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Abstract

This paper presents a basic formulation of motion dy-
namics of a free-floating rigid-link system, to establish
a basis of the collision dynamics. The authors propose
a new concept named "Extended Generalized Inertia
Tensor (Ex-GIT)”, which is an extended version of
the GIT for ground-based arms, and discuss the vir-
tual mass concept. By means of the concepts, they
formulate the collision problem focusing on a velocity
relationship just before and after the collision without
sensing the impact force, but considereing the momen-
tum conservation law.

1 Introduction

Space has been attracting special interest as a new
application field of robotics. In space environment,
everything is freely floating, hence dynamic behaviour
of mechanical links is different from the ground-based
systems.

In order to manipulate a tumbling target by a space
arm as shown in Fig.1, we have to deal with the prob-
lem of dynamics and control in the following three dif-
ferent phases.

1. Chase the target (before contact with the target).

2. Catch and grasp the target by the manipulator
hand (at the moment of contact).

3. Relieve and suppress the tumbling motion (after
contact).

If we illustrate the change of a typical velocity, it
will be discontinued at the phase 2 by the impact force,
as shown in Fig.2.

Recently we can find a lot of studies on dynamics
and control of space robots (for example [1-5]), how-
ever most of them focus their attention on the prob-
lem in the first phase: the methods for control of space
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arms to chase the target, neverthless the investigation
on the problems of collison dynamics and release con-
trol, in the second and third phases is indispensable
for practical space projects. We should comprehend
the way to pre-estimate the magnitude and direction
of impact force or acceleration of the robot from in-
formation on a relative velocity between the hand and
target just before the contact, and develop the method
to relieve the tumbling motion after the contact.

In earlier work, Shimoji et al.[6] attempted to sim-
ulate robot motion in the phase 3 based on the sensor
signal measured at the phase 2 using their hardware
simulator. But it is difficult to sense and estimate the
impact force precisely, because impact is very high-
speed phenomenon and the force sensor signal is very
weak for noise. Yamada and Tsuchiya [7] theoretially
treated the force control between a manipualtor hand
and a floating target: that is an interesting attempt
but their focus was limited in a static force control.

To find a clue to the investigation on collision dy-
namics, this paper deals with a basic formulation of
motion dynamics of a free-floating link system, by de-
veloping a new concept named "Extended Generalized
Inertia Tensor” and virtual masses, which are an ex-
tended version of the concepts originally established
by Asada [8,9]. The purpose of this paper is to find a
velocity relationship just between the phases 1 and 3
without sensing the impact force, paying attention to
the principle of nature that total momentum is con-
served throughout all phases.

2 Kinematics and Dynamics of Free-
Floating Chain of Links

Let us consider a chain of rigid links composed of
n+1 bodies. The bodies are connected with rotational
joints and freely floats in the inertial space, as shown
in Fig.3.



Define the symbols as follows:
n : number of joints
m; : mass of link ¢
w : total mass of the link system (= 31—, ™)

I, € R®*3 : inertia tensor of link ¢ with respect to its
mass center

ry € R® : vector from total mass center of the system
to mass center of link ¢

rgn € R? : vector from total mass center of the system
Fig.1 Future space mission: manipulation of a tum- to hand (where external force acts)
i 1]. . .
bling target by a space arm 1] v, € R® : linear velocity of hand
wy € R® : angular velocity of hand

. ¢ € R : joint angle vector = (¢1,¢2,--, Pn)T

T € R™ : joint torque vector = (71,72, ..., Ta )T
Impact Force F
E € R3*3 : 3 x 3 identity matrix

Ie R5%® . 6 x 6 identity matrix

where 1 = 0,...,7n and all vectors and tensors are de-
scribed with respect to the inertial coordinate {rame.
An operator { } for a vector r = [z,y, 2] is de-

