that, due to the last term of (2.55), the values of A(as, p,¢) must be non-negative, which
imposes some restrictions on the allowed values of ay. Thus, by substituting 8 = %}T—p and ¢ = QVﬂ into
x y

equation (2.32), we have
1 1 1 1
AMag,0,¢9) =1— gcosﬁf §COS¢)+OQ (1 - Ecos(9+q$) — icos(ﬁf ¢)>
=1- lcosﬁf 1cosgi)
2 2
1 o 1 o
+ ap (1 ~5 (cos 8 cos ¢ — sin B sin ¢) — 3 (cosfcos o + sm@smqb))
1 1
=1- gcosﬁf §cos¢)+a2 (1 — cosfcos ¢)
therefore it follows that

1 1
1-— 50089— —cos¢p+ as (1 —cosfcosp) >0

2
1 1
ag (1 —cosfcosg) > —1+ 3 cosf + 5 cos ¢. (2.56)
Here we note that
1 —cosfOcos¢p > 0(Vp,0), (2.57)
1—cosfcosp =0« (cos =cos¢p=1)V (cos =cos¢p =—1). (2.58)

If we take the case cosf = cos¢ = 1 and apply it to (2.56), we have

0>0 (2.59)

so there is no restriction on oy in that case. Similarly, there is no restriction on as when cosf = cos ¢ = —1
since equation (2.56) then yields

0> -2 (2.60)

For the remaining cases, applying the property (2.57) to equation (2.56) allows us to write

-1+ %cos@—i— %coscf)
1—cosfcosgp

g > (2.61)

We now search for the maximum value of the right side of (2.61) by finding its partial derivatives. Setting
the derivative according to 6 to 0 yields

—15in6 (1 — cosfcos¢) —sinbcosd (—1+ 3 cosf + Lcose)

5 =0.
(1 — cosfcos ¢)
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Since we are not taking into account the case where the denominator is 0, we can write

1 1 1
—3 sin 6 (1 — cos 6 cos ¢) — sin § cos ¢ (—1 + §COS6‘+ 2cos¢> =0

1 1 1 1
) sin 6 + §sin9cosecosq§ +sinfcos ¢ — 3 sin @ cos 6 cos ¢ — 3 sinfcos? ¢ =0
sin 0 (cos2 ¢ —2cosp+ 1) =0. (2.62)
Therefore we have extrema for § = 0 and § = w. By noticing that equation (2.61) is symmetri-

cal with regards to 6 and ¢, we conclude that the derivative according to ¢ will yield extrema for
¢ = 0 and ¢ = 7. These results allow us to conclude that the extrema are located at (cosf,cos @) =
(1,1),(1,-1),(-1,1),(—1,—1). Since the right side of equation (2.61) becomes —oo for cases 1 and 4,
we conclude that these are minima and that cases 2 and 3 are therefore maxima. For both cases 2 and
3, equation (2.61) yields
1

which defines the validity range of «s.

Using equation (2.55), we find the value of & by solving the equation
-2 In(Pr{G = g|@, as,5}) = 0 as follows

0= 1 Z 62)\(042,]), Q) 1 Z G;qazA(QQ’p’ q)QGp’q
(PQeV 1 + oo )\(Oég,p, q) (p.a)EV (1 + OZO—Z)\(OQ’ZL q))
1 6282)\(042,])7 q) 1 ]L ( a)‘(a27pa Q) >2
= T 952 Z ~52 +3 Z Gy =3 Gpq
20 (p,9)EV 1+ a0 Maz,p, q) 2 (p,9)EV L+a0Aa2,p,0)
. 1 { Z —1+1+&32)\(0427PaQ)}
= -5 —
20 (p,q)EV 1+ao >\(OL27pa q)

+ 1 Gi‘ ( a)\(a27pa Q) >2G
2 : p.q ~5 p.q
2 eV 1+ ac?Mazg,p,q)

1 -1 1
D - RSN
20 (P, 9)EV L+4a5°X(a2,p,q) 20 (p,9)EV

+ 1 Z Gi‘ a)‘(a27pa Q) ? G
2 P\ 1+ ao?Masg, p, q) pa

(p,9)EV

vl _ 1 1 1 aoz,p)
LI __ - GT i\ s G
202 202 ZV 1+ ac?Aag, p,q) + 2 Z P4\ 1+ ao?MNas,p, q) P

(p,9)€ (p,q)EV
~2 ~ 2
~2 O 1 152 T aXaz,p,q)
= — E G G . 2.64
7 V| ( )Ev{l—i—aag)\(ag,p, q) (1+a02)\(a2,p,q) P4 ( )
P.q

Similarly, we find the value & by solving the equation % In(Pr{G = g|a, as,5}) = 0 as follows

0= mi 1 Z (/T\QA(OQ,])’ q)
= = a52
2@ 2| S 1+a0 Moz, p,q)
1 1+ a5%\az,p, q) — ac2 (a2, p, q)
- = , a2ap7 q)G s o~

2 { qz: p 1 P (1+ a2\ az,p,q))°

VI _ Z G*Maz,p.a) GhaMa2,p,9)Gpq

a e | 1Ha0%Ma2p.0) (14 a52A(az,p,q))°
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~2 G )\ ,0,q)G
NP 3 { *NMaz,pg) (02,P,9) M} (2.65)

ey | 1T a0%Aaz,p,q) <1+a62x<a2,p,q>>2

When actually computing the value of the log of the evidence given in (2.55), we notice that the value
of the last term diverges when A(ag,p,q) = 0. To get around this problem, we take advantage of the
fact that we have a large number of pixels to approximate the discrete sum using an integral as follows:

Wl\ > o~ )T de f d¢ with 0 = % and ¢ = QVLP. Using this approximation and the integral
(P,9)EV ! ’
formula

/027T log (a + beosx) dx = 2w log — (a +Va ) (a>1b]) (2.66)

from [11], the term can be rewritten as follows:

V|1
|2||\[| Z ln)\(a2ap>q)

(p,9)EV
‘V| 1 /277/27r
N —_—— In Az, 0, @)dOdeo
2 472 Jy  Jo (02,6,9)

V| w2 1 1 1 1
= e In|1-— §COSQ - icosq’)—&— az = 50 cos(f + ¢) — F02 cos(f — ¢) | dod¢

‘V| 271' 27r 1 1
= — In{l1-— = - =
5 12 n 5 cos 5 cos ¢

+ ag — 7042 (cos 8 cos ¢ — sin @ sin ¢ + cos 0 cos ¢ + sin O sin ¢):| dOfde

_M /271' /QW
2 4g2 I

—Vl/%/%ln 1—1008(;5—1—@ —1c0s9(1+2a cos ¢) | dOd¢
T 2ax2 )y )y | 2 > 2

V] 1 /277/% 1 2 —cos P+ 20
=— In|=(1+2 —————— = —cosf | |dbd
2 472 Jo  Jo " i (14203 cos ) 1+ 2as cos ¢ o8 ¢

B ‘V| 1 27 27 1
- TR In 5(1 + 2 cos @) | dOd g

|V\ /2”/27r 2—cosd+2a
2 4n2 1 4 2a5 cos ¢ cost | dbdg
= _v / 2 ln[1(1+2a2 cos¢)] d¢

1 1
1-— 5(3089— §COS¢+O[2 —a2c080cos¢]d9d¢>

\V]

(2.67)

2 4m2
V| 1 /27T 1 [2—cos¢+2an 2 — cosd + 203\
2rln |- | ————= —————=] —1]|]|d
Ty 2 4x2 TG 14 2as cos ¢ + 14 2as cos ¢ ¢

Vi1 |1 2 — 2 2— 20\ 2

:ui/ I |21+ 200 cosg) [ 20080 F 202 [(2ocosot 20N )
2 27 J, 1+ 25 cos ¢ 1+ 205 cos o

_ V]t

2w
5 27r/ In E (2008¢+20¢2+\/(2C08¢+20&2)2(1+2062COS¢)2>](1¢)

V,—1 Vy—1
V|1 V1l < 2
N‘le (ln4>+|2|v <2—cos<;p)+2a2
p=0 x

() o) - (1o (7))

N

17



vZ o1 VW, 2mp
~7 1 7; <2COS<VI)+20Q

27p 2 27p 2
+ (2—cos<vz>—|—2oz2> —<1+2agcos<vm>> )
We now find the values of ap for which the condition of (2.66) is respected at line (2.67), for any value

of ¢. From line (2.67) we have a = % and b = —1. So the condition of (2.66) is

(2.68)

2 — 2
0> [p| e ZoCOSOT 202 (2.69)
1+ 205 cos ¢
We see that the condition is respected for —0.5 < as < 0.5 since we then have

a>1b] < 2—cosg+ 2as > 1+ 2as cos ¢
— 14 2ay > cos ¢(1 + 2aw)

— 12> cosd. (2.70)
The condition is also respected for cy = —0.5 since we then have
0> b o 2—cosp—1 51
1—-coso¢
—1>1 (2.71)

The condition is not respected in the case of ay < —0.5 since for ¢ = 0, we have

a>|bl = 24+2a3>1
— ag > —0.5. (2.72)
The state of the condition is unknown for ae = 0.5 since its value diverges for ¢ =

27COS¢)+20527% (2.73)
14+ 2ascos¢p 0 .

The condition is not respected in the case of as > 0.5 since for such a value, with ¢ = 7, we have

3+ 20[2
> b >1
azble 5, 2
— 34+ 20 <1—2a9
— 4oy < =2
— as < —0.5. (2.74)
We also note that in the case of ap = —0.5, in equation (2.68), we try to evaluate In0 for the term in the
sum where p = 0, so we need to reject the case where as = —0.5.
We shall therefore restrict the range of as to
—05<a<0.5 (2.75)

in our experiments.

2.3 Algorithm

In this section, we describe an image restoration algorithm based on our image restoration model. We use
a fixed point iteration algorithm [12] to find our maximum likelihood estimates for the hyperparameters
a and 0. As we saw in section 2.2.6, the extremum values for the hyperparameters a and o can be
expressed in the form of the simultaneous recursive equations a(r) = f(a(r — 1),0(r — 1)) and o(r) =
g(a(r—1),0(r—1)). Therefore, in our algorithm, we find new values of @ and & by applying their current
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values to equations (2.64) and (2.65) and repeat that process until the algorithm converges. We shall
assume that the algorithm has converged once we achieve the following 2 halting criteria:

_|a(r) —a(r—1) b(r) —b(r—1) 4

ei(r) = =1 ’ ‘ o= 1) ‘ < 10 (2.76)
~elr) —e(r—1) 4

ea(r) = e — ‘ < 10 (2.77)

where a(x), b(z) and c(z) are the values of @, 6% and the log of evidence, respectively, at iteration z of
the algorithm and r and » — 1 are the current and previous iterations of the algorithm, respectively.

2.3.1 Algorithm Steps

Following are the steps of the practical algorithm.
Step 1.

(i) Compute the DFT of the degraded image to obtain the value of G. We note here that GT is simply
the complex conjugate of G so it does not need to be computed explicitly.

(ii) Compute the values of A(aq,p,q) using equation (2.33).
(iii) Initialize a(0) to 0.0001
(iv
(v

Step 2.

)
)
) Initialize b(0) to 10000.
)

Initialize r to 0.

(i) Update r 7+ 1.

(ii) Using equation (2.65), update

-1

1 b(r — 1)A(az, p, q) Gl Gpa(2,.q)
> + :
V] {

‘v o2 | T+ alr =00 = DAla2,p.@) (14 a(r — Db(r — DA(0z.p,a))°

(2.78)
(iii) Using equation (2.64), update

b(r—1) L
b(T) — ‘V| Z {1 + a(r — l)b(T — 1))\(a27p7 (])

(p,9)EV
1 2
+b(r—1)G;qu,q( a(r = DA(az,p.9) ) } (2.79)

L+a(r = 1)b(r — 1)A(a2, p, )
(iv) Using equations (2.55) and (2.68), update

VI VI 1

e(r) « - In27 + 5 Ina(r) — 5 Z In (1 + a(r)b(r)\az, p, q))
(p,9) €V
1 a(r)Maz,p, q) V2 o1
) Z G} 4G = AT
p,q 7 P:q

(p,g)EV 1+ a(r)b(r)A(az, p, q) 2 4

V,—1 . :

- ) 5 5
+% pz:(:) ln<2—cos ( ‘ZJ) + 20 + \/<2—cos ( ;f) —|—2a2) — <1+2a2005 ( ‘Zp>) )

(2.80)

— —
Here we note that since G is the conjugate transpose of G, we can write Gpq = a+ bi and G;yq =
a — bi, so that Gf, \G, 4 is simply a? + b2,
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Step 3.
(i) Check the termination conditions of equations (2.76) and (2.77).
(ii) If the termination conditions are fulfilled, proceed to step 4. Otherwise go back to step 2.
Step 4.
(i) Update a « a(r).
(ii) Update & < /b(r).
(iii) Compute the values of (1 +32X (p,q) 64)71 Gy, for each p and g.

(iv) Apply the inverse DFT to the above values to obtain the restored image as described in (2.53).

2.3.2 Computational Complexity

We now analyse the complexity of our algorithm using the Big O notation. Here n is the number of pixels
in the image, so n = |V|.

Step 1 DFT computation using the FFT algorithm: O(nlogn).

Step 2 Computation of a(r): O(n).
Computation of a(r): O(n).
Computation of the log of evidence: O(n).
Total: O(n).

Step 3 Computation of e (r) : O(1).
Computation of ea(r) : O(1).
Total: O(1).

Step 4 Computation of the values to be used in the inverse DFT: O(n).
Restored image computation using the FFT algorithm: O(nlogn).
Total: O(nlogn).

This gives a total complexity of O(nlogn).

2.4 Numerical Experiments

In this section, we present the numerical experiments we performed to evaluate our model as well as the
results of these experiments. We also discuss these results.

2.4.1 Experiments

We applied our program to the original 256x256 pixels 8-bit grayscale images f presented in Fig.2.1.
We first degraded the original images using additive white Gaussian noise with mean 0 and standard
deviation ¢ = 20 and o = 40 to produce 10 degraded images g for each original image and noise value.
Examples of the degraded images are presented in Fig.2.2. We then applied our restoration algorithm
to the degraded images to obtain the restored images f. Examples of the resulting restored images are
shown in Fig.2.12 to Fig.2.22.

2.4.2 Experimental Results

Our results are generated by fixing the value of ag = % and applying our model to restore each set of 10
degraded images described in section 2.4.1 to obtain restored image sets containing 10 restored images
for each value of ag, o and each original image.

We then measure the value of the the mean square error (MSE) and the mean structural similarity
index (MSSIM) between the original image and the restored image as well as the log of evidence for
each restored image. These measurements allow us to calculate the sample mean and sample standard
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(a) Boat. (b) Lenna. (c) Mandrill.

Figure 2.1: Original images f used for the experiments.

deviation (s) of the MSE, MSSIM and log of evidence for each set of restored images. The sample
standard deviation is defined in equation (2.82).

The MSE is used as a measure of the efficiency of our correction and is considered to be the dominant
quantitative performance metric in the field of signal processing [13]. The MSE between two images x
and y is defined as

MSE(x, y) = IVLI 3 (i -y (2.81)
iev

The MSSIM is also used as a measure of the efficiency of our correction and is considered to yield
results that are generally closer to the human perception of image fidelity and quality [13]. To measure
the MSSIM, we use the method suggested in [14] and [15]. In particular, we use the suggested window
defined as an 11x11 circular-symmetric Gaussian weighting function with standard deviation of 1.5. We
note here that a higher value of the MSSIM indicates that the images being compared have a generally
higher structural similarity and that the maximal value of 1.0 can only be attained if both images are
identical.

We note here that the sample standard deviation is defined as

N
s = ﬁ Z (z; —7)°. (2.82)
=1
Here N is the size of the sample and T is the sample mean defined as T = % Ef;l ;.

Figures 2.3, 2.4 and 2.5 show superpositions of 2 curves. The first curve (+ marks) shows, for various
values of ag, the values of the sample mean for the MSE, with error bars representing s. The second
curve (x marks) shows the same statistics for the log of the evidence. By looking at these figures, we
observe that an increase of the evidence is accompanied very closely by a decrease of the MSE in the
case of the Boat image and is accompanied loosely by a decrease of the MSE in the case of the Mandrill
image. However, we observe the opposite phenomenon in the case of the Lenna image, where an increase
of the evidence is accompanied by an increase of the MSE. These results can be observed for the 2 noise
levels used for our experiments.

Figures 2.6, 2.7 and 2.8 show superpositions of 2 curves. The first curve (+ marks) shows, for various
values of as, the values of the sample mean for the estimated values of @, with error bars representing
s. The second curve (x marks) shows the same statistics for the estimated values of 2. By looking at
these figures, we observe that an increase of the value of as is accompanied by a decrease of both & and
&2 for all images and noise levels.

Figures 2.9, 2.10 and 2.11 show superpositions of 2 curves. The first curve (+ marks) shows, for
various values of ayg, the values of the sample mean for the MSE, with error bars representing s. The
second curve (x marks) shows the same statistics for the estimated values of 2. By looking at these
figures, we observe that the lowest values of the MSE occur for the values of as where the estimated
value of 52 is close to the actual value of o2 for all images and noise levels.
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(a) Boat, o = 20. (b) Boat, o = 40.

(e) Mandrill o = 20. (f) Mandrill o = 40.

Figure 2.2: Degraded images g used for the experiments. Degradation process is additive white Gaussian
noise with mean 0 and standard deviation o. (a) and (b) are generated from the original image in Figure
2.1a by setting o = 20 and o = 40, respectively. (c) and (d) are generated from the original image in
Figure 2.1b. (e) and (f) are generated from the original image in Figure 2.1c.
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Figure 2.3: Mean square error MSE(f, f) (+ marks) and the log of evidence log Pr {G = g|a, as,5} (x
marks) for the restored versions of the Boat image (Fig. 2.1a). The degraded images were generated
with noise levels of o = 20 in (a) and o = 40 in (b). The estimates @ and & are obtained by maximizing
log Pr {G = g|a, aa, 0} with respect to a and o for each fixed value of ay. Here, the restored image fis
defined as f (@, as, o) for each value of ay. The values shown are the sample mean values (Z) of the 10
degraded images for each noise level with error bars corresponding to the sample standard deviation (s).
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Figure 2.4: Mean square error MSE(f, f) (+ marks) and the log of evidence log Pr{G = g|a, as,5} (x
marks) for the restored versions of the Lenna image (Fig. 2.1b). The degraded images were generated
with noise levels of o = 20 in (a) and o = 40 in (b). The estimates @ and & are obtained by maximizing
logPr{G = g|a, as, o} with respect to a and o for each fixed value of ay. Here, the restored image fis

defined as f (@, aq,0) for each value of as. The values shown are the sample mean values (Z) of the 10
degraded images for each noise level with error bars corresponding to the sample standard deviation (s).
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Figure 2.5: Mean square error MSE(f, f) (+ marks) and the log of evidence log Pr{G = g|a, as,5} (x
marks) for the restored versions of the Mandrill image (Fig. 2.1¢). The degraded images were generated
with noise levels of o = 20 in (a) and ¢ = 40 in (b). The estimates @ and & are obtained by maximizing

log Pr{G = g|a, as, o} with respect to « and o for each fixed value of ay. Here, the restored image f is

defined as f (@, aq,0) for each value of as. The values shown are the sample mean values () of the 10
degraded images for each noise level with error bars corresponding to the sample standard deviation (s).
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Figure 2.6: Estimates & (+ marks) and 6% (x marks) obtained from the degraded versions of the Boat

image (Fig. 2.1a) for various values of as. The degraded images were generated with noise levels of

o =20in (a) and 0 = 40 in (b). The estimates are determined so as to maximize log Pr {G = g|o, ag, 0}
with respect to o and o for each fixed value of ag. The values shown are the sample mean values (T)
of the 10 degraded images for each noise level with error bars corresponding to the sample standard
deviation (s).
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Figure 2.7: Estimates & (+ marks) and 2 (x marks) obtained from the degraded versions of the Lenna
image (Fig. 2.1b) for various values of as. The degraded images were generated with noise levels of
0 =20in (a) and 0 = 40 in (b). The estimates are determined so as to maximize log Pr {G = g|o, a2, 0}
with respect to a and o for each fixed value of as. The values shown are the sample mean values (T)
of the 10 degraded images for each noise level with error bars corresponding to the sample standard
deviation (s).
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Figure 2.8: Estimates @ (+ marks) and 52 (x marks) obtained from the degraded versions of the Mandrill
image (Fig. 2.1c) for various values of as. The degraded images were generated with noise levels of o = 20
in (a) and o = 40 in (b). The estimates are determined so as to maximize log Pr {G = g|a, a2, 0} with
respect to a and o for each fixed value of a2. The values shown are the sample mean values (Z) of the 10
degraded images for each noise level with error bars corresponding to the sample standard deviation (s).
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Figure 2.9: Mean square error MSE(f, f) (+ marks) and estimate 52 (x marks) for the restored versions
of the Boat image (Fig. 2.1a). The degraded images were generated with noise levels of o = 20 in (a)
and ¢ =40 in (b). The estimate & is obtained by maximizing log Pr{G = g|a, as, 0} with respect to «
and o for each fixed value of ay. Here, the restored image f is defined as f (@, ag,0) for each value of
ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise level with
error bars corresponding to the sample standard deviation (s).
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Figure 2.10: Mean square error MSE(f, fA) (+ marks) and estimate 52 (x marks) for the restored versions
of the Lenna image (Fig. 2.1b). The degraded images were generated with noise levels of o = 20 in (a)
and 0 =40 in (b). The estimate & is obtained by maximizing log Pr{G = g|a, as, 0} with respect to «
and o for each fixed value of ay. Here, the restored image f is defined as f (@, ag,0) for each value of
ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise level with
error bars corresponding to the sample standard deviation (s).
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Figure 2.11: Mean square error MSE(f, f) (+ marks) and estimate 52 (x marks) for the restored versions
of the Mandrill image (Fig. 2.1¢). The degraded images were generated with noise levels of o = 20 in
(a) and 0 = 40 in (b). The estimate & is obtained by maximizing log Pr{G = g|o, as, o} with respect
to a and o for each fixed value of as. Here, the restored image f is defined as j? (@, ag, ) for each value
of ap. The values shown are the sample mean values (T) of the 10 degraded images for each noise level

with error bars corresponding to the sample standard deviation (s).

Figures 2.12 to 2.22 show some results of the application of the next neighbour extension algorithm
to the Boat, Lenna and Mandrill greyscale images for noise values of ¢ = 20 and o = 40.

We only show the results for values of ay of -0.49, +0.49, 0.0, for the value producing the smallest
MSE, namely as = —0.45 for Boat and Lenna, and a; = —0.1 for Mandrill, as well as for the value
producing the highest MSSIM, namely oy = —0.49 for Boat and Lenna, as well as ag = —0.15 and
ag = 0.05 for Mandrill with noise levels of o = 20 and ¢ = 40 respectively. Also, only one restored image
from the set of 10 is shown.

We observe that the resulting images are more blurry for low values of as and that they become
gradually less blurry, but more noisy, as s increases. This can be explained by the previous observations
where we saw that, as as increases, the approximated values of @ and & decrease, causing our model to
assume that the noise level is lower and that correlation between neighbouring pixels is also low. As a
consequence, less correction is applied, causing less blurring, but also leaving more noise in the corrected
image. We also notice some improved horizontal and vertical edge preservation accompanied by grid-like
artefacts in the restored images with a value of ay lower than —0.4. This is due to the fact that in such
cases, our model approaches the superantiferromagnetic state, as shown in Fig. 1.1c
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(a) Degraded Image. MSE=378.
MSSIM=0.4978.

(b) Restored. az = —0.49. MSE=124.(c) Restored. az = —0.45. MSE=120.
MSSIM=0.7461. MSSIM=0.7270.

(d) Restored. a2 = 0.0. MSE=236.(¢) Restored. a2 = 0.49. MSE=374.

MSSIM=0.5760. MSSIM=0.4994.

~

Figure 2.12: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Boat image (Fig. 2.1a). The degraded im-
age was generated with a noise level of ¢ = 20, has MSE (f,g) = 378, MSSIM (f,g) = 0.4978,

and is shown in (a). (b) as = —0.49, MSE(Ff, f (9,8, a2,5)) = 124, MSSIM(F, f (g,&, a2,5)) =
0.7641. (c) an = —0.45, MSE(f, f (9.d,q2,5)) = 120, MSSIM(f, f (g,d,02,5)) = 0.7270. (d)
as = 0.0, MSE(f, f(g,d,00,5)) = 236, MSSIM(F, f (9,8, 02,5)) = 0.5760. (e) as = 0.49,
MSE(f, f (g, @, a2,5)) = 374, MSSIM(#, f (g, &, a2, 5)) = 0.4994.
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(a) Original Image. (b)  Degraded Image. MSE=378.
MSSIM=0.4978.

