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We calculated tracer diffusion in a sheared suspension of non-Brownian rigid spheres and propose a nu-
merical method based on a boundary element method and Stokesian dynamics method. We present details of
the numerical method and examine the accuracy of the method. The limitation of semidiluteness is due to the
accuracy of the tracer velocity calculation. The results show that the diffusivity of fluid tracers is greater than
that of suspended spheres in the semidilute regime. The diffusivity of the velocity gradient direction is about
threefold greater than that in the vorticity direction. Simple scaling demonstrates that the diffusivity of fluid
tracers increases with the square of the volume fraction of spheres in the semidilute regime, which is confirmed
numerically.
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I. INTRODUCTION

The diffusion of chemical substances in a suspension of
micron-scale particles is an important phenomenon. For ex-
ample, the mass transport of various substances such as oxy-
gen, CO2, and low-density lipoprotein in the bloodstream is
often discussed in the field of medical engineering because
of the physiological and pathological importance of these
processes. These substances are dispersed not only by
Brownian diffusion, but also by the micron-scale flow field
generated by blood cells. The diffusivity of platelets in-
creases markedly compared to Brownian diffusivity because
of the micron-scale flow field �1�. Another example is a sus-
pension of microorganisms, which appears in plankton
blooms in the ocean, bioreactors for food and medicine pro-
duction, and churning colloid suspensions of the chime in the
lower intestine. In such suspensions, both the motion and the
population of microorganisms are strongly influenced by nu-
trient transport in the suspension. Wu and Libchaber �2�
demonstrated experimentally that the diffusivity of inert
tracer particles in a suspension of Escherichia coli is in-
creased by a thousandfold as compared to Brownian diffu-
sivity because of the flow field generated by the cells’ swim-
ming motion.

When micron-scale particles are exposed to a simple
shear flow, the motion of particles generates a micron-scale
flow field around them, which leads to mixing of the par-
ticles and fluid. The shear-induced diffusion of suspended
rigid spheres in a fluid has been investigated intensively.
Batchelor and Green �3� analyzed the hydrodynamic interac-
tions between two non-Brownian spheres in a shear flow and
showed that no displacement perpendicular to the flow direc-
tion is generated in the two-sphere interaction. In a dilute
suspension, shear-induced diffusion does appear in all direc-
tions, as reported by Acrivos et al. �4�, because other par-
ticles break the symmetry of the two-sphere interaction. The
shear-induced diffusion of non-Brownian and Brownian
spheres in a concentrated suspension has been investigated
numerically by Acrivos and co-workers �5–7� and by Brady
and co-workers �8–12�. These studies demonstrated that the
nonzero components of the diffusion tensor are strongly de-
pendent on the volume fraction of the spheres. Experimental

investigations of the shear-induced diffusion have also been
reported �13,14�. The former experimental results were com-
pared with analytical and numerical results by Sierou and
Brady �12� �cf. Figs. 4 and 5 in their paper�, although the
results indicate a large degree of deviation among different
studies. This deviation may be due to experimental differ-
ences, such as those caused by difficulties in accurately
tracking particles in a concentrated suspension, having
spheres without an electric charge, or surface roughness.

Although an important phenomenon, few studies have de-
scribed shear-induced fluid-tracer diffusion in a suspension
of spheres. Zarraga and Leighton �15�, and Abbas et al. �16�
numerically investigated shear diffusivity in bidisperse sus-
pensions under Stokes flows. In the limit where the size ratio
between the small and large spheres is very small, the diffu-
sivity of small spheres may be similar to that of fluid tracers
�although they did not investigate it�. In addition, one experi-
mental study had been conducted in which tracer particles
31.5 �m in diameter were tracked in a suspension of
spheres 325 �m in diameter �17�. Tracer diffusivity was ob-
served in just two cases, c=0.3 and 0.4, where c is the vol-
ume fraction of large spheres. In their experiments, the tracer
diffusivity was about 0.7 times the particle diffusivity. How-
ever, this tendency was different from that seen in the present
study in a semidilute suspension. In the dilute limit, we
clearly showed that the tracer diffusivity is greater than the
particle diffusivity �cf. Sec. V�. The difference in tendency
may have been due to differences in the volume fractions
used in the two studies, but the details of tracer diffusion are
still not well understood. Experimentally, tracking small par-
ticles continuously in a sheared suspension of large particles
is very difficult, but no suitable numerical method to address
this problem has yet been proposed.