Velocit
elocivy v \ fined as
\_\— 0 -z y

;\/—JT\’\/_TIME -y z 0

phase 1 phase 2 phase 3 Let us suppose a general case that a total momen-
tum of the system is not zero but the total mass center
(point G in Fig.3) moves in the inertial frame with lin-
ear and angular velocity: vg,wg. If we describe the
total linear and angular momentum with respect to G
using Py, Ly, then

(2)=(To)(n) o

I, = Z(I; — miFgfg) € R3%3 (2)

=0

v

"
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n
o
[
8

Fig.2 Three phases in collision problem

applied force F

where

€. <-

is the inertia tensor of the chain with respect to G.
If the kinematic relationship of the chain is consid-
ered, the hand velocity is expressed as follows [7]:

Vi . v
=17 R, 9 3
Fig.3 A chain of free-floating rigid links ( W, ) ¢+ R ( wy ) ()
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where .
E —Lgh

— 6x6
R, = ( 0 E ) €R (4)
and J* € R®*" is the Generalized Jacobian Matrix for
free-floating systems [3,4].
Defferentiating (3) with respect to time, we obtain
the hand acceleration.

an=( I )=

Vg )
Wy

On the other hand, the equation of motion of the
free-floating chain can be written in the following

form: .

H'¢+c*(d,d)=7+ITF (6)
where H* € R***" ig the inertia tensor for free-floating
systems with respect to the joints [5], c* is a velocity
dependent term, 7 internal joint torques, and F ex-
ternal forces.

3 Extended Generalized Inertia Ten-

sor
Now we assume the case that external forces and
moments F = (f1,n}) € R® act on the hand, and
discuss the link motion caused by this action.
The momentum of the chain Py, L,y is varied by
the applied force and moment, and its differentiation
is equal to the moment of F, that is

P, wE 0 v ), 0

L, 0o I, Wy wy X Lyw,
_ E 0 fs
- foo E n;

Solve (7) for (03', d:f)T and substitute into (5), also
solve (6) for ¢ and into (5), then we obtain the fol-
lowing expression.

ap = (FHTIT L BRMTRY)F + I H T r 4+ 47
wE 0

(8)
(7 %

(9)
and d* is a velocity dependent term.
In equation (8), if T, the internal joint torque, is
passively generated as a resistant torque against the
impact forces F,

where

M ) c RSXG

r=-pITF (10)

where u = diag(p, .., pt6) : 0 < p; < 1is a joint re-
sistance factor, then the following relationship is ob-

tained.
ap =G*F+d* (11)
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where

G* = (I _ ”)J—tH*—lJ*T + RhM—IR{ € R6x6
(12)
(11) is the equation of motion of the hand (the
point where the forces act) associated with the exter-
nal forces F, and the tensor G* represents dynamic
characteristics of this system. The authors stress sig-
nificance of this tensor and propose to call "Extended
Generalized Inertia Tensor (Ex-GIT)", because it is
an extended concept of the conventional GIT [8] for a
ground-based chain, to the space free-floating chain.
Let us examine the relationship of GITs in partic-
ular conditions. First of all, in free-joint case with
no joint resistance, g = 0, the Ex-GIT becomes as
follows.

G* - I'H"'I'T Lt R, M'R] (13)

This is the case of a free-floating chain connected with
free-rotation joints. Omn the other hand, in case all
joints are completely fixed, 4 = I, namely full resis-

tance, then
G* - R,M™'R] (14)

It is just an inversion of the inertia tensor for a urited-
rigid-body.

These show that the Ex-GIT defined in (12) is a
conjunction of two contents describing gross motion as
a united body (the second term) and partial motion
of each links (the first term).

Next, consider a free-joint but ground-based case.
This is the case that the link in the opposite side of the
hand is so massive as the earth, where J* and H* for
free-floating systems approach the ground-based J and
H [3,4]. Also M™! approaches null matrix because
w,I; — oo, then

G* - JH'JT

This is exactly the conventional GIT.

The above examples prove that the "Extended”-
GIT is a higher general representation of the inrtia
tensor including the free-joint, fixed-joint, and ground-
based cases.