(¢) Restored. a2 = —0.49. MSE=124.(d) Restored. a2 = -0.45. MSE=120.
MSSIM=0.7461 MSSIM=0.7270

(e) Restored. as = 0.0. MSE=236.(f) Restored. a2 = 0.49. MSE=374.
MSSIM=0.5760 MSSIM=0.4994

Figure 2.13: Details of the original image f in Fig. 2.1a, the degraded image g in Fig. 2.12a and the
restored images f(g,q,aq,0) in Fig. 2.12. (a) Original image f in Fig. 2.1a. (b) Degraded image g
in Fig. 2.12a. (c) Restored image f(g,(’i, aw,0) in Fig. 2.12b. (d) Restored image f(g,a, a2,0) in Fig.
2.12c. (e) Restored image f(g,d,a2,5) in Fig. 2.12d. (f) Restored image f(g, @, as, ) in Fig. 2.12e.
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(a) Degraded Image. MSE=1486.
MSSIM=0.2641.

(b) Restored. az = —0.49. MSE=236.(c) Restored. az = —0.45. MSE=235.
MSSIM=0.6189. MSSIM=0.6056.

(d) Restored. a2 = 0.0. MSE=286.(¢) Restored. «az = 0.49. MSE=336.
MSSIM=0.5298. MSSIM=0.4883.

~

Figure 2.14: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Boat image (Fig. 2.1a). The degraded im-
age was generated with a noise level of ¢ = 40, has MSE(f,g) = 1486, MSSIM (f,g) = 0.2641
and is shown in (a). (b) as = —0.49, MSE(Ff, f (9,8, a2,5)) = 236, MSSIM(F, f (g,d, a2,5)) =
0.6189. (c) as = —0.45, MSE(f, f(g,a,02,5)) = 235, MSSIM(f, f(g,d,02,5)) = 0.6056. (d)
as = 0.0, MSE(f, f(g,d,00,5)) = 286, MSSIM(F, f(g,d,02,5)) = 0.5298. () as = 0.49,
MSE(f, f (g, @, a2,5)) = 336, MSSIM(£, f (g, &, a2, 5)) = 0.4883.
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(a) Original Image. (b) Degraded Image. MSE=1486.
MSSIM=0.2641.

(¢) Restored. a2 = —0.49. MSE=236.(d) Restored. a2 = -0.45. MSE=235.
MSSIM=0.6189. MSSIM=0.6056.

(e) Restored. as = 0.0. MSE=286.(f) Restored. a2 = 0.49. MSE=336.
MSSIM=0.5298. MSSIM=0.4883.

Figure 2.15: Details of the original image f in Fig. 2.1a, the degraded image g in Fig. 2.14a and the
restored images f(g,q,aq,0) in Fig. 2.14. (a) Original image f in Fig. 2.1a. (b) Degraded image g
in Fig. 2.14a. (c) Restored image f(g,(’i, a0, 0) in Fig. 2.14b. (d) Restored image f(g,a, a2,0) in Fig.
2.14c. (e) Restored image f(g,d,a2,5) in Fig. 2.14d. (f) Restored image f(g, @, as, ) in Fig. 2.14e.
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(a) Degraded Image. MSE=383.
MSSIM=0.4453.

3 B . ; :
(b) Restored. az = —0.49. MSE=117.(c) Restored. az = —0.45. MSE=111.
MSSIM=0.7393. MSSIM=0.7133.

(d) Restored. a2 = 0.0. MSE=223.(e) Restored. a2 = 0.49. MSE=383.
MSSIM=0.5375. MSSIM=0.4454.

~

Figure 2.16: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Lenna image (Fig. 2.1b). The degraded
image was generated with a noise level of ¢ = 20, has MSE (f,g) = 383, MSSIM (f,g) = 0.4453

and is shown in (a). (b) as = —0.49, MSE(f, f (9,d, a2,5)) = 117, MSSIM(f, f

0.7393. (c) an = —0.45, MSE(f, f (g9.@,a2,5)) = 111, MSSIM(f, f (g,d,2,5)) = 0.7133. (d)
as = 0.0, MSE(f,f (9,8, 02,5)) = 223, MSSIM(f, f (9,8, 02,5)) = 0.5375. () as = 0.49,
MSE(f, f (g, @, a2,5)) = 383, MSSIM(£, f (g, &, a2, 5)) = 0.4454.
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(b)  Degraded Image. MSE=383.
MSSIM=0.4453.

(¢) Restored. a2 = —0.49. MSE=117.(d) Restored. a2 = -0.45. MSE=111.
MSSIM=0.7393. MSSIM=0.7133.

(e) Restored. as = 0.0 MSE=223.(f) Restored. a2 = 0.49. MSE=383.
MSSIM=0.5375. MSSIM=0.4454.

Figure 2.17: Details of the original image f in Fig. 2.1b, the degraded image g in Fig. 2.16a and the
restored images f(g,q,a9,0) in Fig. 2.16. (a) Original image f in Fig. 2.1b. (b) Degraded image g
in Fig. 2.16a. (c) Restored image f(g,&, ag,0) in Fig. 2.16b. (d) Restored image f(g,a, a9, 0) in Fig.
2.16¢. (e) Restored image f(g,a, a2,0) in Fig. 2.16d. (f) Restored image f(g,&, ag,0) in Fig. 2.16e.
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(a) Degraded Image. MSE=1462.
MSSIM=0.2383.
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(b) Restored. az = —0.49. MSE=214.(c) Restored. az = —0.45. MSE=212.
MSSIM=0.6331. MSSIM=0.6085.

(d) Restored. a2 = 0.0. MSE=279.(e) Restored. a2 = 0.49. MSE=351.
MSSIM=0.5041. MSSIM=0.4500.

~

Figure 2.18: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Lenna image (Fig. 2.1b). The degraded
image was generated with a noise level of ¢ = 40, has MSE (f,g) = 1462, MSSIM (f,g) = 0.2383
and is shown in (a). (b) as = —0.49, MSE(Ff, f (9,8, a2,5)) = 214, MSSIM(F, f (g,d, a2,5)) =
0.6331. (c) an = —0.45, MSE(f, f (g9.@,2,5)) = 212, MSSIM(f, f (g,d,2,5)) = 0.6085. (d)
as = 0.0, MSE(f, f(g,d,02,5)) = 279, MSSIM(F, f(g,d,02,5)) = 0.5041. (e) as = 0.49
MSE(f, f (g, @, a2,5)) = 351, MSSIM(£, f (g, &, a2, 5)) = 0.4500.

)
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(a) Original Image. (b) Degraded Image. MSE=1462.
MSSIM=0.2383.

(¢) Restored. a2 = —0.49. MSE=214.(d) Restored. a2 = -0.45. MSE=212.
MSSIM=0.6331. MSSIM=0.6085.

(e) Restored. as = 0.0 MSE=279.(f) Restored. a2 = 0.49. MSE=351.
MSSIM=0.5041. MSSIM=0.4500.

Figure 2.19: Details of the original image f in Fig. 2.1b, the degraded image g in Fig. 2.18a and the
restored images f(g,q,aq,0) in Fig. 2.18. (a) Original image f in Fig. 2.1b. (b) Degraded image g
in Fig. 2.18a. (c) Restored image f(g,&, ag,0) in Fig. 2.18b. (d) Restored image f(g,a, a9, 0) in Fig.
2.18c. (e) Restored image f(g,a, as2,0) in Fig. 2.18d. (f) Restored image f(g,&, ag,0) in Fig. 2.18e.
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(a) Degraded Image. MSE=385.(b) Restored. ap = —0.49. MSE=272.
MSSIM=0.6065. MSSIM=0.6099.

i e

(c) Restored. ag = —0.15. MSE=185.0.(d) Restored. az = —0.1. MSE=184.6.
MSSIM=0.7153. MSSIM=0.7150.

(e) Restored. a2 = 0.0. MSE=186.(f) Restored. a2 = 0.49. MSE=203.
MSSIM=0.7126. MSSIM=0.6959.

~

Figure 2.20: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Mandrill image (Fig. 2.1c). The degraded
image was generated with a noise level of ¢ = 20, has MSE (f,g) = 385, MSSIM (f,g) = 0.6065
and is shown in (a). (b) as = —0.49, MSE(Ff, f (9,8, a2,5)) = 272, MSSIM(f, f (g,d, a2,5)) =
0.6099. (c) as = —0.15, MSE(f,f(g,d,02,5)) = 185.0, MSSIM(f, f (g.@,a2,5)) = 0.7153.
(d) az = -0.1, MSE(f,f(g.d,02,5)) = 184.6, MSSIM(f, f(g.a,02,5)) = 0.7150.  (e)
ay = 0.0, MSE(f,f(g,d,a,5)) = 186, MSSIM(f, f(9,d,02,5)) = 0.7126. (f) ay = 0.49,
MSE(f, f (9,@, a2, 7)) = 203, MSSIM(£, f (g, @, a2, 5)) = 0.6959.
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(a) Original Image. (b) Degraded Image. MSE=385.
MSSIM=0.6065.

(c) Restored. ag = —0.49. MSE=272.(d) Restored. as = —0.15. MSE=185.0.(¢) Restored. as = —0.1. MSE=184.6.
MSSIM=0.6099. MSSIM=0.7153. MSSIM=0.7150.

(f) Restored. a2 = 0.0. MSE=186.(g) Restored. az = 0.49. MSE=203.
MSSIM=0.7126. MSSIM=0.6959.

Figure 2.21: Details of the original image f in Fig. 2.1c, the degraded image g in Fig. 2.20a and the
restored images f(g,Q,as,0) in Fig. 2.20. (a) Original image f in Fig. 2.1c. (b) Degraded image g
in Fig. 2.20a. (c) Restored image f(g,@, as2,0) in Fig. 2.20b. (d) Restored image f(g,&, ae,0) in Fig.
2.20c. (e) Restored image f(g,a, a9,0) in Fig. 2.20d. (f) Restored image f(g,a, a9,0) in Fig. 2.20e.
(g) Restored image f(g,a, a9,0) in Fig. 2.20f.
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(a) Degraded Image. MSE=1518.(b) Restored. az = —0.49. MSE=380.
MSSIM=0.3364. MSSIM=0.4776.

2 e i
- via i

(c) Restored. ag = —0.05. MSE=335.1.(d) Restored. a2 = 0.0. MSE=335.2.
MSSIM=0.5438. MSSIM=0.54402.

(e) Restored. a2 = 0.05. MSE=335.5.(f) Restored. a2 = 0.49. MSE=341.
MSSIM=0.54403 MSSIM=0.5410

~

Figure 2.22: Restored images f(g, &, as,d) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Mandrill image (Fig. 2.1c). The degraded im-
age was generated with a noise level of ¢ = 40, has MSE(f,g) = 1518, MSSIM (f,g) = 0.3364

and is shown in (a). (b) as = —0.49, MSE(Ff, f (9,d, a2,5)) = 380, MSSIM(F, f (g,d, a2,5)) =
0.4776. (c) as = —0.05, MSE(f,f(g9,d,02,5)) = 335.1, MSSIM(f, f (g.@,a2,5)) = 0.5438.
(d) as = 0.0, MSE(f, f (9,8, 02,5)) = 335.2, MSSIM(f, f (g, @, q2,5)) = 0.54402. (e) as =
0.05, MSE(f,f(g,d,02,5)) = 3355, MSSIM(f,f(g,d,a2,5)) = 0.54403. (f) as = 0.49,
MSE(f, f (9,@, a2,5)) = 341, MSSIM(F, f (g, @, a2, 5)) = 0.5410.
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(a) Original Image. (b) Degraded Image. MSE=1518.
MSSIM=0.3364.

|

- L4

# ¥ ’ ¥
(c) Restored. ag = —0.49. MSE=380.(d) Restored. as = —0.05. MSE=335.1.(¢) Restored. a2 = 0.0. MSE=335.2.
MSSIM=0.4776 MSSIM=0.5438 MSSIM=0.54402

.

*II
(f) Restored. az = 0.05. MSE=335.5.(g) Restored. oz = 0.49. MSE=341.
MSSIM=0.54403 MSSIM=0.5410

Figure 2.23: Details of the original image f in Fig. 2.1c, the degraded image g in Fig. 2.22a and the
restored images f(g,Q,as,0) in Fig. 2.22. (a) Original image f in Fig. 2.1c. (b) Degraded image g
in Fig. 2.22a. (c) Restored image f(g,&, a9,0) in Fig. 2.22b. (d) Restored image f(g,&, ae,0) in Fig.
2.22c. (e) Restored image f(g,a, a9,0) in Fig. 2.22d. (f) Restored image f(g,a, a9,0) in Fig. 2.22e.
(g) Restored image f(g,a, a2,0) in Fig. 2.22f.
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2.5 Chapter Summary

In this chapter, we described our solvable probabilistic model for greyscale images using second-neighbour
pixel interactions. We derived the mathematical expressions related to this model and proposed an
algorithm based on these results. Finally, we presented the results of numerical experiments using our
algorithm and confirmed that, with a good choice of the hyperparameter ay, we can obtain better image
correction results by using our extension to the second-neighbour pixel interactions than by using the
original model which only takes the next-neighbour pixel interactions into account. In particular, we saw
that by using negative values of as, this model allows a better preservation of horizontal and vertical
edges in the images, but at the same time, it introduces horizontal and vertical line artefacts in the
images.
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Chapter 3

Solvable Probabilistic Model with
Second-Neighbour Interaction for
Colour Image Restoration

3.1 Chapter Outline

In this chapter, we shall describe the extension to the second-neighbour pixel interactions of the solvable
probabilistic model for colour images originally proposed by Tanaka and Horiguchi in [4]. We start
with a detailed description of the model as well as the calculations involved in its formation. This is
followed by the presentation of an image correction algorithm based on this model before concluding
with a description of the numerical experiments we performed to evaluate this model. We note that this
model constitutes an extension to colour images of the model described in Chapter 2.

3.2 Model Description

In this section we describe in detail the equations that form the basis of our solvable probabilistic model
with second-neighbour interaction for colour image restoration. From these equations, we also derive
mathematical expressions that can be used to implement an efficient image correction algorithm.

3.2.1 Image Model

We consider an image to be composed of a set of pixels on a square lattice. The lattice is defined as
V ={(z,y)|z =0,1,...,Vz — 1,y = 0,1,...,Vy — 1} with Vo = Vy so that the number of pixels in
an image is defined as [V| = Va?. We also consider the lattice to be on a torus so that it satisfies the
periodic boundary conditions. We define a pixel as a vector consisting of three real values corresponding
the light intensity in the three components of the RGB colour model at that location on the lattice. Thus
we have the vectors

fm,y,red 9z,y,red
fﬂ?,y = fa:,y,green and gm,y = 9z ,y,green
f;c,y,blue 9z ,y,blue

corresponding to the pixel (x, y) in the original and the degraded images respectively. We define the colour
set K = {red,green,blue} corresponding to the three colour planes of the image. Thus the configurations
of the original and degraded images are represented by f = {f;, .. €R|(z,y) € V,k € K} and g =
{92.y.« € R| (z,y) € V,k € K} respectively. We associate the random variables

F={F,,.€R|(z,y) e V,ke K} and G={G.y.<R|(z,y) € V,k € K}

to the original and degraded images respectively.
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3.2.2 Degradation Process Model

The model for the image degradation is additive white Gaussian noise N(0,02) added independently to
each color component of each pixel. Thus we have the conditional probability function

1 1 )
Pr{G = glF = = - —— g — 3.1
(G =glF = f.0) = 5o (g5 la 117 )
where )
Znoise (0) = /exp (_M llz — f||2) dz, (3.2)
with [dz = fj—s j;o . _+:: IT Il dzs,y.x , is the normalization constant and
(z,y)eV KeK
lg=FIF= D" D Gow = frun)” (3.3)
(z,y)eV keEK

By substituting (3.3) into (3.2) and using the Gaussian integral formula, we can find the value of
Znoise (0) as follows:

1
Znoisc (0’) = /exp _@ Z Z (gr,y,ka - f:v,y,ka)z dz

(z,y)€L reK

/ H H xp (1; (22,0 — fz,y,n)2> dz

(z,y)eV KeEK

H H /EXP <_%i2 (Zz,y,n - fz,yyli)2> dzz,y,x

(z,y)eV keEK

- 11 1] v

(z,y)eV keK

3|V|

= (271'0'2) 2 (34)

3.2.3 A Priori Probability Density Function

We define the a priori probability density function (prior) that the original image F has a given configu-
ration f as

1
Pr{F = fla,a'} = Wexp{—S
prior )

X Z Z <al~e,n’ Z [(fmyn - fm+1,y,n)(fx,y,n’ - fm+1,y,n’) + (fzyn - fz,y+1,n)(fx7y,n’ - fm,y+1,n/)]

keEK K €K (z,y)eV

+O‘f<,,rf,’ Z [(fm,y,n - fm—i—l,y—&-l,n)(fac,y,n’ - fr—&-l,y-&-l,ﬁ) + (fz,y,rz - fz+1,y—1,f£)(fz,y,n’ - fac—&-l,y—l,n’)}) }

(z,y)eV
(3.5)
where
Qred,red Ured,green Qred, blue
o= Qgreen,red Cgreen,green Qgreen,blue (36)
Qplue,red Qplue,green Qplue,blue

is a hyperparameter expressing the correlation between the colour components of nearest neighbour pixels
and is assumed to be symmetric, o’ = asa is a hyperparameter expressing the correlation between the
colour components of second-neighbour pixels and

42



Zprior (a, @) E/exp{—; Z Z

reK k' eK

(amn' Z [(f:v,y,n - f:v+1,y,ﬁ)(fz,y,n’ - fm+1,y,n’) + (fa:,y,ﬁ - fa:,y+1,f-c)(fw,y,n’ - fw,erl,w’)]

(z,y) eV

+ a;,n’ Z [(fx,y,ﬁ - fx+1,y+1>f€)(fz,y,ﬁ’ - f:v+1»y+1,n’)+

(z.y)eV
(fa:,y,ﬁ - fm+l,y71,li)(fm,y,ﬁ’ - fr+1,y1,l~c’)]> }dz (37)
with [dz = fjooj j;o . _+:: IT Il dzsy.x , is the normalization constant.
(w,y)€V rEK

The exponential components of equation (3.5) can be rewritten using matrix notation as follows:

1
PP
reK k' eK

(an,n’ Z [(fx,y,n - fx+1,y,f€)(fx,y,l€' - fac—&-l,y,m’) + (fac,y,n - .fac,y-&-l,n)(fx,y,fs’ - fa:,y—&-l,m/)]
(

z,y)EV

+ O‘:@n' Z [(famyﬁ - fx+17y+1,n)(fw,yﬂ’ - fw+1,y+1,~’)

(z,y) eV

+ (fz,y,n - ferl,yfl,K)(fm,y,n’ - forl,yl,n’)})

1
- § Z Z Ok, r! Z 2fz1yvﬂfmvyvﬁ/ - fryy,ﬁfz+1,yyn’ - fa:+l,y,rcfz,y,n’ + fm+1,y,f€fm+l,y,n’

reEK k' €K (z,y)EV

- fa;,yﬁfac,y-i-l,n’ - f:v,y-i-l,nfay,n’ + fx7y+17nfw,y+l,n’

+ (0%) |:2fm,y,nfx,y,n’ - fm,y,nferl,erl,n’ - fm+1,y+1,/{f1,y,/{’ + fz+1,y+1,nf:v+1¢y+1,n’

- fm,y,nfm+1,y—1,n/ - fm—i—l,y—l,ﬁfr,y,n/ + fm—i—l,y—l,ﬁfr-&-l,y—l,n’}

1
SR IPI

reK k' eK

x 3" Afeyufogw — Foguderrgm — Fryufootyn — fogulogiin = fogufey—1m

(z,y)EV

+ 02 [Afaunfon = FognFertarin = fonfo-ty-tow = Fogoeotiy-1o = Fogmfo-tytin

= - % Z Z am,ﬁ’fTC (a27 R, K//) f (38)

reK k' eK

where C' (g, k, k') is a 3|V| x 3|V| matrix where the (x,y, p|z’,y’, ') elements are defined by

1 1 1 1

/ / N —
(z,y, plz’, y's 1) = 0p puOrr e <5m,fc’5%y/ - ngvr”rlfgym’ - Zaﬂﬁvm/—l‘sy,y/ - Zéfvz"sy,y”rl - Z(var’(sy,y/—l

4 4 1
[(z,y),(@".y) € V., € K] (3.9)

1 1 1 1
+ g | Oz,20 0y g — Zax,x’+15y7y’+1 — 70,2/ —10yy/—1 — 70z, +10y,y7 -1 — 70z 210y /41

where §,p is the Kronecker delta.
Thus equation (3.5) can be rewritten as

m exp (; Y D anwfTC (a2 k) f) (3.10)

Pr{F = fla, a0} = 7
reEK k' EK

P
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with
1
Zprior (@, i) = /exp (2 gEK /§6K Q27 C (2, iy K) z) dz. (3.11)

This model corresponds to an extension to the second-neighbour interactions of the multichannel CAR
model proposed by Tanaka and Horiguchi in [4] and its energy function is

LT Y (o

reK k' eK

X Z [(fryﬁ - fr—&-Lyﬁ)(fm,y,W - fz—«—l,y,rc’) + (fm,y,n - fr,y—&-l,n)(fz,y,ﬁ’ - fr7y+1,n/)]

(z,y)EV

+ a;,,g' Z [(f;c,y,n - fm—&-l,y—&-l,ﬁ)(fx,y,n' - fx—i—l,y—&-l,r@’) + (fx,y,n - fx—&-l,y—l,n)(fa?,y,ﬂ - fx—&-l,y—l,n’)} >
(z,y)eV
(3.12)

We note that f is a Multivariate Gaussian Markov random field with dimension 3
(MGMRF3), with mean 0 and precision matrix Q@ = > Y . C (a2,k,£"). In [10], Rue and Held

reK k' eK
derive the following properties for a MGMRF, = = (mlT, ceey mZ;)T with mean p and precision matrix
Q > 0 where dim(z;) = p:
Pr(x;|z_;) is a normal distribution (3.13)
E(zi|x_;) = wi — Q' Z Qij(x; — pj) (3.14)
Jriei
Prec(z;|x—;) = Qi (3.15)

where E(x;|x_;) is the expected value of x; given all other values of  (i.e. x_; = {x\z;}), j: 7 ~ i
means the values of j that are neighbors of ¢ (i.e. i # j and Q;; # 0), Prec is the precision matrix and
is the inverse of the covariance matrix. Applying these properties to our model, we obtain the following:

E(faplf-@n) = ey — Qi p e O Qi) (Fig) — i)

(4,5):(2,3)~(,y)

1

=—(a+a) Q). i) F)

(4,9):(4,5)~(=,y)
1 1 1 1 1
= - (a + a/) [_a <4f($+l,y) + Zf(wfl,y) + Zf(a:7y+1) =+ 4f(zy1)>
1 1 1 1
—a <4f(:r+1,y+1) + Zf(erl,yfl) + zf(xfl,erl) + 4f(m1,y1)>]

1 -1
=1 (a+a) [Ol (Faat1,y) + Fla—14) + Faytr) + Flay—1)

(3.16)
+ o (f(z:Jrl,erl) + fot1,y-1) + Fa—1,9+1) + f(zfl,yfl))i|

and
Prec(fo,p)|f-(zy) = ¢+ (3.17)

so that we have

1 -1
Pr(f(w,y)|f7(z,y)) ~ N <4 (a + Ot,) |:Oé (f(w+1,y) + f(zfl,y) + .f(a:7y+1) + f(:p,yfl))

-1
+ a/ (.f(:r+1,y+1) + .f(:r+1,y71) + .f(rfl,erl) + f(xfl,yfl)):l 3 (a + a/) ) . (318)
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So our model is such that the probability distribution for the value of one pixel given all the other pixels
is a Gaussian distribution with expected value equal to a weighted average of the values of its nearest
and second neighbours and covariance between the colour planes equal to (a + o/)f1

To simplify calculations, C (as, &, k") can be decomposed as follows:

C (asg, k,K') = D (ag) @ J™ (3.19)

where ® is the Kronecker product, J**" is the single-entry 3x3 matrix, with 1 at position (k, k") and
zero elsewhere and D (as) is a |V| x |V] matrix where the (z,y|2’,y") elements are defined by

1
4 4
1 1 1
Z‘Sw,x’ﬂ(sy,y’*l - Z‘wa’*lfsy,y’ﬂ - Zéw,w 715?; Yy — )

[(z,9), (2,y") € V]. (3.20)

Here, we observe that D (az) is identical to the matrix C (az) defined in equation (2.8). We can then
use the eigendecomposition of equation (2.19) to obtain

Oz,a/+10y,y" — 702,/ ~10y,y" — 702,/ 0y /41 — 5Jc a0y —

1
(z,ylz',y') = Oz,a0y,yr — 4

1
+ g <5a:,w’5y,y’ - Z‘Sz,m”rl(sy,y”rl -

D = (U'AU) (3.21)

where U is the DFT matrix defined as

(z,y|Ulp,q) =

1 (px qy)]
exp |—2mi | — + — ]|, 3.22
\/ ‘V| P [ <V:1: Vy ( )

U~"! is the conjugate transpose of U, known as the inverse DFT matrix and defined as

_ 1 (px  qy
Ut = omi (22 4 44 3.23
(z,ylU " |p, q) \/meXp [ i (Vm + Vy)] (3.23)

and

_ Lo (22) _ Lo (27
A= Z <1 2COS(Vz> QCOS(Vy)+
(p,9)EV

1 p a1 r 4 Pq,pq
Qo [1 5 CO8 (277( v + v )) 5 €08 (27T(Vx v ))] > J (3.24)

is the diagonal matrix of the eigenvalues A(az, p, ¢) of D where JP?P is the |L| x |L| single-entry matrix.