Here, we calculate tracer diffusion in a sheared suspen-
sion of non-Brownian rigid spheres. Fluid tracers are as-
sumed to be infinitely small, but do not show any Brownian
motion—i.e., ideal particles moving with the fluid velocity—
although practical fluid, such as water, shows self-diffusion
due to Brownian motion �18�. This treatment corresponds to
infinitely large Péclet number flow for the fluid tracers. �In
Sec. V, we discuss effects of the self-diffusion.� In order to
solve this problem, we propose a numerical method based on
a boundary element method �BEM� �19� and Stokesian dy-
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namics method �SDM� �20�. This method is a hybrid of our
BEM study �21� and our SDM studies �22–24�. Details of the
numerical method are explained in Sec. II. The accuracy of
the numerical method is checked in Sec. III by comparing
the velocity fields between the present method and BEM. In
Sec. IV, we show shear-induced tracer diffusion in a semidi-
lute suspension of non-Brownian spheres. The limitation of
semidiluteness comes from the present numerical method,
specifically in accurately calculating the tracer velocity. In
Sec. V, we compare the present results with previous results
and discuss the scaling of diffusivity.

II. METHODS

The Stokesian dynamics simulation method for comput-
ing the hydrodynamic interactions among an infinite suspen-
sion of spheres, in the absence of Brownian motion and at
negligible particle Reynolds number, was developed by
Brady and Bossis �20�. We used the same method for calcu-
lating the motions of neutrally buoyant spheres in a suspen-
sion, which are explained briefly in Sec. II A. Numerical
methods for simulating fluid-tracer motions are derived here
and are explained in detail in Sec. II B. The numerical meth-
ods for simulating sphere motions are valid even for a con-
centrated suspension of spheres, whereas those for fluid-
tracer motions are valid only under a semidilute regime.
Thus, we restricted ourselves to simulating a semidilute sus-
pension.

A. Equations for motion of suspended spheres

At negligible particle Reynolds number, the motions of N
spheres replicated periodically in three-dimensional space
can be given as �cf. �20,24��

�F

L

S
� = �Rfar − R2B

far + R2B
near�� U − �u�

� − ���
− �E�

� , �1�

where F, L, and S are the force, torque, and stresslet exerted
by a sphere on the fluid, respectively; U and � are the trans-
lational and rotational velocities of a sphere; �u� and ��� are
the translational and rotational velocities of the imposed
flow, respectively; and �E� is the imposed rate of the strain
tensor. R far is the far-field contribution of the grand resis-
tance matrix, which is the inversion of the far-field contribu-
tion of the grand mobility matrix; i.e., R far= 	M far
−1. M far is
derived from the Faxén laws for the force, torque, and stress-
let for a sphere, in which the disturbed flow field is expressed
in terms of the multipole expansion of other spheres. The
infinite extent of a suspension is evaluated by Ewald sum-
mation �25�. As discussed by Durlofsky et al. �26�, inverting
the Ewald-summed mobility matrix sums an infinite number
of reflected interactions among an infinite number of par-
ticles, and it is therefore a true many-body approximation to
the resistance matrix. Therefore, this method is applicable to
any volume fraction of particles. R far still lacks near-field
interactions because they are reproduced only when all of the
multipoles are included. To include the near-field interac-
tions, we follow the method of Durlofsky et al. �26� and add

near-field multipoles in a pairwise additive fashion: R2B
far is

the far-field two-body resistance matrix and R2B
near is the near-

field two-body resistance matrix.