4 Virtual Mass Concept

The Ex-GIT has the same mathematical character-
istics as the conventional GIT. Now we will discuss
the virtual mass concept proposed in ref.[9], which is
a useful idea to comprehend an instantaneous dynamic
behaviour caused by a translational force input.

Let us devide G* into four 3 x 3 matrixes.

o= (S )

=T *
GlZ G22

(15)

(16)



caused acceleration: vy

\

acceleration direction: k

impulse force: f}

force direction: n

Fig.4 Relationship of force and acceleration direc-
tions

where G}, represents the inertia associated with
translational motion of the hand, Gj, that with ro-
tational motion, and G}, coupling effect of the trans-
lation and rotation.

The virtual mass was defined as a ratio of the ap-
plied force f; and a projection of the hand acceleration
vy, onto the force direction, i.e.

f) _ 1
-n~ nTG}n

m, (17)

]

Vi
where n is a unit vector indicating the force direction
(see Fig.4).

In general, the directions of the applied force does
not coincide the yielded acceleration. To separete the
discussion on magnitude and direction of the acceler-
ation, we introduce two parameters:

f, 1
Ee—= 18
a |Vh! kT Ilk ( )

_ -1 n'k

= —— 1
¥ = o k] (19)

where k is a unit vector indicating the acceleration
direction (see Fig.4). v

To avoid confusion, we call my -"projected” virtual
mass and m) -"absolute” virtual mass. The magni-
tude and direction of the acceleration caused by the
impact is discussed in section 6.

5 Collision Problem

In this section, the proposed concept of Ex-GIT is
applied to a collision problem. Let us suppose the
case that a rigid body B with inertia property ms,Is
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and velocity vy collides at the hand of the free-floating
chain A and an impulse force F is caused by the col-
lision.
Equations of motion at the instant of collision are
_ -1 Vi !
F=G ( @ ) +F (20)
for the chain A, where F' is an internal non-linear
force comes from d* of eq.(11), and
\Z)
Wy

) € R6x6

- F=R;TMR;? ( (21)

for the body B, where
= mbE 0
=\ o0 1,
"Fbc

—_ E 6x6
=(0 E ) €R

and r. is a vector from the mass center of body B to
a contact point.

Total momentum of entire systems is strictly con-
served before and after the collision, and the momen-
tum the body B loses is equal to the force product acts
on the hand of chain A, then

R;TM,R;! {( ) - ( Z’: )} = /th (24)

where {'} indicates velocity after the collision.

Provided that the non-linear force F of eq.(20) is
small and negligible for the impulsive dynamics, inte-

gration of F yields
Fait=G Y[ Vb |-
/ {( Wy }
From (24) and (25), we obtain
v ) e ( vy )
wy @
_n-T -1{ Vs ==1{ V&
=R; " MR, ( W ) +G ( wh ) (26)
The equation represents the principle that the momen-
tum before and after the impact remains constant. By
means of the inversion of Ex-GIT, G*™!, we can get
such a simple expression against the complicated chain
problem, as a familiar mass points collision theory.
In case that the hand grasps the body B rigidly,

just as fully plastic impact, the body goes togather
with the hand after contact, i.e.,

M (22)

R (23)

Vi
Wp

Vi
Wh

(25)

R; TM;R;! (

(27)



Substitute it into eq.(26), we obtain

(%)

’
Vi
I
Wh
Vi
Wp

(B;™MB; 46 )
{R;TMLR; ( )
)

Or the case when the body B rebounds from the

hand as fully elastic impact, the relative volocities be-
fore and after impact are equal, i.e.,
) @

(a)-(2)=(2)-(

In conjunction with eq.(26), we obtain

(%)

Vi
Wh

+G*-1 ( (28)

’
Vh
wp

1
M
Wy

Vi
Wp

vy
wp

1]
Vi
!

o (R;TM,,R,;l + G."-‘)_1

-7 _ v
'{2'Rb MbRbl ( wb(, )

Vh

)

(30)

By means of eq.(28) or (30), we can predict the mo-
tion of hand of the free-floating chain just after the col-
lision, from imformation of the velocity condition be-
fore contact and inertia properties G*, R;TMbR,,'l:
we need not to use the imformation of impact force F
explicitly.