We can simplify the expression of Z,ior. Since z in equation (3.11) is not dependent on « and ’, we
can take z and z” outside of the sums. We can then apply the multidimensional Gaussian integral to
the equation followed by the decompositions of (3.19) and (3.21) to obtain

Zprior(a7a2> = /eXp <_Z [Z Z Oy, K’C CYQ,H K )‘| Z) dz

reK k' eK

= ( { et ( Z o‘ﬁ,n’c(oﬂv ) HI)) }
reEK k' EK

= (2 { et |3 an H/< U~'AU] ®J“v”')

reEK k' eK

i
g

reK k' eK

|
=(2n { tl AU e Y Y (e )
(U

= (2n) {det [(U'AU) @ a]} *
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-

—(2m) 2 {[det (U= AU)]* [det (o) V']

= (2m)"% {[det (A)]* det (a0}
—(2m)% II Moz2p.g’detay . (3.25)

(p,9)EV

3.2.4 A Posteriori Probability Density Function

The a posteriori probability density function of having an original image configuration f given a degraded
image g is found by applying Bayes’ theorem as follows:

Pr{G =g|F = f,0} Pr{F = fla,as}

PT{F:f|G:g,a,a27O’}: Pr{G:g|a as O'}

3.26
__Pr{G=glF = .0} Pr{F = flovou) (320
- [Pr{G =g|F = 2,0} Pr{F = z|a,as} dz
where Pr{G = glo, 5,0} = [Pr{G = g|F = 2,0} Pr{F = z|a, a2} dz is called the evidence.
Using (3.1) and (3.10), the function can be rewritten as follows:
Pr{F =fIG=g9g,a,a0,0} =
_ ex b Z Z ( — foun)’
Znoise (O’) p 202 9z,y,k T,Y,K
(z,y)eV reK
1
X ———— exp Ofﬁn’f C(Oé%ﬂﬁ)f
1
- /76)(}) Z Z 9z,y,x — Za:ym)2
Znoise (U) (
z,y)EV keK
X ;exp . Z Z Q2L C (g, K, K1) 2 pdz | . (3.27)
Zprior (a7 a2) 2 o 2 ) )
reK k' €K

Since Znoise and Zprior are not dependant on z, they can be taken out of the integral in the denominator
and cancel out with the numerator, so we have
1

r{ f| 9 70[2,0} Zposterior (g,a,a2,0

) €xp [_H (f|g7 «, Q, O-)} (328)
where

Zposterior (g7 &, (g, U) = /exp [_H (Z|g, o, Qg, O—)} dz (329)

and

1
(.f'gva Q2,0) = Z Z 9z VYK fm,y,n)z + §fT (Z Z am,n’c (0427 R, KJ/)) f (330)
(:c y)eV reK reEK k€K

We can simplify calculations by grouping all element of f in H in one single term as follows

H(f|g,a,a2,a) = %(f_g)T (.f_g)+ %fT <Z Z an,m’c(a%’ﬁvﬁl)) f

reK k' eK

— " f—fTg—g"f+9"g) + %fT ( > apwCas,k, n’)) f

reK k' eK
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1 1
=552 l f-flg—g"f+o°f" (Z Z Oén,n/C(Oémfﬁﬁl)) F|+ ﬁng
reK k' eK
1
:T l .f .ng_ng+02fT (Z Zam,m’c(a%ﬁa"ﬁ/)) f‘|
reK k' eK
T <I+O'QZZO[KK/C az, K, n))
reEK k' eK
-1
( 2 Z Z an,n’C(QQaﬁa Hl)) g
reK k€K
1
o | f-Fla—g"f+of" (Z > apwC (ag,k, n’)) f]
reK k' eK
-1
—g" (I+U2 Z Z an,n’c(a%ﬁvﬁl))
reEK k€K
—1
+02 (Z Z aH,H'C(a27K’? Hl)) <I+U2 Z Z OJ,Q,R/C(OZQ,K,H/)> ]g
reEK k' €K reEK k' €K
1
= lfo —fTg-gTf+§7 (ﬁz S pnC (an, s, n’)) f]
reEK k'eK
—1
+ 2% 29 <I+U2 Z Z OémHIC(OQM‘i,K?/)) g
reK k' €K
-1
1 T <Z Z O‘n,ﬁ’c(o‘%“a Kl)) (I+U2 Z Z O‘K,K/C(O[%Haﬁ/)) g
reEK k' eK reEK k' €K
1
T 952 lfT <I+UQZ Z an,m'C(amH,fi')) f-r'g—4g"f
reK k' eK
—1
T <I—|—cr2 Z Z CM&KIC(OQ,K/,KZ/)) g]
reEK k' eK
-1
1
3 (X T ot lonnn) (140 5 X acetonns) o
reK k' eK reEK k' eK
1
= ﬁ lfT (I+GZZ Z aH,K/C(O(27K7K:/)> f
g reEK k' eK

-1
—fT <I+022 Z a,gyﬁ/C(ag,/i,/i’)> <I+022 Z an,n’C(a%’{,H/)) g
reEK k' eK

reEK k€K
-1
T <I+Uzz Z an’nlC(ag,/aK’)) <I+J2Z Z am,{,C(azm,m')) f
rEK k€K

reK k' eK
-1
T <I+U2 Z Z an)m/C(ag,f{,K/)> g}

reEK k€K

-1
} g (Z Z aW7K/C(Oé27H/) Kj/)) (I"‘UQ Z Z O‘K,,;Q/C(Oé27li’/£/)> g
reEK k' €K

reK k' eK
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{ <I+UQZZO&’M'C ag, K, fi)) 9]

reK k' eK
( 2 Z Z an,n’c(a%ﬂa Hl))
rEREK B (3.31)
1+a—2 Sy %,{,maz,n,n’)) ]
reK k' eK
) —1
/ 2 /
+359 (Z Z Q€ (2, Ky K )> <I—|—0 Z Z e w C (a2, Ky K )) g
reK k' eK reK k' eK

where we made use of the fact that <I +02 > Y auwC (az,k, m')) is symmetric.
reEK K EK
Using equation (3.19) and the eigendecomposition described in (3.21), we can rewrite the second term

of (3.31) as follows

-1
%gT (Z Z aﬁ7,§/C(a2,f{,m')> (I—i— o Z Z Qe C (2, K, n’)) g

reK k' eK reEK k' eK
~1
_1 T (Z Z Qo (UflAU) ®JH,H/> <I+0'2 Z Z e e (UflAU) ®Jﬁ,,{’) g
rEK K EK reEK k' EK
—1
1 K/N/ KK
29T< TAU) @ > > anwd” ><I+cr U'AU) @ > > awwd™ ) g
reEK k' eK reK k' eK
1 _
=59" [(UAU) @ a] [T +0* (UT'AU) ©a] g
%gT [(UT'AU) @ (eae)] [T+ 0 (UT'AU) ® (eae)]flg
1
igT [(U71®e) A®a)(Use)]

X

(U 'we)I(Ure)+0* (U '®e) (A®a)(U®e)]7lg

M\)—‘M\HM\HM =

—g" (U 'ee)(Ava)Use)][(U'ee){I+?(Ava)l(Use) 'g
" (U 'ge)(Ava)Use) (U 've) I+ (Aca))  (Use)g

" (U'ee)(Ava)[I+d*(Aca)]  (Ue)g

|—|
ﬁ

g7 ®(1,0,0) + g, ®(0,1,0) + g, ®(0,0,1)] (U ' ®e)

~1
x( Z /\(O‘%pvq)Jpq’pq@a) ( E Jpq’pq®e+02/\(a2,p7Q)Jpq’pq®a)
(

p,q)EV (p,9)EV
1 0 0
xU®e)|lgr@|0|+g,®| 1| +g® |0 ]
0 0 1
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== [(g:"U™) ® (1,0,0) + (g,"U ") ® (0,1,0) + (" U ") ® (0,0,1)]

-1
( Z JPIP @ \as, p, q ) ( JPIP1 @ [e + oMoz, p, q) ])
(pa)EV PV
0
1
0

0
+Ugy) ® | 0 ]
1

l\D\»—l

l(Ugr) @ 0]+ Ugy®
0

G, ®(1,0,0)+ G T®(0,1,0)+GJ®(0,0,1)}

Z JPTPT @ \ag, p, ) (e+02/\(0z2,p7Q) )
(ra)eV

=
-1
X

1 0 0
G.o|0|+Go|1|+G® 0]

0 0 1
) 1
-1
:i Z GTT(p7 q)GT(p7Q) (1’0a0) )‘(a2apa ) (e+02/\(a2,p, q) ) 0
(p.9)eV 0

+ G, (9, )Gy (p, ) (1,0,0) Az, p, 9)ex (€ + oAz, p, g)ax)

+ G, (0, 0)Go(p, q) (1,0,0) Maz, p, g)ex (€ + 02 A(az, p, g)ax) '

+ Gy (9, 9)Gr(p, @) (0,1,0) Mo, p, g)x (€ + 0*A\(a2, p, q)r)

+ Gyt (p,9) Gy () (0,1,0) Mas, p, @) (€ + 02N (az, p, g)ax)

+ Gy (9, 0)Go(p, 0) (0,1,0) Man, p, g)ex (€ + 0 Naz, p, g)ex) "

+ Gy (9, 9)Gr(p, 9) (0,0,1) Mas, p, g)ex (€ + 0*A(az, p, )

-1
+ GbT(pa Q)Gg(p7 q) (03 Oa 1) )\(052,}7, q)a (6 + 0’2>\(042,p, Q)a)

+ Gy (9, 0)Go(p, @) (0,0,1) Mo, p, g)ex (e + 0> A0z, p, g)ex)

— O O O = O O O R = OO O~ O O O Rk OO O+~ O©
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:% > [GTT(p,q)(LO,O)+GgT(p,q) (0,1,0) + Gy (p, q) (0,0,1)}

(p,9)EV
1 0 0
—1
X Moz, p,q)a (e + 0 Aaz, p,q)a) | Gr(p.q) | 0| +Gy(p,0) | 1| +Gelp,q) | 0
0 0 1
1 — 1=
=5 Y. G'p.9Mozp.ga(e+o®Mazp.g)a)” Gl(p.a) (3.32)
(p,9)EV
where e is the 3x3 identity matrix,
Gred(p Q) Gx,y,red
= ’ 1 Y, ([ pz
G(p, Q) = Ggreen(pa Q) = \/77 Z 9z ,y,green exp (_27” (@ + ;J/y)) (333)
Ghlue (D q) Vi (z¥)EV \ Yz,y,blue 'T Y
and

T
Gloa(p,9)
= redt 1 (pr | qy
GT(pv q) = GTreen(p7 q) = — (gx, ,red) g:r, ,green gx, Ablue) exXp (27” < + — .
g \/m (ﬁz Y Y.g Y, Va ‘/y

G]Tglue (pa q) ,y)GV
(3.34)

Here we note that G.(p,q) corresponds to (Ugy)p q where (Ug,) is the DFT of the vector made from

only the & color component of g. Similarly for @T using (gfU™1), the inverse DFT.
From the above, we conclude that

-1
1
H(f\g,a,ag,a):ﬁ f* (I+U2Z Z an,n/C(OKQvK/;H/)) g

reK k' eK

-1
N <I+02 Z Z e C (2, Ky /4)) f- <I+02 Z Z OZKJ’,{/C(OZQ,K:,H/)> g

reEK k' eK reK k' eK

1 — PN
+ 5 Z {Gf(p, M ag,p, 9 (e + o?Maz, p, q)a) ! G (p, q)} (3.35)
(p,@)EV

—1
Using the variable substitution & = |z — (I +02 > Y auwC(az,k, ﬁ’)) g| and
reK k'eK

dz = dx, Zposterior Can be rewritten as

-1
ZPosterior = /GXP{WGET (I + 0'2 Z Z Oémm’c(a%/ia"ﬁ/)) Z

reK k' eK
1 — -1=
) Z [GT(p, A (a2, p, Q) (e + % Mae, p, q)a) G (p, q)} }dac (3.36)
(P, @)V

which, using the multidimensional Gaussian integral becomes

LI

Zposterior = (2m0?) 2 {det <I+ o2 Z Z Q. C (2, K, Iil)> }

reK k' eK

e =3 3 [ maNanp e+ Mo paa) G b (331

(p,9)EV

Using the same eigendecomposition as in (3.25), the determinant in equation (3.37) can be rewritten as
follows:

det <I+02 Z Z an,ﬁ’c(abﬁaﬂl))

reEK k' eK
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= det [I—l—cr ( 1AU)®a]

= det [I® e+o (U_lAU) ® a}

= det [ Ueoee+o (UﬁlAU) ® eae}

=det[(U'we)(Uwe)+0’* (U '®e) (A2 a)(Uxe)
=det[(U'@e){I+°(Ava)} (Uxe)]

=det [I+0° (A®a)]. (3.38)

Here we notice that I + % (A ® ) is a block diagonal matrix, so we can rewrite the previous line as

det [I + o2 (A® a)] = det [diag (Au, Ao, ..., Avxvy)] with A,; = e+ 02)\(042,;0, q)o

H det (e + a?Xaz, p, q)ax) (3.39)
(P, 9)EV

where diag(A;, ..., A,) means creating a block diagonal matrix whose diagonal entries starting in the
upper left corner are matrices Ay, ..., A,. So equation (3.37) can be transformed into

31V]

Zposterior (.97 o, a270') = (27’1’0’2) 2

Nl

H [det (€ + oAz, p, q)a)]

(p.9)eV

1
X expq =3 > [@(p,q))\(amn) (e +o?Aaz,p,q)x)
(p,q)EV

a(p, q)} . (3.40)

3.2.5 Restored Image Equation
In our model, the estimated restored image configuration is given by the expected value of the a posteriori
probability function. This gives us the following restored image equation:

fE/ZPr{F:z|G:g,Ot,0427U}dZ (3.41)

where the integral is performed over every image configuration z (range of |—oo, +oo[ for each colour

component) and f is our restored image.
Using equation (3.28) we obtain

1

Zposterior (97 «, Qig, U)

f= /zexp [—H (z|g,, a2,0)]dz (3.42)

which, using the results of equations (3.35) and (3.37) is rewritten as

f=
1

(2702)" % det (0?5-1)" %exp{—;( Z)Vﬁwp,q»(ag,p, g)a (e + 02\(0z,p,q)a) "L G (p, )}

x/zexp< 212 [z —p]" o?27 1 [z — u

% Z [GT p. Q)N a2,p, q)c (€ + ooz, p, q)cx )1Ev'>(p,q)}>dz
(p,9)EV
1 1 S
- (2702)" % (02)" % det ()? /ZeXp (_2 [z —nl” 7 [= —u]) dz
= (Qﬂ)wldet (g)% /zexp <—; z—p" =z - H]) dz (3.43)
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-1
with H = <I + 0'2 EK ZK alﬁ,fi/c(a27 R, Kl)) g
reEK k'€

and 27! = & (I—|—a2 > > akwClaz, kK, K:’))

reK k' eK
which corresponds to the expected value equation of a multivariate Gaussian distribution. Using that

fact, we conclude that

f=E}z]=p= (I + 02 Z Z a,gy,g/C(ag,/i,/i’)> g. (3.44)

reK k' eK

However, it is impractical to compute the inverse of such a large matrix, so we use the same eigende-
composition as in (3.25) to simplify the equation as follows:

I+02(U'AU)®a] ' g

=
[U'U®ee+o® (U 'AU) ® eae] ' g
(U 'we)( U®e)+a2(U’1®e)(A®a)(U®e)rlg
= (U ge)[I+0*(A0a)]  (Use)g

-1

=(U'®e) | > JMM(eto’Nazpga)| (Useg
(P, 9)EV

- Z (U_1 (p,q) ® (e + oA (az2,p,q) a)fl) el (p,q) (3.45)
(p,9)EV

so that we have
-1 =

fry = Z U(;?y)’(p’q) (e+0*X(az,p.q) ) G (p,q). (3.46)

(p.9)EV

Here we note that this corresponds to the inverse DFT of (e + a2\ (a2, p,q) a)_l G (p, q) where g(p, q)
itself is the DFT of the degraded image.

3.2.6 Hyperparameters Estimation

As we saw in section 3.2.5, the restored image equation depends on the values of the hyperparameters
o, a and as. The selection of those values shall be done by fixing the value of as and choosing values
for o and a that maximize the evidence (or likelihood) of equation (3.26). Such a method is known as
Maximum Likelihood Estimation (MLE).

Using equation (3.26) with (3.1), (3.10) and (3.28), we find that the evidence is given by

Pr{G =g|F = f,o} Pr{F = fla, as}
Pr{F = f|G=g,a,a2,0}

Znoiie(g) exp (_# lg — .fHQ) Zprior%a;OCZ) exp <_§ > > am,m’fTC (a2, K, k) f)

reEK k€K

Pr{G =g|la,ay,0} =

2
Tommlgaane) OP [_ziﬂg—fﬂ -3 X X O‘H’H’fTC(O‘Q’“’”/)f]

reK k' eK

Zposterior (ga o, (g, U)
_ 3.47
Znoise (U)Zprior(a7 OZQ) ( )

We can simplify the calculations by finding the maximum of the log of the evidence, which gives us

(a’ 8) = arg Igazfx [hl ZPOSterior (ga O, (g, U) —In Znoise(a) —1In Zprior(a7 042)]
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3|V 1
= arg max{ |2 | In(270?) — 5 Z In (det [e + 02X az, p, q)a])

e (p,9)EV
1= 3|V
Z G (0, q) Moz, p,q)ex [e + 0* Moz, p,q)a] T G (p.g) - )
(pq JEV
3| V]
- In(27) + § Z In (det [A(az, p, q)a])]
(p,9)EV
3V| 1 2
= arg IE?ZTX {2 1n(271') — 5 Z In (det [6 +o >\(O¢2;p7 Q)a])
(P, 9)EV
1—
Z GT (p, )Mz, p, q)ax [e + 0N az,p,q)a] G (p,q)
(p,9)EV
1
+5 D In(det[\az,p, Q)a])]
(p,9)EV
3|V] 1
= arg max {2 In(27) — 5 Z In (det [e + o A(a2, p, g)ar])
(P, 9)EV
1 — 13
- 5 Z GT(p7q))‘(a2ap7 ) I:e+0- )\(0(27]7, Q) ] G(p7q)
(p,9)EV
1
+3 > In(Xaz,p,9) deta)]
(P, 9)EV
3|V] 1
= arg ma?zrx |:—2 In(27) — 3 Z In (det [e + 02)\(012,]77 Q)a])
(p,q)EV
1 — 15
-5 > GHp )Moz, p, @) [e +o*A(az,p.q)a] G (p.q) (3.48)
(p,9)EV
V] 3
—+ 7111 (det a) + 5 Z In [)\(Oég,p, q)]

(P, )€V

where @& and o are the estimated values of the hyperparameters a and o respectively.
We showed in equation (2.63) that last term of equation (3.48) imposes the restriction

(%) 2 —%.

Usmg equation (3.48), we find the value of & by solving the equation

In(Pr{G = g|&, a2,0}) = 0 as follows

do‘2
1 _
0= -3 Z tr ()\(ag,p, q)a [e + 5%\ az,p, q)a] 1)
(p,9)EV
1 ~
-5 Z Zﬁ(p, QA (o2, p, q)
(p,9)EV

X (_ [e +6'\2>\(0427p, q)a] ()\(0627107 q) ) [6 +J >‘(O‘27p7 q) ]71) a(pa q)

Z tr(a)\a2,p, q)a (e+cr Mag,p,q)a )_1)

(p7q)€V
1 =t N2 —
+5 Y Glra) (Mazp @)a e+ 7N az,p.0)a] ) Glpa)
(p,a)EV
1 _
=~ Z tr[( e+e+a*MNag,p,q)a )(e—l—a AMag, p,q)a ) 1}
(p,g)EV
1 N2
+35 Z 6T(p7Q) (A(a27pa ) [6+0'2>\(O[27p7q) ] 1) G(pv(I)
(P, )€V
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:_% Y b [_e(ew%(az,p,q)&)*l}—% > tr(e)

(P.a)EV (P.0)EV
1 — ~ . —1\2=
+5 Y Glpa) (Mazp.a)afe+5Naz.p.9)d] ') Clpa)
(p.9)EV
3|V| 1 e =1
552 = 552 Z tr(e+0 )\(ag,p,q)a)
(p,9)EV
1 — ~ . o —1\2 =
t5 2 Glpa) (/\(azyp,q)a [e +3%A(az,p, )@ ) G(p,q)
(P.0)EV
o o2 9 -1
o2 = 3V Z tr (e+cr /\(ag,p,q)a)
(p.9)eV (3.49)

— =N =R 1—1\2 =
+52G1(p.q) (Maz.p.@)& [e + 5Nz, p, )] ) G(p,q)].

Similarly, we find the value & by solving the equation % In(Pr{G = g|&,a3,5}) = 0. Here we shall
make use of the following properties of matrix derivatives taken from [16]:
For a symmetric matrix X,

dlndet (X) _ _
—x 22X '— (X 'oI) (3.50)
and ixX
— Ju Ji_ i gt 51
iX,) JI I —J9T (3.51)

where o means the Hadamard product so that X o I = diag(X) where diag(X) means the diagonal
matrix made from only the main diagonal of X. Also, for a general matrix,

I(X N =-X""0x)X"" (3.52)
Using these, we obtain
1 N " - . R e
0= _5 ( Z)ev JQ)‘(a27p7 q) (2 [e + U2A(a2ﬂp> Q)a} ' - dlag { [e + ‘72)‘(0427]97 q)a] 1})
Pq

V| . ~
+ % 267" — diag (a™")]

1 d (- .

-3 > a(p,q)k(az?p,Q)E{a le +3°A(az, p, q)a] 1}Zf(p,q)
(p,q)EV

== Y @Mazpa) (2[e+5Na2,p.0)a] "~ diag {[e + 7Nz, p, 0] ' })
(p,9)EV

+2[V]a~! —|V|diag (a™")

- Z E;T(p’ Q))‘(a27p7Q)

(p,9)EV

2AVIa@ = > 72A(a2,0.0) (2 [e + 7\ az,p,0)a] ' - diag {[e +5°A(a2,p,008] ' })
(p.9)EV

o~ —
+[Vidiag (@) + > G'(p,q)A(az,p,q)
(p.g)eV

d

= {& [e + 52 A\(a2, p, q)@] 71}5}(19, q)

d =R =R =
= {a [e + A2, p, q)a] 1}5)(1?, q)
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~_1

~_1

~_1

~_1

~_1

L
2|V

™ Z 7°Maz, p, q) (2 e+ 7*Maz, p, q)al - diag { [e + 7> Aoz, p, q)al 71})
(p,9)EV

1.
+ §d1ag (a 1)

1 —= d -\ =
- T ey ~2 —~
tavy 2 Gl aNapa) gz {@fe + Mo 08] G )
(p.9)EV
1
2V]

X Z 82)\((127197 q) (2 [e + 82)‘(04%]77 q)a} - - dlag { [e + 82/\(0427]97 q)a] 71})
(p.9eV

1 : ~—1 1 n,/{'

reEK k' €K
— d o =R 1) =
x Y GT(p,q)/\(az,p,q)F{[a ' +5%A(az, p, q)e] }G(p,q)
(p,)EV o
1
2|V

x 3 PNz pa) (2[e+ 52 M0, p,00a) " — diag { e + 7\ (02,0, 0)8] ' })
(P.9)EV

1 P
+ §diag (a 1)

]. ’ — o R _
+rv‘ Z Z J" Z GT(P»Q))\(OQ,P,Q){— [@™! + 5%\ (az2,p, q)e] !

reK €K (P, @))€V

d R R o R _
x (da G +02/\(a2,p,q)6]> [a™! +5° A0z, p, q)e] 1}G(p, q)
1
2|V|
~2 ~2 ~1—1 . ~2 ~q—1
X Z g A(a??p? q) (2 [6 +o )\(a2ap7 q)a} - dlag{[e +o )‘(a27p7 q)a] })
(p,)EV

1.
+ gdlag (a 1)

1 Py — o~ PR —1
+ W Z Z Jm Z GT(p7 Q))\(Ovaa Q){_ [a ! + 02>\(0Q7pa Q)e]
r€EK k' €K (p,9)EV

—

X [f{i*l (J””””‘l + R J“’“,J””“> afl} [@~! + 5%\ (az2,p, q)e] _1}G(p, q)
1
2V

x 3 PMazpa) (2[e+ 52 M0z, p,00a] "~ diag {[e + 7\ 02,0, 0)8] ' })
(P.9)EV

1 ~
+ §diag (@)

1 ’ ~ ~—
DDA G(p, ))Maz,p,q) [e +3°Naz,p,)@] "

reEK k' €K (p,q)EV

X (J“’”/ 4 g J”’”/J“/’”) [e + 52Xz, p, q)a] -1 a(p, q)

so that we have
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PR S PUR T
« 2dlaug (a ) =5 V]
x 3 (7N azpa) {2 [+ 72N a2,p,0)8] " - diag ([e + 72N az,p.0)a] ) |

(p.9)EV
+ Z Z [JK,H’ﬁT(p, q)/\(ozz,p, Q) [64—6'\2)\(0(27]9, q)a]fl (JK’KI n JK/,K, . JK,K’JK,7l€I)
reK k' eK

% [e+ 3% A\az,p.0)a] " C(p, q)D. (3.54)

When actually computing the value of the log of the evidence given in equation (3.48), we notice that
the value of the last term diverges when A(aw,p,q) = 0. As shown in section 2.2.6 using equation (2.66),
we can get around this problem by using the following approximation:

21 3Ve &~ 2
% Z In [AMaz,p,q)] = 3? lnz + 3‘2/ Z In |2 = cos < ‘Zp) 202
(p.9)eV "

+ \/(QCOS <2‘ZP> +2a2>2 _ (1+2%COS <2‘7/;P)>T' (3.55)

We also concluded in the same section that we should restrict the range of as to —0.5 < ap < 0.5.