B. Equations for a fluid-tracer motion

A flow field external to N spheres replicated periodically
in three-dimensional space can be given in the integral form
using single-layer potential �19�:

ui�x� − �ui�x�� = −
1

8��
�
�=1

N �
A�

Jij�x − y�qj�y�dAy , �2�

where u is the velocity, � is the viscosity, and the angular
brackets �¯� indicate the suspension average. J is the
Green’s function for a triply periodic lattice, q is the single-
layer potential, and A is the surface of a particle. J is evalu-
ated by Ewald summation on the lattice and reciprocal lattice
of image points, as derived by Beenakker �25�:

Jij�r� = �
�

Hij
�1��r�� +

8�

V
�
��0

�Hij
�2��k��cos�k� · r��

−
8�

�
�ij��r� , �3�

Hij
�1��r� =

�ij

r
�erfc��r� +

e−�2r2

�
�4�3r3 − 6�r��

+
rirj

r3 �erfc��r� +
e−�2r2

�
�2�r − 4�3r3�� , �4a�

Hij
�2��k� = � �ij

�k�2
−

kikj

�k�4
��1 +

�k�2

4�2 +
�k�4

8�4�exp�−
�k�2

4�2� ,

�4b�

where � is the convergence parameter, � is the unit isotropic
tensor, V is the volume of each unit cell, and r= �r�. The
lattice points are x� and r�=r−x�; k� are the reciprocal lat-
tice vectors defined such that x� ·k� is an integer multiple of
2�. The first sum in the right-hand side �RHS� of �3� con-
verges rapidly in real space, while the second converges rap-
idly in reciprocal space.

The RHS of Eq. �2� can be expanded in moments about
the center of each particle with radius a as follows �see
�20,24��:

ui�x� − �ui�x�� =
1

8��
�
�=1

N ��1 +
a2

6
�2�JijFj

� + RijLj
�

+ �1 +
a2

10
�2�KijkSjk

� + �k�lJijQklj
� + ¯� ,

�5�

where Q is the irreducible quadrupole of the single-layer
potential. The propagators are given as follows:
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Rij = 	lkj
1

4
��kJil − �lJik�, Kijk =

1

2
��kJij + � jJik� , �6�

where 	 is the unit-alternating isotropic tensor.
If a suspension is under the semidilute regime, most of the

interactions between spheres are pairwise. Thus, it is possible
to assume that a fluid tracer may have a maximum of two
spheres in its near field with the other spheres in the far field.
When spheres are in the far field, high multipoles in Eq. �5�
decay very rapidly. Therefore, it may be sufficiently accurate
to take part in multipoles up to the stresslet, which are part of
the problem in solving Eq. �1�. If a sphere exists in the near
field, however, all the multipoles contribute to the velocity
field and its effect cannot be simplified by the small number
of multipoles. Thus, it is necessary to calculate an infinite
number of multipoles for spheres in the near field, although
we calculate up to the stresslet for the far field. The maxi-
mum number of spheres in the near-field is assumed to be
two, which defines semidiluteness.

By assuming semidiluteness, Eq. �5� can be approximated
as

ui�x� − �ui�x�� =
1

8��
�
�=1

N ��1 +
a2

6
�2�JijFj

� + RijLj
� + KijkSjk

�

+ �k�lJijQklj
� � −

1

8��


�
�=1

2

�
m=2

�

��
A�

� �− 1�m

m!

�m

�k1 ¯ �km
Jij�


�yk1
− xk1

� � ¯ �ykm
− xkm

� �qj�y��dAy , �7�

where Nnear is the number of spheres in the near field
�Nnear�2� and Jij� is the Oseen tensor given as

Jij� �r� =
�ij

r
+

rirj

r3 . �8�

The contribution from an infinite number of spheres in the
far field is calculated in the first summation on the RHS of
�7�. The multipoles exerted on the fluid can be obtained up to
the stresslet from Eq. �1�, and the irreducible quadrupole is
approximated, as explained in Durlofsky et al. �26�, as

Qklj
� =

a2

10
c�Fm���km� jl + �lm�kj −

2

3
�kl� jm� , �9�

where c is the volume fraction of particles. The contribution
of two spheres in the near field is calculated by summing all
the multipoles. The first few multipoles are added in the first
summation on the RHS of �7�, while the rest of the multi-
poles are added in the second summation. The prime on the
second sum indicates that the quadrupole contribution al-
ready added in the first summation is excluded when m=2.