+(Gl—l - Rb_TMbRb_l)

6 Simulation

This section presents a pictorial example of collision
problem with a simple mathematical model. Suppose
that a free-floating chain composed of three uniform
rods of 1.0 [m] length and 1.0 [kg] mass, connected
with two revolutional joints, makes two dimentional
motion on a plain. A mass point coming from a direc-
tion @, as shown in Fig.5, collides at an endpoint of
the chain, when the line of mass point velocity agrees
with the line of impact.

Let us examine the magnitude and direction of
the endpoint acceleration caused by the collision, by
means of the virtual mass concept. The absolute vir-
tual mass m? defined in (18) represents a reciprocal
of the acceleration magnitude, and the angle 4 in (19)
the acceleration direction.

Before the contact the chain stands still with the
initial posture as Fig.5. Under this condition, a nu-
merical simulation was executed. The solid line in
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1.0
0.5

L

link system A

mass point B

Fig.5 Simulation model

1
135 180

6(deg)

(a) relationship between absolute virtual mass m|
and impulse direction ¢

*
a

50

v (deg)

L
90 135

0(deg)

(b) relationship between acceleration direction ¥
and impulse direction ¢

180

Fig.6 Simulation results



Fig.6 shows the relationship between mj}, ¥ and
impulse direction #, in case the joints rotate freely
(1t = 0). On the other hand, the broken line in Fig.6,
in case the joints are fixed firmly (s = I). The high-
est peak of the virtual mass curve represents a impulse
direction where the lowest acceleration yields, or the
chain behaves in the most massive way: that implies
the largest impulse force will be generated.

For the fixed joint case (broken line), § = 51[deg]
is the most massive direction, where the virtual mass
is equal to the total mass of the links, 3.0 [kg]. It is
very easy to explain this phenomenon because, at this
direction, the total mass center of the links lies on the
line of impulse, therefore no rotation is caused and
the united links behaves as a mass point. At the same
time, at 8 = 51[deg], the directions of the impulse
coincides with that of the caused acceleration: i.e. 3 =
0.

While, as for the free joint case (solid line), the
chain becomes most massive at § = 90[deg], where the
directions of the impulse and the acceleration agrees.
This direction is equal to the line of the endlink, i.e,
the endlink on which the impulsive force acts has a
dominant effect in free-joint-chain collision problem.
The virtual mass at this direction is not equal but
much smaller than the total mass of the chain. Be-
cause each links make a translational and a rotational
motion, we feel lighter. The above examples typically
present a difference of the dynamic behaviour at col-
lision, between a free-joint-chain and a united-rigid-
body.

In addition, dotted lines in the figures show the
case half resistance of joints, g = 0.5I. In this case,
the virtual mass always lies between a free-joint-chain
and a united-rigid-body, and the massive peak, zero-
cross in the 4 chart, is between 51 and 90 [deg]. By
means of these charts, we can predict the impulsive
behaviour of free-floating links with particular, but
uneasy to model, joint inertia, friction and elasticity.

7 Conclusion

The authors discussed the basic formulation of col-
lision dynamics for a chain of free-floating rigid-links,
with proposing the "Extended Generalized Inertia
Tensor (Ex-GIT)”, which is an extended version of
the GIT for ground-based arms, and the virtual mass
concepts based on the Ex-GIT. By means of the con-
cepts, they formulate the collision problem focusing
on a velocity relationship just before and after the
collision without sensing the impact force, but consid-
ereing the momentum conservation law. As a result,
they’ve got such a simple expression against the com-
plicated chain problem, just as a familiar mass points
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collision theory. The authors also presented, using a
simple mathematical model, the significant difference
of the dynamic behaviour at collision among a free
joint chain and a united rigid body.
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