3.3 Algorithm

In this section, we describe an image restoration algorithm based on our image restoration model. We use
a fixed point iteration algorithm [12] to find our maximum likelihood estimates for the hyperparameters
a and 0. As we saw in section 3.2.6, the extremum values for the hyperparameters «« and o can
be expressed in the form of the simultaneous recursive equations «(r) = f(a(r — 1),0(r — 1)) and
o(r) = gla(r — 1),0(r — 1)). Therefore, in our algorithm, we find new values of & and & by applying
their current values to equations (3.49) and (3.54) and repeat that process until the algorithm converges.
We shall assume that the algorithm has converged once we achieve the following 2 halting criteria:

B Qe (1) — Qe (1 — 1) b(r) —b(r—1) _
eNM—{E;E% ol ‘}+‘ T ‘<104 (3.56)
_|elr) —e(r—1) 4
ea(r) = =) ’ < 10 (3.57)

where a, ./ (), b(z) and ¢(z) are the values of 4 ./, 02 and the log of evidence, respectively, at iteration
x of the algorithm and r and r — 1 are the current and previous iterations of the algorithm, respectively.
3.3.1 Algorithm Steps

Following are the steps of the practical algorithm.
Step 1.

(i) Compute the DFT of the degraded image to obtain the value of G. We note here that G1 is simply
—
the complex conjugate of G so it does not need to be computed explicitly.

(ii) Compute the values of A(aq,p, q) using (3.24)

1 1/2 1/2
(ili) Initialize a(0) to [ 1/2 1 1/2
12 1/2 1

(iv) Initialize b(0) to 1.

(v) Initialize r to 0.

o6



Step 2.
(i) Update r «— r+ 1.
(ii) Compute the right side of equation (3.54) given by

z=57 2 (b= DAazp.a){2[e+b0r— DAz, p.g)alr — 1))
(p,9)EV

— diag ([e +b(r — DAz, p, ¢)a(r — 1”71)}

+ 30 3 [I E  @)A@2.p, ) [e + b = DA(az,p,)alr — 1)]

reK k' eK

X (J""”’/ 4+ JrE J”’"’“/J”’“,) [e +b(r — D)A(ag, p,q)a(r — 1)]_1 E’)(p, q)D (3.58)

(iii) Using equation (3.54), update a(r) — (& + diag(z)) ™"

(iv) Using equation (3.49), update

b(r—1)
3|V

b(r) — > [tr(e+ b0 = DAz, p.0)alr — 1)
(p.9)eV

2 5

+b(r = 1) G (p,a) (Maz,p,0)alr = 1) e+ b(r = DA(az, p,a)alr = )] ) Clp,a)|. (359)

(v) Using equations (3.48) and (3.55), update

cfr) « ,@ In(27) — % > In(det[e + b(r — 1)A(az, p, g)a(r — 1))
(p,9)EV
_ % (p%;v G1(p, )M az, p, @)a(r — 1) [e + b(r — D)A(az, p, @)a(r — 1)) G (p,q)

2 2 a

i ¢(2 o (217/?) + 20‘2)2 - (1 + 2as cos (2‘2’))21 (3.60)

Here we note that since 6*(p, q) is the conjugate transpose of Zf(p, q) and that, since a(r) is a
symmetric matrix, the matrices involved in their multiplications are all symmetric, the imaginary terms
of those multiplications will vanish.

Step 3.

V-1
V| V2 1 31, % 2mp
1 -1 L In - In |2 — cos 2
+ n(deta(r — 1)) + ny + 5 pgzo n cos | 3 + 209

(i) Check the termination conditions of equations (3.56) and (3.57).
(ii) If the termination conditions are fulfilled, proceed to step 4. Otherwise go back to step 2.
Step 4.
(i) Update & < a(r).
(ii) Update & « +/b(r).
(iii) Compute the values of (e + 5%\ (az,p, q) a)_l G (p, q) for each p and q.

(iv) Apply the inverse DFT to the above values to obtain the restored image as described in (3.46).
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3.3.2 Computational Complexity

We now analyse the complexity of our algorithm using the Big O notation. Here n is the number of pixels
in the image, so n = |V]|.

Step 1 DFT computation using the FFT algorithm: O(nlogn).

Step 2 Computation of &(r): O(n).
Computation of o(r): O(n).
Computation of the log of evidence: O(n).
Total: O(n).

Step 3 Computation of e (r) : O(1).
Computation of ea(r) : O(1).
Total: O(1).

Step 4 Computation of the values to be used in the inverse DFT: O(n).
Restored image computation using the FFT algorithm: O(nlogn).
Total: O(nlogn).

This gives a total complexity of O(nlogn).

3.4 Numerical Experiments

In this section, we present the numerical experiments we performed to evaluate our model as well as the
results of these experiments. We also discuss these results.

3.4.1 Experiments

We applied our program to the original 512x512 pixels 24-bit truecolor images f presented in Fig.3.1.
We first degraded the original images using additive white Gaussian noise with mean 0 and standard
deviation ¢ = 20 and ¢ = 40 to produce 10 degraded images g for each original image and noise value.
Examples of the degraded images are presented in Fig.3.2. We then applied our restoration algorithm
to the degraded images to obtain the restored images f. Examples of the resulting restored images are
shown in Fig.3.15 to Fig.3.25.

(a) Peppers. (b) Lenna. (c) Mandrill.

Figure 3.1: Original images f used for the experiments.
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(a) Peppers, o = 20. (b) Peppers, o = 40.

(c) Lenna, o = 20. (d) Lenna, o = 40.

%‘%ﬁ

(e) Mandrill o = 20. (f) Mandrill o = 40.

PR i

Figure 3.2: Degraded images g used for the experiments. Degradation process is additive white Gaussian
noise with mean 0 and standard deviation o. (a) and (b) are generated from the original image in Figure
3.1a by setting o = 20 and o = 40, respectively. (c) and (d) are generated from the original image in
Figure 3.1b. (e) and (f) are generated from the original image in Figure 3.1c.
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3.4.2 Experimental Results

Our results are generated by fixing the value of ay (we remember that &’ = asa) and applying our
model to restore each set of 10 degraded images described in section 3.4.1 to obtain restored image sets
containing 10 restored images for each value of s, o and each original image.

We then measure the value of the the mean square error (MSE) and the mean structural similarity
index (MSSIM) between the original image and the restored image as well as the log of evidence for
each restored image. These measurements allow us to calculate the sample mean and sample standard
deviation (s) of the MSE, MSSIM and log of evidence for each set of restored images. The sample
standard deviation is defined in equation (2.82).

The MSE is used as a measure of the efficiency of our correction. The MSE between two colour images
x and y is defined as

1
MSE(x,y) = 3V Z Z (i — Yi,n)Q . (3.61)
eV keK

The MSSIM is also used as a measure of the efficiency of our correction. Since there is no formal
definition of a method to compute the MSSIM for colour images, we compute it as follows:

(i) Generate 3 images, where each image is a monochrome image corresponding to one of the colour
components of the initial image (red, green or blue component).

(ii) Compute the MSSIM for each image generated previously using the same method as in 2.4.2 to
obtain the values MSSIM,cq, MSSIMgreen and MSSIMp)ye.

(iii) The value of the MSSIM for the colour image is obtained by taking the average of the 3 colour
components of the MSSIM:

MSSIM = é (MSSIM,eq + MSSIMreen + MSSIMy e ) - (3.62)

More details about the MSE and MSSIM can be found in section 2.4.2.

Figures 3.3, 3.4 and 3.5 show superpositions of 2 curves. The first curve shows, for various values of
a2, the values of the sample mean for the MSE, with error bars representing s. The second curve shows
the same statistics for the log of the evidence. By looking at these figures, we observe that an increase
of the evidence is generally accompanied by a decrease of the MSE for all images. However, in the case
of the Lenna and Mandrill images, we observe a rise in the values of the MSE for highly negative values
of ag, even though the log of evidence also continues to rise. These results are very similar for the two
noise levels used for our experiments.

Figures 3.6 to 3.11 show the effect of az on the estimated values of the components of &. By looking
at these figures, we observe that as the value of ay increases, the values of all the components of & move
towards 0 (their absolute value decreases) for all images and noise levels. We also observe that the values
and behaviour of @ are very similar between the two noise levels for the same image.

Figures 3.12, 3.13 and 3.14 show superpositions of 2 curves. The first curve (+ marks) shows, for
various values of a, the values of the sample mean for the MSE, with error bars representing s. The
second curve (x marks) shows the same statistics for the estimated values of 2. By looking at these
figures, we observe that an increase of the value of a» is accompanied by a decrease of 52 for all images
and noise levels. We also observe that the lowest values of the MSE occur for the values of ay where the
estimated value of 52 is close to the actual value of o2 for all images and noise levels.

Figures 3.15 to 3.25 show some results of the application of the next neighbour extension algorithm
to the Peppers, Lenna and Mandrill colour images for noise values of o = 20 and o = 40.

We only show the results for values of ay of -0.49, 40.49, 0.0, for the value producing the smallest
MSE, namely as = —0.49 for Peppers, as = —0.45 for Lenna, s = —0.25 and as = —0.3 for Mandrill
with noise levels 0 = 20 and o = 40 respectively, as well as for the value producing the highest MSSIM,
namely as = —0.49 for Peppers and Lenna, as well as as = —0.4 and ay = —0.35 for Mandrill with noise
levels of o = 20 and o = 40 respectively. Also, only one restored image from the set of 10 is shown.

We observe that the resulting images are more blurry for low values of as and that they become
gradually less blurry, but more noisy, as as increases. This can be explained by the previous observations
where we saw that, as oo increases, the approximated absolute values of the components of a and the
value of & decrease, causing our model to assume that the noise level is lower and that correlation between
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Figure 3.3: Mean square error MSE(f, f) (+ marks) and the log of evidence logPr{G = g|a, as,0} (x
marks) for the restored versions of the Peppers image (Fig. 3.1a). The degraded images were generated
with noise levels of o = 20 in (a) and o =40 in (b). The estimates & and ¢ are obtained by maximizing
logPr {G = g|a, as, 0} with respect to e and o for each fixed value of ap. Here, the restored image f is
defined as f (&, g, 0) for each value of «y. The values shown are the sample mean values (Z) of the 10
degraded images for each noise level with error bars corresponding to the sample standard deviation (s).
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Figure 3.4: Mean square error MSE(f, f) (4+ marks) and the log of evidence logPr{G = g|a, az,5} (x
marks) for the restored versions of the Lenna image (Fig. 3.1b). The degraded images were generated
with noise levels of o = 20 in (a) and o =40 in (b). The estimates & and ¢ are obtained by maximizing

logPr {G = g|a, as, 0} with respect to e and o for each fixed value of ap. Here, the restored image fis
defined as f (&, aq, o) for each value of ay. The values shown are the sample mean values (Z) of the 10
degraded images for each noise level with error bars corresponding to the sample standard deviation (s).
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Figure 3.5: Mean square error MSE(f, f) (4+ marks) and the log of evidence logPr{G = g|a, az,5} (x
marks) for the restored versions of the Mandrill image (Fig. 3.1c). The degraded images were generated
with noise levels of o = 20 in (a) and o =40 in (b). The estimates & and ¢ are obtained by maximizing
logPr {G = g|a, as, 0} with respect to e and o for each fixed value of aa. Here, the restored image fis
defined as f (&, a9, 7) for each value of ag. The values shown are the sample mean values (Z) of the 10
degraded images for each noise level with error bars corresponding to the sample standard deviation (s).
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Figure 3.6: Estimates Qred rea (+ marks), Qgreen green (X marks) and @piyebiue (* marks) obtained from
the degraded versions of the Peppers image (Fig. 3.1a) for various values of ay. The degraded images
were generated with noise levels of ¢ = 20 in (a) and 0 = 40 in (b). The estimates are determined so
as to maximize log Pr {G = g|a, az, 0} with respect to a and o for each fixed value of ay. The values
shown are the sample mean values (Z) of the 10 degraded images for each noise level with error bars
corresponding to the sample standard deviation (s).
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Figure 3.7: Estimates Qred green (+ marks), Qred blue (x marks) and Qgreen,biue (* marks) obtained from
the degraded versions of the Peppers image (Fig. 3.1a) for various values of ay. The degraded images
were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimates are determined so
as to maximize log Pr {G = g|a, az, 0} with respect to a and o for each fixed value of ay. The values
shown are the sample mean values (Z) of the 10 degraded images for each noise level with error bars
corresponding to the sample standard deviation (s).
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Figure 3.8: Estimates Qred rea (+ marks), Qgreen green (X marks) and Qpiuebiue (* marks) obtained from
the degraded versions of the Lenna image (Fig. 3.1b) for various values of as. The degraded images
were generated with noise levels of o = 20 in (a) and ¢ = 40 in (b). The estimates are determined so
as to maximize log Pr {G = g|a, az, 0} with respect to a and o for each fixed value of ay. The values
shown are the sample mean values (Z) of the 10 degraded images for each noise level with error bars
corresponding to the sample standard deviation (s).
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Figure 3.9: Estimates Qred green (+ marks), Qred blue (x marks) and Qgreen,biue (* marks) obtained from
the degraded versions of the Lenna image (Fig. 3.1b) for various values of as. The degraded images
were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimates are determined so
as to maximize log Pr {G = g|a, az, 0} with respect to a and o for each fixed value of ay. The values
shown are the sample mean values (Z) of the 10 degraded images for each noise level with error bars
corresponding to the sample standard deviation (s).
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Figure 3.10: Estimates Qredred (+ marks), Qgreen,green (X marks) and @piue,biue (* marks) obtained from
the degraded versions of the Mandrill image (Fig. 3.1c) for various values of as. The degraded images
were generated with noise levels of o = 20 in (a) and ¢ = 40 in (b). The estimates are determined so
as to maximize log Pr {G = g|a, az, 0} with respect to a and o for each fixed value of ay. The values
shown are the sample mean values (Z) of the 10 degraded images for each noise level with error bars
corresponding to the sample standard deviation (s).
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Figure 3.11: Estimates Qred,green (+ marks), Qred blue (x marks) and Qgreen,biue (* marks) obtained from
the degraded versions of the Mandrill image (Fig. 3.1c) for various values of as. The degraded images
were generated with noise levels of 0 = 20 in (a) and ¢ = 40 in (b). The estimates are determined so
as to maximize log Pr {G = g|a, az, 0} with respect to a and o for each fixed value of ay. The values
shown are the sample mean values (Z) of the 10 degraded images for each noise level with error bars
corresponding to the sample standard deviation (s).
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Figure 3.12: Mean square error MSE(f, ]?) (+ marks) and estimate 52 (x marks) for the restored versions
of the Peppers image (Fig. 3.1a). The degraded images were generated with noise levels of ¢ = 20 in (a)
and o = 40 in (b). The estimate o is obtained by maximizing log Pr{G = g|a, as, o} with respect to «
and o for each fixed value of ay. Here, the restored image f is defined as f (&, ag,0) for each value of
ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise level with
error bars corresponding to the sample standard deviation (s).
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Figure 3.13: Mean square error MSE(f, f ) (+ marks) and estimate 52 (x marks) for the restored versions
of the Lenna image (Fig. 3.1b). The degraded images were generated with noise levels of o = 20 in (a)
and o = 40 in (b). The estimate o is obtained by maximizing log Pr{G = g|a, as, o} with respect to «
and o for each fixed value of as. Here, the restored image f is defined as f (@, ag,0) for each value of
ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise level with
error bars corresponding to the sample standard deviation (s).
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Figure 3.14: Mean square error MSE(f, fA) (+ marks) and estimate 52 (x marks) for the restored versions
of the Mandrill image (Fig. 3.1c). The degraded images were generated with noise levels of o = 20 in
(a) and o = 40 in (b). The estimate & is obtained by maximizing log Pr{G = g|a, aa, o} with respect
to o and o for each fixed value of as. Here, the restored image f is defined as f (@, az,0) for each value
of ap. The values shown are the sample mean values (Z) of the 10 degraded images for each noise level
with error bars corresponding to the sample standard deviation (s).
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neighbouring pixels is also low. As a consequence, less correction is applied, causing less blurring, but
also leaving more noise in the corrected image. We also notice some improved horizontal and vertical
edge preservation accompanied by grid-like artefacts in the restored images with a value of as lower than
—0.4. This is due to the fact that in such cases, our model approaches the superantiferromagnetic state,
as shown in Fig. 1.1c.

: > K B et v ,_;-m:!'!’". ot 4
(a) Degraded Image. MSE=367.(b) Restored. a2 = —0.49. MSE=79.
MSSIM=0.6716. MSSIM=0.8557.

oIl - Y 2 g -

(¢) Restored. a2 = 0.0. MSE=107.(d) Restored. w2 = 0.49. MSE=130.
MSSIM=0.8065. MSSIM=0.7854.

~

Figure 3.15: Restored images f(g, &, as,d) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Peppers image (Fig. 3.la). The degraded im-
age was generated with a noise level of ¢ = 20, has MSE (f,g) = 367, MSSIM (f,g) = 0.6716 and

is shown in (a). (b) az = —0.49, MSE(f,f(g,a,a273)) = 79, MSSIM(f, f (g, &, a2,5)) = 0.8557.
(¢) ag = 0.0, MSE(f, f (g,a@,a2,0)) = 107, MSSIM(f, f (g, &, a2,0)) = 0.8065. (d) as = 0.49,
MSE(f, f (g, @, as,5)) = 130, MSSIM(f, f (g, &, a2,0)) = 0.7854.
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(a) Original Image. (b)  Degraded Image. MSE=367.
MSSIM=0.6716.

(¢) Restored. a2 = —0.49. MSE=79.(d) Restored. az = 0.0 MSE=107.
MSSIM=0.8557. MSSIM=0.8065.

-t Hy
(e) Restored. a2 = 0.49. MSE=130.
MSSIM=0.7854.

Figure 3.16: Details of the original image f in Fig. 3.1a, the degraded image g in Fig. 3.15a and the
restored images f(g, &, a2,5) in Fig. 3.15. (a) Original image f in Fig. 3.1a. (b) Degraded image g in
Fig. 3.15a. (c) Restored image f(g,&,ozg,ﬁ) in Fig. 3.15b. (d) Restored image f(g,a,ag,a) in Fig.
3.15¢. (e) Restored image f(g,&,ag,ﬁ) in Fig. 3.15d.
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(a) Degraded Image. MSE=1367.(b) Restored. a2 = -0.49. MSE=151.
MSSIM=0.4247. MSSIM=0.7664.

(¢) Restored. as = 0.0 MSE=186.(d) Restored. a2 = 0.49. MSE=203.
MSSIM=0.7104. MSSIM=0.6958.

~

Figure 3.17: Restored images f(g, &, as,d) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Peppers image (Fig. 3.1a). The degraded image
was generated with a noise level of o = 40, has MSE (f,g) = 1367, MSSIM (f,g) = 0.4247 and is
—0.49, MSE(f, f (g, @, a2,5)) = 151, MSSIM(f, f (g, &, as,5)) = 0.7664.
(g,a,a2,0)) = 186, MSSIM(f,f(g,a,az,E)) = 0.7104. (d) ay = 0.49,
203, MSSIM(f, £ (g, &, a2, 7)) = 0.6958.

shown in (a). (b) ag =
(c) az = 0.0, MSE(f, f
MSE(f, f (9, &, a2,0)) =

69



(a) Original Image. (b) Degraded Image. MSE=1367.
MSSIM=0.4247.

(¢) Restored. a2 = —0.49. MSE=151.(d) Restored. az = 0.0 MSE=186.
MSSIM=0.7664. MSSIM=0.7104.

(e) Restored. a2 = 0.49. MSE=203.
MSSIM=0.6958.

Figure 3.18: Details of the original image f in Fig. 3.1a, the degraded image g in Fig. 3.17a and the
restored images f(g, &, a2,5) in Fig. 3.17. (a) Original image f in Fig. 3.1a. (b) Degraded image g in
Fig. 3.17a. (c) Restored image f(g,&,ozg,ﬁ) in Fig. 3.17b. (d) Restored image f(g,a,ag,a) in Fig.
3.17c. (e) Restored image f(g,&,ag,ﬁ) in Fig. 3.17d.
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(a) Degraded Image. MSE=373.
MSSIM=0.6796.

(b) Restored. a2 = —0.49. MSE=59.(c) Restored. az = —0.45. MSE=58
MSSIM=0.8871. MSSIM=0.8810.

(d) Restored. a2 = 0.0. MSE=67.(e) Restored. a2 = 0.49. MSE=73.
MSSIM=0.8660. MSSIM=0.8589.

Figure 3.19: Restored images f(g,a,ag,ﬁ) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Lenna image (Fig. 3.1b). The degraded
image was generated with a noise level of ¢ = 20, has MSE (f,g) = 373, MSSIM (f,g) = 0.6796

and is shown in (a). (b) ay = —0.49, MSE(f, f( ,Q,a0,0)) = 59, MSSIM(f,f(g,a,ag,E)) =
0.8871. (c) ay = —0.45, MSE(f, f(g,&,2,5)) = 58, MSSIM(f, f (g, @, a2,5)) = 0.8810. (d)
as = 0.0, MSE(f, f(g,&,0as,5)) = 67, MSSIM(f, f (g,&,02,5)) = 0.8660. (e) as = 0.49,
MSE(f, f (g, &, 02,5)) = 73, MSSIM(F, f (9, &, a2, 7)) = 0.8589.
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(a) Original Image. (b)  Degraded Image. MSE=373.
MSSIM=0.6796.

I I-. ﬂ E I‘ ﬂ
(¢) Restored. a2 = —0.49. MSE=59.(d) Restored. a2 = -—0.45. MSE=58.
MSSIM=0.8871. MSSIM=0.8810.

E “ ﬂ i: “ n
(e) Restored. (e3> MSE=67.(f) Restored. az = 0.49. MSE=73.
MSSIM=0.8660. MSSIM=0.8589.

Figure 3.20: Details of the original image f in Fig. 3.1b, the degraded image g in Fig. 3.19a and the
restored images f(g, @, aq,0) in Fig. 3.19. (a) Original image f in Fig. 3.1b. (b) Degraded image g
in Fig. 3.19a. (c) Restored image f(g,a,ag,a) in Fig. 3.19b. (d) Restored image f(g,a,ag,ﬁ) in Fig.
3.19¢c. (e) Restored image f(g,&,ag,ﬁ) in Fig. 3.19d. (f) Restored image f(g,&,ag,a) in Fig. 3.19e.
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(a) Degraded Image. MSE=1418.
MSSIM=0.4310.

(b) Restored. az = —0.49. MSE=110.(c) Restored. az = —0.45. MSE=109.
MSSIM=0.8080. MSSIM=0.7976.