To simplify the explanation, let Nnear=2 and let back-
ground shear flow be applied. Considering the linearity of
the Stokes flow, the mth multipole exerted on the sphere in
the near field can be divided into three simpler multipoles:
�a� mth multipole due to translational and rotational motion

of two spheres in a fluid otherwise at rest, �b� mth multipole
due to the background shear flow without translational and
rotational motion of spheres, and �c� mth multipole due to
background disturbance flow field generated by the other
spheres in the far field, without translational and rotational
motion. The mth multipole in �c� can be calculated by the
Faxén laws and decays rapidly with r−�m+2� when a sphere is
force free. Thus, we neglect the contribution of �c� for high
multipoles—i.e., m2. The mth multipole in �a� and �b� can
be calculated by considering only two-sphere interactions be-
cause no disturbance flow field is generated by the other
particles. Therefore, it is computationally efficient to build a
database for high multipoles prior to the simulation, and thus
it is possible to avoid calculating two-sphere interactions at
every time step in the simulation.

The interaction between two swimming spheres has been
investigated previously �21�, and we used the same method
here in compiling a database. We employed the boundary
element method, in which the boundary integral equation is
solved discretely on 590 triangular elements per sphere sur-
face �Fig. 1�. The velocity field around the two spheres can
be calculated by the boundary integral equation, which
should be the sum of the velocity due to first few multipoles
and the velocity due to the rest of the multipoles. Thus, the
velocity can be expressed as

ui�x� = −
1

8��
�
�=1

2 �
A�

Jij� �x − y�qj�y�dAy

=
1

8��
�
�=1

2 ��1 +
a2

6
�2�JijFj

� + RijLj
� + KijkSjk

�

+ �k�lJijQklj
� � −

1

8��


�
�=1

2

�
m=2

�

��
A�

� �− 1�m

m!

�m

�k1 ¯ �km
Jij�


�yk1
− xk1

� � ¯ �ykm
− xkm

� �qj�y��dAy . �10�

The first line in Eq. �10� is the velocity obtainable by the

FIG. 1. Boundary elements on the surfaces of spheres, where
smaller triangles are generated near the contact region. The total
number of the mesh is 590 per sphere.
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boundary integral method, uBEM; the second line is the ve-
locity due to low multipoles, uLMP; and last two lines are the
velocity due to high multipoles, uHMP, which we intend to
use to build a database. In obtaining uBEM very close to the
surface of a sphere, we interpolate it using u on the sphere’s
surface, which is given as a boundary condition, and uBEM
near the point. uHMP can be calculated as uBEM −uLMP, and
so we compiled a database of uHMP for various translational
and rotational motions as well as for any direction of shear
flow. As the database for Nnear=1 and 0 is straightforward,
we have omitted detailed explanations. In this study, we em-
ployed a threshold distance of 4.0 for approximation of far-
field interactions. Thus, the velocity disturbance due to
spheres farther than 4.0 to a fluid tracer is calculated by the
multipoles. In summary, to determine the velocity of a fluid
particle, Eq. �7� is calculated using the results of Eq. �1� and
the database of uHMP.

C. Numerical methods

We calculate the motion of interacting spheres and fluid-
tracer motion in a background shear flow: i.e.,

�E� =
�̇

2�0 1 0

1 0 0

0 0 0
�, ��� = −

�̇

2
�0,0,1� , �11�

where �̇ is the shear rate. The maximum volume fraction of
particles used in this study is c=0.175. Note that the prob-
ability of a fluid tracer having three or more spheres in its
near field is O�c3�. The computational region is a hexahe-
dron with side H in the y and z directions and 5H in the x
direction as shown in Fig. 2. A suspension of infinite extent
is expressed by the periodic boundary conditions, and the
interactions among an infinite number of particles are calcu-
lated by the Ewald summation over two layers on the real-
and reciprocal-space lattices. The convergence parameter �
in the Ewald sum is set as �=� /35H3 because it is the
optical value �25� and the sum converges very rapidly.