(d) Restored. a2 = 0.0. MSE=122.(e) Restored. a2 = 0.49. MSE=130.
MSSIM=0.7778. MSSIM=0.7714.

o~

Figure 3.21: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Lenna image (Fig. 3.1b). The degraded
image was generated with a noise level of o = 40, has MSE (f,g) = 1418, MSSIM (f,g) = 0.4310
and is shown in (a). (b) ay = —0.49, MSE(f,f(g,a,ag,E)) = 110, MSSIM(f,f(g,a,aQ,E)) =
0.8080. (c) ay = —0.45, MSE(Ff, f (9, @&, 2,5)) = 109, MSSIM(f, f (g, &, a2,5)) = 0.7976. (d)
as = 0.0, MSE(f, f(g,&,as,5)) = 122, MSSIM(Ff, f (9,&,02,5)) = 0.7778. (e) as = 0.49,
MSE(f, f (g, &, a2,5)) = 130, MSSIM(£, f (g, &, a2, 5)) = 0.7714.
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(a) Original Image. (b) Degraded Image. MSE=1418.
MSSIM=0.4310.

i

-

i

(¢) Restored. a2 = —0.49. MSE=110.(d) Restored. a2 = -0.45. MSE=109.
MSSIM=0.8080. MSSIM=0.7976.
(e) Restored s .0. MSE=122.(f) Restored as = 0.49. MSE=130.
MSSIM=0.7778. MSSIM=0.7714.

Figure 3.22: Details of the original image f in Fig. 3.1b, the degraded image g in Fig. 3.21a and the
restored images f(g, @, aq,0) in Fig. 3.21. (a) Original image f in Fig. 3.1b. (b) Degraded image g
in Fig. 3.21a. (c) Restored image f(g,a,ag,a) in Fig. 3.21b. (d) Restored image f(g,a,ag,ﬁ) in Fig.
3.21c. (e) Restored image f(g,&,ag,ﬁ) in Fig. 3.21d. (f) Restored image f(g,&,ag,a) in Fig. 3.21e.
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—0.49. MSE=186.

(a) Degraded Image. MSE=375.(b) Restored. a2
MSSIM=0.8518. MSSIM=0.9055.

(c) Restored. o = —0.4. MSE=158.(d) Restored. a2 —0.25. MSE=156.
MSSIM=0.9112. MSSIM=0.9108.

(e) Restored. a2 = 0.0. MSE=157.(f) Restored. a2 = 0.49. MSE=162.
MSSIM=0.9099. MSSIM=0.9089.

~

Figure 3.23: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Mandrill image (Fig. 3.1c). The degraded
image was generated with a noise level of ¢ = 20, has MSE (f,g) = 375, MSSIM (f,g) = 0.8518
and is shown in (a). (b) as = —0.49, MSE(f, f (9,&,a2,5)) = 186, MSSIM(f, f (g, &, 02,5)) =
0.9055. (¢) as = -04, MSE(f, j?(g,a,oz%&\)) = 158, MSSIM(f,j?(g,&,ag,a)) = 0.9112.
(d) o = —025 MSE(f,f(g,& 02,5)) = 156, MSSIM(f, f(g,&,2,5)) = 0.9108. (e)
as = 0.0, MSE(f, f(g,&,02,5)) = 157, MSSIM(f, f (g,8,02,5)) = 0.9099. (f) ay = 0.49,
MSE(f, f (g, &, a2,5)) = 162, MSSIM(f, f (g, &, a2, 5)) = 0.9089.
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A0 r /' r
(a) Original Image. (b) Degraded Image. MSE=375.
MSSIM=0.8518.

(c) Restored. o = —0.49. MSE=186.(d) Restored. a2 = —0.4. MSE=158.(¢) Restored. az = —0.25. MSE=156.
MSSIM=0.9055. MSSIM=0.9112. MSSIM=0.9108.

(f) Restored. a2 = 0.0. MSE=157.(g) Restored. a2 = 0.49. MSE=162
MSSIM=0.9099. MSSIM=0.9089.

Figure 3.24: Details of the original image f in Fig. 3.1c, the degraded image g in Fig. 3.23a and the
restored images f(g, &, as,0) in Fig. 3.23. (a) Original image f in Fig. 3.1c. (b) Degraded image g in
Fig. 3.23a. (c) Restored image f(g,a,ag,a) in Fig. 3.23b. (d) Restored image f(g,a,a2,a) in Fig.
3.23c. (e) Restored image f(g,a,ag,a) in Fig. 3.23d. (f) Restored image f(g,a,ag,ﬁ) in Fig. 3.23e.
(g) Restored image f(g,&,ag,?i) in Fig. 3.23f.
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(a) Degraded Image. MSE=1436.(b) Restored. az = —0.49. MSE=365.
MSSIM=0.6468. MSSIM=0.7976.

SR AR L e M o %

(c) Restored. ag = —0.35. MSE=320.8.(d) Restored. ap = —0.30. MSE=320.7.
MSSIM=0.8116. MSSIM=0.8114.

(e) Restored. a2 = 0.0. MSE=327.(f) Restored. a2 = 0.49. MSE=336.
MSSIM=0.8098. MSSIM=0.8083.

~

Figure 3.25: Restored images f(g,a,as,0) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Mandrill image (Fig. 3.1c). The degraded
image was generated with a noise level of o = 40, has MSE (f,g) = 1436, MSSIM (f,g) = 0.6468

and is shown in (a). (b) as = —0.49, MSE(f, f (9,&,a2,5)) = 365, MSSIM(Ff, f (g, &, 02,5)) =
0.7976. (c) as = —0.35, MSE(Ff, f(g,&,02,5)) = 320.8, MSSIM(f, f (g,&,as,5)) = 0.8116.
(d) as = —0.30, MSE(f,f(g,@&,a2,5)) = 320.7, MSSIM(f,f(g,&,a2,5)) = 0.8114. (e
as = 0.0, MSE(f, f(g,&,02,5)) = 327, MSSIM(f, f (g,8,02,5)) = 0.8098. (f) ay = 0.49,

MSE(f, f (g, &, 02,5)) = 336, MSSIM(£, f (g, &, a2, 5)) = 0.8083.
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(a) Original Image. (b) Degraded Image. MSE=1436.
MSSIM=0.6468.

(c) Restored. ag = —0.49. MSE=365.(d) Restored. as = —0.35. MSE=320.8.(¢) Restored. as = —0.30. MSE=320.7.
MSSIM=0.7976. MSSIM=0.8116. MSSIM=0.8114.

(f) Restored. a2 = 0.0. MSE=327.(g) Restored. a2 = 0.49. MSE=336.
MSSIM=0.8098. MSSIM=0.8083.

Figure 3.26: Details of the original image f in Fig. 3.1c, the degraded image g in Fig. 3.25a and the
restored images f(g, &, as,0) in Fig. 3.25. (a) Original image f in Fig. 3.1c. (b) Degraded image g in
Fig. 3.25a. (c) Restored image f(g,a,ag,a) in Fig. 3.25b. (d) Restored image f(g,a,a2,a) in Fig.
3.25¢. (e) Restored image f(g,a,ag,a) in Fig. 3.25d. (f) Restored image f(g,a,ag,ﬁ) in Fig. 3.25e.
(g) Restored image f(g,&,ag,?i) in Fig. 3.25f.
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3.5 Chapter Summary

In this chapter, we described our solvable probabilistic model for colour images using second-neighbour
pixel interactions. We derived the mathematical expressions related to this model and proposed an
algorithm based on these results. Finally, we presented the results of numerical experiments using our
algorithm and confirmed that, with a good choice of the hyperparameter ay, we can obtain better image
correction results by using our extension to the second-neighbour pixel interactions than by using the
original model which only takes the next-neighbour pixel interactions into account. In particular, we saw
that by using negative values of as, this model allows a better preservation of horizontal and vertical
edges in the images, but at the same time, it introduces horizontal and vertical line artefacts in the
images.
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Chapter 4

Solvable Probabilistic Model with
Third-Neighbour Interaction for
Grayscale Image Restoration

4.1 Chapter Outline

In this chapter, we shall describe the extension to the third-neighbour pixel interactions of the solvable
probabilistic model for greyscale images originally proposed by Tanaka in [3]. We start with a detailed
description of the model as well as the calculations involved in its formation. This is followed by the
presentation of an image correction algorithm based on this model before concluding with a description
of the numerical experiments we performed to evaluate this model.

4.2 Model Description

In this section we describe in detail the equations that form the basis of our solvable probabilistic model
with third-neighbour interaction for grayscale image restoration. From these equations, we also derive
mathematical expressions that can be used to implement an efficient image correction algorithm. We
shall use the same image and degradation process models as those for the second-neighbour extension
model described in Sections 2.2.1 and 2.2.2 respectively.

4.2.1 A Priori Probability Density Function

We define the a priori probability density function (prior) that the original image F has a given configu-
ration f as

Pr{F = fla,a/,a"} =

1 1
) exp{8 <O¢ Z [(f?",y - ch+1,y)2 + (fT,y - fm,y-&-l)z}

Zorior (0, o, o
prlor( ) ) (z,y)EV

tao! Y [(fay = forr1)® + oy = farry-1)7]

(z,y)EV

+a” 3 [(fo = foroy)® + (faoy — fw7y+2>2}) } (4.1)

(z,y)eEV

where « defines the correlation between nearest neighbour pixels, o defines the correlation between
second-neighbour pixels, o” defines the correlation between third-neighbour pixels and

1
Zprior (aa 0/7 O/l) = /eXp{S <Oz Z [(Z:I:,y - Zm+1,y)2 + (ZTy - Z:r,y+1)2]

(z,y) eV
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+a Z [(Z%y - Zﬂc+1,y+1)2 + (22, — Zx+17y—1)2]
(z,y)eV

+a” Z [(f:vﬂ/ - fw+2,y)2 + (fa;,y - fw7y+2)2}> }dz, (4.2)

(z,y)eV

with [dz = fjoooo fj;o . fj:oo [T dzs,y , is the normalization constant.
(z,y)EV
The prior can be rewritten using matrix notation as follows:

Pr{F = fla,a’,a"}

1 1
:—’a”) eXP{S (a Z [(fry - f:c+1,y)2 + (foy — fz,y+1)2

Zorior (a1, v
prlor( ) (z,)EV

+ % {(fa:,y - fx+1,y+1)2 + (f:c,y - fx+1,y—1)2}]>

B éaﬂ Z [(fz,y - fw+2,y)2 + (fﬂc,y - fz7y+2)2} }

(z,y)eV

1 1 ,
:W eXP{_S <O‘( Z 4 vy — Joyfotiy — foyfo—1y

z,y)EV

- fz,yfzyy+1 - fm,yfm,y—l

o 9 (4.3)
+ E (4f;c,y - fx,yfw+1,y+1 - fx,yfx—l,y—l - fz,yfx-i-l,y—l - fx,yfx—l,y+1)]

o éaﬂ Z [(fz,y - fw+2,y)2 + (fﬂc,y - fl7y+2)2} }’

(z,y)EV

where we used the results of equation (2.7). The summation in the last term of the exponential can be
rewritten in the following way:

Z [(fxy - fm+2,y)2 + (fry - fr7y+2)2]

(z,y)eV
= Z [ IQ,y - 2fm,yfm+2,y + fm2+2,y + fxz,y - 2fm,yfm,y+2 + me,y+2:|
(z,y)EV
= > [4f2, = 2feyfery — 2 ey foys2]
(z,y)eV
= Z [4fx2y - fx,yfx+2,y - faayfw—?,y - fx,yfw,y-&-? - fx,yfx,y—2] : (4-4)
(z,y)eV

By inserting (4.4) into (4.3), we have
Pr{F = fla,d’,a"}

1 1
N Zprior (Ot, 0/7 O//) exp{_S (a

X Z [4f12:,y - fCE,nyE+1,y - fz,yfa:fl,y - fr,yfm,y+1 - fx,yfx,yfl

(z,y)EV

a/
+ E (4fm2’y - fx,yfm+l,y+1 - fz,yfzfl,yfl - fz,yfqul,yfl - f:c,yle,erl):I)

1
=50 Y 42y~ feuFeray = Foylomry = fouFoysr = Fryloy—2)] }

(z,y)eV
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1 1
= €X —= | &
Zprior (OZ, alv O[/I) P 8

X Z [4fw2,y - fﬂc,yfﬂc-i-Ly - fw,yfw—l,y - f%yfw,y-&-l - f%yfz,y—l

(:xz,y)eV

(4fx y fx,yfx-‘rl,y-l—l - fx,yfz—l,y—l - fx,yfx—i—l,y—l - fx,yfac—l,y-i—l)

E

% (4f2 f:c,yferZ,y - fm,yfrfzy - f:c,yfz,y+2 - fm,yfx,y?)]) }
*;ex floszC’ (o, ") f (4.5)
7Zprior (aaalva”) P 2 ’ , '

where C (o, o/, &) is a |V| x |V| matrix where the (x,y|z’,y’) elements are defined by

1 1 1
(,yl2,y') = 00000y — Zéw,z”rl‘sy»y’ - Z(;zm’fl‘sy,y’ - Zég”’m"sy,y”rl 5:5 @/ Oy —
1 1 1
+ a2 [6x,z’6y,y’ - Z(sm,w’+16y,y’+1 - Zém,w’fléy,y’fl 469: T +16y y'— Z(Sw,z'fl(sy,yurl}
1 1 1 1
+ a3 [ 00000y, — Z5z,m’+25y,y’ - Z5w,m’725y,y’ - Zéx,w"sy,y”r? 45$ w0y —2] [(2,9), (@,y) € V] (4.6)

where d,p, is the Kronecker delta and we defined s = ¢/ /e and a3 = o/« to simplify notations, so that
we can write C (o, o/, o) = C (a2, az).
Similarly, Zprior (@, ¢/, @) can be rewritten using matrix notation as

Zprior (a; a2, 0[3) = /eXP {_;azTC (a27 013) Z} dz (47)

and subsequently, it can be simplified using the multidimensional Gaussian integral to give

(27r)|v|
Zprior (O(,O[Q, 063) = \/a|v| det (C (0427 as)) . (48)

This model corresponds to an extension to the third-neighbour of the CAR model proposed by Molina
in [1] and its energy function is:

oo =

(a D ey = forrn)® + (fry = foy)?] 0 Y [(fe = forryi1)® + (fay — forry1)’]
(

z,y)EV (z,y)EV

+ a Z [(fa:,y - fw+27y)2 + (fw,y - fa:,y+2)2]> (49)

(z,y)EV

We note that f is a Gaussian Markov random field (GMRF) with mean 0 and precision matrix
Q = aC (asg,as), so that by using the properties of GMRFs described in section 2.2.3, we obtain the
following properties for our model:

1
E(fep!f-@wy) = i@y — Qomom > Q). i) (Fig) — Hi))
z,y),(x, (i,7): ()~ (2,y)

1
T At + o Z Q). (i) (i)
(inj):(i’j)"’(z’y)
1 1 1 1 1
PP [_O‘ (4f(w+1,y) + Zf(w—Ly) + Zf(w,y-i-l) + 4f(w7y—1)>

a+ao +ao

1 1 1 1
—a <4f<m+1,y+1> + fey-n + pferiy-n + 4f<m1,y+1>>

1 1 1 1
—a <4f(m+2,y) + if(x72,y) + Zf(m,y+2) + 4f(:c,y2)):|
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1
= m «@ (f(z+1,y) + fa-19) + fay+n) + f(m,y—l))

+ o (flat1,941) T floty—1) + fat1,y-1) + Fa—1,941)) (4.10)

+ 0" (flar2y) + fa—24) + fayr2) + fay—2)

and
Prec(fizplf-(@y) = a+ o +a (4.11)

so that we have

1
Pr(fap) | f=(@y) ~ N<4(a+a,+a,/) [Oé (fat1,9) + fa—1,9) + 1) + Fay—1))

+ o (farrysr) + fla—1y-1) + fariy—1) + fa—1411)
I
a+ o + o

+ " (flatoy) + fa—2y) + fay) + f(a:,y2)):| , ) (4.12)

Since C (ag, a3) is a real symmetric matrix, it can be eigendecomposed to obtain
C (OzQ,Otg) = (U_lAU) (413)

where U is a unitary matrix with the eigenvectors of C (a2, a3) as its column vectors. We shall use the
DFT matrix defined as
pT | qy

(z,y[Ulp, q) = \/1v|exp [—27ri (Vx + Vy)] : (4.14)

U~"! is the conjugate transpose of U, known as the inverse DFT matrix and defined as

(z,y[U|p,q) = L e [271'@' (m i qy)] (4.15)

VIV Ve  Vy

and A is the diagonal matrix of the eigenvalues \(aa, as, p, q) of C (a2, a3).
We shall now find the value of A for U by using the eigenvalue equation

Mu(zvy) = )‘(xvy)u(m,y) (416)

for every (z,y) € V. Here u(,, is the column vector (x,y) of U and A(x,y) is the corresponding
eigenvalue. To simplify our calculations, we shall split C (ag, a3) into the sum of matrices A, B and D
as follows

1 1 1 1

<£U, y|A‘$I7yl> = §z,r’5y,y’ - Z(Sz,zurldy,y’ - Z(Sm,z’fléy,y/ - Z(Sz,m’(sy,yurl - Z(Sz,x’(sy,y’fla (417)

(z,y|Bla',y) =
1 1 1
a2 |:6a:,x’5y,y/ - Zdw,x’—&-l(sy,y’-i-l - Zéac,ar/—léy,y’—l - 15;5,3:/—1-163;,3/—1 - 453c,9c’—15y,y’+1:|a (418)
(z,y|Dla’,y") =
1 1 1 1
(%} |:(5$’m/5y’y/ — iéz’m/+2§y’y/ — iéz,m’726y,y’ — Zém’w/5y7y/+2 — 46m,x’6y,y’2:| . (4.19)

We then have

C(og,a;;):A—i—B—&—D
U 'AU=A+B+D
A=UA+B+DU!
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A=UAU'+UBU '+UDU!
A=Ap,+Ap+Ap, (4.20)
so we can find the value of A by finding the values of A4, Ag and Ap.

We already found the values of A4 and Ap in equations (2.28) and (2.31) respectively. We apply a
similar method to find the values of Ap by using the fact that the elements of D are such that

a3 if (p7 Q) - (Ta S)a
_ia?) if (p7q):(7"_278),
1 .

—zag if (p,q) = (r+2,s),

dpare) =94 1. (4.21)
—703 if (p7Q)_(r’3_2)7
—10s if (p,q) = (r,5 +2),
0 for every other case.

Line (r, s) of equation (4.16) can be rewritten as follows:
Y et ) = (@YU ) (10 (4.22)

(P, )€V

so by using the values of (4.21) into equation (4.22) we obtain

as Qg ag a3
A3U(z,y),(r.5) (z%,y)mr—w T 7 Ua) (r42.9) T lay) (rs—2) T zﬂ(z,w,(nsw))

= Ad(m7 y)u(m,y),(r,s)
as
Lo (W) 2.0 UG 2.0 F U, rs-2) F U rnet2) = Aa(@,Y) = @3) Uy) )

e [ (e ) oo [ (K52 1)

e e G R e O a1}

= Oz, y) — as) \/%' exp [—Qm' <f/’" + i)}
oo (G ) o [rams (M52 ) e pam (324 )
oo 52 enn 252

= Az, y) — as

-2 2 —2 2

. —Of{eXp [—ZM’ V:} + exp [—QWi‘Z] + exp {—2772'Vyy} + exp {—27”"/?:]}
= )

) a3 Ay tisi Adx + cos Ay s Ax

CLas 1 cos v 4 8in V. cos v isin 1

4 4

+ cos <W> + 2sin (W) + cos (—47Ty> + 7sin (_477:1/)}

Vy Vy Vy Vy

1 dmx 1 4
SoAd(zy) = as [1 — 508 < v ) — 508 <Vyyﬂ . (4.23)

Using the results of (2.28), (2.31) and (4.23), we find

AP, @) = Ao, @) + Xo(p, @) + Aa(p, q)
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=1- 1cos 2mp — 1cos 21
B 2 V, 2 Vy
1 1
+ aq {1 — 5 cos <27r(‘2 + é/)) — 5 cos <27r(‘];m — é}))} (4.24)

+ 1 1 cos Amp 1 cos 4mq
o _ = _ = =4
° 2 V. ) 2 v,

so we have

. 1 (2mp 1 [(2mq
A= Z <1—2005(Vz> 2005<Vy>
(p.g)eV
1 1
+ ao [1 — 5 cos <27r(‘l/1 + é)) — 5 cos <27r(“2 - ‘Zy)ﬂ

1 4 1 4
+ ag [1 — 508 < ‘Zp> — 5 08 (172)] > JPOPY (4.25)

which is the diagonal matrix of the eigenvalues A(az, as,p, q) of C (g, a3) where JP9P? is the |V| x |V|
single-entry matrix.

Using the results of this eigendecomposition, we can rewrite the expression of Zpior (v, a2, 3) given
in (4.8) as

Vi

21\ 2 _1
Zprior(a7a25a3) = (a) H A(()[27()l?>ap7 q) 2 (426)
(p.9)EV

4.2.2 A Posteriori Probability Density Function

The a posteriori probability density function of having an original image configuration f given a degraded
image g is found by applying Bayes’ theorem as follows:

Pr{G =g|F = f,0} Pr{F = f|a, a3, a3}
Pr{G = g|a, as, 3,0}

_ Pr{G=g|F = f,0}Pr{F = fla,as, a3}

~ [Pr{G =g|F = 2,0} Pr{F = z|a, a2, a3} dz

Pr{F = f|G =g,a,a3,a3,0} =

(4.27)

where Pr{G = gla,az,a3,0} = [Pr{G =g|F = z,0} Pr {F = z|a, a2, a3} dz is called the evidence.
Using (2.1) and (4.5), the function can be rewritten as follows:

PT{F:f|G:g,Ol,O[2,0é3,0'}:

2
Znoiie(a) eXp <_%i2 Z (g%y - fﬂﬂﬂ!) ) x Zprior(li7a2;a3) eXp{—éa‘fTC (042, 053) .f}

(z,y)eV

(4.28)

2
f Znoiic(a) oxp <_%i2 > (Gay — 2ay) ) X Zprior(;,ag,as) eXp{—éazTC (az,as) z}dz

(z,y)EV

Since Znoise and Zprior are not dependant on z, they can be taken out of the integral in the denominator
and cancel out with the numerator, so we have

1

Pr{F = fIG =g,a,a3,a3,0} = Zoomorion (90002, 0,0) exp [—H (flg, o, as, a3, 0)] (4.29)
where
Zposterior (9, @, g, i3, 0) = /exp [—H (z|g, o, a2, a3,0)] dz (4.30)
and 1 1
H(flg, o, 02,05,0) = 5~ (Mz):ev (Goy = foy)” + §OffTC(a2»043) I (4.31)
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We can simplify calculations by grouping all element of f in H in one single term in the same manner
as in equation (2.40) to obtain

H (flg.03,03,0) = 5 £~ (T +0%aC (ar,09)) " g] (I+0%C (az,05))

X [f — (I+o*aC (0[2,043))71 g} + %gTaC (a2,a3) (I +0°aC (ag,a3))71 g. (4.32)

Using the eigendecomposition described in (4.13) we can rewrite the second term of (4.32) as

1 _
igTaC (g, i) (I +o%aC (042,043 Z G 4O (@2, a3, D, q) (1 + o2a) (a9, as, p, q)) Gpq
(p 7)EV
(4.33)
where

¢ = —F— Z G,y €XP { 2mi (V + V‘?)} (4.34)
and
= G,y €XP {2%1 < + ﬂ (4.35)
7, Z)V vt
The detailed computations can be found at (2.41). Here we note that G, 4 corresponds to (Ug),, , where

(Ug) is the DFT of g. Similarly for Gt using (97U 1), the inverse DFT.
From the above, we conclude that

H(f|g7a,a2,a3,0) = 2712 [f — (I—|— O-Qac (ag,a3>)71g}T (I+g2ac (042,063>)

X [f (I—l—a aC(ag,ag }—&—f Z G 4O (a2, a3,p, q )(1+02a)\(a2,ag,p,q))7 Gpq-
(p,9)EV
(4.36)

Using the variable substitution & = [z — (I + c2aC (a27a3))71 g} and dz = dx, Zposterior can be
rewritten as

1
Zposterior /eXP{ZO_33 (I+O' aC (012,043))

- = Z G 4O (a2, a3,D, q) (1 +2a (ag,ag,p,q))_l Gp7q}d:c (4.37)
(p7q)€V

which, using the multidimensional Gaussian integral becomes

Zpostesior = (2107 - {det (I + 0°aC (a2, 3)) }7%

1 -1
X expq —5 Z G;r,,qa/\(ag,ag,p,q) (1+02a/\(a2,a3,p,q)) Gpq o (4.38)

(p.)eV
The determinant in equation (4.38) can be rewritten as
det (I + a0’C (az,a3)) = H (1+ ao®A(az,a3,p,q)) (See equation (2.47)). (4.39)
(p.g)eV

So equation (4.38) can be transformed into

[N

A%}
Zpostcrior = (27T02) : H (1 + OZU?)‘(OQ, as, p, q))
(P, )V
1 -1
X exp 75 Z G;,qa)‘ (a23 as, p, Q) (1 + O-QCV)‘ (aQa as, p, q)) Gp,q . (440)
(p,@)EV
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4.2.3 Restored Image Equation

In our model, the estimated restored image configuration is given by the expected value of the a posteriori
probability function. This gives us the following restored image equation:

fE/zPr{F:z|G=g,Oé,Oé2,043’U}dZ (4.41)

where the integral is performed over every image configuration z (range of |—oo, +oo[ for each pixel
element) and f is our restored image.