A nonhydrodynamic short-range repulsive force between
spheres, Frep, is added to the system to avoid the prohibi-
tively small time steps needed to overcome the problem of
overlapping spheres. We follow Brady and Bossis �27� and
Ishikawa and Pedley �22� and use the following function:

Frep = �1
�2 exp�− �2��
1 − exp�− �2��

r

r
, �12�

where �1 is a dimensional coefficient, �2 is a dimensionless
coefficient, and � is the minimum separation between sphere
surfaces nondimensionalized by their radii. The coefficients
used in this study were �1=0.1 and �2=103. The minimum
separation obtained with these parameters was about 10−4.
We did not use any repulsive forces between a sphere and a
fluid particle, as the velocity on a sphere’s surface is given
explicitly by U and �, which does not permit a fluid particle
to penetrate into the sphere.

Considering the linearity of the Stokes flow, it is possible
to split the velocity field generated by interacting spheres
with repulsive forces into �a� the velocity field generated by
spheres with repulsive forces in a fluid otherwise at rest and
�b� the velocity generated by the other boundary conditions
and force-torque conditions. Velocity �b� has been derived in
Sec. II B, and velocity �a� generated by two particles in the
far field can be calculated as follows. If � is sufficiently
small, the hydrodynamic stress is approximately zero every-
where except near the contact point where concentrated con-
tact forces exist. Taking into account that the contact forces
Fc on two sphere surfaces act in the opposite direction with
the same absolute value, the velocity at r generated by the
contact forces at the origin can be approximated as

ui�r� = −
1

8��
�Jij��r −

h�

2
� − Jij��r +

h�

2
��Fc,j , �13�

where h� is the separation vector between the two sphere
surfaces at the contact point with the length of �. By substi-
tuting Eqs. �8� and �12� with �1=0.1, it can be derived that
u=O� 1

80�r2 � for large r. As this velocity is very small when r
is large, the effect of repulsive force in the far field on the
trajectories of fluid particles is also very small. Velocity �a�
generated by two particles in the near field can be calculated
again by the boundary element method, and so we compiled
a database prior to the simulation in a similar manner as
explained in Sec. II B.

Time-marching is performed by the fourth-order Adams-
Bashforth scheme from random initial positions and orienta-
tions of both spheres and fluid tracers. The translational dis-
placement is calculated by U as r=�U dt, so the trajectories
are traced outside the periodic cell. Most of the results shown
in this paper were obtained using 80 spheres and 80 fluid
particles per unit cell. The effect of particle number on the
diffusivity was examined numerically, and the results are
shown in Sec. III C. The computations are performed during
a time interval of t=0–500 or more, and the suspension av-
erage values are calculated by averaging all particles in the
unit cell from t=50 to the end. It was confirmed that the
probability density function for the relative position of a pair
of spheres becomes independent of specific initial conditions
after t=50. All equations are nondimensionalized using the
radius a, characteristic time �̇−1, and the fluid viscosity �.
All quantities shown in figures in this paper are also nondi-
mensionalized in the same manner.

x

y
z

5H

H

H

FIG. 2. Schematic representation of the computed system. Back-
ground shear flow is applied to a suspension of spheres in a hexa-
hedral unit cell. �a� Schematic representation of the computed sys-
tem. �b� Comparison of the velocity distribution between the
present method �present� and the exact solution �exact�.
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D. Translational diffusivity

The translational diffusivity is a measure of the increasing
displacement between pairs of particles. Thus, we calculate
the mean-square displacement, which necessarily increases
with time. If it increases more rapidly than linearly in time,
then the spread is superdiffusive �if proportional to t2, then
the relative velocity of two particles is constant�, but if it
becomes linear in time, then the spread is diffusive. Thus, we
divide the mean-square displacement by time to determine
whether it becomes constant: the translational diffusivity D
is defined by

D = �
0

�

�U�t�U�0��dt = lim
�t→�

��r��t� − r�0���r��t� − r�0���
2�t

,

�14�

where r is the translational displacement. The angular brack-
ets �¯� indicate an average value over N particles with M
different time steps, which is defined as

�r��t� − r�0�� =
1

MN
�
m=1

M

�
n=1

N

rn��t + mdt� − rn�mdt� ,

�15�

where dt is the time step used in the numerical simulation.

III. BENCHMARK TESTS OF THE PRESENT
NUMERICAL METHODS

In this section, we examine the reliability of the present
numerical methods in three different cases: �a� comparison of
velocity field around a single sheared sphere between the
present methods and the exact solution, �b� comparison of
the velocity field around two sheared spheres between the
present methods and BEM, and �c� comparison of the diffu-
sivities obtained by the present methods using different par-
ticle numbers. In comparison �a�, the accuracy of the near-
and far-field approximation in the velocity field can be de-
termined. Comparison �b� allows examination of the reliabil-
ity of the velocity field between two near-contact surfaces. In
comparison �c�, the effect of the particle number on the dif-
fusivity can be determined.

A. Velocity around a single sheared sphere

The velocity field around a single sphere freely suspended
in a simple shear flow was compared between the present
method and the exact solution �3�. As shown in Fig. 3�a�, a
single sphere was placed at the origin and background shear
was applied in the x-y plane. x and y components of the
velocity were calculated along the x=1.1 line, and the results
are shown in Fig. 3�b�. Both velocities calculated by the
present methods and the exact solution agreed very well. As
explained in Sec. II B, we employed a threshold distance of
4.0 for approximation of far-field interactions. Thus, the ve-
locity of the present study was calculated differently depend-
ing on whether r�4. The boundary is shown explicitly in
Fig. 3�b� as thin solid lines at y� �3.8. In the near field, the
velocity is interpolated from the database compiled by the

BEM. The velocity in the far field was calculated using a
small number of multipoles. Our results confirmed that the
near- and far-field approximations are sufficiently accurate.

B. Velocity around two sheared spheres

The velocity field around two spheres freely suspended in
a simple shear flow was compared between the present
method and the boundary element method �21�. As shown in
Fig. 4�a�, two spheres were aligned on the x axis with a gap
of 0.2. The x and y components of the velocity were calcu-
lated along the y axis, and the results are shown in Fig. 4�b�.
Again, the velocities calculated by both the present methods
and the BEM agreed very well. In the near field, the velocity
was interpolated from the database compiled by the BEM.
Our results confirmed that the near-field interpolation is suf-
ficiently accurate even in the two-sphere case.

C. Effect of the particle number on the diffusivity

To clarify the effects of particle number on the diffusivity
of fluid tracers, we computed the diffusivity with changes in
the number of both spheres and fluid tracers to 60, 80, and
100. Since we took the radius a as the characteristic length,
increasing the number of spheres under the constant volume
fraction corresponds to expanding the unit computational cell
size. The results of Dyy and Dzz are shown in Fig. 5 �c
=0.1�. The effect of particle number was not highly signifi-
cant. In the present study, we employed a hexahedron of

y

x1.1

ux

uy

-4 -2 0 2 4
-0.4

-0.2

0

0.2

0.4

y
u x

-y
,u

y

present
ux , uy

exact
ux , uy

(b)

(a)

FIG. 3. Velocities around a single sheared sphere. �a� Schematic
representation of the computed system. �b� Comparison of velocity
distribution between the present method �present� and the boundary
element method �BEM�.
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dimension 5H
H
H as a unit computational cell �see Fig.
2�. By increasing the x length slightly from a cubic unit cell,
we could calculate diffusivity more accurately under condi-
tions of a fixed particle number. This was because spheres in
a shear flow move in the x direction and the number of
collisions between spheres increases as the x length of the
unit cell is increased. This leads to a spreading of spheres
and configuration changes in the system, and eventually to
diffusion of spheres. Thus, we employed the hexahedron unit
cell in the present study. In the following computations, we
placed 80 spheres and 80 fluid particles per unit cell.