Using (4.29) we obtain
1

Zposterior (g’ «, a2, a3, U)

f=

/ Z €Xp [_H (Z|gv Q, Qg, O3, 0—)} dz (442)

which, using the results of (4.36) and (4.38) is rewritten as
1

f: v
(27702)% det (022—1)_1/2

1
X

exp {—% > |:G277QOK>\(O(270433p7 q) (1 +02a\(az,a3,p,9) "' Gp’q} }

(P,9)EV
1 T 21
x [ zexp —ﬁ[z—u] oYX [z — p

1 _
- 5 Z |:G;qOé)\(042, as, p, q) (1 + 0'204)\(042, as, p, Q)> ! GP;‘]:| ) dz
(P.9)EV
1

= (ZW)% o (2)1/2 /zexp (—; [z — u]T 1z — M]) dz (4.43)

with p = (I +¢%aC (0427043))719 and X7' = L (I +0%aC (a2, 3)), which corresponds to the ex-
pected value equation of a multivariate Gaussian distribution. Using that fact, we conclude that

f= Elz] = p= (I +0°aC (a2, 03)) ! g. (4.44)
However, it is impractical to compute the inverse of such a large matrix, so we use the eigendecom-
position of (4.13) to simplify the equation as follows:
F=[I+o% (U 'AU)| g
—U ' (I+0%A)"'Ug
—U ' (I+0%A)"'G (4.45)

Here we note that this corresponds to the inverse DFT of (I + O'2OZA)71 5 where 5 is itself the DFT

of the degraded image. (I + U2ozA)_1 can also easily be computed since it is the inverse of a diagonal
matrix.

4.2.4 Hyperparameters Estimation

As we saw in section 4.2.3, the restored image equation depends on the values of the hyperparameters
o, a, as and ag. The selection of those values shall be done by fixing the values of as and a3 and then
choosing values for o and « that maximize the evidence (or likelihood) of equation (4.27). Such a method
is known as Maximum Likelihood Estimation (MLE).

Using (4.27) with (2.1), (4.5) and (4.29), we find that the evidence is given by

PI‘{G:g|F:f7O'}PI'{F:f‘Oé,OéQ7O[3}
PT{F:f|G:g,a7a2,a370’}

Pr{G =g|a,a2,a3,0} =
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g o (— 52 19 = FIP) Zomry &0 {307 C (a2, 05) f}
T aaraye] OXP {_W lg — FI? — 3afTC (a2, as) f}

_ Zposterior (97 «a, (g, (3, 0)
leoise(U)Zprior(aa a2, Otg)

(4.46)

We can simplify the calculations by finding the maximum of the log of the evidence, which gives us

(aa 6’) = arg max [hl Zposterior (g7 «, a2, 03, U) —1In Znoise(g) —1In Zprior(a7 a2, 063)]

a,o
M M 1 2
= arg Ig%x {2 In(27) + e Ina — 5 Z In (1 + acMag, as, p, q))
(P.9)EV
-1
-5 Z G Oé)\ 062, as,p,q ) (1 + 0'205)\(&2’ as, p, q)) Gp,q (447)
(pq JEV
1
+§ Z ln)\(ag,a3,p,q)].
(p,9)eV

where & and ¢ are the estimated values of the hyperparameters o and o respectively.
Using the above, we find the value of & by solving the equation
% In(Pr{G = g|@, as,a3,5}) = 0 to obtain

~ 2
., O 1 2 aaz, as,D,q)
U _ G A Gpo b 4.48
7 V| {1—|—a02)\(0¢2,a3,p,q) T <1+a02)\(ag,a3,p,q) P (4.48)

(P, )€V
The details of the computation are the same as in equation (2.64).
Similarly, we find the value @ by solving the equation - In(Pr{G = g|@, as, a3,5}) = 0 to obtain

s Loy { F*Maz,a3,p,9) GI;,M(Q%O‘%%‘J)GP"I} (4.49)

Vi 14 a2z, 03,p,9) (14 a52A(0, 03, p, q))°

MP
p,9)EV
Refer to equation (2.65) for the detailed computation.

When actually computing the value of the log of the evidence given in (4.47), we notice that the
value of the last term diverges when \(aw, a3, p, q) = 0. We have not yet found a way to get around this
problem, so we do not compute the value of the evidence in our algorithm. This is not a major problem
since our algorithm depends on the derivates of the evidence and not on the actual value of the evidence.

4.3 Algorithm

In this section, we describe an image restoration algorithm based on our image restoration model. We use
a fixed point iteration algorithm [12] to find our maximum likelihood estimates for the hyperparameters
a and 0. As we saw in section 4.2.4, the extremum values for the hyperparameters o and o can be
expressed in the form of the simultaneous recursive equations a(r) = f(a(r —1),0(r — 1)) and o(r) =
g(a(r—1),0(r—1)). Therefore, in our algorithm, we find new values of & and & by applying their current
values to equations (4.48) and (4.49) and repeat that process until the algorithm converges. We shall
assume that the algorithm has converged once we achieve the following halting criterion:

a(r) —a(r—1) b(r) —b(r—1
ar—1) ’+‘ b(r—1)

ei1(r) =

)‘ <107 (4.50)

where a(x) and b(z) are the values of @ and 72, respectively, at iteration z of the algorithm and r and
r — 1 are the current and previous iterations of the algorithm, respectively.

4.3.1 Algorithm Steps

Following are the steps of the practical algorithm.
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Step 1.

(i) Compute the DFT of the degraded image to obtain the value of G. We note here that GT is simply
the complex conjugate of G so it does not need to be computed explicitly.

(ii) Compute the values of A(az,as,p, q) using equation (4.25).

(iii

Initialize a(0) to 0.0001

)
)
(iv) Initialize b(0) to 10000.

)

(v) Initialize r to 0.

(i) Update r « 7+ 1.

(ii) Using equation (4.49), update

1
a(r) « <|V|

-1
% Z b(r - 1))\(0&2,&3,]), q) + G;r;,qu,q)\(a%aS»pa q)
( L+a(r—1b(r — DA(az,a3,0,9) (14 a(r — 1)b(r — 1)A(az, as, p, q))° '

P,q)EV
(4.51)

(iii) Using equation (4.48), update

b(r—1) 1
b = =y 2 {1+a(r—1)b(

(p,q) €V L 1))‘(a21a37p7 q)

a(r — D)A(az, a3,p,q) 2
0 = 06} (T e S ) } 452)

— —

Here we note that since G is the conjugate transpose of G/, we can write Gp 4 = a + bi and G} , =
a — bi, so that G;,quvq is simply a? + b?.

Step 3.

(i) Check the termination condition of equation (4.50).
(ii) If the termination condition is fulfilled, proceed to step 4. Otherwise go back to step 2.
Step 4.
(i) Update a < a(r).
(ii) Update & < /b(r).
(iii) Compute the values of (1 + 02\ (ag, a3,p,q) a)’l Gy q for each p and g.

(iv) Apply the inverse DFT to the above values to obtain the restored image as described in (4.45).

4.3.2 Computational Complexity

We now analyse the complexity of our algorithm using the Big O notation. Here n is the number of pixels
in the image, so n = |V].

Step 1 DFT computation using the FFT algorithm: O(nlogn).

Step 2 Computation of a(r): O(n).
Computation of o(r): O(n).
Total: O(n).
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Step 3 Computation of e (r) : O(1).
Total: O(1).

Step 4 Computation of the values to be used in the inverse DFT: O(n).
Restored image computation using the FFT algorithm: O(nlogn).
Total: O(nlogn).

This gives a total complexity of O(nlogn).

4.4 Numerical Experiments

In this section, we present the numerical experiments we performed to evaluate our model as well as the
results of these experiments. We also discuss these results.

4.4.1 Experiments

We tested our algorithm against the original 256x256 pixels 8-bit grayscale images f presented in Fig.2.1,
using the same degraded images g as those introduced in section 2.4.1. Examples of the degraded images
are presented in Fig.2.2. We then applied our restoration algorithm to the degraded images to obtain the
restored images f. Examples of the resulting restored images are shown in Fig.4.10 to Fig.4.20.

4.4.2 Experimental Results

Our results are generated by fixing the values of ap = % and ag = %” and applying our model to restore
each set of 10 degraded images described in section 2.4.1 to obtain restored image sets containing 10
restored images for each combination of the values of ay and as, o and each original image. We apply
that procedure for values of as and a3 in the range of | — 0.5,0.5] with a step of 0.1 (we use the values
—0.49 and 0.49 as the higher and lower bounds).

We then measure the value of the the mean square error (MSE) and the mean structural similarity
index (MSSIM) between the original image and the restored image for each restored image. These
measurements allow us to calculate the sample mean of the MSE and MSSIM for each set of restored
images. The MSE is used as a measure of the efficiency of our correction and is defined in equation (2.81).
The MSSIM is also used as a measure of the efficiency of our correction and is described in section 2.4.2.
More details about the MSE and MSSIM can be found in section 2.4.2.

Figures 4.1, 4.2 and 4.3 show, for various values of ay and as, the values of the sample mean for the
MSE. By looking at these figures, we observe that the MSE has similar levels along the lines of direction
az = — +0b for all images and noise levels. We also notice that the values of the MSE suddenly become
very large in the region a3 < —< — 0.25 for all images and noise levels. In the case of the Boat and
Lenna images, we observe the lowest values of the MSE in the region around the line az = —%* — 0.25,
right next to the limit where the MSE suddenly increases dramatically. In the case of the Mandrill image,
the lowest MSE is more to the right, in the region around the line a3 = —%2 + 0.1 for both noise levels.

Figures 4.4, 4.5 and 4.6 show, for various values of a3 and «s, the values of the sample mean for the
estimated values of a@. By looking at these figures, we observe that the values of & become very large or
even negative in the region az < —% — 0.25 for all images and noise levels. We believe that this is due
to a diverging value of the evidence in that region.

Figures 4.7, 4.8 and 4.9 show, for various values of ay and as, the values of the sample mean for the
estimated values of 52. By looking at these figures, we observe again that the values of 52 become very
large or even negative in the region az < —% —0.25 for all images and noise levels. As for @, we believe
that this is due to a diverging value of the evidence in that region.

Figures 4.10 to 4.20 show some results of the application of the third neighbour extension algorithm
to the Boat, Lenna and Mandrill greyscale images for noise values of ¢ = 20 and o = 40.

We only show the results for values of (ag, a3) of (—0.2,—0.1) and (—0.3, —0.1), since we expect these
values to approach the Mexican Hat weighting function shown in Fig 1.2, the combinations producing
the smallest MSE, namely (—0.49,0.0) for Boat, (0.49,—0.49) and (0.4, —0.4) for Lenna with ¢ = 20
and o = 40 respectively, and (—0.1,0.0) for Mandrill, as well as the combinations producing the highest
MSSIM, namely (—0.3,—0.1) for Boat and Lenna, (—0.1,0) and (0,0) for Mandrill with ¢ = 20 and
o = 40 respectively. Also, only one restored image from the set of 10 is shown.
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Figure 4.1: Mean square error MSE(f, f) for the restored versions of the Boat image (Fig. 2.1a). The
degraded images were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimates
a and o are obtained by maximizing log Pr {G = g|a, as, a3, 0} with respect to « and o for each fixed
value of ap and as. Here, the restored image f is defined as f (@, as, ag,0) for each value of ap and as.
The values shown are the sample mean values (T) of the 10 degraded images for each noise level.
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Figure 4.2: Mean square error MSE(f, f) for the restored versions of the Lenna image (Fig. 2.1b). The
degraded images were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimates
a and o are obtained by maximizing log Pr {G = g|a, ag, a3, 0} with respect to « and o for each fixed
value of as and a3. Here, the restored image f is defined as f (@, ag, a3, 0) for each value of as and asg.
The values shown are the sample mean values (T) of the 10 degraded images for each noise level.
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Figure 4.3: Mean square error MSE(f, f) for the restored versions of the Mandrill image (Fig. 2.1c).
The degraded images were generated with noise levels of ¢ = 20 in (a) and o = 40 in (b). The estimates
a and 0 are obtained by maximizing log Pr {G = g|a, as, a3, 0} with respect to a and o for each fixed
value of as and a3. Here, the restored image f is defined as f (@, ag, a3, ) for each value of as and as.
The values shown are the sample mean values (T) of the 10 degraded images for each noise level.
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Figure 4.4: Estimate & obtained from the degraded versions of the Boat image (Fig. 2.1a) for various
combinations of values of as and ag. The degraded images were generated with noise levels of ¢ = 20
in (a) and o0 = 40 in (b). The estimates are determined so as to maximize log Pr{G = g|«, as, a3, o}
with respect to a and o for each combination of the fixed values of as and a3. The values shown are the
sample mean values (Z) of the 10 degraded images for each noise level.
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Figure 4.5: Estimate & obtained from the degraded versions of the Lenna image (Fig. 2.1b) for various
combinations of values of ay and ag3. The degraded images were generated with noise levels of ¢ = 20
in (a) and ¢ = 40 in (b). The estimates are determined so as to maximize log Pr{G = g|o, ag, a3, 0}
with respect to a and o for each combination of the fixed values of as and a3. The values shown are the
sample mean values (Z) of the 10 degraded images for each noise level.
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Figure 4.6: Estimate & obtained from the degraded versions of the Mandrill image (Fig. 2.1c) for various
combinations of values of ay and ag. The degraded images were generated with noise levels of ¢ = 20
in (a) and ¢ = 40 in (b). The estimates are determined so as to maximize log Pr{G = g|o, aq, a3, 0}
with respect to a and o for each combination of the fixed values of as and «3. The values shown are the
sample mean values (Z) of the 10 degraded images for each noise level.
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Figure 4.7: Estimate 52 for the restored versions of the Boat image (Fig. 2.1a). The degraded images
were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimate & is obtained by
maximizing log Pr {G = g|a, as, a3, 0} with respect to o and o for each combination of the fixed values
of g and ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise
level.

62 Mean of 62 o2 Mean of 62

Figure 4.8: Estimate 52 for the restored versions of the Lenna image (Fig. 2.1b). The degraded images
were generated with noise levels of o = 20 in (a) and ¢ = 40 in (b). The estimate & is obtained by
maximizing log Pr{G = g|a, as, a3, o} with respect to o and o for each combination of the fixed values
of ap and ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise
level.
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Figure 4.9: Estimate 2 for the restored versions of the Mandrill image (Fig. 2.1c). The degraded images
were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimate & is obtained by
maximizing log Pr{G = g|a, as, as, o} with respect to o and o for each combination of the fixed values
of ap and ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise
level.

A visual inspection of the corrected images for Boat (Figs 4.10 - 4.13) and Lenna (Figs 4.14 - 4.17)
reveals that, although it does not produce the lowest MSE nor the highest MSSIM, the best correction,
from a human perception point of view, is achieved with values of (ag,as) = (—0.2,—0.1). Indeed that
choice of values offers good noise reduction with less blurring than with (ae,a3) = (—0.3,—0.1) and
without the introduction of artefacts such as the horizontal-vertical grid-like artefacts observed in the
boat images with the lowest MSE as well as the diagonal grid-like artefacts observed in the Lenna images
with the lowest MSE. However, in the case of the Mandrill images (Figs 4.18 - 4.21), the best correction
from a human perception point of view matches the image with the highest MSSIM and is obtained with
values of (aq, ag) = (0.0, 0.0). This is probably due to the fact that a stronger correction (larger absolute
values of as and aj) tends to blur the texture of the fur too much. Also, from a visual point of view, it
is difficult to distinguish the noise from the texture of the fur.
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(a) (az,a3) = (—0.2,—-0.1). MSE=127.(b) (az,as) = (—0.3,—0.1). MSE=130.
MSSIM=0.7078. MSSIM=0.7550.

() (a2,a3) = (—0.49,0.0). MSE=124.
MSSIM=0.7461.

-~

Figure 4.10: Restored images f(g,@, as,a3,5) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Boat image (Fig. 2.1a). The degraded image
was generated with a noise level of ¢ = 20 and is shown in Fig. 2.12a. (a) ag = —0.2, ag = —0.1,
MSE(f, f (g, &, a2, a3, 7)) = 127, MSSIM(F, f (9, @, az, a3,5)) = 0.7078. (b) oy = —0.3, ag = —0.1,
MSE(f, f (9,6, a2, a3,5)) = 130, MSSIM(£, f

f’

7-f(gaa7 a27a378)) = 0.7550. (C) (6]
MSE(f, f (g, @, a2, a3,5)) = 124, MSSIM(

f(g,aq,a9,03,5)) = 0.7461.

—0.49, a3 = 0.0,
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(a) (a2,03) = (—0.2,—0.1). MSE=127.(b) (a2,a3) = (—0.3,-0.1). MSE=130.
MSSIM=0.7078. MSSIM=0.7550.

(¢) (a2,a3) = (—0.49,0.0). MSE=124.
MSSIM=0.7461.

~

Figure 4.11: Details of the restored images f(g,Q,as,a3,0) in Fig. 4.10. (a) Restored image

o~

f(g,a,as,a3,0) in Fig. 4.10a. (b) Restored image f(g,q, as,a3,0) in Fig. 4.10b. (c) Restored image

~

f(g,@,as,a3,5) in Fig. 4.10c.

97



(a) (az,a3) = (—0.2,-0.1). MSE=239.(b) (az,as) = (—0.3,-0.1). MSE=263.
MSSIM=0.6049. MSSIM=0.6246.

() (a2,a3) = (—0.49,0.0). MSE=236.
MSSIM=0.6189.

-~

Figure 4.12: Restored images f(g, @, as,a3,5) obtained by means of the proposed Gauss-Markov ran-
dom field model for one of the degraded versions of the Boat image (Fig. 2.1a). The degraded image
was generated with a noise level of ¢ = 40 and is shown in Fig. 2.14a. (a) ag = —0.2, ag = —0.1,
MSE(f, f (g, &, a2, a3, 7)) = 239, MSSIM(F, f (9, @, s, 3,5)) = 0.6049. (b) oy = —0.3, ag = —0.1,
MSE(f, f (9,6, a2, 03,5)) = 263, MSSIM(£, f

f’

f(9,0,az,03,5)) = 0.6246. (c) oz
MSE(f, f (g, @, a2, a3, 7)) = 236, MSSIM(

f(g,aq,a9,03,5)) = 0.6189.

—0.49, a3 = 0.0,
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(a) (a2,03) = (—0.2,—0.1). MSE=239.(b) (a2,a3) = (—0.3,-0.1). MSE=263.
MSSIM=0.6049. MSSIM=0.6246.

(¢) (a2,a3) = (—0.49,0.0). MSE=236.
MSSIM=0.6189.

~

Figure 4.13: Details of the restored images f(g,Q,as,a3,0) in Fig. 4.12. (a) Restored image

o~

f(g,a,as,a3,0) in Fig. 4.12a. (b) Restored image f(g,q, as,a3,0) in Fig. 4.12b. (c) Restored image

~

f(g,@,as,a3,5) in Fig. 4.12c.
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(a) (ag,a3) = (-0.2,-0.1). MSE=113.(b) (o2, 3)
MSSIM=0.6938. MSSIM=0.7799.

() (as,a3) = (0.49,—0.49). MSE=104.
MSSIM=0.7675.

~

= (=0.3,-0.1). '

MSE=105.

Figure 4.14: Restored images f(g, @, as, a3, o) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Lenna image (Fig. 2.1b). The degraded image

was generated with a noise level of ¢ = 20 and is shown in Fig. 2.16a. (a) as

MSE(f, f (9.3, a2, 3,5)) = 113, MSSIM(F, f (9, @, a2, 3,5)) = 0.6938. (b) a2

= —02, az = —0.1,
= —0.3, a3 = —0.].,

MSE(f, f (9,@, a2, a3,5)) = 105, MSSIM(f, f (g,@, 02, 3,5)) = 0.7799. (c) oz = 0.49, cvg = —0.49,

MSE(fu f (gvau 0(2,0[3,3)) = 1047 MSSIM(.fv f (gvav 0[2,05373)) = 0.7675.
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(a) (a2,03) = (—0.2,—0.1). MSE=113.(b) (a2,a3) = (—0.3,-0.1). MSE=105.
MSSIM=0.6938. MSSIM=0.7799.

(¢) (a2,a3) = (0.49,—-0.49). MSE=104.
MSSIM=0.7675.

~

Figure 4.15: Details of the restored images f(g,a,as2,a3,0) in Fig. 4.14. (a) Restored image

o~

f(g,a,as,a3,0) in Fig. 4.14a. (b) Restored image f(g,Q, as,a3,0) in Fig. 4.14b. (c) Restored image

o~

f(g,a,as,a3,0) in Fig. 4.14c.
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(a) (a2,a3) = (—-0.2,-0.1). MSE=207.(b) (a2,a3) = (-0.3,-0.1).
MSSIM=0.6151.

MSSIM=0.6910.

(¢) (az,a3) = (0.4,-0.4). MSE=203.
MSSIM=0.6379.

~

MSE=211.

Figure 4.16: Restored images f(g, @, as, a3, o) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Lenna image (Fig. 2.1b). The degraded image

was generated with a noise level of ¢ = 40 and is shown in Fig. 2.18a. (a) as

MSE(f, f (9.3, a2, 3,5)) = 207, MSSIM(F, f (9, @, a2, 3,5)) = 0.6151. (b) s

= —02, az = —0.1,
= —0.3, a3 = —0.].,

MSE(f, f (9,@, a2, a3,5)) = 211, MSSIM(f,  (9,@, 02, a3,5)) = 0.6910. (c) oz = 0.40, cg = —0.40,

MSE(fu f (gv aa G2, (g, a)) = 2037 MSSIM(.fv f (97 av Qg, 3, a)) = 0.6379.
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(a) (a2,03) = (—0.2,—0.1). MSE=207.(b) (a2,a3) = (—0.3,-0.1). MSE=211.
MSSIM=0.6151. MSSIM=0.6910.

(¢) (a2,a3) = (0.4,—-0.4). MSE=203.
MSSIM=0.6379.

~

Figure 4.17: Details of the restored images f(g,a,as2,a3,0) in Fig. 4.16. (a) Restored image

o~

f(g,a,as,a3,0) in Fig. 4.16a. (b) Restored image f(g,q, as,a3,0) in Fig. 4.16b. (c) Restored image

o~

f(g,a,az,a3,0) in Fig. 4.16¢.

103



(a) (az,a3) = (—0.2,-0.1). MSE=216.(b) (az,as) = (—0.3,—0.1). MSE=297.
MSSIM=0.6879. MSSIM=0.5868.

(¢) (az,a3) = (—0.1,0.0). MSE=185.
MSSIM=0.7150.

~

Figure 4.18: Restored images f(g, @, as, a3, o) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Mandrill image (Fig. 2.1c¢). The degraded image
was generated with a noise level of ¢ = 20 and is shown in Fig. 2.20a. (a) ag = —0.2, ag = —0.1,

MSE(Ff, f (9,8, a2, a3,5)) = 216, MSSIM(, f (g, @, as, a3,5)) = 0.6879. (b) as = —0.3, a3 = —0.1,
MSE(f, f (9,8, a2, 3,5)) = 297, MSSIM(F, f (g, @, a2, 3,5)) = 0.5868. (c) ap = —0.1, a3 = 0.0,
MSE(fa f (gvaa 042,0[3,8)) = 1857 MSSIM(faf (gaaa 0[2,053,8» = 0.7150.
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(a) (a2,03) = (—0.2,—0.1). MSE=216.(b) (a2,a3) = (—0.3,-0.1). MSE=297.
MSSIM=0.6879. MSSIM=0.5868.

(¢) (a2,a3) = (-0.1,0.0). MSE=185.
MSSIM=0.7150.

~

Figure 4.19: Details of the restored images f(g,a,as2,a3,0) in Fig. 4.18. (a) Restored image

o~

f(g,a,as,a3,0) in Fig. 4.18a. (b) Restored image f(g,q, as,a3,0) in Fig. 4.18b. (c) Restored image

o~

f(g,a,asz,a3,0) in Fig. 4.18c.
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(a) (ag,a3) = (=0.2,—0.1). MSE=354.(b) (agz,a3) = (—0.3,—0.1). MSE=417.
MSSIM=0.5202. MSSIM=0.4367.