IV. RESULTS

The movements of 80 spheres and fluid tracers in a simple
shear flow field were computed under the condition c=0.1.

The instantaneous positions of spheres and their trajectories
during one time interval are shown in Fig. 6�a�, where the
background shear flow is in the x-y plane. Some of the lines
in Fig. 6�a� are not attached to spheres because a sphere
passing through the boundary of the periodic cell is replaced
on the other side and its trajectory shows a jump at the
boundary. As the background translational velocity increases
with y, the trajectories of spheres in high-y positions become
longer than those in low-y positions. The spheres in a shear
flow cannot move in straight lines because of hydrodynamic
interactions between them. Figure 6�b� presents the trajecto-
ries of fluid tracers during one time interval. As shown in the
figure, fluid tracers also do not move in straight lines because
the interacting spheres generate a complex flow field around
them.

To discuss the spreading characteristics, the mean-square
displacements of spheres and fluid tracers were calculated.
Figure 7 shows the results of c=0.1, where �ri=ri��t�
−ri�0� and �rx� is the displacement relative to the background
shear field defined as �rx�=�0

�tUx−y dt. Solid lines with
slope 1 and dashed lines with slope 2 have been added in the
figure for comparison. When �t�1, all square displacements
fit well with the dashed lines, indicating that the relative
velocity of two particles was constant over this short time
interval. However, when �t100, all square displacements
fit well with the solid lines, indicating that the spread was
diffusive over this long time interval. Thus, the spreading of
both spheres and fluid tracers can be described correctly as a
diffusive process over a sufficiently long time scale, even
though all the movements were calculated deterministically.

Diffusivity can be calculated from the square displace-
ment by Eq. �14�. The Dyy of spheres with various volume
fractions c are shown in Fig. 8�a�. As indicated in the figure,
Dyy increases as c is increased because the hydrodynamic
interaction between spheres increases with c. This tendency
is consistent with previous studies �10,12,13�, in which in-
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creases in Dyy were observed up to c�0.4. Dyy of fluid trac-
ers also increases as c is increased, as shown in Fig. 8�b�.
Moreover, the Dyy of fluid tracers is slightly larger than that
of spheres. This tendency is different from that reported pre-
viously by Breedveld et al. �17�, in which Dyy of fluid tracers
was about 0.7 times that of spheres. The reason for this will
be discussed in Sec. V.

Figure 9�a� shows Dzz values of spheres with various vol-
ume fractions. Again, Dzz increased with increasing c, con-
sistent with previous studies in which increases in Dzz were
observed up to c�0.5 �10,12�. In these previous studies, Dzz
was about half of Dyy under conditions of fixed c, which was
also observed in the present study. Dzz of fluid tracers again
increased with increasing c, as shown in Fig. 9�b�. Consistent
with the present results, Breedveld et al. reported that Dyy of
fluid tracers is about 1.7 times Dzz �17�. However, the Dzz of
fluid tracers was slightly larger than that of spheres in the
present study, which was different from the tendency re-
ported by Breedveld et al. �17�.

V. DISCUSSION

The previous section discussed diffusivity of fluid tracers
with c=0.075–0.175. The main difference between our re-

sults and those of the previous experimental study of Breed-
veld et al. �17� is that the diffusivity of fluid tracers was
shown to be larger than that of spheres. This may have been
due to differences in the volume fraction used between the
two studies; Breedveld et al. used a suspension with c
=0.3–0.5, which was much denser than that in the present
study. Under the dilute regime, we clearly showed that the
diffusivity of fluid tracers becomes larger than that of
spheres. In fact, Zarraga and Leighton �15� and Abbas et al.
�16� reported that the diffusivity of small spheres is higher
than the large spheres in bidisperse suspensions, which sup-
ports our findings.

In the dilute limit, we can assume that the interaction
between spheres is pairwise and the other spheres have no
major effect on this interaction. Due to the background shear
flow in the x-y plane, two spheres initially at �−1.5,1 ,0� and
�1.5,−1 ,0� move along the trajectories shown in Fig. 10�a�
and finally reach the black circles at �1.5,1,0� and �−1.5,
−1 ,0�. These trajectories were calculated by the present
methods and were consistent with the analytical results de-
rived by Batchelor and Green �3� and Kim and Karrila �28�.
As the trajectories are symmetric in the y direction, no net
displacement of spheres in the y direction occurs during the
interaction—i.e., �ry =0. Thus, no diffusivity of spheres ex-
ists in the y direction in the dilute limit assuming pairwise
interactions �cf. Acrivos et al. �4��. The same is true for net
displacement in the z direction; in the dilute limit, no diffu-
sivity of spheres takes place in the z direction.

In the case of fluid tracers, however, diffusivity does ap-
pear in the above case. Fluid tracers were initially placed
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along the y axis, and their subsequent trajectories are shown
in Fig. 10�b�. Their movements were calculated while two
spheres moved from the gray to the black circles in Fig.
10�a�. The fluid tracers could be seen to move considerably
in the y direction as well as the x direction, even though the
trajectories of the two spheres were symmetrical as shown in
Fig. 10�a�. Thus, the diffusivity of fluid tracers appears even
in the dilute limit assuming pairwise interaction of spheres.
This may be the reason why the diffusivity of fluid tracers is
greater than that of spheres under the semidilute regime.

Discussing scaling of the diffusivity of fluid tracers is also
important. The probability of a fluid tracer having one sphere
in its near field is O�c�. Therefore, we first examined
whether fluid tracers diffuse as O�c�. Let a solitary sphere be
at the origin and apply the background shear flow as in Eq.
�11�. The velocity at r around the sphere under force- and
torque-free conditions is given as follows �cf. Batchelor and
Green �3��:

ui�r� = Eijrj + 	ijk� jrk + Ejkrj�−
�ik

r5 +
rirk

r2 �−
5

2r3 +
5

2r5�� .

�16�

This equation indicates that the trajectories of fluid tracers
relative to the sphere are symmetric and no net displacement
occurs in the y or z directions during the interaction. There-

fore, the diffusivity of fluid tracers does not appear in the
single-sphere case and it is not O�c�.

As discussed in Fig. 10, fluid tracers do diffuse during the
pairwise interaction of spheres. As the probability of a fluid
tracer having two spheres in its near field is O�c2�, the dif-
fusivity should also be O�c2�. To confirm this tendency, we
plotted c versus diffusivities averaged over �t=100–300 on
a log-log scale, as shown in Fig. 11. We can see that both Dyy
and Dzz fit well with the solid lines with slope 2. Dyy is about
threefold greater than Dzz. We therefore confirmed that the
diffusivity of fluid tracers increases as O�c2� under the semi-
dilute regime.
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Last, we discuss effects of the self-diffusion due to the
Brownian motion, which may appear in the case of practical
fluid. The self-diffusivity of H2O molecules in a still water is
about 5
10−10 m2 s−1 at room temperature �29�. We should
note that the self-diffusivities of other liquids are not much
different �18�. Such self-diffusion is generated by the Brown-
ian motion of molecules, which is neglected in the present
study. In order to compare the self-diffusivity of H2O with
the present results of the fluid-tracer diffusivity, we nondi-
mensionalize it by using the radius a and characteristic time
�̇−1. When 5
10−10 / �a2�̇��D, the Brownian effect can be
neglected compared to the shear-induced diffusivity. When
5
10−10 / �a2�̇��D, on the other hand, the diffusion is
mainly generated by the Brownian motion and the effect of

shear flow can be neglected. If we approximate, the shear-
induced fluid-tracer diffusivity is about c2 �cf. Dyy =2c2 and
Dzz=0.7c2�; as shown in Fig. 11, the shear-induced diffusiv-
ity becomes significant when 5
10−10�a2�̇c2.
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