(¢) (az,03) = (—0.1,0.0). MSE=335.21.(d) (as,a3) = (0.0,0.0). MSE=335.24.
MSSIM=0.5434. MSSIM=0.5440.

o~

Figure 4.20: Restored images f(g, @, as, a3, o) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Mandrill image (Fig. 2.1c). The degraded image
was generated with a noise level of o = 40 and is shown in Fig. 2.22a. (a) ag = —0.2, ag = —0.1,
MSE(Ff, f (9,8, a2, a3,5)) = 354, MSSIM(F, f (g, @, as, a3,5)) = 0.5202. (b) as = —0.3, a3 = —0.1,
= 417, MSSIM(f, f (g, @, a2, 3,5)) = 0.4367. (c) as = —0.1, az = 0.0,
f(g,d,as,03,5)) = 0.5434. (d) as = 0.0, az = 0.0,

)
~

f(g,a,as,a3,0)) = 0.5440.

(f7f:(g7a7 042,03,8'))
MSE(f, f (9,@, a2, 3,5)) = 335.21, MSSIM(f
MSE(f, f (g, @, a2, a3,5)) = 335.24, MSSIM(f,

)
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(a) (a2,03) = (—0.2,—0.1). MSE=354.(b) (a2,a3) = (—0.3,-0.1). MSE=417.
MSSIM=0.5202. MSSIM=0.4367.

i

(¢) (ag,a3) = (—0.1,0.0). MSE=335.21.(d) (a2,a3) = (0.0,0.0). MSE=335.24.
MSSIM=0.5434. MSSIM=0.5440.

~

Figure 4.21: Details of the restored images f(g,a,as2,a3,0) in Fig. 4.20. (a) Restored image

f(g,a,as,a3,0) in Fig. 4.20a. (b) Restored image f(g,q, as,a3,0) in Fig. 4.20b. (c) Restored image
f(g,a,as,as,0) in Fig. 4.20c. (d) Restored image f(g, @, as,as,0) in Fig. 4.20d.
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4.5 Chapter Summary

In this chapter, we described our solvable probabilistic model for greyscale images using third-neighbour
pixel interactions. We derived the mathematical expressions related to this model and proposed an
algorithm based on these results. Finally, we presented the results of numerical experiments using our
algorithm and confirmed that, with a good combination of the hyperparameters as and «g, we can
generally obtain better image correction results by using our extension to the third-neighbour pixel
interactions than by taking only the nearest- and second-neighbour pixel interactions into account. In
particular, we saw that, for the Boat and Lenna images, by using values of (e, as) close to (—0.2,—0.1),
this model allows better noise reduction than the second-neighbour model without introducing too much
blurring and without creating the horizontal and vertical line artefacts observed with the second-neighbour
model.
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Chapter 5

Solvable Probabilistic Model with
Third-Neighbour Interaction for
Colour Image Restoration

5.1 Chapter Outline

In this chapter, we shall describe the extension to the third-neighbour pixel interactions of the solvable
probabilistic model for colour images originally proposed by Tanaka and Horiguchi in [4]. We start
with a detailed description of the model as well as the calculations involved in its formation. This is
followed by the presentation of an image correction algorithm based on this model before concluding
with a description of the numerical experiments we performed to evaluate this model. We note that this
model constitutes an extension to colour images of the model described in Chapter 4.

5.2 Model Description

In this section we describe in detail the equations that form the basis of our solvable probabilistic model
with third-neighbour interaction for colour image restoration. From these equations, we also derive
mathematical expressions that can be used to implement an efficient image correction algorithm. We
shall use the same image and degradation process models as those for the second-neighbour extension
model described in Sections 3.2.1 and 3.2.2 respectively.

5.2.1 A Priori Probability Density Function

We define the a priori probability density function (prior) that the original image F has a given configu-
ration f as

1 1
PriF = flo, o/, a"} = Zprior (a, /') eXp{_8

X Z Z <an,ﬁ’ Z [(fm,y.,n - fm+1,yyn)(fx,y,n’ - fx+1,y.,n’) + (fz,y,n - fz,y+1,l<é)(fm,y,n’ - fz,y+1,n/)}

reEK K €K (z,y)eV

+ Oé;,,K,/ Z [(fm,y,n - fm+1,y+1,f£)(fr,y,m’ - fﬂ?-&-l,y—O—l,R/) + (fa:,y,rz - fa:+1,y—1-,f€)(fz,y,m’ - f."c-&-l,y—l.,n’)}
(z,y)EV

+ O‘:c/,n/ Z [(fw/y,n - fw+2,y,r€)(fw,y7n" - f:c+2,y,f€’) + (fi,yﬁ - fw7y+2,ﬁ)(fw,y,&’ - fw,y+2,r€’)]> } (5.1)

(z,y)eV
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where
Qred,red Qred,green Qred, blue
o= Ogreen,red green,green Qgreen,blue (52)
Qplue,red Qplue,green Qplue,blue
is a hyperparameter expressing the correlation between the colour components of nearest neighbour pixels
and is assumed to be symmetric, &’ = asa and &’/ = aza are hyperparameters expressing the correlation
between the colour components of second- and third-neighbour pixels respectively and

Zprior (o, &, ") E/exp{—; Z Z

reK k' eK

(O‘mn' Z [(f:v,y,n - f:v+1,y,ﬁ)(fac,y7fi’ - fw+1,y,r€’) + (fauy,ﬁ - fa:7y+1,n)(fw,y,r€’ - fw,erl,N’)]

(z,y)EV
+ a:{,n’ Z [(fm,y,ﬁ - fm+1,y+1,n)(fr,y,ﬁ’ - fm+1,y+1,n’) + (fa:,y,ﬁ - fx+1,y71,n)(fm,y,f~:’ - fz+1,y*1,~’)]
(z,y)€V
+ O‘Z,n' Z [(fmyﬁ - fm+2,y,n)(fx,yﬁ/ - f:v+2,y,n’) + (facyn - fx7y+2,n)(fx-,y,n’ - fm7y+2,n’)]> }dz
(w,y)eV
(5.3)
with [dz = fj;o j;o o _+:oo [T II dzs,y. , is the normalization constant.

(z,y)eV rEK
The exponential components of equation (5.1) can be rewritten using matrix notation as follows:

DI

reEK k' eK

<O‘H,n’ Z [(fx,y,n - forLy,n)(fcc,y,n’ - fz+1,y,n’) + (fx’y,f{ - fx’erl,n)(fz,y,n’ - fm»erl,n’)]
(

z,y)EV

tal e Y. {(fz,y,n = Jorryr10) foyw = fortyrin) + (Frym = forty—10) fryw = foriy—1.07)
(z,y)EV

+ O‘Z,H/ Z [(fxyn = Jotzyn) Soyw — foroyw) + (foyw = foyron) (fayn — fw,y+2,f€’)}>

(z,y)EV

1
- 8 Z Z Qg ! Z 2fz,y,nfac,y,n’ - fw,y,nfm+1,y,n’ - ferLy’nfw,y,n’ + fw+1,y,nfm+1’y>ﬁ’

reK k' €K (x,y)eV

- fr,y,ﬁfr,y-&-l,n/ - fz,y—i—l,nfz,y,m’ + fr,y+1,ﬁfm,y+1,n/

+ ag [me,y,nfw,y,m’ — feyrferryrin = fottyt1wfoyn + fottyt1mfot1yt1m
— feyrforty—10 — fot1y—1,6feyn + fm+1,y71,nfx+1,y71,n’i|

03 (2o o — SogSoraan = Foszumfonw + forzynforoan

~ FraFoareons = Sarznfome + Foorrnloaran

1
:—gz D A

reK k' eK

X Z Afaynfeyn = Foynforryn = Feynforyn = foynfeyrin = foynfoy—1m

(z,y)EV

+ g [4fx,y,nfx,y,n’ - fx,y,mfx+17y+1,n' - f:c,wax—l,y—l,n’ - fx,y,mfw-H,y—Ln’ - fr,y,nfw—l,y-lrlw’]
+ a5 [4fagnFoe = FownForay = Fogunfo-ayn = Fogunfogron = Foanfoy-2u]

= — % Z Z Oéli,rc’.fTC (a27a33/{7’€/)f (54)

reK k' eK
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where C' (az, as, k, k') is a 3|V| x 3|V| matrix where the (z,y, u|2’, v, 1/) elements are defined by

1 1 1 1

@y, ula'y' 1) = O bt (5””%,@/ = 010y = 0w =10y = J0uar Oyt = G0y

1 1 1 1
+ a2 [606,:70’57;,1/ - Z‘Sm,w”rl(;y,y’ﬂ - Zéw,x’fl(sy,y’*l - Z5w,x’+15y,y’fl - 45I7w’16y,y’+1}

4 4 4
[(2,9), (2",y") € V,p, i € K] (5.5)

1 1 1 1
+as [5%%/521,3/' - *5x,ar/+25y,y’ - *5:8733/—25.7;71/ - 15w,w’5y7y/+2 - 532790’511731/—2})

where 0§, is the Kronecker delta.
Thus equation (5.1) can be rewritten as

Pr{F = fla,as,a3} = ;exp <—; Z Z aK7H/fTC (g, a3, Ky k') f) (5.6)

Z i o, g, &
prior ( 152 3) reK k' eK
with

1
Zprior (0, a2, a3) = /exp (—2 Z Z aH7K/zTC (a2, 3, K, k') z) dz. (5.7)

reK k' eK

This model corresponds to an extension to the third-neighbour interactions of the multichannel CAR
model proposed by Tanaka and Horiguchi in [4] and its energy function is

LT Y (o

reK k' eK

x Z [(fz,y,ﬁ - fz-&-l,y,ﬁ)(fw,y,n’ - fw+1,y,r€’) + (fw,y,w - fw,y-&-l,n)(fx,y,m’ - fx,y-&-l,n/)]

(z,y)eV
+ a;,/{’ Z [(fz,y,n - fz+1,y+1,m)(fac,yﬁ’ - fm+1,y+1,n’) + (fa:,y,f{ - fm+1,y71,n)(fx,y,ﬁ’ - fz+1,y*1,~’)}
(z,y)EV
+ alﬁ/v"/ Z [(fmyn - fx+2,y,n)(fr,y,n’ - fm+2,y,n’) + (fz,yyn - fz,y+2,n)(fx7y,ﬁ’ - fx7y+2,n’)}> (5-8)
(z,y)€V
We note that f is a Multivariate Gaussian Markov random field with dimension 3 (MGMRF3), with
mean 0 and precision matrix @ = Y. Y @ C (a2, as,k, k'), so that by using the properties of
reK k' eK

GMRFs described in section 3.2.3, we obtain the following properties for our model:
-1
E(fanlf-cu) = e — iy ey 2o Quwnin(Fij) — Bep)
(7'73)(271)N(I’y)
-1
=—(a+a' +a") Yo Quuyeifii

(4,9):(4,5)~(2,y)

1 1 1 1 1
= — (a + o + a”) -« <4f(m+1,y) + Z.f(r—l,y) + Zf(m,y+l) + 4f(z,y—l))

1 1 1 1

-a <4.f(a:+1,y+1) + Zf(:z:«kl,yfl) + z.f(xfl,erl) + 4.f(a:1,y1))
1 1 1 1

—a (4f(w+2,y> +  fe—2m + pFayin) + 4f(w7y—2)>]

1 —1
= (et o' +a) [a (Fat1y) + Fa1y) + Fawyrn + fay-1)
+ o (f(z+1,y+1) + .f(x+1,y—1) + .f(m—l,y—i—l) + f(z—l,y—l)) (59)

+0" (Fesza) + Faz) + Fawsn + Fow2))
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and
Prec(fio | f-(zy) =+’ +a” (5.10)

so that we have

1

{a (farrm + fa1m) + ey + fay-n)

1 _
Pr(feyplf-(@y) ~ N (4 (a+a' +a”)

+ o (fatiy+) + Fatiy—1) T Fa-ty41) + flo—1,y-1))

+ o’ (.f(z+2,y) + .f(zf2,y) + f(m,y+2) + f(x,yf2)):| ) (O’. + o + a”)_1> . (5'11)

To simplify calculations, C (s, as, k, k') can be decomposed as follows:
C(a25a3a"£a K//) = D(a25a3)®J’i7ﬁl (512)

where ® is the Kronecker product, J w5 i the single-entry 3x3 matrix, with 1 at position (x,x’) and
zero elsewhere and D (aw, a3) is a |V| x |V| matrix where the (z,y|z’,y’) elements are defined by

1 1 1 1

<$7y|$’,y’> = 5z,x’5y,y/ - Zéx,murl(sy,y’ - Z(sz,m/flay,y’ - Zéx,m’éy,yurl - iém,x’éy,y/fl
1 1 1 1
+ 532790’511&/ - Z5x,x/+15y,y'+l - Zigm,x%ldy,y'—l - Zéﬂc,x’—l‘sy,y'-&-l - 1536736’—15@/4/—1
1 1 1 1
+as 536,1’51/73/’ - zéw,w'-ﬂéy,y’ - 151796’—2521,1/’ - Z‘Sw,m’(sy,y’-ﬂ - 1535,93'5;;,3/—2

[(z,y), (2", y") € V] (5.13)

Here, we observe that D (a2, «3) is identical to the matrix C (a2, a3) defined in equation (4.6). We
can then use the eigendecomposition of equation (4.13) to obtain

D = (U'AU) (5.14)

where U is the DFT matrix defined in equation (4.14), U ! is the conjugate transpose of U, known as
the inverse DFT matrix and defined in equation (4.15) and A is the diagonal matrix of the eigenvalues
A ez, as,p,q) of D and is defined in equation (4.25).
We can simplify the expression of Zioy in (5.7) by applying the multidimensional Gaussian integral
as shown in equation (3.25) and using the results of the eigendecomposition above to obtain
1
2
3v] 3
Zprior = (2) 2 H Aoz, a3,p,q)" deta . (5.15)
(p.9)EV

5.2.2 A Posteriori Probability Density Function

The a posteriori probability density function of having an original image configuration f given a degraded
image g is found by applying Bayes’ theorem as follows:

Pr{G =g|F = f,0} Pr{F = fla,az,a3}
Pr{G = g|la,as,a3,0}

~ Pr{G=g|F = f,0}Pr{F = fla,as,as}

- [Pr{G =g|F = 2,0} Pr{F = zla, a2, a3} dz

Pr{F:f|G=g,a,a2,a3,U} =

(5.16)

where Pr{G = gla, as,a3,0} = [Pr{G = g|F = z,0} Pr {F = z|at, a2, a3} dz is called the evidence.
Using (3.1) and (5.6), the function can be rewritten as follows:

Pr{F = f|G = g,a,a2,03,0} =

112



1 1 ,
7@ P "5 2 2 (e~ Foy)

(z,y)€V reK

1
><—Zprior(a70[27Ct3 {—Z Z Qe FTC (a2, 3, K, /i)f}

reK k' eK

1
/Znoise(U) P Z Z Jz,y,x — Ry, ,‘{,)2

(w y)eV keK

1
) w2 C (az, as, dz|. (5.17
- Zprior (04»042,043 { Z Z Wz C(az a3, 6, ) 2 } z] ( )

K,EK k€K

Since Znoise and Zprior are not dependant on z, they can be taken out of the integral in the denominator
and cancel out with the numerator, so we have

1

Pr{F = f|G = = —-H 5.18
r{ f| gaaaa2aa3?a} Zposterior (gaa70523a370-) eXp[ (f|g,a,a2’a37a)] ( )

where
Zposterior (ga «, (g, (O3, J) = /eXp [7H (Z|g, «, (g, (3, U)] dz (519)

and
1 1
H(flg, o, a2,03,0) = 202 Z Z (9o g — fm,y,rc)Q + §fT <Z Z an,n/c(azva&"é,/‘ﬂ/)) I
(z,y)eV reK reEK k€K

(5.20)

We can simplify calculations by grouping all element of f in H in one single term in the same manner
as in equation (3.31) to obtain

T

-1
1
H(f‘g7a7a2;a3ao-) = @ .f - <I+U2 Z Z OAK7K/C(QQ,Q3,I€,I€/)> g

reK k' eK

-1
X <I+02 Z Z a1 C (a2, a3, K, /—@’)) - (I+02 Z Z a&,{/C(aQ,ag,n,n’)) g

reK k' eK reK k' eK

-1
Lgr (Z Z Oén,WC(OQ,Oég,K,K’)) <I+02 Z Z OZKV,Q/C(OLQ,OQ,KJ,H,)> g (5.21)

reK k' eK reK k' eK

Using the eigendecomposition described in (5.14), we can rewrite the second term of (5.21) as

—1
= Qe C (2, s, Ky K o Qi C (2,03, K, K g
1T<ZZ C( ogmn)) <I+ 222 C( ’))

rkeK k' eK reK k' eK

1 — 1=
= 5 Z GT(pa Q)A(a27a37pa q)a (e+02>\(a25a3apa q)a) GT(pv Q) (522)
(Pa)eVv

where e is the 3x3 identity matrix and 5)(p, q) and Zﬁ(p, q) are defined in equations (3.33) and (3.34)
respectively. The detailed computations can be found at (3.32).
From the above, we conclude that

T

—1
1
H(f‘gvaonaaS?O’) = ﬁ f - <I+J2 Z Z Oé,ﬂ’,{/C(OZQ,Olg,,K/,H/)) g

reK k' eK
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—1
X <I—|—U2 Z Z Qe C (a2, a3, K, ﬁ’)) f- <I+02 Z Z aH’H/C(ag,agm,m’)) g

reK k' eK reK k' eK

1
t3 > {5T(p,q)A(a2,a3,p,q)a(e+02/\(a2,0‘37p’q)a)

_
G (p, Q)}- (5.23)
(P.9)EV

-1
Using the variable substitution ¢ = |z — (I +0%2 > Y e C (a2, a3k, /9’)) g| and
reK k€K

dz = dx, Zposterior Can be rewritten as

-1
ZPosterior = /GXP{W$T <I+U2 Z Z OCK,H/C(O[270(3’K/7K:/)> 44

reK k' eK

1
~3 > [a(nq)A(az,ag,p,Q)a(e+”2)‘(°‘2’a3’p’qm)

(p,q)EV

N
G (p, q)} }da: (5.24)
which, using the multidimensional Gaussian integral becomes

31V]

1
1
Zposterior - (2”0 ) {det (1 o E E al{,nlc (a27 as, K, KI)) }

reK k' eK
1 — _
X exp _5 Z {GT(paq)A(ona?np,Q)a (e+02)\(a2,a3,p,q)a)

~
Cp.a)| p. (5:25)
(P.9)EV

The determinant in equation (5.25) can be rewritten as

det (I + 02 Z Z aﬁ’,{/C(a%ag?f@n’)) = H det (€ + oAz, a3,p,q)a)  See equation (3.39).
reEK k' €K (p,q)EV
(5.26)

So equation (5.25) can be transformed into

31V]

Zposterior (.97 «, Qg, O3, U) = (27T02) : H [det (6 + 0'2)\(Oé2, as, P, Q)Ol)]
(p,9)eV

[N

1
X exp _5 Z [aT(p7 Q)A(a27a3ap7 q)a (e+02>\(a27a35p7 Q)a)

.
Gpa)| p. (5:27)
(p.9)EV

5.2.3 Restored Image Equation

In our model, the estimated restored image configuration is given by the expected value of the a posteriori
probability function. This gives us the following restored image equation:

fz/zPr{F:z|G:g,a,042704370}dz (5.28)

where the integral is performed over every image configuration z (range of |—oo, +o00[ for each colour
component) and f is our restored image.
Using equation (5.18) we obtain

1

Zpostcrior (ga o, g, (3, 0)

f=

/zexp [—H (2|9, o, a2, 03, 0)] dz (5.29)
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which, using the results of equations (5.23) and (5.25) is rewritten as

1

31vi _1 _
(2m02)7 2 det (02X~1) " Zexp {—é ( z): E')T(p, A2, a3,p,q)a (e + 02 Xag, as, p, q)a) 6(;0, q)}
p,q)EV

X /zexp <—%i2 [z—p]" ?7 [z — )

1 — RN
- 5 Z [GT(pv Q))‘(a27a37p7 q)a (e + 02)‘(@23@37293 q)a) ' G(paq)]>dz

(p,9)EV
1 1 1
mo) T (00 et ()} [rew (5l u" 5 e u)
e )'V'ld ¢(2)} fzew (‘;[z—ﬂle[z—u]) dz 50)

-1
with pu = <I+ o? ZK ZKO(,Q,HIC(Q%OB,KM@/)) g
reEK K€

and 27! = & <I+02 >y Ome/C(ag,Oé;g,lﬁ,H/))
reK k' eK
which corresponds to the expected value equation of a multivariate Gaussian distribution. Using that

fact, we conclude that

-1
f=E}z]=p= <I—|— o? Z Z aK’HIC(aQ,a&ﬁ,/@’)) g. (5.31)

reEK k€K

However, it is impractical to compute the inverse of such a large matrix, so we use the same eigende-
composition as in (5.15) to simplify the equation as shown in (3.45) and obtain

2 -1
Z (z y) (,q) e—|—0' A (o, a3,p,q) a) G (p,q). (5.32)
(p,.a)EV

Here we note that this corresponds to the inverse DFT of (e + %\ (o, a3, p, q) a) 5’ (p,q) where
C_¥)(p, q) itself is the DFT of the degraded image.

5.2.4 Hyperparameters Estimation

As we saw in section 5.2.3, the restored image equation depends on the values of the hyperparameters
o, a, as and as. The selection of those values shall be done by fixing the values of as and a3 and then
choosing values for o and a that maximize the evidence (or likelihood) of equation (5.16). Such a method
is known as Maximum Likelihood Estimation (MLE).

Using equation (5.16) with (3.1), (5.6) and (5.18), we find that the evidence is given by

PI'{G:g|F:f,O'}PI‘{F:f|(X7Q{2’Oz3}
PI'{F:f‘G:g,(X7O(27O[3,O'}

2
Znoiie(g) €xXp <_ﬁ ”g - f” ) Zprior(oltya2qoé3) €xXp <_§ Z Z an,n’fTC (a27 as, K, ’{/) f)

reK k' eK

Pr{G =g|a,as,a3,0} =

2
ZPosterior(glaa,(XQAIC’nO') exp [_%iQ lg = FI” - % n%:K n%:K apw fTC (a2, a3, 5, Rl)f:|

_ Zposterior (97 o, 0ig, (3, 0)
Znoise(U)Zprior(aa a2, O‘S)

(5.33)
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We can simplify the calculations by finding the maximum of the log of the evidence as in equation
(3.48), which gives us

(&v /U\) = arg max [h’l Zposterior(gv o, Qig, O3, U) —In Znoise(g) —1In Zprior(a7 a2, 043)]

oo
\% 1
= arg max [—3|| In(27) — 3 Z In (det [e + 0oz, a3,p, q)c])
' (p.9)eV
1 = -1
~ 5 Z GT(p, Az, a3,p, ¢ [e + 02)\(0427@37]?7 Q)a} G (p,q) (5.34)
(p.)eV
v 3
+ |2—| In(det @) + 3 > In[Aaz azs,p, Q)]]

(P, 9)EV

where & and ¢ are the estimated values of the hyperparameters a and o respectively.
Using the above, we find the value of & by solving the equation
-4 In(Pr{G = g|a, as,a3,5}) = 0 to obtain

=2
=g 5 |t @Aanan.08)
(p.9)eV

— _1\2 —
+6°G1(0) (Naz.cap & e+ *Manaa,. 0] ) Tlna)|. (539

The details of the computation are the same as in equation (3.49).
Similarly, we find the value & by solving the equation -& In(Pr{G = g|&, as, a3,5}) = 0 to obtain

1
~_1 *d -1y _ _*
a iag (@) 2V
< 3 <a Aaz,as,p,0) {2 [e + 72Nz, a5,p,0)8] " - diag ([e + 72\ (a2, a8,p,08] ") }
(P,9)EV
+ Z Z {Jﬁ,g’aT(p7 q))\(a% as, p, q) [e + 82)\(0427 s, P, q)a} -1 (JK’KI 4 JK,’7,A</ _ JK7){’J){,K/)
reK k' eK

X [e + %Mo, oz, p, q)a} ! a(p, q)} ) (5.36)

Refer to equation (3.54) for the detailed computation.

When actually computing the value of the log of the evidence given in (5.34), we notice that the
value of the last term diverges when A(as, as,p,q) = 0. We have not yet found a way to get around this
problem, so we do not compute the value of the evidence in our algorithm. This is not a major problem
since our algorithm depends on the derivates of the evidence and not on the actual value of the evidence.

5.3 Algorithm

In this section, we describe an image restoration algorithm based on our image restoration model. We use
a fixed point iteration algorithm [12] to find our maximum likelihood estimates for the hyperparameters
a and 0. As we saw in section 5.2.4, the extremum values for the hyperparameters o« and o can
be expressed in the form of the simultaneous recursive equations «(r) = f(a(r — 1),0(r — 1)) and
o(r) = gla(r —1),0(r — 1)). Therefore, in our algorithm, we find new values of & and & by applying
their current values to equations (5.35) and (5.36) and repeat that process until the algorithm converges.
We shall assume that the algorithm has converged once we achieve the following halting criterion:

{Z 5 [ am<r—1>‘}+‘b<r>—b<r

reK k' eK e, 7‘*1) b(’l’*l)

1)‘ <1074 (5.37)

where a, . (z) and b(z) are the values of @, . and 72, respectively, at iteration x of the algorithm
and r and r — 1 are the current and previous iterations of the algorithm, respectively.
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5.3.1 Algorithm Steps

Following are the steps of the practical algorithm.
Step 1.

(i) Compute the DFT of the degraded image to obtain the value of G. We note here that G is simply
—
the complex conjugate of G so it does not need to be computed explicitly.

(ii) Compute the values of A(aq, as,p, q) using (4.25)

1 1/2 1/2
(iii) Initialize @(0) to [ 1/2 1  1/2
/2 1/2 1

(iv) Initialize b(0) to 1.
(v) Initialize r to 0.
Step 2.
(i) Update r «— r + 1.
(ii) Compute the right side of equation (5.36) given by

2= > (b= DA@z,a8,p,0{2[e + b(r = DA(az, 05,p,9)a(r — 1] !
(p,9)EV

_dmgQ6+MT—UAMma&H®a“_1”4)}

s _
+ 30 3 [T )Mz, 05,p,0) e + b = DA (a2, a5, p, q)alr = 1]
reEK k' €K

’ ’ ’ ’ 1 =
X (J“’"€ + JEF — JR JER ) [e + b(r — D)A(az, a3,p,q)a(r — 1)) ! G (p, q)D (5.38)

(iii) Using equation (5.36), update a(r) — (x + diag(z)) ™.

(iv) Using equation (5.35), update

b(r—1)
3|V]|

b(r) «— Z {tr (e+b(r — D) A(ag, as,p,q)a(r — 1))71

(p,9)EV

+b(r — 1)6”(1), q) ()\(ag,ag,p Q)a(r —1) [e + b(r — D)A(az, a3,p,q)a(r — 1)]_1)2 E')(p, q)}
(5.39)

Here we note that since E’)T(p, q) is the conjugate transpose of C_¥)(p, q) and that, since a(r) is a
symmetric matrix, the matrices involved in their multiplications are all symmetric, the imaginary terms
of those multiplications will vanish.

Step 3.

(i) Check the termination condition of equation (5.37).
(ii) If the termination condition is fulfilled, proceed to step 4. Otherwise go back to step 2.
Step 4.
(i) Update & — a(r).
(ii) Update & « +/b(r).
(iii) Compute the values of (e + 02X (az, a3,p,q) a)fl G (p, q) for each p and gq.

(iv) Apply the inverse DFT to the above values to obtain the restored image as described in (5.32).
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5.3.2 Computational Complexity

We now analyse the complexity of our algorithm using the Big O notation. Here n is the number of pixels
in the image, so n = |V|.

Step 1 DFT computation using the FFT algorithm: O(nlogn).

Step 2 Computation of &(r): O(n).
Computation of a(r): O(n).
Total: O(n).

Step 3 Computation of e;(r) : O(1).
Total: O(1).

Step 4 Computation of the values to be used in the inverse DFT: O(n).
Restored image computation using the FFT algorithm: O(nlogn).
Total: O(nlogn).

This gives a total complexity of O(nlogn).

5.4 Numerical Experiments

In this section, we present the numerical experiments we performed to evaluate our model as well as the
results of these experiments. We also discuss these results.

5.4.1 Experiments

We applied our program to the original 512x512 pixels 24-bit truecolor images f presented in Fig.3.1.
We first degraded the original images using additive white Gaussian noise with mean 0 and standard
deviation o = 20 and ¢ = 40 to produce 10 degraded images g for each original image and noise value.
Examples of the degraded images are presented in Fig.3.2. We then applied our restoration algorithm
to the degraded images to obtain the restored images f. Examples of the resulting restored images are
shown in Fig.5.7 to Fig.5.17.

5.4.2 Experimental Results

Our results are generated by fixing the values of as and a3 (we remember that o’ = asa and that
o’ = aza) and applying our model to restore each set of 10 degraded images described in section 5.4.1
to obtain restored image sets containing 10 restored images for each combination of the values of as and
ag, o and each original image. We apply that procedure for values of @y and ag in the range of | —0.5,0.5]
with a step of 0.1 (we use the values —0.49 and 0.49 as the higher and lower bounds).

We then measure the value of the the mean square error (MSE) and the mean structural similarity
index (MSSIM) between the original image and the restored image for each restored image. These
measurements allow us to calculate the sample mean of the MSE and MSSIM for each set of restored
images. The MSE is used as a measure of the efficiency of our correction and is defined in equation (3.61).
The MSSIM is also used as a measure of the efficiency of our correction and is described in section 3.4.2.
Additional details about the MSE and MSSIM can also be found in section 2.4.2.

Figures 5.1, 5.2 and 5.3 show, for various values of ay and as, the values of the sample mean for the
MSE. By looking at these figures, we observe that the MSE has similar levels along the lines of direction
az = — +0b for all images and noise levels. We also notice that the values of the MSE suddenly become
very large in the region az < —<* — 0.25 for all images and noise levels. In the case of the Peppers and
Lenna images, we observe the lowest values of the MSE in the region around the line az = —% — 0.25,
right next to the limit where the MSE suddenly increases dramatically. In the case of the Mandrill image,
the lowest MSE is more to the right, in the region around (as, a3) = (—0.2,0) for both noise levels.

Figures 5.4, 5.5 and 5.6 show, for various values of ay and ag, the values of the sample mean for the
estimated values of 2. By looking at these figures, we observe that the values of 2 become very large
or even negative in the region az < —% — 0.25 for all images and noise levels. We believe that this is
due to a diverging value of the evidence in that region.

118



Mean of MSE ——— MSE Mean of MSE ———

350 280

300 260

250 240

220

fog 200

5 180

100 160

50 140

o~

Figure 5.1: Mean square error MSE(f, f) for the restored versions of the Peppers image (Fig. 3.1a).
The degraded images were generated with noise levels of ¢ = 20 in (a) and o = 40 in (b). The estimates
a and 7 are obtained by maximizing log Pr {G = g|a, as, as, o} with respect to a and o for each fixed

value of ap and as3. Here, the restored image f is defined as f (@, az, a3, 0) for each value of ap and as.
The values shown are the sample mean values () of the 10 degraded images for each noise level.
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Figure 5.2: Mean square error MSE(f, f) for the restored versions of the Lenna image (Fig. 3.1b). The
degraded images were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimates
a and 7 are obtained by maximizing log Pr {G = g|a, as, as, o} with respect to a and o for each fixed
value of ap and as3. Here, the restored image j? is defined as f (@, g, a3, 0) for each value of ay and as.
The values shown are the sample mean values (Z) of the 10 degraded images for each noise level.
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Figure 5.3: Mean square error MSE(f, f) for the restored versions of the Mandrill image (Fig. 3.1c).
The degraded images were generated with noise levels of ¢ = 20 in (a) and o = 40 in (b). The estimates
a and 7 are obtained by maximizing log Pr {G = g|a, as, as, o} with respect to e and o for each fixed
value of ap and as3. Here, the restored image j?is defined as f(&, ag, a3, 0) for each value of ay and ag.
The values shown are the sample mean values (T) of the 10 degraded images for each noise level.
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Figure 5.4: Estimate 52 for the restored versions of the Peppers image (Fig. 3.1a). The degraded images
were generated with noise levels of o = 20 in (a) and o = 40 in (b). The estimate & is obtained by
maximizing log Pr {G = g|a, az, a3, 0} with respect to a and o for each combination of the fixed values
of ag and ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise
level.
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Figure 5.5: Estimate 52 for the restored versions of the Lenna image (Fig. 3.1b). The degraded images
were generated with noise levels of ¢ = 20 in (a) and ¢ = 40 in (b). The estimate & is obtained by
maximizing log Pr {G = g|a, as, a3, o} with respect to a and o for each combination of the fixed values

of ap and ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise
level.
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Figure 5.6: Estimate 2 for the restored versions of the Mandrill image (Fig. 3.1c). The degraded images
were generated with noise levels of ¢ = 20 in (a) and ¢ = 40 in (b). The estimate & is obtained by
maximizing log Pr {G = g|a, as, a3, o} with respect to a and o for each combination of the fixed values
of ap and ag. The values shown are the sample mean values (Z) of the 10 degraded images for each noise
level.
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Figures 5.7 to 5.17 show some results of the application of the third neighbour extension algorithm
to the Peppers, Lenna and Mandrill colour images for noise values of o = 20 and o = 40.

We only show the results for values of (ag, a3) of (—0.2,—0.1) and (—0.3, —0.1), since we expect these
values to approach the Mexican Hat weighting function shown in Fig 1.2, the combinations producing
the smallest MSE, namely (—0.49,0.0) for Peppers, (—0.3,—0.1) and (0.4, —0.4) for Lenna with ¢ = 20
and o = 40 respectively, as well as (—0.25,0.0) and (—0.3,0.0) for Mandrill with ¢ = 20 and o = 40
respectively, as well as the combinations producing the highest MSSIM, namely (—0.3, —0.1) for Peppers,
(—0.1,—-0.2) and (—0.3,—0.1) for Lenna with ¢ = 20 and o = 40 respectively, as well as (—0.4,0.0) and
(—0.35,0.0) for Mandrill with ¢ = 20 and o = 40 respectively. Also, only one restored image from the
set of 10 is shown.

A visual inspection of the corrected images reveals that, although it does not produce the lowest
MSE nor the highest MSSIM, the best correction, from a human perception point of view, is achieved
with values of (ag,a3) = (—0.2,—0.1). Indeed that choice of values offers good noise reduction with
less blurring than with (ag,a3) = (—0.3,—0.1) and without the introduction of artefacts such as the
horizontal-vertical grid-like artefacts observed in the Peppers images with the lowest MSE as well as the
diagonal grid-like artefacts observed in the Lenna images with the highest MSSIM. In the case of the
Mandrill images (Figs 5.15 - 5.18), it is difficult to choose which corrected image is the best one, but in
our opinion, the images for values of (ag,a3) = (—0.2,—0.1) offer the best compromise between blurring
as observed in Fig. 5.17b and residual noise as observed in Figs 5.17c and 5.17d.
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(a) (a2,a3) = (-0.2,-0.1). MSE=88.(b) (ag,a3) = (-0.3,-0.1). MSE=92.
MSSIM=0.8421. MSSIM=0.8733.

e : .
(¢) (a2,a3) = (—0.49,0.0). MSE=T9.
MSSIM=0.8557.

o~

Figure 5.7: Restored images f(g, &, as, a3, ) obtained by means of the proposed Gauss-Markov random

field model for one of the degraded versions of the Peppers image (Fig.
was generated with a noise level of o = 20 and is shown in Fig. 3.15a.

MSE(fa f(gvava%a?na:)) = 88’ MSSIM(f,f(g,&,ag,ag,E)) = 0.8421.
MSE(faf(gvava27a3’8)) = 92, MSSIM(faf(gvaaOan&a)) = 0.8733.

MSE(f7 f (gv av 062,013,/0'\» = 797 MSSIM(.f7 f (gvava%a?na)) = 0.8557.
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3.1a). The degraded image
(a) az = —0.2, azg = —0.1,
(b) Qg = —0.3, a3 = —0.].,
(C) Qg = —0.49, a3 = 00,



(a) (az,a3) = (—02,—-0.1). MSE=88.(b) (a2,a3) = (—0.3,—0.1). MSE=92.
MSSIM=0.8421. MSSIM=0.8733.

(¢) (a2,a3) = (—0.49,0.0). MSE=79.
MSSIM=0.8557.

~

Figure 5.8: Details of the restored images f(g,&,az,a3,6) in Fig. 5.7. (a) Restored image
f(g,a,as,a3,0) in Fig. 5.7a. (b) Restored image f(g,&,as,a3,0) in Fig. 5.7b. (¢) Restored im-
age f(g,a, az,a3,0) in Fig. 5.7c.
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(—=0.2,—0.1). MSE=161.(b) (a2,a3) = (—0.3,—0.1). MSE=159.
MSSIM=0.7469. MSSIM=0.8024.
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(¢) (a2,a3) = (—0.49,0.0). MSE=151.
MSSIM=0.7664.
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Figure 5.9: Restored images f(g, &, as, a3, ) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Peppers image (Fig. 3.1a). The degraded image
was generated with a noise level of ¢ = 40 and is shown in Fig. 3.17a. (a) aa = —0.2, ag = —0.1,
MSE(Ff, f (9, &, a2, a3,5)) = 161, MSSIM(F, f (g9, &, a2, a3,5)) = 0.7469. (b) ap = —0.3, ag = —0.1,
MSE(f, f(g,a,%,a3,8)) = 159, MSSIM(f, f (g, &, a2, a3,5)) = 0.8024. (c) ap = —0.49, ag = 0.0,

I

MSE(F, f (9,8, a2, a3,5)) = 151, MSSIM(F, f (g, &, aa, a3, 7)) = 0.7664.
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(a) (a2,03) = (—0.2,—0.1). MSE=161.(b) (a2,a3) = (—0.3,-0.1). MSE=159.
MSSIM=0.7469. MSSIM=0.8024.

(¢) (a2,a3) = (-—0.49,0.0). MSE=151.
MSSIM=0.7664.

~

Figure 5.10: Details of the restored images f(g,, a9, a3,0) in Fig. 5.9. (a) Restored image

f(g,a,as,a3,0) in Fig. 5.9a. (b) Restored image f(g,&,as,a3,0) in Fig. 5.9b. (¢) Restored im-
age f(g,Q, a9, a3,0) in Fig. 5.9c.
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(a) (a2,a3) = (—0.2,—-0.1). MSE=56.5.(b) (a2,a3z) = (—0.3,—-0.1). MSE=55.6.
MSSIM=0.87982. MSSTM=0.89495.

(¢) (a2,a3) = (—0.1,—-0.2). MSE=55.7.
MSSIM=0.89498.

~

Figure 5.11: Restored images f(g, &, as, a3, ) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Lenna image (Fig. 3.1b). The degraded image
was generated with a noise level of ¢ = 20 and is shown in Fig. 3.19a. (a) ag = —0.2, ag = —0.1,
MSE(Ff, f (9, &, a2, a3,5)) = 56.5, MSSIM(F, f (g, &, oz, a3, 5)) = 0.87982. (b) oy = —0.3, a5 = —0.1,
MSE(f, f(g,a,aQ,a3,a)) = 55.6, MSSIM(F, f (g, &, aa, a3, 5)) = 0.89495. (c) o = —0.1, ag = —0.2,

f
MSE(.f7 f (gv av 062,013,/0'\)) = 5577 MSSIM(f7 f (gv av 04270[3,{7\)) = 0.89498.
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lﬂl

(a) (az,a3) = (—-0.2,—0.1). MSE=56.5.(b) (a2,a3) = (—0.3,-0.1). MSE=55.6.
MSSIM=0.87982. MSSIM=0.89495.
(¢) (a2,a3) = (-0.1,-0.2). MSE=55.7.

MSSIM=0.89498.

Figure 5.12: Details of the restored images f(g,&,ag,ag,,a) in Fig. 5.11. (a) Restored image
f(g,a,as,a3,0) in Fig. 5.11a. (b) Restored image f(g, &, as,a3,5) in Fig. 5.11b. (c) Restored image
f(g, &, as,a3,0) in Fig. 5.11c.
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(a) (ag,a3) = (=0.2,—0.1). MSE=106.5.(b) (a2,3) = (—0.3,—0.1). MSE=105.4.
MSSIM=0.7972. MSSIM=0.8291.

X
*

(¢) (a2,3) = (0.4,-04). MSE=104.8.
MSSIM=0.8047.

~

Figure 5.13: Restored images f(g, &, as, a3, ) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Lenna image (Fig. 3.1b). The degraded image
was generated with a noise level of ¢ = 40 and is shown in Fig. 3.2la. (a) ag = —0.2, ag = —0.1,

MSE(f, f (9, &, a2, a3,5)) = 106.5, MSSIM(F, f (g9, &, a2, a3,5)) = 0.7972. (b) ag = —0.3, a5 = —0.1,
MSE(f, f (9,8, a2, a3,5)) = 105.4, MSSIM(f, f (9, @, a2, a3,5)) = 0.8291. (c) ap = 0.4, a3 = —0.4,
MSE(.f7 f (gv av 062,013,/0'\)) = 10487 MSSIM(fv f (gv aaa2’a378)) = (.8047.
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(a) (ag,a3) = (—0.2,—0.1). MSE=106.5.(b) (ag,a3) = (—0.3,—0.1). MSE=105.4.
MSSIM=0.7972. MSSIM=0.8291.

i-"

) (a2,3) = (0.4,-04). MSE=104.8.
MSSIM 0.8047.

Figure 5.14: Details of the restored images f(g,a,a2,a3,3) in Fig. 5.13. (a) Restored image
f(g,a,as,a3,0) in Fig. 5.13a. (b) Restored image f(g, &, as,a3,0) in Fig. 5.13b. (c) Restored image
f(g, &, as,a3,0) in Fig. 5.13c.
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(a) (a2,a3) = (—0.2,—-0.1). MSE=160.(b) (a2, 3)
MSSIM=0.9107.

(=0.3,—0.1). MSE=180.
MSSIM=0.9045.

P

(¢) (e2,03) = (—0.25,0.0). MSE=156.(d)
MSSIM=0.9108.

L

(a2,a3) = (—0.4,0.0). MSE=158.
MSSIM=0.9112.

~

Figure 5.15: Restored images f(g, &, as, a3, ) obtained by means of the proposed Gauss-Markov random

field model for one of the degraded versions of the Mandrill image (Fig. 3.1c). The degraded image
was generated with a noise level of 0 = 20 and is shown in Fig. 3.23a. (a) aq

MSE(f, f (9, &, a2, 03,5)) =

(f7 -t\(gvava%a?na))
MSE(f, i(g,a,ag,ag,ﬁ))
MSE(f, f ( 7))

SE g, &, a3, (3,

- 0.2, a3 = 0.1,
160, MSSIM(f, f (g, &, as,a3,0)) = 0.9107. (b) as = —0.3, ag = —0.1,

= 180, MSSIM(f, f (g, &, as,a3,0)) = 0.9045. (¢) s = —0.25, a3 = 0.0,
156, MSSIM(f, f (g, &, as,a3,0)) = 0.9108. (d) as = —0.4, a3 = 0.0,
— 158, MSSIM(F, f (g, &, a2, as,5)) = 0.9112.

)

)

131



(=0.2,—0.1). MSE=160.(b) (a2,03) = (—0.3,-0.1). MSE=180.
MSSIM=0.9107. MSSIM=0.9045.

(a) (a2,a3)

(¢) (a2,a3) = (—0.25,0.0). MSE=156.(d) (az,a3) = (—0.4,0.0). MSE=158.
MSSIM=0.9108. MSSIM=0.9112.

-~

Figure 5.16: Details of the restored images f(g,&,as,a3,0) in Fig. 5.15. (a) Restored image

f(g,a,as,a3,0) in Fig. 5.15a. (b) Restored image f(g, &, as,a3,5) in Fig. 5.15b. (c) Restored image
f(g,a,az,a3,0) in Fig. 5.15¢. (d) Restored image f(g, &, as,a3,0) in Fig. 5.15d.
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(a) (ag,a3) = (—0.2,—0.1). MSE=325.6.(b) (ag,a3) = (—0.3,—0.1). MSE=360.8.
MSSIM=0.8115. MSSIM=0.8010.

(¢) (az,a3) = (—0.3,0.0). MSE=320.7.(d) (a2,a3) = (—0.35,0.0). MSE=320.8.
MSSIM=0.8114. MSSIM=0.8116.

~

Figure 5.17: Restored images f(g, &, as, a3, ) obtained by means of the proposed Gauss-Markov random
field model for one of the degraded versions of the Mandrill image (Fig. 3.1c). The degraded image
was generated with a noise level of 0 = 40 and is shown in Fig. 3.25a. (a) ag = —0.2, ag = —0.1,
MSE(Ff, f (g, &, a2, a3,5)) = 325.6, MSSIM(F, f (9, &, a2, a3,5)) = 0.8115. (b) ap = —0.3, g = —0.1,
= 360.8, MSSIM(f,f(g,&,ag,ag,E)) = 0.8010. (¢) ag = —0.3, a3 = 0.0,
f(g,a,as, 03,5)) = 0.8114. (d) ay = —0.35, a3 = 0.0,
(g,&,ag,ag,ff\)) = 0.8116.

(f7 .f:(ga aa g, (3, a-\))
MSE(f, f (g, &, a2, a3,5)) = 320.7, MSSIM(f, f
MSE(f, f ( &)) = 320.8, MSSIM(f, f

)

g, &, a3, (3,
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F
(a) (ag,03) = (—0.2,—0.1). MSE=325.6.(b) (as,a3) = (—0.3,—0.1). MSE=360.8.
MSSIM=0.8115. MSSIM=0.8010.

(¢) (a2,a3) = (—0.3,0.0). MSE=320.7.(d) (a2,a3) = (—0.35,0.0). MSE=320.8.
MSSIM=0.8114. MSSIM=0.8116.

-~

Figure 5.18: Details of the restored images f(g,&,as,a3,0) in Fig. 5.17. (a) Restored image

f(g,a,as,a3,0) in Fig. 5.17a. (b) Restored image f(g, &, as,a3,5) in Fig. 5.17b. (c) Restored image
f(g,a,az,a3,0) in Fig. 5.17c. (d) Restored image f(g, &, as,a3,0) in Fig. 5.17d.
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5.5 Chapter Summary

In this chapter, we described our solvable probabilistic model for colour images using third-neighbour pixel
interactions. We derived the mathematical expressions related to this model and proposed an algorithm
based on these results. Finally, we presented the results of numerical experiments using our algorithm
and confirmed that, with a good combination of the hyperparameters as and a3, we can generally obtain
better image correction results by using our extension to the third-neighbour pixel interactions than by
taking only the nearest- and second-neighbour pixel interactions into account. In particular, we saw
that by using values of (ag, a3) close to (—0.2,—0.1), this model allows better noise reduction than the
second-neighbour model without introducing too much blurring and without creating the horizontal and
vertical line artefacts observed with the second-neighbour model.
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Chapter 6

Conclusion

6.1 Summary and Concluding Remarks

In this thesis, we investigated the extension to second- and third-neighbour pixel interactions of the CAR
model defined by Molina in [1] and developed by Tanaka and Inoue in [2], by Tanaka in [3] as well as by
Tanaka and Horiguchi in [4] in the context of noise correction in digital images. We defined an extension to
the second-neighbour pixel interactions for greyscale images in chapter 2 and for colour images in chapter
3. We then proposed extensions to the third-neighbour pixel interactions for greyscale images in chapter
4 and for colour images in chapter 5. In each of these chapters, we also proposed algorithms based on the
described models and performed numerical experiments using these algorithms to evaluate the quality
of the resulting image correction. We used the MSE and MSSIM as tools to evaluate the performance
of our algorithms and the results showed that, with a good choice of the hyperparameters controlling
the models, the second-neighbour model has a better performance than the original model and that the
third-neighbour model has a better performance than the second-neighbour model. Visual inspection of
the results also revealed that the second-neighbour model allows a good preservation of horizontal and
vertical edges in the images, but that it also introduces horizontal and vertical line artefacts. On the other
hand, the third-neighbour model manages to reduce significantly the noise level without causing too much
blurring and without introducing visible artefacts. We also calculated the computational complexity for
each algorithm and saw that, if we ignore the problem of the selection of the hyperparameters as and
a3, the extension of the models to the second- and third-neighbour pixel interactions has no significant
impact on the complexity of the algorithms.

6.2 Future Problems

As mentioned above, we did not investigate the problem of the selection of the hyperparameters as
and ag controlling our models. Indeed, in our experiments, we tried numerous combinations of these
parameters and then compared the results obtained. Such a method is computationally intensive. For
instance, it took more than 2 weeks of continuous processing to produce the 7260 result images for the
numerical experiment of chapter 5 (we had 3 original images x 2 noise levels x 10 degraded image versions
x 11 values of as x 11 values of as). Therefore, it would be interesting to investigate a way of selecting
automatically good estimates for the values of these hyperparameters. Such a method could potentially
find more precise values for these hyperparameters while simultaneously reducing the computational load.
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